BOOTSTRAP REGULARITY
FOR INTEGRO-DIFFERENTIAL OPERATORS
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ABSTRACT. We prove that C1® s-minimal surfaces are of class C>. For
this, we develop a new bootstrap regularity theory for solutions of integro-
differential equations of very general type, which we believe is of independent
interest.
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Motivated by the structure of interphases arising in phase transition models with
long range interactions, in [4] the authors introduced a nonlocal version of minimal

surfaces. These objects are obtained by minimizing a “nonlocal perimeter”

inside

a fixed domain : fix s € (0,1), and given two sets A, B C R", let us define the

interaction term

L(A, B) / / dx dy
o=yt
The nonlocal perimeter of E inside (2 is defined as

Per(E,Q,s) == L(ENQ,(R"\ E)NQ)

+L(ENQ,(R"\E)N(R"\ Q) + L(R"\ E)NQ, EN(R"\ Q).
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Then nonlocal (s-)minimal surfaces correspond to minimizers of the above func-
tional with the “boundary condition” that E N (R™\2) is prescribed.

It is proved in [4] that “flat s-minimal surface” are C1* for all @ < s, and
in [9, 1, 10] that, as s — 17, the s-minimal surfaces approach the classical ones,
both in a geometric sense and in a I'-convergence framework, with uniform estimates
as s — 17. In particular, when s is sufficiently close to 1, they inherit some nice
regularity properties from the classical minimal surfaces (see also [8, 13, 14] for
the relation between s-minimal surfaces and the interfaces of some phase transition
equations driven by the fractional Laplacian).

On the other hand, all the previous literature only focused on the C'1'® regularity,
and higher regularity was left as an open problem. In this paper we address this
issue, and we prove that C'1'® s-minimal surfaces are indeed C'™°, according to the
following result':

Theorem 1. Let s € (0,1), and OF be a s-minimal surface in Kg for some R > 0.
Assume that

OENKp={(z',z,) : 2’ € By " and z,, = u(a')} (1)
for some u: Bt — R, with u € CH*(BE™") for any a < s and u(0) = 0. Then
u€ COO(B:}A) Ype (0,R).

The regularity result of Theorem 1 combined with [4, Theorem 6.1] and [10,
Theorems 1, 3, 4, 5], implies also the following results (here and in the sequel,
{e1,ea,...,e,} denotes the standard Euclidean basis):

Corollary 2. Fiz s, € (0,1). Let s € (so,1) and OF be a s-minimal surface in Bg
for some R > 0. There exists €, > 0, possibly depending on n, s, and «, but
independent of s and R, such that if

OENBr C{l|r-en| < &R}
then OE N By is a C°°-graph in the e, -direction.

Corollary 3. There exists €, € (0,1) such that if s € (1 — €,, 1), then:
o I[fn <7, any s-minimal surface is of class C*°;
o Ifn =38, any s-minimal surface is of class C*° except, at most, at countably
many isolated points.

More generally, in any dimension n there exists €, € (0,1) such that if s € (1—e€p, 1)
then any s-minimal surface is of class C*° outside a closed set X of Hausdorff
dimension n — 8.

Also, Theorem 1 here combined with Corollary 1 in [15] gives the following
regularity result in the plane:

Corollary 4. Let n = 2. Then, for any s € (0,1), any s-minimal surface is a
smooth embedded curve of class C*°.

Here and in the sequel, we write x € R” as x = (2/,z,) € R*~1 x R. Moreover, given r > 0
and p € R™, we define

Ky (p):={z €R" : |2/ —p/| <r and |zn — pn| < 7r}.
As usual, B, (p) denotes the Euclidean ball of radius r centered at p. Given p’ € R* ™! we set
Brl(p) = o € R"D ;o —pf| <1
We also use the notation K, := K,(0), B, := B(0), B2~ ! := B*~1(0).
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In order to prove Theorem 1 we establish in fact a very general result about
the regularity of integro-differential equations, which we believe is of independent
interest.

For this, we consider a kernel K = K (z,w) : R"x (R™"\{0}) — (0, +00) satisfying
some general structural assumptions. In the following, o € (1,2).

First of all, we suppose that K is close to an autonomous kernel of fractional
Laplacian type, namely

there exist ag, 79 > 0 and 1 € (0,a¢/4) such that
n+o gr 2
W—ao < Vz € By, w € By, \ {0}. @)

Moreover, we assume that?
there exist k € NU {0} and C}, > 0 such that

K € C" (B x (R™\ {0})),

Ck (3)
‘w|n+a+\9|

Vi, 0 € N, |l +10] < k+1,w € R™\ {0}.

10505, (-, w) | oo () <

Our main result is a “Schauder regularity theory” for solutions® of an integro-
differential equation. Here and in the sequel we use the notation

du(z,w) = u(xr + w) + u(r — w) — 2u(z). (4)

Theorem 5. Let o € (1,2), k € NU{0}, and u € L>®(R"™) be a viscosity solution
of the equation

K(z,w) du(z,w)dw = f(z,u(x)) inside By, (5)
Rn
with f € CFT1(By x R). Assume that K : By x (R™\ {0}) — (0, +00) satisfies
assumptions (2) and (3) for the same value of k.
Then, if n in (2) is sufficiently small (the smallness being independent of k), we
have u € C*ToF(By ) for any a < 1, and

[ullertorap, ) < C(1+ ullpe@ny + 1 FllzeBxw) 5 (6)
where* C > 0 depends only onn, o, k, C, and Il fllcrt1 (B, xr)-

Let us notice that, since the right hand side in (5) depends on u, there is no
uniqueness for such an equation. In particular it is not enough for us to prove
a-priori estimates for smooth solutions and then argue by approximation, since we
do not know if our solution can be obtained as a limit of smooth solution.

2Observe that we use | - | both to denote the Euclidean norm of a vector and, for a multi-index
case o = (a1,...,an) € N", to denote |a| :== a1 + -+ + an. However, the meaning of | - | will
always be clear from the context.

3We adopt the notion of viscosity solution used in [5, 6, 7].

4As customary, when o + o € (1,2) (resp. o +a > 2), by (6) we mean that u €
Ck+1"’+a_1(B1/2) (resp. u € Ck+2"7+0‘_1(B1/2)). (To avoid any issue, we will always im-
plicitly assume that « is chosen different from 2 — o, so that o + o # 2.)
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We also note that, if in (3) one replaces the C**l-regularity of K with the
C*P-assumption
Ck

0
HagawK('vw)”COﬁ(Bl) < Wv (7)

for all |u| + 0] < k, then we obtain the following:

Theorem 6. Let o € (1,2), k € NU{0}, and u € L>®(R™) be a viscosity solution
of equation (5) with f € C*P#(By xR). Assume that K : By x (R*\{0}) — (0, +00)
satisfies assumptions (2) and (7) for the same value of k.

Then, if n in (2) is sufficiently small (the smallness being independent of k), we
have u € C*ToF(By 5) for any o < B, and

[ullortota(s, ) < C (1+ ulloo@ny + [ fllze (s xm)) -
where C > 0 depends only on n, o, k, Cx, and || f|cr.s(p, xr)-

The proof of Theorem 6 is essentially the same as the one of Theorem 5, the only
difference being that instead of differentiating the equations (see for instance the
argument in Section 2.4) one should use incremental quotients. Although this does
not introduce any major additional difficulties, it makes the proofs longer and more
tedious. Hence, since the proof of Theorem 5 already contains all the main ideas
to prove also Theorem 6, we will show the details of the proof only for Theorem 5.

The paper is organized as follows: in the next section we prove Theorem 5, and
then in Section 3 we write the fractional minimal surface equation in a suitable
form so that we can apply Theorems 5 and 6 to prove Theorem 1.

Acknowledgements: We wish to thank Guido De Philippis and Francesco Maggi
for stimulating our interest in this problem. We also thank Guido De Philippis for
a careful reading of a preliminary version of our manuscript, and Nicola Fusco for
kindly pointing out to us a computational inaccuracy. BB was partially supported
by Spanish Grant MTM2010-18128. AF was partially supported by NSF Grant
DMS-0969962. EV was partially supported by ERC Grant 277749 and FIRB Grant
A&B.

2. PROOF OF THEOREM 5

The core in the proof of Theorem 5 is the step k& = 0, which will be proved in
several steps.

2.1. Toolbox. We collect here some preliminary observations on scaled Holder
norms, covering arguments, and differentiation of integrals that will play an im-
portant role in the proof of Theorem 5. This material is mainly technical, and the
expert reader may go directly to Section 2.2 at page 10.

2.1.1. Scaled Hélder norms and coverings. Given m € N, a € (0,1), x € R™,
and r > 0, we define the C™*-norm of a function u in B,.(z) as

D7u(y) — Du(z
HU’HCm’a(BT(x)) = Z HD’YullLOO(BT(x)) + Z sup ‘ (y) R ( )‘
|v|<m Iv|=m y#2€ B (x) ly — 2|
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For our purposes it is also convenient to look at the following classical rescaled
version of the norm:

m

||u||é’m’(’(Br(x)) = Z er”DﬂyuHLw(B,.(z))
J=0|~|=j
Y — D
+ Z rm+o¢ sup |D U(y) Dau(z)|
ly|=m y#z€B,(x) |y - Z|

This scaled norm behaves nicely under covering, as the next observation points out:

Lemma 7. Let m € N, a € (0,1), p > 0, and x € R". Fiz A € (0,1), and
suppose that B, (x) is covered by finitely many balls {By,/2(xx) h—y. Then, there
exists C, > 0, depending only on X\ and m, such that

N
[ullem.e(B, (@) < Co Z [ullem.o By, (20))-
k=1

Proof. We first observe that, if j € {0,...,m} and |v| = j,

PIDul| Lo (B, (2)) < A_j()\P)jk:I{lf}%N||D7U||L°°(BAp(rk))

N
< AT YOI Dl e (8 o)
k=1
N
< AT Y ullEmn 5y (o))
k=1

Now, let |y| = m: we claim that

m—+ao

N
|DYu(y) — DYu(z)] _ .
P sup o < 2\ (m+a) Z ||’U,||Cm,a(BAp(xk)).
y#2€B,(z) ly — 2| Pt

To check this, we take y,z € B,(z) with y # z and we distinguish two cases.
If |y — 2| < Ap/2 we choose k, € {1,..., N} such that y € B, 2(wx,). Then |z —
zk, | < |z —yl+ |y — zk,| < Ap, which implies y, z € By,(xy,), therefore
Y _ DY Yuld) — DYu(3
sl D)~ DU e D7) = D)
ly — 2| G#ZEBA, (21, 1§ — Z|

< ATyl

Ome (Bap(or,))°
Conversely, if |y — z| = Ap/2, recalling that o € (0,1) we have
[Du(y) — DYu(z)|

m—+a < A" DY oo
o T P DUl Lo (B, ()
N
< 207%™ DV LBy (1))
k=1
N
< 207N G sy, o))
k=1

This proves the claim and concludes the proof. [
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Scaled norms behave also nicely in order to go from local to global bounds, as
the next result shows:

Lemma 8. Let m € N, a € (0,1), and u € C™*(By). Suppose that there exist
w € (0,1/2) and v € (u,1] for which the following holds: for any e > 0 there
exists Ac > 0 such that, for any x € By and any r € (0,1 — |z|], we have

[[ul

Ewm,a(Bw(m)) <A+ EHU‘ z""v“(Bw(-T))' (8)

Then there exist constants €,, C > 0, depending only on n, m, u, v, and o, such
that

||UHCm,o<(B“) g CAGO'

Proof. First of all we observe that

HUHZ'mx‘*(BM(z)) < ul Cmoa (B (@) S ||u|\*cwa(31)

because r € (0, 1), which implies that

Q= sup lullGm o (B, (2)) < 00
re(0,1—|z|]
We now use a covering argument: pick A € (0,1/2] to be chosen later, and
fixed any « € By and r € (0,1 — |z|] we cover B, (x) with finitely many balls
{B,\M/Z(xk)}szl, with x, € B,,(x), for some N depending only on A and the
dimension n. We now observe that, since p < 1/2,

log| +7/2 <|xp — 2| +|z| +r/2 <pr+lz|+r/2<r+]z] < 1. (9)
Hence, since A < 1/2, we can use (8) (with z = z;, and r scaled to Ar) to obtain
HUH*C'mﬂ(B,\“T(zk)) <A+ GHUH*CW«"‘(B,\,,T(:I:;C))'

Then, using Lemma 7 with p := pr and A = p/(2v), and recalling (9) and the
definition of ), we get

N
ey < Co X Iulome s
k=1
N
< CoNA+ Coe Y Nullima sy, (o)
k=1
N
= CoNA+Coe Yy [[ulleman,, )
k=1

< C,NA .+ eC,NQ.
Using the definition of @) again, this implies
Q < CoNA+€eC,NQ,
so that, by choosing €, := 1/(2C,N),
Q <2C,NA.,.
Thus we have proved that
[ullEm (B, () < 2CoNA, Ve e By, re(0,1-—|z],

and the desired result follows setting x = 0 and r = 1. (]
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2.1.2. Differentiating integral functions. In the proof of Theorem 5 we will need to
differentiate, under the integral sign, smooth functions that are either supported
near the origin or far from it. This purpose will be accomplished in Lemmata 11
and 12, after some technical bounds that are needed to use the Dominated Conver-
gence Theorem.

Recall the notation in (4).

Lemma 9. Letr > 1" > 0, v € C3(B,), * € By, h € R with |h| < (r —1')/2.
Then, for any w € R™ with |w| < (r —7')/2, we have

|0v(z + hey,w) — dv(x, w)| < |A |w|2||vHCs(B7,).

Proof. Fixed x € By and |w| < (r —')/2, for any h € [(+' —7)/2,(r — ') /2] we
set g(h) :==v(z + hey + w) + v(z + hey — w) — 2v(x + hey). Then

lg(h) = g(0)] < |h] sup |g'(£)]
[€1<| ]

< |h| sup |81v(x +&e1 +w) + Ov(x + ey — w) — 201v(x + 561)‘.
[€I<(R]

Noticing that |z 4+ £e; £ w| < 7' + |h| + |w| < r, a second order Taylor expansion
of 01v with respect to the variable w gives

|010(x + Ee1 4+ w) + Orv(x + Eer — w) — 201v(x + Eer)| < |wl*[|01v]lc2(,)- (10)
Therefore
60( + hex, w) — 8ol w)| = lg(h) — g(0)] < Bl [P olleocs,
as desired. O

Lemma 10. Letr > 1" >0, v € WL*(R"), h € R. Then, for any w € R",
[ov(z + her,w) — dv(z, w)| < 4]h[||VV| Lo @n).

Proof. Tt sufficed to proceed as in the proof of Lemma 9, but replacing (10) with
the following estimate:
‘611)(3: + &1 4 w) + Oyv(z + Ee1 — w) — 201v(x + Eer)| < 4]|01v]| Lo rr)-
([l

Lemma 11. Let £ € N, r € (0,2), K satisfy (3), and U € CS**(B,). Let v =
M1y y7n) € N with |v| < €< k+1. Then

9% K(z,w) U (z,w) dw:/

Rn™

= > ()-() Laxewiernea W

1<i<n
OSSN <
A=(A1,e0s An)

a; (K(m, w) 0U (z, w)) dw

n

for any x € B,.

Proof. The latter equality follows from the standard product derivation formula,
so we focus on the proof of the first identity. The proof is by induction over |y|.
If |v| = 0 the result is trivially true, so we consider the inductive step. We take x
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with 7’ := |z| < r, we suppose that |y| < £ — 1 and, by inductive hypothesis, we
know that

g(x) == 0] K(z,w)oU(z,w)dw = Oz, w) dw
R™ R™
with
o m Tn A Y
0(z, w) = <Z (M) (An> ONK (z,w) 6(0) U ) (z, w) duw.
Os\ki\sﬁu
A=(A1s-5An)
By (3),if 0 < |h| < (r —')/2 then
K (@ + her,w) — DK (@, w)] < Cpayya ] [u] 7. (12)

Moreover, if [w| < (r —r')/2, we can apply Lemma 9 with v := 97U and obtain
[6(07AU) (& + hey,w) — 887 U) (@, w)| < B [wP|[Ullgia-aivs s,y (13)
On the other hand, by Lemma 10 we obtain
600 AU) (@ + her,w) — 5(37U) (z, w)| < 4]h] (|07 Ul 1wy
All in all,
16(80~ U (x + her,w) — §(37U) (x, w)| 14)
< DUl arvs ey min{a, o).
Analogously, a simple Taylor expansion provides also the bound
1607 AU) (@, w)| < U]l etv-a1+2 gy min{d, [w]*}. (15)
Hence, (3), (12), (14), and (15) give
|02 K (2 + hey,w) 607 U) (2 + hey, w) — 0p K (x, w) §(97 U ) (z, w)|
< |0QK (z + hey,w) [6(87 7 U)(z + her,w) — 6(87 U (z, w)]|
+| (02K (z + her,w) — 05 K (z,w)]6(07 U (x, w)|
< Cilh| min{|w|™"7, w2 77),
with C; > 0 depending only on ¢, Cy and ||U||¢e+2(gny- As a consequence,
|0(z + hey,w) — O(x,w)| < Colh| min{|w|™"7, |w|* "7},

and, by the Dominated Convergence Theorem, we get

0 h -0
/ O 0(z,w)dw = lim (z + hey, w) = b(@, w) dw
n h—0 Jpn h
s the) (@)
h—0 h

= aﬂh 9y (x)7
which proves (11) with -y replaced by v +e;. Analogously one could prove the same
result with ~ replaced by v + e;, concluding the inductive step. O

The differentiation under the integral sign in (11) may also be obtained under
slightly different assumptions, as next result points out:

Lemma 12. Let £ € N, R > r > 0. Let U € C*TY(R") with U = 0 in Bg.
Let v = (71, ,7n) € N® with |y| < €. Then (11) holds true for any x € B,.
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Proof. If x € B, w € B(r—yy/2 and |h| < (R—7)/2, we have that [z +w+hei| < R
and so 0U(x + hey,w) = 0. In particular

0U (z + hey,w) — 06U (z,w) =0
for small h when w € B(g_,)/2. This formula replaces (13), and the rest of the

proof goes on as the one of Lemma 11. O

2.1.3. Integral computations. Here we collect some integral computations which will
be used in the proof of Theorem 5.

Lemma 13. Let v : R™ — R be smooth and with all its derivatives bounded. Let
x € Byyy, and v, A € N, with v; > A\; for any i € {1,...,n}. Then there evists a
constant C' > 0, depending only on n and o, such that

- ONK (z,w) §(97 ) (z, w) dw‘ < C'Cpy vl grr=aiv2 gy (16)
Furthermore, if
v=201in Bl/g (17)
we have
- K (z,w) §(0) ) (z, w) dw‘ < C' Cpy ||v]| Loo @) (18)

Proof. By (3) and (15) (with U = v),

/ |8;\K(:1c,w)’ ‘ 5(8;’_/\1))(:10,10)’ dw
Rn

= (”””C““(R”/ 0l "+ dw + 4ol oy | |w|_"_"dw>,
bz R\ B2

which proves (16).

We now prove (18). For this we notice that, thanks to (17), v(z+w) and v(x—w)
(and also their derivatives) are equal to zero if x and w lie in B, /4. Hence, by an
integration by parts we see that

ONK (z,w) §(97 ) (z, w) dw
R"L

= - ONK (2, w) 83,7)‘[1)(1“—#10) —v(z —w)| dw
= / ONK (z,w) 97~ [v(z 4+ w) —v(z — w)] dw
R™\ By /4
= (=1 / 000 MK (x, w) [v(z 4+ w) — v(z — w)] dw.
R™\ By /4

Consequently, by (3),

K (z,w) 5(0) ) (z, w) dw‘
]Rn

< 200, 0]l 1= ) / ol =N s,
R™\ By /4

proving (18). O
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2.2. Approximation by nicer kernels. In what follows, it will be convenient to
approximate the solution u of (5) with smooth functions w. obtained by solving
equations similar to (5), but with kernels K. which coincide with the fractional
Laplacian in a neighborhood of the origin. Indeed, this will allow us to work with
smooth functions, ensuring that in our computations all integrals converge. We will
then prove uniform estimates on u,, which will give the desired C°*%-bound on u
by letting e — 0.

To simplify the notation, up to multiply both K and f by 1/ag, we assume
without loss of generality that the constant ag in (2) is equal to 1.

Let n € C°°(R™) satisfy

. 1 in Bl/27
“1 0 inRY\ By,

and for any £,6 > 0 set n-(w) := n(%) for any € > 0, 7)s(x) := 6 "n(x/5). Then
we define
2—o0

Kol w) = o) e o (1= e (w) Ko w), (19)
where
Ko (w,w) 1= K (2, w) + (e (2)7ies (w)), (20)
and
Lov(z) = s K. (z,w) 6v(z, w)dw. (21)
We also define
fo(@) = f(, u(@)) + (). (22)

Note that we get a family f. € C°°(B;) such that

lim f. = f uniformly in Bj /4.
e—0+

Finally, we define u. € L>®°(R") N C(R™) as the unique solution to the following
linear problem:

Leue = fs(z) in B3/4
{ Us = U in R™ \ 33/4. (23)

It is easy to check that the kernels K. satisfy (2) and (3) with constants independent
of € (recall that, to simplify the notation, we are assuming ag = 1). Also, since
K satisfies assumption (3) with k£ = 0 and the convolution parameter €2 in (19) is
much smaller than ¢, the operators L. converge to the operator associated to K
in the weak sense introduced in [6, Definition 22]. Indeed, let v a smooth function
satisfying

|[v] < M in R™, lv(w) —v(z) — (w—x) - Vo(z)| < M|z —w|* Yw € By(z),
(24)
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for some M > 0. Then, from (3) and (24), it follows that

/.

< [ ()] 2o - K|+ 0 o) |K o0 s (o)) - Kow) )
x|0v(z, w)| dw
< [owpr [ K@) e @i w) - K o) B, )| du
B. R™\ B¢

< Ce77+1, (25)

%(M@% + (1= 1 (@) (K (z, w) * ez (2)iz2 (w)) — K (x, U/)’ |0v(z, w)| dw

with
= / K (2, w) # o2 ()2 (w) — K (2, w)| [50(w, w)| duw.
R”\ B,

By (3), (24), and the fact that o > 1, we have

I = / / / |K(x—62y,w—521b)n(y)n(tb) —K(x,w)| dy dw |dv(x, w)| dw
"\B. /B, /B
o2

C

2 62

€
< C ——dw+C —— dw
h Bi\B. [w["T1T re\B, |w["TITO

< O(E*7 +&%).

Combining this estimate with (25), we get

/.

where C' depends of M and o. Since o < 2 we conclude that

ns(w)ﬁﬂl;nfa + (1 = o (w) (K (2, w) * Hez (2)He2 (w)) — K (z,w) | 6v(z, w)dw < Ce?7,

|IL: = L|| = 0 ase—0.
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Thanks to this fact, we can repeat almost verbatim® the proof of [6, Lemma 7] to
obtain the uniform convergence

ue —u on R" as € — 0. (27)

2.3. Smoothness of the approximate solutions. We prove now that the func-
tions u. defined in the previous section are of class C*° inside a small ball (whose
size is uniform with respect to €): namely, there exists r € (0,1/4) such that, for
any m € N

[ D™ ue| Lo (B, < C (28)
for some positive constant C' = C(m, o, ¢, [[ul| oo mn), | fll Lo (B, xR))-
For this, we observe that by (19)

2—o0 ° 2—o0
Taprre = Ke(@w) = (1= ne(@)Ke(a,w) + (1= ne(w)) s
so for any x € By 4

2—0

(=A)7Pu (z) = /ﬂéug(a:,w)dw

2¢n,o

= fo(z) - /R (1 — ne(w)) K. (2, w) due (2, w)dw

2—0
+/n (1- nE(w))W oue (x, w)dw

5Tn order to repeat the argument in the proof of [6, Lemma 7] one needs to know that the
functions u. are equicontinuous, which is a consequence of [6, Lemmata 2 and 3]. To be precise, to

apply [6, Lemma 3] one would need the kernels to satisfy the bounds ‘(Z‘_,Q;\ < Ky(z,w) < ﬁj‘_,ﬂg
for all w # 0, while in our case the kernel K (and so also K.) satisfies

(2—0)A (2—-0)A

WgK(mﬂw)gw V|w| < ro (26)

with A :=ag — 1, A :=ag + 7, and ro > 0 (observe that, by our assumptions in (2), A > 3ao/4).
However this is not a big problem: if v € L°°(R"™) satisfies

Ky(z,w) dv(z,w)dw = f(x) in By
Rn
(2—0)A

for some kernel satisfying (3) and ff[ﬁ)ﬁ < Ky(z,w) < Taite only for |w| < 7o, we define

K'(z,w) := {(w)K«(z,w) + (2 — o) 1=c(w) * with ¢ a smooth cut-off function supported inside

‘w|n+a7

By, to get

2—o0o
‘w‘n-‘—cr

K'(z,w) §v(z,w) dw = f(z) + /]R" [1—¢(w)] (—K* (z,w) + ) dv(z, w) dw.

]:RTL
Since 1 — ¢{(w) = 0 near the origin, by assumption (3), the second integral is uniformly bounded
as a function of z, so [6, Lemma 3] applied to K’ gives the desired equicontinuity.
Finally, the uniqueness for the boundary problem

f]R" K(z,w) 6v(z,w) dw = f(z,u(z)) in B4,
{ v=u in R™\ Bg/y.

follows by a standard comparison principle argument (see for instance the argument used in the
proof of [2, Theorem 3.2]).
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(here ¢, is the positive constant that appears in the definition of the fractional
Laplacian, see e.g. [16, 11]). Then, for any x € By 4 it follows that

(=) ?u(x)

= dyo [fa(x) + /n (1- ng(w))(iﬂ% - I%E(x,w))§u5(m,w)dw}
dn,o[fe(7) + he(z)] (29)
= dyeg:(z).
with d,, » := 2n.q .
’ 2—0

Making some changes of variables we can rewrite h. as follows:
he) = [ @-nw-o)(
2—0 -
+ / (1 =ne(z —w)) (7 K. (x,z — w))us(w)dw

|w — z|*te B

2—0 -
m — Ks(.fL','LU — x))us(w)dw

- (o) [ (=) (s Kolew) ) (30)

We now notice that “the function h. is locally as smooth as wu.”, is the sense that
for any m € N and U C By ;4 open we have

[1ellom @y < Cem (14 [lucllom@)) (31)
for some constant C¢,,, > 0. To see this observe that, in the first two integrals, the
variable z appears only inside 7. and in the kernel K., and 7e is equal to 1 near
the origin. Hence the first two integrals are smooth functions of x (recall that K.
is smooth, see (20)). The third term is clearly as regular as u. because the third
integral is smooth by the same reason as before. This proves (31).

We are now going to prove that the functions u. belong to C*°(B/5), with

[uellem(B,)ue,,,) < Clri,m, 0., [[ucl| oo @), || fll L= (B, xR)) (32)

for any m € N, where r,, :=1/20 — 257™ (so that 1/4 — r,,, > 1/5 for any m).

To show this, we begin by observing that, since o € (1,2), by (29), (31), and
[6, Theorem 61], we have that u. € L>(R") N C*#(By/4_,,) for any g < o — 1
(ry = 1/100), and

el s,y < Ce(lullzoqme) + 15w )- (33)

Now, to get a bound on higher derivatives, the idea would be to differentiate (29)
and use again (31) and [6, Theorem 61]. However we do not have C! bounds on the
function u. outside Bj/4_,,, and therefore we can not apply directly this strategy
to obtain the C%“ regularity of the function u..

To avoid this problem we follow the localization argument in [5, Theorem 13.1]:
we take & > 0 small (to be chosen) and we consider a smooth cut-off function

9 { 1 in By (146)rs
0 on R" \ Bl/4—’r17

and for fixed e € S"~! and |h| < ér; we define

uc(x +eh) —uc(x)
v(x) = ] . (34)
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The function v(x) is uniformly bounded in By s_(146)r, because u € C'(By4_y,).
We now write v(z) = v1(z) + v2(z), being

_ Yue(x + eh) — Juc () (1 —Nue(x + eh) — (1 — Du(x) '

vy () : and wvg(x) :=
|h| I
By (33) it is clear that
V1 € LOO(Rn)
and that (recall that |h| < d71)
v = v inside By /4—(1425)r, - (35)

Moreover, for x € By 4—1426)r,, using (29), (22), and (31) we get
(8 Pui(@)| = |(=8)" (@) - (~A)u(a)|

ge(x + eh) — g-(x)

— (=) 2y ()

I
< G fucllenm, ) + (A Pus@)]. (36)
Now, let us denote by K,(y) := ‘;‘Zﬁ(, the kernel of the fractional Laplacian. Since

for @ € By/sa—(1426)r, and |y| < 71 we have that (1 — 9)u.(z £y) = 0, it follows
from a change of variable that

A7 Pua(@) < | [ (ualatv) + vale = ) — 2ual) Kolu)dy]

< )/n (1—19)U5(33+y+6|f;l)|—(1—19)u5(x+y)Ko(y)dy)
+ / e €|}flL) sl Ko(y)dy|
S /R (1 *ﬂ)lual(x+y)‘K°(y - elff?l — Koly) ’dy
T LR LS S
< el oy / . m%dy
< Cslluell oo @n)-

Therefore, by (36) we obtain
|(_A)U/2U1(‘r)| < 05,5 (1 + ||u5H01(B1/4_r1) + Hu8||L°°(R"))7 T e Bl/47(1+25)7‘17

and we can apply [6, Theorem 61] to get that vy € C*#(By/4_,,) for any 8 < o —1,
with

lorllcnsm, vy < Ce (14 otll o qiny + elicn, umrn) + el o qen) ).

provided § > 0 was chosen sufficiently small so that ro > (14 20)r1. By (34), (35),
and (33), this implies that u. € C*#(By4_,,), with

luelloze(By,u,,) < Ce (1 +luellcrsyyu) + ||Ua||Loo(Rn))

< C(1+ ullen + 1 s xm))-
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Iterating this argument we obtain (32), as desired.

2.4. Uniform estimates and conclusion of the proof for £ = 0. Knowing
now that the functions u. defined by (23) are smooth inside By /5 (see (32)), our
goal is to obtain a-priori bounds independent of ¢.

By [6, Theorem 61] applied® to u, we have that u € C*#(B;_g, ) for any 8 < o—1
and Ry > 0, with

lullors(By_py) < C ([ull oo @ny + [ fllzoo (B, xR)) - (37)
Then, for any e sufficiently small, f. € C! (B1/2) with
1o cpyy < € (14 ullors, )
< C'C (14 Jull poeny + 1l oo () xR)) »

where C’ > 0 depends on || f|c1(5, xr) only.
Consider a cut-off function 7 which is 1 inside Bj,7 and 0 outside By /.
Then, recalling (23), we write the equation satisfied by u. as

fe(x) = - K. (x,w) §(ue) (z, w)dw + . K (z,w) d((1 = R)ue)(z, w)dw,

and by differentiating it, say in direction ej, we obtain (recall Lemmata 11 and 12)

Op, fe(x) = o K. (2, w)0(0q, (ue))(z,w)dw

+ / O [, w)3(1 ~ 7)), )

+ / O, K- (a2, w)5 (0 (2, w)dw
for any @ € By /5. It is convenient to rewrite this equation as

Ka(x> w)5(8$1 (ﬁue))(xa w)dw =A, — Ay — As,

Rn
with
Al = 8r1f€(x)>
Ay = /811K5(x,w)5(ﬁu6)(x,w)dw
Ay = /8351[1(5(1;,111)5((1—ﬁ)ug)(x,w)]dw.
We claim that
A1 = Ao = Aglloe 5,0 < C (14 sy + lucllexs,,g) - (39)

with C' depending only on || f|lc1(B, xr). To prove this, we first observe that by (38)

HA1||L°°(Bl/14) <C (1 + ||UHLOO(]Rn)) .

6As already observed in the footnote on page 12, the fact that the kernel satisfies (26) only for
w small is not a problem, and one can easily check that [6, Theorem 61] still holds in our setting.
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Also, since |8,, K. (z,w)| < Clw|~ ") 7 by (16) (used with v = X := (1,0,...,0)
and v := fju.) we get
[Az]| Lo (B, 14) < Clluellc2@ny < Cllucllo2(s, 6)
where we used that 7 is supported in B s¢.
Moreover, since (1 — 7j)u. = 0 inside By /7, we can use (18) with v := (1 — )u.
to obtain

[ 0o = o)

+

o K (z,w) 0y 0((1 — 7)ue)(x, w) dw‘

S CCLI(1 = N)uel e mm)
for any 2 € Bj/14, which gives (note that, by an easy comparison principle,
[te || oo ry < C(1 A+ Jlull oo ()
[ Asll Lo (B, 1a) < C(L A [[ull Lo rn))-

The above estimates imply (39).

Since 9,, (fjue) is bounded on the whole of R™, by (39) and [6, Theorem 61] we
obtain that 0,, (fjuc) € C*#(By/14_g,) for any Ry > 0, with

10, (1) e, sy < C (1 ltllzoe oy + ey )

which implies

e llcmsuyue) < C (14 Tl oy + uellcnsy o) (40)

To end the proof we need to reabsorb the C?-norm on the right hand side. To do
this, we observe that by standard interpolation inequalities (see for instance [12,
Lemma 6.35]), for any 6 € (0,1) there exists Cs > 0 such that

[uclloz(B, 6) < Olluclloze(B, ,5) + Cslluell Lo mn).- (41)
Hence, by (40) and (41) we obtain
||Ue||c2vﬁ(31/15) < Cs(1+ HUHLoo(]Rn)) + C5||Ue||c2vﬁ(31/5)~ (42)

To conclude, one needs to apply the above estimates at every point inside By /5 at
every scale: for any x € Bys, let » > 0 be any radius such that B,.(z) C By/s.
Then we consider
02 (y) = ue(z + 1Y), (43)
and we observe that v7, solves an analogous equation as the one solved by u. with
the kernel given by

KZ,(y,2) = r" T K (z +ry,r2)

and with right hand side

F..(y):=7r° fla+ry—z,u(x+ry — z))n.(2)dz.
RTL

"This can be easily checked using the definition of K¢ and (3). Indeed, because of the presence
of the term (1 — n.(w)) which vanishes for |w| < £/2, one only needs to check that

/ |lw— 27" H2(z)dz < Clw| ™" 77 for |w| > e/2,

which is easy to prove (we leave the details to the reader).
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We now observe that the kernels K7, satisfy assumptions (2) and (3) uniformly

with respect to g, r, and x. Moreover, for |z| + r < 1/5, and € small, we have

1Fer

lc1(By2) ST7C(A+ |luller(s,,)):

with C' > 0 depending on || f||c1(p, xr) only. Hence, by (37) this implies

”FS’T”Cl(Bl/z) <r’C (1 + ||u||L°°(JR") + ”f”LOO(leR)) .

Thus, applying (42) to vg (by the discussion we just made, the constants are all
independent of €, r, and x) and scaling back, we get

[ucllEes (s, 150y < Co (L4 Nl ey + 1l (Brxmy) + Collucltos s, 5 @)-

Using now Lemma 8 inside By/5 with 4 = 1/15, v = 1/5, m = 2, and A5 =
Cs(1+ |lull oo mny + | f|| Lo (B, x®)), We conclude (observe that 1/15-1/5 =1/75)

[te o288y mg) < C (14 lullpos @ny + 1 fllzoe (B xmy) 5
which implies
[ullc2.6(B, ,45) < C (1+ llullLoe@ny + [1fl| oo (B, xR))
by letting € — 0 (see (27)). Since 8 < o — 1, this is equivalent to
[ullcota(s, ) < C (14 [[ullpoe@ny + [ fllLe(Byxm)) ,  for any a < 1.

A standard covering/rescaling argument completes the proof of Theorem 5 in the
case k = 0.

2.5. The induction argument. We already proved Theorem 5 in the case k = 0.
We now show by induction that, for any k£ > 1,

[ull grtotos, ania) < Ck (L4 flull oo @ny + 1| Lo (B, xR)) 5 (44)

for some constant Cy, > 0: by a standard covering/rescaling argument, this proves (6)
and so Theorem 5. As we shall see, the argument is more or less identical to the
case k = 0. To be fully rigorous, we should apply the regularization argument with
the functions u. as done in the previous step. However, to simplify the notation
and make the argument more transparent, we will skip the regularization.

Define g(x) := f(x,u(z)), and consider a cut-off function 7 which is 1 inside
81/23k+5 and 0 outside B1/23k+4.

By Lemmata 11 and 12 we differentiate the equation k 4+ 1 times according to
the following computation: first we observe that, since (44) is true for k — 1 and we
can choose o € (2 — 0,1) so that o0 + o > 2, we deduce that g € C*(By jgsns4)
with

I9llcr(s, ponra) S C (1 + ||U||ck+1(31/23k+4)) < O (ull o wny + 11l oo (B xRm))
(45)
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with C' > 0 depending on || f | ck+1(p, xr) only. Now we take v € N with |y| = k+1
and we differentiate the equation to obtain

d7g(z)
_ 3 (11)(1:) Rn8;\K(x,w)5(8z_’\(ﬁu))(x,w)dw

1<i<n
0SS
A=(A1seees An)

+ (Ii) (IZ) . Oy K (z,w) 687 (1 = i)u) (z, w) dw.

1<i<n
O0SA; <73
A=(A150s An)

Then, we isolate the term with A = 0 in the first sum:

K(z,w) () (u))(z,w) dw = A1 — Ag — As

]Rn
with
A = 9g(x),
it Tn A A=
A = . K A
: > (3) () Lt s ) v
0<\>\i\<1'1h‘
A=(A1,ee s An)#0
0SA; <74

We claim that
|41 = Az = Agllzoe (5, o) < C (1+ Nl + lullovqs, ) o (46)
Indeed, by the fact that |y — A| < k we see that

||A2||L°°(Bl/23k+6) < CC Hﬁu”C"'+2(R”)

D 47
< C 0y fullowrs .

1/23k+4)'
Furthermore, since (1 —17)u = 0 inside By /gsr+s5, we can use (18) with v := (1 —79)u
to obtain
[AsllLe (B, ,an16) < CllullLoe @n)-
This last estimate, (45), and (47) allow us to conclude the validity of (46).
Now, by [6, Theorem 61] applied to 9] (7ju) we get
[ullgrrra(s, yansn) S C (1 + luller+2(B, yansa) + ”uHLOO(JR")) ;

which is the analogous of (40) with ¢ + a = 2 + 8. Hence, arguing as in the case
k =0 (see the argument after (40)) we conclude that

[ullcrsitais, poanina) < C (1F [ulle @ + 1 fllzes,x2)
A covering argument shows the validity of (44), comcluding the proof of Theorem 5.
3. PROOF OF THEOREM 1

The idea of the proof is to write the fractional minimal surface equation in a
suitable form so that we can apply Theorem 5.
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3.1. Writing the operator on the graph of u. The first step in our proof
consists in writing the s-minimal surface functional in terms of the function u
which (locally) parameterizes the boundary of a set E. More precisely, we assume
that w parameterizes OF N Kgr and that (without loss of generality) E N Kg is
contained in the ipograph of u. Moreover, since by assumption u(0) = 0 and u is
of class C1*, up to rotating the system of coordinates (so that Vu(0) = 0) and
reducing the size of R, we can also assume that

OENKg C B ' x [-R/8, R/8]. (48)
Let ¢ € C*°(R) be an even function satisfying

1 i)Y < 1/,
‘p(t){o if |t > 1/2,

and define the smooth cut-off functions
Cr(@") = @(2'|/R)  nr(z) = @(|2’|/R)¢(|znl/R).
Observe that

(=1 1in 3;741, Cr =0 outside B;;;;,

’I]R:l iIlKR/4, T]R:O outsideKR/Q.

We claim that, for any © € 0E N (BZ,?; x [-R/8, R/8]),

xe(y) — Xrm\E(Y)

o p (M ey o,

|’LU/| |w/|n71+s

where

K dr
F(t) ::/O (1_’_7.2)(n+5)/2'

Indeed, writing y = 2 — w we have (observe that ng is even)

XE(Y) — Xrn\E(Y)
/ Ry — ) =2 |m_y|ﬂi+\f dy

XE(T —w) — xgo\E(T — W)
/n nR(w) |w|n+s

R/4 _ _ _ l
Xe(x —w) — xpo\g(z — w) dw
/nil CR(w/) |:/ : (n+s)/2 dw, |w/|n+57
: (1 (wa/[w))?)

dw (50)

where the last equality follows from the fact that ¢(|w,|/R) = 1 for |w,| < R/4,
and that by (48) and by symmetry the contributions of x g(z —w) and xgn\ g(z—w)
outside {|wy| < R/4} cancel each other.
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We now compute the inner integral: using the change variable ¢ := w, /|w’| we
have

dw,,

/R/4 XE(x _ w)
(n+s)/2
R (L wn/Ju))?)

/R/4 1

= dw
N sz don
u(z’)—u(x’'—w’) (1 + (wn/|w’|)2)

o [ 1
- —
(u(@)—u(a’—w"))/Jw'| (1 + tz)(n+s)/2

R u(z') —u(z’ —w')
"N"F|—)-F .
1|7 ()~ (5
In the same way,

R/4 XR”\E(:E — ’LU)
iz Mn
—R/4 (1+ (wn/|w’|)2)

|| P u(z') —u(z’ —w') (- R .
|w| Afuw'|
Therefore, since F' is odd, we immediately get that

R4 gz — w) — xgo\6(z — W) . — 2l u(z’ —w') —u(x)
T )

which together with (50) proves (49).

Let us point out that to justify these computations in a pointwise fashion one
would need u € C11(x) (in the sense of [3, Definition 3.1]). However, by using the
viscosity definition it is immediate to check that (49) holds in the viscosity sense
(since one only needs to verify it at points where the graph of u can be touched
with paraboloids).

3.2. The right hand side of the equation. Let us define the function

xe(y) — XR"\E(y)
|z —y|"te

Va(e)i= [ 1= ety =) @, G1)

Since 1 —nr(y — x) vanishes in a neighborhood of {z = y}, it is immediate to check

1—
that the function g (2) := w is of class C'*°, with
Cla "
R < e Ya N

Hence, since 1/(1 + |z|"**) € LY*(R™) we deduce that

Up € C°(R™), with all its derivatives uniformly bounded. (52)
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3.3. An equation for v and conclusion. By [4, Theorem 5.1] we have that the
equation

/ XE(Y) — xem\E(Y) dy =0

|z — gyt
holds in viscosity sense for any x € (OF) N Kgr. Consequently, by (49) and (51) we
deduce that u is a viscosity solution of

‘w/‘ |w/|n—1+s 2

inside Bg;;. Since F' is odd, we can add the term F (—Vu(gg’) . \%\) inside the
integral in the left hand side (since it integrates to zero), so the equation actually

becomes

/Rn_1 {F (U(x’ — wu’])/— U(x/)> _F (vU(x’) ) |Z:|>} Mg du’

(@, u(2))

S E—
We would like to apply the regularity result from Theorem 6, exploiting (52) to
bound the right hand side of (53). To this aim, using the Fundamental Theorem
of Calculus, we rewrite the left hand side in (53) as

(53)

o ’
[ =) ) + Va2 K s
s
where
1 ’ ’ ’ 7N\ 2\ —(n+s)/2
a(z’, —w' :—/<1+<tu($_w)_u(x)1tVum’~w)> dt.
@)= | - (1-0Vu) -
Now, we claim that
/ Su(z’,w') Kr(z',w'") dw' = =V g(2’,u(x')) + Ar(z’), (55)
Rn—1
e ', w!) + ale!, ~u)]Ga(w)
;oo la@'w') +alx’, —w')]Cr(w
Kr(z',w') = 2[w!|(n=1)+(1+5)
and
ooy r /
Ag(z') == / [u(x’ —w') —u(z’) + Vu(z") - w'] [o(z', ') |a(,|mn;g w))Ca () dw'’
Rn—1 w L1 &
To prove (55) we introduce a short-hand notation: we define
!/
ut (2, w') = w2 £w') —u(z’) F Vu(z') - at (2 w') = a2, £w') |<R,(|Z;U+)S,
w

while the integration over R® ™!, possibly in the principal value sense, will be de-
noted by I[-]. With this notation, and recalling (54), it follows that (53) can be
written

——==1TIu"a"]. (56)
By changing w’ with —w’ in the integral given by I, we see that

Iuta™] = Iu"a"],
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consequently (56) can be rewritten as
—% — ITutat]. (57)
Notice also that
ut +u” = du, Iut(a™ —a )] =Iu (a~ —at)]. (58)
Hence, adding (56) and (57), and using (58), we obtain
—Vp = Iuta®]|+Iu"a’]

= Sl +u)a a)] [ — )t —a)]

= lu(” + o)+ gl — ) —a)
= LHu(at o))~ I (@ —a7)]

which proves (55).

Now, to conclude the proof of Theorem 1 it suffices to apply Theorem 6 iter-
atively: more precisely, let us start by assuming that v € CV#(By") for some
r < R/2 and any 8 < s. Then, by the discussion above we get that u solves

/ du(z',w') K (2, w') dw' = =,.(2' ,u(z")) + A (x) in B" 1.
Rn—1

Moreover, one can easily check that the regularity of u implies that the assumptions
of Theorem 6 with k& = 0 are satisfied with o := 1+ s and ap := 1/(1—s). (Observe
that (7) holds since ||U|‘01,B(Bg;71)~) Furthermore, it is not difficult to check that,

for |w'| <1,
[u(a’ —w') —u(a’) + Vu(a') - w'] o', w') — a(a’, —w)]| < Clw' PP

which implies that the integral defining A, is convergent by choosing 5 > s/2.

Furthermore, a tedious computation (which we postpone to Subsection 3.4 below)
shows that

A, € C?P=s(Br . (59)

Hence, by Theorem 6 with k& = 0 we deduce that v € C12# (Bf/_zl) But then this

implies that A, € C4B—S(B:f/_41) and so by Theorem 6 again u € C14# (B:_’/_Sl) for all

B < s. Iterating this argument infinitely many times® we get that u € C"L(anl)

Amy
for some A > 0 small, for any m € N. Then, by a simple covering argument we
obtain that u € C’m(Bgfl) for any p < R and m € N, that is, u is of class C'°

inside B, for any p < R. This completes the proof of Theorem 1.

8Note that, once we know that ||u||Ck,ﬁ(Bn71 is bounded for some k > 2 and § € (0, 1], for
2r

)
any |y| < k—1 we get

Gr(w) ’
|’UJ""+S dw ’

07 Ar(z) = / 07 ([u(a" —w') — u(z’) + Vu(z') - w'l [a(z’, w') — a(z’, —w’)])
Rn—1
and exactly as in the case k£ = 0 one shows that
‘3;([u($/ —w') —u(z) + Vu(z') - w'] [a(z',w') — alz’, —w')])| < C’|w/|2’8+1 Yiw'| <1,

and that A, € CF=1:26—s(Br=1),
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3.4. Holder regularity of Ar. We now prove (59), i.e., if u € C#(B51) then
A, € C*=3(Br~1) (r < R/2). For this we introduce the following notation:

Uz, w') == u(z' —w') —u(z') + Vu(z) - v’

and

Let us define

Then we have
ﬂ A !
Ap(2') = /]R » U(m/,w/)wg(w’) dw'.

To prove the desired Holder condition of the function A, (x’), we first note that
1
U(z',w') = / [Vu(2") — Vu(z' — tw')]dt -w'.
0
Since u € C1A (B! and 2r < R, we get

Uz’ w') = U(y',w')| < C min{|z’ — o/ |° 0’|, |w'|PT'}, fory € B»~'  (61)

and
U (2, w")| < Clw'|PTL. (62)

Therefore, from (61) and (62) it follows that, for any y' € BP—1,

/
A=A = | [ O ) - U e ) D
Rrn—1
! !
< of  winfla’ - Pl PP HELE N ) gy
]R"_l ‘w ‘n s
@) — A
+ C . |w'| WIEE ¢r(w') dw
= L(«,y)+ L(y). (63)

To estimate the last two integrals we define
w/
Ao (2 w') = alx',w') — p(Vu(x’) . )
w

With this notation
(2 w') = (), w') — (2!, —w'). (64)
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By (60) and (62), since |p’(t)| < C and p is even, it follows that

W ', —w')|
P (/\t - TUU/J)'| wr) _ AL =1) + (1= N)]Vu(2') - Z/> ‘ d\dt
S 2
< O (65)

for all jw'| <7
Estimating 7 (2, w’) in the same way, by (64) and (65), we get, for any 8 > s/2,

Ly) < C’/R71min{|x’—y’\ﬁ\w’\,\w’\ﬁ+l}|w'|ﬁ_"_sg(w’)dw/

T 2=’
< Ol - y’|5/ . +/ R 1
o’ —y’] 0
< Cla’ =y PP (66)
On the other hand, to estimate Is we note that

|”Qf(x/aw/) - ﬂ(y/»w/” < |Jf*($/,w/) - m(y/aw/”
+ |y, —w') - Z(2, —w')]. (67)

Hence, arguing as in (65) we have

(e e )

/ / /
- <)\t(iJw’,|w) — Vu(y) - w) ‘ ) dt

| (!, —w') — yfw)l
jw!

[
( | VW) Guyy - wll)‘d/\dt

N

n /ltU(:l: ywh) =U(y,w')
0 |w’| |

= ]2’1(1' , Y ) + IQQ(.’E , Y ) (68)

We bound each of these integrals separately. First, since |p/(t)] < C, it follows
immediately from (61) that

La(2',y") < Cmin{la’ —y'|”, [o'|}. (69)

On the other hand, by (62), (61), and the fact that u € CV#(Bjy™") and p’ is
uniformly Lipschitz, we get

]
< Cl')? (minfle’ — |, [0/} + |2 = o))

< Cl')Pla’ =), (70)

oo ’oa
IQJ(I/,y/) < O|w/|ﬁ<|U(x ,’UJ) U(y,w)| —|—|Vu(x’)—Vu(y’)|>
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Then, assuming without loss of generality » < 1 (so that also |z’ —y’| < 1), by (68),
(69), and (70) it follows that
')~ ety )| < C(minfle’ = PP} + 0Pl )
< Cmin{la’ -y, [/}, (71)
As | (v, w') — o, (', w")| is bounded in the same way, by (67), we have
| (2, w') — o/ (y', w')| < Cmin{l2" —y'|?, |w'|7}.
By arguing as in (66), we get that, for any s/2 < 8 < s,

wmin{|a’ — |7, w7}
|w/|n+s

C lw'|?
Rn—1
< Ol — o |*P=. (72)
Finally, by (63), (66) and (72), we conclude that

|Ar(2) — A (y)| < Cla’ —y/PP~5, e BI Y,

IQ(xla y/)

N

Gr(w')dw'

as desired.
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