Free boundary regularity in obstacle problems

ALESSIO FiGALLI

ABSTRACT. These notes record and expand the lectures for the “Journées Equations
aux Dérivées Partielles 2018” held by the author during the week of June 11-15, 2018.
The aim is to give a overview of the classical theory for the obstacle problem, and then
present some recent developments on the regularity of the free boundary.
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1. Introduction: the obstacle problem

The classical obstacle problem aims to describe the shape of an elastic membrane lying
above an obstacle.

Mathematically, this problem can be described as follows: given a domain Q2 C R", a
function ¢ : @ — R (the obstacle), and a function f : 9Q — R satisfying f > ¢|aoq (the
boundary condition), one wants to minimize the Dirichlet integral among all functions
that coincide with f on 9 and lie above the obstacle ¢ (see Figure 1). Hence, one is lead

to minimize
min{ /
v Q

2
|v§ | represents the elastic energy of the membrane corre-

Vol?
L o= 02 6, (L)

where the Dirichlet integral [,
sponding to the graph of v.

The main goal consists in understanding the regularity properties of the minimizer, as
well as the structure of the contact set between the minimizer and the obstacle. In the
next section we shall describe all these questions in detail.
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FIGURE 1. An elastic membrane lying above an obstacle.

2. The functional setting: existence and uniqueness

The proof of existence and uniqueness of minimizers is very similar to the one for the clas-
sical Dirichlet problem without obstacle. Since our focus will be in understanding how the
obstacle influence the solution, instead of working under minimal regularity assumptions,
we shall assume that all the data are smooth in order to emphasize the main ideas. Hence,
we assume that € is a bounded domain of class C', ¢ : O — R is of class C', and that
f:0Q — R is C! as well. Note that, because of these hypotheses, one can extend f to a
C' function F': Q — R. Recall that, by assumption, ¢|sq < f.

Under these hypotheses, we can show existence and uniqueness of minimizers in W2(Q).

Proposition 2.1. There exists a unique minimizer u € WY2(Q) for the minimization
problem (1.1).

Proof. The existence follows by observing that (1.1) corresponds to minimizing the Dirich-
let functional among all functions v that belong to the convex set

Ky :={veW"(Q) : vjosn = f, v > ¢},

where the relation v|pg = f must be intended in the sense of traces of Sobolev functions.
Note that Ky is closed in the strong W12 topology, hence it is also closed for the weak
W2 topology (as a consequence of Hanh-Banach separation theorem). Thus, to find a
minimizer of (1.1) it suffices to argue as in the case of the classical Dirichlet problem.
More precisely, consider a minimizing sequence {v }5>1, namely a sequence of functions

{vk}r>1 C Ky such that
2 2
/ M — o := inf / Vol . (2.1)
Q 2 'UEIC¢ Q 2

Also, fix a Lipschitz function V' € IC,, (for instance, one can define V' := max{p, F'}, where
F is a C! extension of f as explained above).

Note that o is finite since a < [, % < 00. Thus, thanks to (2.1), there exists kg > 0
such that
\V4 2
/%Sa—i—l Vi > ko. (2.2)
Q

Furthermore, by Poincaré inequality applied to the function vy — V € I/VO1 ’2(Q),

vk = Vlz2) < CallVor — VV| 2@ (2.3)
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Hence, combining (2.2) and (2.3), for all &k > ko we get
vkl 2y + IVUrllz2) < vk = Vilz) + IV 2@ + IVl 22
< CallVur = VV 2 @) + [V ll22(0) + IVUkl 2(0)
< (Ca+ DIIVorllrz) + 1V IlL2 ) + CQIIVVHL2

< (Ca+1)v2(a+ 1) + |V 120 + Call VV | 120

This proves that the functions v, are uniformly bounded in W12(€2), hence there exists a
subsequence vg; that converges weakly to a function u € W12(Q). Since vk; € Ky and the
set Ky is weakly closed (by the discussion above), it follows that u € K. Finally, since
the L? norm is lower semicontinuous under weak convergence,

/ \VUP < lim / Vg, |2
]%oo

which proves that u is a minimizer.
For the uniqueness, it suffices to observe that if ui,us € Ky then
Vui + Vug

2
1 2 2
< =
/Q : _2(/Qywly +/Q\VU2\ )

with equality if and only if Vu; = Vus. In particular, if u; and us are two minimizers then
equality must hold (otherwise % would have strictly less Dirichlet energy), therefore

V(up —uz) =0in Q, u1 — ug = 0 on 9.

By Poincaré inequality this implies that u; — us = 0, as desired. U

3. Euler-Lagrange equation and consequences

It is a well-known fact that minimizers of the Dirichlet energy are harmonic. However, in
our case, the presence of the obstacle ¢ plays an important role.

Proposition 3.1. Let v : Q — R be the minimizer of (1.1). Then Au < 0 inside .

Proof. Let ¢ € C°(£2) be nonnegative, and for € > 0 consider the function ue := u + €.
Since 1 > 0 it follows that ue > u > ¢. Also, because ¥ is compactly supported in €2,
uelon = ulgg = f. This shows that ue is admissible in the minimization problem (1.1),
thus (by the minimality of u)

[Vul* _ [ [Vu|® !V%LGWJI2
Los =k i) -, .
_/ +e/Vu Vi + € / .

Simplifying the term fQ 2 * from the first and last expression, and then dividing by e,

we obtain )
OS/VU-V¢+€/‘V¢|.
Q Q 2

Thus, letting e — 07 we get

Og/QVu'Vz/):/QAzub,

where the last equality must be intended in the sense of distribution. Since ¥ is an arbitrary
nonnegative smooth function, the inequality above implies that —Awu > 0, as desired. [

As a consequence of the previous result, we can find a “nice” representative for w.
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Corollary 3.2. Let u : Q@ — R be the minimizer of (1.1). Then, up to changing u in a
set of measure zero, u is lower semicontinuous.

Proof. By the mean value formula for superharmonic functions
Au<0 inQ = T . )u is decreasing on (0, Ry), (3.1)
- (z
where R, := dist(x,d9). Define the function
() := lim u Ve
r=0J B.(2)

(note that the limit exists thanks to (3.1)). Then 4(z) = u(x) whenever x is a Lebesgue
point for u, therefore 4 = u a.e.
Also, if £, — xo then, using (3.1) again, we get

f u= lim u < liminf 4 (zy) Vr e (0,Ry./2),
Br (o)

k—o00 By (z1) k—o00

where the first equality follows by the Lebesgue dominated convergence theorem noticing
that

!
U= -— [ UXB,(z and UXB, (z) — UXB, (za;) &-€-
][Br(xk) |B.| Jo Br(wr) Br(wr) Br(zoo)

Letting r — 0 we obtain
U(Too) < liminf a(xy),
k—o0

as desired. O

From now on we will implicitly assume that u coincides with its lower semicontinuous
representative 4. In particular, u is pointwise defined at every point.
An important consequence of the previous result is the following:

Corollary 3.3. Let u: 2 — R be the minimizer of (1.1). Then
the set  {u>p}NQ is open.

Proof. This is a direct consequence of the fact that, since u is lower semicontinuous and
¢ is C! (hence continuous), then also u — ¢ is lower semicontinuous inside €. Hence, if
Tp — Too € Q and zx € {u— ¢ <0} N, then

(u—@)(r0) < lign inf(u — ) (zg) <0.
—00
This proves that the set {u < ¢} is closed inside (2, thus the set {u > ¢} NQ is open. [

Thanks to the previous result, we can now show that u is harmonic away from the
contact set {u = ¢}.

Corollary 3.4. Let u: Q2 — R be the minimizer of (1.1). Then
Au=0 inside {u > @} N Q.

Proof. Fix a ball B, (xg) CC {u > ¢} N, and consider ¢ € C>°(B,(xy)). For € > 0, define
the function ue := u + €.

Since Br(zg) CC {u > ¢} NQ and u — ¢ is lower semicontinuous, it must attain a
positive minimum inside B, (z), namely

min (u— ) =:¢y >0
By (o)

Hence, if € > 0 is small enough (the smallness depending on ||9)(| 1o (B, (z))), it follows that

ue(w) = w(@) = €l Lo (B, (20)) = P(2) + o = €Yl oo (B,(20)) = () Y € Br(xo).
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Since u. = u outside B,(z), this shows that u. is admissible in the minimization problem
(1.1). Thus, arguing as in the proof of Proposition 3.1 we obtain

og/ﬁvu.w:/gmmp, (3.2)

where the last equality must be intended in the sense of distribution. Since now v is
arbitrary, we can replace ¥ by —1 in (3.2) to obtain

0< — /Au

Combining this inequality with (3.2) we conclude that

/Aw —0 V¢ e C®(By(x)),
Q

which implies that Au = 0 inside B, (zo).
Since B, (zp) was an arbitrary ball compactly contained inside {u > ¢} N €, this proves
that Au = 0 inside {u > ¢} N, as desired. O

4. Optimal regularity

In this section we prove the optimal regularity of u, namely u € Cllo’c1 (). This result was
first obtained in [17] (see also [3, 5]). As we shall discuss later, the C*! regularity of u is
optimal.
Consider the function
vi=u— @, v:Q—R.

Note that, thanks to Proposition 3.1 and Corollary 3.4,

v >0, Av < —Ap in Q, Av=—Ap in{v>0}NN. (4.1)
Theorem 4.1. Let v = u—p, where u is the minimizer of (1.1). Assume that ¢ € C*1(Q).
Then
1,1
ve . ().

Of course, since ¢ € C11(Q) by assumption, the theorem above implies that also u
1,1
belongs to C;_. (£2).
To prove the result, we first show that v grows at most quadratically away from the
contact set.

Lemma 4.2. Let v = u—p, where u is the minimizer of (1.1). Assume that Ap € L*>(£2).
Then there exists a constant C', depending only on n and ||Ap| 1), such that

0 < w(z) < C'dist(x, 0{v > 0})? (4.2)
for all points x € {v > 0} NQ such that dist(z, O{v > 0}) < Fdist(z, OQ).

Proof. To simplify the notation set Co := [|A¢|[(q). We begin by recalling the mean
value formula for (super/sub)harmonic functions:

Aw <0 in Bgr(x) =

Y

Vr e (0,R), (4.3)

w(x)
Aw >0 in Br(z) = w(x)

IN

Vre (0,R). (4.4)

7[ w
Br(x)
7Z w
B (x)
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Since Av < —Ayp inside €2 (see (4.1)), we can apply (4.3) to the function w(y) := v(y) —

2
C’o‘x%fl to obtain

o(z) > 7[&@ (v) - al” ;ny‘2) dy

2
> ][ v — C’OT— whenever B,(z) C Q. (4.5)
r(2)

2n
To simplify the notation, set C] := % Then (4.5) can be rewritten as
v(x) > ][ v — Cyr? Vr e (0,dist(z, 092)). (4.6)
By (x)

On the other hand, since Av = —Ag inside {v > 0} N (see (4.1)), we can apply (4.4) to

lz—y|?

the function w(y) := v(y) + Co—,.~ to get
v(z) < ][ v+ Cyr? whenever B, (xz) C {v >0} NQ. (4.7)
By (x)
Now, given a point Z € {v > 0} N such that dist(z,d{v > 0}) < 1dist(z, ), we set

7 := dist(z, 0{v > 0}), g := 0Br(Z) N d{v > 0}.
In this way |y — Z| = 7, and we can apply (4.6) at § with r = 27 to get

0=u(y) > ][ v — 40172 (4.8)
Bar(g)

(note that, since dist(z, 0{v > 0}) < %dist(a?,@(l), Bor(g) C ). On the other hand, it
follows by (4.7) applied at & with r = 7 that

v(E) < ][ v+ 172, (4.9)
Br(T)

Hence, since v > 0 and Bz(Z) C Bor(y), combining (4.8) and (4.9) we get

1
v(x)—01r2§][ v= v < v
Bz |1Brl B T 1Bl JBan(y)
— ‘B277| v = 2n][ v S 2n+2cl,’72.
|Br| J Bar(y) Bar (p)
Recalling the definition of 7, this proves (4.2). O

Proof of Theorem 4.1. We begin by recalling the interior estimates for harmonic functions
(see for instance [12, Chapter 2.2.3, Theorem 7]): if Aw = 0 inside B,(z), then

r|Vw ()| + r*| D*w ()| < C(n)l[wll oo (s, (o) (4.10)

Let x € {v > 0} N Q, assume that dist(z,0{v > 0}) < dist(z,99), and set r :=
dist(x, 9{v > 0}). Consider the function

w(y) == uly) — p(x) = Vo(z) - (y — o)
and note that Aw = 0 inside B,.(z) (see Corollary 3.4). Also, since ¢ € C11(Q),
[w(y) —v(y)| = le(y) = p(x) = Ve(z) - (y — )]

1 1

<5 [ 1Dl + (1=t dtly = (4.11)
1

< §||D2‘P||L°°(Q)T2 Vy € By(z).

6
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Hence, applying (4.10) to w inside B,(x), using (4.2) and (4.11) we obtain
[Vw(z)]
r

1
+|Du(a)] < Cm) (51D% 1o +C'),

provided r = dist(z,d{v > 0}) < idist(z,99). Noticing that Vou(z) = Vw(z) and that
D?y = D?w — D?¢p, this yields

Vou(z 1 A
MU pu(e) < o0 (5103 limiey + ) + D%l = €. (412

Hence, if we set

Q, = {:r € {v>0}NQ : dist(z,0{v > 0}) < Tdist(x,aﬁ)},

T

Qf {x € Q : dist(z, {v =0}) < Tdist(ac,ﬁﬁ)} =0 U({v=0}nQ),
then (4.12) proves that the function

SR \ /1]

~ dist(z, 0{v > 0}) +1D%(@)

is uniformly bounded inside Ql /3 by a constant C.

To conclude the proof, we note that the boundedness of V' and (4.2) imply that

lu(z)| < C'dist(z,0{v > 0})%? and |Vu(z)| < Cdist(z,d{v > 0}) Ve Q1/3,
therefore
v(z) >0 and Vu(z)—0 as dist(z,d{v > 0}) — 0.

Thus, both v and Vv extend continuously to zero inside the set {v = 0}, therefore v €
(9 /3). We now prove that Vv is locally Lipschitz.

To this aim, we consider x,y € 9,1/6' If z,y € {v =0} then Vo(z) = Vu(y) = 0 and

the result is trivially true. So we can assume that at least one of the two points belongs
to {v > 0}, and that (with no loss of generality)

dist(z, 0{v > 0}) > dist(y, d{v > 0}). (4.13)
We distinguish two cases.

- Case 1: |x — y| < dist(z,d{v > 0}). If we set r := |z — y|, since x € Q’I/G it follows that

B, (z) C Ql/g. Thus, recalling that |[D?v| < V < C inside Q1/3, we can estimate

1
[Vo(z) = Vo(y)| < / [D?v|(tz + (1 — t)y) dt [z —y| < Clz —y|.
0
- Case 2: |x —y| > dist(z, d{v > 0}). Recalling (4.13), we can use again the boundedness
of V' to deduce that

[Vo(z) = Voly)| _ [Vo(z)] +[Vo(y)]
|z — 9 B lz —yl

- C’(dist(:v, d{v > 0}) + dist(y, 0{v > 0})) .

< 2C.
|z =yl
This proves that Vv € Co’l(fl'lm), thus v € Cl’l(fl’l/b,). On the other hand, because
Au = 0 inside {v > 0} and ¢ € CVH(Q), v € CLL(Q\ {v = 0}).

Since ) ;4 U (2\ {v = 0}) = , the result follows. O




A. FI1GALLI

5. A new formulation of the obstacle problem

In the previous section we proved that v =u — ¢ € Ci.’cl (Q) provided the obstacle ¢ is of
class C™!. For now on we will always make this assumption.
We now observe that, for a C*! function w, it holds’
D?*w =0 a.e. inside {w = 0}.

Applying this result to v we deduce that Av = tr(D?v) = 0 a.e. inside {v = 0}, so recalling
(4.1) we obtain that v solves

Av = (—Ap)X{v>0} a.e. inside Q. (5.1)
Note that, since Av < —Agp (see (4.1)), we also have

0< -Ap on {v =0}.

In particular, if we assume that —Ay > 0 then it follows by (5.1) that Av is discontinuous
across the free boundary d{v > 0}, which implies that v cannot be C? even if ¢ is smooth.
This shows that, in general, the C!' regularity of v is optimal.

From now on our goal is to study the regularity of the free boundary. We note that, for
this purpose, it is necessary to make some extra assumptions on ¢. To understand this,
one can make the following observation: fix a ball B, (z) CC {u > ¢}, consider K C B,(x)
a compact set, and let ¢ € C°°(B,(z)) be a nonnegative function such that 0 < ¢ < 1,
K = {¢p = 1}, and D?|x = 0. Then, consider the function

¢ = p(l =) +up
(see Figure 2).

12

FI1GURE 2. One can modify the obstacle away from the contact set so that
the new contact set is very irregular.

Note that, since u is harmonic in the region {u > ¢}, the function v is as smooth as ¢
(up to C* regularity). Also, since ¢ < ¢ < u, it holds?
u e ]C¢ - ’Cgo-
Hence, since v minimizes the Dirichlet integral in Ky, so it does in Ky, proving that u
solves the obstacle problem with obstacle ¢.

I prove this, one can apply [13, Corollary 1, Chapter 3.1.2] to the Lipschitz functions w and Vw to
deduce that

D*w =0 a.e. inside {Vw = 0} and Vw =0 a.e. inside {w = 0}.
Hence
D*w =0 a.e. inside {Vw = 0} N {w = 0} and {w =0} \{Vw =0} =0,
which implies the result.
2Recall the notation
Kg:={veW"(Q) : v|oa = f, v > ¢}, Ky :={veW"(Q) : vlaa = f, v > ¢}
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We now notice that
{u=0} ={u=9p}UK,
where K was an arbitrary compact set, showing that in general one cannot hope to prove
any regularity of the free boundary. However, if one analyses the example above, we note
that on the set K the obstacle ¢ has Laplacian 0. Hence, this example would be ruled out
if we assumed that the obstacle has negative Laplacian, at least in a neighborhood of the
free boundary.

For this reason, we shall assume that ¢ is smooth and that Ap < 0. Actually, as
noticed in [5, 25, 20, 21|, from the point of view of the local structure of the free boundary
it suffices to understand the model case Ay = —1. Thus, from now on we shall focus on
the equation

Av = X{p>0}s v > 0.

Noticing that v|sn = ulsga —¢ = f — ¢, up to replacing v by v and f —¢ by f, our problem
becomes to investigate the regularity of 9{u > 0} for a function u € C’lloi(Q) satisfying

Au = xqy>0) in €,

u>0 in €, (5.2)
u=f on 012,
see Figure 3.
Vu =0
Au=1
u >0

FIGURE 3. A new formulation of the obstacle problem.

6. Non-degeneracy of solutions

As shown in Lemma 4.2, v grows at most quadratically away from the free boundary. Here
we state (and prove) the result in a slightly different form:

Lemma 6.1. Let u solve (5.2), let ' CcC Q, let xo € 9{u > 0}, and assume that
B (x0) C Q. Then there exists C = C(Q') such that

sup u < C'r.
By (z0)

Proof. Given z € B,(x(), we can write u(x) using the Taylor formula centered at z :

1
u(x) = u(xg) + Vu(xg) - (x — x9) + /0 (1-— t)D2u(:c0 +t(x — :Uo))[x — xo,x — o) dt.

Since u(xg) = 0 and Vu(zo) = 0, setting C := || D?ul| o () we get
C
0<u(x) < g|$ —z0]? < =12,
2 2
as desired. n

As shown in [4, 5], the upper bound is optimal.
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Proposition 6.2. Let u solve (5.2), let xg € 0{u > 0}, and assume that B,(z9) C S.
Then there exists a dimensional constant ¢ = c(n) > 0 such that

sup u > cr?.

B,«(mo)
Proof. Assume first that xp € {u > 0}, and set

|.CU—330|2

hao () = u(x) 5y

Note that
Ahgy =Au—1=0 inside By (zo) N{u > 0},
and that hg,(zo) = u(xg) > 0. Hence, by the maximum principle for harmonic functions,

0 < hyy(xg) < sup heyy = max Ry, - 6.1
o{0) Br(zo)nfus0}  O(Br(zo){u>0}) (6.1)

Since 9 (By(zo) N{u > 0}) = (9B, (x0) N{u > 0}) U (B,(z9) N {u > 0}) and
hzy <u=0 on By(z9) N o{u > 0}
it follows that the maximum in (6.1) is attained on 0B, (xo) N {u > 0}, that is
<

max hzo'
ABy(z0)N{u>0}
Since
r2
h$0 = Uu— 27 on 6B’I"("E0) m {U > 0}7
n
this yields
2
< max u < sup u,
2n 9By (zo)N{u>0} Br(z0)

proving the result whenever xy € {u > 0}.
Now, if g € 9{u > 0}, consider a sequence of point {zy}r>1 C {u > 0} such that
T — X0, and set 1y =1 — |z, — x0|. Since By, (x1) C Byr(xp) C 2 we get
2

Tk
sup u > —,

Brk (zk) 2n

and the result follows letting k& — oo. O

7. Blow-up analysis and Caffarelli’s dichotomy

Thanks to Corollary 6.1 and Proposition 6.2, we know that

sup wu o~ r? Vo € 0{u > 0} with B,(z9) C Q.
Br(z0)

This suggests the following rescaling: for zyp € 9{u > 0} and r > 0 small, we define the
family of functions
u(xo + 1)

Ugo,r(T) 1= - (7.1)

In this way, since u € 0110,01 (), if we take p < dist(zo,02) we get (see Figure 4):

® ul’oﬂ”(o) =0, Supp, Uzg,r = 1 Vre (O,p);

o |D%uy, .| (7) = |D?u|(z0 +r2) < C V€ B,-1,(0).

10
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u:L‘o,’I’

u/—\A

FIGURE 4. By scaling, we look at functions of size 1 defined inside Bj.

Note that, by Ascoli-Arzela Theorem, the family of functions {ug, ,}r>0 are compact in
C’lloc. So, one can consider a possible limit (up to subsequences) as r — 07. Such a limit
is usually called a “blow-up”. Observe that, since the function u, , is defined in the ball
B,-1,(0), any blow-up is defined in the whole R".

The first goal is to classify the possible blow-ups, since they give us an idea of the
infinitesimal behavior of v near xg. We begin by considering two possible natural type of

blow-ups that one may find.

7.1. Regular free boundary points

Let us first imagine that the free boundary is smooth near g, with © > 0 on one side and
u = 0 on the other side. In this case, as we rescale u around z, we expect in the limit to
see a one dimensional “half-parabola”, see Figure 5.

Zo

slle- ) ]?
FI1GURE 5. Performing a blow-up near a “thick” free boundary points.

This motivates the following:

Definition 7.1. A free boundary point xy € 0{u > 0} is called a regular point if, up to a
subsequence of radii,

u(zo+rx) 1 9

— 5[(e ) 4] asr — 0"

r2

for some unit vector e € S*1.

7.2. Singular free boundary points

Suppose now that the contact set is very narrow near xg. Since Au = 1 outside of the
contact set, as we rescale u around zy we expect to see in the limit a function that has
Laplacian equal to 1 almost everywhere. In dimension two, a natural behavior that one
may expect to observe is represented in Figure 6.

More in general, since any nonnegative quadratic polynomial with Laplacian 1 solves
(5.2), one introduces the following:

11
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FIGURE 6. Performing a blow-up near a “thin” free boundary points.

Definition 7.2. A free boundary point xy € O{u > 0} is called a singular point if, up to
a subsequence of radii,

u(xo + 1)

1
5 — p(x) == §(A:v,x> asr — 0"

r

for some nonnegative definite matrix A € R™™ with tr(A) = 1.

Note the form of the polynomial p is strictly related to the shape of the contact set

near 0. For instance, if n = 3 and p(z) = %(e - x)? for some unit vector e € S?, then the

contact set is close to the 2-dimensional plane {e - z = 0}, see Figure 7.

FIGURE 7. A singular point in dimension 3 where the contact set is close
to a plane.

On the other hand, one may also expect to see points where the contact set is close to
a line, that could correspond for instance to a polynomial of the form p(x) = i(x% + 3),
see Figure 8.

FIGURE 8. A singular point in dimension 3 where the contact set is close
to a line.

12
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7.3. Caffarelli’s dichotomy theorem

Note that a priori the definitions of regular and singular points may not be mutually
exclusive. Indeed, a free boundary point could potentially be regular along some sequence
of radii and singular along a different sequence. Also, it is not clear that regular and
singular points should exhaust the whole free boundary.

These highly nontrivial and deep issues have been answered by Caffarelli in [4]:

Theorem 7.3. Let u solve (5.2), and let xg € 0{u > 0} N Q. Then one of these two
alternatives hold (see Figure 9):

(i) either xo is reqular, and there exists a radius ro > 0 such that 0{u > 0} N By, (z0)
is an analytic hypersurface consisting only of regqular points;

(ii) or xg is singular, in which case for any r > 0 small there exists a unit vector
e, € S" 1 such that 0{u > 0} N B,.(w0) C {z : |e, - (x — m0)| < o(r)}.

FIGURE 9. A regular (left) and a singular (right) free boundary point.

Idea of the proof. The first key ingredient is a semiconvexity estimate of the following
form: given = € {u > 0} N Q set r, := dist(x,0{u > 0}). Then, for any unit vector
ec S

Deett(x) > —w(rs),
where w : RT — RT is a continuous increasing function such that w(0) = 0 (see for
instance [5, Theorem 3] for a proof).

This fundamental bound allows one to show that blow-ups are convex. Indeed, if xy €
O{u > 0} and B,(zo) C £, we can define uy,, : B,-1,(0) = R as in (7.1). Then

Oeelizyr(T) = Oect(zo + 1) > —W(rT) Vo € B,-1,(0), Vr > 0.
In particular, if we let r — 0% and u,, : R” — R denotes a possible limit point, then
Oeeliz, () >0 Vo eR",

hence ug, > 0 is convex. One now distinguishes between two cases, depending on the
properties of the contact set {uz, = 0}. More precisely:

e Case 1: The contact set {uy, = 0} has positive measure. In this case, since 0 € d{uz, > 0}
and the set {uy, = 0} is convex, it must contain a ball B, (%) disjoint from the origin (see
Figure 10). Consider set of directions w € S*~! of the form w = —‘:,’—| with v € B, /5(2).
We claim that
Owlg,(z) >0 Va € B,/s(0).

Indeed, given any point x € B, /5(0), consider v € B, 5(#) and define the point
Yo =+ VvV € B, (2).

13
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FIGURE 10. The contact set of u,, when it has positive measure.

Note that, by the convexity of ug,, it follows that

2

d d
ZOwttag (Yo + W) = Tt (yo +1W) 20 VE>0

Hence, since Owuy,(yz) = 0 (because y, € By(%) C {uz, = 0}) we get Owug,(x) =
Ow g, (Y + [VIw) > 0, as desired.

Observe now that the function Oy, is harmonic inside the set {uz, > 0}. In particular,
unless it is identically zero it must be strictly positive there, by the strong maximum
principle. Thanks to this consideration and to the fact that Aug, = 1 inside {ug, > 0},
one easily concludes that

Ow gy () >0 Vo € B,/(0) N {ug, > 0}. (7.2)

Observe now that

Ow g, () Vg, ()
0< s = : W,
Vg, ()] [Vugy(2)]

Vit () coincides with the normal to the level sets of u,,. Hence, recalling the

and that Ve (@)]
definition of w, (7.2) implies that the normal to the level sets of u, inside B, /5(0) belongs
to the cone

C:={resS" ' :v.v<0 VveEB,; @}
see Figure 11.

Vua:() (x)
[Vugq ()]

FIGURE 11. Monotonicity of u,, and Lipschitz regularity of its level sets.

Thus, if one looks at the level sets {uy, = A}a>0 as graphs with respect to the hyperplane
orthogonal to z, it follows that these graphs have a bounded slope, or equivalently they

14
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are uniformly Lipschitz. In particular, since 0{ug, > 0} = limy_,g+{uz, = A}, the free
boundary is Lipschitz continuous inside B, /2(0).3
Thanks to this fact, we see that the functions Owu,, are harmonic, strictly positive
inside B, /2(0) N {uz, > 0}, and vanish on the Lipschitz hypersurface d{u., > 0}. Hence,
by the boundary Harnack inequality for harmonic functions in Lipschitz domains (see for
instance [8, Theorem 11.6]) it follows that
Ow, Uz

Vi .
€ C¥(By/(0) N{ug, >0})  Vw;= "l Vi € By a(2).

Owy Uz

In particular, choosing

e é" wi= _éigz with e € S”~! arbitrary,
we get
m € C%(By4(0) N {ug, > 0}).
Since % coincides with the normal to the level sets of wu,,, we deduce that the

level sets of ug, are uniformly C*, thus 8{us, > 0} is of class C* inside B,/4(0). In
particular, up to reducing the size of o, {uy, > 0} is arbitrarily close to a half-space H
inside By /4(0).

To transfer the informations back to our solution u, one argues as follows: given € > 0
small, we can choose a radius 7 = 7. > 0 small enough so that |[uz,, — Uz, llc1(p,) < €
This implies that (7.2) almost holds for ug, ,: more precisely, since (7.2) holds uniformly
away from the free boundary, we deduce that

Owlr g (z) >0 Va € Byjp(0)NH st dist(x,0H) > .0,

where 6. — 0 as ¢ — 0.

Exploiting the fact that Owu, 4, is harmonic inside its positivity set, and that the set
{trzy > 0} N By is very close to B, /5(0) N H, a maximum principle argument (see [5,
Lemma 11]) shows that, if € is sufficiently small,

8wur,x0 (ZU) >0 Vz € Ba/4(0) N {uT,EO > 0}

Exactly as before, this implies first that the level sets of w, s, are Lipschitz, and then
they are Ch¢ inside B, /6(0) by the boundary Harnack inequality. Finally, elliptic PDEs
techniques yield higher order regularity and analyticity of d{u,, > 0} N B,/5(0) [19].
Since O{urz, > 0} N B, /5(0) is a dilate and translate of d{u > 0} N B, /3(20)), this proves
the analiticity of the free boundary of u in a neighborhood of xg.

e Case 2: The contact set {uy, = 0} has measure 0. In this case, since Au,, = 1 outside
the contact set we deduce that Au,, =1 a.e. in R”, and by elliptic regularity Au,, = 1.
Thus

0= 0cel = aee(Auzo) = A(aeeu:ro)>

which implies that Jeettz, > 0 is a nonnegative harmonic function in the whole R™. Recall
now the classical Harnack inequality for nonnegative harmonic functions:

Aw=0 and w>0 in Bp = sup w < O, inf w, (7.3)
Br/s Br/2

for some dimensional constant C,, > 0.

30ne may note that the Lipschitz continuity of d{uz, > 0} is also an immediate consequence of the
convexity of the contact set. However, as the reader will see in the sequel of Case 1, this argument can be
generalized to prove the Lipschitz regularity of 0{us,,» > 0} for r small enough.
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Defining me := infrn Oeelis,, it follows by (7.3) applied to w = Oeetiz, — Me that

sup (Oeetz, — Me) < Cp, Inf (Jeeliz, — Me) VR >DO0.
Bry» Br/2

Letting R — oo the right hand side tends to 0, therefore

Sﬂgp(aeeuxo - me) = 07

which proves that Oeety, is constant.

Since e € S"~! was arbitrary, this proves that all the pure second derivatives of u,, are
constant, hence u,, is a homogeneous quadratic polynomial (recall that uz,(0) = 0 and
Uz, > 0). Thus, zg is a singular point.

We now observe that ug, = limy_,o Uz, r, for some sequence of radii r; converging to
0. Now, if we consider a different sequence of radii i converging to 0 and u;O is a limit
point, then again the contact set {u}, = 0} must have measure zero. Indeed, if not, then
by Case 1 the point xy would be regular. Thus, the set {us,, = 0} would be close to a
half-ball for all » > 0 small, in contradiction with the fact that the set {uz, , = 0} should
converge to {uz, = 0}, which is of measure zero.

Finally, the inclusion 9{u > 0} N B,(x¢) C {x : |e, - (x — x0)| < o(r)} follows from the
fact that

%((8{u >0}N Br(xo)) — x0> = d{ugyr > 0} N By,

and that any limit point of u,, , has a contact set which is a convex set of measure zero,
hence contained in a hyperplane.

We refer the interested reader to [5] and to the book [21, Chapters 4.1, 6.1, 6.2, and
6.4] for more details and specific references. g

Observe that, as a consequence of Theorem 7.3, a free boundary point can only be
either regular or singular. Also, if it is regular then the free boundary is smooth in a
neighborhood and all points nearby are regular as well. From this we deduce that the
convergence in Definition 7.1 holds without the need of taking a subsequence of radii.

While Theorem 7.3(i) gives a complete answer to the structure of regular points, Theo-
rem 7.3(ii) is still not conclusive. Indeed, first of all the vector e, may depend on r. Also,
the o(r) appearing in the statement comes from a compactness argument, so it is not
quantified.

Hence, from now on we shall only focus on the study of singular points. To simplify the
notation we denote

Y := {singular points} C 9{u > 0}.
Since the set of regular points is relatively open inside the free boundary (as a consequence
of Theorem 7.3(i)), we deduce that X is a closed set.

8. Uniqueness of blow-up at singular points

As observed in the previous section, a priori the vector e, appearing in the statement of
Theorem 7.3(ii) may depend on r. This fact is essentially related to whether the conver-
gence in Definition 7.2 holds only up to subsequence or not: indeed, if one could prove
that the convergence to a polynomial p holds without passing to a subsequence, then one
could easily deduce that O{u > 0} N B,(xo) C {x : dist(x — x0,{p = 0}) < o(r)}.

The complete answer to this questions has again been given by Caffarelli in [5], after
some previous results in the two dimensional case [7, 22, 23].

From now on we use the notation

1
P = {p(m) = §<A:c, z) : A€ R™" symmetric nonnegative definite, with tr(A) = 1}.
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Theorem 8.1. Let u solve (5.2), and let xg € X. Then there exists pyn, € P such that

. u(xo+ 1)
f e = Penle)
In addition, the map
Y2z DPx,xo

1s locally uniformly continuous.

For convenience of the reader we present here the proof of this result given few years
later by Monneau [20]. To this aim, we shall first need to prove the following monotonicity
formula due to Weiss [25].

Proposition 8.2. Let 0 € 0{u > 0}, assume that B,(0) C Q, and for r € (0,p) define

the function
o 1 2 2 2

%W(r, u) >0 Vr e (0,p).

Then

In addition, if 0 € X then
W (0", u) = W(r,p) VpeP,Vr>0.
Proof. Set u,(x) := r~2u(rz), so that W (r,u) = W(1,u,). Then, integrating by parts,

d
JW(].,UT) = 2/31 (Vur -V (0ru,) + Brur> — 4/631 Uy Op Uy

= 2/ (—Aur + 1) arur + 2/ (61,’11,7« - 2U7.) arur.
By oBy

Noticing that Awu, =1 in the region where {u, > 0}, and that
Oy =71 (a: -Vu, — 2ur),
it follows that either —Auw,. + 1 or 0,u, vanishes, and that d,u, = r_l(a,,u,n —2u,) on 0By.
Thus (—Au, 4+ 1)0,u, =0, and
d d 2
%W(l,ur) = %W(l,ur) = /831(8,,71,7, — 2u,)? > 0.

This proves the monotonicity of W.
Now, if 0 is a singular point and p € P is the limit of «,, along some sequence r;, — 0,
then
lim W (r,u) = lim W(rg,u) = lim W(l,u,,) = W(1,p),
r—0 k—o0 k—o00

where the first equality follows from the fact that W (r,u) has a limit as » — 0 because of
monotonicity. Finally, a direct computation shows that there exists a dimensional constant
¢n > 0 such that W(r,p) = W(l,p) = ¢, for all p € P and r > 0. O

We shall also need the following observation:

Remark 8.3. Let p € P. Since Au = Ap =1 in {u > 0}, we have

WA — 0 z.n{u>0}
pAp=p >0 in {u=0}.

FEquivalently,
wAw = pX{y—} > 0 VpeP. (8.1)

We can now prove the so-called Monneau’s monotonicity formula.
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Lemma 8.4. Let 0 € 3, p € P, assume that B,(0) C Q, and for r € (0,p) define

1
M(T’,U,p) = rn+3 /83 (u_p)2

Then

d
d—M(r,u,p) >0 Vr e (0,p).
”

Proof. For simplicity of notation we set w := u — p.
Since W (r,u) > W(0",u) = W(r,p) for all r € (0, p) (see Proposition 8.2) and Ap = 1,
we have

0 <W(r,u) —W(rp)

_ 1 2 2 2 2 _ 2

= 7 /BT(|Vu] + 2u — |Vp| —2p>—rn+3/aBr(u —p)
1 2 2 2

:M/BT(WUJ\ +2Vw- Vp+ 2u) —M/BBT<UJ + 2up)
1 2 . 2 2

= 7z /BT (|Vw\ + 2d1v(wVp)> ~ i3 /aBT( + 2wp>

1 2 2
= [ IVul - ? / -Vp—2
2 /BT [Vl 3 /BBT W s 9B, wlz: Vp—2p)

1 2
= —= C w 2 _ w2
P2 B, ‘ ’ rn+3 0B, )

where we used that z = rv on 0B,, and that p is 2-homogeneous (hence x - Vp = 2p).
This proves that

1 2
r"+2/B |Vwl|? > g /E)B w? Vr e (0,p). (8.2)

Now, since

1 , 1 1
7m-i-2/B [Vw|” = ,,,n+2/B —wAw + Fn+3 /(‘)B wz - Vu,
thanks to (8.2) and (8.1) we obtain

1 1

Hence, setting w,(x) = r—2

obtain

d d(_1 d
M = — 2= :
dr (T; U/yp) dT. (TTL+3 /8Br w > d’l" (/831 wr>

2/ 2 /
= - wy(x - Vw, — 2w,) = —— w(x - Vw — 2w) > 0,
0B, ol " r) = B, ( )2

r

w(rz) and noticing that d,w,(z) = r~(z - Vw, — 2w,.), we

as desired. n
We can now prove the uniqueness and the continuity of blow-ups at singular points:

Proof of Theorem 8.1. We first prove the existence of the limit.

Assume with no loss of generality that zo = 0, set u,(z) := 7 2u(rx), and let p; and
p2 be two different limits obtained along two sequences 7y 1 and 72 both converging to
zero. Up to taking a subsequence of r; 9 and relabeling the indices, we can assume that
ri2 < 1,1 for all k. Thus, thanks to Lemma 8.4, we have

/ (tryy — P1)* = M(rg,u,p1) = M(rp2, u,p1) = / (Ures —P1)* VK,

1 By
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and letting k& — oo we obtain
_ 2 . 2 _ 2
0=tim [ (un, —p1)?> lim | (ur, —p1) —/ (72— p1)?.
k—oo By ’ k—oo By ’ By

This proves that there is a unique possible limit for u, as — 0, which implies that the

limit exists. From now on, given a singular point xg, we shall denote this limit by py 4.
We now prove the continuity of the map xg — ps s, at 0 € X. Fix € > 0, and consider

a sequence z € ¥ with x; — 0. Since u, — p, o, there exists a small radius r. > 0 such

that
f

Also, applying Lemma 8.4 at z;, with p = p, o, we deduce that

2

u(rez) <e. (8.3)

— pxo()

2
Tg

2
9 . u(xg + rx)
_ -1 e T TS
/631 |pxk,* p*70| rli% . ) p*,0<x)
2
U(T + 1
< / % _ p*,o(ﬂﬁ)
0B, U
Hence, letting k — oo and recalling (8.3) we obtain
2
. . U(TE + TeT
lim Sup/ ’prk,* - p*,O‘Q < lim % —p*,o(ﬂf) <e.
k—oo JOB, k—co JoB, e

Since € > 0 is arbitrary, this proves the continuity at 0.
Because ¥ is locally compact (recall that ¥ is closed), this actually implies that the
map
X3 To — Dx,xq

is locally uniformly continuous. O

9. Stratification and C'! regularity of the singular set

With Theorem 8.1 at hand, we can now investigate the regularity of 3. Note that singular
points may look very different depending on the dimension of the set {p. ., = 0}, see
Figures 7 and 8. This suggests to stratify the set of singular points according to this
dimension.

More precisely, given xg € X we set

ko = dim(ker D*p, ) = dim({ps s, = 0}).
Then, given m € {0,...,n — 1} we define
Y i={z0 € X : kyy =m}.
Note that, with this definition, the point in Figure 7 belongs to 3, while the point in
Figure 8 belongs to 3.
More in general, Yy consists of isolated points, while the other strata ¥,, should corre-

spond to the m-dimensional part of X, see Figure 12.
This intuition is confirmed by the following result due to Caffarelli [5]:

Theorem 9.1. For any m € {0,...,n — 1}, ¥, is locally contained in a m-dimensional
manifold of class C*.

Idea of the proof. Recalling that u = Vu = 0 on the contact set {u = 0} (see Figure 3),
we have in particular that uly,, = Vuly,, = 0. Also, by Theorem 8.1,

w(@o + Y) = Prao (y) + o(|yl)-

m
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FIGURE 12. A possible example of contact set in 3 dimensions.

Hence, at least formally, this means that p, ., corresponds to the second order term in
the Taylor expansion of u, namely “p. ,(y) = 2 D?u(z0)[y, y]”.

Since the map ¥ > zg — P« g4, (y) is continuous, one can apply Whitney’s extension
theorem to find a map F : R® — R" of class C! such that

F(z9) = Vu(zg) =0 and VF(20) = D*pusy Vg € X

Noticing that dim(ker VF(zg)) = dim(ker D?p, ,,,) = m on X, it follows by the Implicit
Function Theorem that

Yn={F=0NnX%,
is locally contained in a C'' m-dimensional manifold, as desired. O
Remark 9.2. The proof above shows that the estimate
o + ) = Pz Lz (5,) = 0(r2), (9.1)

with a bound o(r?) independent of xg, implies that ¥, is locally contained in a C' m-
dimensional manifold.
More in general, if one could prove that

lulzo + ) = PraollL=(p,) < Cr*F® (9.2)

for some constant C' independent of xqg, then by applying Whitney’s extension theorem in
Hélder spaces one would conclude that X, is contained in a m-dimensional manifold of
class CH,

Remark 9.3. The fact that ., is only contained in a manifold (and does not necessarily
coincide with it) is optimal: one can build examples in n = 2 where X1 coincides with a
Cantor set contained in a line [24].

10. Recent developments

In 1999, using Proposition 8.2 combined with a “epiperimetric approach”, Weiss proved
the following result [25]:

Theorem 10.1. Let n = 2 and xg € X. Then there exists a constant o > 0 such that
[w(o + +) = PraollLoe(B,) < C rite

where C' > 0 is locally independent of xo. In particular 1 C C curve.
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Weiss’ proof was restricted to two dimensions because of some delicate technical argu-
ments in some steps of the proof. Still, one could have hoped to push his argument to
higher dimensions. This was achieved last year by Colombo, Spolaor, and Velichkov [9],
where the authors introduced a quantitative argument to avoid a compactness step in
Weiss’ proof. However, the price to pay for working in higher dimensions is that they can
only get a logarithmic improvement in the convergence of u to ps z:

Theorem 10.2. Let n > 3 and xg € X. Then exists a dimensional constant € > 0 such
that

[u(zo + ) = Paszoll Lo (s,) < Cr?|log(r)| ™
where C' > 0 is locally independent of xo. In particular ¥,, C CY1°° m-dim manifold.

In other words, in dimension n > 3 one can improve the C'! regularity of Caffarelli to a
quantitative one, with a logarithmic modulus of continuity. This result raises the question
of whether one may hope to improve such an estimate, or if this logarithmic bound is
optimal.

In a recent paper with Serra [15] we showed that, up to the presence of some “anoma-
lous” points of higher codimension where (9.2) is false for any « > 0, one can actually
prove that (9.2) holds with @ = 1 at most points (these points will be called “generic”).
In particular, up to a small set, singular points can be covered by C*! (and in some cases
C?) manifolds. As we shall discuss in Remark 10.4 below, this result provides the optimal
decay estimate for the contact set. In addition, we can prove that anomalous points may
exist and our bound on their Hausdorff dimension is optimal. In particular, the existence
of anomalous points implies that also Theorem 10.2 is optimal.

Before stating our result we note that, as a consequence of Theorem 8.1, points in g
are isolated and w is strictly positive in a neighborhood of them. In particular u solves the
equation Au = 1 in a neighborhood of ¥, hence it is analytic there. Thus, it is enough
to understand the structure of ¥, for m=1,...,n — 1.

Here and in the sequel, dimy (F) denotes the Hausdorff dimension of a set E. The main
result in [15] the following:

Theorem 10.3. Let 3 := U%;loZm denote the set of singular points. Then:
(n =2) X is locally contained in a C? curve.

(n>3) (a) The higher dimensional stratum ¥,_1 can be written as the disjoint union of
“generic points” X9 | and “anomalous points” $%_,, where:
- %9 is locally contained in a CH1 (n — 1)-dimensional manifold;

- X%, is a relatively open subset of ¥,_1 satisfying

(actually, X¢_, is discrete when n =3).
Furthermore, the whole stratum %, _1 can be locally covered by a C1* (n—1)-
dimensional manifold, for some dimensional exponent ag > 0.

(b) For allm =1,...,n —2 we can write ¥, = X, U 3G, where:

- 29, can be locally covered by a CY' m-dimensional manifold;

- X2 is a relatively open subset of ¥, satisfying
dimH(E%) <m-—1

(actually, X%, is discrete when m =1).
In addition, the whole stratum %, can be locally covered by a CH18° m-
dimensional manifold, for some dimensional exponent ey > 0.

This result needs several comments.
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Remark 10.4. We first discuss the optimality of the theorem above.

(1)

Our CY1 regularity provides the optimal control on the contact set in terms of the
density decay. Indeed our result implies that, at all singular points up to a (n— 3)-
dimensional set (in particular at all singular points when n = 2, and at all singular
points up to a discrete set when n = 3), the following bound holds:

[{u =0} N Br(0)|
| By (o)

In view of the two dimensional Ezample 1 in [24, Section 1|, this estimate is
optimal.

<(Cr Yr>0.

The possible presence of anomalous points comes from different reasons depending
on the dimension of the stratum.

(a) The possible presence of points in £¢_, comes from the potential existence, in
dimension n > 3, of A-homogeneous solutions to the so-called Signorini prob-
lem with X\ € (2,3). More precisely, it follows by our proof that the following
result holds:

Let ¢ € VVI}DS (R¥) satisfy:

- ¢ is A«-homogeneous, namely q(oz) = ¢**q(x) for all o > 0;

- Ag <0, ¢Aq =0, q|{z,—0y > 0;

- Aq = 0 inside R¥ \ {z;, = 0}.

Let £ be the smallest dimension for which there exists a nontrivial solution
to the problem above with A\, € (2,3). Then dimy(3¢_;) <n — k.

Because k > 3 is the best lower bound currently known on k (see for instance
[16]), we get dimy (3¢ ;) <n —3.

(b) For m < n — 2, the anomalous points in the strata X%, come from the possi-
bility that, around a singular point xo, the function (u — pPsuo)|B, (zy) behaves
as €-q, where:

- g, € RY is infinitesimal as v — 07, but &, > r% for any o > 0;

- q is a nontrivial second order harmonic polynomial.

Although this behavior may look strange (we are saying that, after one removes
from u its second order Taylor expansion, one still sees a second order polyno-
mial), this can actually happen and our estimate on the size of X% is optimal.
Indeed, we can construct examples of solutions for which dim(X$,) =m — 1.

We now make some general observations on Theorem 10.3.

Remark 10.5. (1) Our result extends Theorem 10.1 to the highest dimensional stra-

(2)

(3)

tum in every dimenston, and improves it when n = 2.

The last part of the statement in the case (n > 3)-(b) corresponds to Theorem
10.2. In [15] we obtain this result as a simple consequence of our analysis.

The set of generic points is not open inside the singular set. In particular, anoma-
lous points can accumulate at generic points even in dimension 3 (where anomalous
points are discrete).

In [22, 23], Sakai proved very strong structural results for the free boundary in
dimension n = 2. However, his results are very specific to the two dimensional
case with analytic right hand side, as they rely on complex analysis techniques. On
the other hand, all the results mentioned before [4, 5, 25, 9] are very robust and
apply to more general right hand sides. Analogously, also our techniques are robust
and can be extended to general right hand sides.
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Strategy of the proof of Theorem 10.3. The idea of the proof is the following: as
mentioned before, to obtain C*! regularity of the singular set we would like to show that
(9.2) holds with a > 1.

So, let 0 be a singular free boundary point. Using Weiss’ and Monneau’s motononicity
formulae, we are able to prove that the so-called Almgren frequency function is monotone
on w := u — px. More precisely, if we set

o () = w(rz) 7
w(r)lz258)
then we can show
iuvw 12 > 2 / W AW 2>0 (10.1)
dr rllL2(By) = r B T r = Y, .

see [15, Proposition 2.4 and Equation (2.20)].

Note that, as a consequence of (10.1), it follows that ||V, ||r2p,) < [[Vii1][z2(p,) for
all r < 1, which allows us to perform blow-ups around 0 by considering weak W2 limits
of w, asr — 0.

Set A, = lim,_q HVUETH%Q(BI). Using (10.1) again we can prove that, up to a subse-
quence, w,—¢q in W12(By), where:

- ¢ is As-homogeneous and gAq = 0;*
- Ag <0, and Ag is supported on L = {p,o = 0};°
In addition, by a variant of the argument in the proof of Lemma 8.4 we can prove that

dr(rnlJrQ)\* /a&w > 2 0.
1 1/2 1/2
( nl/ w2> < </ w2> P < CT‘A*,
r OB, 8B

from which we are able to deduce that (9.2) holds at zp = 0 with 2 + a = \.. Hence
our problem is reduced to understanding the possible values of \,, and more precisely in
proving (if possible) that A, > 3.

Although it is not difficult to prove that A\, > 2 (this follows from the fact that
||V1DTH%Z(BI) > 2, see (8.2)), it is actually unclear how to exclude that A\, = 2. Note

This implies that

that, in the latter case, we would get no new information with respect to what was al-
ready known!

Recalling that m = dim(L), we need to distinguish between the two cases m = n — 1
and m < n — 2. We begin with the latter.

e The case m < n — 2. Because ¢ € W12(B;) and its Laplacian is concentrated on
L which has dimension at most n — 2, it follows by a classical capacity argument
that Ag must be identically zero, so ¢ is harmonic. In particular

A €42,3,4,...}.

4Indeed, one can prove that ¢ satisfies

_ q(rz)

llg(r- )HL2(331)
(see the proof of [15, Proposition 2.10]). Then, it follows from (10.1) and its proof that g is A.-homogeneous
with A\, = ||Vq|\i2(Bl> = lim, 0 HV@THQLz(Bl), and that ¢Aq = 0.

5The fact that Agq < 0 follows by noticing that Aw = Xx{u>0y — 1 < 0, thus Aw, <0 for all r > 0.

For the second part, note that Aw = 0 inside {u > 0}. Therefore A, = 0 inside the set  ({u > 0}NB,.),
which converges to Bi \ {p+,0 =0} as r — 0.

d - -
VG 22p) =0 where Gz :
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Hence, we only need to exclude that A, = 2 (this would correspond to the point
0 being “anomalous”). Unfortunately, as already mentioned before, anomalous
points may exists in dimension n > 3. To circumvent this difficulty, a key ingredient
in our analysis comes from the following fundamental relation, that we prove as a
consequence of Lemma 8.4:

/ q(p« —p) >0  forallpeP. (10.2)
0By

Thanks to this inequality we can show that, whenever A, = 2, some very strong
relation between p, and ¢ holds (see [15, Proposition 2.10]). Thus, our goal becomes
proving that (10.2) cannot be true at “too many” singular points.

One of our key results shows that, when n = 3 and m = 1, then (10.2) implies that
q|r < 0 outside of the origin. Then we show that this is incompatible with having a
sequence of singular points zj converging to 0 (the reason for this incompatibility
is that these points would force ¢ to being nonnegative on L). Hence we conclude
that anomalous points are isolated for n = 3.

Once this result is proved, by a Federer-type dimension reduction principle we
handle the case n > 4 and prove that dimy (3% ) < m — 1. Note that Federer
dimension reduction principle is not standard in this setting, the reason being
that if zg and x1 are two different singular points then the blow-ups at such points
come from different functions, namely © — py ;, and © — Py 4, .

Finally, the C11°8 regularity of ¥,,, comes as a simple consequence of our analysis
combined with Caffarelli’s asymptotic convexity estimate [4].

The case m = n—1. In this case we observe the following: since u—p, o =u > 0 on
L, then w,|r, > 0 for any r > 0. Hence, since dim(L) = n — 1, by a trace inequality
we deduce that ¢ > 0 on L. Thus we have obtained that:

- q is A4-homogeneous;

-Ag<0,qAq=0,q|L >0;

- Aq is supported on L.

We now note that this system is simply the PDE characterization of global homo-
geneous solutions to the so-called Signorini problem, also known as thin obstacle
problem (see for instance [1, 2, 18, 16]). In particular, since all global homogeneous
solutions are classified when n = 2, we deduce that in two dimensions

1 1 1
MNeEf2,34,. Yulda—-6--8—- ...\
€d } { 270 T 2T }
Also, using again (10.2) and the fact that now ¢|;, > 0, we can rule out A\, = 2.

This proves that A, > 3 for n = 2. Then the higher dimensional case is handled
using again a Federer-type dimension reduction principle.

Furthermore, to show that ¥,_; is contained in a C*-manifolds, we prove that
A« > 24 a9 > 2 in every dimension.

Finally, the C? regularity in two-dimensions requires a further argument based on a
new monotonicy formula of Monneau-type.

11. Future directions

Although the results presented in the previous sections provide a very good understanding
of the free boundary regularity in the classical obstacle problem, there are still several
directions that are worth being investigated.
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First of all, Theorem 10.3 shows that if zg € ¢ with m < n — 2, then the expansion
(9.1) is optimal. On the other hand, we have seen that (9.2) holds with a = 1 at generic
points. Hence a natural question is whether, at a generic point xg, there exists a unique
third order harmonic polynomial p3 ;, such that

luzo + ) = Pey = P.aollLoe(,) = ().

As shown in [15], this is true at almost every generic point. So one may ask whether one
can further improve the error o(r?) to O(r*), and more in general whether one can prove
a Taylor expansion up to every order (at least at most points). Motivated by applications
to the Schaeffer’s conjecture (which states that, for generic obstacles, the set of singular
points should be empty [24]), in [14] we prove such an expansion up to order 5. Then,
as a corollary, we obtain the validity of Schaffer’s conjecture in dimension 3 (the two
dimensional case had already been proved by Monneau in [20]).

An important direction related to the discussion above is whether an expansion holds
up to every order. More in general, given a positive function h of class C*® and a solution
of Au = hx{ys0} (this corresponds to the obstacle being of class C*t2% see (5.1)), one
may ask whether an expansion of order k£ 4+ 2 holds at most singular points.

On a different direction, we may note that all the results obtained up to now concern
only the structure of regular and singular points when seen as “disjoint sets”. For instance,
Theorem 7.3 does not say anything about the regularity of regular points as they approach
the singular set. Using complex variable techniques, an answer to this problem has been
given for analytic obstacles when n = 2 [22, 23] (see also [6, 20] for some results in the case
of smooth obstacles). It would already be very interesting to have a complete description
of the free boundary in the two dimensional case for obstacles that are smooth (say C°)
but not analytic.

Finally, all these questions can be asked in the parabolic version of the obstacle problem,
namely when u solves’

Ou — Au = —X{u>0} u >0, O > 0.

In [14] we generalize Theorem 10.3 to this setting and, as a consequence, for n < 3 we prove
that the free boundary is smooth outside of a closed set of “singular times” of dimension
at most 1/2.
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