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Abstract

We deal with the asymptotic behavior of the s-perimeter of a set E inside
a domain 2 as s \, 0. We prove necessary and sufficient conditions for the
existence of such limit, by also providing an explicit formulation in terms of
the Lebesgue measure of F and 2. Moreover, we construct examples of sets
for which the limit does not exist.

1 Introduction

Given s € (0,1) and a bounded open set  C R™ with C!"7-boundary, the s-
perimeter of a (measurable) set E C R™ in Q is defined as

Pers(E;Q) .= L(ENQ, (FE)NQ) (L1)

+LENQ,(FE)N(EQ)+ L(EN(€N),(FE)NQ), '
where ¥E = R™\ F denotes the complement of E, and L(A, B) denotes the following
nonlocal interaction term

1
L(A, B :://7@(1 VA, BCR" 1.2
(4.5) AlJp |z —y|vts Y (1.2)

Here we are using the standard convention for which L(A, B) = 0 if either A = &
or B=g.

This notion of s-perimeter and the corresponding minimization problem were
introduced in [3] (see also the pioneering work [14, 15], where some functionals
related to the one in (1.1) have been analyzed in connection with fractal dimensions).

Recently, the s-perimeter has inspired a variety of literature in different direc-
tions, both in the pure mathematical settings (for instance, as regards the regu-
larity of surfaces with minimal s-perimeter, see [2, 7, 6, 13]) and in view of con-
crete applications (such as phase transition problems with long range interactions,
see [4, 11, 12]). In general, the nonlocal behavior of the functional is the source of
major difficulties, conceptual differences, and challenging technical complications.
We refer to [9] for an introductory review on this subject.

The limits as s \, 0 and s " 1 are somehow the critical cases for the s-perimeter,
since the functional in (1.1) diverges as it is. Nevertheless, when appropriately
rescaled, these limits seem to give meaningful information on the problem. In
particular, it was shown in [5, 1] that (1 — s)Per; approaches the classical perimeter
functional as s /1 (up to normalizing multiplicative constants), and this implies



that surfaces of minimal s-perimeter inherit the regularity properties of the classical
minimal surfaces for s sufficiently close to 1 (see [6]).

As far as we know, the asymptotic as s \, 0 of sPer, was not studied yet (see
however [10] for some results in this direction), and this is the question that we
would like to address in this paper. That is, we are interested in the quantity

w(E) = il{[{l} sPer,(E; ) (1.3)

whenever the limit exists. Of course, if it exists then

WE) = n(¢E),

since

Pery(E; Q) = Pers(¢E; Q).

We will show that, though  is subadditive (see Proposition 2.1 below), in general
it is not a measure (see Proposition 2.3, and this is a major difference with respect
to the setting in [10]). On the other hand, i is additive on bounded, separated sets,
and it agrees with the Lebesgue measure of E N (up to normalization) when E
is bounded (see Corollary 2.6). As we will show below, a precise characterization
of u(E) will be given in terms of the behavior of the set E towards infinity, which
is encoded in the quantity

1
a(FE) ;= lim 5/ — dy,
(E) N0 Jpnees,y) [yY"Te

whenever it exists (see Theorem 2.5 and Corollary 2.6). In fact, the existence of the
limit defining « is in general equivalent to the one defining i (see Theorem 2.7(ii)).
As a counterpart of these results, we will construct an explicit example of set E
for which both the limits p(E) and a(E) do not exist (see Example 2.8): this says
that the assumptions we take cannot, in general, be removed.
Also, notice that, in order to make sense of the limit in (1.3), it is necessary to
assume that'
Per,, (E; Q) < o0, for some sg € (0,1). (1.4)

To stress that (1.4) cannot be dropped, we will construct a simple example in which
such a condition is violated (see Example 2.10).

The paper is organized as follows. In the following section, we collect the precise
statements of all the results we mentioned above. Section 3 is devoted to the proofs.

2 List of the main results

We define & to be the family of sets E C R™ for which the limit defining p(E)
in (1.3) exists. We prove the following result:

Proposition 2.1. p is subadditive on &, i.e. u(EUF) < p(E) 4+ u(F) for any E,
Feé.

Tt is easily seen that if (1.4) holds, then Pers(FE;Q) < co for any s € (0, sg). Moreover, if OF
is smooth, then (1.4) is always satisfied.




First, it is convenient to consider the normalized Lebesgue measure ., that is
the standard Lebesgue measure scaled by the factor ##"~1(S"~1), namely

M(E) =" (ST |E, (2.1)

where, as usual, we denote by S"~! the (n—1)-dimensional sphere.

Now, we recall the main result in [10]; that is,

Theorem 2.2. (see [10, Theorem 3]). Let s € (0,1). Then, for all uw € H*(R"),

|U |2 -1 -1 / 2
lim — / / dedy = " (S" u|* dz.
SN0 2 Jgn Jrn \x — y|"+S Y ( ) Rn ful

An easy consequence of the result above is that when E € & and E C
then p(F) agrees with .#Z(F) (in fact, we will generalize this statement in The-
orem 2.5 and Corollary 2.6). Based on this property valid for subsets of €2, one
may be tempted to infer that u is always related to the Lebesgue measure, up to
normalization, or at least to some more general type of measures. The next result
points out that this cannot be true:

Proposition 2.3. u is not necessarily additive on separated sets in &, i.e. there
exist E,F € & such that dist(E,F) > ¢> 0, but wf(EUF) < u(E) + p(F).

Also, p is not necessarily monotone on &, i.e. it is not true that E C F implies
u(E) < u(F).

In particular, we deduce from Proposition 2.3 that p is not a measure. On the
other hand, in some circumstances the additivity property holds true:

Proposition 2.4. u is additive on bounded, separated setsin &, i.e. if E, F € &, E
and F are bounded, disjoint and dist(E, F) > ¢ > 0, then EUF € & and p(EUF) =

W(E) + u(F).

There is a natural condition under which p(E) does exist, based on the weighted
volume of F towards infinity, as next result points out:

Theorem 2.5. Suppose that Pery, (E;Q) < oo for some so € (0,1), and that the
following limit exists

1
a(FE) ;= lim 5/ — dy. 2.2
(E) N0 Jpn@@n,) [y 22)

Then E € & and
H(E) = (1— &(B)).4(ENQ) +a(E).4(Q\ E),
where

a(E)

a(F) := 715 T)

(2.3)

As a consequence of Theorem 2.5, one obtains the existence and the exact ex-
pression of p(FE) for a bounded set F, as described by the following result:



Corollary 2.6. Let E be a bounded set, and Per, (E;Q) < oo for some sg € (0,1).
Then E € & and
w(E)=#(ENQ).

In particular, if E C Q and Pery, (E;Q) < oo for some so € (0,1), then u(E) =

Condition (2.2) is also in general necessary for the existence of the limit in (1.3).
Indeed, next result shows that the existence of the limit in (2.2) is equivalent to
the existence of the limit in (1.3), except in the special case in which the set FE
occupies exactly half of the measure of Q (in this case the limit in (1.3) always
exists, independently on the existence of the limit in (2.2)).

Theorem 2.7. Suppose that Perg, (E;Q) < oo, for some sg € (0,1). Then:
(i) IfIQ\E|=|ENQ|, then E € & and w(E) = #(ENQ).
(i) If [Q\ E| # |ENQ| and E € &, then the limit in (2.2) exists and

_WME) - #(ENQ)
CQ\E[-|ENnQ”

a(E)

In the statements above we assumed the existence of the limits in (1.3) and (2.2).
Such assumptions cannot be removed, since the limits in (1.3) and (2.2) may not
exist, as we now point out:

Example 2.8. There exists a set E with C*°-boundary for which the limits in (1.3)
and (2.2) do not exist.

Example 2.9. There ezists a set E with C*-boundary for which the limit in (1.3)
exists and the limit in (2.2) does not exist.

Notice that Examples 2.8 and 2.9 are provided by smooth sets, and therefore
they have finite s-perimeter for any s € (0,1) (see, e.g., Lemma 11 in [5]).

On the other hand, as regards condition (1.4), we point out that it cannot be
dropped in general, since there are sets that do not satisfy it (and for them the limit
in (1.3) does not make sense):

Example 2.10. There exists a set E for which Pers(F; Q) = 400 for any s € (0,1).

3 Proofs

3.1 Proof of Proposition 2.1

We observe that
the s-perimeter is subadditive. (3.1)

To check this, let 1, {25 be open sets of R”. We remark that
L(EUF)N, (C(EUF))NQ,)
=L(ENQ)U(FND), (FE)N(FF)NQ)
SLIENQ,,(FE)N(FF)NQ2) + L(FNQ, (FE)N(EF) N Q)
S LIENQ, (FE)NQ) + L(F N, (EF) N Q).



By taking €7 := Q and 3 := R" we obtain
L(EUF)NQ,EC(EUF) < LIENQ,CE)+ L(FNQ,EF),
while, by taking £y := €Q and Qs := Q, we conclude that
L((EUF)N(€Q), (F(EUF)NQ) < L(EN(€Q), (FE)NQ)+L(FN(€Q), (FF)NQ).
By summing up, we get
Per,(E U F; Q)
=L(EUF)NQ,EC(EUF))+ L(EUF)N(EN),(F(EUF))NN)
S LENQ,CE)+ L(FNQ,¢F)
+L(EN(€N),(CE)NQ)+ L(FN(€Q),(FF)NQ)
= Per,(E; Q) + Perg(F; Q).

This establishes (3.1) and then Proposition 2.1 follows by taking the limit as s \,
0. O

3.2 Proof of Proposition 2.3

First we show that u is not additive.

Here and in the sequel, we denote by Bgr the open ball centered at 0 € R™ of
radius R > 0. We observe that if v € By andy € € B, then |z—y| < |z|+|y| < 2|y|,
therefore

L(B1,¢B,) > /d/ dy— > /+OO dp
S 1, 2) =2 C1S8 X Y ——7- = C28 - = (3,
B ¢B, Y™t 2 pitE

for some positive constants c¢1, ¢o and c3. Now we take E := By, F := Q := Bj.
Then

Per,(E;Q) = L(B1,%¢ B2),
PGYS(F; Q) = L(Bh(gBl) = L(Bl,%BQ) + L(.Bl7 Bg \ Bl)
and Per,(EUF;Q) = L(B1, By \ By).
Therefore
sPerg(E;Q) + sPerg(F;Q) = 2sL(B1,%Bs)+ sL(B1,Bs \ By)

2 263"‘8[](317.82\31)
= 2c3+ sPers(EUF;Q).

By sending s \, 0, we conclude that u(E) + pu(F) > 2¢3 + u(E U F), so u is not
additive.

Now we show that p is not monotone either. For this we take E such that
w(E) > 0 (for instance, one can take E a small ball inside €2; see Corollary 2.6),
and F := R™: with this choice, F C F and Pers(F;Q) =0, so u(EF) > 0= pu(F). O



3.3 Auxiliary observations

Here we collect some observations, to be exploited in the subsequent proofs.

Observation 1. First of all, we observe that

if A and B are bounded, disjoints sets with dist(A, B) > ¢ > 0, then

lim s L(A, B) = 0. (32)
s\.0

To check this, suppose that A and B lie in Bg. Then

1 1 (%nfl(snfl))2R2n
——dxdy < ——dzrdy =
[y et < [, et =

and this establishes (3.2).
Observation 2. Now we would like to remark that the quantity

. 1
lim 8/ TH dy
N0 Jpr(eBg) 1Y

is independent of R, if the limit exists. More precisely, we show that for any R >

r>0
lim s / #dyf/ Ldy =0 (3.3)
BN En(@BR) 1YI"TE BEn(%B,) [YI"Te ' '

To prove this, we notice that

s/ L dy<s/ 1dy—s<%”"1(5"1)/R1dp
BBy W T T e, lyltte po ptts

— (s (: - 1) (3.4)

RS

and so, by taking limit in s,

. 1
lim s T nts dy = 07
sNO JEN(BR\B,) |y

which establishes (3.3).

Observation 3. As a consequence of (3.3), it follows that if the limit in (2.2) exists
then

1
olF)=lims d VR > 0. 3.5
) sN0 /Em(sgBR) ly|te Y (3.5)

Observation 4. For any s € (0,1), we define

1
as(F) = s/ dy 3.6
&) BEn(eBy) [yI"TE (3.6)

and we prove that, for any bounded set F' C R”, and any set £ C R"™,

1
a(E)|F|—s// ————dxdy| =0. (3.7)
° FJEn(@Bg) [T —yl" T

lim limsup
R—+4o0 s\,0




To prove this, we take r > 0 such that ' C B, and R > 1+ 2r (later on R will be
taken as large as we wish). We observe that, for any z € B, and y € ¢ Bg,

PN T o
== (1= Z) ol + Ll - a1 > 2
2=yl > Iyl = Iol = (1= %) Iyl + Zlyl — 121 >

Therefore, if, for any fixed y € ¥ Br we consider the map

1
h(z) = ——, z € B,
) |z —y|te
we have that et +1( )
n+s 25T (n + s
|Vh(2)| =

_ olnts+1 n+s+1 ?
|z —yl |yl

for any z € B,., which implies

1 1
|z —y[mts  |y[nts

1 1

-dy | de — / / ———dzxdy
/F </Em(<gBR) |y|ts ) FJEn@BR) [T — Y[
1 1
< — dy | dz
/F </Em(<gBR) ly|"ts fa —ylnte >

2n+s+1
< / / (:L 1‘13)|x| dy | dx
F \JEN(¢Br) ly|+s

1
< 2”+5+1(n+s)|F|r/ ———dy <
@By Y|t

2ntstl(n 4+ )|z
‘y|n+s+1

= |h(z) — h(0)] < Vo€ By, y € €¢Br.

Therefore

C

for some C' > 0 independent of s. As a consequence

1
as(E)|F|—s// ———dzdy
FJEn@@BR) T —Y["Ts

1
<Pl au(E) s [ dy
BEn(#Br) YIS

This and (3.3) (applied here with r := 1) imply (3.7).
Observation 5. If the limit in (2.2) exists, then (3.7) boils down to

1
a(E) |F|75/ / ————dxdy
rJEn(eBg) [T —y|"ts

Observation 6. Now we point out that, if FF C €2 C Bg for some R > 0, and F
has finite so-perimeter in  for some sg € (0,1), then

1
lim s/ / —————dxdy =0. (3.9)
N0 Jp JBa\p [T =yt

+ Cs.

lim limsup

= 0. 3.8
R—+o0 s\.0 ( )




Indeed, for any s € (0, so),

1
Gy
/F/BR\F |z — y[nts

1
FJ(Br\F)n{lz—y|<1} [T — |70 FJ(Br\F)N{|z—y|>1}

< Per,, (F; Q) + |Bgr|?,

which implies (3.9). In particular, thanks to [1, Proposition 16], the argument above
also shows that if FF € Q C Br and xr € BV(Q), then F has finite s-perimeter
in Q for any s € (0,1).

Observation 7. Let Ey := ENQ and Ey := E\ Q. Then

Pers(E; Q) = Perg(E1 U Ey; Q)
=L(E,Q\ E1) + L(E1,(6Q) \ E2) + L(E>,Q\ Ey)
= L(E\,CEy) — L(Ey, B2) + L(E2,Q\ Ey)
= Pery(E1;Q) — L(E1, Es) + L(E2,Q\ Eq).

(3.10)

With these observations in hand, we are ready to continue the proofs of the
main results.
3.4 Proof of Proposition 2.4

We prove Proposition 2.4 by suitably modifying the proof of Proposition 2.1. Given
two open sets 1 and 9, and two disjoint sets F and F', we have that

L(EUF)NM, (C(EUF))NQ,)
=L(ENQ)UFND),(FE)N(EF)NQs)
=LIENO,(FE)N(EF)NQ) + L(FN, (CE)N(CF) N Q).

By taking ©; := 2 and €9 := R™ we obtain
L(EUF)NQ,ECEUF)=LENQ(FE)N(EF))+ L(FNQ,(¥FE)N(¥F))
while, by taking Q1 := € and 5 := Q, we conclude that
L(EUF)N(€Q),(F(EUF))NQ)
= LEN(EN),(FE)N(ECF)NQ) + L(IFN(€Q), (FE)N(FF)NQ).
As a consequence,

Per,(E U F;Q)
=L(FUFRNQEC(EUFR)+L(EUF)N(€Q),(F(EUF))NQ)

LIENQ,(6E)N(EF))+ L(FNQ,(FE)N(EF))
+LEN(€Q),(FE)N(EF)NQ) + L(FN(€Q),(CE)N(EF)NNQ)
= Pers(F; Q) + Pery(F; Q)
—LIENQ,(¢E)NF)—L(FNQ,EN(¢F))
—LIEN(€Q),(¢E)NFNQ) —L(FN(€Q),EN(E€F)NQ).



We remark that the last interactions involve only bounded, separated sets, since so
are E and F, therefore, by (3.2),

lim s Pers(F U F;Q) = lim (s Pers(E; Q) + sPers(F; Q)),
sN\.0 s\.0
which completes the proof of Proposition 2.4. [l

3.5 Proof of Theorem 2.5

We suppose that Q@ C B,., for some r > 0, and we take R > 1+ 2r. Let Fy := ENQ
and Es := E \ Q. Notice that, for any F' C 2, which has finite so-perimeter in

for some sp € (0,1),
E;sNBr C Bp\QC Bp\ F

and so (3.9) gives that

1
lim s/ / ————dxdy =0, (3.11)
N0 Jp JEanpy [ =yl

provided that F has finite so-perimeter in €. Using this and (3.8), we conclude
that, for any F' C Q of finite so-perimeter in €2,

1
lims// ————dxdy
N0 Jp Jg, |l =yt
1
= lim lims// 7+dxdy
R—+toos\O  Jp /g, |© —y|"Fs

1
= lim lims// ﬁdxdy
R—+oos\O0 Jp Jp,n@By) |7 — "t
= «a(E)|F|.

In particular?, by taking F := E; and F := Q\ Ej, and recalling (2.1) and (2.3),

1
li ———dady = a(F) |E| = a(E) A (F
{%[E/E g = B B = A A5

1 (3.12)
and lims/ / ———dady=a(E)|Q\ E1| =a(E) #(Q\ E1).
s [ g (B)0\ By| = 6(B) 40\ E)
We now claim
li{‘r%)s Pers(Eq; Q) = A (En). (3.13)

2We stress that both E; and Q \ E1 have finite so-perimeter in Q if so has E, thanks to our
smoothness assumption on 9. We check this claim for E;, the other being analogous. First of
all, fixed Br D Br D €, we have that

L(E1,(E\Q)N(¢Bgr)) < L(Br, ¥Bg) < +o0.
Also L(QN Bg, (¢92) N Bg) < +oo (see, e.g., Lemma 11 in [5]), therefore
Pers, (E1;Q) = L(E1, €Ey) = L(E1, ¢E) + L(Ey, E\ Q)
< Pers, (B;Q) + L(E1, (E\ Q)N Bg) + L(E1, (E\Q) N (¥Bg))
< Pers, (E;Q) + L(Q, (6Q) N Bgr) + L(E1, (E\ Q)N (¢Bgr)),

that is finite.



Indeed, since F7; C €, this is a plain consequence of Theorem 2.2 (see also Re-
mark 4.3 in [8] for another elementary proof) by simply choosing v = xg, there:

lim s Pers(Ey;Q) = lim s L(Ey, € Ey)
3

s\.0
|XE — XE (y)|2
=1 L L dzx d
1{%2// |x7 = T dy

= "N gy = AN B,

as desired. Thus, using (3.10), (3.12), and (3.13), we obtain
ly sPer, (E50) = ./(Ex) — G(E)4 (Ex) + G(E).A (@ E),

which is the desired result. O

3.6 Proof of Corollary 2.6

We fix R large enough so that £ C Bg, hence EN (¥ Bgr) = &. By the expression
of a(E) in (3.5), we have that the limit in (2.2) exists and a(E) = 0. Then the
result follows by Theorem 2.5. O

3.7 Proof of Theorem 2.7

We suppose that Q C B,., for some r > 0, and we take R > 14 2r. Let F; := ENQ
and Ey := E'\ Q. By (3.10),

sPerg(E; Q) — sPerg(Eq; Q)
= SL(EQ, Q \ El) - SL(El, EQ)

1 1
75/ / 7+d:z:dy+s/ / ——dudy
Q\El EsNBpr ‘m - y|7l s Q\El EQQ(%BR) |$ - y‘n N

1 1
FE, JEsNBRr |x - y‘ Eq EQQ(%”BR) |‘/'E - y|

By rearranging the terms, we obtain

1 1
I(s,R) ::s/ / ﬁdmdy—s/ / TS drdy
O\E; J EsN(€¢Br) |z -yl Ey JE>N(¥BR) |z -y

= sPers(E; Q) — sPer(Eq;Q / / - dx dy
O\E; JE2nBr |z — y[nts —y\" s

+s / / L ay
B JEanBg 1T —y[m s

By using (3.9) with F := Q\ E; and F := F; (which have finite so-perimeter in €,
recall the footnote on page 9), we have that the last two terms in (3.14) converge
to zero as s\, 0, thus

(3.14)

h{n I(s,R) = 21{1%) (sPers(E; ) — sPers(Fy; Q)) (3.15)

10



We now recall the notation in (3.6) and we write

1
as(E) |Q\ Byl = 3/ / ———dzdy
o\E, JE.n(@Bg) [T —y["TE

1
v\l [ f ' deay,
o\E: JEsn(@Br) 1T — y|" e

and

1
as(E) B = S/ / ————dxdy
° Eq Egm(CgBR) |‘/'E - y|’ﬂ+5

1
+as(E) |E1|—s/ / ———dxdy.
Eq EQn(%BR) |'T - y|n+s

By subtracting term by term, we obtain that

as(B) 10\ B| - |E1))
1
=I(s,R)+ | as(E)|Q\ E —s/ / ————dxdy
(5, ) ( @leNB=s [ ]

1
- aS(E)|E\—s/ / ———dzdy | .
( ! By JEan(eBg) [T —y[" e

As a consequence, by using (3.7) (applied here both with F' := Q\ E; and F := E;),

plimlim [aS(E) (|Q \ By| — |E1|) - I(S,R)] ~0. (3.16)

Now, if |2\ E| = |[EN Q| then |Q\ Ey| — |E1| = 0, and from (3.15), (3.16), and
Corollary 2.6 we get

0= lim lim I(s, R) = lim sPer,(E;Q) — #(ENQ),
R—+00 s\,0 sN\0

which proves that E € & and p(E) = .4 (E NQ). This establishes Theorem 2.7(i).
On the other hand, if |\ E| # |E N Q|, then by (3.15), (3.16), and Corollary
2.6 we obtain the existence of the limit

|Q\ Er| — [E1]) lim o, (E)
SN0

— lim i E(QEfE)
Rll}rloos%a‘()|\l| | En

lim lim { [aS(E) (|Q \ By| — |E1|) - I(S,R)} + I(S,R)}

R—+00 s\,0
= W(E) — p(Ey) = p(E) — A (ENQ),

which completes the proof of Theorem 2.7(ii). O

11



3.8 Construction of Example 2.8

We start with some preliminary computations. Let ay := 10’“27 for any k£ € IN, and
let

I = U (@aktj, Ganyjr1), for j=0,1,2,3.
kEN

Notice that [1,400) may be written as the disjoint union of the I;’s. Let ¢ €
C>°([0,+00), [0,1]) be such that ¢ = 0 in [0,1] U Iy, ¢ = 1 in I, and then ¢
smoothly interpolates between 0 and 1 in I; U I5.

We claim that there exist two sequences vp j — 400 and v; ;, — +o00 such that

+oo +oo

li “Pdr =0 d i Tdr=1. (3.17
GJm ; o(vp pr)e” ©dr and  lim ; o pr)e” “ de (3.17)

To check (3.17), we take vg j 1= aa+1/k and vy := aap+3/k. We observe that, by
construction, ¢ = 0 in [a4k, a4k+1) and p =1in [a4k+2, a4k+3)7 so p(vo rr) = 0 for
any « € [kbo , k) and ¢(v1 gz) =1 in [kby i, k), where

k107D and by, = T2 1 (k49),

bo k=
' A4kt1 Q4k+3

We deduce that

400 kbo,k 400
/ oo px)e “dr < / e Tdx + / e Tdr=1—e For 7k
0 0 k

+oo k
and / o pr)e” “dr > / e Tdr = e Mrr ek
0 k

b1,k
This implies (3.17) by noticing that

lim Kby =0= lim kbys.
k—+4o00 k—+4o00

Now we construct our example by using the above function ¢ and (3.17). We
take Q := By and E := {ac = (pcos~y,psiny),p > 1,v € [079(;))]} C R2, where

0 (p) == ¢ (log p).
First of all, since 2 = By, and £ C R™\ By, it is easy to see that

1 2n+s
Pers(E;Q):// ———dxdy < |9 ——dz < ©
oJe v —y|"ts Ro\B, |2]"*

for any s € (0,1). Then, recalling (3.6) we have

+oo  r0(p) pnfl “+o0 1
ozs(E):s/1 /0 p= dt9dp:5/1 G(p)ﬁdp.

Therefore, by the change of variable log p = r, we have

“+o0
as(F) = 5/0 w(r)e " dr,

and, by the further change rs = x, we have

as(E) = /0+00 ® (g) e " dx.
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If we set v = 1/s, the limit in (2.2) becomes the following:
“+oo
a(E) = lim o (vz) e de,

V—00 0

and, by (3.17), we get that such a limit does not exist. This shows that the limit
in (2.2) does not exist. Since |2\ E| = |By/2| > 0 = |[ENQ|, by Theorem 2.7(ii),
the limit in (1.3) does not exist either. O

3.9 Construction of Example 2.9

It is sufficient to modify Example 2.8 inside = By, in such a way that [\ E| =
|E N Q. Notice that, since the set F has smooth boundary, then it has finite s-
perimeter for any s € (0,1) (see Lemma 11 in [5]). Then (2.2) is not affected by
this modification and so the limit in (2.2) does not exist in this case too. On the
other hand, the limit in (1.3) exists, thanks to Theorem 2.7(3). O

3.10 Construction of Example 2.10

We take a decreasing sequence (i such that g > 0 for any k > 1

“+o0o
M::Zﬂk < 400

k=1
but
“+o0
Y Bt =400 Vse(0,1). (3.18)
k=1
For instance, one can take 3, := and G for any k
og klog”k
Now, we define
Q:=(0,M)CR

and E = U Igj.

Notice that £ C € and

Pery(E;QY) = L(E,¢E)
= O+l [O242
D LIy, Ioji1) = Z / / I“S dz dy(3.19)

j=1 2j+1

An integral computation shows that if a < b < ¢ then

/ab/bckv—ZP“dxdy: ﬁ[(c—b)lﬂ—!—(b—a)lﬂ—(c—a)lfs .
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By plugging this into (3.19), we obtain

s(1 — s)Perg(E; Q)

+oo

> Z {(0'2j+2 — 09j41) 7 + (02j41 — 02j)' 7 — (09540 — 025)
j—l (3.20)

1—s

Z/B2]+2 23+1 — (Bajy2 + Boj1)'

Now we observe that the map [0,1) 3 ¢ — (1 +¢)!7% is concave, therefore

A+ <1+ (1 =)t <14 (1—s)tts

for any ¢ € [0,1), that is

L+t — (L4 8) s > st

By taking t := (2;+2/02j+1 and then multiplying by ,@%j_fl, we obtain

52]4-1 + 523+2 (B2jr1 + 52j+2) B 52]+2

By plugging this into (3.20) and using (3.18), we conclude that

Pery (B;Q) > +— Z@M 400 Vse(0,1),

as desired. O
References
[1] L. AMBROSIO, G. DE PHiLIPPIS, L. MARTINAZZI: I'-convergence of nonlocal

perimeter functionals. Manuscripta Math. 134 (2011), 377-403. MR2765717
(2012d:49084).

B. BARRIOS BARRERA, A. FiGALLI, E. VALDINOCI: Bootstrap regularity for
integro-differential operators and its application to nonlocal minimal surfaces.

Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), http://arxiv.org/abs/1202.4606v1

L. CArrARELLI, J.-M. ROQUEJOFFRE, O. SAVIN: Nonlocal minimal sur-
faces. Comm. Pure Appl. Math. 63 (2010), no. 9, 1111-1144. MR2675483
(2011h:49057).

L. CAFFARELLI, P.E. SOUGANIDIS: Convergence of nonlocal threshold dynam-
ics approximations to front propagation. Arch. Ration. Mech. Anal. 195 (2010),
no. 1, 1-23. MR2564467 (2011¢:80008).

L. CAFrFARELLI, E. VALDINOCI: Uniform estimates and limiting arguments for
nonlocal minimal surfaces. Calc. Var. Partial Differential Equations 41 (2011),
no. 1-2, 203-240. MR2782803 (2012i:49064).

L. CAFFARELLI, E. VALDINOCI: Regularity properties of nonlocal minimal
surfaces via limiting arguments. Preprint, http://www.ma.utexas.edu/mp_arc-
bin/mpa?yn=11-69

14


http://arxiv.org/abs/1202.4606v1
http://www.ma.utexas.edu/mp_arc-bin/mpa?yn=11-69
http://www.ma.utexas.edu/mp_arc-bin/mpa?yn=11-69

[7]

M. C. CapruTO, N. GUILLEN: Regularity for non-local almost minimal bound-
aries and applications. Preprint, http://arxiv.org/abs/1003.2470

E. D1 NEzza, G. PAavaTucct, E. VALDINOCI: Hitchhiker’s guide to the frac-
tional Sobolev spaces. Bull. Sci. math. 136 (2012), no. 5, 521-573. MR2944369.

G. FrRANZINA, E. VALDINOCI: Geometric analysis of fractional phase transi-
tion interfaces. In “Geometric Properties for Parabolic and Elliptic PDE’s”, A.
Alvino, R. Magnanini and S. Sakaguchi Eds., Springer INdAM Series, Springer—
Verlag. http://cvgmt.sns.it/paper/1782/

V. Maz’yA, T. SHAPOSHNIKOVA: On the Bourgain, Brezis, and Mironescu

theorem concerning limiting embeddings of fractional Sobolev spaces. J. Funct.
Anal. 195 (2002), 230-238. MR1940355 (2003j:46051).

O. SaviN, E. VALDINOCI: Density estimates for a variational model driven by
the Gagliardo norm. Preprint, http://arxiv.org/abs/1007.2114

O. Savin, E. VaLpINOCT: T'-convergence for nonlocal phase transitions. Ann.
Inst. H. Poincaré Anal. Non Linéaire 29 (2012), no. 4, 479-500. MR2948285.

O. SaviN, E. VALDINOCI: Regularity of nonlocal minimal cones in dimension
2. Cale. Var. Partial Differential Equations, DOIL: 10.1007/s00526-012-0539-7,
http://www.springerlink.com/content/467n313161531332

A. VISINTIN: Nonconvex functionals related to multiphase systems. SIAM J.
Math. Anal. 21 (1990), no. 5, 1281-1304. MR1062405 (91£:49016).

A. VISINTIN: Generalized coarea formula and fractal sets. Japan J. Industrial
Appl. Math. 8 (1991), 175-201. MR1111612 (92e:49054).

15


http://arxiv.org/abs/1003.2470
http://cvgmt.sns.it/paper/1782/
http://arxiv.org/abs/1007.2114
http://www.springerlink.com/content/467n313161531332

	Introduction
	List of the main results
	Proofs
	Proof of Proposition 2.1
	Proof of Proposition 2.3
	Auxiliary observations
	Proof of Proposition 2.4
	Proof of Theorem 2.5
	Proof of Corollary 2.6
	Proof of Theorem 2.7
	Construction of Example 2.8
	Construction of Example 2.9
	Construction of Example 2.10


