A NOTE ON THE DIMENSION OF THE SINGULAR SET
IN FREE INTERFACE PROBLEMS

GUIDO DE PHILIPPIS AND ALESSIO FIGALLI

ABSTRACT. The aim of this note is to investigate the size of the singular set of a general class of
free interface problems. We show porosity of the singular set, obtaining as a corollary that both its
Hausdorff and Minkowski dimensions are strictly smaller than n — 1.

1. INTRODUCTION

Let Q C R™ be an open set. Given E C Q and u € W12(Q) we define
FoP(u, E) :=e P(E,Q) —l—/ ap(x)|Vul?, (1.1)
Q

where ap(z) := flg(z) + alg\g(z), € € (0,1) and 0 < o < B < 00 are given constants, and P(E, Q)
denotes the perimeter of E relative to 2. We are interested in the regularity of (A, rp)-minimizers of
F in Q, namely in couples (u, E) such that
FoP(u, E) < FP(v, E) + A|[EAF (1.2)

for all F C Q, v € W12(Q) such that EAF € B, €@ Q,u=vonQ\ B, r<ry. Minimizers and

C e . a,ﬁ
(A, ro)-minimizers of Fg
and references therein.

naturally arise in several problems from material sciences, see [1, 6, 10, 8]

In [10] it has been established that if (u, E) is (A,rp)-minimizer, then OF is regular outside a
relatively closed set of vanishing H" ! measure (here and in the sequel, %"~ ! denotes the (n — 1)-
dimensional Hausdorff measure). More precisely if we define the regular set

Reg(F) := {x € 0ENQ: JF is a C17 hypersurface in a neighborhood of  for some ~ € (0, 1)}

(1.3)

Y(E):=(0ENQ)\ Reg(E), (1.4)
then H"1(X(FE)) = 0, see Section 2.5 below for a more detailed discussion. On the other hand

nothing is known concerning the Hausdorff dimension of ¥(F). In this note we will address this issue
by proving the following:

and the singular set

Theorem 1.1. There is a constant k = k(n, /o) > 0 such that, for every (A, ro)-minimizer of .7:3"8,
dimy ¥(E) <n—1-—&. (1.5)

Note that x depends only on n and /a but not on &, see also the comments after Theorem 1.3
below.

A well-known classical strategy to study the dimension of singular sets in geometric problem is the
study of blow-ups of minimizers around a singular point. If one is able to classify the singularities

of blow-ups then, applying the so-called Federer dimension reduction argument (see for instance [15,
1
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Appendix]), one can obtain estimates on the dimension of the singular set of a generic minimizer. In
order to apply this strategy one needs to have some monotonicity formula at hand. Indeed, roughly
speaking, a monotonicity (or almost monotonicity) formula allows one to classify blow-up limits in
a sufficiently precise way to understand the dimension of their singularities. For minimizers of (1.1)
monotonicity formulas are known only under some very restrictive assumptions (see [10, Lemma 3.1])
and thus are not suitable to study blows limit. To prove Theorem 1.1 we will then follow a different
route, namely we will show that ¥(E) is o-porous in OF for some o = o(n, 5/a) > 0, see Definition
1.2. From this fact Theorem 1.1 will follow by classical results in measure theory, see Lemma 3.1. In
particular Theorem 1.1 will be a consequence of Theorem 1.3 below. Moreover, by using Lemma 3.2
one can actually provide an estimate on the Minkowski content of ¥(FE).
To explain Theorem 1.3 we need the following definition:

Definition 1.2. Given ¥ C K C By, we say that X is (o, 9)-porous in K if the following holds: For
every x € K and every p < ¢, there exists y € K N B, , and r € (0p, ) such that
B,,NKCK\X.
Let us also introduce the following notation, which will be useful in the sequel. Given (u, F) a

(A, ro)-minimizer of F in By, x € By, and ¢ < dist(x, 0B ), we define the normalized Dirichlet energy
of u as

1
Dule,0)i= =g [Vl (1.6)

e
In case z is the origin we will simply write D, (9). We can now state the main result of this paper

Theorem 1.3. There is a positive constant o = o(n, 3/a) such that the following holds: For every
(A, mo)-minimizer of FoP in By there exists a radius o = o(n,ro, AJe, aDy(1)/e) > 0 such that
S(E)N El/g is (o, 0)-porous in OE N By.

Note that o depends only on n and 3/c. This is crucial in showing that the constant x appearing
in Theorem 1.1 depends only on n and 3/« as well. On the other hand the radius ¢ shall be thought
of a reqularity scale, i.e., as the scale at which the perimeter term becomes dominant. In this respect
the fact that it depends also on e, A, and D, (1) is quite natural. This can be seen for instance by
looking at the asymptotic behavior of the family of minimizers of the following problems as ¢ — 0:

min {fgﬁ(u, E):  |E|=|Q1/2 uw=upon aQ} (P.)

where Q = [0,1]? is the unit square in R? and up = 1. In this case minimizers exhibit finer and finer
microstructures, and the gradient jumps along a finer and finer family of curves which propagate in
the direction es.

We conclude this first section by recalling that the use of porosity in the study of the dimension
of the singular set of minimizers of variational problems when no monotonicity formulas are available
already appeared in [9] for minimizers of quasi-convex functionals, and in [3, 11, 13] concerning the
Mumford-Shah functional. In particular, by using the porosity of the singular set of minimizers of the
Mumford-Shah functional, the authors have been able to prove in [5] a higher integrability property
of the gradients of the minimizers conjectured by De Giorgi in the 90’s.

The proof of Theorem 1.3 is based on the following idea which we believe can be applied also to
different types of problem. First, to remove the dependence on & we notice that by scaling one can
reduce itself to the case ¢ = 1, the price to pay being that the size of the Dirichlet energy increases
by a factor 1/e. Then, by a comparison argument we show that either the Dirichlet energy is below a
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fixed threshold Cj or it decays geometrically (see Lemma 2.1). By scaling this implies that, below a
suitable scale that can depend on e, one has reduced itself to the case e = 1 and D, (z,p) < C1 (see
Lemma 2.2), hence removing the dependence on e.

We then prove the porosity result. For this we observe that, by known excess-type regularity
theorems (see Theorem 2.4 and [10, Section 5]) it follows that Reg(E) is open relatively to OE and
H"Y(X(E)) = 0. This implies in particular that, given a (A,7o)-minimizer in B; with ¢ = 1 and
D, (1) < C1, there exists a ball inside B,/ where O is regular. Our observation is that, using a simple
contradiction argument based on the compactness of (A, rp)-minimizers, the radius of this “regularity
ball” is universal. This fact combined with the fact the (A, r)-minimizers are invariant under scaling
allows to transfer this information inside any ball and prove that, inside any ball B,(x), there exists
a ball with comparable radius where OF is smooth (see the proof of Theorem 1.3 in Section 3). This
concludes the proof of the porosity of the singular set.

As pointed out to us by Frank Morgan, the result of Theorem 1.1 could be obtained by combining
part of the techniques of this paper together with a general argument due to Almgren and written up
by White in [16]. Roughly speaking, Almgren’s argument asserts that every time that one has a family
of compact sets K satisfying suitable scaling and closure properties (in our case this should be thought
as the class of singular sets of all (A, rp)-minimizers of F), then the set of s such that H*(K) = 0
for all K € K is open. Although this argument is very general, it is worth to point out that it only
gives estimates on the Hausdorff dimension of 3(F), while knowing that the singular set is porous is a
stronger informations that allows us, for instance, to deduce estimates also on the Minkowski content
of ¥(F) (see Lemma 3.2 below).

Finally let us observe that both these arguments are robust enough to be applied also to the family
of anisotropic energies considered in [8].

This paper is organized as follows: in Section 2 we summarize some known results concerning
(A, ro)-minimizers and we prove some preliminary lemmas with a particular attention in underlining
the dependence of the constants on the parameters. Then, in Section 3 we provide the proofs of
Theorems 1.1 and 1.3.

After the writing of this paper was completed, we learned that Fusco and Julin [7] had just obtained
similar results with related but somehow different techniques.

Acknowledgments: The second author is partially supported by NSF Grant DMS-1262411. Both
authors acknowledge the support of the ERC ADG Grant GeMeThNES.
2. PRELIMINARIES AND TECHNICAL LEMMAS.

In this section we prove some technical lemmas that we will need in the sequel.

2.1. Scaling. Let (u, E) be a (A, rp)-minimizer of 72 in By. Then:

e Horizontal scaling: For every x € By and r < dist(x,dB1), let us define u®" (y) := r~2u(z + ry)
and E*" := (E — x)/r. Then (u®", E®") is a (Ar, ro/r)-minimizer of F&*° in B;. Note also that

Dy (x,0) = Dyzr(0,0/7). (2.1)
o Vertical scaling: For every pu > 0, define v(x) := /pu(x). Then (v,E) is a (A/e,rp)-minimizer of

ff‘/#&ﬁ/#f and
Dy(x, 0) = uDy(z, 0). (2.2)
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2.2. Upper density estimates. Let (u,E) be a (A,rp)-minimizer of .7-"11’5/“ in B;. Testing the
minimality of (u, E') with (u, E'\ B;,) we obtain

B—a

a

P(E,By,) + / |Vu|* < nwn o™ + Ag" Vo e By, o <min{dist(z,0B1),7m0}. (2.3)
ENBa.,

2.3. The equation for u and some consequences. Let (u, E) be a (A, rp)-minimizer of .7-"11”3/& in
Bj. If we test the minimality of (u, E) with (u+ ne, E), ¢ € W01’2(vag), and we let n — 0, we get

8 Vu- Ve + a/ Vu-Ve=0 VoeWr(B,,). (2.4)
ENBg,, Bae o \E
In particular, if v denotes the harmonic function with the boundary data of v on 0B, ,, plugging
¢ :=u—v in (2.4) and using that
V- (Vu—Vov) =0,
Ba.o

we obtain
N2
/ |Vu — Vul|? < (620[)/ |Vul?. (2.5)
Baz.p « Bz, oNE

We can now prove the following Lemma, see also [10, Lemma 2.2].

Lemma 2.1. Let (u,E) be a (A, r9)-minimizer of .7-"11’6/& in By. There exists a constant Cy =
Co(n, B/a) > 0 such that

either Dy(x,0) <Cy (2.6)
1
or Du(x,0/16) < 7 Du(z, 0) (2.7)
for every x € By and o < min{dist(z,0B1),ro,1/A}.

Proof. Let Cy > 1 to be fixed and assume that for some z € By and ¢ < min{dist(z,dB),ro, 1/A}
we have

/ |Vu|?> > Coo™ 1,
B

z,e

so that (2.6) fails. By the above inequality, (2.3), and using that Ap < 1, we get

@ JB,,NE Co Bu,o
that combined with (2.5) gives
C
/ V- Vol < (”’W“)/ Vul?, (2.8)
Ba.o Co Ba.o

where v is the harmonic function with the same boundary data of u on 0B, ,. We notice that as a
consequence of the harmonicity of v the function |Vo|? is subharmonic, hence

v

1 1
|Vo|? < n/ |Vo|? Vr e (0,0).
BCCT‘ Q x

274
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Applying this inequality with r = o/\ with A > 1, together with (2.8) and the fact that |Vu|? <
2|Vv|? 4 2|Vu — Vu|?, we deduce that

)\nfl 2)\1171 2)\an
/ Vul? < / Vu— Vol + = / Vo2

1 —1 -1
Qn Bx,g/z\ Qn Bz,g/A " Bac,g/A
2\t 2
S 'rL—l/ |VU — V’U|2 + n—1 / |VU|2 (29)
0 - Ao Ba.,
C(n, B/a))\”_l 2
< C’H/ [Vul? + h n—l/ [Vul?,
00 Bz,o 0 Bz.,o

where in the last inequality we have also used that [5 [Vv|? < [; [Vul? since v is harmonic.
x,0 z,e

Choosing A = 16 we have
2 1

X 227
hence, if Cy > 1 is sufficiently big to ensure that
C(n,B/a) "1 < 1
Co T 22
(2.7) follows from (2.9). O

The above lemma allows us to show that below a certain scale (which depends only on the total
energy D, (1)) the normalized energy D, (z, ¢) is bounded only in terms of n and 3/«. This fact will
be crucial in showing that the constant ¢ appearing in Theorem 1.3 (as well as the constant x in
Theorem 1.1) depends only on n and 3/«.

Lemma 2.2. Let (u,E) be a (A,ro)-minimizer of ]-"11"8/& in Byi. There exist a constant C; =
Cy(n,B/a) >0 and a radius 01 = 01(n, 19, A, Dy(1)) > 0 such that

Dy(z,0) < C Vo € By, Vo<orn. (2.10)

Proof. By continuity it is enough to prove (2.10) at almost every point in Bj/,. Let C1 > 1 to be
fixed, and for every Lebesgue point = € B/, of |Vu|? we define

o(z) :=sup {0 € (0,1/2) : Dy(z,0) < C1}.

Since x is a Lebesgue point for |Vu|?,

lim D, (z, 0) = lim Q][ |Vul|? = 0.
0—0 0—0 0
Hence p(z) > 0 and (2.10) will follow if we can show that o(z) > 1 for some p; = p1(n, 70, A, Dy(1)) >
0. We claim that if C is sufficiently big, depending only on n and /a , then for every x € B,/ and
k € N such that
16¥o(x) < min{1/2,7,1/A} (2.11)
we have
Dy(z,16%o(z)) > C 4. (2.12)
We will prove (2.12) by induction on k, the case k = 0 being trivial. To prove the induction step we
first notice as a preliminary observation that

1 1 Qn—l
Die) =g [ VP o [ IVaP = E5Du@e) Vreo.  (213)
xz,Tr x,0
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We now assume that (2.11) holds for k and that (2.12) holds for & — 1. Then, if C; > Cy16™ ! where
Cp is the constant in Lemma 2.1, applying (2.13) with r = 16"~ 1p(z) and ¢ = 16¥ () we deduce that

Dy(z,16"o(z)) > 16~ VD, (x,16* 1 o(z)) > 16~ D14k > 16~y > C.
Hence, we can apply Lemma 2.1 and the inductive step to infer that
Dy(x,16%o(x)) > 4D, (x, 165 Lo(z)) > C14%

proving (2.12) for k. Let now kg = ko(x) be the first k£ such that (2.11) fails for ¥ = kg + 1. Then,
since 160 () > min{1/2,79,1/A}/16, according to (2.12) we get

C14" < Dy(2,16™ o(x)) < C(n, 70, A) Dy(1). (2.14)
This proves that ko(z) < k(n,rg, A, Dy(1)) therefore, by (2.11), o(x) > o01(n,r9, A, Dy(1)) > 0, as
desired. O

2.4. Lower density estimates. Section 2.2 provides an upper-bound for P(E, B, ,) in terms of o L.

We now focus on the lower bound. In order to show that the constant o appearing in the conclusion
of Theorem 1.3 depends only on n and /a we need the lower bound on the density to depend only
on this ratio. On the other hand the scale at which the density estimates become valid depends also
on 1o, A and D, (1).

Lemma 2.3. Let (u, E) be a (A,rg)-minimizer of Fll’ﬁ/a in By. There exist a constant Cy =
Cy(n, B/a) > 0 and a radius o2 = p2(n,ro, B/, A, Dyy(1)) > 0 such that

P(E,Byo) > 0" '/Cy  Vx €Byj, 0< 0. (2.15)
Proof. Let o1 = 01(ro, A, Dy(1)) be the radius appearing in Lemma 2.2 so that
Du(l‘, Q) S Cl

for every x € By /5 and ¢ < g1, with C1 = C1(n, B/a). If we consider v = u™¢ and F' = E%¢ for z € By
and o < min{p1,79,d/A) with 06 < 1 to be fixed, we see that (v, F') is a (4, 1)-minimizer of .7-"11’5/& in
Bj. In addition
D,(1) < Ci(n, B/a). (2.16)
Hence, if ¢ is sufficiently small (depending only on C) we can argue as in [10, Section 3] to obtain
the lower density estimates
P(F,B,) > " '/C  Vo<1/2, (2.17)
see Lemmas 3.1 and 3.3 and the subsequent corollaries in [10]. In particular, as it is clear from the

proofs in [10], the constant C' in (2.17) depends only on D, (1), which in turn depends only on n and
B/a (thanks to (2.16)). Scaling back to E, (2.17) implies (2.15). O

A standard consequence of the lower density estimates is that H" }(OE \ 0*E) = 0, where 0*F is
the reduced boundary of E, see [12, Theorem 16.14]. In particular, up to enlarge Co and reduce g3,

combining Lemma 2.3 and Section 2.2 we have that, if (u, E') be a (A, ro)-minimizer of }"11’5/0‘ in By,
0" Cy SHYHOEN Byy) < Coo™ ' Va €0EN By, o< oo, (2.18)
for some Cy = Cy(n, B/a) and g2 = p2(n, 19, B/a, A, Dy(1)).
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2.5. The e-regularity theorem and convergence of minimizers. We recall the following theorem
which has been proved in [10] for A = 0, see Section 5 therein. Since, at small scales, volume terms
are lower order with respect to surface terms, the proof can be repeated almost verbatim for (A, rg)-
minimizers.

Theorem 2.4. Let (u, E) be a (A, 1)-minimizer of J’-'ll’ﬁ/CM in By ,. There exist 61 = d1(n,5/a) > 0
and v = vy(n, 8/a) > 0 such that, if

vesn—1

Ao+ Dy(z,0) + inf ][ lvg — v|> < 61, (2.19)
OENBy

then OE N B,y is a CY7 hypersurface.
As shown in [10, Section 5], Theorem 2.4 implies that H" 1(X(E)) = 0. A useful classical conse-
quence of Theorem 2.4 is the following lemma concerning convergence of minimizers:

Lemma 2.5. Let (ug, Ex) be a sequence of (A, 1)-minimizers of ]__11,5/(1 in By such that

sup Dy, (1) < 0. (2.20)
keN

Then, up to a subsequence, there exists (u, E) a (A, 1)-minimizer of .7:11’6/& in By such that

HUk—’LL||W1,2(BB/4) — 0, ‘(EkAE)ﬂBg/4‘ — 0.

Moreover P(Ey,-) — P(E,-) as Radon measures in By, and 0E, N By, — OE N By, in the
Kuratowski sense. Finally, if o € Reg(E) N Bijy and OF; N Byyy 3 x — xo, then there exists a
radius ¢ > 0 (depending on E and xo) such that, for k sufficiently large, OE; N By, 5 C Reg(Ek).

Proof. The first part of the statement concerning the strong W12-convergence of uy, is classical, see
for instance the proof of Theorem 4.1 in [1] (note that the sequence (ug, E}) is precompact according
to (2.20) and (2.3)). Also, Kuratowski convergence of E} to OF is an easy consequence of the density
estimates (2.18).

Concerning the last part of the statement we start noticing that, by elliptic regularity, if zo €
Reg(E)N B 5 then u is Lipschitz in a neighborhood of zg [10, Theorem 5]. In particular, taking into

account the C'! regularity of OF at zg, there exits a radius g = 9(xo, A, 3/a) such that

2A0 + Dy(zo,40) + inf ][ lvg —v|? < 61/2,
veS" ! JOEN2B, 17

where 97 is the constant appearing in (2.19). By the strong convergence of the sequence (ug, Ey) and
the convergence of xj to xg we immediately see that, for k large enough,

2A9 + D, (5, 20) + inf ][ lvg, —v[* <61,
veS" 1 J9ELN2B,, 25

Theorem 2.4 now implies that 0E; N By, 3 C Reg(E%), as desired. O

3. PROOF OF THEOREMS 1.1 AND 1.3

We now provide the proofs of Theorems 1.1 and 1.3.
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Proof of Theorem 1.3. Let (u, E) be a (A, ro)-minimizer of F2 in B;. We aim to prove that Z(E)N
By is (0, 6)-porous in OE, where 0 = o(n, 3/a) and 9 = §(n, o, A/e, aDy(1)/e). To this end let us
set

vi=+v/ajeu (3.1)
and note that, according to Section 2.1, (v, E') is a (A/e, rg) minimizer of .7:11’6/&. Moreover
Dy(1) = aDy(1) /e. (3.2)
We now define
0 :=min {1/2,r9,e/A, 01(n,r0, A, Dy(1))}, (3.3)

where p; the radius appearing in Lemma 2.2. Note that, according to (3.2),

0= @(n,ro, AJe, ozDu(l)/s)
and that, by Lemma 2.2,
Dy(z,0) < C1 Ve € By, o0<o. (3.4)
Finally, for x € 9E' N By /5 and ¢ < 0 we set

1 _
p(x,0) := 2 sup {r € (0, o) : there exists y s.t. By, NOE C (0E\ (X(E)N Bl/z)) NByo},

so that the conclusion of Theorem 1.3 is equivalent to p(z, ¢) > o for some o = o(n,f/«a) (note that
0<0<1/2and z € By, imply B;, C B1).

Let us argue by contradiction and assume that there exists a sequence (uy,Er) of (Ag,70k)-
minimizers of ff;’“’ﬁ’“ in By, with Bx/ay = B/a, for which there exist a point z € 0Ey N By
and a radius g < g (0x as in (3.3)) such that

p(zk, 06) = 0 as k — oo.

If we define vy, as in (3.1) and set wy, := v,"?* and Fj, := E;*% we get a sequence of (1, 1)-minimizers
of FLA/ in By, with 0 € E and for which

DL i= sup {7“ : there exists y s.t. By, NOFy, C (8Fk \ E(Fk)) N Bl} < p(xg, 0k) — 0. (3.5)

According to (3.4) and Section 2.1
Dwk(l) = ka(xkv Qk) < Cl 5
hence, thanks to Theorem 2.4, there exists a (1, 1)-minimizer (wso, Foo) of .7-"11 Bl in Bj such that
Hwk—wooHW1,z(Bs/4) —0 ‘(FkAFoo)ﬁBg,M‘ — 0,

and 0 € OF,. By Lemma 2.3 H" 1(8Fx N By3) > 0 and H" 1(X(Fs)) = 0, hence there exists a
regular point xg € 0F N By /3. By the Kuratowski convergence of 0F, N El/g to 0F s N El/g, we can
find a sequence of points y;, € OF), N B, /2 such that yx — xo. According to Theorem 2.4 there exists

a radius ¢ > 0 such that, for k large, 0F, N By, 53 C Reg(F})). Since this last fact is in contradiction
with (3.5), this concludes the proof of Theorem 1.3. O

Before proving Theorem 1.1, let us recall the following lemma concerning porous sets. Its proof can
be obtained by following the same argument given in the Introduction of [14] or in [4, Lemma 5.10].
The key point is that a Ahlfors regular set (i.e., a set satisfying (3.6) below) admits a “dyadic cubes”
decomposition, as shown for instance in [2, Appendix].
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Lemma 3.1. Let 3 C By, be a closed set and let K C By be a relatively closed set such that ¥ C K.

Let us assume that ¥ is (o, 0)-porous in K and that there exits a constant C such that
OO <HYTHKNB,,) <Co™' VazeKNBsyy o< (3.6)
Then there exists k = k(n,o,C) > 0 such that dimg ¥ <n —1 — &.

Let us also remark that arguing as in [5, Lemma 3.3] one can actually show the following stronger
statement on the measure of the g-neighborhood of 3, see Equations (3.7) and (3.8) in [5]. This
implies that the Minkowski dimension of ¥ is bounded by n — 1 — k.

Note that (as it should) the constant C' below depends also on ¢ while x does not.

Lemma 3.2. Let ¥ and K be as in Lemma 3.1, then there exists constant C = C~’(n, o, C’, 0) >0 and

k = k(n,o,C) > 0 such that
[{z € By : dist(z, %) < o}| < Coltr Vo<1/2.
We now prove Theorem 1.1.

Proof of Theorem 1.1. By Theorem 1.3 ¥(E) N By is (0, §)-porous in E N By with o = o(n, 5/a)
and 9 = o(n,ro, A/e, aDy(1)/e). Moreover, using (2.18) and arguing as in the proof of Theorem 1.3,

we see that for every (A, ro)-minimizer of 72 it holds
0" /Cy <H'HOE N Byy) < Co™' Vo € 0EN By, o< fi,

where Cy = Ca(n,/a) and 91 = 61 (n,ro,ﬁ/a,A/a‘, ozDu(l)/s). We can then apply Lemma 3.1 to
deduce that there exists Kk = k(n, 8/a) > 0 such that

dimy (X(E) N Byjs) <n—1—k.

A simple scaling and covering argument then concludes the proof. O
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