PARTIAL REGULARITY RESULTS IN OPTIMAL TRANSPORTATION
G. DE PHILIPPIS, A. FIGALLI

ABSTRACT. This note describes some recent results on the regularity of optimal trans-
port maps. As we shall see, in general optimal maps are not globally smooth, but they
are so outside a “singular set” of measure zero.

1. THE OPTIMAL TRANSPORTATION PROBLEM

The optimal transportation problem, whose origin dates back to Monge [19], aims to
find a way to transport a distribution of mass from one place to another by minimizing the
transportation cost. Mathematically, the problem can be formulated as follows: given two
probability measures p and v (representing respectively the initial and final configuration
of the mass that we want to transport) defined on the measurable spaces X and Y, one
says that a map T': X — Y transports pn onto v if Tyu = v, i.e.,

v(A) = p(T7'(A)) VA C Y measurable.

Then, given a cost function ¢ : X XY — R (so that ¢(x, y) represents the cost to transport
a unit of mass from z to y), one wants to minimize the transportation cost among all
possible transport maps.

Since transporting a unitary mass from x to T'(z) costs c¢(z, T(x)), the cost to transport
the whole mass y is simply given by [ ¢(z, T'(x)) dpu(x). Hence the optimal transportation
problem consists in solving the minimization problem

) in { [ et aute)}.

When T : X — Y minimizes the transportation cost we call it an optimal transport map.

Even in Euclidean spaces with the cost ¢ given by the Euclidean distance |x — y| or
its square |x — y|?, the problem of the existence of an optimal transport map is far from
being trivial. Moreover, it is easy to build examples where the Monge problem is ill-posed
simply because there is no transport map: this happens for instance when p is a Dirac
mass while v is not. This means that one needs some restrictions on the measures p and
v.

We notice that when X, Y C R", u(dz) = f(x)dx, and v(dy) = g(y)dy, if T : X — Y is
a sufficiently smooth transport map one can rewrite the transport condition Txp = v as a

Jacobian equation. Indeed, if x : R™ — R denotes a test function, the condition Typ = v
1
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gives
[ x@@ns@ds = [ xwow s

Now, assuming in addition that 7" is a diffeomorphism, we can set y = T'(z) and use the
change of variable formula to obtain that the second integral is equal to

| AT @) @)]den(VT (@) da.
By the arbitrariness of x, this gives the Jacobian equation

(2) f(@) = g(T(x)) |det(VT(x))].

1.1. The quadratic cost on R". In [2, 3|, Brenier considered the case X =Y = R"
and c(z,y) = |z — y|?/2, and proved the following theorem (which was also obtained
independently by Cuesta-Albertos and Matran [8] and by Rachev and Riischendorf [20]).

Theorem 1.1. Let i and v be two compactly supported probability measures on R™. If u
15 absolutely continuous with respect to the Lebesgue measure, then:

(i) There exists a unique solution T to the optimal transport problem with cost clx,y) =
- u?/2. A A

(ii) The optimal map T is characterized by the structure T(x) = Vu(zx) for some
convex function u : R™ — R, which is called the “potential” associated to T'.

Let us point out, for further use, that the minimization problem for the cost |z —y|*/2 is
equivalent to the the minimization problem for the cost —z - y. Indeed, for any transport

map T we have
T(x 2 2
/ | (2)’ ul) / ’y2| d(y)

(this is a direct consequence of the condition 7%y = /), hence

[T e = [+ [ P+ [ (o 1) dnt

= [ B+ [ L+ [ (o 1) dute)

and since the first two integrals in the right hand side are independent of T" we see that
the two problems

min /n w dp(x) and min /n(—x - T(x)) du(z)

Typ=v 2 Typ=v

are equivalent (that is, they have the same minimizers).

Having found a solution to (1), a natural question is the one concerning its regularity:
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Assuming that X and Y are two bounded smooth open sets in R™, let u(dz) = f(x)dz
and v(y) = g(y)dy be two probability measures with smooth densities f and g such that
X ={f>0} andY ={g > 0}. Then, is it true that the optimal map T (or equivalently
the “potential” u) is smooth?

As observed by Caffarelli [6], one cannot expect any general regularity result for u
without making some geometric assumptions on the support of the target measure. In-
deed, let n = 2 and suppose that X = Bj is the unit ball centered at the origin and
Y = (Bf +e1) U(By — e1) is the union of two half-balls (here (ej, e) denote the canon-
ical basis of R?), where

Bf = (Bin{z1 >0}), By = (B n{z <0}).

Then, if f = ﬁl x and g = ﬁly, it is easily seen that the optimal map 7' is given by

- x4+ e ifx; >0,
T(x)'_{a:—el if x1 <0,

which corresponds to the gradient of the convex function u(z) = |z|?/2 + |z4].

Thus (as one could also show by an easy topological argument) in order to hope for
a regularity result for u we need at least to assume the connectedness of Y. However,
not even this is sufficient. Indeed, starting from the above construction and considering
a sequence of domains X! where one adds a small strip of width € > 0 to glue together
(Bfr + 61) U (Bf — el), one can also show that for € > 0 small enough the optimal map
will still be discontinuous (see [6] or [25, Theorem 12.3] for more details).

In order to understand what is happening in the previous example, let us try to write
down what is the equation satisfied by u. Since T'= Vu, the Jacobian equation (2) gives
that u formally solves the Monge-Ampere equation

f(z)

3 det(D?*u(z)) = —=HA—
8 (D*ufa)) = s
coupled with the “boundary condition”

(4) Vu(X)=Y

which corresponds to the fact that 7" transports f(z)dz onto g(y)dy (recall that X =
{f >0} and Y = {g > 0}). So, one may in principle hope to apply the regularity theory
for Monge-Ampere in order to show that u is actually smooth.

However this is just a formal computation, and what one can rigorously show is the
following: the transport condition (Vu)xf = g means that

/ f= / g VACY.
(Vu)=1(A) A
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From this fact it is possible to prove (see for instance [24, Lemma 4.6]) that

/f:/ g VE C X,
E Ou(E)

where du denotes the subdifferential of w:
ou(z) :={peR" : u(z) >u(z)+p-(z—z) VzeR"}, Ou(E) = U ou(r).
xeFR

Hence, since Y = {g > 0} we get

/ f= / g VE C X,
E du(E)NY
and, if A < f,g < 1/X on X and Y respectively, we deduce that *

(5) MNIE| <|0u(E)NY|<|E|/N VECX.

4

Hence, we can see this as a “weak” form of the Monge-Ampere equation.

On the other hand, the “right” notion of weak solution of (3) (i.e., a notion of solution
which allows one to obtain a satisfactory regularity theory) is the one of Alezandrov
solution [1]: we say that a convex function v : X — R is an Alexandrov solution of

(6) M\ < det D*u < 1/\?
if
(7) N|E| <|0u(E)| < |E|/N VECX.

Note that (6) is the condition which would follow from (3) when A < f, g < 1/\. Moreover,
if u € C?(X) then (6) implies (7), indeed in this case du = Vu, hence by the Area Formula

0u(E)| = |Vu(E)| = [E det(D%u),

and (7) follows from (6).

The difference between (5) and (7) is at the base of the previous counterexample.
Indeed, (7) provides enough control on the behavior of du to show that if u is strictly
convex 2 then du(z) is a singleton for all x € X. By convexity of u, this implies that
u is continuously differentiable in X, and actually one can also show that Vu is Holder
continuous (see [4, 5] and [10, Section 2.4]).

On the other hand, (5) only gives information on the behavior of the intersection
Ou(E)NY for E C X. In the counterexample above with X = By and Y = (B +¢e;) U
(By —e1), the potential u was given by u(z) = |z|?/2+ |z:]. Hence, for any z of the form
x = (0,x2) the set du is multivalued, namely du(z) = [—1, 1] x {z3}. Thus

ou({0} x [-1,1]) = [-1,1]*

'Here and in the sequel, |E| denotes the Lebesgue measure of a set E.

2By an example of Pogorelov this turns out to be a necessary condition, see for instance [24, Section
4.1.3].
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This would not be possible if u satisfied (7) since Qu has to map sets of measure zero onto
sets of measure zero. However, since the intersection of [—1,1]* with Y = {g > 0} has
measure zero, one is not able to detect the singularity of u using (5).

Hence, in order to avoid this kind of counterexamples one should make sure that the
target Y always covers the image of X through the subdifferential map du. A way to
ensure this is that Y is convex. Indeed (see for instance [6] or [10, Theorem 3.3]) if YV
is convex then du(X) C Y and (5) becomes (7). This information allows one to prove
regularity [6, 7]. More precisely the following holds:

Theorem 1.2. Let X, Y C R" be two bounded open sets, let f : X — R" andg:Y — R*
be two probability densities bounded away from zero and infinity on X and 'Y respectively,
and denote by T =Vu:X — Y the unique optimal transport map sending f onto g for
the cost |x — y|?/2. Assume thatY is convex. Then:

(a) T € Cpa(X).
(b) If in addition f € CEP(X) and g € CEP(Y) for some B € (0,1), then T €
Ck—Hﬁ(X)-

loc

(¢) Furthermore, if f € C**(X), g € C*?(Y), and both X and Y are smooth and
uniformly convex, then T : X — Y is a global diffeomorphism of class C*+15.

Even if this result is very satisfactory, one still would like to understand how “bad”
can be the set where u is not regular when one removes the convexity assumption on the
target. As shown in [14] (see also [12] for a more precise description of the singular set
in two dimensions), in this case one can prove that the optimal transport map is actually
smooth outside a closed set of measure zero. More precisely, the following holds:

Theorem 1.3. Let X, Y C R™ be two bounded open sets, let f : X — Rt andg:Y — R*
be two probability densities bounded away from zero and infinity on X and Y respectively,
and denote by T=Vu:X =Y the unique optimal transport map sending f onto g for
the cost |x —y|*/2. Then there exist two relatively closed sets Xx C X and Xy CY, with
x| =|Zy| =0, such that T : X \ ©x — Y \ By is a homeomorphism of class C>% for

loc

some o > 0. In addition, if c € CFP*P(X x V), f e CPP(X), and g € CEP(Y) for some

loc loc loc

k>0 and f€(0,1), then T : X\ Sx — Y \ Sy is a diffeomorphism of class C 5P

loc
Sketch of the proof. As explained above, when Y is not convex there could be points
z € X such that du(z) € Y. Let us define *
Regy :={zx € X : du(z) C Y} Yx = X \ Regy.

By the continuity property of the subdifferential it is immediate to see that Regy is open.
Moreover it follows from the condition (Vu)y(f dx) = gdy that Vu(z) € Y for a.e. x € X,
thus [Xx| = 0. Hence

N|E| < [ou(E)| < |E|/X* Y E C Regy
3Actually, in [12, 14] the regular set is defined in a slightly different way and it is in principle smaller.

However, the advantage of that definition is that it allows for a more refined analysis of the singular set
(see [12]).
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provided A < f,g < 1/X. A (non-trivial) adaptation of Caffarelli’s techniques permits
to prove that u is smooth inside Regy (the main issue here is to show that u is strictly
convex). O

1.2. The case of a general cost. After Theorem 1.1 many researchers started to work
on the problem of showing existence (and regularity) of optimal maps in the case of more
general costs, both in an Fuclidean setting and in the case of Riemannian manifolds.
Since, at least locally, any Riemannian manifold looks like R™, here we shall only focus
on the Euclidean case (see [13] and [10] for more results).
Let us introduce first some conditions on the cost function ¢ : X x Y — R, where

X, Y CR™

(CO0) The cost function ¢: X x Y — R is of class C? with [|c| c2(xxy) < 0.

(C1) For any z € X, the map Y 3 y — —D,c(z,y) € R™ is injective.

(C2) For any y € Y, the map X 3 x — —D,c(x,y) € R" is injective.

(C3) det(Dyyc)(x,y) # 0 for all (z,y) € X x Y.
We also introduce the concept of c-convex functions which generalizes the one of convex
functions that appeared in the case ¢(z,y) = —x -y (see Theorem 1.1 and recall that,
by the discussion immediately after that theorem, the costs —z -y and |z — y|?/2 are
equivalent): a function u : X — R U {400} is c-conver if it can be written as

u(z) = sup{—c(z,y) + \,}
yeyY
for some family of constants A, € R.
The following is a basic result in optimal transport theory.

Theorem 1.4. Let ¢: X x Y — R satisfy (C0)-(C1). Given two probability densities f
and g supported on X and Y respectively, there exists a c-conver “potential” v : X — R
such that the map T : X —'Y implicitly defined by

(8) Dpc(x,T(z)) + Vu(z) =0
1s the unique optimal transport map sending f onto g.
Since c satisfies (C1) we can define the c-exponential map:
forany r € X,y e Y, peR", cexp,(p) =y & p=-—-D.c(z,y).

A

This allows us to rewrite (8) as T'(x) = c-exp,(Vu(x)).
Let us try again to understand which PDE is satisfied by the
that u is smooth, we see that the c-convexity of u implies that

(9) D*u(z) 4+ Dyec(z, c-exp, (Vu(z))) > 0.

“potential” u. Assuming

Moreover, using (C2) one can show that T is injective and that 71 is the optimal map
between v and p for the symmetrized cost ¢*(x,y) = c(y, x).
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Hence, differentiating (8) with respect to x and using (2) and (9), we obtain
(10) det <D2u(x) + Dyye(z, c—eXpI(Vu(x)))>

f (@)
g(c-exp, (Vu(x)))
Hence, at least formally, u solves a Monge-Ampere type equation of the form

= ‘det (DIyC(L C—epr(Vu(m>>)) ’

(11) det(D*u — A(z, Vu)) = h(z, Vu)
with
(12) A(z,p) := —Dyuc(z, c-exp,(p))
and
f(z)

h(z,p) := |det (Dyyc(z, c-exp,(p)))] T ()

Observe that, in the case ¢(x,y) = —x -y, A =0 and (11) reduces to the classical Monge-
Ampere equation. As we showed in the previous section, in order to get regularity of u
one needs to assume the convexity of the target domain. The issue is in some sense the
following: the Monge-Ampere equation enjoys some a-priori regularity estimates (these
are the so called Pogorelov estimates, see for instance [16, Section 17.6]) which allows one
to obtain regularity of solutions provided one has suitable boundary conditions. In the
case ¢(z,y) = —x -y the boundary condition was Vu(X) = Y and convexity of Y was
enough to ensure regularity.

Now, for the general case we have to face two difficulties: in addition to identify some
suitable notion of convexity on the domains to handle the boundary conditions, one also
needs some analogous of the Pogorelov estimates for the general class of equations (11).

The breakthrough for the regularity of solutions to this class of equations came with the
paper of Ma, Trudinger and Wang [18], where the authors found a mysterious condition
on the cost functions that turned out to be sufficient to prove the regularity of u. More
precisely, the condition to be imposed on the cost (that we call here “MTW condition”)
is the following:

(13) Dy, Alz,p)€€ <0 Va,p, V¢ L.

PnPn
Since A depends on first and second order derivatives of the cost (see (12)), the MTW
condition is a fourth-order condition on c.
Under this condition, Ma, Trudinger, and Wang could prove the following result [18,
22, 23] (see also [21]), that generalizes Theorem 1.2(c):

Theorem 1.5. Let ¢: X XY — R satisfy (C0)-(C3). Assume that the MTW condition
holds, and that f and g are smooth and bounded away from zero and infinity on their
respective supports X and Y . Also, suppose that:

- X and Y are smooth;

- Dyc(x,Y) is uniformly convex for all x € X;

- Dyc(X,y) is uniformly convex for ally € Y.
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Then u € C=(X) and the map T, : X — Y defined as T,(z) := c-exp,(Vu(z)) is a

smooth diffeomorphism.

In [17] Loeper started a systematic study of the MTW condition and its relation to the
geometry of optimal transport maps. Among other things, he was able to prove that the
MTW condition (13) is essentially equivalent to the following (see [17], [25, Chapter 12]
for a more precise discussion):

For any c-convex function u, its c-subdifferntial

(14) du(z) ={y €Y 1u(2) + c(z,y) > u(z) + c(z,y) Vze X}
1s connected for every x € X.
Note that, when ¢(x,y) = —x -y, c-convex function are just convex and d.u(x) reduces

to Ou(x) (which is convex, thus connected).

Connectdness of the c-subdifferential turns out to be a necessary condition for the
regularity of optimal maps, see [17], [25, Theorem 12.7], [15]. Hence, in view of its
equivalence with the MTW condition, Loeper proved the following: if there exist x,p,& L
1 such that the MTW condition fail, then one can construct smooth positive probability
densities f and g (whose supports satisfy the appropriate global convexity assumptions)
such that the optimal map between p = fdr and v = gdy is discontinuous. Moreover,
Loeper also found a nice connection with geometry: if ¢ = d*/2 with d a Riemannian
distance, then

o 2
DlzikpeAij(x> 0)515]77k77£ = —gseCtx([Sﬂﬂ) VEnel,M,§ Ln,

where Sect,([£,7]) denotes the sectional curvature of the 2-plane generated by & and 7.
Since (as we just mentioned above) the MTW condition is necessary for regularity, one
gets the following: *

Corollary 1.5.1. Let ¢ = d?/2 on a smooth Riemannian manifold M, and assume that
Sect, < 0 at some point along some 2-plane in T, M. Then one can construct f,g €
C=(M) with f,g > 0 such that T & C°.
Let us also mention that the MTW condition is quite restrictive and it is satisfied only

in very particular cases. These include the costs:

- |z — y[*/2 (or equivalently —z - y);

- —log|x —yl;

- |z —yP with =2 < p < 1,
and the case ¢ = d?/2 on the following manifolds:

- R™ and T";

- S, its quotients (like RP™), and its submersions (like CP" or HP");

4Although we did not state them here, many existence and uniqueness result for optimal transport
maps on Riemannian manifolds are known (see for instance [11]), and they include for instance the case

c(z,y) = d(z,y)*/2.
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- products of any of the examples listed above (for instance, S™ x ... x S™ x Rf or
S™ x CP"2 x T"s);
- smooth perturbations of S™.

Because the MTW condition is usually false, a natural question is: Can one prove a
partial regularity result for general cost functions?

Notice that in the case —x - y one exploits the fact that du(z) C A a.e. (see the sketch
of the proof of Theorem 1.3), which means (very roughly) that at most points we are as
in the case of a convex target, and hence a local regularity theory is in principle available.
However, in the general case, besides the global obstruction given by the geometry of the
source and target domains there is also the local obstruction given by the failure of the
MTW condition. For instance, by Loeper’s result, if M has negative sectional curvature
then MTW fails at every point! This means that there is no hope to say that, as in the
quadratic case, we are in a “good” situation at almost every point. Still, in [9] we have
been able to prove the following result:

Theorem 1.6. Let X, Y C R"™ be two bounded open sets, and let f : X — RT and
g:Y — Rt be two continuous probability densities bounded away from zero and infinity
on X and Y respectively. Assume that the cost ¢ : X XY — R satisfies (C0)-(C3), and
denote by T : X — Y the unique optimal transport map sending f onto g. Then there
exist two relatively closed sets Xy C X and Yy C Y, with |Xx| = [Zy| = 0, such that
T:X \ Xx = Y\ Xy is a homeomorphism of class C&f for any B < 1. In addition, if
ce O (X xY), feClX), and g € CL*(Y) for some k > 0 and o € (0,1), then

loc loc loc

T:X\Xx = Y\y is a diffeomorphism of class C"HH.

loc

This result can be suitably localized to obtain a regularity result for the squared distance
function on Riemannian manifolds:

Theorem 1.7. Let M be a smooth Riemannian manifold, and let f,g: M — R be two
continuous probability densities, locally bounded away from zero and infinity on M. Let
T : M — M denote the optimal transport map for the cost ¢ = d*/2 sending f onto g,
d being the Riemannian distance on M. Then there exist two closed sets YXx,>Xy C M,
with |Sx| = [Sy| = 0, such that T : M\ Sx — M\ Xy is a homeomorphism of class C27

for any B < 1. In addition, if both f and g are of class C**, then T : M \Xx = M\ Xy

: . . k41
1s a diffeomorphism of class C’lot o

Idea of the proof of Theorem 1.6. Let xy be a point where the potential u associated to
T is twice differentiable (since u is c-convex, one can use Alexandrov’s Theorem to show
that u is twice differentiable at almost every point), set yo := T'(x¢), and assume without
loss of generality that o = yg = 0. Then u looks like a parbola near zero, and up to
subtracting a linear function we have

u(z) = Mz - 2 + o(|z]?).
We now observe that the cost ¢(z,y) is equivalent to

¢(z,y) = c(x,y) — c(x,0) — ¢(0,y) + ¢(0,0).
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Indeed, as in the quadratic case, for any transport map 7" we have

[ e r@)dute) = [ et T@)duto) - [ o0 duo

n

— /n c(0,T(x)) dpu(x) + /n c(0,0) dp(z)
- / (@, T(w)) du() — / _clx,0) dp(z)
_ / (0,9 dufy) +€(0,0),

and the last three terms are independent of T.
So, without loss of generality we can assume that ¢ = ¢, and by Taylor’s expansion we
get

c(w,y) = Az -y + O(|z*|y| + [y]?|z]).
Hence, up to applying the linear transformations x — M2z and y — —M /2 A*y, we

can assume that

_ =P

u(z) +o(|z])

and
c(x,y) = =2y + O(|z[lyl + [y[*|])
near (0,0).

In addition, since f and g are continuous,

f(x) = f0) +w(lz)),  g(y) = 9(0) +w(ly]),

for some modulus of continuity w : RT — R™,
By compactness we prove the following key result:

Lemma 1.7.1. Assume
El§

'u(x) . %

<n in By,

HC(.Z',y) +x- yHCQ(BIXBI) < 67
|f = L zeey) + 1|9 = U zoo(my) < 6.

Then, provided n > 0 is universally small, there exists a modulus of continuity & such
that

lu—¢| <@ () in By,
where V¢ is an optimal transport map for the quadratic cost between two constant densi-
ties. In addition

9lles(s, ) < C-
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We apply the lemma as follows: first we rescale u, ¢, f, g once:

(x) = up(x) = u(}i;x), c(x,y) — ci(z,y) = %c(hx, hy),

f(@) = fi(@) = f(hx),  g(x) = gi(z) := g(hx)

for some h < 1.
Since

for h small we have

Thus we can apply Lemma 1.7.1 with § = min{w(h), Ch} to obtain
jur = o] <w(h) In By, ¢lless,,.) <6
for some modulus of continuity @. Let now P(z) := $D?¢(0)z - z. Then
|6(x) — $(0) = V(0) -z — P(z)| < Cr° in B,
for any r € (0,1/2), therefore
luy — ¢(0) — Vo(0) -2 — P(x)| <@(h) +Cr® in B,.
We are now in position to iterate the rescaling argument: set

(1) = uy(rz) — ¢((7)n)2— Vo(0) - x o) = c1(re,ry) — (ﬁ:g) — V(0) - x,

falx) = filrz),  ga(x) == gi(rz)
Then, since P(rz)/r? = P(z) we obtain

w(h)

r2

|ug () — P(x)| <

+Cr<ng in By

provided we choose first 7 = r(n) < 1 and then h = h(r,n) < 1. Let us observe that
P(x) is not exactly |z|>/2 (as we would need to iterate the argument again), but we can
show that it is of the form Az -z for some symmetric matrix A satisfying Ald < A < Ald
for some universal constants 0 < A\ < A < oo. This is actually enough for us to keep
iterating this argument and show that, for any o < 1, there exists C' > 0 such that

lu(z) — u(0) — Vu(0) - z| < Olz| .

Since this argument can be reapplied at any point near 0, we get u € C1® in a neighbor-
hood of 0.

This is the main step of the proof since it allows us to get rid of the local obstruction
given by the failure of the MTW condition. Indeed, since u is C! near 0, recalling (14) it
is easy to see that (for x in a neighborhood of 0)

Ocu(r) = {c-exp(Vu(x))},
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in particular 0.u(z) is connected. Relying on this, we can show that u enjoys a comparison
principle, and this allows us to use a second approximation argument with solutions of the
classical Monge-Ampere equation to conclude that u is C*“ in a smaller neighborhood
for some ¢’ > 0. Then higher regularity follows from Schauder’s theory.

These results imply that 7" is of class C% in neighborhood of z (resp. T is of class

CHleif ¢ € CFF* and f,g € C®). Being our assumptions completely symmetric in

and y, we can apply the same argument to the optimal map 7* sending g onto f (here
optimal means with respect to the cost ¢*(z,y) = c(y,z)). Since T* = T, it follows that

Tis a global homeomorphism of class C&f (resp. T is a global diffecomorphism of class
Ok-‘rl,a

e ) outside a closed set of measure zero, concluding the proof. O
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