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Important:

e Please fill the header on the cover page and lay your ETH-card visible on the table.

e Please write neatly with a non erasable blue or black pen, in particular not with a
pencil. Beware that something that is too hard to read could be ignored.

e Please leave some empty space on the margins for the correction.

e This exam has 24 questions and lasts for 180 minutes.

For questions 1-8:

e Please write down all intermediate steps of your calculations and solutions.
e Write your name and ETH ID / Legi-Nr. on each additional sheet.

e The maximal score of each exercise part is given in the right margin.

For questions 9-24:

e Mark your answers clearly.

e There is always only one correct answer and 2 points per question.

Permitted aids:

e Written notes up to 40 A4-Pages, one English dictionary,

e no calculator, no mobile phone, no laptop.

e Please switch off your mobile phone and stow it away.

Good Luck!
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1. Consider the function

1
Jx) = 1 —tan(x)
a) Determine the derivative f'(x). 2 points
b) Determine the linearization of f(x) in xy = 0. 2 points
c) Determine the range of tan(z) for -5 < < 7. 2 points
d) Determine the range of f(x) for -3 <z < 7. 3 points

2. Determine the general solution of the the following differential equations:
a) ' =4y —4y. 4 points

b) 3vy) —y=2+1 forax>0. 4 points

3. Consider the matrix

1 201

A=1[2 4 1 4

36 39
a) Determine the rank of the matrix A. 3 points
b) Determine a basis for the solution set of the matrix equation AZ = 0. 3 points

c) Let b be the sum of all four columns of A. Determine the general solution
of the system Ax = b. 2 points
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4. Consider the following system of differential equations:

()-62)6)

a) Determine the eigenvalues and the corresponding eigenvectors of the coeffi-
cient matrix A of the system.

b) Determine the solution of the system with the initial value

c) Find all values k such that every solution of the system

6= D).

is bounded for all ¢t € R.

5. Consider the function
flz,y) =In(1 4+ 2% — %) .
a) Determine the gradient of f in terms of (z,y).
b) In which direction does f grow the fastest in the point (z,y) = (1,1)?

c) Find an equation of the tangent plane to the graph of the function at the
point (z,y, f(z,y)) = (1,1,0).

d) Classify the critical point (0,0) as local maximum, local minimum or saddle
point.

points

points

points

points

points

points

points
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6. Consider the vector field
yz°
Fa,y2) = | 22

2xyz
a) Is ? conservative? 2 points

b) Determine the work of ? along a straight line from the point (1,1,1) to the
point (z,y, z). Write your answer in terms of (z,y, z). 3 points

c) For which points on the coordinate plane z = 0 is the divergence of ? positive?
Sketch this set of points. 3 points

7. Consider the vector field

zsin(y)
8(m,y,z) = yer
xr+z

and the half ellipsoid A given by
2 +92+22=1andy <0 .

X
1005 0.6-0:51.0

1.0
0.5

Z0.0

-0.5

10

a) Parametrize A. 3 points

b) Parametrize the boundary curve of A (in an arbitrary direction). 2 points

c) Determine the flux of rota through A from the left to the right (i.e. the y-
component of the normal vector is positive),

//A(rotg)-ﬁd/l.

3 points
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8. We consider problems of the form
Ugy = Uy + 2U
uz(0,t) = uy(m,t) =0
u(z,0) = f(x)
for0<z<mandt>0.
a) Determine the fundamental solutions w,(z,t). 6 points
b) Determine the solution u(z,t) of the problem when

f(z) = 3cos(4x) — cos(bx) .

3 points
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For exercises 9-24: Each question gives 2 points. Wrong or multiple answers give 0
points. Mark your answers on this exam.

9. The path of a moving mass point can be described by the following initial value
problem:
dr - 3e!
dt <4t3> ’

7(0) = (3;‘9).

What is the position vector of the mass point at time t =1 7?

@ = (%) @ = (%)

(b) #(1) = <3f>. (d) #(1) = (516)

10. Which of the following equations does a curve with the following parametrization

satisfy?

F(t) = (Cozfn&jgn t) , furo<t<2rm
(a) ¥ +y*—y =0, (c) 2 +y—1=0.
(b) 2* +y*+y =0. (d) 2> +y+1=0.
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11. Which picture shows the curve with the parametrization

F(t) = <t jossft> Cfor0<t<om?

-04 -02 02 04

y

(d)

|
k12\§/456x

cow | o

1.
0.
0.
1.

12. Which picture shows the level curves of the function

29

~—

flay)=(r—y
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13. The partial derivative of
fx,y) = e

with respect to y is given by
(a) et (c) (14 2y)e*tv".

(b) 2ye*tv’. (d) (z+y?)e"tv".

14. Consider the function
f(z,y) = 3zy® — 2% — 9zy .
How many critical points does f have in the plane?

(a) L. (b) 3. (c) 5. (d) 7.

15. What is the slope of the curve given by
2° — 220%y +ay® =0

at the point (z,y) = (1,1) ?

(a) —2. (b) —;. (0) ; (d) 2
16. Which integral is generally equal to
/02/_0mf(x2 +y?) dyda ?
Look carefully at the integrand.
(a) /0 /OQf(r)drde. (<) /_OW 02f(r2)drd0.
(b) /0 ‘/Ugrf(r)drd& (d) /O Ozrf(TQ)drdQ.
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17. The value of the integral

//A sin(x +y) dzdy ,
where A is the region bounded by y = 0, z = 7 and y = x, is equal to
(a) 0. (c) 1.
(b) 3. (d) 2

18. In cartesian coordinates, a solid V' C R? can be described by the following
inequalities:
1§x2+y2§4 and y > 0.

Which of the following inequalities describe V' in spherical coordinates?

(a) 1§psingp§23nd0§6§g.

(b) 1<psinp<2and0<0<m.

(c) sinp < p<2sinpand 0 <0 < g
.

(d) sinp < p<2sinpand 0 <O <

19. What is the length of the curve with the polar equation

r = cosf, —ESGSE ?
2 2
(a) 1 (c) 7
(b) 2 (d) 27

10
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20. Consider the vector field
-y

ﬁ x? 492
(xuy) - T

x2+y2

and the curves C; and C5 that are shown in the following two pictures:

y y

21. Which is a parametrization of the intersection curve of the sphere

P+ +(z-1)2=2

z=1+ /22 +y27

with the cone

cost \/§C05t
(a) F(t) = sint ) le [0727T] (C) F(t) - \/Qsint y te [0,27'(']
2 2
cost \/§cost
(b) 7(t) = | sint |, t € [0,27]. (d) 7(t) = | v/2sint |, t € [0,2n].
1 1

11
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22. What is the circulation of the vector field

=_ (T +y
F= <x3y2 -z

clockwise along the boundary curve of the square 0 <z < 1,0 <y <17

(a) —4. (b) —2. (c) 2. (d) 4.

23. What is the coefficient of sin(2z) in the Fourier series of

0, §<z<2rm

(a) L. (b) 1. (c) 1. d =

2 2

24. What is the type and the order of the following partial differential equation?

utt:xQ-ux—l—u

(a) Linear of order 2. (c) Non-linear of order 2.

(b) Linear of order 3. (d) Non-linear of order 3.

12



