FREE BOUNDARY REGULARITY IN THE
PARABOLIC FRACTIONAL OBSTACLE PROBLEM

BEGONA BARRIOS, ALESSIO FIGALLI, AND XAVIER ROS-OTON

ABSTRACT. The parabolic obstacle problem for the fractional Laplacian naturally
arises in American option models when the assets prices are driven by pure jump
Lévy processes. In this paper we study the regularity of the free boundary. Our
main result establishes that, when s > %, the free boundary is a C*® graph in z
and t near any regular free boundary point (zg,%y) € d{u > ¢}. Furthermore, we
also prove that solutions u are C'** in 2 and t near such points, with a precise
expansion of the form

u(z,t) — () = co((x — o) -+ w(t —t0)) 7" + 0w — mo[FFHE [t — g 1HoT),

with ¢ > 0, e € S”!, and a > 0.

1. INTRODUCTION

Obstacle problems of the form
min{Lv, v — ¢} =0 in R"x (0,7), (1.1)

v(T)=¢ in R" (1.2)
arise in the study of optimal stopping problems for stochastic processes. When the

underlying stochastic process is a pure-jump Lévy process, then £ is a (backward)
parabolic integro-differential operator of the form

Lo(z,T) = —0;v — / (v(z + 2,7) —v(z,7) — Vo(z,T) - 2xB, (2)) u(dz),
where p is the Lévy measure (or jump measure).

An important motivation for studying such problems comes from mathematical
finance [Mer76], where this type of obstacle problems is used to model rational prices
of American options. In that context, the obstacle ¢ is a payoff function, 7" is the
expiration date of the option, and the set {v = @} is called the exercise region; see
the book [CT04] for a description of the model.
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Here we assume that the underlying Lévy process is stable (i.e., scale invariant)
and rotationally symmetric. Then, after the change of variable t =T — 7, problem

(1.1)-(L.2) becomes
min{du + (—A)*u, u—} =0 in R" x (0,77,
u(-,0) =¢ in R",

where ¢ : R™ — R is a smooth obstacle, and

(1.3)

(—A)'w(z) = cpg p.v./ (w(x) —w(r + z))%, s € (0,1).

Note that the scaling of the parabolic equation dyu + (—A)*u = 0 changes com-
pletely depending on the value of s: while for s > 1/2 space scales slower than
time (as in the case of the classical heat equation s = 1), for s = 1/2 the scaling is
hyperbolic (i.e., time and space scale in the same way), and for s < 1/2 space scales
faster than time.

The regularity of solutions to this problem was studied by Caffarelli and the second
author in [CE13]. Our goal here is to investigate the structure and regularity of the
free boundary d{u = ¢}. Note that in the American option model the strategy
changes discontinuously along the boundary of the exercise region {u = ¢}, and
thus it is important to understand the geometry and regularity of this set [LS09].

Because the analysis of the regularity of the set 0{u = ¢} is based on blow-up
arguments, the way space and time rescale with respect to each other play a crucial
role in the analysis. As we shall explain in Section the most relevant regime for
applications to finance is s € (%, 1), hence we shall focus on this case. As explained
in detail below, our main result establishes that the free boundary 0{u = ¢} is C1*
in x and t near regular points.

1.1. Known results. In the elliptic case —which corresponds to the case T' = oo
in the optimal stopping model— the regularity of solutions and free boundaries is
quite well understood. Indeed, by the results of Caffarelli-Salsa-Silvestre [CSS0S],
solutions u are C'7$(R™) and at any free boundary point zq € {u = p} we have
the following dichotomy:

(a) either 0 <cr'*® <supp () (u—p) <Crits

(b) or  supp, () (u—¢) < Cr?

Moreover, set of regular points (a) is an open subset of the free boundary, and it is
locally a C1 graph.

After the results of [CSS08], the set of singular points —those at which the contact
set has zero density— was studied by Garofalo and Petrosyan in case s = % [GP09].
Then, still when s = %, De Silva-Savin and Koch-Petrosyan-Shi proved that the
regular set is C*° [DS14l, [KPS15]. Under a superharmonicity assumption on the
obstacle ¢, the authors established in [BFR15] a complete characterization of free
boundary points analogous to the one of the classical Laplacian, obtained in the
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seminal paper by Caffarelli [Caf77]. More recently, the results of [CSS08] have
also been extended to more general nonlocal operators in [CRS16]. Finally, in a
very recent preprint [F'S17], Focardi and Spadaro established for the first time the
rectifiability of the free boundary in the thin obstacle problem with zero obstacle.
Despite all these developments for the elliptic problem, much less is known in
the parabolic setting (1.3). The only result is due to Caffarelli and the second
author: in [CF13], they showed the optimal C}** spatial regularity of solutions, as

1+s—e
well as the C, ** time regularity of solutions for all ¢ > 0. However, nothing was

known about the regularity of the free boundary in the parabolic setting. The main
reason for this lack of results is due to the fact that the approaches used in the
stationary case completely fail in the evolutionary setting. Indeed, the main tool to
study the free boundary is based on classifications of blow-up profiles, and the papers
[CSS08), [GP09, BER15] all use monotonicity-type formulas that do not seem to exist
in the parabolic setting. Also, although the recent paper [CRS16] circumvents the
use of monotonicity formulas by combining Liouville and Harnack’s type techniques,
the methods there do not to apply in our context. Hence, completely new ideas and
techniques need to be introduced in the parabolic setting.

1.2. Main result. Our main theorem extends the results of [CSSO§| to the parabolic
setting when s > £, and establishes the C'** regularity of the free boundary in
x and t near regular points. The result is new even in dimension n = 1, and reads
as follows (here and throughout the paper, we denote by Q,(xo,tg) = B,(xo) X (to —
%% to + r**) the parabolic cylinder of size r around (zg,to)):

Theorem 1.1. Let s € (3,1), let ¢ € C*(R™) be an obstacle satisfying
| D* || poemny < 00 for 1<k <4, (1.4)
and let u be the solution of (1.3)).
Then, for each free boundary point (zo,ty) € O{u = ¢}, we have:
(i) either
0<er'™ < sup (u—¢) <Crts,
Qr(zot0)
(ii) or
0< sup (u—¢) <Cr*e for all € > 0.
Qr(xo,to)
Moreover, the set of points (xg, to) satisfying (i) is an open subset of the free boundary
and it is locally a CY graph in x and t, for some small o > 0.
Furthermore, for any point (xo,to) satisfying (i) there is v > 0 such that u €
Cot®(Qr(z0,t0)), and we have the expansion

1+s s+a s+a
u(z, t) — p(x) :c()((:zs—:zco)-e+/i(t—t0))++ + 0|z — @o| T + [t — to] ),

for some ¢y >0, e € S*1, and k > 0.
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It is important to notice that the assumption s > % is necessary for the previous
result to hold. Indeed, by the examples constructed in [CF13], the structure of the
free boundary would be different when s < % More precisely, it was shown in [CF13,
Remark 3.7] that if s = 5 then there are global solutions which are homogeneous
of degree 1+ 3 for any % < B < 1. This means that when s = % there will be free
boundary points satisfying neither (i) nor (ii), and there is no “gap” between the
homogeneities 1 + s and 2 as in Theorem [L.1]

From the financial modeling point of view, the assumption s > % is natural. For
example, it was shown in [MS95] that the scaling exponent of an economic index
(Standard & Poor’s 500) is around 2s = 1.4 (remarkably constant) over the six-year
period 1984-1989. Furthermore, in American option models the obstacle (payoff)
¢ has frequently linear growth at infinity [LS09, [CT04], and in that case s > 2 is
needed for problem to be well posed. Notice also that our assumption (1.4
does allow the obstacle ¢ to have linear growth at infinity.

1.3. Related problems. In the elliptic case, the obstacle problem for the frac-
tional Laplacian is equivalent to a thin obstacle problem in R™*!, also known as the

Signorini problem when s = % A parabolic version of the Signorini problem has

been recently studied in [DGPT13| [ACMI6].

We emphasize that, although the time-independent version of the problem studied
in [DGPT13l, [ACM16] is equivalent to the obstacle problem for the half-Laplacian,
the parabolic problem is of completely different nature from the one considered
in the present paper. In particular, notice that for the parabolic Signorini prob-
lem in [DGPT13, [ACMI16] one has Almgren-type and other monotonicity formulas
(analogous to the elliptic ones used in [CSS08|, (GP09]), while no such monotonicity
formulas are known for our problem (|1.3]).

1.4. Structure of the paper. The paper is organized as follows. In Section [2| we
prove the semiconvexity of solutions in (x,t). In Section |3| we classify all global
convex solutions to the obstacle problem with subquadratic growth at infinity. In
Section [4| we show that, at any regular point, a blow-up of the solution u converges
in the C! norm to a global convex solution with subquadratic growth. In Section
we prove that that the free boundary is Lipschitz in  and ¢ near regular points. In
Section [6| we show that the regular set is open, and that it is C** in z. Finally, we
prove in Section [7|that the free boundary is C*# in z and t near regular points, and
in Section [8 we establish Theorem [L11

2. PRELIMINARIES

In this Section we provide some preliminary results. First, we establish the semi-
convexity of solutions in z and ¢. The proof is similar to [ACMI16l, Theorem 2.1] or
[CF13, Lemma 3.1].
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Lemma 2.1 (Semiconvexity in (z,t)). Let ¢ be any obstacle satisfying (1.4), and u
be the solution to (1.3)). Let & = (ae, 8) € R* x R, with e € S"™! and o* + % = 1.
Then, we have

A

Uge = 85§u > —C,
where constant C' depends only on .

Proof. We use a penalization method: it is well known that the solution u can be
constructed as the limit of u® as € — 0, where u® are smooth solutions of
Ou® + (—A)°u® = B(u® — ) in R" x (0,7),
u(-,0) = @ ++/2 at t =0,
with 3.(z) = e7*/¢; see [CF13, Lemma 3.1].
Then, differentiating the equation twice and using that 87 > 0, we get
Opuge + (= A) uge > Bo(u” — ¢)(uge — pee) in R" x (0, 7).
In particular, since 5. < 0 we have
Di(uge + Co) + (~A) (uEe +Co) > BL(u" — p)(uge + Co) in R" x (0.7),
where
Co := [Juge (-, 0)l| oo mm)
< 09t (-, )| e ) + 208110047 0) | ey + B0 (-, 0) oy
< 1+ [ D?pl poe(@ny + IV (=A)% @l oo ny + (= A)*¢ | oo em)

< C(l +IV@llzoo@n) + 1 D%l @n) + D@l oo ey + HD490HL°°(R")) <00

thanks to (1.4)). Here, to bound d,us(-,0), we used that dyu®(-,0) = e~ /Ve—(=A)%¢p,
and that

/ € &g 1 15 g
Onu® 4+ (—A)° 0w = BL(u® — @)Ou® = —gﬁe(u — ©)0pu’.

Hence, letting t — 0, this yields
1
Ot (,0) = (=) — —e Ve (V= (A)p),
€
and when € — 0 the last term goes to zero, therefore
|0uu(, 0)] < [(=A)*p] + 1+ |(=A)°¢]
for € small enough.

Using again that 8. < 0, it follows that Bl(u® — ¢)(ug + Co) > 0 whenever
uge +Co < 0. Thanks to this fact, it follows that the function w := min{0, ug, +Co}
satisfies

Ow+ (—A)°w >0 in R" x (0,7).
Moreover, by the definition of Cy, we have w = 0 at t = 0. Thus, by the minimum

principle we get w > 0, or equivalently ug + Cyp > 0. Letting € — 0 we get the
desired result. U
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Throughout Sections [3] [4] [} and [6], we will use the extension problem for the
fractional Laplacian. Namely, we will use that, for each fixed ¢, the function u(x,t)
can be extended to a function u(x,y,t) satisfying

u(z,0,t) = wu(z,t) in R",
Lou(z,y,t) = 0 in R7H,

where R = R"*' N {y > 0} and
Lou = divy, (yavx,yu), a=1-—2s.

As shown in [MOG9, [CS07], with this definition the fractional Laplacian can be
computed as a (weighted) normal derivative of such extension u(zx,y,t), namely

—Cn.a liﬁ)l Yy oyu(z,y,t) = (—A)*u(x,t) in R™
v
Therefore, our solution u(x,y,t) to (1.3)) satisfies
Lou=0 in {y >0} x (0,77,
min{d,u — ¢y q liﬁ)l Y Opu, u—} =0 on {y=0}x (0,77,
y
u(-,0,t) =¢ at t=0.

Furthermore, given a free boundary point (zg,%y) € 0{u = ¢}, we denote

1
U(.T,y,t) = u(x,y,t) _Sp(x) + mAS@(wo) y2' (21)
With this definition it follows that v = u — ¢ on {y = 0}, and that
Lov =y*g(z) in R % [0,7]\ {v(x,0,t) = 0},
> pu—
Cno limy, 0 y*Oyv = O,  on {v(z,0,t) > 0},

v(x,0,0) =0,

where g(z) := Ap(zg) — Ap(zg). Also, using the regularity of the obstacle (here we
only need ¢ € C*!), it follows that

lg(x)] < Clx — x| and IVg(z)| <e. (2.3)

Finally, throughout the paper, given r € (0, 00|, Q, will denote the following (para-
bolic) cylinders in R,

Q, (w0, to) := Br(z0) x (to — 1>, to +1%), and Q, := 9,(0,0),
while (), will denote cylinders in R",
Qr(z0,t0) := By(zo) X (to — 1%, to + 1), and @, := Q,(0,0).
Here, B, and B, denote balls in ]RTLI and R", respectively, i.e.,
B, (o) := {(z,y) e RT™ : |z — xo|* +y* < 1%}, B, = B,(0),
B, (xg) :={z € R" : |x — xo| < r}, B, = B,(0).
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3. CLASSIFICATION OF GLOBAL CONVEX SOLUTIONS

Because solutions to our problem are semiconvex in space-time (see Lemma ,
the blow-up profiles that we shall consider will be convex in space-time. Hence, it
is natural to classify global convex solutions.

The main result of this section is the next theorem, which classifies all global
convex solutions to the obstacle problem under a growth assumption on u. Recall
that Q. = {(,y,t) € R"™ x (—00,00)} and that a = 1 — 2s.

Theorem 3.1. Let s > 1, and let u € C(Qx) satisfy

Lou=0 in Qs N{y >0}
min {Oyu — ¢, 4 limy o y*Oyu, u} =0 on Qo N{y =0} (3.1)
D2 u>0 on Qu '
u>0, Ou>0 on Qoo N{y =0}.
Assume in addition that u(0,0,0) = 0, and that u satisfies the growth control
|ullpe(op < B¢ for all R > 1. (3.2)

Then, either u =0 or
U(ZE,y,t) = KUO('I : evy)

for some e € S" and K > 0, where ug is the unique global solution to the elliptic
problem for n =1 that is convez in the first variable and satisfying ||uo||L=(g,) = 1.
Namely, ug is given by

uo(z,y)—%( 242 +2) (2 — svV22 +y?) V(z,y) € R%,
and satisfies ug(z,0) = (24)* on {y = 0}.
To prove it, we need some lemmas. First, we show the following technical lemma.
Lemma 3.2. Assume w € C(Qw) satisfies, for some > 0,
w0y < R forall R >1.
Then, there is a sequence Ry — oo for which the rescaled functions
w(Ryx, Ry, R¥t)

[wllo=(2,)

wi(z,y,t) =

satisfy
|wk|| Lo (@p) < 2R" for all R > 1.

Proof. Set
0(p) == sup R ||wl| Lo (gp)-

R>p

Note that, thanks to our assumption, # is bounded by 1 on [1, c0).
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Since by construction # is nonincreasing, for every k € N there is R, > k such
that

_ 1 1
(R lwll=(on,) = 50(8) > 30(F). (33)
With this choice we see that, for any R > 1, we have
lwli@nm _ O(RR)(ReR)”

[wi]| Lo (0r) = < < 2R,
O Nwlleony ~ 30(R (R
where, in the last inequality, we used the monotonicity of 6. O
We also need the following Liouville-type result.
Lemma 3.3. Let u € C(RY™) be a function satisfying
(L,u=0 mn ]R?r+1
D*u>0 in R
u(z,y)] < CA+ |2 +Jy[)> R
qu>0 on {y =0} (3.4)
limy o y*Oyu > 0 on {y =0}
u(0,0) =0
limy 0 y*0yu(0,y) = 0.

Then u = 0.

Proof. We begin by noting that combining the equation L,u = 0 with the convexity
of w in z, it follows that

Oy (y*Oyu) = —y*A,u <0 in R (3.5)
Thanks to this fact, fixed R > 0, for any x € R™ and y € [0, R] we have

2R d 2R
w(z,2R) — u(z,y) = / z‘l@yu(x,z)—z < y“ayu(xay)/ -
y 2% Y z
. <2R)1—a _ yl—a
= y*Oyu(w,y) T

Hence, if we set v(z,y) := y*dyu(z,y), combining the above estimate with the third

and fifth property in (3.4) we deduce that
v>0 on {y=0}, v>-C, R ond(Bgx[0,R])N{y >0},

where C, > 0 is independent of R. Also, since L,u = 0, it follows by a direct
computation that L_,v = 0.
Consider now the barrier

_n+1 4a |x|2_li_ay2

1—ay Rl-a

bR(ZL‘, y) =
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We note that L_,bgr = 0 and
br =0 on {y =0}, bp < —R'*t on 9(Bg x [0, R]) N {y > 0},

Hence, given 0 > 0, it follows by the maximum principle that, for all R > Rjs
sufficiently large,

UZ(SbR iIlBRX[O,R].
Letting R — oo this implies that

n+ 1 y1+a

> -0
U= 1—a

: n+1
in R,

so, by letting § — 0, we deduce that v > 0 in RTFI.

On the other hand, it follows by and the last property in that v(0,y) =
y*0,u(0,y) <0 for all y > 0, thus v(0,y) = 0 for all y > 0.

This proves that v is a non-negative solution of L_,v = 0 in R’}fl that vanishes
at some interior point, hence it is identically zero by the strong maximum principle.

Since v = 0 we deduce that d,u = 0. Hence, by the forth and sixth property in
(3-4), it follows that w > 0 in R and u(0,y) = 0 for all y > 0. Since L,u = 0
in R’frl, applying again the strong maximum principle we obtain that v = 0, as
desired. O

We can now prove the main result of this section.

Proof of Theorem[3.1. If u = 0 then there is nothing to prove. Hence, we assume
that u is not identically zero.
The key step in the proof is the following:

Claim. The contact set {u =0} N {y = 0} contains a line of the form {(z,t) : z =
xq for some zy € R"}.

Let us prove it by contradiction. Assume the Claim is not true, and let
A={u=0}n{y=0}.

Then, since u is convex in space-time, also the set A is convex in the (z,t)-space.
Hence, there exist p € R™ and some x € R such that A C {t <z -p+ k}.

We now perform a blow-down of our solution using a parabolic scaling (recall
5 > %), and we show that we get a solution to the same problem but with contact
set contained in {t < 0}. Indeed, let us consider the rescaled functions

u(Ryz, Ry, R25t)

[ullor,

Ur(z,y,t) =

Y
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with R — oo given by Lemma [3.2l Then, the functions U, > 0 are convex in x
and ¢, and satisfy (recall that a = 1 — 2s)

LU, =0 in O, N{y > 0}

O U = cp o limy o y*0, Uy on (Qoo N{y =0}) \ A (3.6)
U, =0 on Ay '
o,U, >0 on Q. N{y =0},

U(0,0,0) =0, ||Uk|lpo(0,) = 1, and
|Ukllzoo(0py < 2R for all R > 1.
Moreover, we have
Ay C{R¥t < Rpz-p+r} ={t < Riz-p+ R, *k}. (3.7)

By the O regularity estimates of [CF13], a subsequence of the functions U}, con-
verge in CL . to a nontrivial solution U, to the same equation satisfying U, (0, 0, 0) =
0 and ||Us || reo(0,) = 1. Also, because Uy, are obtained as blow-downs of the convex

function wu, it follows from (3.7) that A, C {t <0} (recall that a =1 —2s < 0.

To see that this is not possible, we define w(zx,y) := Uy (z,y,0) and we claim that
w satisfies all the assumptions in (3.4]). Indeed, all the properties except the fifth
and the last one follow easily from the construction of U,,. To check the other two
properties we notice that, since U, satisfies and Ao, C {t <0},

Cna lig}ly“(?yUoo(x,y,t) =0 Ux(z,y,t) >0  Vt>0.
v

Also, since Uy, > 0 and U, (0,0,0) = 0, we deduce that 0,U(0,0,0) = 0. Hence, it
follows by the C'** regularity estimates of [CF13] that

Cnoa lylfg Y ow(r,y) = lgfgl O0iUso(z,y,t) >0,

and
Cna h&)l y*0,w(0,y) = 0,Ux(0,0,0) =0,
y

as desired.

This allows us to apply Lemma [3.3]to w and deduce that w = 0. This proves that
Usx = 0 at t = 0. Hence, since Uy, solves the “extension version” of the fractional
heat equation, by uniqueness of solutions we deduce that U,, = 0 for all ¢ > 0. On
the other hand, since 0,U,, > 0 and U, > 0, we get Uy, = 0 for all £ < 0. This
proves that Uyx = 0 in Q, a contradiction to the fact that ||Us | L~(o,) = 1.

Thus, the Claim is proved.

Using the Claim, we notice that u is a convex function in x and ¢ that vanishes
on a line of the form {x = x0}. This implies that u is independent of ¢, thus
u(z,y,t) = u(z,y) (see, e.g., [CRS16, Lemma 4.3]). By the (elliptic) classification
result in [CSSO8, Section 5], we get the desired result. O



FREE BOUNDARY IN THE PARABOLIC FRACTIONAL OBSTACLE PROBLEM 11

4. REGULAR POINTS AND BLOW-UPS

The aim of this Section is to prove that, whenever (ii) in Theorem does not
hold, then a blow-up of u(z,t) at (o, ty) converges in the C'! norm to the 1D solution
(z - €)}™® for some e € S*L.

Recall that we denote

Q, (20, to) = B, () x (to — 1%, to + r**), and Q, = 9,(0,0).
According to Theorem [I.1] we next define regular free boundary points.
Definition 4.1. We say that a free boundary point (zg,ty) € d{u = ¢} is regular if

lim sup [t 2 [ATRERED) = 00 (4.1)

710 ri-e

for some € > 0. Notice that if a free boundary point (xg,tg) is not regular, then

lu — @l Lo (@, (woto)) = O(r*~) for all € > 0, so (ii) in Theorem |1.1| holds.

The definition of reqular free boundary point is qualitative. We will also need the
following quantitative version.

Definition 4.2. Let v : (0,00) — (0, 00) be a nonincreasing function with

limv(p) = oco.
im v (p)
Given € > 0, we say that a free boundary point (zg,t) € d{u = ¢} is regular with
exponent € > 0 and modulus v if
[u = @l ( (w0.t0))

> . 4.2
iglj o > v(p) (4.2)

The main result of this section is the following. It states that at any regular free
boundary point (zg,ty) there is a blow-up sequence that converges to (e - z)}™ for
some e € S

Proposition 4.3. Let ¢ € C*(R") be any obstacle satisfying (L.4), and v be the
function given in (2.1)), with s € (3,1).

Assume that (xg,to) is a reqular free boundary point with exponent € > 0 and
modulus v. Then, given § > 0 and ro > 0, there is

r=r(d,€ev,ro,n,s @) € (0,1)
such that ||u — @|| 1o (0, (worto)) = 37> and the rescaled function
v(zo + 1T, TY, to + T25¢)
101 o< (@r (@o.t0))

v (2, y,t) ==
satisfies
!vr(x,y,t) — up(x - e,y)| + ‘er — Vu0| + 0w, <6 in Q (4.3)

for some e € S*1. Here, ug = uo(z - e,y) is the unique global solution given by the

classification Theorem [3.1]
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For this, we will need the following result, whose proof is essentially the same as
the one of Lemma 3.2

Lemma 4.4. Assume w € L>(Q,) satisfies ||w||z~(0,) = 1 and, for some >0,

w o
sup |wl|L=(0,)

sup p” > v(p) = oo as p—0.
p<r<

Then, there is a sequence ri | 0 for which ||w| Lo, ) > 574, and for which the
rescaled functions
w(rye, Ty, rivt)

w(r) =
[wl[z(a,,)

satisfy

1
|wk|[Loe(@r) < 2R* foralll1 < R < —
k

Moreover, 1/k < vy, < (v(1/k))~'/*",
Proof. Defining

6p) = sup r*|lwll (o),
p<r<1

we note that € is nonincreasing and that, by our assumption,
0(p) 2 v(p) 00 as plO.

Hence, for every k € N it suffices to choose r, > % such that

. 1 1
(re) " [wllre(o,,) = 5‘9(1/’6’) > 59(7%)7
and one concludes as in the proof of Lemma [3.2] O

To prove Proposition we will also need the following result, that follows by
compactness from Theorem [3.1]

Lemma 4.5. Given § > 0, there is
n=mn(d,€mn,s) >0

such that the following statement holds:
Let v : Q1 — R satisfy v(0,0) =0, Vu(0,0) =0,

Lov| <1 in Qijy N1y > 0F
min{@tv — Cp,g limy o y' 20,0, U} =0 on Qujy N{y =0} (4.4)
Vge 2 =1 on {y - 0}
v>0, Ov=>0 on {y = 0}
with
[ollion < B for all 1 < R<1/n, )
and

[vllzoeoi) = 1. (4.6)



FREE BOUNDARY IN THE PARABOLIC FRACTIONAL OBSTACLE PROBLEM 13

Then,
v(z,y,t) — uo(z - e,y)| + |Vv — V| + [0w] <6 in QO
for some e € S*1.

Proof. The proof is by compactness and contradiction. Assume that for some § > 0
we have sequences 7, | 0 and vy satisfying v (0,0) = 0, Vug(0,0) = 0, (4.4)), (4.5),
(4.6), but

’vk(x,y,t)—uo(x-e,y)‘—i—’Vvk—Vuo’—i—\@tvﬂ >0 in Q; forallee S™ ' (4.7)
By the regularity estimates in [CF13], we have
||vk||C;:?(QR) < C(R) forall R>1,

with C'(R) depending on R but independent of k. Thus, up to taking a subsequence,

the functions vy, converge in CiL_ to a function v, that solves (3.1]), (3.2), (4.6)),
150(0,0) = 0 and V. (0,0) = 0.
Since ||vool|£oo(0,) = 1, it follows by the classification result in Theorem [3.1] that
Voo, 7,t) = ug(x - €,y), for some e € S" 1.

This proves that vy — ug(z - e,y) in the C} . norm, which contradicts ([4.7)) for k

loc

large enough. U
We can now prove Proposition [4.3]

Proof of Proposition[{.5 We may assume that ||u— || 1o (0, (z0,t0)) = 1, and let v be

given by (2.1).
Let n = n(d,€,n,s) > 0 be the constant given by Lemma , let r; be the sequence
given by Lemma 4.4 with 1 = 2 — €, and set

v(zo + rrz, TRy, to + %)
HU”LW(Q%(QSOJO))
Then, recalling (2.2) and (2.3)), the functions v, satisfy

vz, y,t) ==

Lok = gr in {y >0}

min{Gyvy, — o limyo y* =20y vy, vp} =0 on {y =0} (4.8)

v, >0, O, >0 on {y =0}
with ) ,

A - A C
gk ()] = ()| Ap(@o + riw) = Aplao)| (T];L < C(ri)",
Lo (Qry, (zosto
[0][Loe(2r, (@o.to)) (r)
with C' depending only on ¢.
Moreover, by Lemma [2.1], for any e € S~
28 23t .
aeevk(x,%t) _ (Tk) eev(mx,rky,rk ) > —C(Tk>€,

||/U||LOO(Q7"]c (Z‘o,to))
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and

(1) Opv (i, Ty, TE5E)

Opvi(x,y,t) = > —é(rk)48+5_2 > —C'(Tk)e-

HUHLOO(Qrk(mo,to))
on {y = 0}. Similarly, for any ¢ = ae + St, with |a|> + |3]*> = 1, we get
Oecvp > —C(r)¢ on  {y =0}.
Furthermore, we have
vl e(op < B¢ forall 1 < R < 1/ry, (4.9)
and
vkl o) = 1, v(0,0) =0, Vui(0,0) = 0. (4.10)
Therefore, taking k large enough, by Lemma |4.5[ we obtain
ok (@, y,t) — uo(x - €,y)| + | Vi, — Vug| + |0 <6 in Qy

for some e € S"!. Notice that, thanks to Lemma , it suffices to take k large
enough so that

(re) < (v(1/k))7VE) <,
where 7 is given by Lemma[4.5 In particular, the scaling parameter r can be taken
depending only on 4, n, s, g, ¢, €, and the modulus v. O

5. LIPSCHITZ REGULARITY OF THE FREE BOUNDARY IN x AND ¢

The aim of this Section is to prove the Lipschitz regularity in x of the free boundary
in a neighborhood (in z and t) of any regular free boundary point (zo, ). In fact,
the result gives also the C! regularity of the free boundary at the point (zg, o).

Let be (zg,ty) a regular point of the free boundary. Throughout this section, v

will denote the function defined in (2.1)). Recall that v satisfies (2.2)).
The main result of this section is the following.

Proposition 5.1. Assume that (o, o) is a regular free boundary point with exponent

e > 0 and modulus v, and let v be the function defined in (2.1). Then, there is
e € S such that for any £ € (0,1) there exists r > 0 such that

14

0w >0 in Q,(xg,ty), forall € €S ' withe  e> ——. 5.1
= ( 0 0) f = m ( )
Moreover, we have
1 1
v > §|va| in Q.(wo,t0), forall ¢ €S" " withe -e> 5 (5.2)

Furthermore, given n > 0 and k > 0, the radius r > 0 can be taken such that the
rescaled function
v(xo + 1T, TY, to + T25t)

HUHL""(QT(»”EMO))

v (2, y,t) = (5.3)
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satisfies
0 <0, <O, < KOv,. n O, (5.4)
and
Oy > 1 >0 in QyN{(x—x9)-e>n} (5.5)
Oy > coy®  in Q. (5.6)

Here, the constant r > 0 depends only on ¢, k, n, v, n, and s; the constant ¢; > 0
depends only on £, n, v, n, and s; the constant co > 0 depends only on ¢, v, n, and
s; and the constant v > 0 depends on u and the free boundary point (xq,to).

As a direct consequence of Proposition we obtain the following.

Corollary 5.2. Let ¢ € C*(R") be any obstacle satisfying (L.4), and u be the
solution to (1.3), with s € (3,1). Assume that (xo,to) is a regular free boundary
point with exponent € > 0 and modulus v.

Then, there is r > 0 such that the free boundary is Lipschitz in x and t in

Q.- (g, tg). More precisely, after a rotation in the x-variables, we have

Hu(z,t) = p(x)} N Qu(wo, to) = {zn = G(2', 1)} N Qr(x0, to),

where v = (2/,2,) € R xR, and G : R"™! x R — R is Lipschitz.
Furthermore, the free boundary is C* in x at the point (xg,ty), in the sense that
for any € > 0 there exists r = r({,e,v,n,s) > 0 such that

G] Lip, (Qr (w0,t0)) = 2

Proof. The result follows from Proposition . Indeed, (5.1]) implies that the level
sets of the function u — ¢ are ¢-Lipschitz in x, while ((5.4)) implies that the level sets
of the function u — ¢ are uniformly Lipschitz in ¢. U

To prove Proposition we will need the following parabolic version of [CSS0S,
Lemma 7.2].

s(ra) (v5)Y*
Lemma 5.3. Let be I' C )y C R" x [0,T1], set ¢, o := min 8 —, <?> ,

and let h : Q1 — R be a continuous function satisfying the following properties for
some positive constants 7y, cq, and 6:

(H1) |Loh| < vy® in Q. N {y > 0}.
(H2) ¢ 0 limy o y*0yh = Oh in Q1 \ T
(H3) h>0 onT.

(H4) h > =0 on Q1 N{0 <y < cpa}-
(H5) h > ¢co on Q1 N{y > cnal-

If v < co and 0 < 53, then

h Z Coy2s m Ql/g. (57)
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Proof. We prove ([5.7)) by contradiction. Hence, we suppose there exists (zg, yo, to) €
Q12 such that h(zo,yo,%0) < coyg®. Notice that, thanks to (H5), yo < ¢nq. Hence,
we define

1 1
Q= {(%y,t): |$—$0‘<Z; to—z<t<t07 O<y<cn,a},

we consider the a-harmonic polynomial P given by
n
P(z,y,t) = |z — @ + 25(tg — t) — ——y* — v,
a+1
and we set

w(z,y,t) = h(z,y,t) + 7P(z,y,t) - 2 1”
where v > 0 is as in (H1) and 7 < ¢g. Then, thanks to (H1)-(H3), since a = 1 — 2s

and O, P = ¢, o limy o y*0, P, we have that

Low=L,h—~vy* <0 in Q
w>7TP >0 on I (5.8)
Cn,q limy 0 y*Oyw = Opw in (QN{y=0H\T '

w(zo, Yo, to) < h(zo, yo,to) — T Y3 < 0.

Since (xo,Y0,t0) € Q, it follows by the maximum principle that w must have a
negative minimum at some point (z1,y1,t;) that belongs to the parabolic boundary
0pQ of Q. Moreover, by the second and third equations in (5.8]), we deduce that
w(x,0,t) can attain its minimum only on the parabolic boundary of @ N {y = 0}.
Therefore, we deduce that (z1,y1,%1) € 0pQ N {y > 0}.

We now study now the sign of the function w in each part of 9pQ N{y > 0} to
get a contradiction. Notice that, with our choice of ¢, 4,

S

S5 yyel.e., 5.9

a+1y A _64+64 32 y €10, endl (5.9)
-If y = ¢y, it follows by (H5) and (5.9) that
s ¢ 57

> 0 — 20 _ 1

W2~ 5 T e, 70 (5.10)

provided v < ¢o.
-If v — 29| =1/4 and y € [0, ¢, 4], then it follows by (H4) and (5.9)) that

1 S 5
> 4 R 0 5.11
W= mrt (16 32) 1280 (5.11)

provided 7 < ¢p and 6 < &
- If t =ty — 1/4, using again (H5) we obtain that

s

S S
>0
128n

w2—bta(y-5)-

provided 7 < ¢p and 6 < =2



FREE BOUNDARY IN THE PARABOLIC FRACTIONAL OBSTACLE PROBLEM 17

Hence, if v < ¢p and 6 < %3, this shows the desired contradiction provided v < ¢

and 0 < %, concluding the proof. O

We now prove Proposition [5.1]

Proof of Proposition[5.1 Given n > 0 and k > 0, fix 6 € (0,7°).
Consider the rescaled function v, defined in (5.3) where r > 0 is given by Propo-
sition and v is defined in (2.1)). Thus, it follows that for some e € S*~*

Vo, (z,y,t) — Vug(x,y)| + [0, (2, y,t)| <6 in Q.
Let us fix consider ¢ > 0 small and ¢’ € S*! such that
!

1 /¢
e-e>

> —.
“VirE 2

Then,
Oty = Oty — 0, K OuVy — Oy > K Oertig — 0 in Q. (5.12)

In particular we get that
Op > ((x — o) -€)L —02>n"—=6 in Q1 N{(r—ax)- e>n},
thus (5.5)) is satisfied with ¢; :==n®* — 4§ > 0.

r

Denoting by C; := ||v|| Lo(0, (wo,t0))» it follows by Proposition {4.3| that
1
C, > 57@2*6 (5.13)

where € > 0. Moreover
2—a
L,v, = T(Lav)(:vo + rx, Ty, to + 13).
Also, recalling (2.2) and that 1 — a = 2s, we see that on the set {v,.(z,0,t) > 0} it
holds
r

Cno UM Y20, v, = —cpolim (y*(0,0)(zo + 12, 1Y, to + 125t
Dy Oy = coulim (4(0,0) (o0 + r gt + 1)
1—a

= & o (o + 1, 1Y, to + 1)

T

= at”r(-rv Y, t)

Hence, we have proved that
Lov, = Syg(zo +rx)  in R x [0, 7]\ {v(x,0,¢) = 0},
v, >0, on {y = 0},
Cn o limy 0 y?Oyv, = Oy, on {v,(z,0,t) > 0},
v(z,0,0) = 0.

(5.14)
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Reducing the size of n if needed and taking ¢ sufficiently small, we can take the

partial derivative Oy (resp. kKOs — 0;) in (b.14)), and using (2.3)), (5.12)), (5.13)), and

Lemma [5.3] we deduce that
Oy > coy™® (resp. K Ouv, — Opvy > cy™) in Qs (5.15)

provided ¢ is sufficiently small. In particular, this proves (5.6 and the last inequality
in (5.4). Moreover, using that v, is a rescaling of v, (5.15]) implies that

Owv >0 in Q. /a(wo,10),
S0 follows (up to replace r by r/2).
We next prove (5.2)). For that, let § € S"~!. Since by Proposition
120.v, — Dpv, — 20.ug — Dgug| < 34,
applying as before the Lemma to 20,v, — Opv,., we conclude that
20,0, > Oyv, for any direction § € S*71,
therefore
20,0, > |V0,| in Q/s. (5.16)
On the other hand, since we also have
|40, — Opv, — 40ug — Oetip] < 5,

we can also apply Lemmato 40yv, — Opv,. for any vector ¢/ € S*! with ’-e > 1/2
to get
48@’,07" Z 6612, in Ql/g. (517)

Hence, it follows by (5.16)) and (5.17)) that

1
Oy > §|vaT|, for any ¢ -e>1/2,
which yields (5.2)) with r/2 in place of r.

Finally, we prove the first inequality in (5.4). For this we simply notice that, since
Ow, > 0 in {v, > 0} (by the strong maximum principle), there exists ¢ > 0 such
that

o, >c>0 in Q1 N{x-e>cnat,
where ¢, is defined in Lemma 5.3} Thus
Oyv, — 7 Oevy > ¢/2 in Oy N{x-e>cuat,

provided that 7 > 0 is small enough, and we conclude that d,v, > v0.v, in Q;/, as
before. 0

To finish this section, we prove higher regularity in time for the solution v at any
regular point.
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Proposition 5.4. Let ¢ be an obstacle satisfying (1.4)), let u be the solution of (1.3)
with s € (%, 1), and let (zo,t9) be a reqular free boundary point with exponent € > 0
and modulus v. Then

18su]

where C' and r > 0 depend only on n, s, €, and v.

Cs.,(@r(aoto)) T IVUlles (@r@oto)) < C,
Proof. Let v = u — . By the results of [CF13], we know that
IVl

Notice that, since ¢ is independent of ¢, it is enough to prove the desired regularity
of v. For that purpose, note that by Corollary the free boundary is Lipschitz
in x and t. Hence, by and the optimal C1** regularity of solutions in space
established in [CE13] we get that

0< &w < Can < Cdi < Cd; in Qr(xo,to), (518)

where d,(z,t) := dist(z, {v(-,t) = 0}) denotes the Euclidean distance in R™ x {t} to
the free boundary, and d, the parabolic one in R" x R.

C5(Qr(oto)) < C.

Let (Z,t) be any point in {v > 0} N Q, (0, o), set R :=d,(Z,t)/2 > 0, and define
w(x,t) = Ow(we + R(x — x0),t0 + R*(t — t0)).

Fix e € S*"!. By (5.18) and interior regularity estimates for the fractional heat
equation (see for example [FRI5, Theorem 1.3] or [S14, Theorem 2.2]), it follows
that

sup  [wloip,,,) <CR" and sup  [wles(s, ) < C R
te[~1/2,0] te[~1/2,0]

Therefore the previous inequalities imply that

sup ”VatUHL‘”(BR/z(zo)) < Odp(jaas_lv Sup HatUHCas:(BR/Z(xO)) <C.

2 2
te(to—E22 1] te(to— £ to]

Since this can be done for any (Z,t) € {v > 0} N Q,(xo, %), and using again that
(thanks to the Lipschitz regularity of the free boundary) d, and d, are comparable,
we deduce that

IVow| < Cids™ in Q(wo,t0), and |0v]es@, o)) < C- (5.19)
Now, by and we have that, for any e € S"71,
|(00)' ™% (Bhe)*] < C.
The previous inequality implies that
01(0ev)*
that is, (8611)é € Lip,, which yields in particular that
[Volles @ oto)) < C- (5.20)

<C,
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Recalling that d,v and Vv vanish on the contact set, the previous inequality com-

bined with (5.4]) implies that
|0y (z1,t1 + 7) — Op(xy, ty)| < Co|T]* (5.21)
for all points (z1,1) in {v = 0} N Q,/2(x0, to) and any 7 € (0,r/2).

We now prove that (5.21)) yields dyv € CF(Q,/s(z0,t0)). First, recall that Oyv >

—C by Lemma . Hence, if ¢ € C°(Qa (0, 10)) is a nonnegative function with
¥ =11in Q,.(xo,ty), we have

Qr(zo,to) Qr(zo,to)
:/ (vOup + Cop) dw dt < C.
Q2r(z0,t0)

In particular, this implies that the function

(1) = Ow(z,t+ 1) — dw(x,t)

T8

belongs to L*(Q,/2(%o, to)) with a bound independent of 7 € (0,7/2).

Since w solves the fractional heat equation in the set {v > 0}, and it is bounded
by Co on {v = 0} N Q,/2(zg, o) by (5-21), the function @ := max(w,Cy) is a
subsolution in Q,/2(zg,ty) which belongs to L'(Q,(zo,t)). Considering a cut-off
function ¢ € C°(B, (o)) with 1 =1 in Bs, g(s,), we see that w := w1 solves

O + (—A) ) < —(—A)[(1— )] in Qpalwo,to).

Since (—A)*[(1—1)w] is universally bounded inside @, 4(o, to), we can apply [CD16],
Corollary 6.2] to deduce that @ € L>(Q,/s(xo,t)). This proves that

atv(x, t+ 7—) - atv(x7t) S C in Qr/S(:C()atO) V1e (O,T/Q),

s

which implies that d,v € CF(Q,/s(z0,%0)), as desired. d

6. C'® REGULARITY OF THE FREE BOUNDARY IN Z

We prove now that the free boundary is C'® in x near regular points. For this,
we need some steps: first, we show that the set of regular points is open; then, by
the results of the previous section, we deduce that the regular set is C}; finally, by
using the results in [RS15], we conclude the C1* regularity of the free boundary.

We will need the following result (see [RS15, Lemma 4.1]) which states the exis-
tence of a positive subsolution of homogeneity s + 7 vanishing outside of a convex
cone that is very close to a half space.
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Lemma 6.1. Let s € (0,1), and e € S"~'. For every v € (0,s) there is n > 0 such

that the iunction
) N (6 . ill'>2 T

satisfies
(AP < —¢,d° <0 in C,
=0 in R\ C,,
where
C :—{xE]R" : e~£>ﬂ|x|(1—M)} d(z) := dist(z,R" \ C,)).
! x|~ 4 |z[? ’ ’ !

Here the constants ¢, and n depend only on v and s.

Using the previous Lemma, we now show that if (zo, to) is a regular free boundary
point, then all free boundary points in a neighborhood of (xg,ty) are also regular.

Proposition 6.2. Assume that (xg,ty) is a regular free boundary point with exponent
€ > 0 and modulus v. Set~y, :== min{2s — 1,1 — s}. For any~y € (0,7s) there arer >
0 and ¢ > 0 such that, for every free boundary point (x1,t1) € d{u = p}NQ,(xg, to),
we have

u(zy + Ae,t) > AT Oeu(wy + e, ty) > A, (6.1)

In particular, every point on 0{u = ¢}NQ, (o, to) is reqular with exponent 1_%2 >0
and modulus of continuity v(p) := cpt=+7~V/2,
Proof. Fix 0 < v < 75, and let n > 0 and C, be given by Lemma (note that
Vs < S).

Let v be given by (2.1)), and v, be defined as in (5.3]). Also, let x > 0 be a small
number to be fixed later. By Proposition [5.1]and Corollary [5.2] there exists e € S
and r > 0 small enough such that (5.4 holds and

(1 4+ Cya) N Ba(1) C {v,(-,t) > 0} Vay € {v.(-,t) >0} N By, VL € (—1,1).
Noticing that the function v, solves
Loyv, = y*g(x) in @y N{y > 0}
Cnq 1My 0y =250, 0, = Oy, on Q1 N{y =0}nN{v. >0}

with

o) = r?Ap(xg) — r*(Ap)(zg + rx)
1] oo (@, (zo.t0))

as in (5.19)) it follows by (/5.4 combined with interior estimates that

\V@tvr | S C:‘idi_l

; Vgl < Cyrtte,

for some C' independent of k.
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Now, fix t € (—1,1) and define
w(z,y) = Oevy(x,y,1).
Thanks to the previous considerations, choosing r small enough we have

{|Law| < Ky“ in B, N{y > 0}
| limy 0 y* " *0,w| < Crdi™  on BoN{y=0}n{w >0}
Moreover, by and we have
w>c; >0 intheset ByN{z-e>n/l6}. (6.2)
and
w>cy®” in B (6.3)
We want to use the function ¢ in Lemma [6.1] as a subsolution at any free boundary

point of w near 0. To this aim we note that, as a consequence of (6.2)), if z; is a free
boundary point close to 0 then

x1 - e < n/16. (6.4)
Denote ®(z,y) the extension of ®(z) in R, which satisfies
L, =0 in {y > 0}
lim, oy ~20,® > ¢, d}™*  on{y=0}nC,
d=0 on {y =0} \C,.

We recall that ® can be written via the Poisson formula as

O(z,0)
d = Chsy™ :
(Ly) s Y /R" (]x — Z|2 +y2)(n+23)/2

dz  Yy>0 (6.5)

(see [CSO7, Section 2.4]).
Consider now z1 € 0{w = 0} N By 4, and define the function

K 2
Y

P(x,y) = ca®(x — 21,y) + I

so that
L,y = ky* > Lyw in Bi(z1) N{0 <y <n}. (6.6)
Recalling that (zq + C,) N Bi(x1) C {w > 0} (see (6.2)), we have

Cna li{g Y 0 = —(—A)D > cye, dI 0
Y

> kd' > limy' " #0,w  on Bi(z) N{y=0}N (21 +C,), (6.7)

y40
provided that x > 0 is small enough. Also
Yp=0<w on  (Bu(z1) N{y =0})\ (z1+Cp), (6.8)

and it follows by (6.3)) that
P <w on Bi(x1) N{y =n} (6.9)



FREE BOUNDARY IN THE PARABOLIC FRACTIONAL OBSTACLE PROBLEM 23

provided ¢, and k are sufficiently small.
We now check what happens on 0B;(z1) N {0 <y < n}. First of all we see that,
thanks to (6.2]),

v <w on OBi(x;)N{x-e>n/16}N{0 <y <n} (6.10)

provided ¢, and k are sufficiently small. Finally, since ® vanishes on a uniform
neighborhood N C R" of 9By(x1) N {y = 0} N {x - e < n/16}, it follows by
that ¢ < Cy* on N x [0,n]. This implies that ) < C(cy + k)y* on N x [0, ], that
combined with proves that

v <w on IBi(x1)N{r-e<n/16} N{0 <y <n} (6.11)
if ¢ and k are sufficiently small. Hence, combining (6.6)), (6.7), (6-8). (6.9), (6.10),

and (6.11)), it follows by the maximum principle that w > ¢ in By(x;). In particular
we deduce that

w(x,0) > Y(x,0) = ce®(x —21) in ByN{y=0}
and recalling that ® is homogeneous of degree s + ~, we find
Oevp (21 + e, 0,1) = w(xy + Ae, 0) > cz\* 7

for A € (0,1). Integrating in \, we get v.(z1 + e, 0,t) > ¢, A7 for A € (0,1).
Since 1+ s + v < 2, this means that (z1,t) is a regular free boundary point for
vy, with € = 1(1 — s — ) and (p) = cap2 D Since (z1,t) was arbitrary in
Bijs x (—1,1) and v, is a rescaled version of u — ¢, the Proposition follows. ]

Using the previous result, we find the following.

Corollary 6.3. Assume (xo,to) is a reqular point. Then, there is r > 0 such that
the free boundary is C} in Q,(xo,ty), with a uniform modulus of continuity.

Proof. By Proposition [6.2} all free boundary points in @, (o, to) are regular, with a
uniform exponent € > 0 and modulus v. Thus, by Corollary the free boundary
is C! at all such points, with a uniform modulus of continuity. O

Finally, using the results of [RS15], we deduce that the set of regular free boundary
points is C1¢ in x.

Corollary 6.4. Assume (xg,to) is a reqular point. Then, there is r > 0 such that
the free boundary is C1* in Q,(xo, o), for some small o > 0.

Furthermore, there exists ¢ > 0 such that, for every free boundary point (x1,t1) €
Qr(xo, to) N O{u = ¢}, we have

(U N SO)(I’ tl) - C(wl’ tl)dalc+s(xv tl) + 0(|$ - x1|1+8+a),

where c(x1,t1) > ¢ and d,(x,t) = dist(z, {u(-,t) = p}).
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Proof. Let (z1,t1) € Qr(x0,t9) N 0{u = ¢} be any free boundary point, and set
w(z) == u(r + 1, t) — p(x + 1)

Also, denote Q := {w > 0} and recall that, by Corollary , Q is C! in a neigh-
borhood of the origin. After a rotation, we may assume that the normal vector
to 0N at the origin is e,. Recall also that 0 is a regular free boundary point
with an exponent ¢ > 0 and a modulus v which are independent of the point
(x1,t1) € Qr(z0,to) NO{u = ¢}. Throughout the proof, C' and ¢ will denote positive
constants independent of x; and ¢;.

First, we rescale the function w as
w(rx)

||V e (B,,)

7 Vuwy () = (Vw)(ryx)

wg(z) = ==
IVl z=(B,,)

along a sequence 1 — 0 such that | Vw||gs, ) > c(re)' ™, [Vwillzes,) = 1, and
[Vwg(z)| < C(1+ |2['7)
(compare with Lemma . On the other hand, recalling that
(—A)’w = —(—=A)’¢ — du,
it follows by and that
(—A)*0w| < C(1+d57Y) in QN B,

for all e € S*~. This implies that the rescaled functions wy, satisfy

(=AY Oewi| < K(L+d5") in QN By,
for k large enough, with x > 0 as small as desired.

Consider e € S"™! with e - e, > 1/2. Then, it follows by (5.1 and (5.2)) that, for
k large enough, d.wy > 0 in By, and suppg, d.wy, > ¢ > 0. This allows us to apply
[RS15, Theorem 1.3] (see also Remark 5.5 therein) and deduce that

for all such e € S"'. In particular, setting e = (e; +e,)/v2, i =1,...,n — 1, and
using that wy is a rescaled version of w, choosing k large enough but fixed, the
previous inequality yields
for some r > 0 small.

Now, notice that the normal vector ©(z) to the level set {w = A} for A > 0 can
be written as

aewk

<C

e, Wi Co(QNBy)

O, W

<C, (6.12)

e, w Co(QNB,)

Vw

= W—wl(qj) = (ﬁ (I), ,ﬁn(l’)),
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, Oe, W [ Do, w
~d € €n
V()

RNRCETR

Hence, (6.12)) implies that |0(z) — 0(y)| < Clz — y|* whenever z, z € {w = A} N B,,
with C independent of A > 0. Letting A\ — 0, we find that 9{w = 0} N B, is C'H“.

Finally, once we know that € is of class C*®, we can apply in [RS15, Theorem
1.2] (see also Remark 3.4 therein) to deduce that find

Haew/d;HCa(ﬁﬂBr) <C
for some a > 0, which yields
u(a,tr) — p(a) = c(wr, t)d " (2, t1) + of |z — 2, [F°F9).
Finally, by in Proposition [6.2] we deduce c(z1,t1) > ¢ > 0. O

7. 01’5 REGULARITY OF THE FREE BOUNDARY IN x AND ¢
We finally prove that the free boundary is C'# both in z and ¢

Proposition 7.1. Let ¢ € C*R") be an obstacle satisfying (1.4), and u be the
solution to (L.3), with s € (3,1). Assume that (xo,to) is a regular free boundary
point with exponent € > 0 and modulus v, and let G : R*!' x R — R be as in
Corollary Then G is of class C’i}i inside Q,(zo,ty) for some small 5 > 0.

Proof. Let v =u — .
For every free boundary point (z1,t1) € Q,(0,t0) N {u = ¢}, by Corollary
we have the expansion

[v(z,t1) = c(@1, t1)dy (2, th)| < Clo — o[ for t =1, (7.1)

where ¢(z1,t1) > ¢ > 0, and d,(z,t) = dist(x, {u(-, t) = ¢}).

If o(2',t) € S"" ! is the normal vector (in ) to the free boundary at (2, G(2',t),t),
then denoting by c(2/,t) = c(a’, G(2/,t),t), and using that, by Corollary [6.4] the
function 2’ — G(2/,t) is of class C1® inside Q,(zo, o), it follows by that

v(z,t) — C(xla t) ({»T - ($/, G(I/, t)}- ﬁ(x/,t))ijs < C‘I _ (I/, G(J}/,t))|1+s+a,

(7.2)
Our objective is to prove that the function G(2,t) is of class C**# in the t-variable.
For this, we first show that c(2/,t) is C} for some v > 0.

For that purpose, let us consider two free boundary points (z/, G(2',t),t) and
(/,G(z',t + 7),t + 7) in Qr(x0,1p), with 7 > 0 small. We fix a number h € (0, 1)
with h > 7 > 0 and we next compare the expansions ((7.2)) at the points

A= (2, G(2',t) + h,t),
B:=(2,G(2';t) + h,t + T),
to show that c(2’,t) is C7 in the t-variable.
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On the one hand, by at the point A we have
‘U(A) — e 0)((0,h) - (', 1)
On the other hand, at the point B gives

< O hlts+a, (7.3)

v(B) = c(@',t+7)((0,h+ G/, t+7) — G(a' 1)) - i’ t + 7))

<Clh+ G t+71)— G t)|T5te. (7.4)

Now, since G(a/,t) is Lipschitz in ¢ (by Corollary [5.2)), and o(2/,¢) is C* in 2/, we
find

o(2' 1) — p(a’ t+ 1) < C T2 (7.5)
Indeed, by C1T® regularity of G we have
|G(Z,t) — G(2',t) — VG2, t) - (7' —2')| < C|l7’ — 2|+
Combining this estimate with the same one at time ¢ + 7, and using that
G2/, t+7)— G, t)| <Crt (7.6)
(since G is Lipschitz in t), we find
(' —2')- (VG 1) = VG, t+ 7)) < C7+ClT — 2|

Choosing 7’ such that |7’ — 2/| = 7'/2 and 7’ — 2’ points in the same direction as
VG2 t) — VG2t +7), we deduce that
VG2 t) = VG t+ 1) < Cr'2 4+ O < C /2 (7.7)

Thus, since ©(2',t) is the normal vector to the graph of G, (7.5 follows.
Using (7.5) and (7.6]), and recalling that h > 7, it follows from ([7.4]) that

‘U(B) — (st +7)((0,h) - (e, 1) < O R 4 ot
Combining the previous inequality with (7.3]), we find
’/U(B) - U<A)‘ = (C(.CL‘/, t+ T) - C(xla t)) ((07 h) ) ﬁ(xla t))H_s C h1+s+a/2 —Crite

L

Now, if 7 is small enough, then by Corollary [5.2) we know that o(az',t) - €, > 3,
therefore

[v(B) — v(A)| > %}c(m’, t+7)—c(d t)|h' - C pltste/2 _ o pits, (7.8)
Using that v is Lipschitz in ¢, this yields
[v(A) —v(B)| < C,
so, by ,

(@, t+ 1) — c(a’, t)| A" < Chitstel2 4 01,
Thus, choosing h = /7, we deduce

(2, t+7) —c(a/,t)| S Ch?+ Ch* 7 < Ch? = C /4,
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provided that o € (0,1 — s). Hence, this proves that ¢(2’,t) in (7.3) is C7 in ¢ with
v =/l

Using this, we now show that 9,G(2,t) is C” in t. We compare the expansions
(7.2) at the three points

(', G(2',t) + h,t)
(@, G(2',t) + h,t +7)
(o, G(z',t) + h,t — T),

QW =
I

with h > 7.

As before, by (7.4)) and ((7.5) we have

[0(B) = (@t + T){(0,h + G/t +7) = G, ) - 0!, )} < Ot

Now, using that c(z/,t) is C}' /4 this yields

)U(B) — C(ﬂi’/,t) (h + G([If/,t—F 7_) . G(x',t))1+s(en ) ﬁ($,,t))1+s < Chl+s+a/4.

+

Analogously, we have

U(C) — C(J,’/7 t) (h + G(l‘/,t . 7_) N G(l’/, t))1+8(6n ) l)(ﬂfl,t))_l:_s < Ch1+s+a/4,

Therefore, combining the previous two inequalities with (7.3, we find
[v(B) +v(C) — 2v(A)]

Z C(l‘,,t> }hH_S ((1 + a)1+s + (1 + b)1+s _ 2)‘ (en . l?(xl,t))1+s . Ch1+s+a/4,

+
where

G, t+71)— G2, 1)

= - 7

Recalling that G is Lipschitz in ¢ (see Corollary , since h > 7 we observe that
la] < 1 and [b] < 1. Also, since D(2/,t) - e, > % and c(2/,t) > ¢ >0,

[v(B) +v(C) = 20(A)| = ¢ ((1+a)'** + (1 +b)'* —2)| — C A T*H/4 (7.9)
Hence, since
|(1+a)"™** 4+ (1+b)'" =2 > cla+ bl for a,b small,
it follows from that
[v(B) +v(C) — 20(A)| > ch®|G(2/, t + 1) + G2/, t — 7) — 2G(2/, t)| — C pitsta/t
Finally, using that u € C}** (by Proposition [5.4)), we get that
[v(B) +v(C) — 2v(A)| < O,

b G t—71)— G2, t)

therefore

G2/, t+7)+ G2/t —7) = 2G(2/, t)| < C Rt O ons,
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Setting h = T1+iii/4, this gives
|G t+7)+ G t —7) = 2G(2/, t)| < C 717,
with § = —*— > 0. Now, it is a standard fact that this bound implies that

4+4s+a
G e C’tH’B. In particular, this yields 0,G is C’f.

Note that, as a consequence of Corollary and we know that V.G € Cf,7t.
Although a priori we do not have informations about the regularity of 9,G with
respect to z’, we can still conclude that G € C;‘:,’i (thus, in particular, 0,G € Cf',t)-

Indeed, fix (zf,%y) and consider (h/,7) € R"! x R small. Then, using that
0,G € C} and VG € C}),, we have

1
Glzg+ N to+7) = G(ap,to+7)+ (/ Vo G(xy+ sh' tg+ 1) ds) h
0
= Gz}, to) + OG(xh, to) T+ O(7|"P) + VG (xf, to) - I
1
+ / Vx/G(I‘E) + Sh,, to + 7') - VI/G(I'G, to) dS) . h/
0

= Gz}, to) + 0,.G(xh, to) T + O(7|'+7)
+Vu G, to) - b+ O((IN]° + |717)|1')
= G(xg,to) + ,G (x4, t0) T+ VuG(xy, to) - A
FO(IW"P o+ |7[H7).

This proves G separates from its first order Taylor expansion by at most |z/|'™# +
t|17 thus G € C;;i as desired. O

8. PROOF OF THEOREM [L.1]

Let (zg,t0) € 0{u = ¢} be aregular free boundary point —that is, a free boundary
point at which (ii) does not hold.
By Propositions and we have that u € C;7°(Q,(z0,tp)) and the free

boundary is C;j{ﬁ in Q,(xo,ty), for some g > 0 and r > 0. By Corollary for any
free boundary point (x1,t1) € Q,(zo,tr) we have the expansion
u(z,tr) — p(x) = c(z1, t)dy " + of|z — z| ).
Also, by the C? regularity of the free boundary in z and ¢, we have
i = (e (1 — mo) + Kt —10)), "+ 0|z — wo| T 4 [t — to] ),

for some e € S* ! and k € R. Moreover, by monotonicity in ¢t we have x > 0, and

in fact, by (5.4]) in Proposition , we get Kk > 0.
Combining the previous identities, and using that (z1,¢1) — c(x1,t;) is of class
C*/* in x and t (see the proof of Proposition [7.1]), we deduce that

1 S S
u(w, t) = p(w) = clwo,to) (e (w — z0) + £t —t0)) " + 0|z — o[+ 4 [t — to] *+*+7)
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with v := min{a/4, 8}, c(xg,tg) > 0, kK > 0, and e € S"~1. In particular this yields
SUDQ, (zo.t0) (U — ) = (0, o)™ + o(r'***7), and the theorem follows. O
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