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Abstract

In this work we study the global regularity of the free boundaries arising in the optimal
partial transport problem. Assuming the supports of both the source and the target measure
to be convex, we show that the free boundaries of the active regions are globally C01/2,
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1 Introduction

In [2] the author studied the following problem: given two densities f and g, one consid-
ers the problem of transporting a fraction m € [0, min{||f||z1, |lg||z1}] of the mass of f onto
¢ minimizing a transportation cost. Assuming the cost per unit of mass to be given by
|z — y|?, the author proved existence and uniqueness of the optimal transport map when
m € [|| min{ f, g}, min{|| f|| .1, lg||z1 }]. This generalized the result of Caffarelli and McCann
[1], where the authors considered two densities with disjoint supports.

Let us denote by € and A the supports of f and g, respectively, and for any fixed m €
(|| min{ f, g}l pr, min{|| |1, gl L1 }] let fr, < f and gm < g denote the fraction of f and g that
the optimal map choose as source and target respectively (i.e. the optimal map sends f,,, onto
gm, and it does not move the remaining part of f, see [2, Section 2]). We define the active
regions as the (measure theoretical) supports of f,, and g,, (see Section 2 below for a precise
definition). The boundaries of the active regions consist of a “fixed” part contained in 9 (in
the case of fy,) or in A (in the case of ¢,,,), and of a “free” part which is contained inside €2 (for
fm) or inside A (for g,,). In [2, Section 4] the following regularity results on the free boundaries
of the active regions are shown:

1. If © and A have Lipschitz boundaries, then the free boundaries are (n — 1)-rectifiable.
Moreover under some weak regularity assumptions on the geometry of the supports they
are locally semiconvex away from N A.
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2. If Q and A are two bounded strictly convex sets, and f and g are bounded away from zero
and infinity on their respective supports, then the free boundaries are locally C! away
from QN A.

These results left open the natural issue: what is the regularity of the free boundaries near
QN A? Here we answer to this question: assuming 2 and A to be convex, the free boundaries
are globally C9%1/2 without any assumption on the densities f and g (see Theorem 1 below for
a precise statement).

2 Preliminaries and main result

Let f,g be two nonnegative integrable functions, such that Q = {f > 0} and A = {g > 0}
are two open and bounded sets. Define I'<(f, g) as the set of nonnegative finite Borel measures
on R™ x R™ whose first and second marginal are dominated by f and g respectively. Fix a
certain amount m € [0, min{||f||z1, lg]|z1}] which represents the mass one wants to transport,
and consider the following partial transport problem:

minimize C(y) := / z — y|* dy(z,y)
R™ xR™

among all v € T<(f,g) with [p,, pn dy =m.

In [2, Section 2] the author shows that for any m € [|| min{f, g}||z1, min{||f||z1, [|g]| 1 }] there
exists a unique optimal plan ~,,. Moreover, denoting by f,, and g¢,, the first and the second
marginal of v, respectively, it is shown that there exists a convex function v, : R” — R such

that v, = (Id X Vo) 4 fm, L€
[ eendm@n = [ o Vin@) @ Ve e CR xR,
Rn7xR™ R7xR™
which means that -, is concentrated on the graph of Vi,,, and Vi, sends f,, onto g,.
Furthermore, defining the active source and the active target as
F,, := set of density points of {f,, > 0}, Gy, := set of density points of {g,,, > 0},
the inclusions
F, DQNA and Gmn DONA

hold. As proven in [2, Section 3], F,, and G, coincide respectively with U,, N and V,, N A,
where

Un=@QNMNU | Bay®, Vm=@nANU |J Bay@)
(z,7)elm (Z,5)€lm

and I',, C R™ x R™ is a suitably chosen set on which ~,, is concentrated. In particular the
free boundaries of the active regions are given by dU,, N Q) and dV,, N A. Finally, assuming the
existence of an open convex set C' such that A C C and Q\ A C R™\ C (for instance, take C' = A



if A is convex), [2, Proposition 4.5] shows that OU,, can be locally written as a semiconvex graph
away from QN A.

We now want to prove the global regularity of 0U,,, assuming as above that there exists an
open convex set C' such that A C C' and Q\ A C R™\ C. Since 9U,, is locally semiconvex (and
thus locally Lipschitz) away from (2N A), we only need to study its regularity near (2 N A).

Fix zg € (2N A). We now show the following result, which gives the desired global C%1/2-
regularity:

Theorem 1 There exists a bi-Lipschitz homeomorphism of a neighborhood O of x¢ which trans-
forms OU,, into the graph of a C%Y/2 function, whose Holder constant depends only on diam(QU
A) and the CO12 norm of C inside O (i.e. the CO'/2-norm of a local parametrization of OC
inside ©). More precisely, the C%/2-norm can be bounded by +/2[diam(Q U A)] + 10C | cor2(0)-
Moreover the Lipschitz constant of the homeomorphism and of its inverse are both bounded by
1+ [[0C]|Lip(0)-

Proof. Since C is convex, there exists an halfspace H such that C' C H and zy € 0H. Without
loss of generality we can assume that H = {z,, < 0} and 79 = 0. Let f : R""! — (—o0,0] be
a concave function such that C' is locally parameterized near 0 by (2/, f(z')), and perform the
change of variable (2/, x,,) — (2/, 2, — f(2')), so that 9C becomes flat near the origin. We want
to show that, in this system of coordinates, dU,, is given by the graph of a C%'/2 function.
We remark that before such a change of coordinates we had

Un=@QnANU | B(x)
(z,r)er

for some Borel set I'' C {z,, < 0} x [0, R], with R’ < diam(Q U A). Hence, in these new
coordinates, U, coincides near the origin with the union of {z, < 0} with open sets {E,} of
the form

{(x’,xn) : (a:n — (Ta)n — f(a:’))2 + ‘x’ - a:’a‘z < R? for some z, = (21, (Ta)n), Ra > 0} ,

where (24)n+ f(2') < 0 (these sets E, are just the images of the balls B,.(z) through the change
of variable). Thus, near the origin, the boundary of U,, is given by the graph of the function
u: R" — [0, +00), with

U 1= SUP Uq, ug(2') == max{ R2 — |22 4 (za)n + f(x'),O} .

We now observe that the function 2’ — /R2 — [2/|2 is C%'/2 on the set {|z| < R4}, with Holder
constant bounded by v/2R,. Therefore, recalling that (z,), + f(2’) < 0 and that f is concave
(and thus Lipschitz), it is easy to see that uq(z) is C%'/2, with Hélder constant bounded by
V2Ro+ || fllco.rs2- Since the radii R, are bounded by R', we obtain that u is C%'/2 with Hélder
constant bounded by V2R’ + || f||co.1/2- O
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