AN OBSTACLE PROBLEM FOR CONICAL DEFORMATIONS
OF THIN ELASTIC SHEETS

ALESSIO FIGALLI AND CONNOR MOONEY

ABSTRACT. A developable cone (“d-cone”) is the shape made by an elastic
sheet when it is pressed at its center into a hollow cylinder by a distance e.
Starting from a nonlinear model depending on the thickness h > 0 of the sheet,
we prove a I'-convergence result as h — 0 to a fourth-order obstacle problem
for curves in S2. We then describe the exact shape of minimizers of the limit
problem when € is small. In particular, we rigorously justify previous results
in the physics literature.

1. INTRODUCTION

If a thin elastic sheet is placed on top of a hollow cylinder and pressed down by
a distance € in the center, then the resulting shape is roughly a developable cone
(known as “d-cone”). Experiments show that the sheet lifts from the cylinder on one
single region (that is, it has “one fold”), and that the angle subtended by this fold
is independent of € for € small (see [CM]). In this paper we give a mathematically
rigorous justification of these observations.

We start with a nonlinear model depending on the thickness h > 0 of the sheet.
We first prove a I'-convergence result as h — 0 to a fourth-order obstacle problem
for unit-speed curves in S?. We then show that, for € small, the minimizers of the
one-dimensional obstacle problem lift from the obstacle on exactly one interval, and
we give a precise estimate for the length of this interval. We describe our results in
more detail below.

We model the elastic energy of a sheet of thickness h by

Ep(u) = hQ/

\D2uf? dz + / dist>(Du, O(2, 3)) da,
By

By

where u: By C R? — R3isa W22 map, and O(2, 3) = {P € M3*2: PTP = I5,5}.
We restrict our attention to maps satisfying the conditions u(0) = 0 and u|s: € S?
(here and in the sequel, S' = 9Bj is the unit circle in R?). It is well-known
that the minimizers of Ej, with these boundary conditions have the energy scaling
Ej, ~ h?|log h| ([BKN], [MO]). It is thus natural to consider the normalized energy

— 1
1.1 Epi=——F).
(L.1) " h2[logh| "

Our first result is that, subject to the above conditions, the functionals Ej I'-
converge as h — 0 to a limit functional on one-homogeneous isometries with W?2-2
boundary data. More precisely, let

X :={ueWh¥(B;; R?) : u(0) = 0 and ulg: € S?}
1
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equipped with the W4 norm. Let E)}, the the functional on X defined by (1.1)
when u € X N W?%2(B,), and by E;, = +oo otherwise. Furthermore, define the
functional Ey on X by

@ fBl\B1/2 |D2u|2 d.l?, ifue XnN W2’2(Bl\Bl/2)
(1.2) Eg(u):= is a one-homogeneous isometry,
400, otherwise.

The first main result is:
Theorem 1.1. The functionals E}, T-converge on X to the functional Eq.

The main difficulty in the proof of Theorem 1.1 is that the normalized energy
does not control the W?22 norm of the boundary data. To overcome this, we prove
some geometric estimates to show that certain Lipschitz rescalings of maps with
bounded normalized energy have boundary data that are bounded in W22, and are
close to the original data in L? (see Section 2).

Remark 1.2. The I'-convergence of E}, to E for maps with fixed unit-speed Dirich-
let data in C*(S!) for k = 2 or k = 3 follows directly from the estimates in [BKN]
and [MO]. For our I-convergence result, we only have the information uls: € S?
(the boundary data are not fixed). However, one may still use a version of Lemma
2 from [BKN] to obtain our result. We thank the referee for pointing this out.

Remark 1.3. As h — 0, maps with bounded normalized energy are generally un-
bounded in W?2'2(B;) but have small membrane energy. It is thus natural to use
the W14 norm in the definition of X, since W' * convergence implies convergence
of membrane energy.

To model a thin elastic sheet placed on top of a hollow cylinder and pressed

down by a distance € in the center, we introduce the obstacle
Oc:i={zi+ai>1-}n{as <el,

and we let X, = X N {u(By) N O = 0} equipped with the W"* norm. Define
Ej, and Eq on X, as above. The existence of minimizers of Ej, in X, N W?22(By)
and of Ey in X, N WQ’Q(Bl\Bl/Q) is an easy consequence of the direct method in
the Calculus of Variations. A corollary of the proof of Theorem 1.1 is that the
functionals E}; on X, I'-converge to Fq (see Remark 2.5). In particular, if hy — 0
and minimizers u of E}j, converge in X, to u’, then u® is a minimizer in X, of

Ey.

Our second result is a precise description of the minimizers of Eq in X, for all €
small. If u is one such minimizer, then u|s: is a unit-speed curve v € W22(St; §?)
with image in {3 > €}. Furthermore, Eo(u) = [, x? ds, where & is the geodesic
curvature of 7. Thus, the problem of minimizing Ey in X, is equivalent to the
fourth-order obstacle problem of minimizing

F(v) ::/ w2 ds
St
over Y :={y € W22(S1; §?) : |y'| =1, v C {w3 > €}}.

Let . be a minimizer of F' in Y. Let 6 denote the angular variable in cylindrical
coordinates, with axis of symmetry in the es direction. Our second result is:
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Theorem 1.4. There exist €g > 0 small and C universal such that for all € < €,
we have
”'Ye . 63”6’2»1(81) < Cl,
and . lifts from the obstacle {x3 = €} NS? on ezactly one interval.
More precisely, v. can be parametrized as
(1.3)
ve = {(1 - a(9)2)1/2(cos(9)61 +sin(f)es) + a(f)es, 6 € Sl}, lalleza sty < Ce,

where a(0) = € on S'\I., where I. is an open interval satisfying |I.| — o as € — 0,
where £y € (2.42,2.43) is uniquely characterized.

The idea behind the proof of the result is to study a linearized obstacle problem
for graphs over S!, obtained by “stretching the picture vertically” by the factor e *.
Using analytic techniques we characterize the minimizers of this linear problem
as functions that lift from the obstacle (the constant function 1) on exactly one
interval, with a precise estimate for the length of this interval. To show that this
behavior passes to the minimizers of the nonlinear problem for € small, we need
some compactness. This is provided by the C?! estimate (1.3), which is uniform in
e. This C?! estimate comes from a careful analysis combining the Euler-Lagrange
ODE with energy minimality.

Remark 1.5. For the standard obstacle problem (in which one minimizes the Dirich-
let energy) the optimal regularity is 1!, and minimizers solve a second-order equa-
tion where they lie above the obstacle. In contrast, we consider minimizers of a
functional that is equivalent to the H? norm. We thus gain a derivative in the
optimal regularity, and the minimizers solve a fourth-order equation where they lie
above the obstacle.

Remark 1.6. In [O], the T-convergence as € — 0 of the “vertically stretched” non-
linear obstacle problem to the linearized problem is established, and minimizers of
the linear problem are studied. In contrast, Theorem 1.4 describes the exact shape
of minimizers for the nonlinear obstacle problem for all € small. With respect to
[O], the new contributions of this paper are:

- a sharper characterization of minimizers of the linear problem as functions which
lift from the obstacle on exactly one region;

- the C?*! estimate (1.3) and a uniform lower bound on the separation regions
(see Proposition 3.4), which allow us to pass this result to the minimizers of the
nonlinear problem.

Remark 1.7. Although ~, is contained in the thin strip {¢ < z3 < Ce} N'S? (so
after “stretching vertically” we obtain graphs on a cylinder), the curvature of S?
plays an important role in making . stick to the obstacle. Indeed, due to this
constraint, the contributions of the height 7. - e5 and its second derivative (7. - e3)”
to the curvature of -y, are of the same order for all € small (see Section 3).

The paper is organized as follows. In Section 2 we establish some preliminary
geometric estimates, and use them to prove Theorem 1.1. In Section 3 we prove
Theorem 1.4, in several steps. We first derive the Euler-Lagrange equation for .,
and we show that . € C?'. We then prove the bound |, - e3llc21 sty < Ce. Next
we describe minimizers to the linearized problem. Finally, we combine this analysis
with the C%! estimate to prove Theorem 1.4. In the Appendix we collect some
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calculations and results from functional analysis used to derive the Euler-Lagrange
equation.
2. -CONVERGENCE

In this section we prove Theorem 1.1. We first establish some geometric estimates
for maps with bounded normalized energy.

2.1. Geometric Estimates. Let u be a W22 map such that u(0) = 0 and u has
boundary data

v(0) :=u(l, ) € S
(Here and below we use standard polar coordinates (r, §) € [0,00) x St). Let
v(r, 0) ;= rv(0)
be the cone over the boundary values. Finally, let
e:=u-—v.

Here and in the following, we shall use subscripts to denote partial derivatives (for
instance u, = d,u).
The key estimate is the following;:

Proposition 2.1. Let u be as above, and assume for some Co > 1 that Ej(u) < Cp.
Then

2
(2.1) ler 4y < 3Ce*h|log hl,
B\B, T 0
1 h

and furthermore

1/2 1/2
(2.2) 1/ le|? ds / < 3o/t (Mlloshl /7‘
T JoB, - 0 r

for all h < hg universal and r > h.

Inequality (2.2) says that maps with bounded normalized energy are well-approximated
by the cones over their boundary data at scales r >> h|logh|. The proof of this
fact relies only on the bound for the stretching energy. Inequality (2.1) says that,
on average, the radial derivative of u is close to v on circles.

Before proving Proposition 2.1 we need some preliminary inequalities.

" . . . L h)—f(0
Lemma 2.2. Let f : [0, h] = R™ be a Lipschitz function satisfying w =
A>2. Then

h A4
/ 2(If2 - 1)2de > B2
; 16

Proof. Using the rescaling f(z) — + f(hx), we may assume that h = 1. By Cauchy-

Schwarz we have
1
— (/ $1/2|f/|2 dr — 2)
0 3
2

1 1 1
/x(|f’|2—1)2dx>(/ x1/2|f’|2dx—/ xl/de)
0 0 0
R
;A%

and
1 1 1
/ x1/2|f/|2dx2‘/ f/dili
0 2 0

2 2
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Combining these we obtain
1 2
1 2
/2 2 2
—1)de > (A" — -] .
[ etz -1y iz (542 2)

As a consequence of Lemma 2.2 we control the oscillation of bounded-energy
maps at small scales:

O

Lemma 2.3. Assume that Ej,(u) < Co. Then

sup |ju—u(x)] < 403/4h| log h|*/4
8Bh(x)

for any x € B1_op,.

Proof. By translating and adding a constant vector we may assume that x = 0 and
u(0) = 0. Let M > 0 to be fixed later, and define

Ey :={0 €S : [u(h, 0)| > Mh|logh|*/*}.
By the upper energy bound we have

h
/ / r(Ju> = 1) drdf < Coh?|log h.
Enm JO
On the other hand, by Lemma 2.2 we have

h 4
M
/ / r(Jur)? = 1) drdd > H'(Ear) b log h| =—,
Enm J0 16

where H! denotes the 1-dimensional Hausdorff measure. We conclude from the
previous inequalities that

(2.3) HY (En) < 16Co M4,
Assume by way of contradiction that
(2.4) lu(h, 0)| > 2Mh|logh|*/*,

and consider the half-circle
0B, :={(h,0):0 € (n/2,3m/2)}.

We repeat the above argument with (h, 0) in place of the origin, 8 € (37/4, 57 /4),
and r € [0, p(6)] with p(#) := 2| cos0|h € (v/2h,2h), so that

(h,0) + (p(0),0) € 0B, V0 € (3m/4,57/4)
(see Figure 1). In this way, if we set
En = {0 € (3n/4,57/4) :Ju((h,0) + (p(0),0)) — u(h, 0)| > Mh|logh|'/*},
it follows by the upper bound and Lemma 2.2 again, that

p(0)
Coh?|log h| > / / r(ju.|? —1)*drdo
En JO

4

~ M
> Hl(EM)(\/ih)2| log h|ﬁ,

thus
(2.5) HY(En) < 8CoM 2.
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p(0)

FIGURE 1

Recalling (2.4) it follows that the sets
A]M = {(h,&) 10 e (71'/2,37‘(/2) \EM}
and ) .
Ap = {(,0) + (p(0),0) : 6 € (37/4,5m/4) \ En},
are disjoint subsets of 0B, , thus
HY(An) +H Y (Ap) < HYOB,) = 7h.
On the other hand, (2.3) and (2.5) imply that

HY (Ay) = h/ do > (m —16CoM~*)h,
(7/2,37/2)\Em
M) = [ VIO + O db
(37 /4,57 /4)\ Enr

=2h / d > (m —16CoM~*)h.
(37 /4,57 /4)\ Enr
Combining the last three estimates, we conclude that
3200 M~ > 7,

a contradiction if we chose M := 203/4.
This proves that (2.4) is false, and since (h,0) was an arbitrary point on 0B},
this concludes the proof. (Il

Now, using the boundary data, we prove Proposition 2.1. The approach is the
same as in [BKN] and [MO].

Proof of Proposition 2.1: By the definition of e we have
(Jur* =1) = 2(e - 7), = ler|*.

Using the boundary data and Lemma 2.3 we conclude that

2 2
(s T -1
/ ler 4y g/ Mdm—l—leC’éMh\loghP/‘l.
B\B, T B1\B; r
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Applying Cauchy-Schwarz to the first term and using the energy bound we obtain
the H! estimate

2
/ ler” 4z < 36121 10g 1.
B\B, T
for h < ho universal. This is inequality (2.1).
This estimate controls the function |e| on circles. Indeed, by the fundamental

theorem of calculus, for > h we have

316l 0) < 1ok, )+ 7 [ lerto. 002 dp).

Integrating on 9B, and using Lemma 2.3 and inequality (2.1) we obtain

! h|log h

r / lef? ds < 647Cy/*h?|log h|'/? + 6C/? (|0g|) 2.

T JoB, .

Since the second term dominates for » > h whenever h is sufficiently small, (2.2)

follows. O

2.2. T-Convergence. We now prove the I'-convergence of the functionals £} on
X ={u e W(By; R?) : u(0) = 0 and uls: € S?} to a limiting functional on
conical isometries. Let u® be a family of maps in X such that Ej(uy,) < Cy for
some Cy > 1. The key result is the lower-semicontinuity:

Proposition 2.4. Under the above hypotheses, there exist hy — 0 such that u"*
converge in L? to a one-homogeneous isometry u® € W2’2(B1\B1/2), and further-
more
lim infEh(uh) > Eo(uo).
h—0

As mentioned in the introduction, a difficulty of the proof is that the boundedness
of the normalized energies does not imply the boundedness of the boundary data
u”(1, #) in W22(S'). Consider for example

w'(r, 0) = r(cos(h) ey + sin() ez) + @(r)|log h|'/%€? sin(/e,) es,
where ¢ is a smooth cutoff that is 1 near » = 1 and 0 for r < 1/2, and let
h
h w (T7 0)
0) = ———.
O = L)

Then ||D*u"||2(5,)|log k| ~1/? is bounded. Furthermore, the second term in the
definition of w” gets arbitrarily small in C' as e, — 0, so for €, small we can keep
the energy of u" bounded. However, ||w"||yy22(s1) ~ |log h|'/? blows up as h — 0.

To overcome this difficulty, we use the geometric estimates to select some suitable
Lipschitz rescalings of u” whose boundary data have the same L? limit, but are
bounded in W22,

Proof of Proposition 2.4. Set 7"(0) := u"(1, ), and define
Ry, = {Te[h, 1]:7"*1/ |u7’}—'yh2ds>|logh|1}.

r

By inequality (2.1) we have the estimate
(2.6) H'(Ry,) < Ch|logh|?.
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(Here and below C' denotes a constant depending on Cj). This implies that

1
/ —dr = (14 o0(1))|loghl,
[h]log k|2, 1\Ry T

therefore
Eh(uh)
1 2
> |log h|_1/ —2/ (|7“D2uh|2 + %dis‘cz(Duh7 0(2, 3))) dsdr
[hl IOg h|27 1]\Rh r aBr h

1 r2
> (1 1 inf z D*u"|? + —dist?>(Du”, 0(2, 3)) | ds.
> o)t 2] (et as(on 0. 9) ) ds

Thus, we can choose rj, € [h]logh|?, 1]\ Ry, such that

- 1
(2.7) liminf E"(u") > liminf — / ra D2 ds.
h—0 h—0 Tp 0B,
1
(2.8) — dist2(l)uh7 0(27 3))d8 < C‘ 1ogh|_4,
Th JOB,,
and
1
(29) R \uﬁf'yh|2ds§ \logh\*l.
Th JOB,,

Indeed, (2.8) follows from the fact that 7, > h|log h|?, while for (2.9) we use that

Th ¢ Rh.
Note that, by inequality (2.2), we also have
1
(2.10) — [ryta” — 42 ds < C|log h| ™t
Th
Th
Set

1
F4(6) := —u"(ry, 6).
T

We first claim that
~h
||Tvy ||W2'2(Bl\31/2) S C

Indeed, by (2.10) we have |[v" — 4"||r2s1) < C|logh|~1/2. In addition, by (2.7)
and (2.8) one obtains

[l as < c.
St

This proves the claim, and we conclude that (up to taking a subsequence) 7
converge weakly in W22(S!) and strongly in W12(St) to a W22 limit curve ~Y.
Note that, as a consequence of the L? convergence of 7" to 7, and of (2.8) and the
strong W12 convergence of 3" to 7°, we have

h

Ol =gl =1.

Finally, we can establish lower semicontinuity. Since the matrix D?u” contains

T%uge + %uﬁ as one of its coefficients (this follows by computing the Hessian in
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polar coordinates), we have

— 1
liminf £}, (u") > lim inf — / |rnD?u”|? ds
h—0 h—0 Ty 4B,

> hmlnf/ H/gg + u?(rhv )|2 do
h—0 st

> liminf ((1 =) [y + 2" 0 =€) [ (s, ) ="+ W)cw)
h—0 st s1
> (1=8) [ b +" .

In the last line we use the lower semicontinuity of the W22 norm, and inequalities
(2.9) and (2.10). Since this holds for all § > 0, we conclude that

h—

— 1
(2.11) liminf Ey(up) > / 199 +7°12db = / |D?u’|? du,
0 st 10g2 31\31/2

where u’(r, 0) := r7°(0) is a one-homogeneous W22 isometry that coincides with
the L2 limit of u”. 0

Theorem 1.1 follows quickly from Proposition 2.4.

Proof of Theorem 1.1. We first show the lower semicontinuity inequality.

Assume that u” converge to u® in X. In the case liminf,_.q Ej(u") = +o00 we are
done. In the other case, Proposition 2.4 shows that u® € W22(B1\Bjs) is a one-
homogeneous isometry, and furthermore that the lower semicontinuity inequality is
satisfied.

Now assume that u® € X. We construct a recovery sequence.

If Ey(u’) = +oo there is nothing to prove, so assume that u” € W22(B;1\By»)
is a one-homogeneous isometry 7y9(6). Let f : R — R be a smooth even function
such that f(s) = |s| for |s| > 1 and f(s) = s? for |s| < 1/2. Then

TN/ [+ 1f s+ 1f/s*| <C VseR.
Let u®(r, ) := hf(r/h)7°(6). One computes

— 1

Ey(u") = Ey(u®) + (/ |D?up|? dx + h™2 dist?(Du”, 0(2, 3)) dx) .
|logh| \/p, By,

By the inequalities for f, we have |[D?u”| = O(h~!) and |Du”| = O(1) in B),. Thus,

the last two terms are O(|logh|™1), and we conclude that

lim sup Ej(u”) = Eo(u?).
h—0
O

Remark 2.5. Recall that X, = X N{u(By) N O, = B}, where O, is the cylindrical
obstacle {2 + 23 > 1 — €2} N {z3 < €}. The same arguments show that the
functionals E), I'-converge on X, to the functional Ey. To see this, note that X,
is closed by the compact embedding of W'* into C°, that lower semicontinuity
(Proposition 2.4) follows from bounded normalized energy, and that the recovery
sequence we construct above is in X, whenever u® € X,.
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Remark 2.6. It would be interesting to remove the condition u(0) = 0 using small-
ness of the membrane energy. As observed in [BKN] (see Remark 2), one could
do this for boundary data that cross every great circle, but this is impossible for
curves of length 27.

3. MINIMIZERS OF THE LIMIT PROBLEM

In this section we precisely describe the minimizers in X, of the limit energy Ej.
Recall that this problem is equivalent to minimizing the so called “Euler-Bernoulli

elastica energy”
F(y):= / w2 ds
S1

for curvesin Y, = {y € W22(SY; S?) : || =1, v C {x3 > €}}. Here s = 4"+ (yx7)
is the geodesic curvature of .

Note that all curves in Y. have length equal to 27. Since F(v) is a geometric
functional (thus invariant under reparameterization), it can be defined also for
general curves v (without the unit-speed constraint) with the understanding that
ds = ds., denotes the length element, and & is given by the formula x = M
Hence, in order to have more freedom in our variations, we shall minimize F over
the set

Y, := {y € W22(S'; §?) : Length(v) = 27, v C {3 > €}},

where Length(y) := [ ds, is the length functional.

3.1. Euler-Lagrange Equation. Let 7 be a minimizer of F in Y,. Up to a repa-
rameterization, we can assume that || = 1, thus v € Y.. We first compute the
Euler-Lagrange equation, and show that v € C?1:

Lemma 3.1. Let v be a unit-speed minimizer of F in'Y.. Then € C?L(SY), and
for some A € R, the geodesic curvature K satisfies

(3.1) K4+ ((1+N) +£2/2)k >0,

with equality where v - e3 > €. Moreover, F(v) < Ce? and vy C {x3 < Ce} for some
universal C.

Before proving Lemma 3.1 we record some important variational inequalities.
Let ¢ : S — R3 be a smooth map, and let ¥ := ¢ — (¢ - 7)7y be its projection
tangent to the sphere at . A calculation (see Appendix) gives

I v+ 0%
<Iv+5w

where N = v x ' is the unit normal to the cone over 7.

By minimality, the first-order coefficient in § is nonnegative provided the varia-
tion satisfies - e3 > 0 where v touches the obstacle {x3 = €} NS? (this is needed to
ensure that also Qig%
length to first order. We can remove the length constraint

MM)) /
Length = N -ds=0
oLens <v+5¢| g s

) =F(y)+2§ (ﬁN-¢”—3H27’-w’+/1N-¢> ds + 0(6%),
St

is contained inside the set {z3 > €} for § > 0), and preserves

4
ds =
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by introducing a Lagrange multiplier (see Appendix): hence, we deduce that, some
AER,

/ (m-w”—gﬁ2y'-¢’+(1+A)nN-¢) ds >0
Sl

provided ¥ - e3 > 0 where v -e3 = €.
Replacing ¢ with ¢ — (¢ - v)y we get

3 1
(3.2) / (/{N S — §m27’ @+ (1+N)EN -+ 5/@27 : <p> ds >0
Sl

provided 1 - e3 > 0 where v touches the obstacle. Furthermore, equality holds in
(3.2) for variations supported in {7 -e3 > €}. We prove Lemma 3.1 using this form
of the FEuler-Lagrange equation.

Proof of Lemma 3.1. First, it is easy to show the energy bound using a com-
petitor of the form 4 = (1 — 21(6)?)'/2(cos(0)e; + sin(f)es) + en()es, where n = 1
off of an interval of length 1/10, and grows to a universal height C' chosen so that
the length constraint [ |§/| = 2 is satisfied.

As a consequence of the energy bound and the embedding W22(St) — L>°(S1),
we have that 7 is at distance at most C'e in L* from a great circle inside S2. Since
~ is contained inside the upper hemisphere, this implies that v C {x3 < Ce}.

Next, note that since v € W?22(S!) we have that 4’ is continuous, so in particular
is bounded. Hence, since x € L2, it follows by (3.2) that

(3.3) sup —/ (kN)-¢"ds <M
[ol+e' |1, peC2(ST), (p—(p7)7) €320 st

for some finite constant M. We now note that, given any C' vector-field ® : St —
R3, we can define

s 27
p(s) = / O(t) dt — i/ O(t)dt + Ag e3 Vs € [0,2n],
0 21 Jo

where Ag > 0 is a constant to be fixed. With this definition, ¢ is a periodic
vector-field of class C2. Also, because |7 - e3| < Ce we see that, for e small,

(p—=(p-7)7) e3> —[®-esllpr = [|D- A1 ]v-es| + Ap — Aa (v - €3)*
> Ap(1 — Ce®) — ||®]| 1 (14 Ce) >0

if we chose Ag := 2||®||z1. This means that
we get

m is admissible in (3.3), and

— [ )0 ds < (ol + 0] )31
st

Since [|¢loo < Col|®||zr < 27Ch]|®| 00, and @ : ST — R3 was arbitrary, this proves
sup

that a
/ (kN) - @' ds
|o|<1, ®eC1(s1)| st

which implies that kN = ~" +~ € BV(S') C L*°(Sh).
We show now that (kN)’ is in fact in L. To this aim, using that k € L, it
follows by (3.2) that

S (1 + 27‘1’(}())]\47

sup 7/ (kN) - ¢"ds < M.
Jsr (el <1, eC2(SY), (p—(w7)7)-e3>0  JS?
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Hence, by the same argument as above, we get
= [ tny-@'as < (el + @) )T
s

and because ||¢||p1 < Co||®||L1 we conclude that

sup / (kN) - @' ds| < (1+ Co)M.
[l 1 <1, ®€C (ST)]/S!
As a consequence, |(kN)'| = |7 +4'| is a bounded function, completing the proof
that v € C%1.

Finally, choose ¢ = ¢N in (3.2) for any smooth function ¢ such that ¢ > 0
where v - e3 = €. Integrating the first two terms by parts and using the identities
N’ = —k~" and v’ + v = kN we arrive at

[ R+ (0 + 2/2)08] ds 2
St
with equality when ¢ is supported in {7 - e3 > €}, completing the proof. O

3.2. %! estimate. In this section we prove the C%! estimate (1.3) in the state-
ment of Theorem 1.4, and the fact that the contact set {7 - e3 = €} is nonempty.
To simplify the notation, we remove the subscript € from ~..

So, let « be a unit-speed minimizer in Y, of F, let h(s) := ~(s) - es, and let & be
the geodesic curvature. Before beginning, we note that showing ||h[|c2.1s1) < Ce
for universal C' suffices. (Here and below, C' denotes a large universal constant
that may change from line to line). Indeed, let 8 be the angle coordinate of 7 in
cylindrical coordinates with symmetry axis in the eg direction. A purely geometric
calculation gives

(3.4) o5 = - ! - (1 = }_";) .

As a consequence, if ||h||c2.1(s1) < Ce, then for € small y is parametrized by a(f) :=
h(s(9)) as

v = {(1 — a(6)®)Y?(cosfe; +sinfesy) + a(f)es: 6 Sl}

and furthermore |af[c2.151) < Ce. We establish this estimate for i below.
Of course, in what follows, we can assume that e is universally small.

Proof of C?! estimate. We first recall that, by Lemma 3.1, |h| < Ce. In addi-
tion, a short computation yields the relation
(3.5) R"(s) + h(s) = kN - es3.
We conclude, using the energy bound [ HQdS,Y < Cé? (see Lemma 3.1), that
[hllcrs) < Ce.
In the following steps, we show that ||x[|co.1s1) < Ce using energy minimality

and the ODE for «. In this way the estimate [|h 2.1 (g1) < Ce will follow from the
equation (3.5).

Step 1: The minimum of k is negative. Indeed, if not then ~ encloses a convex
subset of the half-sphere, and the length of v is strictly less than 27 (this follows,
e.g., by Crofton’s formula on the sphere).
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Step 2: We have
1+AX>0.

Indeed, suppose not, and suppose that the minimum of x is —A (with A > 0 by
Step 1) at s = 0. Note that x > 0 on the contact set {x3 = €}, so this minimum
must be attained in a noncontact point. Also, k cannot be negative everywhere.
Indeed, if y(s) is a point which minimizes v - es, at this point the curvature of - is
at least the one of the parallel at height v(s) - e3 > € > 0, which is positive (note
that, for the moment, we did not prove yet that the contact set is nonempty; this
is the content of Step 7 below).

Note that, by symmetry of the ODE (3.1), x(s) = &(—s) on the interval in
{k < 0} containing 0. Here we used £'(0) = 0 (since x has a minimum there) and
ODE uniqueness. Thus there exists sg < 7 such that k < 0 on (—sg, s9), with k =0
at £sg, and

K3

2
on this interval. Integrating this information, we deduce that

H//S_ §A3

1
(3.6) k(s) < —A+ §A332 on (—so, So),

and because £(sg) = 0 it follows that sp > A~!. On the other hand, (3.6) also
implies that x(s) < —A/2 on (—1/A,1/A), so by energy minimality it follows that

1/A 2 1/A
A = / (A) ds < / r(s)?ds < Cé?,
2 —1/A\ 2 —1/A

thus A < Ce?. Combined with the bound 7 > sg > A~!, this yields the desired
contradiction for e small enough.

Step 3: Set A :=+/1+ A. We have
1
A>—.
T 27
Indeed, the same considerations as in Step 2 give r(s) < —A + L A(A% + A?)s?
for s € (—s0,50), so we conclude that (A% 4 A?)~1/2 < sy < 7, and by energy
minimality that A%(A% + A?)~1/2 < Ce?. This yields
1
< (A2 —|—A2)1/2 — AQ(AZ +A2)71/2 —|—A2(A2 —|—A2)71/2 < 062 —|—A,
™
and the claim follows for e small.

Step 4: We have
A! rré%x|m| < Ce.

Indeed, let A = maxg: |x|. Using the energy estimate as in Step 3 we have A%(A? +
A?)~1/2 < Ce?, or equivalently

(e _ce

L+ (AA-1)2 7 A '
Thanks to Step 3, this yields

AA—l 2

( ) < 2rCe?,

VIt (AA-1)2
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and the claim follows easily.

Step 5: The curve -y separates from the obstacle on intervals I; of length ¢;. Let
A; = maxy, ||. Then

> Aj < e
Indeed, the ODE has the conserved quantity

4
(3.7) K2+ A%+ % =const  on each I;.

This implies that, if £ has multiple local maxima or minima inside I;, then at these
points the value of |«| is equal to A; since x’ = 0 there. Thus, if we write I; = U, I;;
where £ has constant sign inside I,;, and if x;; € I;; is a local maximum for ||, we
have |k(z;)| = As.

Also, it follows by Step 4 and the ODE

K= —(A? 4+ K%/2)k = —A*(1 + A 262 /2)k

that x is concave while positive and convex while negative. Hence, || is concave
inside each interval I;;. This implies that its graph stays above the triangle that
has basis I;; x {0} and vertex at (z;;, A;), therefore

1
/ HQdS Z 514127'[1(]2])

I;;

Adding these inequalities over ¢ and j we obtain (since ), HY(L;;) = ¢;)

1 2 2
5;141[7; < /81 Kkds,
and we conclude by energy minimality (see Lemma 3.1).

Step 6: We have
2
€
Ei A0 > T

This follows from the constraint [y, 6'(s) ds = 2m (recall that 6 is the angle coordi-
nate of «y in cylindrical coordinates with symmetry axis in the e3 direction). Indeed,
since [|h]|c1 sty < Ce and h > € (recall that h =~ - e3), we have for € small that

3 1/2 €2
0'(s) > (1+ 62)1/2 (1 - 2h’Q) >1+ T h'2.
Integrating we conclude that
2
(3.8) / W2ds > <
s 4

Suppose that 0 € I; is a minimum point for h, so that h(0) > € and h/(0) = 0.
Multiply (3.5) by h’ and integrate on I; to obtain

s ‘; 1/2
W2 (s) g/ A;|W | ds < At/ (/ B2 ds> .
0 0
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Integrating again on I;, we obtain
/ W2 ds < A265,
I;

Since b’ = 0 on {h = €}, the claim follows from the inequality (3.8).

Step 7: The contact set {7 - e3 = €} is nonempty.

Assume by contradiction that this is not the case. This implies that the ODE
(3.1) holds with equality on the whole S'. Also, by Step 5, because £; = 27 (there is
only one interval where 7 detaches from the obstacle) we get that || < Ce. Hence,
integrating (3.1) on S' and using Step 4, we get (since [¢, £”ds = 0 by periodicity)

A—2
/ Kk ds :—/ K> < Cé>.
Sl 2 Sl

Then, integrating (3.5) and using that |N-e3—1| < Ce? (since |y-es|+ |7 -e3| < Ce)
we get

/hds:/ KN'EgdSS/ kds + Cé? k| ds < Ce?,
st st st st

where we used again that |x| < Ce. However, this is a contradiction since h =
~ - ez > € everywhere.

Step 8: We have
A<LC.

Indeed, suppose by way of contradiction that A2 >> 1. The inequalities from Step
5 and Step 6 imply that some ¢; (say ¢;) is larger than some universal constant
c1 > 0. So, by Step 5 again, A7 < ¢;'Cé?, thus || < Ce on I;. The idea of the
following argument is that if A is too large, then k oscillates rapidly around 0, so y
follows a great circle that is tangent to the obstacle from below, contradicting that
h > e.

We now establish this rigorously. By Step 7, I; cannot coincide with the whole
S'. Assume that I; starts at 0. Then for some sg, on I; we claim that

k= Coesin(A(s — s9)) + O(€?)

for universal Cy. (Here and below O(d) indicates a function that is smaller in
absolute value than C¢ for universal C).

Indeed, since |k| < Ce on I; we have k" + A%k = O(€3). Take Cp and sq such
that Coesin(A(s — sg)) has the same initial value and derivative as k at 0.

We first claim that Cy < C universal. Indeed, we note that

K'(0)% 4+ A%k(0)2 = C2A2€% cos? (Asg) + C2A%e? sin®(Asg) = Cae? A2
Hence, by the conservation law x2 + A?x? + k%/4 = const, if 5 € I; denotes a
maximum point of || then (note that x'(5) = 0)

2202 _ N2 4 A2e(2 < AZe a2 4 B 2 2 4
Cie"A* = k'(0)* 4+ A°k(0)° < A%K(5) JrTSCA e+ Ce™,
and the claim follows (recall that, by assumption, A is large).
Now, consider the function w(s) := k(s) — Cpesin(A(s — sp)). Then w solves

w” + A%w = 0(e}), w(0) =w'(0)=0.
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Multiplying by w’ and integrating we obtain that
t
w?(t) + Aw?(t) < 063/ |w'| ds < Cte? max |w’|.
0 1

Choosing first ¢ € I; where |w/| attains its maximum we obtain max;, |w’| < Ceé3.
Then, combining this information with the above inequality we get maxy, |w| <
CA~te3 < Cé, that is

max |k(s) — Coesin(A(s — s0))| < Ce®.

1

Since N -e3 = 14 O(€?) (by the inequality ||h]lc1 sty < Ce), it follows by (3.5) that
h" 4 h = Coesin(A(s — s9)) + O(€?).

Using the initial conditions h(0) = € and A/(0) = 0 (since 0 is a contact point) we
obtain, in a similar way to above, that

h(s) = % sin(A(s —s0)) + € <1 + inAz sin(Aso)> cos(s)
C()EA . 3y E 3
- Tz cos(Asg) sin(s) + O(e”) = ecos(s) + O(A +e ).

Taking s = min{w/2,c;} we get a contradiction to h > € for A sufficiently large.

Step 9: By Steps 4 and 8 we have
max |k| < Ce.

Since the ODE for  on I; has the conserved quantity x"? + A?x? + k% /4, using that
K'(s;) = 0 if maxy, || = |k(s;)| we conclude that

4
max |82 < A%k(si)* + @ <Ceé Vi

Since k' = 0 on the contact set, we conclude that |k'| < Ce. Recalling (3.5), this
proves that ||h||c2.1(s1)y < Ce, completing the proof. O

As a consequence of the C?! estimate, we can show that for e small, the mini-
mizer vy cannot lift from the obstacle on short intervals. In the following we take
€ < €p small universal.

Lemma 3.2. There exists cog > 0 universal such that if one of the intervals I in
{h > €} satisfies H'(I) < co, then k > (1 —€2)71/2 on I.

Proof. A short computation shows that the curvature of the obstacle S N {z3 = €}
is €(1—€2)~1/2. Since the obstacle touches v from below on contact points, we have
k> €(1 —€2)~1/2 at the endpoints of I.

Assume that x < €(1 —€2)~/2 somewhere in I. Since & is strictly concave where
it is positive (see Step 5 above in the proof of the C*! estimates), it has to become
negative somewhere inside I (otherwise it could not reach the value e(1 — ¢2)~1/2
at the boundary points of I), implying that

oscrk > €(l — 62)_1/2.
However, by the mean value theorem

oscrk < HY(I) m}'ix|n’|.
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FIGURE 2

Since || < Ce (see Step 9 above), the two inequalities above imply
HY(I)>C™,
as desired. (]

Lemma 3.3. If an interval I in {a(6) > €} satisfies H'(I) < 7, then k < e(1 —
e2)~12 somewhere in I.

Proof. The proof is by elementary geometry on S? and by maximum principle.
Suppose that I is centered at § = 0. Let £, € S* parametrize the half great-circle
of vectors in S? with #-coordinate equal to 7 and angle ¢ € (0, ) from the e axis.
Note that the circles K, := {£, - © = €} N'S? intersect the obstacle K, at points
with f-coordinate in (7/2, 37/2). It follows that, for some g € (0, 7/2), the circle
K, touches 7 from above locally at a point with 6 coordinate in I (see Figure 2).
Then, since the curvature of K, is (1 — ¢2)~/2, the desired inequality holds at
this contact point. (I

As a consequence of Lemmas 3.2 and 3.3 we have:

Proposition 3.4. There exists a universal co > 0 such that for all € < g universal,
the intervals I; that comprise {h > €} satisfy H'(I;) > co.

Proof. Assume by way of contradiction that H!(I;) < ¢ small. By Lemma 3.2 we
have that k£ > €(1—€?)~1/2 on I;. Since ||h]|c1(s1) < Ce, the angle in the 6 variable
subtended by this interval is at most 2¢y < 7 for € small. This is a contradiction of
Lemma 3.3. (I

In particular, for € < ¢y small universal, the set {h > €} consists of finitely many
intervals of length at least cg.

3.3. Linear Problem. Let 7, be a minimizer in Y, of F', with geodesic curvature
Ke. Let he(s) = 7.(s) - e3, and let A2 = 1+ )\, be the Lagrange multiplier.

We consider the problem obtained by “stretching the picture vertically.” So, we
set

he : =¢'h., and &, :=¢ 'k..
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—
€(2.42,2.43)

F1GURE 3. For a minimizer, h lifts from the obstacle on exactly one interval.

By the C?! estimate proved in the previous section, there exists a universal constant
C such that
he > 1, [lhllc2asry < C
B! + he = ke + O(€2),
R+ (A2 + €2R2/2)ke > 0 with equality where he > 1,
A2e(CH O).
Moreover, recalling the identity (3.4), the length constraint fo% 0'(s) ds = 2 reads

/ (h? — h?)ds = O(?).
Sl

In the limit that ¢ — 0, the functions h. and R. converge (up to taking a
subsequence) in C? (resp. C°) to a solution of the following linear problem:
h>1,heC?(Sh
' +h=r
k" 4+ A%k >0 and =0 where h > 1
Jo: (W? —h*)ds = 0.

We now describe precisely the minimizers of [, % ds over all h, k satisfying

the linearized problem. Note that this result was already numerically predicted in
[CM].

(3.9) Linear Problem =

Proposition 3.5. Let h, k be a minimizer of fsl k2 ds over all pairs that solve the
linear problem (3.9). Then h = 1 on S'\I, where I is an open interval of length
between 2.42 and 2.43. Furthermore, A € (3.79,3.82), and h and k are given by
explicit formulae (in particular, they are unique), see Figures 8 and 4.

Proof. First, we claim that the contact set {h = 1} is nontrivial. If not, integrating
the equations h” + h = k and " + A%k = 0, it follows by periodicity that

hds:/ HdSZ—A_2/ k"ds =0,
st st st

contradicting that h > 1.
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FI1GURE 4. The function « is Lipschitz and solves the ODE x +
A?k = 0 on the interval {h > 1}.

On an interval (—sg, s9) C {h > 1} with A = 1 at the endpoints, one explicitly
solves the equations for x and h to obtain

cos(As) o) = sin(sg) cos(As) — A sin(Asg) cos(s)
cos(Asg)’ sin(sg) cos(Asg) — A sin(Asg) cos(sg)

(3.10) K=

By the C?! regularity for h and the ODE h” + h = k we get the relation

tan(Asg)  tan(sg)
A1 = .
(3 ) ASQ S0

Since sp < 7 and tan(z)/z is injective on (0, 7), it follows that A > 1. Furthermore,
the ODE has no nontrivial solutions when A = 1. We conclude that

A>1.

The set {h > 1} consists of open intervals I; of length 2s;. Using the above
computations, we rewrite the constraint [, (h* — k') ds = 0. Using that h = 1 and
K =0 on {h =1}, as well as the explicit formula for h given in (3.10), we see that
the constraint equation is equivalent to

27 + Z(A7 — 287) = O7

where

s3sec?(As;) — tan(s;)[2A%s? — s

Ai =

and (recall (3.11))

(3.12) — =
Since

sec’(As;) = 1+tan?(As;) = 1+ T A2 = 14A2 tan?(s;),
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we can rewrite
s3[1 4 A2 tan?(s;)] — tan(s;)[2A2s? — s2] — 253 + 2A2s3
(1- A7)
A2s;tan?(s;) — (2A% — 1)[tan(s;) — s4]
- A2 -1 '
Thus, the constraint can be rewritten as
21 + Y [tan(s;) — 5]
2m — > [si tan?(s;) — 2(tan(s;) — s;)]

Ai — 251' =

(3.13) A? =

We now claim that s; < 7/2 for all . Indeed, if not, assume that s; > 7/2 and
note that s; < /2 for j > 2 (because, being the intervals disjoint and the contact
set nonempty, » . s; < 7). Consider the function

g(z) := ztan?(z) — 2(tan(z) — 2),

so that the denominator in (3.13) is given by 27 — >~ g(s;).
It is easy to check that g > 0 on (0, 7), and that g is decreasing on (7/2, 7] with
g(m) = 2m. In particular, g(s1) > 2w. Thus we have

A2 s1 —tan(s1) — 2m — > ;5 [tan(si) — si
g(s1) —2m + Zi22 9(s:)
s1 —tan(sy) — 2w
g(s1) — 2w
<1

where we used that tan(s;) > s; for ¢ > 2, g(s;) > 0, and that the function
s —tan(s) — 27

g(s) —2m
is bounded by 1 on [7/2, 7). This contradicts that A > 1, proving the claim.

S —

Using (3.13) again, we can now improve the bound on s;. Since all s; are less
than 7/2, the numerator in the expression for A? is positive, therefore so is the
denominator. In particular, this implies that ), g(s;) < 2m. Since g is increasing
on (0, 7/2) and ¢(1.225) > 2w, we have

(3.14) g(s;) <2r = s <s,, Vi,
where s. € (0,1.225) is the unique point such that g(s.) = 2.

The computations so far only used that h and x solve the linear problem. We
now bring in the energy minimality. Using the formula for x in (3.10) we obtain

/ k2ds = 27 + Z —2s;)
where
E; = tan(s;) + s;[1 + A? tan?(s;)].
The minimization problem can thus be rewritten as

min{Z[(tan(si) —5;) + A?%s; tan2(si)] :(3.12) and (3.13) hold}.

i
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tan(x)

y(z) = =3

08 6 24 32 s 48 )
s SAl.s

tan(x)

FIGURE 5. For y(z) = , the functions A;  are found by im-
posing y(sAj,s) = y(s).

Using the constraint (3.13) to rewrite the term s; tan(s;), we get that the problem
is equivalent to minimizing the energy

(3.15) £:=N(r+ Z(tan(si) —5))
under (3.12) and (3.13).

We now want to analyze better the constraint (3.12). To this aim, we note that
the relation
tan(s)  tan(As)
s As
gives, for any s € (0,7), a sequence of solutions

A>1,

1<As<Aos<...
These are found by imposing
tan(s Ajs) — Ajstan(s) =0, sA; € (m, (4 + D7),

(see Figure 5). By implicitly differentiating, we see that the functions s — A, 5 are
strictly decreasing on (0, 7). Furthermore, A; ¢ — 0o as s — 0.

Using these observations we estimate the minimal energy from above. To do so
we consider the case that {h > 1} consists of one interval.
We first estimate the length of this interval. Recall that, by (3.14), we can
restrict to the range s € (0, s.). Because
27 + [tan(s) — ]

s L(s) = 57 — [s tan2(s) — 2(tan(s) — 5)] is increasing on (0, s¢),

s— Ay, is decreasing on (0, s.),

A s— +ooass— 0T,  L(s) = +ooass— s,
there exists a unique point §; < s, < 1.225 such that
L(31) =A%,
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Note that for 2 > 0 the function *2£ is increasing on each interval ((k—1/2)m, (k+
1/2)7). Since
tan(3.81 x 1.21)  tan(1.21) tan(3.82x1.21)  tan(1.21)
3.81x1.21 1.21 3.82 % 1.21 1.21

we conclude that 3.81 < Ay 191 < 3.82. Also, since £(1.21) < (3.81)2, we have
L£(1.21) < A7 | 5, which yields 8; > 1.21 and Ay, < Ay 101 < 3.82.
On the other hand
tan(3.79 + 1.215)  tan(1.215) tan(3.8 + 1.215)  tan(1.215)
379%1.215  1.215 38%1.215 1215
together with £(1.215) > (3.8)2, implies that §; < 1.215 and A, > 3.79. Thus we
proved that

(3.16) 8 €(1.21,1.215) and A, € (3.79,3.82)

<0, > 0,

<0,

> 0,

These estimates give in particular an upper bound for the minimal energy:
min€ < AZ [r + tan(3;) — §;] < (3.82)*[r + tan(1.215) — 1.215] < 67.4.

Using the energy bound we now get an upper bound for A for a minimizer.
Indeed, the expression (3.15) gives (note that tan(s;) > s; since s; < 7/2)

(3.17) A*m <min€ <674 = A <464
Recall now that s; < 1.225 for all 7. Since
tan(3.75x 1.225)  tan(1.225) - tan(6.35 x 1.225)  tan(1.225) <0
3.75 % 1.225 1.225 ’ 6.35 % 1.225 1.225 ’

3.75 % 1.225 € (m, 2m), 6.35 % 1.225 € (2w, 3m),
we conclude that, for all 7,

(3.18) Ais, > Ajj1.205 > 3.75,

Ao s, > Ao 1.225 > 6.35.
Since 4.64 < A2 1925 (see (3.17)), we deduce that A = Ay, for all <. Since Aq
is strictly decreasing, this implies that there are a finite number N of folds with
identical length: s1 = so = ... = sy = 5. Thus (3.13) reads

9 27 + N[tan(s) — 3]

27 — N[5tan?(5) — 2(tan(5) — 5)]

Since N§ < m, this gives

5 1+ tan(s)/s 2
A" < —— — < —
2tan(s)/s — tan(5)2 — 2 — stan(s)
that combined with the lower bound A > 3.75 (see (3.18)) yields § > /3, so this
immediately gives N =1 or N = 2.
In the computation above we have shown that, if we consider one single fold,
then we can make the energy lower than 67.4. We now want to prove that N = 2
is energetically less efficient.

Observe that % > 1 on (0, 7/2), and is increasing on (7/2, 37/2). Since
tan(1.437)/(1.437) < 1, we conclude that

As > 1.437.
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Because of this, in the case N = 2 we have that the energy is at least

1.437\ 2
i 2 — .
se(;;;{?m)( s ) [+ 2(tan(s) = 5)]

To provide a lower bound on the above quantity, we check that at the end points it
is larger than 80. Also, if there is a critical point sg € (7/3,1.225), then at such a
point we have (since the first derivative vanishes) w4 2(tan(sg) — s¢) = so tan?(sg),
so the energy at sq is (1.437)2(tan?(sg)/s0). The critical point happens for s > 1.13
by a simple computation (the right side in the critical point condition has larger
derivative than left side, and the difference changes sign between 1.13 and 1.14).
Thus, since w is increasing, we deduce that the energy at a critical point is at
least (1.43m)%(tan(1.13))%/(1.13) > 80.

Since 80 > 67.4, this shows that the case N = 2 has higher energy than N = 1.
We conclude that, for a minimizer, {h > 1} consists of exactly one interval of length
25;. Furthermore, thanks to (3.16),

2.42 < 23, < 2.43,

completing the proof. O

3.4. Proof of Theorem 1.4. By combining the C%! estimate with Proposition
3.5, we prove Theorem 1.4.

Proof of Theorem 1.4. We proved the C?'! estimate in Section 3.2. Recall that,
as a result of this estimate, as ¢ — 0, there is a subsequence of elzlhek, eglﬁek
(corresponding to minimizers ., of F in Y, ) that converge respectively in C? and
CY to a solution h, k of the linear problem (3.9).

We first claim that this limit is a minimizer of [, x*ds. By strong C? con-
vergence it is clear that limy_, oo €;2F (Ve ) is at least the minimal energy for the
linear problem. If limsup;_, . EI;QF (e, ) is larger than the minimal energy for
the linear problem, then by using the linear minimizer and making arbitrarily
small perturbations to satisfy the length constraint, we get a competitor of 7.,
with smaller energy, which would give a contradiction. (More precisely, if A is the
minimizer of the linearized problem, create a competitor by perturbing the curve
(1 — €2h(0)%)1/2(cos(0) e1 + sin(0) e2) + exh(0)es. A short computation shows that
to satisfy the length constraint we need to make a perturbation to h of size €2 in
C?. The curvature of the competitor is then exr + O(€}), so for k large the energy
of the competitor is smaller than that of the minimizer v,,.) Thus e,;lhek (resp.
€, e, ) converge in C2 (resp. C°) to a minimizer of the linearized problem.

By Proposition 3.4, for € < €y small, the intervals that comprise {e 'h, > 1}
all have length at least ¢y > 0. It follows from the convergence of e h. (resp.
e ko) in C? (resp. C°) to a minimizer of the linear problem and Proposition
3.5 that the sets {e *h. > 1} consist of exactly one interval that converges in the
Hausdorff distance to the separation interval for a linear minimizer. This completes
the proof. O

4. APPENDIX

4.1. Derivation of Euler-Lagrange Equation. For a curve on the sphere of
length 27, let v be a unit-speed parametrization. We define the unit normal N to
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the cone over v by
N =~vx ’y’.
Easy computations give that
(4.1) " = —~v+ kN, " N = k.

If 4 is a curve on the sphere, but not parametrized by arc length, the above
formula can be used to derive the geodesic curvature & of 7:

7" (7 x7)
.
Now let ¢ € W22(S!) satisfy ¢ - v = 0. Using (4.2), we compute the geodesic
curvature ks of the projection of v + d¢ to S?:

ks =K+ 0y N =36 y) +9" (¥ x 9 +vx¢)) +0(6%).
Using the vector identity a- (b x ¢) = b - (¢ x a) we conclude that

kZdss = (112 +26 <nN = %FcQ’y/ ) + kN - w) + 0(52)> ds,

(4.2) R=

where ds; is the length element of ~5 := %, that is

dss = (1407 - + O(6%))ds.
Thus, the first-order change in [ x%ds is given by

/ <HN S — 252*)/ Yy + kN - 1/}) ds.
Sl

4.2. Lagrange Multiplier. We can remove the length constraint [, kKN-1hds =0
by introducing a Lagrange multiplier .

Let v be a unit-speed minimizer of F' in Y.. Let J be the contact set {v-e3=¢€}
of the minimizer with the obstacle. Let

Z:={p—(p-7)v:peW?*(SR%)}
be the subspace of W22(S';R?) that is tangent to S* on 7. Let v, denote an
element of Z generated by ¢. Finally, let

K:={peZ:¢y-e3>0on J}
Note that K is convex. Furthermore, K — K = Z. Indeed, since ||y - e3||c1(s1) <

Ce, we have for ¢ = Aes with A large that 1, - e3 ~ A >> 1. Thus, for any
) = 1 € Z we have for A large that (¢, —1g) - e3 = p_g - €3 > 0.

For ¢ € Z, let ky be the geodesic curvature of %, with arc length parameter
Sy, and let

G(y) := /Sl Ky dsy, H®) = /S1 dsy — 2.
By construction, 0 € Z is a local minimizer of the variational problem

min{G(¢) : ¢ € K, H()) = 0},
and by the above computations both G and H are Fréchet differentiable in a neigh-

borhood of 0. Thus, we can apply [O, Theorem 4] (taken from [DMO]) to conclude
that there exists some A € R such that

DG(0)[y] + ADH(0)[¢)] >0 V¢ € K.



OBSTACLE PROBLEM 25

By the above computations, this becomes

/ (HN”@[}”3’127,'1/}/+(1+)‘)HN'1/}) ds >0
St

for all ¥ € K and some A € R.
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