A TRANSPORTATION APPROACH TO UNIVERSALITY
IN RANDOM MATRIX THEORY

A. FIGALLI'

ABSTRACT. In this note we discuss a new recent approach, based on transportation techniques, to
obtain universality results in random matrix theory.

Large random matrices appear in many different fields, including quantum mechanics, quantum
chaos, telecommunications, finance, and statistics. As such, understanding how the asymptotic
properties of the spectrum depend on the fine details of the model, in particular on the distribution
of the entries, soon appeared as a central question.

1. WIGNER MATRICES

1.1. Empirical measures and the semicircle law. An important model is the one of Wigner
matrices, that is, Hermitian matrices with independent and identically distributed (i.i.d.) real or
complex entries with mean zero and covariance 1/N,; N being the dimension of the matrix. In other
words, our random matrices has the form

X171 XLQ .. Xl,N

X271 X272 .. X27N
Ay = ; . ) }

Xny1 Xno ... XN,N

where the entries {X;;}1<i<j<n are iid., E[X;;] =0, and E[|X; j|?] = 1/N.! Also, the condition
of our matrices being symmetric means that X;; is equal to the complex conjugate of Xj ;.
Let A1 < ... < Ay be the eigenvalue of Ay, and consider the empirical measure

1 N
1=

Note that since the matrices Ay are Hermitian, their eigenvalues are real, hence Ly is a random
probability measure on the real line.
Let psc(x) denote the semi-circle distribution on the real line, that is

1
psc(x) = %\/ 4 — 2 1{|x|§2} Vz eR.

It was shown by Wigner [Wigh5| that the empirical measures Ly converge in probability to the
semi-circle law pisc(dz) := pse(x) dz. More precisely, if PV denotes the law of the eigenvalues, then

t The University of Texas at Austin, Mathemtics Dept. RLM 8.100, 2515 Speedway Stop C1200, Austin, Texas
78712-1202, USA. email: figalli@math.utexas.edu.
1Actually, the exact definition of Wigner matrix is slightly more involved. Indeed, first of all one assumes that
all moments of X, ; are finite. Also, the assumptions on the diagonal coefficients X; ; are slightly different from the
non-diagonal ones. Finally, some assumptions also depend on whether one considers real or complex coeflicients. We
refer to [AGZ10, Chapters 2.1 and 2.2] for more details.
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for any f : R — R continuous and bounded, and for any € > 0,
(11) ]\}lm ]PJN(’<f7LN>_<f7l'LSC>| >€) :07
— 00

where, given a continuous function g and a measure v, we use the notation

(g.0) = [ gav

In other words, even if the measures Ly are random, as N — oo they all behave as the deterministic
measure fgsc.

1.2. On the fluctuation of eigenvalues: a heuristic argument. At least heuristically, Wigner’s
result can be used to get some insight about the fluctuation of consecutive eigenvalues.

Let us order the eigenvalues so that Ay < ... < Ay. Then, since Ly behaves as pgc, given
i€ {l,...,N} we have

i i 1 o XN 1 :
(1.2) /_Oopsc(:c) do ~ /_OO dLn(z) = N/_OO;(SAj(dx) = #l i<t =

To exploit this fact, define the function

Fy(z) := / psc(y) dy VzeR,

so that (1.2) can be rewritten as

1
(1.3) Foe(\i) & N
We note that Fy. : R — [0, 1] satisfies

Fi. =0 on (—o0,—2],
Fie=1 on [2,00),
Fl.>0 on(-2,2).

Then, it follows from (1.3) that
1+1 ] TERW! 1 1
= () () ey () o 1L
(1.4) HT AR S Ty o \3) ¥ ENF) N = o r (x) NV

Note now that if i € [eN, (1 — ) N] for some € > 0 small (in this case we say that \; belongs to the
bulk), then

. _ _ (1t 1
0 < ¢ :=min {pg © F 1 (e), psc o FH(1 — e)} < psco F! <N> = [1112a>2<} psc = —.

that combined with (1.4) implies that N(A\j;1 — A;) is of order 1.
On the other hand, if 1 < i < C for some fixed number C' independent of N (in this case one
says that A; belongs to the edge), since

pec & (x4 2)1/2 and Fye(z) ~ (z +2)3/? for  close to —2,

e (1) (5 2) ()"

N\131 1
Aik1 = A & (7) N~ N

Thus, by this heuristic argument we have obtained the following “intuition”:

we get

so, recalling (1.4),
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The difference of two consecutive eigenvalues \iy1 — \; should fluctuate at scale N~ in the bulk,
and at scale N=2/3 near the edge.

1.3. On the fluctuation of eigenvalues: rigorous results. Making rigorous the intuition above
took many years.

The first approach to the study of local fluctuations of the spectrum was based on exact models,
namely the Gaussian models (i.e., the entries of our matrix are Gaussian). In this case the law of
the eigenvalues is given by the measure

1
PN (dAy, ..., d\,) == o [T 1x = AlPe N = an, . day,
G i<j
where
zy ::/ [T 1% = AlPe V= an, . day,
RN <5
and

3= 1 if the entries of the Gaussian matrices are real,
2 if the entries of the Gaussian matrices are complex.

As predicted above, in this case the eigenvalues fluctuate near +2 at scale N~2/3, and the limit
distribution of these fluctuations is given by the so-called Tracy-Widom law [TW94a, TW94b]|. On
the other hand, inside the bulk the distance between two consecutive eigenvalues is of order N~}
and the fluctuations at this scale can be described by the sine-Kernel distribution.

In other words, if Pg denote the distribution of the increasingly ordered eigenvalues under Pg ,
using the notation A= (A1, ...,An) € RY, these results give a precise description for the limit as
N — oo of integrals of the form

/R N F(Nig1 — X)) dPY(X), N in the bulk,

/ F(N?2(\ +2))dPN(N), A at the edge,
RN

when f: R — RT is a fixed test function.

Although these results were first obtained only for the Gaussian models, it was already envisioned
by Wigner that these fluctuations should be universal, i.e., independent of the precise distribution
of the entries. This deep fact was proved only recently in a series of remarkable papers [Erd10,
EPR"10, ESYY12, EYY12, EY12b, TV12, TV11, TV10, Taol3|.

2. UNIVERSALITY RESULTS FOR (-MODELS

A related question to the one described above consists in studying universality for local fluctua-
tions for the so-called S-models. These are laws of particles in interaction according to a Coulomb-
gas potential to the power 8 and to a general potential V. More precisely, one is interested in
understanding the fluctuations of the A;’s when they are distributed according to the probability
measure

PY (dAy, ... dN\,) := Z—lN [T = AlPe M2 VAddn, . day,
V i<y
where 8 > 0,
zy ;:/ [T = AjlPe N 2iVAddx, . day,
RN

1<j
and V : R — R is a smooth interaction potential.
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As in the Gaussian case, also for S-models with “nice” interaction potentials (for instance, when V'
is uniformly convex) the empirical measure converge to a stationary distribution uy (dx) := py (z) dz
which can be written as

py () := Sy (x)\/(z — ay)(by — ) Liay <ao<by) Vz eR,

where Sy : [ay,by] — R is smooth and uniformly bounded away from zero. However, also in this
case one would like to prove that the local fluctuations of the spectrum are universal, that is,
independent of the potential V.

Local fluctuations were first studied in the case 8 = 2 in [Meh04, PS97, DKM 199, LLO0S|. Then,
in the cases f = 1,4, universality was proved in [DGO7b, DGO07a, Shc09, KS10, Shcl2| (see also
[DG09] for a review). Finally, the local fluctuations of more general S-ensembles were only derived
recently [VV09, RRV11] in the Gaussian case, and universality for general S-ensembles was obtained
in [BEY14a, EY12a, BEY14b, KRV13, Shcl3, BFG15, Bekl5, FG16|.

Our goal here is to describe the general transportation approach introduced in [BFG15| and
further developed and improved in [FG16| to prove universality in this setting.

2.1. Preliminary considerations. The general strategy is to find a change of variable Ty : RN —
RY that allows us to relate the fluctuation of the eigenvalues distributed according to ]P’g to the
fluctuations with respect to Pg .

More precisely, since we want to consider the fluctuations of consecutive eigenvalues after or-
dering, we have to consider the laws of the ordered eigenvalues rather than the original laws IP’{\/I
and Pg (where the \;’s are completely symmetric). Hence, let Pg denote the distribution of the
increasingly ordered eigenvalues under PY, and let Pg denote the distribution of the increasingly
ordered eigenvalues under Pg . We want to find a “nice” map T such that (TN)#PN = Pg , that
s,

Y dPY = / Yoln dPg V4 : RY — R continuous and bounded.
RN RN
Indeed, if Ty = (TJ{,, e ,T]]\,V ) is such a map, then it follows by the above condition applied with
Y(A) := f(N(Xis1 — Aj)) that

(2.1) L A0 =) YR = [ 7V (T ) = T (W) R,

Hence, proving a universality result in the bulk corresponds to showing that the right hand side
above behaves as in the Gaussian case, that is,

e2) [ FOVEE) T PER) = [ 7o N = 20) PEG) +ox (1)

where ¢; > 0 is a constant, and ox(1) is a quantity that goes to 0 as N — oo.

Thus, for this strategy to work, we need to find a transport map TV such that the difference
Tﬁ,“(ﬁ) — Ti()\) between two consecutive components, that a priori depends on all eigenvalues
A1, ... AN, actually behaves as ¢;(A;+1 — A;) for some constant ¢; > 0, up to a small error.

As we shall see later, instead of finding a transport map from Pg to P{}I , it will be enough to
construct a “nice” map that transports }P’g onto ]P’g . In other words, at the moment we do not need
to worry about ordering the eigenvalues.

Before describing our construction, we first make a simple observation: let u(dx) := f(x) dx and
v(dy) := g(y) dy be two probability measures in R", and suppose that 7 : R® — R" is a smooth
diffeomorphism transporting p onto v. Then it follows by the transport condition and the standard
change of variable formula that

W(T@) ) de = | v)o(y)dy = / (T 2)) [det DT (2)| de.
R’n
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By the arbitrariness of v, this implies the validity of the Jacobian equation
(2.3) f(@) = g(T(x)) |det DT (x))].

2.2. A possible flow construction for a transport map. To build a transport map, we argue
as follows: first of all, we construct a curve of measures connecting Pg to IP’{)T by setting Vi(x) :=
(1 —t)z? + tV(z) and defining
. - . 1 B , .
P (dd) = oM dh, (D) = g [T = Al e V=00 A= ().
Vi i<y
Note that, with this definition,
Py =Py and PJ =Py,

hence the curve [0,1] 5 t — ]P’gt interpolates between our two measures.

We now observe that, given two probability measures IP’{X to }P’% as above with 0 <t <s<1, a
diffeomophism 7} g : RN — RV is a transport from IP’% to IP’{\/]S if and only if

oy

2.4 det(DTi )| = ————
(24 [4et(DT)| = 27

(see (2.3)). Also, when t = s it is natural to take T}, as the identity map. Hence, assuming that
T} s depends smoothly on the parameters ¢t and s, there should exist a map Yy : RY — RY such
that

(2.5) Tis=Id+ (s —t)Y;+o(s — t).

If we plug this expression into (2.4) and we expand all terms (note that if T} 5 is close to the identity
map then | det(DT; )| = det(DT;)) we get?

14+ (s—t)divYy+o(s —t)

1+(s—t< BZA_A +NZW +NZVt'()\¢)Yi>+o(s—t)

where

d
VV:le—VO:V—a;2 and c = 7 (1ogZVt)
Hence, by letting s — ¢ we discover that Y; = (Y},..., YY) should solve
(2.6) divY; = ¢ —5Zﬁ NI W) +NY V(WY
i<j 7 J i i

Although this is a formal argument, it suggests a way to construct maps Tp; : RN — RN from
MO to IP’{)Z : indeed, if Tp; sends IP’{); onto IP‘]X then T} s 0Tp s sends IP’{); onto IP’{Z . Hence, if we impose
the condition

TO,S = E,s © TO,tv
by differentiating this relation with respect to s and setting s = ¢ we obtain (recall that Y; =
05T 5| s=t, see (2.5))

2Recall that, given a matrix A € R™*",
det(Id +€A) = 1 + e tr(A) + o(e),
hence, for any vector field Y : R" — R",
det(Id +e DY) =1+ etr(DY) 4+ o(e) =1+ edivY + o(e).
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In other words, to construct a transport map from ]P’{\/g onto IP’{X we can simply solve the ODE
associated to the vector-field Yy, as the following lemma shows:

Lemma 2.1. Let Y; : RY — RY solve (2.6) and define its flow

Xt = Yt(Xt),
Xo =1d.

Then X1 transports IP’% onto ]P’gl,

This result is a particular case of Lemma 2.2 below (just take Ry = 0 and K, = 0 there).
Thanks to the Lemma 2.1, to construct a transport map T from ]P’% onto Pgl we may try to
use the following strategy:
- find a solution of (2.6);
- solve the ODE X, = Y(X;) with X, = Id;
-set Ty := Xj.

2.3. Approximate solutions of (2.6) induce approximate transport maps. Although the
argument in the previous section has reduced the issue of finding a transport map to the “simpler”
problem of solving the linear equation (2.6) for any ¢ € [0, 1], finding solutions of (2.6) that enjoy
“nice” regularity estimates that are uniform in N seems extremely difficult.

However, if we go back to (2.1), we can observe that we do not need an exact equality there, but
it is enough that the two terms in the equation are equal up to an error that goes to 0 as N — oo.
As the next lemma tells us, if we are able to solve (2.6) up to a small error, then the flow of Y, will
produce an approximate transport map.

Lemma 2.2. Set

i Yj .
R t t . / . A
(2.7) Ri(Yy) :=c;—f3 ; S +N Z W)+ N Z V()Y — divYy,
and let X; denote the flow of Y. Assume that, for any q < oo, there exists a constant K, such that
(log N )
(2.8) IRe(Y)ll Loy ) < Ko —x—  Vtel01],

and set TN := X1. Let x : RN — RT be a nonnegative measurable function satisfying ||x||cc < N*
for some k > 0. Then, for any n > 0 there exists a constant Cy,,, depending only on k and 7, such
that

log(1+/ Xd]?%) —log<1+/ XoTNdIP’%N < Gy Ky N1
RN RN

Remark 2.3. Observe that, because of the presence of a logarithm, the estimate provided by
Lemma 2.2 does not imply that (2.1) holds up to a small error. However, as we shall see later,
this is not a big issue: indeed, whenever a, b are positive numbers with b < C' for some universal
constant C, then the bound

|log(1 4 a) —log(1 +b)| < C N1

implies that
la —b| < C N1,
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Proof. Recall that o, denotes the density of P‘J/\Z with respect to the Lebesgue measure. Then, by
a direct computation one can check that o, Y, and Ry := R(Y:) are related by the following
formula:

(29) 6t0't + le(Yt O't) == Rt O¢.
Now, given a smooth function x : RV — R* satisfying ||x|lcc < N¥, we define
(2.10) Xt == xo X0 (X! Vte[0,1].

Note that, with this definition, y; = x. Also, since by construction the function x; o X3 = x o X3
is constant in time, differentiating with respect to ¢ we deduce that

0= jt(Xt o Xy) = (8tXt +Y:- VXt) o X,
where we used that 9, X; = Yy o X;. Hence, this proves that x; solves the transport equation
(2.11) Oxt+ Y Vxi =0, X1 = X-
Combining (2.9) and (2.11), and integrating the divergence by parts, we get

d
- Xt Ot = Oixt ot + Xt O0¢0¢
dt ]RN ]RN RN

= - Y- Vxi oy / XtdiV(YtO't)JF/ Xt Rt ot Z/ Xt Rt oy
RN RN RN RN

We now want to control the last term. To this aim we notice that, since ||x|cc < N¥, it follows
immediately from (2.10) that |x¢|lcc < N¥ for any ¢ € [0,1]. Hence, using Holder inequality and
(2.8), for any p > 1 we can bound

’/RN xtRiot| < HXtHLp(pl‘yt)HRtHLq(PN HXtHoo HXtHL1 @ IRl Laey )
N5 (log N)?
1 0g 1
< I3y Relagey) < Ko = Il ey
t

where ¢ := p% Thus, given 1 > 0, we can choose p := 1 + g to obtain

1
/ Xt Rt oy
RN

where C' depends only on k£ and 7. Therefore, setting

Z(t) = /RN xeor = lxellpey)
(recall that x; > 0), we proved that
1Z(t)] < CK N 1+ 2Z(t))  Vtelo1],

L1 IPN

< OB Nl < OB N (14 el )

which implies that

log(1+ Z(1)) —log(1+ Z(0))| < C Ky N 1.
Recalling that xyo = x o X1, x1 = X, and Ty = Xj, this proves the desired result when y is
smooth. By approximation the result extends to all measurable functions y : RY — R* satisfying
IX|loe < N*, concluding the proof. O

As explained before, thanks to this lemma we know that if (2.6) holds up to a small error, then
the flow of Yy provides an approximate transport map. Hence, the next step consists in finding a
vector field Y, satisfying (2.8).
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2.4. Construction of Y;. Fix ¢t € [0,1]. To find an approximate solution of (2.6) we shall make
an ansatz.

The idea is that at first order eigenvalues do not interact, then at order 1/N eigenvalues interact
at most by pairs, and so on. As we shall see, to construct a vector field satisfying (2.8) it will be
enough to consider at most pairwise interactions.

Note that, by symmetry, it is clear that the interaction of A\; with A;, ¢ # j, should be equal to
the one of A\; with A\ for any other index k # i. Hence, the term involving pairwise interactions can
be written as an interaction of A; with the empirical measure Ly = % > y dy;- Recalling that

Ly —" py, := py, dx as N — oo,

it will actually be convenient to rewrite that pairwise interaction in term of the measure Ly — py;
rather than Ly. Moreover, for normalization purposes, we will actually consider the measure

MN = N(LN — M\/t).

These considerations suggest us the following ansatz for the components of Y; = (Y},..., YN):
A 1 1 .
(212) Y;()\l,,)\]\[) = yo’t()\l)—i_ﬁyl’t()\z)+N£t(AZ’MN) Vi= 1...,N,

where

& (x, My) ::/zt(x y) dMn(y Zzt (x,A5) N/zt x,y) duy, (y),
R

and yo; :R—=> R, y; ;R =R, and z : R? — R are functions to be determined.

To be able to compute R¢(Yy), it will be important to use some explicit properties of the measure
wy,. More precisely, as shown in [AG97, AGZ10|, the measure py, is characterized as the unique
minimizer, among probability measures on R, of the functional

s B = 5[] (i) + Vi) = 3 ol = o) du) ).

Hence, given a smooth function i : R — R, considering the family of measures s . := (Id+¢h)gpuy,
and writing that Iy, (ute) > Iy, (py,), by taking the derivative with respect to ¢ and setting ¢ = 0,
we get

(2.13) @ du ) =5 [ =0 @) i )

for all smooth (say, C'*') functions h : R — R.
Therefore, using the convention that

W) — h RAD=h(A5) ooy ,
// (@) = 1) 5 12y .6y, (dy) = { R A A,
R2 r—1Y i = .
and defining the operator
— _ h(z) —h
(2.14) g : CY(R) — C°(R), Eih)(z) == —B/R hiz) = hly) dpvy, (y) + V/(z) h(z),
it follows by a direct computation using (2.13) that

Ri(YD) = N [ (Eyocl(o) + W(@) dMix(a)

+/IR <Et[}’1,t](x)+ (g 1) [y()t /alzt 2, @)dpy, (2 )D dMpy ()

— 5Y,t()_}’,t()
+ [ vt vyt (S ) - 57200 o o B
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where C}¥ is a constant, and Ey is a remainder that we will prove to be negligible:

En = —Jb/ﬂg@gzt(x,x) My () — %(1 _ g) /Rylu(x) My (2)

1

-5 <1 _ g) /R2 Ohz(x,y) dMy(x) dMy(y)

B 5//]1%2 Y14(T) = y14(y) My (z) dM (y)

:U—y

///RS p— x( )dMN( ) dMy (%) dMn (y)

(see |[BFG15, Section 3] for more details).
Notice that, since

/dMN Z/ékdm N/dm/, ) =0,

all constants integrate to zero against My. Hence, for R} to be small we want to impose

Et [Yo,t] =-W+ (C>) W)
(2.16) i y))(x) = —§Tert Yo 4 oy,
=y == (5 1) [vhu + J Oz, ) dpi(2)] + €

where ¢, ¢ are some constant to be fixed later, and ¢(y) does not depend on x.
This shows that, to construct yg,, y1 4, and z;, we need to invert the operator =;. The following
lemma is proved in [BFG15, Lemma 3.2|:

Lemma 2.4. Let g : R — R be a function function of class C*, and assume that V; € C"(R). Then
there ewists a unique constant ¢, such that the equation

Eelf](z) = g9(@) + ¢4
has a solution f : R — R of class C*k=2Nr=3),

Recalling that Vi(x) = (1 — t)2? + tV(z), W = V — 22, and that Z; is defined on C! functions
(see (2.14)), as an immediate consequence of Lemma 2.4 we obtain the following corollary (given
a function of two variables, ¢ € C*Y(R?) means that 1) is s times continuously differentiable with
respect to the first variable and v times with respect to the second).

Corollary 2.5. Let r > 10. If V € C"(R) then we can find yo; € C"*(R), z, € C*'(R?) for
s+v<r—=6,andy,,; € C"9(R) solving (2.16).

We now need to estimate the rest Ey defined in (2.15) and prove that it is negligible. Note that

/d|MN| Z/‘SA (dz) +N/duvt ) = 2N,

that is, My is a measure of total mass 2IN. So, a priori, Ey =~ 1 N3 N?>> 1.
Luckily, when considering [ f dMy for some smooth functlon f, one may expect this integral to
be much smaller. Just to make a comparison remember that, given i.i.d. random variables X;, by

the central limit theorem
> Xi — NE[X]]

N1/2
converge to a Gaussian law, hence Y, X; — N E[X;] is usually of size N'/2.
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In our case this would not be enough since in Ex we have triple integrals appearing, so from
an estimate of the form [ fdMy =~ N'/2 we would get Ex ~ %(Nl/z)?’ = N'/2, which is not
infinitesimal. Hence we need to improve this bound.

Following [BG13b, BG13a, BGK14] (see also [MMS14] and [Shc09]), in |[BFG15, FG16] we do
this in two steps: we first derive a rough estimate which provides a bound of order N*/2, and then
in a second step we use the so-called “loop equations” to get a bound of order log N. In this way,
we can prove that if V € C35(R) then there exist constants C,c > 0 such that

(log N)?
N

(2.17) IR(Y,)| < C for all X € Gy,

where Gy C RY is a set satisfying ]P"]\/’t (Gy) >1— N—<N,
Since R¢(Yy) is trivially bounded by CN? everywhere (being the sum of O(N?) bounded terms,
see (2.7)), (2.17) implies that

(log N)3\a / g N 1/q
avy < —_—
IR e, < ([ (€575 et [ (oeyramy

3 3
SC(((logNN) )q+N2q_CN>1/q§C(1OgNN) ’

which proves (2.8).

2.5. Construction of the flow map. In the previous section we constructed a vector field Yy
satisfying (2.8). Thanks to Lemma 2.2 this guarantees that if we solve the ODE

(2.18) X =Yi(Xy),  Xo=Id,

then T := X is an approximate transport map. However, as mentioned before, to hope that (2.2)
holds true we need T to have a very special structure.

Luckily, since Y, has a very simple form (see (2.12)) it is natural to expect that we can find a
nice expansion for X; in powers of 1/N. More precisely, let us define the flow of Yot

(2.19) Xo::R =R, Xot = yor(Xoy), Xoo=1Id.
Then, since at first order Y;(A1,...,A\y) = (yg (A1), ... ,y07t()\N)), we expect that
Xe(As-- 0, AN) = (Xog(M), - Xog(An))-
To find the next order term in the expansion of Xy, we set
XS, An) = (Xog (M), - -, Xoe(Aw))

and write

X; = X 0.t +NX1t+N2X2t

If we plug this expansion into (2.18), a direct computation using (2.12) shows that X ; = (Xit, e X{Vt)
should solve the linear ODE

XF (A, AN) = Yo (Ko (M) - XT (A1, AN) + 10 (Xog(Ak))

+ [ z(Xor (M), y) dMR " (y)

— S~

(2.20)
N

Z 82Zt (X()t )\k Xo’t()\j)) . X{',t(Ah e ,)\N)
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with the initial condition X; o = 0, where Mﬁo’t is defined as

N
/ ) M () == 3 (Ko (M) — N / fdwi  YfeCuR).
R = R

With these definitions, the following result holds.

Proposition 2.6. Assume that V. € C" for some r > 16. Then the flow Xy = (X},...,X}N) :
RN — RN is of class C™? and the following properties hold.
Let X and X1 be as in (2.19) and (2.20) above, and define Xoy : RN — RY wia the identity

1 1
Xt = X(.%tjv + NXLt + ﬁxz,t .

Then
(2:21) max [XE ey < ClogN and  max X5,y < C (log NP
In addition, there exist constants C,c > 0 such that, with probability greater than 1 — C e—cllog N)Q,
k 1/(r—14) k 2 Ar2/(r—15)

. < <

(2.22) Sup B | X14| < ClogN N o Sup max, [ X34 < C(logN)* N ,
E (3 3 1/(r—15

(2.23) tz%a] 1§%}3}§N}X1¢(A) - X{;(\)| <ClogNN Hr=19) x = Al
and
(2.24) sup  max }@\k,XﬁtK}\) < Clog N NV/(r=19),

tefo,1] 1<k <N

The proof of this result is rather involved and we refer to the proof of [FG16, Proposition 4.13]
for more detail. Here, we just explain the reason for the presence of terms of the form N1/("—14)
and NY/("=15) in the estimates above.

Remember that, as explained before, to prove (2.17) we needed to show that, with very large
probability, if f is smooth enough then

/fdMN' < C'logN.

From this fact we can deduce that, for any ¢ € [0,1], there exists a set H; C RN such that
IP@0 (Hy) > 1 — N~V and the term

/Zt(XO,t()\k)>y) dMJi/(O’t(l/)

appearing in (2.20) is of size O(log N') whenever A € H,. Unfortunately this “good set” H; depends on
t, and to construct our approximate transport map we need to integrate [ z:(Xo¢(A\x),y) dM])éO’t (y)
with respect to ¢ € [0, 1]. So, we need to find a “universal good set” H such that, fixed )\ € H, the
term [ 24(Xo¢(Ax), ) dMJ)éO’t(y) can be controlled for all t € [0,1].

As shown in [FG16, Lemma 4.12], this is indeed possible, and the smoother is the test function
against which we integrate My the better the bound we get. Recalling that the regularity of z; and
Xo,+ depends on the regularity of V, since V' € C" it follows by [FG16, Proposition 4.13] that there

exists a set H such that ]P’%(H) >1— N—clogN)* apq

(2.25) sup /zt(X()’t()\k),y) dM]i,(O’t(y) < C'log N NV/(r—14) YAe H,Vk=1,...,N.

te(0,1]
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In particular, setting

A= Xk
1,t 12}2(]\,’ 1,t|7

(2.20) and (2.25) imply that

d
AL <CAL+C log N N/ (r=14)

so the first bound in (2.22) follows by integration, noticing that A; ¢ = 0.

2.6. On the leading order term in the transport map. The goal of this section is to show
that the leading order term Xp; of our approximate transport map (see Proposition 2.6) can be
defined in terms of the stationary measures jis. and py. More precisely, we claim that X1 : R — R
is the monotone rearrangement of 5. onto py, that is, Xo 1 coincides with the unique monotone
increasing map 7Ty : R — R satisfying (7o) ftsc = pv-

To prove this fact, we first show that X is a monotone increasing function. Note that, since
Xo, : R — R is obtained as the flow of the Lipschitz function y ;, differentiating (2.19) with respect
to x € R we get

X(l),t = yg),t(X(),t) X(/),ta X(,),O =1,
thus
d
@‘X(I),t} < ‘yg,t(XO,t)‘ ‘X(/J,t >

and Gronwall’s inequality gives the bound

X(/J,O — 1,

eIt < ’X(/]’t‘ < elt,
Since X(’)’0 =1, it follows by continuity that X(l),t must remain positive for all time and it satisfies
(2.26) e <X, < e,
from which we deduce that
e Lz —y) < Xo(z) — Xor(y) < ez —vy) Vy<z, tel0,1].
In particular,
(2.27) e Hx—y) < Xoa(z) — Xoa1(y) < el(z—y) Vy <z,

which proves that Xg 1 is monotone increasing.
We now claim that Xg 1 transports ps. onto py. For this, we fix a smooth compactly supported
function ¢ : R — RT and we apply Lemma 2.2 with

N
X(A) = (¢, Ly) = Z
Then
. 1 X o
xoTn(N) = 5 > e(Th(V)
1=1
and

N
1 R
N i N -1
1og<1+/RN<ga,LN> dIPV> —1og<1+/RN N ;Zlgo(TN()\)) dIP’G>’ < C, N" 1.
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Noticing that

N o N N Xz Xz
2 2T = 3 2 e +0 Iy (Tt + FE)

=1 =1 =1

N ) ,
1 | Xial  1X54l
= Xo1,L 0] ’0075 : ;
(¢ o Xo1, Ln) + ("PH Ni:1< N + N2

(see Proposition 2.6), it follows from (2.21) that

N
1 o, logN  (log N)?
— Ti(N)) dPY = Xo1, Ln) dPY "Nloo .
/]RN N;SO( v(A) dPg /RN@PO 0,1, Ln) dPg +O<H¢H Nt

Therefore

10g<1 +/ (¢, L) dIP’{}f) - 10g<1 +/ (¢ o Xo1,Ln) dﬂ%)’ < C, N L.
RN RN

Recalling that Ly —* py under PY (resp. Ly —* pse under PY) (see (1.1) and the beginning of
Section 2), letting N — oo in the formula above we obtain

10g<1+/90duv> =log(1+/saoXo,1 dﬂsc);
R R

/@dMV:/SDOXO,ldMsc-
R R

By the arbitrariness of ¢, this proves that (Xo.1)xftsc = py. Since X1 is monotone increasing (see
(2.27)), this shows that X ; is the monotone rearrangement of jg. onto py, as desired.

that is,

2.7. Universality in the bulk. Let T := X, where X; is the flow of Y;. The results in the
previous sections show that T is an approximate transport map having a very special structure.
As we shall explain now, this allows us to show that (2.1) and (2.2) hold.

We begin by noticing that (2.1) and (2.2) involve the laws of the ordered eigenvalues PY and
Pg , while our previous construction of the transport map was done with }P’g and }P’g. To fix this,
we observe that Pg and P]‘y can be defined as

PY :=RyuPY and Py :=RuPy,
where R : RV — RY is given by

(2.28) R(x1,...,xN)]i == g}lilzrjrlg}(x] Vi=1,...,N.

Note that R is 1-Lipschitz for the sup norm. In particular, if y : RN — R is a L-Lipschitz function
depending only on m variables, then y o R is y/m/L-Lipschitz.
Now, let f: R — R be a nonnegative Lipschitz function with compact support (say, supp(f) C

~

[—M, M]) and set x(A) := f(N(X\i+1 — A;)). Then
N _ o N
(2.29) /RNXdPV = /RN x o RdPy .

We now apply Lemma 2.2 with m x © R in place of x to deduce that, for any n > 0,

log<1+1/ XoRdM) —log<1+1/ XoRoTNdIP’g>’ <O, N1
[ flloe SR [flloo JrN
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In particular choosing < 1 (so that the right hand side is infinitesimal), since m f]RN XoRdIP’{y
fRN xXoRoTN d]P’ are both bounded by elloe 1, it follows by Remark 2.3 that

d 171 Tl
(2.30) Hf1Hoo Xondw—/RNXoRoTNd}Pg < C, N1
Let us define
(2.31) Tng = X5 + L Xy,

N
where Xo; and X1 are as in Proposition 2.6. Then, since T — Ty, = ﬁX;l,

1
/ XoRoTNdIPg—/ xoRoTydPY gHV(XoR)HOONQ/ | Xo,1| dPY,
RN RN RN

where

N 1/2
Xoa| = (Z !Xé“,l\?) .

k=1
Noticing that ||[V(x o R)|lec < V2N | f'|lcc and

1/2
/ |X2,1|dP§§(Z [ ki) < cognyea
RN

(see (2.21)), we deduce that

/NXO”ROTNdIP’g/NXORoTN’ld]P)g
R R

(2.32) < Cog NP> N2 f]loo

We now claim that X' N preserves the order of the eigenvalues with large probability. Indeed, since

log N Nl/(r—15)
‘ N N N

with probability greater than 1 — C'e~¢198N)* (see (2.23)), it follows by (2.31) and (2.27) that
e (N = M) TR =T (D) < e (M=) Y < N

~

1(A) =

X1,/1(5\) <C Ak — M| < [ Ak — Apr]

with probability greater than 1 — C' e~c(logV )2, as desired.
Thanks to this fact we obtain that R o Ty 1 = Ty,;1 o R outside a set of probability bounded by

C e—cllog N)Q, therefore

/XOROTN,ldPg—/ XOTN,loRdPg
RN RN

Thus, recalling that y(A) := f(N(Ait1 — A;)), combining (2.29), (2.30), (2.32), and (2.33), we get

(2.33) < Ce e Iyl

(2.34)

[ OO =2 apy = [ (N0 - Tha ) Py
RN RN

< CN" | flloo + C (log N)* N7V2| ]|
Observe now that, since Xo is of class C? and Xp1(N) > e L (see (2.27)),
Xo1(Ait1) = Xo1(A) = X5, (0) (i1 = ) + O(| X5, (0) (i = o))

Also, using again that X671(Ai) > e~ L, it follows by (2.23) that, outside a set of probability bounded
by C 6—c(log N)Q,

[XTE ) = X1 1(V] < Clog N NI XL () (Aier = Ai).
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Thus, recalling (2.31), we get
(2.35)

le\/+11(5\) - T]i\f,l(j‘) = X051 (M) (Nig1 — Ng) [1 + O(logNNl/(r_IS)_l) + O(‘X(,)J()\i) (Aig1 — )\z)’)

with probability greater than 1 — C e~¢(log N 2

Since we assume f supported in [—M, M], when computing
[ (@i o) - 1) ey
RN ’ 7

we can restrict the domain of integration to those A such that ‘N X(’),t()\,-) (Ni41 — )\Z)‘ is bounded

by M. Hence, using (2.35) and a Taylor expansion, we note that for such \ we have
f(N(Tzirj,L11<5\) - Tjiv,1<5\))> = f(X01(N) N1 — X))
+0 (M log N NV/(r=19)=1 1 py2 Nl) 17 lloo-
Combining this bound with (2.34), recalling Section 2.6 and the fact that (2.17) is valid under the

assumption that V € €36, we proved the following universality result:

Theorem 2.7 (Universality in the bulk). Assume that V € C3% is a uniformly conver function.
Denote by P]‘y (resp. Pg) the distribution of the increasingly ordered eigenvalues A; under Pg (resp.
Pg) Also, let Ty denote the monotone rearrangement from psc to py. Fize,n > 0. There exists a
constant C' > 0, independent of N, such that the following holds:

Let M € (0,00). Then, for any nonnegative Lipschitz function f : R — Rt supported inside
[—M, M] and for any i € [eN, (1 —)N],

‘ / F(N(Nig1 — X)) dPY — / F(T(A\) N(Xik — X)) dPG
RN RN

<CNTY | flloo + € ((log N2 N2 4 M2NTH) £ e

2.8. Universality at the edge. In the previous section we showed how our approximate transport
maps allow us to prove universality of the law of N(A\;11 — \;) when i € [eN, (1 — )N]. We note
that the same strategy also proves universality at the edge.

More precisely, recalling that supp(usc) = [—2, 2] and supp(pv) = [av, by ], since Xo 1 = Tp is the
monotone rearrangement of s onto py (see Section 2.6), we deduce that Xo1(—2) = ay. Then,
arguing as in the previous section, we see that

‘ /RN F(N23() — ay)) dPY — /N f(N2/3(TN,1(X) _ Xo,l(—z))) dPY

R
-1 (10gN)2 /
<Oy N | flloo + CW 1/ loo-
Since, by (2.21),
i log N
TN,l(A) == XO,I()\i) + O[A(Pg) (N)
/ 2 log N
= Xo0.1(=2) + X01(=2) (Ai +2) + O(Xi +2%) + Opaey, N )

one can conclude that the following holds:
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Theorem 2.8 (Universality at the edge). Under the same assumptions of Theorem 2.7, givenn > 0,
there exists a constant C' > 0, independent of N, such that the following holds:

Let M € (0,00). Then, for any nonnegative Lipschitz function f : R™ — R supported inside
[—M, M], we have

‘ [ 1B 00 - av)) ap = [ (-2 NP0 +2)) apY
RN RN

< ONTH e+ € (log N NS 4 222N ) |

It is worth noticing that the very same argument as the one used above allows one to show
universality when replacing the test functions

F(NQip1 —N))  and  F(N?2(\ —ay))
by
FINQu41 = Ay, N = A)) - and f(N*P(\ —ay,..., NP (A, —ay)),

where f : R™ — R* is Lipschitz and compactly supported, and m can even be allowed to increase
with N (see [BFG15, FG16] for more details).

2.9. Generalization and extensions. Theorem 2.7 concerns the universality of fluctuations for
the difference of consecutive eigenvalues. Another natural and important question concerns the
universality of fluctuations around some fixed “energy” value E in the bulk. This corresponds to
consider as test functions m-points correlation functions of the form

> (N, —E),...,N(\,, — E)),
i1 Fim
where E belongs to the bulk of the spectrum. Note that, since we are considering a sum over a set
of indices of cardinality of order N™, these test functions have L* norm of size N™. Hence, to
attack this problem, it is crucial that Lemma 2.2 applies to this class of functions.

By exploiting the estimates on the approximate transport maps stated in Proposition 2.6, as
shown in [FG16] we can prove universality for test functions obtained as an average with respect
E over a very small interval. Here and in the following, we use ; to denote the averaged integral
over an interval I C R, namely JCI = ﬁ fl'

Corollary 2.9. Under the same assumptions of Theorem 2.7, fit m € N and ( € (0,1). Then,
giwen E € (—2,2), 0 € (0,min{¢,1 —(}), and f : R™ — R a nonnegative Lipschitz function with
compact support, there exists a constant C > 0, independent of N, such that the following holds
true:

’/[ o Z FN i~ )-'-aN()\im—E))dE}dPg

~N=CTYE) 4 i 2,

_/ [][E-i-N ¢ Z HTH(E) NN _E)7"‘7T6(E)N()\im_E))dE:| dPY

¢
E-N=¢, ‘.

<C (N”H + NH).

All these universality results are contained in [FG16]. As mentioned at the beginning of Section
2, universality for S-models has also been obtained by other techniques. However, the approach
described above has the advantage of being extremely robust. In particular, as shown in [FG16]
it can be used also in multi-matrix models. For instance, a corollary of the results in [FG16] is
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the following theorem about the universality of fluctuations for matrices obtained as the image of
independent Guassian matrices via a polynomial close to the identity.

We recall that a polynomial with complex coefficients is said to be self-adjoint if it preserves the
space of Hermitian matrices.

Theorem 2.10. Let Py, ..., Py: (RVXN)d 5 RVXN e self-adjoint polynomials. There exists eg > 0
such that the following holds: Let {X}1<i<q be independent Gaussian matrices and set

Y= Xo+eP(X1,...,Xy) Ve=1,....d

Then, for € € [—eo, €], the eigenvalues of the matrices {Y;}1<i<q fluctuate both in the bulk and at
the edge as when € = 0, up to rescaling. In other words, the fluctuations of {Ye}1<i<a follow the
sine-kernel law inside the bulk and the Tracy-Widom law at the edge.
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