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Abstract

The relative isoperimetric inequality inside an open, convex cone C states that, at
fixed volume, B,NC minimizes the perimeter inside C. Starting from the observation
that this result can be recovered as a corollary of the anisotropic isoperimetric
inequality, we exploit a variant of Gromov’s proof of the classical isoperimetric
inequality to prove a sharp stability result for the relative isoperimetric inequality
inside C. Our proof follows the line of reasoning in [16], though several new ideas
are needed in order to deal with the lack of translation invariance in our problem.

1 Introduction

1.1 Overview

Recently, there has been a lot of interest in quantitative estimates for isoperimetric [24. [16),
18, 141, 23], Sobolev [11], 10} [3, 19], Gagliardo-Nirenberg [9], and Brunn-Minkowski [17], [35]
type inequalities. The aim of all of these results is to show that if a set/function almost
attains the equality in one of these inequalities, then it is close (in a quantitative way)
to a minimizer. These results have natural applications in the study of the asymptotic
behavior of solutions to evolution equations [9], and to show stability for minimizers
of perturbed variational problems, see for instance [32], [I5]. Our goal is to investigate
stability for the relative isoperimetric inequality inside convex cones. This inequality has
been used, for instance, to characterize isoperimetric regions inside convex polytopes for
small volumes [22, Corollary 3]. Hence, as in [I5], one may use our stability result to
prove quantitative closeness to such isoperimetric regions in perturbed situations.

Let n > 2, and C C R" be an open, convex cone. We denote the unit ball in R"
centered at the origin by B; (similar notation is used for a generic ball) and the De Giorgi
perimeter of F relative to C by

P(E|C) := sup{/Edindx s € CR(C;R™Y), [y] < 1}. (1.1)

The relative isoperimetric inequality for convex cones states that if £ C C is a Borel set
with finite Lebesgue measure |E|, then

n|B; NC|+|E|" < P(E|C). (1.2)
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If F has a smooth boundary, the perimeter of E is simply the (n — 1)-Hausdorff
measure of the boundary of E inside the cone (i.e. P(E|C) = H" Y(OENC)). We also
note that if one replaces C by R"™, then the above inequality reduces to the classical
isoperimetric inequality for which there are many different proofs and formulations (see
e.g. [33], [36], [8], [23], [7], [4]). However, is ultimately due to Lions and Pacella [27]
(see also [34] for a different proof using secord order variations). Their proof is based on
the Brunn-Minkowski inequality which states that if A, B C R™ are measurable, then

|A+ B|= > |A|» + |B|5. (1.3)

As we will show below, ([1.2)) can be seen as an immediate corollary of the anisotropic
isoperimetric inequality . This fact suggested to us that there should also be a direct
proof of using optimal transport theory (see Theorem , as is the case for the
anisotropic isoperimetric inequality [111 [16] E| The aim of this paper (in the spirit of [16])
is to exploit such a proof in order to establish a quantitative version of . To make
this precise, we need some more notation.

We define the relative isoperimetric deficit of a Borel set E by

() = — PO (L4)
n|Bi NC|=|E[ ™=

Note that implies p(E) > 0. The equality cases were considered in [27] for the

special case when C \ {0} is smooth (see also [34]). We will work out the general case in

Theorem with a self-contained proof. However, the (nontrivial) equality case is not

needed in proving the following theorem (which is in any case a much stronger statement):

Theorem 1.1. Let C C R"™ be an open, convex cone containing no lines, K = B1NC, and
E C C a set of finite perimeter with 0 < |E| < co. Suppose s > 0 satisfies |E| = |sK]|.
Then there ezists a constant C'(n, K) > 0 such that

|[EA(sK)|

< Ol K)V/u(E)

The assumption that C contains no lines is crucial. To see this, consider the extreme
case when C = R". Let v € S"! be any unit vector and set £ = 2v + B; so that
|EAB;| = 2|By| > 0. However, u(E) = 0 so that in this case Theorem can only be
true up to a translation, and this is precisely the main result in [16] and [24]. Similar

L After completion of this work, we discovered that Frank Morgan had already observed that Gromov’s
argument may be used to prove the relative isoperimetric inequality inside convex cones [2I, Remark
after Theorem 10.6], though he was thinking about using the Knothe map instead of the Brenier map.
However, as observed in [I6 Section 1.5], the Brenier map is much more powerful than the Knothe map
when dealing with stability estimates.



reasoning can be applied to the case when C is a proper convex cone containing a line
(e.g. a half space). Indeed, if C contains a line, then by convexity one can show that (up
to a change of coordinates) it is of the form R x C, with C € R™! an open, convex cone.
Therefore, by taking E to be a translated version of K along the first coordinate, the
symmetric difference will be positive, whereas the relative deficit will remain 0.

In general (up to a change of coordinates), every convex cone is of the form C = RFxC,
where C € R** is a convex cone containing no lines. Indeed, Theorem |1 . follows from
our main result:

Theorem 1.2. Let C = R* x C, where k € {0,...,n} and C C R™* is an open, convex
cone containing no lines. Set K = B1NC, and let E C C be a set of finite perimeter
with 0 < |E| < oo. Suppose s > 0 satisfies |E| = |sK|. Then there exists a constant
C(n, K) > 0 such that

. |[EA(sK + )|
inf
{ |E|

:x:(xl,...,a:k,O,...,O)} < C(n, K)\/ 1u(E).

Let us remark that if £ = n, then C = R™ and the theorem reduces to the main result
of [16], the only difference being that here we do not attempt to find any explicit upper
bound on the constant C(n, K). However, since all of our arguments are “constructive,”
it is possible to find explicit upper bounds on C(n, K) in terms on n and the geometry of
C (see also Section 1.4).

1.2 The anisotropic isoperimetric inequality

As we will show below, our result is strictly related to the quantitative version of the
anisotropic isoperimetric inequality proved in [16]. To show this link, we first introduce
some more notation. Suppose K is an open, bounded, convex set, and let []

|||k :==sup{v -z : 2 € K}. (1.5)

The anisotropic perimeter of a set E of finite perimeter (i.e. P(E|R™) < 00) is defined as

P(E) = /f el ), (L6)

where FE is the reduced boundary of E, and vg : FE — S"! is the measure theoretic
outer unit normal (see Section 2). Note that for A > 0, Px(AE) = A" 'Pg(F) and
Pk (FE) = Pg(E + x0) for all zp € R™. If E has a smooth boundary, FE = JF so that
for K = B; we have Pi(E) = H" *(OF). In general, one can think of || - ||x. as a weight

2Usually in the definition of || - ||x~, K is assumed to contain the origin. However, this is not needed

(see Lemma [2.1)).



function on unit vectors. Indeed, Pk has been used to model surface tensions in the study
of equilibrium configurations of solid crystals with sufficiently small grains (see e.g. [39],
[26], [37]) and also in modeling surface energies in phase transitions (see [25]).

The anisotropic isoperimetric inequality states

n|K|#|E|"+ < Pg(E). (1.7)

This estimate (including equality cases) is well known in the literature (see e.g. [13,[38],12]
37, 20, 6 31]). In particular, Gromov [31] uses certain properties of the Knothe map from
E to K in order to establish (1.7). However, as pointed out in [11] and [16], the argument
may be repeated verbatim if one uses the Brenier map instead. This approach leads to
certain estimates which are helpful in proving a sharp stability theorem for (see
[16], Theorem 1.1]). Using the anisotropic perimeter, we now introduce the isoperimetric
deficit of £ PAE
ou(E) = — B

n|K[=|E|

Note that 0 (AE) = 6k (F) and 0x (E+x¢) = 0k (E) for all A > 0 and xy € R”. Thanks
to and the associated equality cases, we have dx (F) > 0 with equality if and only if
E is equal to K (up to a scaling and translation). Note also the similarity between p and
0. Indeed, they are both scaling invariant; however, p may not be translation invariant
(depending on C). We denote the asymmetry index of E by

(1.8)

A(E) = inf{%w 2o € R, [rK]| = yEy}. (1.9)

The general stability problem consists of proving an estimate of the form
A(E) < Cox(E)7, (1.10)

where C' = C(n,K) and § = f((n,K). In the Euclidean case (i.e. K = Bj), Hall
conjectured that should hold with # = 2, and this was confirmed by Fusco, Maggi,
Pratelli [24]. Indeed, the ; exponent is sharp (see e.g. [28, Figure 4]). Their proof
depends heavily on the full symmetry of the Euclidean ball. For the general case when
K is a generic convex set, non-sharp results were obtained by Esposito, Fusco, Trombetti
[14], while the sharp estimate was recently obtained by Figalli, Maggi, Pratelli [16]. Their
proof uses a technique based on optimal transport theory. For more information about

the history of ((1.10]), we refer the reader to [16] and [28].

1.3 Sketch of the proof of Theorem (1.2

We now provide a short sketch of the proof of Theorem [1.2] for the case when |E| = |K]|
and E has a smooth boundary. The first key observation is that the relative isoperimetric

4



inequality inside a convex cone is a direct consequence of the anisotropic isoperimetric
inequality with K = B;NC. Indeed, as follows from the argument in Section Pr(E) <
H" 1 (OENC), so follows immediately from (L.7). This observation suggests that
one may exploit Gromov’s argument in a similar way as in the proof of [16, Theorem 1.1]
to obtain additional information on E. Indeed, we can show that there exists a vector
o = a(E) € R" such that [

/Mmll— |z — al|dH"™ < O(n, K)\/dx(E), (1.11)

|[EA(a+ K)| < C(n, K)\/0k(E). (1.12)
Let us write a = (g, ag), with o, € R* and ay € R"™*. Moreover, let E := E — (0, 0).

Then using that C = R* x C, we obtain 0E NC — (ay,0) = dE N C; therefore,

[l 00 < o1 VRTE) (113)

|EA((0, 2) + K)| < C(n, K)\/6k(E). (1.14)

Since 0k (E) < pu(E) (see Corollary 2.3), (1.13) and (1.14) hold with w(E) in place of
dx(E) (see Lemmas & B.7). Thanks to (1.14)), we see that our result would readily

follow if we can show

sl < Cn, K)/u(E). (1.15)

Indeed, since |((0, az) + K)AK| ~ |as| (see Lemmas [3.1] & [3.2)),

|E|2|KI < %(@A((o,azwff)l +1((0,a2) + K)AK])

< C(n, K)\/u(E),

which, of course, implies Theorem . Therefore, we are left with proving ((1.15)). Firstly,
assume that p(FE) and |ay| are sufficiently small (i.e. smaller than a constant depending

only on n and K). By (1.13]) and the fact that (see Section 2)

H"Y(0E N (Bs((0,02)) N C)) = P(E|B3((0,02)) NC),

3
1

3The existence of a vector a such that (1.12) holds is exactly the main result in [16]. However, here
we need to show that we can find a vector such that both (1.11)) and (1.12)) hold simultaneously.
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we have

Cn, K)v/u(E) = 1= [z = (0,00)[|dH" " ()

8ENC
11— |z — (0, a9)|[dH" " (2)

v

/aEmCm{1—|x—(0,az)ll>i}

> EH TOENCA{|l - |z —(0,a0)|| > i})
> H' U OF 0 (B ((0,02)) N0))
_ }lp(mBZ((o,az)) ne).

But since |asl is small, B1(0) NC C Bs((0, az2)) N C; hence,
P(E|Bs((0,a2)) NC) > P(E|B1(0)NC).

Moreover, thanks to the relative isoperimetric inequality inside B%(O) NC (see e.g. [2
Inequality (3.43)]), we have that for u(E) small enough,

C(n, K)\/u(E)
> i (n, K)min {|E N (B1(0) ne)| o, |(B1(0) ﬂC)\E|nT_1}
> S, K)min {|E 0 (By(0) N O)L (B3 (0) )\ B}
= Zeln K)|(By(0)NC) \ B )

where in the last step we used that F is close to (0, as) 4+ K (see (1.14)) and |a| is small.

Therefore, using and (| -,

(B1(0)NC)\ (0, a2) + K)| < |(B1(0) NC) \ B[+ [E\ ((0,02) + K)|

4O”K¢*_+onK¢77

< é(n, K) w(E). (1.17)

1
2

Since C contains no lines, by some simple geometric considerations one may reduce the
problem to the case when ay € {(p11,...,2,) € R"* : 2, > 0} (see Lemma [3.8)), and
then it is not difficult to prove

c(n, K)|as| < |(B3(0) N C)\ ((0, a2) + K)I,

1
2
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which combined with establishes , and hence, the theorem.

Next, we briefly discuss the assumptions for the sketch of the proof above. Indeed,
one may remove the size assumption on |as| by showing that if u(E) is small enough,
then |as| will be automatically small (see Proposition E| Furthermore, we may freely
assume that p(F) is small since if u(E) > ¢(n, K) > 0, then the theorem is trivial:

|IEA(SK)| 2

= e

The regularity of E was used in order to apply the Sobolev-Poincaré type estimate [16],
Lemma 3.1] which yields (see Lemma [3.6). If E is a general set of finite perimeter
in C with finite mass and small relative deficit, then Lemma tells us that E has a
sufficiently regular subset G so that |E'\ G| and u(G) are controlled by u(E). Combining
this fact with the argument above yields the theorem for general sets of finite perimeter
(see Proposition [3.9). Lastly, the assumption on the mass of E (i.e. |E| = |K]) can be
removed by a simple scaling argument.

1.4 Sharpness of the result

We now discuss the sharpness of the estimate in Theorem [1.2] Indeed, it is well known
that there exists a sequence of ellipsoids {Ej }ren, symmetric with respect to the origin
and converging to the ball By, such that

I 0, (En)
im sup

—— < lim dg,(En) =0
h—oo |EhA<ShBl)| OO’ hl—>1’{.10 KO( h) )

where s;, = (%)n (see e.g. [28, pg. 382]). Consider the cone C = {xr € R" :

Z1,..., T, > 0} and set E), := E, NC. By symmetry, it follows that 531(Eh) = 2%(531(Eh)
and |EpA(sp K)| = 57 |EnA(s,B1)|. We also note that

. . 1 1
P(E,|C) = H" Y (0E,NC) = 2—nH”‘1(8Eh) = 2—nPBl(Eh),

. 1 1
Bl = 5 IBal, 1BinCl = 5 |Bil.

Therefore,

4Let us point out that this is a nontrivial fact. Indeed, in our case we want to prove in an explicit,
quantitative way that u(E) controls as(E); hence, we want to avoid any compactness argument. However,
even using compactness, we do not know any simple argument which shows that as(E) — 0 as u(F) — 0.
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W(Ey) = P(E;|C) - = H" Y (OE) .
n|By N C|x|Ey|™ n(&|Bi))w (=B
Pp, (E
g Bl(lh> == _]‘:631<Eh)7

and we have
. M(Eh)
lim sup ——— < 0
h—oo |EhA(ShK)|

This example shows that the % exponent in the theorem cannot, in general, be replaced
by something larger.

One may wonder whether it is possible for Theorem to hold with a constant
depending only on the dimension and not on the cone. Indeed, in [16, Theorem 1.1],
the constant does not depend on the convex set associated to the anisotropic perimeter.
However, this is not so in our case. To see this, consider a sequence of open, symmetric
cones in R? indexed by their opening 6. Let Ej be a unit half-ball along ‘lche boundary

2
of the cone Cy disjoint from sgKy (see Figure 1), where sy = ( Blfféel) . Note that
w(Ey) = —F—— — 1. Therefore,
2

2(3)"(5)°

MRS
INIE]

s9Ky)

59Kp) _1.
\/ EG 0—m— /7T_

\Ee
|E0\

X

so Ky

Figure 1: An example which shows that the constant in Theorem cannot be replaced
by a constant depending only on the dimension.



2 Preliminaries

2.1 Initial setup

Endow the space R™" of n x n tensors with the metric |A| = y/trace(AT A), where AT
denotes the transpose of A. Let T € L{ (R";R") and denote the distributional derivative

loc

of T by DT, i.e. DT is an n x n matrix of measures D,;T" in R" satisfying

/ 790 — — [ 4dD, T Yo C\®RY), ij=1,....n.
n alll'j R™

If C C R"™ is a Borel set, then DT(C) is the n x n tensor whose entries are given by
(D]-T"(C'))ij:1 _,and |[DT|(C) is the total variation of DT on C' with respect to the
metric defined above, i.e.

|DT|(C) = Sup{ZZ|DiTj(C'h)| :CLNC=0,JCnc (J}.

heN g heN

Let BV(R™;R") be the set of all T € L'(R™;R") with |[DT|(R") < oo. For such a T,
decompose DT = VTdx + DT, where VT is the density with respect to the Lebesgue
measure and DT is the corresponding singular part. Denote the distributional divergence
of T by DivT := trace(DT), and let div(T) := trace(VT'(z)). Then we have DivT =
div T'dz + trace(DsT). If DT is symmetric and positive definite, note that

trace(D,T") > 0. (2.1)

If E is a set of finite perimeter in R", then the reduced boundary FFE of E consists of
all points z € R" such that 0 < |D1g|(B,(x)) < oo for all » > 0 and the following limit
exists and belongs to S*1:

DB
LB 5().

We call vg the measure theoretic outer unit normal to £. By the well-known representa-
tion of the perimeter in terms of the Hausdorff measure, one has P(E|C) = H" ' (FENC)
(see e.g. [2, Theorem 3.61] and [2, Equation (3.62)]). This fact along with one of the equal-
ity cases in ~n|BNC| = H" (0B, NC) — yields the following useful representation
of the relative deficit (recall that s > 0 satisfies |E| = |sK]):

_ H"YFENC)—-H"'(0B,NC)

HE) H"1(0B,NC) ' (22)
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Next, if T € BV(R";R"), then for H""'- a.e. © € FF there exists an inner trace
vector trg(7T)(z) € R™ (see [2, Theorem 3.77]) which satisfies

= 17(y) — tra(T) ()l dy = 0.
r=0T T By (2)N{y: (y—2)-vi (2) <0}
Furthermore, ") denotes the set of points in R having density 1 with respect to F; i.e.
r € EM means
. |ENB,(z)|
lim ————= =
r=0t | By (2)]
Having developed the necessary notation, we are ready to state the following general
version of the divergence theorem (see e.g. [2, Theorem 3.84]) which will help us prove

the isoperimetric inequality for convex cones (i.e. Theorem [2.2)):
Div T(EW) = / trp(T) () - vp(r)dH" (). (2.3)
FE

Now we develop a few more tools that will be used throughout the paper. Fix K :=
B;iNC, and let
D:={ECC:P(E|IC) <0, |E| <o}

To apply the techniques in [16], we need a convex set that contains the origin. Therefore,

let us translate K by the vector xy € —K which minimizes the ratio ]\T:;(O, where Ky =
0
K -+ Zo,

M, = nf{||V||rps 1 v €S} >0, My, :=sup{||[v||kp: v €S '} >0, (2.4)

and ||v||k,« is defined as in ((1.5]). Next, we introduce the Minkowski gauge associated to
the convex set Kj:

2] | ::inf{/\>0:§€K0}. (2.5)

Note that the convexity of K, implies the triangle inequality for || - ||k, so that it behaves
sort of like a norm; however, if Ky is not symmetric with respect to the origin, ||z||x, #
|| — ||k, Hence, this “norm” is in general not a true norm. Nevertheless, the following
estimates relate this quantity with the standard Euclidean norm | - | (see [16, Equations

(3.2) and (3.9)]):

|z |z
— < < 2.6
MKO — ||x||K0 — mKO’ ( )
M,
[yl kox < —1| = yllxos- (2.7)
mKO

Recall that the isoperimetric deficit dx(-) is scaling and translation invariant in its
argument. The next lemma states that it is also translation invariant in K (observe that
if zo+ K does not contain the origin, then ||-||,,+x can also be negative in some direction).
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Lemma 2.1. Let E € D. Then 6,,+x(F) = 0x(F) for all zp € R™.
Proof. 1t suffices to prove P,k (E) = Px(E).

P .k(E)= /fE sup{vp(z)-2: 2 € 2+ K}dH" ()

N /}'E sup{vp(z) - (20 +2) : 2 € K}dH" ()
- /f (pla) -2+ sup{u(z) 21 = € KPAH™(2)
_ / V() - 2dH™ () + Pic(E).

FE

By using the divergence theorem for sets of finite perimeter [2, Equation (3.47)], we obtain

/FE vp(r) - 20dH" ' (2) = / div(zo)dz = 0,

E

which proves the result. ]

2.2 Isoperimetric inequality inside a convex cone

Here we show how to use Gromov’s argument to prove the relative isoperimetric inequality
for convex cones. As discussed in the introduction, the first general proof of the inequality
was due to Lions and Pacella [27] and is based on the Brunn-Minkowski inequality. The
equality cases were considered in [27] for the special case when C \ {0} is smooth. Our
proof of the inequality closely follows the proof of [16, Theorem 2.3] with some minor
modifications.

Theorem 2.2. Let C be an open, convex cone and |E| < co. Then
n|E|"" |K|» < H" N FENC). (2.8)
Moreover, if C contains no lines, then equality holds if and only if £ = sK.

Proof.

Proof of (2.8). By rescaling, if necessary, we may assume that |K| = |E| (i.e. s = 1).
Define the probability densities du*(z) = ﬁlE(x)dx and du_(y) = ﬁlK(y)dy. By
classical results in optimal transport theory, it is well known that there exists an a.e.
unique map 7' : £ — K (which we call the Brenier map) such that 7' = V¢ where ¢ is
convex, T' € BV(R™ K), and det(VT'(z)) = 1 for a.e. z € E (see e.g. [5, B0, 29, [1]).
Moreover, since T is the gradient of a convex function with positive Jacobian, VT'(x) is
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symmetric and nonnegative definite; hence, its eigenvalues A\;(x) are nonnegative for a.e.
r € R™. As a result, we may apply the arithmetic-geometric mean inequality to conclude
that for a.e. x € E,

3=

n = n(det VI'(z))" = n(H Ak(m)) "< > Ai(z) = divT(x). (2.9)

Therefore,
n|E|"" |K|+ =n|E| = n/ det(VT ()7 da
E
§/divT(x)dx:/ divT'(x)dx, (2.10)
E EM)

where we recall that E(1) denotes the set of points with density 1 (see Section 2.1). Next,

we use (2.1)) and (2.3):

/ divT(z)dz < / div T(x)dz + (Div T)(EW)
EM) E)

= DivT(EW) = /fE trp(T)(z) - ve(x)dH" (z). (2.11)

By the convexity of K and the fact that T'(z) € K for a.e. z € E, it follows that
trg(T)(z) € K, so by the definition of || - |

trp(T) (&) - vp(a) < ||()l i

Hence,

/f (7)) v () o) < /f el di" @) = Pe(E). (212

Furthermore, note that if z € K, then |z| < 1; therefore,
\|\ve(2)|| ke = sup{ve(z)-z:2€ K} < 1.

Moreover, observe that by the definition of || - ||k, it follows easily that ||ve(x)||x« = 0
for H*=! -a.e. x € AC\ {0}; therefore, ||vg(z)||x« = 0 for H" ! -a.e. x € FENOC. Thus,

/ ()| sedH () = / (@) || seodH™ (2) < H Y (FENC),
rE FENC

and this proves the inequality.

12



Equality case. If £ = K, then T(x) = z and it is easy to check that equality holds
in each of the inequalities above. Conversely, suppose there is equality. In particular,
n|K| = Px(E). By [20] (see also [16, Theorem A.1]), we obtain that £ = K + a with
a € C. Next, we will use the following identity which is valid for any v € C:

P(v+ K|C) = P(K|C) + H"(S,),
where

Sy :={x € FCN By : (ve(x),v) # 0}
={x e FCN By : (ve(x),v) < 0}.

By the previous equality case, we know n|K| = P(K|C), therefore,
P(K|C) = P(E|C) = P(a+ K|C) = P(K|C) + H"'(S,),

and we obtain H"~!(S,) = 0. This implies (vc(x),a) = 0 for H" '-almost every = € FC.
Hence, D1; = 0 in the direction defined by a, which gives 1¢(z) = 1le(x + ta) for all
t € R. However, by assumption, C contains no lines; thus, a = 0 and we conclude the
proof. O

Corollary 2.3. If E € D, then dx(E) < u(E).

Proof. Since the inequality is scaling invariant, we may assume that |F| = |K|. From
(2.12) and the fact that n|K| = H""'(0B; N C) we obtain

Px(E)—n|K|<H" Y FENC)—n|K|=H"Y(FENC)— H" (0B, NC).
Dividing by n|K| and using the representation of u(E) given by (2.2)) yields the result. O

Corollary 2.4. Let E € D with |E| = |K|, and let Ty : E — K be the Brenier map from
E to Ky. Then

[ s = o) @) dH (@) < K ().
FENC

Proof. Let T : E — K be the Brenier map from E to K so that T is the a.e. unique
gradient of a convex function ¢. Then Ty(z) = T'(x) + o (this follows easily from the
fact that T'(z) + o = Vo(z) + 9 = V(¢(z) + 2o - ) and ¢(z) + zo - x is still convex).
Therefore, by and ,

n|E| < /F (T = 0)(0) - ve(a)dH" (@) (2.13)
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Next, we recall from the proof of Theorem that trz(Ty — z0)(x) € K. Hence, trg(Th —
zo)(z) - vp(x) < 0 for H ' ae. 2 € FENAIC and |tre(Ty — zo)(x)| < 1 for H* ! ae.
x € FENC. Therefore, using (2.13)),

n|E| < /]—‘EOC trg(Ty — 20)(z) - ve(x)dH" ()
< /fEmc | trg(Ty — 20)(z)|dH™ H(2) < H" Y (FENCQ).

The fact that n|E| = n|K|= H"'(0B; NC) finishes the proof. O

3 Proof of Theorem 1.2

We split the proof in several steps. In Section 3.1, we collect some useful technical tools.
Then in Section 3.2, we prove Theorem [I.2under the additional assumption that E is close
to K (up to a translation in the first k£ coordinates). Finally, we remove this assumption
in Section 3.3 to conclude the proof of the theorem.

Let {ex}7_, be the standard orthonormal basis for R”. Recall that C = R* x C,
where C' € R"* is an open, convex cone containing no lines. Hence, up to a change of
coordinates, we may assume without loss generality that dC N {x, = 0} = {0}. With this
in mind and a simple compactness argument, we note that

b=0b(n,K):=inf{t >0:0B1(0)NCN{x, <t} #0} >0, (3.1)

where B1(0) is the ball in R"*,

Next, we introduce the trace constant of a set of finite perimeter. Recall the definition
of Ky given in Section 2.1, so that and hold. Given a set E € D, let 7(F)
denote the trace constant of E, where

Py (F
7(E) := inf{ i< (F) —
fmefE Vel Ko dH™

Note that 7 is scaling invariant, and in general 7(E£) > 1. The trace constant contains
valuable information about the geometry of E. For example, if £ has multiple connected
components or outward cusps, then 7(E) = 1. In general, sets for which 7(E) > 1 enjoy
a nontrivial Sobolev-Poincaré type inequality (see [16, Lemma 3.1]).

E
:FCE,|F|§%}. (3.2)

3.1 Main tools

In what follows, we list all the technical tools needed in order to prove Theorem We
decided to move some of the proofs to the appendix in order to make this section more
accessible. The following two lemmas are general facts about sets of finite perimeter.
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Lemma 3.1. Let A C R" be a bounded set of finite perimeter. Then there exists
Gga(n, A) > 0 such that for any y € R™, |(y + A)AA| < Ggz(n, A)lyl.

Lemma 3.2. Let A C R” be a bounded set of finite perimeter. Then there exist two
constants Cgz(n, A), agz(n, A) > 0 such that if y € R", then

min{aza(n, A), Ciza(n, Alyl} < |(y+ A)AA]

Remark 3.3. Lemma is well-known, and follows by applying [2, Remark 3.25] to
u = 14. Also Lemma should be known, but we have been unable to find a reference.
Therefore, we provide a proof in the appendix.

Lemma 3.4. There exists a bounded, conver set K C B%(O) N C so that for all y =
0,...,0,Yks1,-- -, Yn) with y, >0, we have

K\(y+K)=K\ (y+0). (3.3)

Furthermore, if y, <0, then

(y+K)\ K = (y+ K)\C. (3.4)

Proof. We will show that one may pick b = b(n, K) > 0 small enough so that
K :=B1(0)nC N (N, {|z:] <b}) N {z, < b}

has the desired properties. We will establish |.D first. Since y + K C y + C, it suffices
to prove K\ (y + K) € K\ (y +C). If (for contradiction) there exists 2 € KnN(y+
KN (y+C), then z € K and . —y € C\ K. Since z € K and y, > 0, it follows that
Ty — Yp < b. Also, |z — yi| = || < b for i € {1,...,k}. Now, z—y € C = RF x C,
hence, (Tpt1 — Ykits---sTn — Yn) € C. Letb = b(n, K) be the constant from ,
and assume without loss of generality that b < b. If z € {z, = b} N C is such that

2| = d, where d = sup{|v| : v € C,v, = b}, then %' = % (see Figure 2). Let v := o,

t:= wnéyn > 1, and recall that (g1 — Ygr1, -+, Tn — Yn) € C. Since C is a cone, we have
W=t Tl — Ypaly - T — Yn) € C with w, = b. Hence, |w| < 2| = 'yl;, but since t > 1
we obtain (Tx41—Yr+1, -+, Tn —Yn) € B.3(0), where B ;(0) denotes the ball in dimension

n — k. Therefore, ) 3

| —yl* < kb* + (v0)%.
Next, pick M = M(n,K) € N so that (k+~?) (£)? < 1. Thus, by letting b= L we
obtain z —y € B 1 (0). Therefore, we conclude z —y € K , a contradiction. Hence, |) is
established. Since (y+K)\ K =y+ (K\(-y+K)) and (y+K)\C =y+ (K \(—y+C)),
(3.4) follows from (3.4)). O
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Figure 2: % = ==,

The next lemma (whose proof is postponed to the appendix) tells us that a set with
finite mass, perimeter, and small relative deficit has a subset with almost the same mass,
good trace constant, and small relative deficit (compare with [16, Theorem 3.4]).

Lemma 3.5. Let E € D with |E| = |K|. Then there ezists a set of finite perimeter G C E
and constants k(n), qm(n), Ggz(n, K) > 0 such that if p(E) < qzg(n), then

B\Gl< Bl (35)
7(G)>1+ mf k(n), (3.6)
() < Cgln. K)p(E). (37)

The big advantage of using G in place of F is that (3.6) implies a nontrivial trace
inequality for G which allows us to exploit Gromov’s proof in order to prove (1.11]) with
G in place of F. Indeed, if E is smooth with a uniform Lipschitz bound on 0F, one may
take G = E.

Lemma 3.6. Let E € D, |E| = |K|, and assume u(E) < qzg(n), with G C E and
am(n) as in Lemma 3.5, Moreover, let v > 0 satisfy |[rG| = |K|. Then there exists
& = &(F) € R" and a constant Cgg(n, K) > 0 such that ffT — |l —al[dH™ ! <

Caz(n, K)+/i(E).

e I1

Proof. Let T() rG — Ky be the Brenier map from rG to K, and denote by S; the
component of S(z) = Ty(z) — z. For all i, we apply [16, Lemma 3.1] to the function S;
and the set rG to obtain a vector a = a(E) = (aq,...,a,) € R" such that
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[ a5 + vl @)
FrG)ne

M, _pe N
< (G 1)II DSill ko= ((rG)™)
M3, |
< B e 1)| — DS;|((rG)Y)
M,

IDS|((rG)™Y),

S G =)

where we have used (2.6]) in the second inequality. Next, recall that 7 is scaling invariant.
Hence, using (3.6)) we have

3

M
/ treey (15i(2) + ai))l[vee) || ke d " (z) < —5—52— ? IDS|((rG)W). (3.8
F(r&)nc m¥, (n)

But by [16, Corollary 2.4] and Corollary [2.3]

DS|((rG)™) < 9n?| K|/ 01, (rG) < 9n®|K |/ ul(rG) = 9n®| K|/ (G).

Therefore, by summing over ¢ = 1,2, ...,n we obtain

9n®| K| M3,

mic,k(n)

/f o trie (19(2) + a))|[vee | kod H ' (2) < w(@).  (3.9)

Let & = &(F) := a + xp, with x¢ as in the definition of Ky (see (2.4))). The triangle
inequality implies

1=z —al =1 =]z — (a+z0)|| < |1 = trpe) (I To(x) — o)
+ |t1"(Tg)(T0(Qf) —x9) — (x — (a+ x0))]
= 1= | triey (To() — zo)|| + trpe (| To(x) —  + al).
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Hence, by Corollary 2.4 (3.9)), and (3.7) we have
[t o @
F(r&)nC
<[ f-le=dlllivee|lkedE a)
F(rG)nC
<[l @ale) - ool dH a)
(rG)nC

+/ triea)(1S(2)) + a)l|vel ko d H" ' (2)
Fra)ne
3

o k() ij()m (@)

In3|K|M;
< Micgn| Kol K)p ) + 2 e
M,

< Min|K[p(G) + 9n* K]

Vv Cga(n, K) v/ u(E

As p(FE) < 1, the result follows. O

The translation & from Lemma[3.6] can be scaled so that it enjoys some nice properties
which we list in the next lemma. The proof is essentially the same as that of [16, Theorem
1.1], adapted slightly in order to accommodate our setup. However, for the sake of
completion, we include it in the appendix.

Lemma 3.7. Suppose E € D with |E| = |K|. Let & = &(E), G, and r be as in Lemma
. Define a = a(E) := 2. Then there exists a positive constant Cgz(n, K) such that for

w(E) < azg(n), with qgg(n) as in Lemma we have

[EA(a+ K)| < Gg(n, K)v/u(B), (3.10)
|(rG)A(a + K)| < Gga(n, K)v/(E), (3.11)
and
2u(E)
r<1+ OB (3.12)

Next, define R?} := {(z1, 22, ...,x,) € R" : 2, > 0} (R” is defined in a similar manner).
In the case o € R, the following lemma tells us that the last (n — k) components of «
are controlled by the relative deficit.

Lemma 3.8. Let E € D with |E| = |K|, and let a = a(E) = (a1, az) € R¥ x R** be as
in Lemma[3.7] There exist positive constants qgg(n, K), Cgg(n, K) such that if « € R"

and p(E) < qgg(n, K), then |as| < Cgg(n, K)\/1(E).
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Proof. Let K C C be the bounded, convex set given by Lemma . An application of
Lemma and (3.4)) yields

1 . N 1 -

5 min{aza(n, K),Caa(n, K)laof} < 5[((0,a2) + K)AK]

= ((0,a2) + K) \ K| = [((0,05) + K) \ C|
Now, note that £ — (a1,0) C C = R* x C: hence, by using this fact and (3.10) we obtain
(0, a2) + K)\ €| < [((0,a2) + K) \ (B = (a1,0))] < [(a+ K) \ E|
< Ciga(n, K) v (E).

Therefore, there exists qgg(n, K) > 0 such that for u(F) < qgg(n, K),

* Cizaln, K)las| < Cigaln, K)/a(B).

Thus, the result follows with Cgg(n, K) = % (note that K completely determines

K). 0

3.2 Proof of the result when |ay(F)| is small

Proposition 3.9. Let E € D with |E| = |K|, and let « = a(E) = (a;, ) € REXR™™ be
as in Lemma[3.7. Then there exist positive constants qzg(n, K), dga(n, K), and Ggg(n, K)
such that if p(E) < qgg(n, K) and |as| < qgg(n, K), then |as| < Cgg(n, K)\/(E).

Proof. Thanks to Lemma 3.8, we may assume without loss of generality that o € R’}. Let
G :=rG — (&44,0), with G as in ~Lemma and r > 0 such that |rG| = |K|. By Lemma
and the fact that C = RF x C,

Ciga(n, K)/ p(E) = 1=z —alldH" " (2)

Fra)ne

_ / e — (0, ag)|ldH™ (2)
FGNC

v

/ ~ 11— |2 — (0, &s)||dH" " (z)
FGNCN{|1—|z—(0,a2)[|>1}

) 1
> JHHFGNCA {1~ o — (0.62)]] = 7))

((0,62)) N C)) = 1 P(GIBy((0,62)) NC).
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However, thanks to (3.12)), H‘LQ—ZL(E) < |agl, so for |ap| and p(F) sufficiently small we

have B1(0) NC C Bs((0,d2)) NC, and this implies

P(G|B3((0,a2)) N C) = P(G|B1(0)NC).

3
4

N|=

Next, by using the relative isoperimetric inequality (apply [2, Inequality (3.41)] to 1¢q
and the set B%(O) NC), we have that for u(F) small enough,

Caa(n, K)/ w(E)
> ic(n,K) min {|G 1 (B, (0) N0, |(B4(0) N C)\ GI* )
> ic(n,K) min {|G 1 (B,(0) NO)], [(B3(0) N )\ G1}. (3.13)
Furthermore,
(Bi(0)NC)\G C K\ G C GAK

C ((rG — (41,0))A(K + (o,aq))) U ((K+ (0,&2))AK>,

and by using (3.11]), Lemma 3.1} and (3.12),

(B1(0) NC)\ G| < Cg(n, K)/pl(E) + Ciz(n, K)ol

< Ciza(n, K)v/j(E) + Cigg(n, K) (1 ; %M) sl

1
2

Therefore, we can select qgg(n, K), qgg(n, K) > 0 such that if u(E) < qgg(n, K) and
|cz| < ga(n, K), then

min {|G N (B1(0)NC)[,[(B1(0) NC)\ G} = (B (0)NC) \ G.

D=

1 1
2 2

Thus, using (3.13)) we obtain

1

1 K)[(B1(0)nC)\ G| < Cas(n, K)v/ u(E). (3.14)

1
2
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Hence, by (3.14)), (3.11), and Lemma [3.1|it follows that

(B

N[

1
2

0)NnC)\ ((0,a2) + K)|

< |(B (O)ﬂC)\G|+\@\((O,a2)+K)]
<|(B1(0)NC)\ G| + |GA((0, 62) + K) |+

|((0, 42) + K)A((0, az) + K) |

4 K
< — OEmn \/ E)+ |(rG)A(a + K)| 4+ Ggo(n, K)|ag — as

_46’5(2377‘[(\/ +ObmnK\/ +O|133:|TLK|O[2—062| (315)

N|=

But |ag—ds| = |az|(r—1), and from ([3.12)) it readily follows that | —ds| < \aglﬁu(E) <

aza(n, K) % 1(E). Combining this fact with (3.15) yields a positive constant C'(n, K) such
that

[(B1(0)NC)\ ((0,a2) + K)| < C(n, K)\/u(E). (3.16)

Next, let K C B1(0) NC be the bounded, convex set given by Lemma . We note that
since v € R, (3.4) implies

M\H

K\ ((0,a9) + K) = K\ ((0,00) + K).

Therefore, using Lemma and (3.16) we have

min{agz(n, K), Cgz(n, K)|os|}

< (0,05 +K)AK|—2\K\(0 az> + K
— 2|\ ((0,00) + K)| < 2|(B1(0) N C)\ ((0,02) + )|
< 20 (n, K)\/u(E).

Thus, for qzg(n, K) sufficiently small we can take Cgg(n, K) = % to conclude the
proof. O]

Corollary 3.10. Let E € D with |E| = |K|, qgg(n, K) and dgg(n, K) be as in Proposition
and o = a(F) = (a1, a2) € R¥ x R"™* be as in Lemma . Then there exists a
positive constant Cgg(n, K) such that if p(E) < qgm(n, K) and |as| < dgg(n, K), then
(B = (e, 0)AK]| < Cmm(n, K)+/pu(E).
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Proof. Note that by Proposition we obtain |as| < Cgg(n, K)/u(E). Next, by apply-
ing Lemma [3.1] and (3.10]) we have

(B = (a1, 0)AK| < |[EA(a + K)[ +[((0, az) + K)AK]
< Cgz(n, K)v/ p(E) + Gaa(n, K)o
< (Gazz(n, K) + Cga(n, K)Gaa(n, K)) v/ p(E).

Therefore, we may take Cgg(n, K) = Cgz(n, K) + Ggg(n, K)Cgg(n, K) to conclude the
proof. O

3.3 Reduction step

In Proposition below, we refine Corollary [3.10f Namely, we show that if p(E) is
small enough, then the assumption on the size of ay is superfluous. However, to prove

Proposition |3.12| we need to reduce the problem to the case when as € C C~R”_k (recall
C = R¥ x C). This is the content of Lemma [3.11} For arbitrary y € R %\ C, decompose
Y as

y=y"+v, (3.17)

where y¢ € 9C is the closest point on the boundary of the cone C to y and y? = y — ¢°
(see Figure 3). Note that y” is perpendicular to y°.

Figure 3: Control of of.

Lemma 3.11. Let E € D with |E| = |K|, and let a = a(E) = (a1, a3) € R¥ x R* be
as in Lemma[3.7 There ezist constants qzm(n, K), Ggrm(n, K) > 0 such that if p(E) <
armm(n, K) and ay € RT%\ C, then |ob| < Ggr(n, K)u(E ol
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Proof. Firstly, observe that

1((0,a3) + K) \ (€ = (0, 05)) = [((0, a2) + K) \ C|
< [(a+ K)\ (€ + (a1, 0))] = [(e + K)\ C|

< [(a+ K)\ E| < Gga(n, K)/i(E).

Since (0,a5) € OC, it follows that 9((0,a5) + K) has a nontrivial intersection with 9C.
Let

5= %((O7 as) + (O, agsup{t > 0: (0,tas) € 9((0,a3) + K)})),

and note that, by convexity, z € 9((0,a5) + K) N dC. Next, pick r = |ah|. Observe
that r is the smallest radius for which B,.(z) N 9(C — (0,a%)) # 0 so that it contains
some w € R"™ (see Figure 3). Since C is convex, there exists a constant co(n, K) > 0
such that |B,(2) N ((0,a5) + K)| > co(n, K)r™. But B,(z) N ((0,a5) + K) C ((0,a5) +

K)\ (C — (0, 0/2’)). Therefore, ™ < q:f%'é"}g) wu(E), and since r = |ab| we have that

af] < (SR ) " p(E) =

Proposition 3.12. Let E € D with |E| = |K|, and let a = a(E) = (ay, as) € RF x R*F
be as in Lemmal[3.7. Then there exist qza(n, K) > 0 such that if p(E) < qga(n, K), then
|| < dgm(n, K) with qzg(n, K) as in Proposition[3.9]

Proof. If a« € R™, then the result follows from Lemma If « € RY, then write

ay = b 4+ a5 as in (3.17) with the understanding that oy, € C if and only if of =
0. In the case where |a§| > 0 (ie. az € RT%\ (), thanks to Lemma [3.11, we have
la®| < Ggm(n, K)p(E)2e. Therefore, it suffices to prove that for u(E) sufficiently small,
la5| < 1dgm(n, K). We split the proof into three steps. The idea is as follows: firstly,
we assume by contradiction that |a§] > Sdgm(n, K). This allows us to translate E by a
suitable vector § so that (E — 3) NC is a distance dzg(n, K) from the origin (see Figure
4). The second step consists of showing that up to a small mass adjustment, the relative
deficit of this new set is controlled by u(E)ﬁ Lastly, we show that the new set satisfies
the hypotheses of Proposition [3.9} therefore, we conclude that it should be a lot closer to
the origin than it actually is.

Step 1. Assume for contradiction that |a5] > 1dgg(n, K). Select v € (0,1) such that for
B :=(0,705) € C we have

0,05) ~ 51 = (1 = lag] = Jazmin, K).
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/

Figure 4: If E has small relative deficit but is far away from the origin, we can translate
it a little bit and show that the resulting set — thanks to Proposition |3.9| — should in fact
be a lot closer to the origin.

By , Lemma , and Lemma m,
[EA((an, 03) + K)| < |[EA(a + K)| + [( + K)A((on, 03) + K))|
< Ggaln, K)v/(E) + Cga(n, K) o]
< Ga(n, K)/p(E) + Gaa(n, K) Cgzn(n, K)u(E) 2.

Next, we set E := E — (oq,0) and C(n, K) := Cgz(n, K) + Cgg(n, K)CGgm(n, K) so that
[BA((0,08) + K)| < C(n, K)u(E)2. (3.18)
Let F = t((E — 3)NC)) where t > 1 is chosen to satisfy |F| = |E|. Therefore,
|[F|=|E|=|E -] =|(E-p)nC|+|(E~B)\C|. (3.19)
Now let us focus on the second term on the right side of : using ,

(E—=pB)\C|=I|E\ (C+B)|
E

)
< B\ ((0,05) + K)| +[((0,05) + K) \ (C+ B)]
< C(n, K)u(E)2 +((0,085) — 8) + K) \ C|. (3.20)

(0, (1 — v)as) € C, therefore, ((0,a5) — 3) + K C C, and hence,
K)\ C| =0. Thus, combining the previous fact with (3.19)) and (3.20)),

[FI=|(E = B)nc| < Cn, K)u(E)2. (3.21)
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Step 2. From the definition of F' and (3.21)), we deduce

(t" = DI(E = p)nel < Cln, K)u(E),
so that for pu(E)z < 26'{;7']{), by (3.21)) again and the fact that |F| = |K|,
~ 1
2 K L\ "
t < (1 + %/L(E)%) : (3.22)

Since C is a convex cone, it follows that %C =C and f+C CC. Thus,

P(FIC) =t"'P(E|B+C) <t"'P(E|C) = t"'P(E|C + (a1, 0))

1

20(n, K) o\
s(u—m M(E)> P(ElC)

2C(n, K
< (1 + %M(E)QL)P(E]C). (3.23)
Recall that P(F|C) = H" Y(FF NC) and P(E|C) = H"}(FE NC) (see Section 2).
Upon subtracting P(B|C) from both sides of (3.23)), dividing by n|K| (recall n|K| =
H" (0B, NC)), and using that P(E|C) = n|K|u(E) + n|K| we have
2C (n, K)
n|K[?
2C (n, K)
0L gyt
K| K|

u(F) < u(E) + u(E)z P(E|C)

w1 2C(n, K) .

— u(E) + u(E) .

Let w(n,K) =1+ 4(7'(;"[(). Then, assuming without loss of generality that u(F) <1,

p(F) < win, K)p(E)2. (3.24)
Step 3. Using Lemma and (3.22), for p(E) small enough we have
[FA(((0, 3) — B) + K)

< [FAL(((0, a3) = B) + K)[ 4 [¢(((0, 03) = B) + K)A(((0, a5) — 3) + K))
< t"|(E —B) NCA(((0,a5) — B) + K))|

+[6(((0, 03) — B) + K)A(((0, 03) — B) + K)

+[(£((0, 3) = 8) + K)A(((0, a5) — B) + K)|

<2(E = B) NCA(((0,05) — B) + K)| + |(tK)AK]|

+ Cg(n, K)[(0, 05) — BI(t — 1)
< 2[(E = B) NCA(((0,05) —

1

B)+ K)| + C(n, K)u(E)z. (3.25)
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Next, we claim

1

(B = B)NC)A(((0,05) — B) + K)| < 2C(n, K)u(E)?r. (3.26)
Indeed, from we deduce that
(B = B)NC)A(((0,05) — B) + K)
= [((E=p)NC)+ B)A((0,035) + K)|
< |(((E=B)NC)+ B)AE| + |EA((0, 08) + K)|
<[((E=pB)NC)+ B)AE| + C(n, K)u(E)=. (3.27)
But since ((F — ) NC)+ 3 C E,
[((E=pB)NC)+B)AE|=|E\ ((E-8)NC)+5)|
=|(E=p)\ (E-B)NnC]|
= !(]57 BYNC|=[E\ (B+0)]
< |EN\((0,a5) + K)| +[((0,a3) + K) \ (8 + C)]
< C(n, K)u(E)> +[(((0,08) = ) + K)\C|.  (3.28)

As before, |(((0,a5)—3)+ K)\C| = 0 (since ((0,a5) —5)+ K C C) Therefore, 7)) and
(3.28]) imply the claim (i.e. (3.26)). Furthermore, by using and (| -, 1t follows

that for some constant w(n, K),

1

[FA(((0,05) = 8) + K)| < w(n, K)u(E)?. (3.29)

Next, let a(F') be the translation as in Lemma [3.7] for the set F' C C, so that |[FA(«(F)+
(3.29)

K)| < Ggz(n, K)\/u(F). By Lemmaand

min{qza(n, K), Ggz(n, K)[((0,a5) — 8) — a(F)|[}

((0,a5) = B) + K)A(a(F) + K)|
((0,03) = B) + K)AF| + |FA(a(F) + K)
w(

n, K)p(E) > + Cga(n, K)\/u(F). (3.30)

Moreover, (3.24) and (3.30) imply that if u(FE) is sufficiently small, then there exists a
constant ws(n, K) so that

s (F)| < |a(F)] < (0, 08) — 8] + ws(n, K)u(E)n
= Lazmn, K) + waln, K)u(E), (3:31)
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and
a1 (F)| < wa(n, K)u(E) (3.32)

(since |aq (F)] < |((0,05) — B) — a(F)|). Furthermore, using (3.31) and (3.24)), we deduce
that for p(E) small enough

|042(F)| < am(”,K)» N(F) < QE(”7K)7
where qzqg is as in Proposition 3.9, Thus, by applying Proposition to F' and using
(3.24) again, it follows that

s (F)| < Cgg(n, K)/u(F) < Ceg(n, K)v/w(n, K)u(E). (3.33)
Combining , , and we obtain
L, K) = [(0,05) — 8] < [a(F)| + waln, K)u(E)
< |ao(F)| + 2wy (n, K)u(E)

. (qm(n, )/l )+ 2wy, K))M(E)“l’%

which is impossible if p(F) is sufficiently small. This concludes the proof. ]

We are now in a position to prove Theorem Firstly, we assume that |E| = |K]|.
Indeed, let qzg and qzy be the constants given in Proposition [3.9) and [3.12] respectively,
and set c¢(n, K) := min{qgg(n, K), gm(n, K)}. If u(E) < c¢(n, K), then it follows from
Proposition and Corollary that

(B — (01, 0)AK] _ Ceemalm, )
K| Y

Let C(n, K) := CEF(TK and suppose now that |E| # |K|. Pick ¢t > 0 such that [tE| = |K]|

and apply the previous estimate to the set tE£ to obtain

|(tE — (al(tE),O))AKH -
1E] K)\utE) =C(n,K)\/uE),

and this implies

u(E).

(B — (22, 0)AGK))
|E|
Since s = 1, this yields the theorem for the case when u(E) < ¢(n, K). If u(E) > ¢(n, K),
then

< C(n, K)v/(E).

Therefore, we obtain the theorem with C'(n, K') = min {C_’(n, K), —2 }

c(n,K

:
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A Proofs of the technical lemmas
Proof of Lemma [3.2] For y € R" let
fly) = [(A+y)AA]

Note that f(y) = [gn [L(a4y) (z) — La(z)|dz.

Our strategy is as follows: first, we show that the incremental ratios of f at y = 0
have a positive lower bound. Then we prove that f(y) is uniformly bounded away from
zero when y is away from zero. These two facts readily yield the result.

Step 1. We claim there exists s = s(n, A) > 0 such that

o f)
Cgza(n,A) == inf —== >0. Al
(n, 4) o<lyl<s |y| (A1)
Indeed, let y, € R™ be any sequence converging to 0. By Lemma [3.1] we know that the

family of measure p; defined by

1 -1
1y, = A+yg A
|y

satisfy || (R™) < Gz Moreover, up to choosing a subsequence (which we do not relabel)
so that yx/|yx| — w for some w € S*!, it is immediate to check that y;, converge weakly
to D1, - w. Hence, by the lower semicontinuity of the total variation (see for instance [2
Corollary 1.60)),

lim inf —‘ (A + ) A

L .
minf = lin inf 24| (R") > | D14 - w|(R")

We now observe that, again by the lower semicontinuity of the total variation, the right
hand side attains a minimum for some w € S"~!. Hence, by the arbitrariness of yy,

lim inf M lim inf W

— > D14 - @|(R").
=0 |y lyl—0 Y|

To conclude it suffices to observe that |D1,4 - w|(R™) > 0, as otherwise A = A + tw for
any t € R (up to sets of measure zero), which contradicts the boundedness of A.
Step 2. We claim that there exists qzg(n, A) > 0 such that

fy) = aga(n, A)  Vly| = s(n, A), (A.2)

with s(n, A) as in Step 1. The proof is by compactness: if |y| > diam(A) then f(y) =
2|A| > 0. On the other hand, by continuity f attains a minimum over the compact set

28



{y : s(n,A) < |y| < diam(A)}. Let g be a vector where such a minimum is attained.
Then this minimum cannot be zero as otherwise A = A+ ¢ (up to a set of measure zero).
By iterating the estimate, this implies that A = A+ ky for any k € Z, contradicting again
the boundedness of A.

O

n—1

Proof of Lemma 3.5l Let k(n) = 22— If u(E) < % = qgm(n), then by [106,

Theorem 3.4] there exists a set of finite perimeter G C E satisfying

5K0(E)
B\ 6] < e, (4.3)
T(G)>1+ mi k(n). (A.4)

We claim that G is the desired set. Indeed, since dx, (E) < p(E) (see Corollary 2.3)), (A.3)

and (|A.4)) yield (3.5 and (3.6)); therefore, it remains to prove (3.7). From the construction
of G in [16, Theorem 3.4], we have G = E \ F.,, where F, C E is the maximal element

given by [16, Lemma 3.2] that satisfies

mg,

Pr(F) < <1+ k(n)) /f @l ). (A5)

Ko

To prove (3.7)), we first claim that for some positive constant C'(n, K),
H" Y FGNC) < H"YFENC)+C(n, K)u(E). (A.6)
Note from the definitions that
Prco(E) = nl K|35, (E) + n| K[| E| (A7)

Moreover, by [16, Equation (2.10)] and [16, Equation (2.11)] we may write

Pro@= [ Ioa@lhodt™ )+ [ o)t o)
FGNFE FGNEW
Therefore,
Peo(B)= [ el @)+ [ fsla)ledf )
FGNFE FFunFE

— Py () / v (@) o dH™ ()
FGNE®)

T /f @l @) (A8

29



Next, we note that FF, N EM = FG N EW, and by [16, Lemma 2.2], vg = —vp,_ at
H" ' — a.e. point of FF, N EW. Furthermore, taking into account (2.7) and (A.5)), we
have

/ v (@) o dH™ ()
FGNE®)
— [l v @l )
FFoonNEM®

M
< My / v (@)l seped B (2)
Mgy JFr..nEQ

M. m
< 0 R0k (p) / Ve, ()| Koed H™ ()
Mk, MK, FEoNFE

k) [l (@)l () (A9)
FFoNFE
Hence, (A.8) and (A.9) yield (observe that vgp = vg_ on FF, NFE)

Py (E) 2 Pi (G) + (1 = k(ﬂ))/ lve (@)l ko d H" (). (A.10)

FFoNFE

By the anisotropic isoperimetric inequality (see [16, Theorem 2.3] or (2.12))),
1, =1
Piy(G) > n|K||G]"

Moreover, by (|A.3)),
H(E)

51~ 161 < g}, (A11)
Thus,
1) ynt 1 pE) N\
Pry(C) = n|K [5G 2 n|K (rm - WIE\)
Lt (1 - ME)
> n|K|*|E| (1 k(n)). (A.12)

Combining (A.7), (A.10), and (A.12) it follows that

n|K |6k (E) + n|K|*|B)*= > n|K|7|E|* <1 _ %)
+ (1 —k(n)) /fF . Ve ()] ke dH™ ().
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Therefore (recall 0, (E) < pu(F) and |E| = |K|),

n—1 n|K|(1+ k(n))
!LE&HJWM@”mAH' @)SkWMl—km»“Q” (A.13)

Using the definition of my,, (A.9), and (A.13]) we obtain
H" Y (FGNC)=H""Y (FGNFENC)+ H" YFGnEWY)
<H"YFENC)+ H" Y FGn EW)

[ @l )
FGNEM

MK, K /]-'Foom]-‘E Ve ()]s dH™ ()
1 n|K[(1+ k(n))
i, (1= k(n))

and this proves our claim (i.e. (A.6)). Our next task is to use (A.6) in order to prove
(3.7)), thereby finishing the proof of the lemma. Let r > 0 be such that |rG| = |E|. Note

that by (A.6),

<H"YFENC)+

mKO

<H"YFENC)+

<H"YFENC)+ w(E),

@) = ptr) = T DO OBO0
T H Y (FGNC) — H (9B, NC)
H»1(0B; NC)
Y HHFENC) 4+ C(n, K)u(E)) — H" (0B, NC)

< : A.14
- H”—1(8B1 N C) ( )
But since pu(E) < k(g)Q and k(n) < 1, we have % < @ < 15 so that two applications
of (A.11)) yield
| K| 16 u(E) 2
— <14 —=—"——=<1 E)—— A.15
Gl S e ST AEG (A.15)
and by using (A.15) we have
n—1 K] - 2\ 2(n—1)
= — <1 F)—— <1 E . A.16
() "= () T <ot A0
Upon combining (A.14) and (A.16)), (3.7) follows easily. O

n—1

Proof of Lemma Recall that by definition qg(n) = @, where k(n) = 225"

Since dk, (F) < u(E), by taking u(E) < qzg(n), dk,(F) will be sufficiently small in order
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for us to assume the setup of [16], Inequality (3.30)], with the understanding that the set
K in the equation corresponds to our K, and whenever K appears in our estimates, it
is the same set that we defined in the introduction (i.e. K = B; NC). Note that in [16]
Proof of Theorem 1.1] the authors dilate the sets G and E by the same factor r > 0 so
that |rG| = |Ko| = |K|; however, they still denote the resulting dilated sets by G and FE.
We will keep the scaling factor so that our rG and rE correspond, respectively, to their
G and E. With this in mind, note that [16, Inequality (3.30)] is valid up to a translation.
Indeed, this translation is obtained by applying [16, Lemma 3.1] to the functions S; and
the set rG, where S(z) = Ty(x) — z, and Ty is the Brenier map between rG and Kj.
Since a = & — xp in Lemma was obtained by the same exact process, a satisfies [10],
Inequality (3.30)]. Thus, by the estimates under [16, Inequality (3.30)] it follows that

C(n, K)V/ 0k, (rG) = / 1= [l = allx, [[Ivre (@)l oed H" ™ (2)
F(rG)

— [ 1= el oo o) e )
F(rG—a)

meg,
> 0

|(rG = a) \ Kol.

Therefore, we have
[(rG)A(& + K)| = [(rG)A(a + Ko)| = 2[(rG — a) \ Ko
< 20(n, K)v/3k,(G) < 2C(n, K)v/u(G), (A.17)

and this implies
(rE)A(a + K)| < |[(rE)A(rG)| + [(rG)A(6 + K)|
< 2"|E\ G| 4 2C(n, K)\/u(G). (A.18)

Recalling that |E'\ G| = |E| — |G| < {Z5u(E) (see (3.5)), |E| = |K|, and u(E) is small,
it readily follows that (see (A.15))

(A.19)

and we obtain (3.12)). Also, (A.17)), (A.18), (A.19), and u(G) < Ggz(n, K)u(E) (see (3.7))

imply the existence of a positive constant C'(n, K) so that

|(rE)A(a + K)| < C(n, K)\/u(E), (A.20)
|(rG)A(a + K)| < C(n, K)\/u(E). (A.21)
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Moreover, (A.19)) and (A.20]) imply
1 1
[EA(a + K)| < [EA(a + —K)| + |(a+ ~K)A(a + K|

1 1
< | B)AG+ K)| + K\ - K|

< Cln KViB) + |11 (")

r

< C(n, K)v/ulE) + |K|%M<E>.

By combining this together with (A.21]), we readily obtain (3.10|) and (3.11)). O

Acknowledgments. We wish to thank Eric Baer for his careful remarks on a preliminary
version of the paper. We are also grateful to an anonymous referee for his valuable
comments and suggestions that significantly improved the presentation of the paper. The
first author was supported by NSF grant DMS-0969962. The second author was supported
by an NSF-RTG fellowship for graduate studies at the University of Texas at Austin. Any
opinions, findings, and conclusions or recommendations expressed in this material are
those of the authors and do not necessarily reflect the views of the US National Science
Foundation (NSF).

References

[1] A. Alberti and L. Ambrosio, A geometrical approach to monotone functions in R",
Math. Z. 230 (1999), no. 2, 259-316.

[2] L. Ambrosio, N. Fusco, and D. Pallara, Functions of bounded variation and free
discontinuity problems. Oxford Mathematical Monographs. The Clarendon Press,
Ozford University Press, New York, 2000.

[3] G. Bianchi and H. Egnell, A note on the Sobolev inequality, J. Funct. Anal. 100
(1991), pp. 18-24.

[4] W. Blaschke, Kreis und Kugel, Berlin. de Gruyter, 2nd edn. (1956).

[5] Y. Brenier, Polar factorization and monotone rearrangement of vector-valued func-
tions, Comm. Pure Appl. Math. 44 (4) (1991) 375-417.

[6] J.E. Brothers and F. Morgan, The isoperimetric theorem for general integrands,
Michigan Math. J. 41 (1994), no. 3, 419-431.

33



[7]

8]

[9]

[10]

[11]

[12]

[13]

[15]

[16]

[17]

[18]

[19]

[20]

Y.D. Burago and V.A. Zalgaller, Geometric inequalities. Berlin: Springer Verlag
(1988). Original russian edition: Geometricheskie neravenstva, Leningrad.

. Chavel, Isoperimetric inequalities. Cambridge Tracts in Mathematics, 145, Cam-
bridge University Press (2001).

E. Carlen and A. Figalli, Stability for a GNS inequality and the Log-HLS inequality,
with application to the critical mass Keller-Segel equation, preprint, 2011.

A. Cianchi, N. Fusco, F. Maggi, and A. Pratelli, The sharp Sobolev inequality in
quantitative form, Journal of the European Mathematical Society, (2009) 11, n.5,
1105-1139.

D. Cordero-Erausquin, B. Nazaret, and C. Villani, A new approach to sharp Sobolev
and Gagliardo-Nirenberg inequalities, Adv. Math. 182, 2 (2004), 307-332.

B. Dacorogna and C.E. Pfister, Wulff theorem and best constant in Sobolev inequal-
ity, J. Math. Pures Appl. (9) 71 (2) (1992) 97-118.

A. Dinghas, Uber einen geometrischen Satz von Wulff fiir die Gleichgewichtsform von
Kristallen, (German) Z. Kristallogr., Mineral. Petrogr. 105, (1944).

L. Esposito, N. Fusco, and C. Trombetti, A quantitative version of the isoperimetric
inequality: the anisotropic case, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 4 (2005),
no. 4, 619-651.

A. Figalli, F. Maggi, On the shape of liquid drops and crystals in the small mass
regime, Arch. Ration. Mech. Anal., to appear.

A. Figalli, F. Maggi, and A. Pratelli, A mass transportation approach to quantitative
isoperimetric inequalities, Invent. Math., 182 (2010), no. 1, 167-211.

A. Figalli, F. Maggi, and A. Pratelli, A refined Brunn-Minkowski inequality for
convex sets, Ann. Inst. H. Poincaré Anal. Non Lineaire, 26 (2009), no. 6, 2511-2519.

A. Figalli, F. Maggi, and A. Pratelli, A note on Cheeger sets, Proc. Amer. Math.
Soc., 137 (2009), 2057-2062.

A. Figalli, F. Maggi, and A. Pratelli, Sharp stability theorems for the anisotropic
Sobolev and log-Sobolev inequalities on functions of bounded variation. Preprint,
2011.

I. Fonseca and S. Miiller, A uniqueness proof for the Wulff theorem, Proc. Roy. Soc.
Edinburgh Sect. A 119 (1991), no. 1-2, 125-136.

34



[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

F. Morgan, Riemannian geometry. A beginner’s guide. Second edition. A. K. Peters,
Ltd., Wellesley, MA, 1998.

F. Morgan, The Levy-Gromov isoperimetric inequality in convex manifolds with
boundary, J. Geom. Anal. 18 (2008), no. 4, 1053-1057.

N. Fusco, The classical isoperimetric theorem, Rend. Acc. Sci Fis. Mat. Napoli, Vol
71, (2004), 63-107.

N. Fusco, F. Maggi, and A. Pratelli, The sharp quantitative isoperimetric inequality,
Ann. of Math. 168 (2008), 941-980.

M.E. Gurtin, On a theory of phase transitions with interfacial energy, Arch. Rational
Mech. Anal. 87 (1985), no. 3, 187-212.

C. Herring, Some theorems on the free energies of crystal surfaces, Phys. Rev. 82
(1951), 87-93.

P. L. Lions and F. Pacella, Isoperimetric inequalities for convex cones, Proc. Amer.
Math. Soc. 109 (1990) 477-485.

F. Maggi, Some methods for studying stability in isoperimetric type problems, Bull.
Amer. Math. Soc., 45 (2008), 367-408.

R.J. McCann, A convexity principle for interacting gases, Adv. Math. 128 (1) (1997)
153-179.

R.J. McCann, Existence and uniqueness of monotone measure-preserving maps, Duke

Math. J. 80 (2) (1995) 309-323.

V.D. Milman and G. Schechtman, Asymptotic theory of finite-dimensional normed
spaces. With an appendix by M. Gromov. Lecture Notes in Mathematics, 1200.
Springer-Verlag, Berlin, 1986. viii+156 pp.

C.B. Muratov, Droplet phases in non-local Ginzburg-Landau models with Coulomb
repulsion in two dimensions. Comm. Math. Phys. 299 (2010), no. 1, 45-87.

R. Osserman, The isoperimetric inequality, Bull. Amer. Math. Soc., 84 (1978), 1182-
1238.

M. Ritoré and C. Rosales, Existence and characterization of regions minimizing

perimeter under a volume constraint inside Fuclidean cones, Trans. Amer. Math.
Soc. 356 (2004), no. 11, 4601-4622.

35



[35] A. Segal, Remark on Stability of Brunn-Minkowski and Isoperimetric Inequalities for
Convex Bodies, preprint, 2011.

[36] G. Talenti, The standard isoperimetric theorem, Handbook of convex geometry, Vol.
A, P.M. Grueber and J.M. Willis, eds., 73-123, Amsterdam, North Holland (1993).

[37] J.E. Taylor, Crystalline variational problems, Bull. Amer. Math. Soc. 84 (1978), no.
4, 568-588.

[38] J. Van Schaftingen, Anisotropic symmetrization, Ann. Inst. H. Poincaré Anal. Non
Lineaire 23 (2006), no. 4, 539-565.

[39] G. Wulff, Zur Frage der Geschwindigkeit des Wachstums und der Auflésung der
Kristallflachen, Z. Kristallogr. 34, 449-530.

ALESSIO F1GALLI

DEPARTMENT OF MATHEMATICS
THE UNIVERSITY OF TEXAS AT AUSTIN
1 UNIVERSITY STATION, C1200
AusTIN TX 78712, USA
EMAIL: figalli@math.utexas.edu

EMANUEL INDREI

DEPARTMENT OF MATHEMATICS
THE UNIVERSITY OF TEXAS AT AUSTIN
1 UNIVERSITY STATION, C1200
AvusTIN TX 78712, USA
EMAIL: eindrei@math.utexas.edu

36



	Introduction
	Overview
	The anisotropic isoperimetric inequality
	Sketch of the proof of Theorem ??
	Sharpness of the result

	Preliminaries
	Initial setup
	Isoperimetric inequality inside a convex cone

	Proof of Theorem ??
	Main tools
	Proof of the result when |2(E)| is small
	Reduction step

	Proofs of the technical lemmas

