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Abstract

We study a sequence of nonlinear stochastic differential equations and show that the dis-
tributions of the solutions converge to the solution of the viscous porous medium equation
with exponent m > 1, generalizing the results of [7] and [8] which concern the case m = 2.
Furthermore we explain how to apply this result to the study of interacting particle systems.
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1 Introduction

Let V € C2(RY) (twice continuously differentiable with compact support) be an even positive
function with [, V(z)dz = 1. For m > 1, we consider the following sequence of nonlinear
stochastic differential equations in R? (which in the special case m = 2 coincides with the model
studied in [8]):
aygy = - [VVE * (VE x us(t))mfl] (Y7)dt + dB,
Yo =¢ (1)
uf(t) = Law(Yy).
Here V¢ is obtained from V by the scaling

Ve (z) = 6idV(x/g),

(Bt)¢>0 is a d-dimensional Brownian motion, and ¢ is a random variable which is independent
from (B)¢>0 and whose distribution has a density

ug € L®(RY). (2)

Defining
G (t) = Ve x (VExuf ()™,
by Ito’s formula u® is a distributional solution of

Opu® = 3 Avu + div(Vgud)
ua(()?‘) = uo-



We will show that u® converges, as € — 0, to the solution w of the wviscous porous medium

equation
{ Oru = TAu+2=LA(u™)
u(0,:) = wup.

In the case m = 2 the proof of existence and uniqueness of a strong solution of (1) can be
found in [12, Chapter I, Theorem 1.1], and that proof can be easily generalized to arbitrary
m > 2 thanks to the Lipschitz continuity of the function s — s™~!. In the case 1 < m < 2 we
will prove existence of a strong solution in Section 2.2 using an approximation argument (see
Proposition 2.8).

The importance of this convergence result comes from the fact that the nonlinear stochastic
differential equation (1) arises in the study of large interacting particle systems, and by the
above convergence one can prove a propagation of chaos result, see Section 2.

1.1 Notations and statement of the main result

Let M(Rd) be the the space of probability measures on R¢, equipped with the metric

d(p,v) = sup
feBL

f@)ulde) — [ fz)v(de)]|,
R4

Rd

where BL is the set of all Lipschitz continuous functions on R? which are bounded together
with their Lipschitz constant by 1. It is well known (see for example [5]) that d metrizes the
weak convergence in M (R?) (that is, the convergence in the duality with bounded countinuous
functions).

Definition 1.1. A weak solution of the viscous porous medium equation
Oru = TAu+ 2= A(um) (4)
U(O, ) = U
on the time interval [0, T'] with initial datum ug is a measure-valued function u € C([0, T], M(R?))
with the following properties:

1. For almost every ¢ € [0, 7] the measure u(t) has a density with respect to Lebesgue measure
(which we still denote by u(t)), and u € L™(R? x [0,T]).

2. For all f € C}(RY) and all ¢ € [0,7]:
1 t
f@u(t,x)de = f(@)up(x)dx + / Af(z)u(s,z)dxds
Rd Rd 2Jo Jrd
-1 [t
—|—m/ / Af(z)u(s,z)"dzds.
m 0 JRd
As we will see in the sequel, thanks to the assumption ug € L>®(R?) all weak solutions of
the viscous porous medium equation belong to L™*!(R? x [0,7]) (and not only to L™(R? x

[0,77])), and therefore are unique (see Propositions 3.9 and 3.10). One so obtains the following
convergence result (whose proof is given to Section 3):



Theorem 1.2. The sequence (u)eso converges in C([0,T], M(R?)) to the unique weak solution
u®™ of the viscous porous medium equation with initial datum ug.

Remark 1.3. In the case m = 2 a similar result was proved by Oelschléger [7], but only under
the very restrictive assumption ug € C;° (R%). The second author [8] generalized Oelschliger’s
result to the case ug € L?(R%), but only in the case m = 2.

2 Application to interacting particle systems

Our result is of crucial importance in the study of systems of interacting diffusions related to

the porous medium equation
m—1

. m
The classical application of this equation concerns the density of an ideal gas flowing through a
homogeneous porous medium (see [13, Chapter 1.9] or [14, Chapter 2.1]). Let u be the density
of the gas, v its velocity and p the pressure. Then we have the following physical laws:

1. Conservation of mass: O(eu) + div(uv) =0
2. Equation of state: p o< u’
3. Darcy’s law: v x —Vp

Here € € (0,1) is the porosity of the medium (which is constant because we are dealing with a
homogeneous medium), and v the polytropic exponent. Combining these equations we see that
(up to a positive constant factor that can be scaled away)

__7 7+1
Opu = o | A(u™™),
so that the density of the gas satisfies the porous medium equation with m = v+ 1. For an
introduction to flows in porous media we refer to [13], and for the mathematical theory and
other applications of the porous medium equation to [14].

We have given a physical derivation of the porous medium equation based on the hypotheses
of continuum mechanics. But strictly speaking, a gas is not a continuum, but consists of atoms
and molecules. It is therefore desirable to find rigorous connections between this microscale and
the macroscale. Knowing that on the macroscale the behaviour of the gas is described by the
porous medium equation, our goal is to find a microscopic model which allows us, when the
number of particles tends to infinity, to derive the porous medium equation as limit equation.

In the special case m = 2 this problem was solved by the second author in [9], and the
question arose whether his approach could be adapted to treat more general values of m. As we
will see in the sequel this is indeed possible.

We will distinguish two cases: the easier case m > 2 and the more complicated case 1 <
m < 2.



2.1 The case m > 2

We consider the following system of interacting diffusions in R? (which in the special case m = 2
coincides with the model studied in [9]):

N
dXtN’n’Z’a’(s _ l: VVE(Z/){N Z VE(XtNﬂ,s,z? -y — X;V’J,Eﬁ)} dy} dt
o p=i (5)
+ 8dB}

N7A7 76
xpet = ¢,

Here (B%);cn is a sequence of independent standard Brownian motions, and ({*);cy is a sequence
of independent and identically distributed random variables, independent of the Brownian mo-
tions and whose distributions have density ug with respect to Lebesgue measure.

The particle system (5) depends on three parameters: N € N, ¢ > 0 and § > 0. N is the
number of particles, ¢ measures the range of interaction, and & measures the strength of the
additional diffusion caused by the Brownian motions.

Let M be a fixed natural number, and let PtN’M’a’a be the joint distribution on RM™? of the ran-
dom  variables XtN’i’E"S,i = 1,..., M. Moreover let wu € C([0,T7],
LYRY)NL>([0,T], L°(R%)) be the unique weak solution of the Cauchy problem for the porous
medium equation

{ Oru = =L A(um)
u(0,) = wo

(see [4], [2], [14]) and denote by P; the measure on R? with density u(t,-). Then we have the
following theorem:

Theorem 2.1 (Propagation of chaos for m > 2).

lim lim lim PN — paM, (6)
d—0e—0 N—oo

locally uniformly in t.
This result has the following consequences:

Corollary 2.2.

1. The empirical measure ,uiv’s’é = % ZZ]L O yN.ieo of the particle system converges weakly to
t

P,.
2. The distribution of the position of each particle also converges to P;.

3. Any fixed number of particles remains approzimately independent in the course of time, in
spite of the interaction.

Proof. The second and the third statement follow immediately from Theorem 2.1. The first
statement follows from Theorem 2.1 and the general fact (see [12, Chapter 1.2, Proposition 2.2])
that propagation of chaos is equivalent to weak convergence of the empirical measure to a
deterministic measure. O



Proof of Theorem 2.1. As intermediate objects between the particle system (5) and the porous
medium equation we introduce nonlinear processes Y9 (1 € N, g,6 > 0) defined as solutions
of the following nonlinear stochastic differential equations:

d}'/ti,:,é _ - [vvs % (Va ” ue,ﬁ(t))m—l] (}/ti’g’é)dt + 5dBtZ,
}/01,5, = ( ' (7)
ua76(t) — Law(}/tl’s’é).

These are (up to the factor ¢ in front of the Brownian motions) independent copies of our

process Y defined in (1). In a first step we show that XtN’i’E’é converges (for N — 00) to Yti’a’(s

(the proof of the following result is postponed to the Appendix):
Proposition 2.3.

E[ sup ’XtN,z,e,é _ thz,e,é
0<t<T

JPEC)

where the dependence of C(eg) on € is made explicit in the proof.

By the above proposition, we easily have the convergence

lim PtN7m7€,5 — (Pt€»5)®m’
N—oo

where Pf’é = w9 is the law of Yf’e’é.
Then, Theorem 1.2 implies that the distribution of Ytl’s"; converges (for e — 0) to the solution
u® of the viscous porous medium equation (with viscosity §2/2)

= T AU+ LA ((Wf)™)
u®(0,-) = o,

so that

lim lim P50 = (B))®M,

e—0N—oo
P} being the measure with density u’(t,-). Finally, a result of Bénilan and Crandall [2] implies
that u’ converges in L>([0,T], L'(R%)) to the solution u of the porous medium equation as

d — 0, from which (6) follows. O

2.2 Thecasel <m<?2

This case is more difficult since the function s — s™! is not locally Lipschitz continuous. We

therefore replace it with a Lipschitz continuous approximation ¢,, (i.e. (¢n)nen is a sequence of
non-negative Lipschitz continuous functions that converges uniformly to the function s — s™~1)
and study the following system:

N
. 1 ; j
dXiV,n,Z,E,(S — _|: » vve(y) g0n<]\] E VE(Xt]V,n,Z,Eyts —y— X§7n3]7575)>dy:| dt
=1

+ 6dB;
Xév»n7i>€76 — CZ.

(8)



As before let M be a fixed natural number, and let P)"*™%° be the joint distribution of the
random variables XtN’i’”’E’é,i =1,..., M. Moreover let P; be the measure with density u(t,-) on
R9, where u € C([0,T], L*(R%)) N L>=([0, T], L°>°(R%)) is the unique weak solution of the porous
medium equation
{ Oru = =L A(um)
U(Oa ) = ugp-

(see [4], [2]). Then we have the following:

Theorem 2.4 (Propagation of chaos for 1 < m < 2).

lim lim lim* lim PtN’M’n’e’é = Pt®M, 9)
0—0e—0n—oco0 N—oo

*

oo denotes the limit of any converging subsequence of a pre-

locally uniformly in t. Here lim
compact sequence.

Remark 2.5. This theorem means the following;:

PtN,M,n,E,(S)

1. For each &,6 > 0 the sequence (limy_, oo neN is tight.

2. Each accumulation point of this sequence (denoted by lim;_ limy_ oo
pNAMmEdy  gatisfies  limg_g lime_o Him?®_ limpy_eo BV M0 pEM,
This means that although the limit that we obtain after letting n — oo might be non-

unique, the whole limit is unique.

Proof of Theorem 2.4. We define nonlinear processes Y& (1 € N, g,6 > 0) as solutions of the
following nonlinear stochastic differential equations:

AY;" 0 = = [VVE ko (VE w0 (1))] (Y]"5)dt + §d By,
Yonﬂwfﬁ = (i (10)
wSA(t) = Law(Y," ).
As in Proposition 2.3 (the proof is exactly the same, just write ¢, in place of the function
s+ s™71) one can show that XtN’n’l’E’a converges (for N — 00) to Ytn’l’s"s:

Proposition 2.6.

E[ sup ’XtN,n,z,e,é N Y;n,z,e,é
0<t<T

2] - C(zg\}n)‘

As in the preceding subsection this proposition implies

lim PtN,M,n,a,é _ (Ptn,6,6)®M

)
N—oo

where Pt"’g’(S = u9(t) is the law of Yt"’i’s’é. We now let n — oo. Since the processes Y™
are (for different ¢) independent copies of each other, we can omit the index i. Let ™9 be the
law of the process Y™ considered as an element of M(C([0,T],R%)) (so that u™=(t) is its
marginal at time t).



n,e,&)

Lemma 2.7. The sequence (u neN s tight.

Proof. In order to apply [11, Theorem 1.4.6] we have to show that for all non-negative f €
C°(RY) there is a constant Ay > 0 such that for all n € N and all 29 € R? the process

f (Y%n,s,d + ) + Ayt is a non-negative submartingale. To do so we first observe (using It6’s
formula) that, for all f € CZ(R?), the process

t
f(}/tn@(s +$0) _ / { _ |:VV€ % (pn(vs *un,e,é(s))} (Y;n,i,s,(s) . Vf(st,i,s,(S +x0)
0

5? A
n FAFYT 4 a:o)}ds

is a martingale. Moreover, since ,(s) — s~ uniformly, we can assume ¢, (s) < 1Vs for all n €
N. It is then clear that we can take Ay := |:HVVEHL1(R¢1)(1 VIVEN poo(ray) + 6%/2] [ flle2(ray- O

Let u®° be an accumulation point of the sequence (u?),cn in M(C([0, T],R%)).

Proposition 2.8. Up to a subsequence, the sequence of processes (Y”’E"s)neN converges almost
surely to the strong solution Y9 of the equation

{ AY[? = [OVE e (VS0 (Y7t + B,
o= ¢

— 0 a.s. forn — oo. Moreover u*’(t) equals the law of Yf";, 50

. n,e,0 £,0
L.€. SUPo<i<T ‘Yt —Y

that Y0 is in fact a strong solution of the nonlinear stochastic differential equation

dYS0 = = [VVEs (VEsusd()m Y] (V0)dt + 0dB,
Y5,6 _ C

0

uso(t) = LaW(Yta’é)-

Proof. The weak convergence of ™9 to u? together with the uniform convergence of ¢,, to the
function s — s™~! implies uniform convergence of the drift coefficient VV? x ¢, (V x u™=0(t))
to VVe % (VExu®%(t))™ 1, and the first statement follows immediately (use Gronwall’s lemma
and the Lipschitz continuity of z +— VV x (V€ % u®9(t))™ (z)). The second statement is also
clear because us(t) is the weak limit of u™*9(¢) = Law(Y;"*°), and Y is the limit of ¥,
for the almost sure convergence. O

Lemma 2.7 and Proposition 2.8 together imply that lim)_,  limy_~ PtN’M’”’g"s = (Pf’5)®M,

where Pta’é = &t (t) is the law of Yti’a’é. Now we conclude, as in the preceding subsection, using
Theorem 1.2 and the result of Bénilan and Crandall [2]. O



3 Proof of Theorem 1.2

We introduce the following smoothed version of u®

vE(t, @) = (u®(t) * V) (z).

Observe that, since uf(t) is a probability measure for all ¢ € [0, 7] and V € C2(R?), we have

v®, Vo©, D% € L=([0,T], LY (R%) N C(RY)). (11)
Moreover v° solves
Oyv® = AU+ div(Vguf)  VE = L Avf + (Vg*uf) x VVE (12)
ve(0,-) = wox*VE.

Thus, since the right hand side of (12) belongs to L>°([0, 7], L*(R?) N C(R?)), we also have
o e L>([0,T), LY (RY) N C(RY)). (13)
We also remark that, with these notations,
¢ =V (v5)m L. (14)

The strategy of the proof is the following: first, in Lemma 3.1, we prove some a priori bounds
on v and ¢° which allow to show the tightness of both sequences (uf)c~¢ and (v°).~¢, and that
up to a subsequence they converge in C([0, 7], M(R%)) to the same limit u> (see Proposition 3.3
and Lemma 3.4). Then we take advance of the regularizing effect of the heat kernel to prove some
stronger a priori estimates on v° (see Lemma 3.5), which give that v® converges to u™ strongly
in L™([0, T] x R%) (see Lemma 3.6). This fact allows to pass to the limit in the non-linear term of
the equation and to show that u® is a weak solution of the viscous porous medium equation (see
Proposition 3.8). Finally we prove uniqueness of weak solutions (see Propositions 3.9 and 3.10),
which implies that the whole sequence (uf).~( converges to u>

Lemma 3.1. For each t > 0:
—-1) rt
o= (&, W Fomgay + ’m()/ Ve (s, 2) |20 (s, 2)" 2dx ds
+m/ / Vg (s, 2)|*u (s,dz) ds = ||[v¥(0, MNpm may- (15)

Remark 3.2. Since v°(0,-) = ug * V=, [[V®|L1(gay = 1 and up € LYRY) N L>(RY) ¢ L™(RY),
we have

10500, )| Lm ey < ol pm(ray < oo
Therefore Lemma 3.1 implies that each of the three terms on the left hand side of (15) is bounded
uniformly in € and ¢.



Proof of Lemma 3.1. Multiplying (12) by (v¥)™~! and integrating this identity in space (which
is admissible by (11) and (13)) we have

1d

1
mdt/Rd v (t,x)"dr = Q/Rd v (t, )" AV (t, ) dx

+ / v (t, )™ H(Vgtu®)  VVE|(t, 2)da.
R4
Observe now that, since V¢ is even, VV¢ is odd, and thus
/ b(z)lax VVE|(z)dx = —/ [VVE % b](x)a(x)dz
R4 Rd

for any a,b (provided everything is well-defined). Thus, by this fact and (14), we get

71na6;f/Rd v (t,z)dr = ;/]Rd Ve (t, )™ LAV (t, ) da
- /Rd[VV6 s (V)™ (t, ) Ve (t, x)u (t, dx)
_ _mTil [ 190 ()P (1,2
- /]Rd Ve (t, z)[2uf (t, dx).
Integrating in time, the thesis follows. O

Proposition 3.3. The set (uf).~q is relatively compact in C([0,T], M(R?)).
Proof. In order to apply the Ascoli-Arzela theorem we have to show:
1. There is a compact set K C M(R?) with uf(t) € K for all € > 0 and all ¢ € [0, T].

2. The set {u®|e > 0} is equicontinuous, i.e. for each n > 0 there exists 6 > 0 such that, for
all e > 0 and all s,t € [0,7],

|s—t|<d = du(s),u(t) <n.

We start with the first statement. Since a subset K of M(R?) is relatively compact if and only
if it is tight, we have to show that for each n > 0 there exists a compact set K C R¢ with
us(t, K) > 1 —mn (or equivalently P[Y € K¢] <n) for all e > 0 and all ¢t € [0,T].

Let R > 0. Then we have:

P(Yf| > R = IP’HC—/OthE(Yf,s)derBt >R}

IN

R R
> — P||B > —] .

P [m > ];] +P H/Ot Ve (YE, s)ds

9



The first and the third term tend (for R — o0) to 0, uniformly in € and ¢ € [0,7]. For the
second term we obtain, using Chebyshev’s inequality,
]

Ve s)ds| > B ) HE tvga(y,; 5)ds
0

= o]
- //]Vgxs] (s, dz)ds

and due to Lemma 3.1 this also tends (for R — o0) to 0, uniformly in ¢ and ¢. This completes
the proof of the first statement.
We now prove the second statement. For s,¢ € [0,T] we obtain (using Lemma 3.1)

IN

IN

d(u®(s),u"(t)) = Sup Rdf(m)ua(tadw)— Rdf(m)ua(svdm)

= sup [E[f(Y)] - E[f(¥{)]]
fEBL

S E “}/ts o Y€|2] 1/2

1/2
:E‘/Vg dr—i—BtB}
2 1/2 ) 1/2
< E ’—/ Vot (YE,r)dr ] +E||B: - B,J’]
1/2

< E| t—s]/ Vg© (Y, |d7‘] + |t — 5|2

1/2
= \t—s\1/2<[/ / Vg (, )| 2us (r, dm)dr] —i—l)

s JR4
< Ot —s|2.
This means that (u®).~¢ is equicontinuous, so that the lemma is proved. O

We have shown that the sequence (u®).~o has a convergent subsequence. We now fix such
a convergent subsequence, which we still denote by (uf).~o. Let u> € C([0,T], M(R%)) be its
limit.

Lemma 3.4. The sequence (v¥)e=o also converges in C([0,T], M(R?)) to u™

Proof. The result is a simple consequence of the fact that

sup d(u”(t),v(t)) — 0
0<t<T

10



as € — 0. To prove this, observe that for any ¢ € [0,7] and f € BL we have

f dm—/f “(t,dx)

- /f * VE)( d:c—/ f(x)us(t, dz)

= | L6V @)~ Flaut.do)

/Rd (/R @ +y) = f() v&<x>da:) Gt dy)

Ve (2)da / W (1, dy)
R4 R4
- 5/ 2|V (2)d = Ce.
Rd

IN

IN

O]

Since by Lemma 3.1 the sequence (v°).sg is bounded in L*([0,T], L™ (R%)), up to a subse-
quence it weakly* converges in L>°([0, T], L™(R?)). Therefore by the above lemma we get that
* ¢ 1°(]0,T], L™(R%)). We now want to prove a strong convergence result.
To this aim, we introduce a fractional-type Sobolev space X, for 0 < a < 1:

[w(- +h) = w)llp1ra) }
sup > < +00
0<|h|<1 Al

X, = {w e LY(RY)

(this space coincides with the space AL see [10, Paragraph V.5]). It is simple to check that
this is a Banach space endowed with the norm

w(-+h) —w(
[wllx, = Hw”Ll(Rd) + sup et ) - ( )HLl(Rd)
0<|h|<1 |h

By the Riesz-Fréchet-Kolmogorov Theorem (see [3, Theorem IV.25]), any bounded subset of X,
is compact in L'(2) for any bounded domain Q C R
To prove our strong convergence result, we need a uniform bound on v* in L([0, T], X,).

Lemma 3.5. The sequence (v°)esq is uniformly bounded in L*([0,T], X4) for any 0 < a < 1.

Proof. Observe that by (12), (11) and (13), v® is a smooth bounded solution of the parabolic
equation

O = %AUE + div f¢

ve(0,:) = wugxVE,
with f€ := (Vgu®) x VE. Therefore it is well-known that v° is given by

() = r(t)*uf(0)+/0(r(t—s)*diva(s))ds
= T(t) xv°(0) +/O (VI(t — s) * f°(s))ds, (16)

11



where I'(¢, z) is the heat kernel given by
1 _le?
F(t, x) — 7(27#)(1/26 2t for ¢ > 0,
O fort=0
(see for instance [6]). Moreover, the following estimates are true:
I,Vl € LY([0,T),X,) VO<a<l.

Indeed, by a direct computation one has

IT@E I pr@ey =1, NVEE )L gaey <

C
ID?T(t, )|l 1(ray < N

“
\/i7
These estimates immediately give I' € L'([0, T, X), VI' € L'([0, T] x RY). Moreover one has

IVI(t, -+ h) — VI, )l L1 (rey
= [IVI'(t,- +h) = VI, )71 ey VI (2, - + h) = VI(Z, )HLI(Rd

< |h|a||D2r<t, sy (ZIVTE e )

< e,

11—«

<

1+a

so that VI € L'([0,T], X,) for any 0 < a < 1. We now remark that, since

N

T
1l omresy < /O /RdVge(t,x)]ue(t,dx)dt

T 1/2
(T / / Ve (t, 2) 2 (¢, da) dt> ,
0 R4

by Lemma 3.1 f¢ is uniformly bounded in L'([0, 7] x R%). We therefore easily deduce from (16)
that v is uniformly bounded in L*([0, 7], X, ), as wanted. O

IN

Lemma 3.6. We have v® — u® in L™([0,T] x R?).

Remark 3.7. Observe that, since v° is bounded in L*°([0, T, L™(R)), the lemma implies also
that v° — u® in LP([0,T], L™(R?)) for all p < co. Indeed, if v& — u> in L™([0, T] x R?), then
up to a subsequence [[v°(¢,-) — u™(t,")||pm(way — O for almost every ¢ € [0,T]. This fact and

Lebesgue’s dominated convergence theorem give the strong convergence in LP([0, 7], L™(R%))
for all p < co.

Proof. We first remark that

m* / |Vl (t, ) [Po° (t, )™ deds—/ / ™2t z) [2dx ds,
Rd Rd

12



so that by Lemma 3.1 the sequence (v°)™/? is bounded in L2([0, T], H'(R%)).

We now claim that it suffices to prove the convergence result in L!([0, T] x Bg) for any fixed
R > 0. Indeed, by Lemma 3.4 the measures v®(¢, -) are uniformly tight in ¢ and . Thus, for any
1 > 0 there exists R, such that

T
/ / ve(t, x)dx dt < n. (17)
0 EU

Moreover we observe that, if w € H'(RY), then w? € WH1(R?) ¢ LY@ (R?), with the conven-
tion d/(d — 1) = oo if d = 1 (see [1]). Therefore, since (v°)™?2 is bounded in L?([0, T], H'(R%)),
we obtain that (v°)™ is bounded in L2([0,T], L% (@~ (R%)). Thus, if d > 2, by the inclusion
L%([0, 7], LY@=1(R4)) ¢ L (@=1([0,T] x R?) we have

T
//vf(t,x)d—dldxdtgc (18)
0 R4

for a certain C' independent of . So by (17), (18) and Hélder’s inequality, we get

T
/ / v (t, )" dx dt
o JBg,
(m=1)(d—1)

T =datma [ [T md Tedtmd
</ / v (t, x)dx dt> </ / v (t, x)d-1dz dt)
o JBg, 0 JBg,

< On T—dtmd (19)

IN

(the case d = 1 is also simpler thanks to the boundness of v* in L2([0,T], L>°(R%)). From (19)
and the uniform integrability of (v¥)™ (which is a simple consequence of the uniform bound of
(v5)™ in L2([0, T), LY@=1D(R%)), the claim easily follows.

To conclude the proof, we now show the strong convergence of v¢ to u™ in L([0,T] x Bg).
Fix 0 < a < 1, and take s > 0 big enough so that M(Bpg) (the space of probability measures
on Bp endowed with the weak topology) continuously embeds into H*(Bpr) (H *(Bgr) being
the dual space of H*(Bpg)). We claim that for any § > 0 there exists a constant Cjs such that,
for any smooth function f on R?, we have

12 Br) < Ollfllxa + Csllfll-2(Br)- (20)

Indeed, if not, there would exist a 6 > 0 and a sequence of functions (f;)ren, such that

Ifillxa =1 Wfellorsr) = 0+ El fellg—+(5r)- (21)

As we remarked before, X, compactly embeds into L'(Bp), thus there exist a subsequence (still
denoted by fi) such that f;, — ¢ in L'(Bg). Since

1kl (Br) < Ifellxe =1,
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by (21) we get that fr — 0 in H*(Bpg), so that g = 0. But, on the other hand,
gl By = L || fill L1 () 2 6 > 0,

a contradiction.
Applying (20) to v(t,-) — v°(,-) and integrating in time, we get

[0° =l omxBr < 00T = vl niqor X0

Csllv® = v° || prjo7),5-5(Br))

IN +

§ (I1o°ll o7, x0) + 105 (0,77, %))

_l’_

CéHUE - ngHLl([O,T],H*S(BR))
T
C (6 + Cs / d(ve(t),v°(t) dt>,
0

where in the last step we used that the sequence (v°)c~¢ is bounded in L!([0,T], X,) and that
M(BR)) — H™*(Bpg) continuously. Since, by Lemma 3.4, (v%).>o is a Cauchy sequence in
C([0,T], M(R?)), we finally obtain

IN

hH{S%P [v® — UéHLl([O,T]xBR) < (4,
£,6—

which implies that (v¥).~¢ is a Cauchy sequence in L([0,T] x Br) by the arbitrariness of §. [

Proposition 3.8. For allt € [0,T] and all f € C2(R?) we have:

f( Ju / f(@)uo(z)dr + = / Af(a;)uoo(s,x)dxds
_1// Af(z)u™(s,x)"dxds, (22)

that is u™ is a weak solution of the viscous porous medium equation with initial datum ug.

Proof. According to (3) we have
y f(z)u®(t,dx) / f(z)up(z)dz + = / Af(:):)ua(s,dx)ds
—/ / Vf(x) Vg (s,x)u(s,dx)ds. (23)
0 Jrd

Since u¢ — u* in C([0, T], M(R%)), the convergence of all the terms in (23) is trivial except for

14



the third term in the right hand side. We have

t m—1 t
/ Vf(x)- Vg (s,x)u(s,dx)ds + —— Af(z)u™(s,x)"dxds
0 JRd

m 0 JRE

<

t
/ Vf(x)- Vg (s, x)u(s,dx)ds
0 JRd

—/ Vf(z) -V (v°(s, a:)m_l) ve(s, x)dxds
0 JRd

_ t _ t
ml/ Af(z)v(s,x)"dxds — m=1 Af(z)u™(s,x)"dxds| .
m 0o JRd

m 0 R4

By the convergence v° — u* in L™([0,T] x R?), the second term goes to 0.
Regarding the first term, we observe that

t

Vf( ) - Vg© (s, z)u(s,dx)ds —/0 » Vi) -V (ve(s,w)m_l) ve(s, z)dzds

Vf ( (s, y)m_l) VE(x — y)u®(s, dx)dyds

Rd JRE

_// Vf(y)-V(Us(&y)m—l) VE(x — y)u®(s, dx)dyds
0 JR4 JRA

// / IVF(@) = V)|V (05 (y, 5)™ )| VE (@ — y)u (s, d)dyds
0 JR4 JRA

2 t v (s, )™ Y| |z — “(x —y)u(s,dx S.
< |Df||oo/0/Rd/Rd\v( (5,00 ) e = IV (= y)uc s, )y

Since diam(supp V) = e diam(supp V') (recall that V' has compact support) we see that the last
term is bounded by

IN

A

e diam(supp V) ]D2f||oo/ / / ‘V (s,y)™~ 1)|V6 (s,dz)dyds

= ediam(supp V)| D*f|loo(m — 1) / / Ve (s, 9)| v (s,y)™ Ldyds.
0 JRd JRd
To conclude, we observe that by Holder inequality

IV ()™ Mpoagwray < IV ()™ g0 ey ()™ 2 210 )y

1/2 2
O [ i 2 N [ LA
and the right hand side is uniformly bounded thanks to Lemma 3.1. O

Up to now, we have proved that the sequence (u®).~¢ is relatively compact (Proposition 3.3)
and that any limit point u® of a subsequence is a weak solution of the viscous porous medium
equation (Proposition 3.8).
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It remains to show uniqueness of weak solutions u of this equation. To do so, we first prove
that, thanks to the assumption uy € L>(R?), any weak solution of (4) belongs to L™*1([0, T x
R9) (and not only to L™([0,T] x R%)), and then we conclude using Proposition 3.10.

Proposition 3.9. Let v € L'([0,T] x RY) N L™([0,T] x RY) be a weak solution of the viscous
porous medium equation such that v(0,-) € L®(R?). Then v € L™+1(]0,T] x RY).

Proof. Let us consider the convex function ® : RT™ — R* given by

1 -1
fs+m s,
2 m

D(s) :=

Then v is a weak solution of

0w = A(P(v)).
Fix o(z) a smooth convolution kernel on R?, and define
Ufl(ta ) = U(ta ) * Pn

with ¢, (x) := id (z/n). Then v, is smooth and integrable in = with all its derivatives. More-
over, since

Oy = A(P(v) * ),

vy, is also smooth as a function of . We can therefore multiply the above equation by ftT O (v) *
©n(s,-)ds and integrate in space-time, obtaining

/T Dyt ) (/f@(v) ‘ @n(s,x)ds) dz dt
_ / [ 2@ e)(t.a )</Tc1>( )*gon(s,:v)ds) de dt
_ / [ V(@) o) (/ V(@ *gpn)(s,x)ds) da dt
_ _/Rd/ VO (0) ot )dt

Therefore, integrating by parts in the first line of the above equation, we get

/ / (t,2)P(v) * py(t, ) de dt
R4

T
/vn((),x)/ P (v) * @y (t,x) dadt
R4 0
< [lon(0)loc [ @)l 10,77 xR4)

1
(@l (3ol oraee) +

d:z:<0

IN

m—1

-
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Since @ is convex, by Jensen’s inequality we have ®(v,)(t,z) < ®(v) * ¢, (t,2), and we finally
obtain

T 1 m—1 T
/ / —up(t,x)? + vy(t, )" do dt = / / vy (t, 2)®(vy) dz dt
0 Jra?2 0 Jrd

m
1 m-—1
< an(O)Hoo (2”UHL1([0,T]de) + m’U”Lm([O,T}XRd)> ‘

Taking the limit as n — 0, we conclude that v € L™+([0,T] x R%). O

Proposition 3.10. Let v and v be two weak solutions of the viscous porous medium equation
on [0,T] such that v, € L™t (R? x [0,T]). Then v = 0.

Proof. Using the same notations of the proof of the above proposition, v and ¢ are weak solutions
of
Ow = A(P(w)).

As before we regularize the solutions with a smooth convolution kernel ¢, and we get
Ot(vy — y) = A(P(v) * oy — B(D) * py).

Multiplying the equation by ftT[tl)(v) *op(s,-) — () * py(s,-)]ds and integrating in space-time,
as in the proof of the above proposition we obtain

/OT 3 O (vy — Uy)(t, ) </tT[q>(v) % op(s,x) — (D) cpn(s,a:)]ds> d dt
= - /OT /R V(D) * @ — B(D) * @) (L, ) (/tTv@(v) %y — (D) * Spn)(sax)dS) da dt

_ 1/
- 2Rd

Integrating by parts in the first line of the above equation and using that u and @ coincide at
time 0, we have

2
dz <0.

T
/0 V(®(v) * @y — D(0) * @) (¢, x)dt

T
/0 /R o (£, 2) — B (£, 2)][B(0) * (£ ) — B(B) % o (t, )] dar dt < 0,

Since v, o € L"™TH(R? x [0,T]), we can take the limit as n — 0, and we get

T
| [0 = i@ - o) o) drar <o

As the integrand is non-negative everywhere, it follows that v = ¥ almost everywhere. O
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Appendix: Proof of Proposition 2.3

Let K := ||V|1e(®), L a Lipschitz constant for V and I := [p.|VV(y)|dy, so that V¢ is
bounded by K. := K/ e% and Lipschitz-continuous with Lipschitz constant L. := L/ g1 and
Jga IVVE(y)|dy = I/e. In order to simplify the notation we omit the indices N, ¢ and 4. For
t €[0,T] we set
B(t) = IE[ sup | X — Y;?'\Q] .
0<s<t

Because of the symmetry of the particle system and the system of the nonlinear processes, ®(t)
does not depend on i. By (5) and (7) we have

xi -’
- [ Lovwl{ownoi -l - {;jﬁ:jlmx;‘ )} |
< o [( [l frewno )" - {;émxz v} ) a
< t/0t</Rd [VVE(y)| dy sup {(VE xug®) (Y —y)}m1 - {;VjéVE(Xi —y—Xi,')}m1 >2d8

2
ds.

12 t m—1
= —2t / sup
€ 0 yeRd

Since the right-hand side is non-decreasing in ¢, the same estimate also holds for supy<,<; !X i_y? 2

{veeunoi -} - {}Vﬁlvwzg ~y-xD)}

in place of |th - YtZ‘Q We now estimate

H(vs wug) (Y] — y)}m_1 - {;gva(xé —y- Xﬁ)}

m—1|2

Since m > 2 the Lipschitz continuity of the function s — s™~! implies that this is bounded by

2

N
. 1 . .
0 i - i
Ve 5 =) = DV - = X)
]:

(m — 1)2K2m=)
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Using the triangle inequality we obtain

1 2

N
(Ve u®) (Ve —y) — NZVE(Xi —y—XI)
J

=1
1 & 2
< 3|(VE % uS®) (Y, ZVE 'y — YY)
]:1
1 1 & 2
+ 3NZV5(Y—y Y7) Nz —-YY)
j=1 j=1
1 N 1 N 2
€
+ 3| D VX —y YY) NZ —y—XJ)

so that, combining all these estimates,

yeRd

t 1 N . . 1 N : .
+/ supEHNme—y—m_szxs—y_yg)

0 yeRd

. t ) 1 N . .
B | s [x1-viP| < o supEH<v5*u§vé><w—y>—szof;—y—ysﬂ)
0<s<t 0 Nj:l

supEHZVSXZ y—Y9) ngXZ y— X7)
0 yeRd

2
Joof
where C'(g) := 3(m — 1)2K3(m_2)12£*2.
Thanks to the Lipschitz continuity of V¢ the second and the third term are both bounded

by .
Lg/ E [\X;‘ - Yjﬂ ds,
0

while for the first term we have

B (v w507 - ) - SV - - 9)

122;1@ (e = ) = Ve =y = v ) (g = ) - Ve -y - v ) |
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If j # k the expectation vanishes, and otherwise it is bounded by K?2. Therefore
o(t) = E [ sup ‘X; - YSZF]

0<s<t
K2t 2 ¢ i P12
< C'(e)t{ o +2LE/OE[\XS—YS\ ]ds}
t K2
< 2TC’(5)L§/ <I>(s)ds+C"(5)WEt2
0
t
= a/ d(s)ds + [t
0
where
K2
a:=2TC'(e)L?,  (:= CI(E)WE.

Gronwall’s lemma now implies

t o]
O(t) < 256“/ se”“ds < 26260”5/ se °ds = Q%eat,
0 « 0 «

that is

1 K2 rNT2 1 4+2d(m—1)
D) < — € 2TC (e) Lzt . — 6+2d(m—1) t/e ]
0= NomoE N°© ¢
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