AN EXCESS-DECAY RESULT
FOR A CLASS OF DEGENERATE ELLIPTIC EQUATIONS

MARIA COLOMBO AND ALESSIO FIGALLI

ABSTRACT. We consider a family of degenerate elliptic equations of the form div(VF(Vu)) = f, where
F € C"' is a convex function which is elliptic outside a ball. We prove an excess-decay estimate at
points where Vu is close to a nondegenerate value for F'. This result applies to degenerate equations
arising in traffic congestion, where we obtain continuity of Vu outside the degeneracy, and to anisotropic
versions of the p-laplacian, where we get Holder regularity of Vu.

1. INTRODUCTION

We study the local regularity of minimizers of the functional

(1.1) /QF(W) + fu

where {2 C R™ is an open set, ' : R” - R, f: Q) - R, and v :  — R. When a uniform ellipticity
condition on F' holds true, the regularity results are classical. Even in the vectorial case, partial
regularity of minimizers was proved under the uniform strict quasiconvexity assumption in [13, 1] (see
also the references quoted therein).

To understand regularity for more degenerate elliptic problems, a natural idea is to prove Holder
regularity at points where the gradient is close to a value where the function F is C? and uniformly
convex. This scheme has been carried out by Anzellotti and Giaquinta in [3] under the uniform
convexity assumption for elliptic systems and in [2] if uniform strict quasiconvexity is assumed. In the
latter paper it is proved that, if u : R® — RY (with N > 1) and

(1.2) lim Vu(y) — &of? dy =0
r—0 Br(l’o)

for some & € R™ and zy € R™, F is C? in a neighborhood of &, and a uniform strict quasiconvexity
holds true around &, then u is of class C%® in a neighborhood of z( for every a < 1. Their proof is
based on a linearization argument. They differentiate the Euler equation

81(8%7-"(Vu)) = f in Q

(here and in the following we use the Einstein’s summation convention) with respect to a direction
e € S"! to obtain
0i[0i F (Vu(z))0;(0cu(x))] = Oc f () in Q.
Then, using (1.2), they prove that the solution of the differentiated operator is close, on smaller
scales, to the solution v of a differential operator with constant coefficients

8Z~[6ij}"(§o)8jv(w)] =0 in Q.
1
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Since F is strictly quasiconvex in &y, this equation is in turn nondegenerate. In this way, they obtain
regularity of u from the regularity of the linearized operator.

In this paper we study the regularity of minimizers of the function (1.1) in the scalar case assuming
that I is Cb! and uniformly elliptic outside a ball, and ellipticity may degenerate inside. Basic ex-
amples which fall under these assumptions are F'(x) = n(z)P for some p > 1 with n an elliptic norm
(see Definition 3.1), and F(z) = (|&| — 1)% for some p > 1 (notice that, since we consider Lipschitz
minimizers, the behavior of F' at infinity is not relevant). The first example arises as an anisotropic
generalization of the p-laplacian, whereas the second example is related to some recent problems of
traffic dynamic. In the following we assume that I € C1! outside the degeneracy region to prove
that every locally Lipschitz minimizer is C1'® at nondegenerate points. In a previous paper [6] we
already addressed this problem when F' € C2, using techniques of Wang [22] and Savin [18]. However,
for F € C%! new techniques are needed. In this respect we mention a De Giorgi type approach in
a work of De Silva and Savin [7]; it looks possible to us that also their technique may lead to prove
our result, but we believe that our approach in this setting has its own interest. On the contrary,
the results in [2, 6] described above assumed F € C? and this assumption cannot be easily removed
with their technique, since their proof is based on a linearization argument which cannot work if the
second derivatives of F' are not continuous, because the linearized operator has no reason to stay close
to the nonlinear one. Our approach is still based on a blow-up argument; however, we prove that
the operator can be linearized, up to subsequence, around a limit operator which is uniformly elliptic
thanks to the fact that the gradient is assumed to be mainly outside the degeneracy. To obtain strong
compactness of a rescaled sequence, we use an idea of De Silva and Savin [7] presented in Lemma 4.4.

The paper is organized as follows. In section 2 we present the basic estimate of decay of the excess
function around nondegenerate points. Then we see that this estimate can be iterated at every scale
to obtain the C1'® regularity. Finally, we see that the smallness assumption is satisfied if u is close to
a linear nondegenerate function in a certain sense, which in turn can be verified in the applications. In
section 3 we see how the estimate allows to prove C1'® regularity for the solutions of the anisotropic
p-laplacian and regularity outside the degeneracy for some equations arising in the context of traffic
congestion. In section 4 we collect all the proofs.
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2. MAIN RESULT

First we introduce the excess function, which measures the distance of the gradient of a solution
Vu from its average. In terms of this quantity we express the smallness condition which guarantees
regularity. The C%% regularity for Vu is expressed in terms of the decay of the excess itself, through
Campanato’s Theorem.
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We denote by B,.(z) the open ball of center z € R™ and radius r > 0, often shortened as B, if z = 0.

Given g : 0 —» R"™, with the notation g we mean the average of g on the ball B, (x). We refer to
By (z)
the same quantity also with the notation (g)p, (z)-

Let Q be an open set and let f € L9(2) for some ¢ > n. For every u € WH2(Q), z € Q, r < d(z,9)
we consider the excess

1/2 .
Ulu,z,r) := (][B ( )|Vu(y) - (Vu)Br(x)de) + rla )/(2‘1)Hf||Lq(Bl)_

The following Theorem provides an excess-decay estimate for local minimizers of the functional
(1.1) at points where Vu is nondegenerate. As we shall show in the corollaries below, the result can be
iterated on smaller scales to provide Holder regularity for the gradient around nondegenerate points.

Theorem 2.1. Let f € LY(By) for some ¢ >n > 2. Let F: R" — R be a convex function such that
F e CYY(R™\ By/4(0)) and

(2.1) Ad < VPF(z) <AId for a.e. € R™\ By (0).

Let u € WH°(By) be a minimizer of the functional (1.1) and let us assume that |Vu| < 1 in By.
Then there exist 1o, > 0, depending only on n,q, A\, A, |[VF| e (p,), such that for every T < 79
there exists € = e(7) for which the following property holds true: If for some x € By and r < 1/4 we
have 5
Z < |(VU)BT($)| <1, U(U,ZL‘,T) <&,
then
Uu,z,mr) < 17U (u, z, 7).

Theorem 2.1 can be iterated to obtain the decay of the excess at every scale.

Corollary 2.2. Let q, f, F, and u be as in Theorem 2.1. Then there exist 19, > 0, depending only
on n,q, \, A, [[VF| po(B,), such that for every 7 < 1o there exists ¢ = &(7) for which the following
property holds true: If for some x € Byy and r < 1/4 we have

7

22) T (Vopw <1 Ulwar) <e.
then
(2.3) Ulu, z, 7%r) < 79%U (u, z,7) VEkeN.

The assumption in Corollary 2.3 is satisfied in a ball if the gradient of u is aligned in a fixed
direction, as the following corollary states. This will be in turn useful to obtain C1® regularity at
nondegenerate points in the applications of Section 3.

Corollary 2.3. Letq, f, F, and u be as in Theorem 2.1. Then there existn, a, C, 7,19 > 0, depending
only on n,q, A\, A, || fllLaBy), IVF |l (B,), such that if [Vu(z)| <1 for every x € By and

(2.4) {z € Bi:dvu(x) > 1—n}| > (1 —n)|Bi
for some v € S"71, then
(2.5) Ulu, x, 7%rg) < 7°%U (u, z, o) VkeN Vax € By

In particular, we have

(2.6) lullenas, . < C-
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3. APPLICATIONS

3.1. The anisotropic p-Laplace equation. The simplest example of degenerate elliptic equation is
given by the p-Laplace equation
0i(|VulP20u) = f,

corresponding to the choice F(x) = |z|P/p in the minimization of the function (1.1); in this case the
degeneracy consists in a single point, the origin, and it is possible to obtain C1® regularity of the
solution. It has been proved by Uraltseva [21], Uhlenbeck [20], and Evans [10] for p > 2, and by Lewis
[16] and Tolksdorff [19] for p > 1 (see also [8, 22]). In the following, we introduce a generalization
of the p-laplacian which involves an anisotropic norm. We consider an open set {2 C R™ and a local
minimizer for the functional

(3.1) /Q n(Zu)p + fu,

where n : R” — R* is a positively 1-homogeneous convex function and f € L4(Q) for some g > n.!

To ensure the equation to be elliptic outside the origin, we need to consider only norms which
satisfy an ellipticity condition in the direction ortogonal to Vn. For example, the p-norms (namely
n(z) = (|z1? 4 ... + |zn|P) /P for = (z1,...,x,) € R?) are not included in the following definition
and indeed the problem of regularity of minimizers is, to our knowledge, open.

Definition 3.1. An “elliptic norm” n € C:! (R™\ {0}) is a convex positively 1-homogenous function

loc
with n(0) = 0, positive outside the origin, for which there exist A, A > 0 such that
vnv) |?
(3.2) M1 — (7" Vn(v))|vn((v))|2 <n(v)din(v)rty <A |7'\2

for a.e. v € R?, 7 € R*.2

In the following, we prove that every Lipschitz solution of the anisotropic p-Laplace equation is
cle,
Theorem 3.2. Let p > 1, Q a bounded open subset of R", n > 2, and f € LY(By) for some q¢ > n.
Let n : R™ — R be an elliptic norm and let u € T/Vli)COO(Q) be a local minimizer of the functional (3.1).
Then there ezists a € (0, 1), which depends only on n, p, q, A\, A, ||Vn|« such that Vu € C'IOO’?(Q),
namely for every ) € Q there exists a constant C > 0 such that
(3.3) |[Vu(z) — Vu(y)| < Clz —y|* Va,ye .

This constant C' depends only on n, p, q, A\, A, |Vn|e, &, ||fllq, and ||Vu|le in a neighborhood of
Q

IRecall that a function u € Wb (9Q) is said a local minimizer of a function of the form (1.1) if, for every Q' € Q, we
have

F(Vu+Ve)+ flut+¢) > [ F(Vu)+fu Voe Wy (Q).
o o

2In this definition the term “norm” is used with a slight abuse of notation: indeed we are not requiring the symmetry

of n, namely n(v) = n(—v). We also observe that an equivalent formulation for (3.2) is to ask that
N|r|? < 0 H(w)rm; < N|r* VYo,7 €R”

for some 0 < X < A’, where H(v) := (n(v))2
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In the theorem above we assume Lipschitz regularity of the solution to prove C'1® regularity; notice
that the Lipschitz regularity follows, for instance, from [9, 4, 11]. To avoid annoying details about a
regularization argument, we prove the result in terms of an a-priori estimate; hence we assume that u
is smooth, and so is n outside the origin (For more details about the regularization, see for instance
[6, Proof of Theorem 1.1]).

The key idea to prove Theorem 3.2 is a lemma which provides a separation between degeneracy
and nondegeneracy. It says that the gradient of the solution Vu is either close to a nonzero constant,
or it decays on a smaller ball. When the first case happens at some scale, we obtain Ch® regularity
of u through Corollary 2.3. Otherwise, the decay of Vu at every scale provides C® regularity of w.

As we show now the dichotomy, stated at scale one in Lemma 4.5, is based on the construction
of suitable subsolutions to a uniformly elliptic equation, namely (G.u(z) — 1/2) for every e € S7 1,
Indeed, let u : By — R be a Lipschitz local minimizer of (1.1) with Lipschitz constant 1; then it solves
the Euler equation

(3.4) ai[n(vu(x))p‘lam(vu(x))] = f(z) z€B.
Let us introduce the coefficients
(3.5) Aj(z) = n(ﬂs)p_2((p — 1)dm(x)dn(z) + n(ﬂs)aijn(a:)) Yz € R™
Given e € S"~1, we differentiate (3.4) in the direction e € S"~! to obtain
O] Aij (V@) 0 (0.u(2)) | = 0.f(2).
We notice that, setting
(3.6) ai; () == (p — 1)3m(2)9;n(z) + n(z)dyn(z) Yz eR,

the coefficients a;; are uniformly elliptic. Indeed, Vn is 0-homogeneous and since n € C’llo’cl (R™\ {0})
we have that 0 < ¢ < |Vn| < C < oo; therefore for every 7 € R we obtain that

2 2
T~|§:EZ;| +A T_(T.v”(v))m

aymiTy > (p—1)|[Vn(v)[? Vn(o)P
> min{c*(p — 1), A}7|?,

and analogously from above. Hence the coefficients A;; are uniformly elliptic in every compact region
which does not contain the origin.

Since the function ¢ + (¢ — 1/2)4 is convex and Lipschitz with derivative 1y~ 9y, it follows that
the function

(3'7) 'Ue<3?) = (aeu(x) _ 1/2>+ ec Sn—l

is a subsolution of the equation

81' [AZ] (VU(SU))agUe(SU)} = aef(x)l{aeu>1/2} ('7:)

Notice that the values of the coefficients A;;(Vu(z)) are only relevant when 1/2 < |Vu(z)| < 1. Indeed
the solution satisfies |Vu(z)| < 1 (by assumption), and when |Vu(x)| < 1/2 we have that v.(z) = 0.
Therefore, thanks to the ellipticity assumption on n, the equation might be assumed to be uniformly
elliptic.
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The idea of the proof now follows a paper by Wang [22], where Theorem 3.2 is presented for
the classical p-laplacian. In this case, however, the author considers a different subsolution, namely
n(Vu)P, which solves an elliptic equation with nondegenerate coefficients. Indeed, given a locally
lipschitz minimizer of (1.1) with f = 0, the coefficients a;; (introduced in (3.6)) are uniformly elliptic
and the function n(Vu)P formally solves

O; [aij (Vu(x))ﬁj (n(Vu(x))p)] > 0.

The choice of the subsolution in [22] leads to additional difficulties to pass from a nondegenerate
slope of v in modulus to closeness to a linear function. Moreover, the regularity at nondegenerate
points is carried out in [22] through the analysis of the equation in nondivergence form, proving as
a key lemma that any solution of the p-laplace equation is close to the solution of the linearized
problem at nondegeneracy points. Wang’s scheme can be carried out for a general elliptic norm n
only assuming better regularity on n, namely n € C?(R™\ {0}). Hence, as we shall see in Section 4,
the proof of Theorem 3.2 requires the use of our Theorem 2.1.

3.2. Degenerate elliptic equations and traffic models. Corollary 2.3 can be used to prove local
C%? regularity of the gradient of the solution of a degenerate elliptic equation outside the degeneracy
region. We refer to [6, 5] and the references quoted therein for a detailed presentation of the model
and for the physical meaning of the continuity of the gradient at nondegenerate points. We also refer
to [15] for a nonvariational analysis of the same kind of degenerate elliptic equations.

The following result is a generalization of [6, Theorem 1.1] (see also [17] where the result is proved in
dimension n = 2) to more general functions F' (we do not require C? regularity of F'). The degeneracy
region is a convex set containing the origin, described as the unit ball of a convex positively 1-
homogenous function which does not need to be elliptic. The variational proof is based on Corollary 2.3,
which in turn uses a different technique with respect to the proof presented in [6] that is based on
some ideas of Savin [18] and Wang [22].

Theorem 3.3. Let ) a bounded open subset of R™, n > 2, f € LY(Q) for some q > n. Letm :R" — R
be a convex positively 1-homogenous function with m(0) = 0 which is positive outside the origin. Let
F :R"™ — R be a convex nonnegative function such that F € C'llo’cl(R” \{m < 1}), and assume that for
every 6 > 0 there exist As, As > 0 such that

(3.8) NI < V2F(z) < AsI for a.e. x such that 1+ < m(x) <1/4.

Let u € Wli’coo(Q) be a local minimizer of the functional (1.1). Then, for any continuous function
H :R" — R such that {m <1} C {H = 0}, we have

H(Vu) € C°(Q).

More precisely, for every open set Q) € Q there exists a modulus of continuity w : [0,00) — [0, 00) for
H(Vu) on @, which depends only on n, the modulus of continuity of H, the functions 6 — \s,0 — Ag,
|Vulloo in a neighborhood Q" C Q of ', and ||VF|e in a neighborhood of Vu(2"), such that

H(Vu(z)) - H(Vu(y)| <w(z—y) Vaye.

In particular, if F € C1(R™) then VF(Vu) € C°(Q).
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4. PROOFS

4.1. Proof of Theorem 2.1. Before proving the result, we state some simple lemmas. The proof of
the first lemma is an easy computation which is left to the reader.

Lemma 4.1. Letp > 1, X € R", and let vi,...,v, € R™ be a family of vectors satisfying |v;| = 1 for
any i =1,...,n and |det (vi|...|vn)| > co > 0 (here (vi|...|vy) denotes the matriz whose columns
are given by the vectors vi,...,vy, € R™). Then there exists a constant ¢ > 0, which depends only on
n and ¢y, such that

1 :
(4.1) |X-vj|§|X|§EZ]X-vi| Vi=1,..,n.
i=1
From Lemma 4.1 we deduce that, given independent unit vectors v1, ..., v, € R” and X € L?(2;R"),
we have

1o :
1X - villz@) < X z2@mrn) < EZ X Vil Vi=1,..,n.
i=1

This implies the following result:

Lemma 4.2. Let Q C R” be an open set. Let {Xptnen C L*(Q;R"), Xoo € L2(Q;R™), and let
{v1,..., v} be a basis of R™. Then { Xy hen is precompact in L*(S;R™) if and only if {Xn - Vithen is
precompact in L?(Q) for every i = 1,..,n. If this happens then we have that

lim X, = X, n L?(Q;R") if and only if
lim Xp-vi=Xo- vy, inL5(Q)Vi=1,.,n.

h—oc0
Another useful result is the following:
Lemma 4.3. Let A > X\ > 0 and r > 0. For every h € N let A" : B, — R"™ ™ be a sequence of

measurable functions such that A"(z) is a nonnegative symmetric matriz for a.e. x € B,, A" < AId
and

(4.3) lim ){Ah < )\Id}’ —0.
h—o00

Then there exists a measurable function A : B, — R™™ such that A(x) is a nonnegative symmetric
matriz for a.e. x € By,

(4.4) Ad < A(z) <AId for a.e. x € By,
and, up to subsequences,
(4.5) At A weakly in L?(B,; R™™).

Proof. Since 0 < A" < A1d for every h € N we have that there exists a function A : B, — R™ ™ with
0 < A < AId and such that, up to a subsequence, (4.5) holds. By (4.3), up to a further subsequence
we may assume that

(4.6) 3 ){Ah < A Id} < .
h=1
Setting
L= J{4"<A1d}  VkeN
k<h
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we have that [I| — 0 by (4.6) and that, by (4.5), A" — A weakly in L?(B, \ Iy; R"*") for every k € N.
The set {A € R™™ : A\Id < A < AId} is convex and closed in R™*™. Since A\Id < Al(z) < AId for
every € B, \ I and for every h > k, we take the limit in the weak convergence as h — oo and we
obtain that A\Id < A(x) < AId for a.e. x € B, \ I. Since k is arbitrary, we obtain (4.4). O

The following lemma is a Caccioppoli inequality for a subsolution of an elliptic differental operator
in terms of an a priori estimate. The proof follows an idea in [7, Proposition 2.3] and it is based on
the variational structure of the equation (4.8).

Lemma 4.4. Let v € S 1 A >0, ¢ >0, and f € C(By). Let F € C*(R") be a convex function
such that

(4.7) Md < V2F(x) for all x € R" such that x -v > c.
Let u € C?(By) be a solution of
(4.8) 0i(0;F(Vu)) = f in By

which is Lipschitz with constant 1 in By. Let G : R — R be a nondecreasing 1-Lipschitz function
which is constant on the set {t < c}. Then there exists C > 0, depending only on n and A, such that
for every n € R™

(49) VGO 12, ) < CUCEO 2w, + 1 z2) + IVF (V) = nlz20s,)).

Proof. By approximation, it suffices to prove the result when G € C.
We differentiate the equation (4.8) in the direction v to get

8,~(6Z~jF(Vu)8jvu) = avf in Bl.

Let ¢ € C(B1) be a nonnegative and smooth cutoff function which is 1 in Bs/,. We test the
above equation with the test function G(dyu) (2, which is Lipschitz and compactly supported, and we
integrate by parts:

/B 8UF(V’U,) 8jvu 82 [G(@VU)] CQ
(4.10) '

— 9 / 0, F(Vu) 99u G(0yu) COC + | FOJIG@O] 2 +2 [ FG(Dvu)coyC.
B1 B1 B1

We estimate each term of (4.10). As regards the left-hand side we notice that G'(dyu) = 0 on the set
{0vu < c}. Hence we apply (4.7) and the fact that 0 < G’ <1 to get

(4.11) /B 9 F (V) Ojyu G’ (Oyu) OuC® > X [ G'(dyu) [VOyu2¢? > A / |V[G(0yu)]|*¢?

Bl Bl
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To estimate the first term in the right-hand side of (4.10) we integrate by parts and, for some ¢ to be
chosen later, we have

) / Oy F (V) Do G(Oyu) COC = =2 | Du[0F (V) — 1] G(Dyu) COC
B1 Bl

= 2/ [0:F'(Vu) — ;] Ov[G(Ovu)] (O:C + 2/ [0iF(Vu) — mi] G(Ovu) Oy [COiC]
B B

4.12
(4.12) IVCI
g

< 5/31 IVIG(Ovu)]P¢* + /B IVE(Vu) —nf?

LIV / G + / VE(Vu) - nf?

B1 B
As regards the last two terms in (4.10) we have
FOov[GOvu)|+2 [ fG(Ovu) (O
Bl Bl

(4.13) g

- 2 i 2 2 2 2
<5 [ veeue s o [ e [ oo [

We choose ¢ < 2)/3 and we obtain from (4.10), (4.11), (4.12), (4.13) that there exists a constant C,
depending only on n and A, such that

/ VIG@w)? < / V(G (@) 2
B34

By

<c( [ wicealP [ £ [ [wEn ).
proving (4.9). O

Proof of Theorem 2.1. With a standard regularization, presented in detail in an analogous situation
in [6, Proof of Theorem 1.1], we may assume without loss of generality that F' € C%(B,), f € C1(By),
and that u € C?(B) is a solution of
(4.14) 82(81F(Vu)) = f in Bl.

By contradiction, let 7, > 0 to be chosen later and let us consider sequences {xp}reny € By /29
{rn}hen € (0,1/4), and {upthen € C%(B1) such that uy, are solutions to (4.14) and

(4.15) |Vup| <1 in By VheN,
(4.16) U(un, zp,rh) = Ap — 0 as h — oo,
(4.17) Uup, xp, 7r) > 7U (Up, Th, 1) VheN,
(4.18) (Vun)B,, (1) = Yoo as h — oo, Yoo € R", Z < Yool < 1.
Let us define the rescaled functions
i (z) == W z € By;

since wuy, are solutions to (4.14) we have

(4.19) 9i(8:;F(Vaup)) = fn  in By,
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where fh(x) = rnf(zp + rpx) for © € B;. Moreover, setting ~p, = (Vuh)BTh(a,h), we have that
v = (Vap)p,. We remark that, by a change of variables,
. n 1/q n
(4.20) il zage =it / @I dy) " = VN s, @)
Brh(xh)
By the change of variable formula we rewrite (4.15), (4.16), (4.17), and (4.18) in terms of ay:
(4.21) |Va,| <1 VheN,
; 2 ) 4 e/ 20)
(4.22) <][B |V (y) — Yl dy) + 7y I fllaBy = An — 0 as h — oo,
1
(which implies that r, — 0 as h — 00),
\Viay, — (Vi) |2\/2  (rry)@)/(29) N
) (f, ) T gy > 7 VN,
i . 3
(4.24) (Van)p =9 = Y0 ash =00, 7o €R" 7 <] < 1.

By Poincaré inequality and (4.22) we have that
(4.25) [n () — @n(0) — v - 2| L2(By) S Ani

therefore the functions ~ ~
up(x) — up(0) —yn - x
A
are bounded in W12(B;). Hence there exists u., € W12?(Bj) such that, up to a subsequence,

tp(z) — ap(0) —yp - @

— Uso () in L2(Bl),
An

(4.26)

Viip(x) — vn

3 — Vi () weakly in L?(By).
h

(4.27)

Step 1. Let v € S"! be such that 5/8 < v - v (so that 1/2 < v, - v < 1 for h large enough), and

set - -
:: av”‘ _ n > _ h’
on(e) 1= (Qvin(a) - Po7) - T
(4.28) wp(z) = Oyup(x) —h - v.
From the fact that

v, = W on {x € By : Ovup(x) > 7h2. V}

and v v
O>Uh:—’}/h > wy, on {xEBlia\,ﬂh(l‘)< 7h2 }

we obtain

(4.29) lvrllz2my) < llwallz2s,) < CoAns

which implies

(4.30) hlifolo lvnllz2(B,) = 0, hli_)ﬁgo lwnllz2(B,) = 0.
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Let 0 :=2n/(n —1). We claim that there exist constants C,Ca, C3 > 0 such that

(4.31) IVonllz2,,) < Cillvallzs) + 1 all 2 + IVE(Van) = VE(w)ll2s,)) < Codn,
(4.32) lonllLe(Bs,0) + 1Wnll Lo (8,4 < C3An,
(4.33) lim H h wh‘ ~0.

h—00 L2(Bj,4)

Notice that from (4.31) and (4.29) we obtain that the sequence {vj,/An}ren is bounded in W2(Bj34)
and therefore it is precompact in L?(Bs4); from (4.33) we also obtain that

(4.34) the sequence {wp/Ap}hen is precompact in L?(Bg)4).
We now prove (4.31), (4.32), and (4.33).

By Lemma 4.4 applied with uw = @p, f = fo, ¢ = Y - v/2 > 1/4, n = VF(y,), and G(x) =
(xr —n-V/2)+ — Y - V/2, we obtain that

IVl r2(sy,,) < Cr(Ilonllzesy + Ifnllz2(sy) + IVE(Vin) — VF ()l 128y
/

We claim that the three terms in the right-hand side can be estimated by the excess A, up to a
constant. Indeed by (4.29) we estimate the first term; from (4.20) we deduce that

—(g—n)/

o s
1Fullz2(s) S Wallzasy < ™ ) fullasy S A

Finally, for the last term we remember that |y,| > 3/4, F is Lipschitz in By (by convexity) and
F € CYY(R™\ By ,). Hence, |VF(Viy,) — VF(v,)| can be estimated thanks to the Lipschitz regularity
of VF on the set {|Vay| > 1/4}; on the complement {|Va,| < 1/4} we estimate the quantity
|VEF(Vay) —VF(v,)| by 2||VF||%OO(B1) and we notice that on that set |V —vp| > 1/8. We therefore

obtain
/ VE(Vi) = TFO) € C(IV P, + IV F V) /| Vil

and we conclude the proof of the second inequality in (4.31).
Since W12(Bj3/4) embeds into L7 (Bs4), by (4.31) we have that

[0nllLo(By,0) < Cadns
from the higher integrability of v;, and the fact that v, - v/2 > 1/4 we obtain

~ -V - -V
Hw € By, : Ovip(x) < 7h2 H < Hm € By, : Ovip(x) < 7h2 }
< 4%|onllze(s,,,) < CsAL-

(4.35) v(r)

Then, from (4.35) and since @y, is Lipschitz with constant 1 (see (4.21)) we get

Bl
A

4 - Th -V —2
< By : 0y ] < 4C5N72,
L%(Byy) — )\2 Hx € By/a : Oviin(z) < 2 } = 5%

which converges to 0 by (4.22) and proves (4.33).
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Finally, by (4.21), (4.35), and (4.29) we have

’Yh'V} 90

HwhH%U(Bs/al) < /;3/40{8vﬂh2%;,}|avah($) — Yh - V|U + ‘{CL' S 33/4 : av’l]h(.f) <
< vallZe (s, + Cs2°A7% < (14 27C5)A7,
which proves (4.32).

Step 2. We claim that

(4.36) lim Y0 Vis  in L*(By)
h—o00 )\h

and

(4.37) HVﬂh — ’thLa(Bg/4) < CG)\h-

Indeed, let vi,...,v,, € S ! be n linearly independent vectors such that Yoo * Vi > 5/8 and
|det (vil..]vn)| = C(n) > 0. First, we prove that the sequence (Vi —4)/Ap is precompact in
L?(B3/4;R™). Thanks to Lemma 4.2 it is enough to show that v; - (Vi — y5,)/As is precompact for
every i = 1,...,n, which in turn follows from (4.34), applied with wy;, = Oy, @p(x) — vy, - vi. The char-
acterization of the limit of a subsequence of (Vi — 1) /A follows from (4.27). As a consequence, it
is not necessary to consider a subsequence. Finally, from Lemma 4.1 and (4.32) we obtain that

IVin = nll e By, S D Ivi (Viin = )| Lo (8y,0) < nC3Mn,

i=1
which proves (4.37).
Step 3. Given a function f : By — R, v € S”! and ¢ > 0, we define the discrete derivative of f as

05 f)(x) = T2 T

3

T € B,
and the discrete gradient as

Ve f(z) = ([8§1f](az), [agnf](x)) z€ B ..

We claim that, for € sufficiently small,

(4.38) ViUl z2(Bs,4) < IVusollz2m) S 1,
2

(4.39) ]1 [Vitoo — (Vo) o > T
2a

(4.40) ][ Vottoe = (Vottoe) . > T

T

We notice that the second inequality in (4.38) follows from (4.27) and the lower semicontinuity of the
norm. To prove (4.39), we first take the limit in the second term of the left-hand side of (4.23) to get
(a—n)/(2q)
(4.41) lim sup (rra) "0 1F || Loy < 7@/ <
h—o0 Ah
where in the last inequality we have assumed that o < (¢—n)/(2¢) and 7 is sufficiently small (depending
on ¢,n, ).

7_06
27
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We notice now, as a general remark, that if r € (0, 1], fu, f € L?(B,), and limj, o f3 = f in L?(B,.),
then

(4.4 i f = Gn = 1=l

Applying (4.42) to fr, := (Vup — yn)/Ap and 7 := 7 < 3/4 (so that by (4.36) we have that
(Vup, — 1) /A — Ve in L?(B;)), letting h — oo in (4.23) and taking (4.41) into account we obtain

1/2 0 — (Vi 2,1/2
(f Vo — (Vuoo)BT\Qd:c) = lim <][ [V (ZU}L)BT’ )
Br Br )\h

h—o00
o N (Trh)(qfn)/@q)
> hgggéf <7’ — /\—thHLq(Bﬂ)
(0% Ta Ta
>T7" — — = 5 0
- 2 2

which proves (4.39).
Finally, since lim._,o V¥ = Vs in L2(B;), we apply (4.42) to Veus, and 7 = 7 to deduce from
(4.39) that (4.40) holds true for e sufficiently small.

Step 4. Let v € S~ 1 and for every h € N let wj, = 7,/|v1|. We claim that the function 0%y, solves

(4.43) AL () 005 (x) 9 () dar + O fu(z) p(z) dz = 0
B3y B34
for every ¢ € W&’Z(B3/4), h € N, and € € (0,1/4), for some measurable coefficients A?j’g : Byjy — R
with the property that A™¢(x) is a nonnegative symmetric matrix for every = € By /4 and that
h, . 1 - 1

(4.44) Md < (A%(y) SATd Yy e Byyn {Gwhuh > Z} N {awhuh(. Fev) > Z}'

Indeed, since 1y, are solutions of (4.19), for every ¢ € W&’Q(B3/4) and € < 1/4 we have

8;F (Vin(z)) di(z) = — fn(@) (),

B34 B34

OF (Vip (v +ev) ip(x) = — | fule +ev) ¢la).
B3y B34
Subtracting the two equations and dividing by € we obtain

fule +e9) — ula) / OF (Vin(@ +2v) = 6F (Vin(@)) ,
B34 € Bs/a :
_ /B 5 AL () 0,051 () D),
where
1
(4.45) A () = / Oy F (1 = O)Vin(z + ev) +tVin(z)) dt Yz € By,
0

Notice that, if # € Bs/, is a point such that Ow,un(7) > 1/4 and O, Up(z +ev) > 1/4 then for every
t e 0,1]

)

o~ =

(1 = O)Viin(z + ev) + tViin(2)| > (1 — )0y, in( + eV) + tohy, i (z) >
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therefore (4.44) holds true thanks to (2.1).

Step 5. Let v € S"~1. We claim that, for every £ > 0 sufficiently small, the function 951, solves
(4.46) /B A5 () 0i05 0o () Ojp(x) dz = 0
3/4

for every ¢ € VVO1 ’2(B3 Ji—e), for some measurable coefficients A, : B3/, — R with the property that
(4.47) AMd < (45) <ATd Yz € By

Indeed, let us consider the function ¢(z) := ¢(z)x (9w, Un(2))X(Ow, Un(z + ev)) where x € C°(R)
is such that x((—o0,1/2]) = 0 and x([5/8,00)) = 1. By the identity

X (Ow,, @n) = X((f?whﬂh(a:) - 72h|)+ _ |“Y2h\)

and (4.31) applied to v, = (Jw, tn(z)— \’yh|/2)+—|—\’yh|/2 we have that x (8w, @n(x)) € WH2NL®(B34)
with derivative

03 (o )] = X' (o 10)05 | (Bu, () ~ 1 21) ]

Similarly x (8w, @n(x +ev)) € Wh* N L>(By,,) with derivative

DX (Ow, i (x +ev)))] = X' (Ow,, Un(x 4 £v))0; |:(8Whah(x +ev) - ”Y;)J

Hence ¢(x) € VVOL2 N L>(Bsg). Notice also that from (4.31) it follows that

< Ape

(4.48) HV(ﬁwhth(w) B |%|>+’ L2(Bg/q) ™

2

Moreover we have that, since |y, > 3/4,

Hx € Byjy : Ow, tip(r) < %}‘1/2 1/2

o = Jowint) = b )
| B3 4] 8 Bys

3 1/2
<(f v -wld) " <
By

and therefore

. - )
(4.49) lim ){x € By : Owyitn(x) > g}‘ = |Byy4l-
Similarly
. - 5)
(4.50) hlggo Hx € B3y : Ow,Up(r +ev) > §H = | B3 /4.
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Using ¢ as a test function in (4.43) and dividing by A; we obtain

o5 i (z . o } .
0= /33/4 j;hh() (Z)(ZL‘) + /33/4 A:Lj (1‘) 8i8VUh(SU) Oj go(x)x(awhuh(x))x(@whuh(x + EV))}

sy = [ F o [ A SR 000) 1G] M+ )

0;05 ()

h,e
+ A (@) "

@) 0 (XD 1 (@)X (D i+ ).
B34

We want to take the limit as h — oo in (4.51). As regards the first term in the right-hand side, by
Holder inequality and (4.20) we have

0 f() 105 Fn (@) | 218, )
n B T e TN

”fh(x)HLq(Bl)
et £ o,
4=/ o)
< f”ﬁb(ﬂf)HLw(&M),

l¢(@) | Loc (B4

therefore

. 0% fu(x) _
(4.52) hh_)rrgo - T¢(x) = 0.

Then, we want to apply Lemma 4.3 to A"(z) := A" (2)x(dw, @n(2))X (0w, @n(z + ev)). For this,
notice that the assumption (4.3) of the lemma is satisfied thanks to (4.44), (4.49), (4.50), and the fact
that

X (0w, un (7)) = X(Ow, in(z +ev)) =1
on the set

N 5 . 5
{:L’ € Bsy : Ow,Un(r) > g} N {3} € Bs/y : Ow,Up(v +ev) > g}

Moreover, for every x € By such that x (0w, @ (2))x (0w, in(r+ev)) > 0 we have that Ow, tp(z) > 1/2
and Ow, Up(x +ev) > 1/2 and therefore

Ad < AME(z) < ATd.
This implies that
0 < AP () X(Ow, 1 (%)) X (Ow, i (x + ev)) < ATd Vi € Bsyy.

Hence, we obtain that there exist A® : Bz; — R™ " such that AId < A° < Ald and, up to
subsequences,

(4.53) APE (1) X (O, i, (7)) X (O i, (x + €V)) — A%(z) weakly in LQ(B3/4; R™*™).
From the equality

0i05un(z) _ é (ei. (Vﬁh(ﬂc+sv) —7h> —e- (W))
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and by (4.36) we have
.AE T . - )
(4'54) lim azavuh(x) _ 817100(1’ +€V) 8Zuoo(;z;)
h—o00 >\h e
so by (4.53), (4.54), and the fact that 0;¢ € LOO(B:,)M)’ we obtain
An

= 0;05U0o (1) in L2(33/4—a),

lim AL ()

h—o00 B3/4

djep(x) X (Ow), un(x)) X (Ow,, in(z + £V))
(4.55)
= Ajj(x) 0;05 o (x) Djep ().
B34
To estimate the last term we notice that, since
1 1 1

ST |
2+0+2n ’

by Hélder inequality we have that

/B Al () 0i0y () () X' (Ow,, un(z)) 0; (3whfth(x) — |7h’)+x(awhah(x +ev))

» A 2
PP e B I CEAEE DN P
[k @ X @@ x| L,

Since 0 < Agg(x) < AId for every x such that x'(Ow, un(z))x(Ow, tn(x + ev)) > 0, it follows that

(4.56) | AL @) X O () x Oy i + V)| L < CAYIN e
L2"(Bgy4)
Thus, from (4.56), (4.37), (4.48), (4.56) we have that
(4.57)
c, y 0i05up(z) N _ |7 .
fm [ A @) S @) X O, ()0, (Bwnn(@) = ) | x(@w il + 2v) = 0.
Similarly,
(4.58)
. £ 818‘5,11 w) - - - 87 |
i [ A @) P )X G ) w4290 (Gt + )~ 31) =0

Hence, letting h — oo in (4.43) and taking (4.52), (4.55), (4.57), and (4.58) into account, we obtain

0= A5 (2) 0:05 100 () Oj0().

B34

Step 6. We find a contradiction.
Since by (4.46) the functions 05, € W1?(Bs /4) solve a uniformly elliptic equation for e > 0 small
enough, by De Giorgi-Nash-Moser Theorem there exists o > 0 such that for every v € 77!

(4.59) 105 tcollcoza(p, ) S 105 tocllL2(By,4) < 1V UoollL2(By,0) S 1,
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where the last inequality follows from (4.38); in particular, applying the previous inequality to v =
€1, ..., €y, we obtain that

(4.60) HVEQOOHCOQO‘(BUQ) < Cy.

Hence, by Jensen inequality and (4.60), for 7 sufficiently small we have that
2c

f (Voo () — (Vouso)p, [*de < ][ 7[ Vouoo ) — Vouno(y)* dody < Cor'e < T,

which contradicts (4.40) and concludes the proof. O
4.2. Proof of Corollaries 2.2 and 2.3.

Proof of Corollary 2.2. Let x € By and r < 1/4; let 10, &, 7,e(7) be as in Theorem 2.1. Let ¢ < g(7)
be a constant to be chosen later. We prove (2.3) by induction. For k = 1 we apply Theorem 2.1 and
we obtain (2.3). Assuming as inductive assumption that

(4.61) Uu,z,7'r) < 72U (u, z,7) Vi<k-—1,
we prove
(4.62) Ulu, z, 7%r) < 79%U (u, z, 7).

By (2.2) and (4.61) applied with i = k — 1 we have that U(u,z, 7" ') < e < (7). In order to
satisfy the assumptions of Theorem 2.1 at z with radius 7 1r we have to show that

3
(4.63) 1SIVup @l ST

For every i € N let us set v; = (Vu)p , (). For every i = 1,...,k — 1 by (4.61) we have that

Vi — Yi-1| = <][B i (m)|% — Yi-1] dy)1/2

Ttr

= <][BTir<m>|vu(y) il dy)m + (][B
<(4,

A 1 A
< U(u,x,7'r) + —U(u,xﬂ‘z_lr) < (TO‘ +
Tn/2

Hence, by the triangular inequality we obtain

1/2
[Vuly) = i1 dy)

7ir(2)

1/2 1
Vu(y) — il d — ][
LR b))+ oalf)

Ttr

1/2
V() = vieaf* dy)

Ti—l,«(x

)T"‘(i_l)U(u,:ﬁ,r).

n/2

k—1
(VB s, = (VW) = 11— 0] < > i =il
(4.64) i=oi
1 , 1
@ a(i—1) =+
S(T -I-Tn/Z)(Z;T )U(u,x,r)gC(T,nja)sgg
where in the last inequality we have chosen € small (depending on n, 7, ). From (4.64) and (2.2) we

obtain (4.63). So, we can apply Theorem 2.1 with radius 7~ to obtain
(4.65) Ulu, z, 78r) < 79U (u, z, 7 1r),
which, together with (4.61), implies (4.62). O
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Proof of Corollary 2.3. Let x € Byo; let 7 = 19,6 = g(1p) be as in Corollary 2.2. First we prove
that, if n and r¢ are chosen sufficiently small, then

7
(4.66) < I(Vu)p, @l S Ulwzm) <e.
We choose ry < 1/4 sufficiently small so that
(4.67) 0 fll gy < 5

We estimate the first term in the excess splitting the integral over B, (z) N {0yu > 1 —n} and its
complement. For every y € B, (z) N {Oyu > 1 —n} we have that

[Vu(y) = v|* = |Vu(y) > + [v]* = 2Vu(y) - v < 2(1 — Vu(y) - v) < 2n.

In the complement of By, (z) N {Oyu > 1 —n} we have that |Vu — v| < |Vu| + |v| < 2. Therefore we
have

(4.68)
By, () : Ov >1- By, () : Oy <1-
][ Vuy) — v[2dy < {y € By(x) : Byu(y) 77}|4n2+4|{y € B,y (z) : dyu(y) |
By (z) |BT0‘ |B7"0|
1
< i + B 1/v € Bu:dvuly) < 1-n)l.

T0

Noticing that (2.4) implies that |[{y € By : dyu(y) <1 —n}| < n|Bi| we obtain
B 2
(4.69) f vt Py < <
ro (%) ’BT0| 4

where in the last inequality we have chosen 7 sufficiently small. From (4.69) it follows that

f o 1vul) - (Vs @l dy = inf { Vuty) -~ Py
By () "€ By (z)

(4.70) 2

< ][ IVu(y) — v|*dy <
By (z)

£
4
and therefore by (4.70) and (4.67) we get the second inequality in (4.66). From (4.69) we have

9 \1/2 €
f Vu -y < (0 Va) -vPay) <5
BTQ () BTQ ()
it implies
7
8 )
which proves the first inequality in (4.66). Hence the assumptions of Corollary 2.2 are satisfied and

we obtain (2.5).
We are left to prove (2.6). From (2.5) and (4.66) it follows that for every k € N and x € By s,

3
‘(VU)BTO(I)| 2 ‘V‘ - ‘(VU)BTo(I) — V’ 2 1— 5 Z

1/2
<][ Vu(y) — (Vu)p (x>\2dy> < U(u,z,7"rg) < 7°%U (u, 2, 10) < e7".
B k 0(:)’]) T 7‘0

From Campanato theorem [12, Theorem 1.3, section III] we obtain (2.6).
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4.3. Proof of Theorem 3.2.

Lemma 4.5. Letn € (0,1). Let p, n, A\, A, u, q, f be as in Theorem 3.2 with Q@ = By. Assume that
|Vu(z)| <1 for every x € By and

(4.71) sup {z € Bijs: deu(z) = (1 —n)} < (1 —n)|Biyal.
ecS™—
Then there exist constants ¢ := c(n,p,q, A\, A) and C := C(n,n,p,q, A\, A) such that if ||f||pe,) < C
then
(4.72) Vu| <1—en®  Va€ By

Proof. Let us fix e € S"~! and let v, be defined as in (3.7). We repeat the proof of [14, Theorem 8.18]
(see also [17, Lemma 4]) applied to the function 1/2 — v.(z), which is a nonnegative supersolution in
Bj of the equation

014y (Vu(@); (5~ ve(@))| = 0@ jor1721
(the coefficients A;; are defined in (3.5); as we mentioned before, to properly justify this computation
one needs to perform a suitable regularization argument in the spirit of [6, Proof of Theorem 1.1] and
[22]). This equation can be considered to be uniformly elliptic since the values of A;;(Vu(z)) where
|[Vu(x)| < 1/2 are not relevant. We obtain that there exists a constant ¢g := c¢o(n, p, ¢, A, A) such that
a weak Harnack inequality holds

1/2 — v, < inf  {1/2— v, .
ol1/2 = teliron < ot 172 = @)} + W ascsn

On the set
{r€Byjp:0u<(1-n)}

(whose measure is greater than n|B | from (4.71)), the integrand is greater or equal to 7 and we
obtain

inf{1/2 —ve(z) : x € Bys} > co/ (1/2 —ve(z)) dz — || fll La(my)

1/2

> conl{z € Bzt (Oeu(x) —1/2)1 < 1—n} — || fllLa(sy)
> con’|By o] — C.

(4.73)

Therefore, setting ¢ := co| By 2|/2 and C := con?| By 2| /2, we have
inf{1/2 —ve(w) : . € By} > en?,
which in turn can be rewritten as
deu(z) <1 —cn? Vi € By
Since this argument holds true for every direction e € S"~1 we obtain (4.72). O

Iterating the previous lemma on smaller scales and using the scale invariance of the anisotropic
p-laplacian we obtain the following result.

Lemma 4.6. Let p, n, A\, A, u, q, f be as in Theorem 3.2. Let n > 0 be sufficiently small, ¢ and C
as in Lemma 4.5, 8 = cn?, and k € N. If |Vu(z)| < 1 for every x € By,

(4.74) sup [{{x € By-2i-1(0) : Qe > (1 =) (1 = 0)'} < (1 — )| By-2i1|  Vi=1,..,k,

ecSn—1
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and || fllpa(s,) < C, then we have that
(4.75) |Vu(z)| < (1—-6)" Va€Byoa  YVi=1,.,k+1.

Proof. We prove the result by induction on i. Assuming (4.74) with ¢ = 0 we obtain (4.75) with i =1

from Lemma 4.5. Let us assume that the result holds true for ¢ and let us prove it for ¢ + 1. Thanks
to the homogeneity of the anisotropic p-laplacian, the function

2214272 x)

U

satisfies by inductive assumption |Vv| <1 in B; and it is a minimizer of

r € B

P
(4.76) / n(Vo)" | 7,
By p
where
_ 2721'

flx) = mf@_%ff)-

Hence the norm of f is estimated by

1F11 = e |f(y)]*dy < pmem 11
Li(B) T (1 6)iv—Da [, yray = (1 - 0)ie—Da "/ lLa(Br)’
2—2i

Therefore, provided that ¢ is chosen small enough so that 2-2(a=n)/(Pa=9) < 1 — §, we obtain that
I fllcaczy < Ifllza(By) < C. The assumption (4.74) can be rewritten as (4.71) applied to v instead of
u; therefore, Lemma 4.5 gives us that

[Vo(z)| <1-90 Vz € By,
which implies (4.75) with ¢ 4+ 1 in place of 1. O

Proof of Theorem 3.2. By a covering argument, it is enough to show that, if « : By — R is Lipschitz,
then

(4.77) sup |Vu(z) — Vu(0)| < Cp272“ VieN,
x€B2,2¢
for some «a € (0,1), Cy > 0 which depends only on d, p, A, A to be chosen later. Let n > 0 to be fixed
later; let ¢, C, 6 = cn? as in Lemma 4.6. Up to changing u with
u(rox) — u(0) Vo e B
70/ Vull Loo(By)

thanks to the homogeneity of the anisotropic p-laplacian we can assume that

u(0) =0, |Vu(z)|<1 VzeB, and |flrem,)<C.
Let k € NU {oo} be the largest index for which (4.74) holds true. Let a3 € (0,00) be such that
27201 — 1 — §. If k = co we have that by Lemma 4.6

sup |Vu(z)| < (1 —9)" =272 VieN;

1‘632721‘
hence (4.77) is satisfied. If £ < oo set
22(k+1)u(2_2(k+1)x)

v(z) = (1 0)k+1
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By the maximality of k& we have that there exists e € S"~! such that

(4.78) {z € Bijp: Oev(x) 2 1 —n}[ = (1 —n)|Bil.

Thanks to Lemma 4.6 applied to u we obtain that

(4.79) sup  |Vu(z)| < (1 —6)F =272 Vi=1,..,k+1.
TEL,—2;

and

[Vo(z)] <1 Vz € By.

We choose 1 > 0 so that Corollary 2.3 applies to v with F'(x) = n(x)?/p (notice that assumption (2.1)
is not a restriction since |Vuv| < 1); we obtain that there exist ag,Co > 0 such that for every i € N

sup  |[Vu(2726tg) — Vu(0)| = sup |[Vo(z) — Vu(0)| < Cp27221,

27(11 (k+1) .TEBQ_Qi (BEBQ_QZ'

which can be rewritten, setting & = min{ay, as}, as

(4.80) sup |Vu(z) — Vu(0)| < 022—2a2i+a1(k+1) < 022—2a(i+k+1).

TE€B)—2(itk+1)
From (4.79) we deduce that for every i = 1,....k +1

sup  |Vu(z) — Vu(0)] <2 sup |Vu(z)] <2-2729 < 2.27200
IE€B2_21' meBQ—Qi

which, together with (4.80), proves (4.77) when k < oo with Cp = max{2, Cs}. O

4.4. Proof of Theorem 3.3. Since the proof of this theorem follows closely the lines of [6, Theorem
1.1], we just outline the argument.

First we remark that all results in Section 2 hold replacing By and By, with sets {m < M} and
{m < m} for some 0 < m < M (indeed, the statements and the proofs can easily be adapted to this
setting with easy modifications).

Then we regularize the equation by approximation, reducing ourselves to prove an a-priori estimate
on a regular solution as in [6, Theorem 1.4].

Finally, to prove regularity at nondegenerate points we use Corollary 2.3 instead of [6, Lemma 4.1
and Proposition 4.3]. O
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