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Abstract
Given a Tonelli Hamiltonian of class C? on the cotangent bundle of a compact surface,
we show that there is an open dense set of potentials in the C? topology for which the
Aubry set is hyperbolic in its energy level.

1 Introduction

Let M be a smooth compact Riemannian manifold without boundary of dimension n > 2,
and H : T*M — R be a Tonelli Hamiltonian of class C?. As shown by Mather [32], one can
construct a compact invariant subset of T*M which enjoys several variational properties and
has the distinguished feature of being a Lipschitz graph over a part of M. This set, called
the Aubry set associated to H and denoted by A(H ), captures many important features of the
Hamiltonian dynamics.

Fathi [18] established a bridge between the Aubry-Mather theory and the properties of
viscosity solutions/subsolutions of the critical Hamilton-Jacobi equation associated with H,
giving rise to the weak KAM theory. The differentials of critical (viscosity) subsolutions are
uniquely determined on the projection of A(H) onto M (denoted by A(H)), and all critical
subsolutions are indeed C*! on the projected Aubry set A(H). We refer the reader to Section
2.1 below for a precise definition of the Aubry set and more details about weak KAM theory.

A famous open problem concerning the structure of fl(H ) is the so-called “Manié conjecture”
[29] which states that, for a generic Hamiltonian, the Aubry set is either a hyperbolic equilibrium
or a hyperbolic periodic orbit. In [21, 22], the second and third author obtained several results
in the direction of proving the validity of the Mané conjecture. However, all those results
heavily rely on the assumption of the existence of a sufficiently smooth critical (sub-)solution.
The goal of this paper is to combine some of the techniques developed in [21, 22] with tools
from dynamical systems and new regularity estimates for viscosity solutions, to answer in low
dimension an open problem proposed by Herman during the ICM in 1998 [25, Section 6.2,
Question 2] (in the context of twist maps on T!, this question was posed by A. Katok, and
positively solved by P. Le Calvez [27]):

Is it true that generically the Aubry set is hyperbolic?

As mentioned by Herman at the beginning of [25, Section 6], the subject of the instabilities
of Hamiltonian flows and the problem of topological stability “lacks any non-trivial result”.
Our main theorem solves in the affirmative Herman’s problem on surfaces for the C?-topology.
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Theorem 1.1. Let H : T*M — R be a Tonelli Hamiltonian of class C?, and assume that
dim M = 2. Then there is an open dense set of potentials V C C2(M) such that, for every
V eV, the Aubry set associated to the Hamiltonian H +V is hyperbolic in its energy level.

The proof of Theorem 1.1 relies on the properties of Green bundles which can be associated
with each orbit of the Aubry set. The basic idea is based on the following dichotomy for Green
bundles: either they are always transverse, in which case one gets hyperbolicity of the Aubry
set; or the Green bundles coincide along a given orbit of the Aubry set, and in this latter case,
elaborating on previous works by Arnaud [4, 5], we show that the restriction to the projected
Aubry set of any critical solution is C2? along the projected orbit. This additional regularity
property is not enough to apply the techniques which were introduced in [21, 22|, since there
the authors had to require the existence of a critical solution which is C'**! in a neighborhood of
the projected orbit and C? along it. In our case, we do not have any regularity property outside
the projected orbit, and critical solutions may be merely Lipschitz in any neighborhood of the
projected orbit. Still, by some new refined estimates on the regularity of a critical solution near
a point where the Green bundles coincide, we are able to exploit the techniques used in [21, 22]
to conclude the argument and prove our theorem.

Our proof together with the shadowing lemma (see [26]) yields the following closing-type
result:

Theorem 1.2. Let H : T*M — R be a Tonelli Hamiltonian of class C?, and assume that
dim M = 2. Then, for every open set U C T*M containing A(H), and any neighborhood V of
0 in C?(M), there exist 0 € U and V € V such that the orbit with respect to the Hamiltonian
H +V passing through 6 is periodic and hyperbolic.

We notice that a similar statement could be deduced as a direct consequence of the results
in [29, 19, 9]: more precisely, by [19, Theorem 1.5] and [9, Theorems 1 and 2] the Aubry set is
upper-semicontinuous on surfaces, so [29, Theorem F] ! implies that generically in C° topology
one can find a periodic orbit close to the Aubry set. However, in contrast with Theorem 1.2
above, this orbit may not be hyperbolic (even if one introduces an additional small perturbation
by a potential, see [37]). Therefore, if we work in the C? topology, Theorem 1.1 allows us to
say that the Aubry set of H 4+ V is hyperbolic, which in turn implies the hyperbolicity of the
sequence of periodic orbits approaching the Aubry set (see Proposition 2.18). All in all, we get
the following refinement of [29, Theorem F] in two dimensions and C? topology:

Theorem 1.3. Let H : T*M — R be a Tonelli Hamiltonian of class C2, and assume that
dim M = 2. Then there is a residual set of potentials G C C%(M) such that, for every V € G,
the Lagrangian associated with H +V admits a unique minimizing measure, which is indeed a
strong limit of a sequence of probability measures supported on hyperbolic periodic orbits.

The paper is structured as follows. First, we collect several preliminary results which are
fundamental for the proof of Theorem 1.1: Section 2.1 is concerned with reminders in weak
KAM theory; Section 2.2 contains a result on connecting trajectories; Sections 2.3, 2.4, and
2.5 are devoted to the constructions of Green bundles, paratingent cones, and Arnaud-type re-
sults; Section 2.6 contains reminders on hyperbolicity and quasi-hyperbolicity; finally, Sections
2.7 and 2.8 contain material on semiconcave and BV functions and a lemma from harmonic
analysis, which play a major role in the proof of Theorem 1.1. Section 3 is concerned with the
proof of Theorem 1.1, which is split into a stability and a density part. Finally, in Section 4 we
present some examples of Tonelli Hamiltonians on surfaces of positive genus whose Aubry set
is a non-trivial minimal hyperbolic set.

IMafié’s Theorem [29, Theorem F|] asserts that, given a Tonelli Hamiltonian of class C* with k > 2, there is a
residual set of potentials G C C*(M) such that, for every V € G, the Lagrangian associated with H 4+ V admits
a unique minimizing measure, which is indeed a strong limit of a sequence of probability measures supported
on periodic orbits.
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2 Preliminary results

2.1 Reminders in Weak KAM theory

Recall that a Tonelli Hamiltonian H : T*M — R of class C? is a Hamiltonian satisfying the
two following properties:

(H1) Superlinear growth: For every K > 0 there is a finite constant C*(K) € R such that
H(z,p) = Kllpll + C*(K)  V(x,p) € T"M.

(H2) Uniform convezity: For every (z,p) € T*M, the second derivative along the fibers

%2712{(1:, p) is positive definite.

The critical value c[H] € R of H may be defined as the infimum of the values ¢ € R for
which there exists a smooth function u : M — R satisfying

H(z,du(z)) <c VxzeM.
A Lipschitz function u : M — R is called a critical subsolution (for H) if
H(z,du(z)) < c[H] for a.e. z € M. (2.1)

It can be shown that the set of critical subsolutions, denoted by SS, is a nonempty compact
convex subset of C°(M;R) [18, 36]. Fathi and Siconolfi [20] proved that the set of critical
subsolutions of class C* (denoted by SS 1) is nonempty, and their result has been improved
later by Bernard [8] who showed the existence of critical subsolutions of class C11. Also, they
proved that the so-called Aubry set can be seen as the nonempty compact subset of T*M
defined by
A(H) := ﬂ {(:v,du(x))|x € M s.t. H(z,du(z)) = c[H]}
ueSS?!

This set is invariant under the Hamiltonian flow, and by Mather’s graph property it is a Lipschitz
graph over the projected Aubry set defined as

A(H) :=7" (A(H)) Cc M,

where 7 : T*M — M denotes the canonical projection map (see for instance [18, 36]).
The Lagrangian L : TM — R associated with H by Legendre-Fenchel duality is defined by

L(z,v) := pg};})}(\{{{(p,w - H(z,p)} Y (z,v) € TM.

Thanks to (H1)-(H2), it is easy to see that L is a Tonelli Lagrangian of class C?, that is a
Lagrangian satisfying both properties of superlinear growth and uniform convexity (see [10,
18]). Critical subsolutions have important variational properties, and for instance they can be
characterized as follows (see [18, 36]):

Proposition 2.1. A function u: M — R is a critical subsolution if and only if

b
ub®) = u(1(@) < [ LO).A() ds+ clH) (b ) (2.2)

for any Lipschitz curve v : [a,b] — M.



The (backward) Lax-Oleinik semigroup
{T: }iz0: C°(M;R) — C°(M;R)

associated with L is defined as follows: for every ¢ > 0 and u € C°(M;R), the function
T, w:= T, (u) is given by

0

T, u(z) := inf {U(V(_t)) ’ /

—t

L(v(s),%(s)) ds} VoeM, (2.3)

where the infimum is taken over all Lipschitz curves v : [—t,0] — M such that v(0) = z. The
set of critical subsolutions SS is invariant under {7, }+>0. A critical subsolution v : M — R is
called a critical solution or a weak KAM solution if,

T, u=u—cl[H]t Vit > 0. (2.4)
Critical solutions may be characterized in several ways (see for instance [18, 36]):
Proposition 2.2. Let u € C°(M;R). The following properties are equivalent:
(i) w is a critical solution.

(i1) v € SS and, for every x € M, there exists a Lipschitz curve vz : (—00,0] — M with
v:(0) = x such that

b
u(v2(b)) —u(yz(a)) = / L(v2(s),%x(s)) ds + c[H] (b — a) Va<b<O. (2.5)

(iii) uw € SS and for every smooth function ¢ : M — R with ¢ < u and all x € M,

o(x) =ulz) = H(a:,d(b(:zr)) > c[H].

As shown in [35], critical solutions enjoy some regularity properties. One of them is the
fact that critical solutions are semiconcave. Recall that, given an open set {2 C R", a function
v : ) — R” is said to be locally semiconcave in ) if, for every x € €, there are C; > 0 and
a ball B, C € containing x such that the function y — v(y) — C,|y|? is concave on B,. A
function v : M — R is called locally semiconcave if it is locally semiconcave in charts, that
is, if for every x € M there are an open neighborhood V, of x and a smooth diffeomorphism
Gz Ve — ¢:(Ve) C R™ such that v o ¢! is locally semiconcave on ¢, (V) C R™. Of course, if
the manifold M is compact then the constant C, can be chosen independent of the point, and
we say that the function is semiconcave.

Proposition 2.3. Any critical solution is semiconcave on M.

Let w : M — R be a critical solution for H and x € M be fixed. By assertion (ii) in
Proposition 2.2 above, there exists a curve v, : (—o00,0] = M with ~,(0) = z satisfying (2.5).
Since u is a critical subsolution (see Proposition 2.1), we infer that for every T > 0 the restriction
of v, to [T, 0] minimizes the quantity

w1+ [ L(3(9):3(5)) ds+ ol H) .
-T

among all Lipschitz curves v : [-T,0] — M such that v(0) = z. In particular, 7, is the
projection of a Hamiltonian trajectory, and whenever u is differentiable at ., (—T'), by the first
variation formula one gets

du(v2(=T)) = ((?9_5 (V2 (=T),4(=T)).



We call limiting differential of u at x € M, and we denote it by D} u, the set of p € T¥ M such
that there is a sequence {zy } of points converging to x such that u is differentiable at xy and
p = limy_, oo du(zy). Note that, by the Lipschitz regularity of u, the graph of the multivalued
mapping D*u is a compact subset of T*M. As shown in [35], by the above discussion one
can prove that there is a one-to-one correspondence between the limiting differentials and the
curves satisfying (2.5):

Proposition 2.4. Let u : M — R be a critical solution and x € M. For every p € Diu the
curve v, : (—00,0] = M defined by

Yo(—t) =7 (6" (x,p))  Vt>0, (2.6)
satisfies v, (0) =z, (2.5), and
('yx(—t),D:I(ft)u) = {(bljt(a:,p)} V¢ >0. (2.7)

In particular w is differentiable at ~v,(—t) for any t > 0. Moreover, for every curve v, :
(—00,0] = M satisfying v5(0) = x and (2.5), there is p € Diu such that (2.6) holds.

A curve of the form -, : (—o0,0] — M satisfying (2.5) is called a semi-calibrated curve. A
curve defined on R satisfying (2.5) for any a,b € R is called calibrated. As we said previously,
the Aubry set fl(H ) is invariant under the Hamiltonian flow, and it is a Lipschitz graph over
A(H). Fathi and Siconolfi [20] proved that, for every point of A(H), the limiting differential of
a critical solution is a singleton there. In particular, since A(H ) is a Lipschitz graph over A(H),
this means that every critical solution « is differentiable on A(H), its differential is independent
of u, and & — du(z) is Lipschitz on the Aubry set. In addition, for any (z,p) € A(H), the
curve (2.6) is calibrated. All these facts are summarized in the following:

Proposition 2.5. Let u: M — R be a critical solution and x € A(H). Then u is differentiable
at x, du(zx) does not depend on u, Diu = {du(z)}, and the calibrated curve v, : R — M defined

by
Yau(t) == 7" (@) (z, du(z))) VteR, (2.8)

satisfies v, (0) = x,

b
ulal®) ~ (@) = [ Ln() A6 ds+ elH] 6 —a)  Ya < (29)
vz (t) € A(H) for allt € R, and

(3 (1), D2, o) = {(th(x,du(a:))} VteR. (2.10)
Finally, the mapping A(H) 3 x — du(z) is Lipschitz.
We refer the reader to [21, 23] for a more detailed introduction to weak KAM theory, to the

notes [36] for the proofs of the above results, and to [18] for further details.

2.2 The Dirichlet problem and the connection of trajectories

Let H : R® x (R")* — R be a Tonelli Hamiltonian of class C?, V : R® — R a C? function,
and denote by Hy the Hamiltonian H + V. We split R” as R x R*~! and we define the
(n — 1)-dimensional disks

07 :={r} x B"0,r) V7eR,Vr>0,



where B"~1(0,7) € R"~! denotes the (n — 1)-dimensional open ball of radius r centered at the
origin. Denoting by 7* : R™ x (R™)* — R™ the projection onto the space variable, we define

the following Poincaré-type maps:
Given 7 > 0 small, 7,72 € [0,7], and (z%,p%) € H71->2 x R™ such that [—27,27] 2 ¢t —

T (¢HV( ,p°)) intersects II7* transversally, we define the maps
P;: 7'2( pO) = ¢§{:—*1,1—2 (z9,p%) (xO,pO), 7)7'177'2 (:CO,pO) = (P:1 7'2( ijO)) )

where T Tz( 29, pY) € [—27,27] is the first time (positive if 71 < 72, negative if 71 > 1) such
that Py, -, (2°,p°) € TI72.

As shown in [22, Lemma 5.1], the following holds (we denote by e; the first vector in the
canonical basis of R"* = R x R"71):

Lemma 2.6. Let u: B"(0,1) — R be a C1' function such that

G (m () cazg vatem
Then there exists T > 0 small such that the following properties are satisfied:
(i) For every T € (0,57], the Poincaré time mapping T : H(l)/2 — R defined by
76?2(3:0) =Tor (3:0, dﬁ(zo)) val e H(l)/2,
is well-defined and is Lipschitz;
(i1) for every T € (0,57], the Poincaré mapping ’ng}. 1T 1/2 — 117 defined by
P = Por (20, du(2")) val e H?/Q,
is 2-Lipschitz;
(i) the following inclusion holds for every T € (0,57]:
{7 (o (a°, dua")) |° € T4, ¢ € [0, To.r (2°)] } € [0,7] x B"7(0,1/2);
(iv) the viscosity solution g to the Dirichlet problem

{ H(z dig(z)) =0 in [0,57] x B"71(0,1/2),
ug =u on Iy,

is of class Ot

We now define the cylinder
e((a%,p")stir) = {m (68 (@®0%)) + (0.9) s € [0,1], 19l <7},

and the action

Ay ((2%,p%);7) = /OTLv< (HV( ,p)) ,
By
v (7 (¢ (") ) at,

where ¢’V denotes the Hamiltonian flows associated to Hy. Then the following holds:



Proposition 2.7. Let u : B™(0,1) — R be a wiscosity solution of H(x,du(z)) = c[H] and
assume that

d «(  H( 0 0 1 0 0 0 *
t(w (¢t (z”,p )))It 0 el 5 Va© elIli, Vp° € Dyou,
<p0770,p0(0)> > —Co Vpo € Dyu, where  Y0,p, (t) = 7‘*(¢t (Oapo)) (2-11)

for some positive constant co. Then, provided cy is sufficiently small (the smallness depending
only on H), for any 7 > 0 sufficiently small there are 6,7, € (0,1/4) and K > 0 such that
the following property holds: For any r € (0,7),é € (0,é), 2° € 9,27 € M7, p° € Dou,
pf € D> ;u, and o € R satisfying

|2% < & (2.12)
and
|(:cf,pf) — Pg)%(xo,po)} < T€, lo| < r?e, (2.13)
there exist a time T/ > 0 and a potential V : R™ — R of class C? such that:
(i) Supp(V) € C( (2, p°); Tors (2, )i 7 )
(ii) [Vlc2 < Ké;
(iii) [TV — Tg=(a,p°)| < Kré;
(iv) o5y (°,9°) = (2 ,p7);
(v) Ay ((2°,p°); T7) = A2 p°); T5' (2%, %)) + (du(Po,7(a,p%)), &t — Po#(2%,p°)) + 0.

Proof of Proposition 2.7. First of all, it follows by (2.13) and Lemma 2.6(ii) that, provided 7
is sufficiently small (the smallness being independent of r and €),

‘P;,f/2 (:ijpf) — P57/ (wo,po)‘ < 2re.

Hence, we first apply [21, Proposition 3.1] on [0,7/2] to connect (2°,p°) to P /o (z7,p') ina

time Tlf ~ 7/2 with a “default” of action bounded by K72é2. Then, thanks to (2.11), we see
that assumption (A4) in [21, Proposition 4.1] is satisfied provided ¢y is small enough . Thus, if
€ is sufficiently small we can apply [21, Proposition 4.1] on [7/2, 7] to “compensate” the default
of action so that (v) above holds. Moreover it is easily seen that also all the other properties
are satisfied. We leave the details to the reader. O

2.3 Green bundles and reduced Green bundles

Let us endow the cotangent bundle T* M with its standard symplectic structure w, and denote
by Vi := ker(dg7*) the vertical space in Tp(T*M) at any 0 € T*M (recall that 7* : T*M — M
denotes the canonical projection). A subspace E C Ty(T*M) is called Lagrangian if it is a n-
dimensional vector subspace where the symplectic bilinear form wg : To(T*M) x Ty(T*M) — R
vanishes. As an example, vertical spaces are Lagrangian. If we fix a symplectic set of local
coordinates, we can identify Tp(T*M) with T, M x T*M and Vy with {0} x T M. Then, any
n-dimensional vector subspace E C Tp(T™* M) which is transversal to Vy (i.e. ENVy = {0}) can
be written as the graph of some linear map S : T, M — Ty M, and it can be checked that E is
Lagrangian if and only if S is represented by a symmetric matrix.



Given a Hamiltonian H : T*M — R of class C?, the Hamiltonian vector field Xy on
T*M is defined by wy (XH(G), ) = —dpH for any § € T*M. In a symplectic set of local co-
ordinates, the Hamiltonian equations (i.e., the equations satisfied by any solution of the ODE
(¢,p) = X ((z,p))) are given by & = %—g,p = —%—I;. Finally, we recall that the Hamiltonian
flow ¢! of Xy preserves the symplectic form w. In particular, the image of a Lagrangian space
E C Ty(T*M) by Dppf! is Lagrangian in Tyn(T*M). We refer the reader to [1, 11] for more
details about the notions of symplectic geometry introduced above.

We recall now the construction and properties of Green bundles and reduced Green bundles
along orbits of the Hamiltonian flow without conjugate points. We refer the reader to [4, 6, 14]
for further details and historical accounts. For every 6§ € T*M and every t € R, we define the
Lagrangian subspace Gl C Tp(T*M) as the pushforward of the vertical distribution at ¢%Z,(6)
by ¢, that is

Gh=(61), (Vor,0) = Dot (Vor,w) VO ET™M. (2.14)
The orbit of § € T*M is said to be without conjugate points if for any t,¢ € R,

t#£t = {ngf(e)éf’ffl_t (Vd;{?(e)” NV ) = {0}

We denote by D the set of § € T*M whose orbit has no conjugate point, and we assume that
D is nonempty. Given § € D C T*M, we fix a symplectic set of local coordinates around
6 = (z,p). Then, for every ¢t € R\ {0}, the Lagrangian subspace G is transverse to the vertical
subspace Vy in Ty(T*M) ~ T,,M x T M. Hence, there is a linear operator K} : T, M — T*M
such that

Gt = {(h,K}jh) eT,M xT*M | h e TwM}.

Since G}, is Lagrangian, the linear operator K}, can be represented by a symmetric matrix in our
symplectic set of local coordinates. There is a natural partial order for the Lagrangian subspaces
which are transverse to the vertical, that simply corresponds to the usual order for symmetric
operators. Later on, given two Lagrangian subspaces E, E’ € Tp(T*M) which are transverse
to Vp, we shall write E < E’ (resp. E < E') if the corresponding symmetric operators K, K’
are such that K’ — K is positive definite (resp. nonnegative definite). The following property
is a consequence of the uniform convexity of H in the fibers (see [4, Proposition 3.7] and [14,
Proposition 1.4]):

Proposition 2.8. Let § € D. The following properties hold:
(i) For everyt' >t >0, Gy < GY.
(ii) For everyt' <t <0, GY < GY.

(iii) For everyt <0 <t', G4 < GY.

As a consequence, for every 6 € D, the sequence of Lagrangian subspaces (0, +00) 2 t — G},
(resp. (0,+00) 3 t = Gy") is decreasing (resp. increasing) and bounded from below by G,
(resp. bounded from above by G}). Hence, both limits as ¢ — oo exist, which leads to the
following definition:

Definition 2.9. For every 0 € D, we define the positive and negative Green bundles at 6 as

+ . 7 t — . t
Gy = t_lgrnooG(, and Gy = t_l)lr_nooGg.



We shall keep in mind that the positive Green bundle G; depends on the behavior of the
Hamiltonian flow along the orbit of 8 for large negative times, while the negative Green bundle
G, depends on what happens for large positive times. By construction, we also have the
following result (see [4, Corollaire 3.8 and Proposition 3.9] and [14, Proposition 1.4 (d)]):

Proposition 2.10. Let 6 € D. The following properties hold:

(i) Gy =Gy

(ii) Dogf (Gy) = G;{{(G) and Dgof! (Gy) = G;_{I(e) for allt € R.
Moreover, the function 6 — Gg' is upper-semicontinuous on D, and 8 — G is lower-semicontinuous
on D. Thus, if G; = Gy for some 8 € D then both of them are continuous at 0.

The following result, which first appeared in [14], plays a major role in recent works by
Arnaud [4, 5, 6] (see [4, Proposition 3.12], [6, Proposition 1], and [14, Proposition 1.11]):

Proposition 2.11. Let 0 € D and ¢ € To(T*M). Then the following properties hold:
(i) ¥ ¢ Gy = limy_io0 || Do (7" 0 f1) (¥) | = +00.
(i) ¥ ¢ Gf = limy—_o || Dy(7* 0 o) ()| = +o0.
For every 6 = (z,p) € T*M, denote by Xy C T*M the energy level
Yy = {9’ = (2",p) e T*"M |H(2',p') = H(x,p)}.
From the previous result one easily gets the following conclusion (see [4, Exemple 2 page 17]
and [14, Corollary 1.12]):
Proposition 2.12. Let 6 € D be such that Xg(0) # 0. Then
XH(Q) € G(_)_ N G;_ and GG_ U G;_ C TpXg.

Let ¥ C T*M be a regular energy level of H, that is an energy level satisfying %—I; (x,p) #£0
for every 6 = (x,p) € ¥. By superlinear growth (H1) and uniform convexity (H2) of H, the
hypersurface 3 is compact and, for every § = (z,p) € X, the fiber ¥ NT*M is the boundary of
a uniformly convex set in T M. For every § € ¥ we define the subspace Ny C Tp3 by

No = {4 € Ty2 | (Do (), Do (X1 (6))). 5y = O}
where (-, ) denotes the Riemannian metric on M. By construction, we have
TpY = Ng ® RX g (0) Vo eX.
For every § € DN X, we define the reduced Green bundles G’; and G; as
Gy =G, NNy and GF :=G§ N Ny.

As shown in [4], the reduced Green bundles can be seen as the Green bundles associated with
a specific symplectic bundle over the orbit of 8; they satisfy some of the properties of the
Green bundles, in particular Proposition 2.10 (except (ii)). If M has dimension two, then,
for every # € D N3, the reduced Green bundles Gj and G'; should be seen as lines in the
plane Ny ~ TpX/RXy(6). Finally we observe that, since G depends on the behavior of the
Hamiltonian flow near ¢{(6) for large negative times, its construction can be performed as
soon as the orbit of # € T*M has no conjugate points in negative time. In particular, this can
be done for any semi-calibrated curve (see Proposition 2.4).



2.4 Paratingent cones and Green bundles

The present section is mainly inspired by ideas and techniques developed by Arnaud in [4, 5, 6, 7]
to study in particular the link between Green bundles and regularity of weak KAM solutions.
Before presenting Arnaud-type results, we first recall a result from [22]. Let S C R* be a
compact set which has the origin as a cluster point. The paratingent cone to S at 0 is the cone
defined as

Co(S) := {)\ lim Y% | /\ER,il_i)Igoxi:il_i)Igoyi:O, x; €85,y €8, a:l-;éyiVi},

i—oo @ — Yl

and the paratingent space of S at 0 is the vector space generated by Coy(.5):

Iy(S) := Span {C’O(S)}.

As shown in [22], the set S is contained locally in the graph of a function from IT := IIy(.S) onto
its orthogonal complement IT+. Let d be the dimension of II, denote by Projy the orthogonal
projection onto the space I in R*, and set Hg := Projy(S). Finally, for any r,v > 0 we define
the cylinder

Clr,v) == {(h,v) e x I | |h <1 |u| < u},

where | - | denotes the Euclidean norm. Also, we set B, := B(0,r). The following result holds
(see [22, Lemma 3.3]).

Lemma 2.13. There exist rs > 0 and a Lipschitz function Vg : 11N B, — I+ such that the
following properties hold:

(i) SNC(rs,rs) C graph(¥s)|p,, = {h+Ws(h) | heINB, };
(i) h+ Pg(h) belongs to SNC (rg,rs) for every h € Hg N Byg;

(iti) For any r € (0,7g), let (r) > 0 denote the Lipschitz constant of ¥s on II N B,.. Then
lim, o £(r) = 0.
In particular Vg(0) =0, Ug is C* at 0, and V¥g(0) = 0.

By Proposition 2.5, through each point 8 = (z, p) of the Aubry set A(H) passes a calibrated
curve (defined by (2.8)) which corresponds to the projection of its orbit under the Hamiltonian
flow, and whose restriction to any subinterval is always minimizing the action between its
endpoints. Being minimizing, such a curve has necessarily no conjugate points, hence § € D

(see any textbook on the classical theory of calculus of variations, for example [13]). We also
observe that, since the Aubry set is invariant under the Hamiltonian flow,

Dol (09 (A(H))) = Cyo) (A(H)) VteR (2.15)
and Xp7(6) belongs to the paratingent cone to A(H) at 6, that is
Xu(6) € Cy (A(H)) CTySy VO AH), (2.16)

where Yy := {H = c[H]} is a regular energy level of H. Given § = (z,p) € A(H) with
Xu(0) # 0, we define the reduced paratingent cone to the Aubry set as

Cop = Cp (A(H)) N Ny,

where Ny has been defined in Section 2.3. If M has dimension two, C'g is a collection of lines
in the plane Ny. All those lines can be compared with other lines in this plane. The following
proposition is a variant of Arnaud’s results (compare with [4, Proposition 3.11], [4, Proposition
3.16 (3)], [6, Theorem 9]), and it follows from the Lipschitz graph property of the Aubry set.
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Proposition 2.14. Assume that dim M = 2 and that 6 € A(H) is not an equilibrium of X .
Then . A A

G, =2 Cyp =Gy
In other terms, any line in Cy is squeezed between Ge_ and ég‘

Proof of Proposition 2.14. Since A(H) is a Lipschitz graph, its paratingent cones cannot inter-
sect the vertical bundle, hence taking € > 0 small enough yields

Gy© < Cyi=Cy (A(H)) <GS (2.17)

To explain the meaning of the above formula notice that, for every t # 0, the Lagrangian space
Gg is transverse to Vp, it does not contain Xp(6), and it is contained in TpX . Hence its
intersection with Np is a line in the plane Ny, and (2.17) means that the intersection of Cp with
Ny is a collection of vector lines which are squeezed between the lines G, “ N Ny and Gg N Np.
Thus, thanks to this discussion, to prove the result it is sufficient to show that no line G5 N Ny
with ¢ € R\ [—¢, €] is contained in Cy N Ny. Argue by contradiction and assume that there is
t > € (the other case is left to the reader) such that

G, NNy C Cy N Ny

By (2.14)-(2.15), this means that Vi (g) and Dyt (Cy) = Cy () do intersect, which contra-
dicts the Lipschitz graph property of the Aubry set. O

As an application of Proposition 2.14 and Lemma 2.13, we deduce that if dim M = 2 and
the positive and negative Green bundles coincide for some 6 = (z,p) € A(H) with Xz (6) # 0,
then the Aubry set is locally contained in the graph of a Lipschitz 1-form which is C! at x. It
will be convenient to extend the 1-form along a piece of projected orbit of the Aubry set.

Corollary 2.15. Assume that diim M = 2 and that 0 = (x,p) € A(H) with Xz (0) # 0 satisfies
G, =Gy.

Assume moreover that 6 is not on a periodic orbit and let y(t) := 7* (¢ (9)) for any t € R.
Then, for every T > 0 there are an open neighborhood V of v([-T,T)) in M and a function
f:V =R of class CY* which is C? along v([-T,T)) such that

A(H)NT*V C Graph(df),

and for every t € [-T,T], G Gty

o) = Gin ) is the graph of D?Y(t)f (in a symplectic set of local

coordinates in T*V).

Proof of Corollary 2.15. By Proposition 2.12, (2.16) and Proposition 2.14, if the two Green

bundles coincide, the paratingent cone Cy := Cy | A(H )) is a line which is transverse to the

vertical subspace V. Then, working in a symplectic set of local coordinates, by Lemma 2.13
we deduce that there are an open neighborhood U of z, and a Lipschitz 1-form ¥ on & which
is C! at x, such that
A(H)NT*U C Graph(¥),
and the Lagrangian plane Cy coincides with the graph of d,¥. Since %—Iz(ﬁ) # 0 (because
Xu(0) # 0 and the Aubry set is a Lipschitz graph), the set of 8’ € T*M with H(0') = c[H] is
locally (in a neighborhood of #) a submanifold of dimension 3 of class C2. Then up to compose
U with a retraction r of class at least C* onto the set {H = c[H]}, we may assume that ¥ is a
Lipschitz 1-form satisfying
H(¥(z)) = c[H] Vrzel.
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Let S C U be a local section (that is, a smooth curve) which is transverse to v at x. By the
properties of ¥, the map @ : [-27,2T] x S — M defined by

O(t,y) =7 (¢ (¥(y)))  Vte[-2T,2T],Vy €S,

is Lipschitz, and it is C'! along the segment [T, T] x {z}. Moreover, since Cy = G, = Gy,
the differential of ® is invertible at (¢,0) for every ¢t € [—T,T]. Therefore, by the Clarke
Lipschitz Inverse Function Theorem (see [12, Theorem 5.1.1]), ® admits a Lipschitz inverse
&1 = (1,¢) : V — [-2T, 2T]x S in a simply connected neighborhood V of v([~T, T]) (remember
that + is not periodic) which is C1 along v([—T',T]). By construction, the 1-form « on V' defined
by

a(z) = f(m) (¥(e(z))) Yz e,

is a closed Lipschitz 1-form which is C! along the curve v([-T,T]). By the Poincaré lemma,
we get a function satisfying the conclusions of Corollary 2.15.

We notice that an alternative way to perform the above construction is to approach ¥ by a
sequence of 1-form of class C!, to construct a sequence of functions of class C? by the method
of characteristics (see [18]) and to get the C1! function f by taking the limit. Such an approach
can be found in [17].

O

2.5 Hessians and positive Green bundles

As shown by Alexandrov (see for instance [16, 39]), locally semiconcave functions are two times
differentiable almost everywhere.

Theorem 2.16. Let U be an open subset of R™ and u : U — R be a function which is locally
semiconcave on U. Then, for a.e. x € U, wu is differentiable at x and there exists a symmetric
operator A(zx) : R™ — R™ such that the following property is satisfied:

u(x + tv) — u(z) — tdu(x) - v — %(A(x) v, V)

lim =0 Yo € R™.

t10 t2
Moreover, x — du(x) is differentiable a.e. in U (that is for a.e. x € U, any section of z — Diu
is differentiable at x), and its differential is given by A(x).

We infer that if u : M — R is semiconcave then, for almost every x € M, u is differentiable at
x, D¥u is a singleton, du is differentiable at z and the graph of its differential is a Lagrangian
subspace D2u C T(xydu(x))(T*M). Notice that if v : M — R is a critical solution, then by
Proposition 2.4 regularity properties of u propagate in negative time. That is, for every x € M
such that u is two times differentiable at x, the function « is two times differentiable along the
semi-calibrated curve 7, : (—00,0] — M given by (2.6). Moreover we have

Dz ,au(a) @™y (Diu) = D3 (_yu  Vt>0. (2.18)

Recall that for every 8 = (z,p) € D*u, the Hamiltonian trajectory starting at 6 at time zero
has no conjugate points in negative times (see Proposition 2.4), which allows us to construct
Gy at any such points. Then, proceeding as in the proof of Proposition 2.14 (replacing (2.15)
by (2.18)) we obtain the following one-sided estimate (notice that, since D?u is a Lagrangian
subspace, the assumption on the dimension of M could be dropped, see the proof of Proposition
2.14 and [4, Proposition 3.11]):

Proposition 2.17. Assume that dim M = 2, let u : M — R be a critical solution, and let
x € M be such that du(z) and D?u(z) exist and X g (z,du(x)) # 0. Then

2 +
Diu =< G(Ldu(m)).
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Later on, in the proof of Theorem 1.1, the above result together with the upper semiconti-
nuity of the positive Green bundle will allow us to obtain a local bound from above for D?u in
a neighborhood of a given point of the projected Aubry set (see (3.13)).

2.6 Reminders on hyperbolicity

We recall here basic facts in hyperbolic dynamics, we refer the reader to the Katok-Hasselblatt
monograph [26] for further details. Recall that ¢ denotes the Hamiltonian flow in 7M. A
compact ¢ff-invariant set A C T*M is called hyperbolic in its energy level 3 with respect to
the Hamiltonian flow if the following properties are satisfied:

(h1) At each point 6 € A, the tangent space TypX is the direct sum of three subspaces Ej, Ey,
and Ej = RXp(0).

(h2) At each point § € A, we have Dy¢!? (Ej) = E?

o gy and Dol (EY) = EU for any
teR. '

— Teloy
(h3) There are a Riemannian metric in an open neighborhood of A, and constants C' > 1 and
p > 0 such that, for each 6 € A, ° € Ej, and ¥* € E}, we have

IDaeft )| < Cerifur],
[Dest, )| < et

for all t > 0.

Note that, as a consequence of hyperbolicity, the splitting Tp¥ = Ej & EY & Ej defined for
0 € A is continuous. Let us extend it into a continuous (not necessarily invariant) splitting
TyXe = E; @ Ef & Eg with Eg = RXpy(0) defined for all § in an open neighborhood V of A.
Then, for every § € V and any p € (0, 1), we define the family of horizontal and vertical cones
{HY and {V}} as

Hg = {&+n1€ € By, e B, Inll < pllgll},

Vi = {e+nlee By, ne B gl < plnl }-
By (h2)-(h3), for every 8 € A, p € (0,1), and ¢ > 0, we have

Doof! (Hf) C H], 2(”)02, Do, (Vf) € Vi "
1Dssi" (0)]] = O,(1+ o vl vveH,
1DegZ, ()] = O’(1+ carg vl vvew

Hence, by continuity and compactness, we can find 7" > 0, ¢/ > 0, an open neighborhood
V' C V, and continuous disjoint cones Sy, Up C Ej & E} containing Ej, E} respectively, such
that, for every 6 € V',

D9¢¥ (Ue) C Int (U¢¥(9)> , D(-)qble (Se) C Int (SWHT(@)) ,
and

Dok ()| = e T Il Vo € Uy,
| Do (0)|| > e T ||| Vi € Sp.

This shows that any ¢ -invariant compact set sufficiently close to A will satisfy the Alekseev
cone criterion, which provides an alternative more handy characterization for hyperbolicity (see
[26]). This criterion is also robust under perturbation of the dynamics, and allows us to obtain
that following:
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Proposition 2.18. Let A C T*M be a compact ¢ -invariant set which is hyperbolic in its
energy level with respect to the Hamiltonian flow. Then there exists an open neighborhood V
of 0 in C?*(M) and an open neighborhood O of A such that, for every potential V. € V, any

compact set A C O which is ¢f+v-mvam'cmt is hyperbolic in its energy level with respect to
H+V
PR

The above result will be useful to show the stability part (that is, openness) of Theorem 1.1.
As shown in [28, 14], a way to obtain hyperbolicity is to show quasi-hyperbolicity properties.
Let B be a compact metric space and 7 : F — B a vector bundle equipped with a continuous
norm | - [, on each fiber 7=!(p). Let ¥ be a continuous R-action ¥; : R — Isom(E) such that
Uit = Vg 0W,. We say that U is quasi-hyperbolic if

sup{[:(¢)[} = +00 V&€ B\ {0},
teR

The following result holds (see [14, Theorem 0.2], and compare with [5, §3] and [6, Theorem 2]
where it is shown that the non-wandering assumption can indeed be dropped):

Proposition 2.19. Assume that any point in B is non-wandering and that ¥ is quasi-hyperbolic.
Then ¥ s hyperbolic.

In the proof of Theorem 1.1, the above result allows us to obtain the hyperbolicity of the
Aubry set in the case when the Green bundles are always transverse. Such an approach is
nowadays classical.

2.7 Some properties of semiconcave and BV functions
2.7.1 Derivatives of semiconcave functions

Let v : R* — R be a semiconcave function, i.e., v can be written as the sum of a concave
function and a smooth function. Since second distributional derivatives of convex functions are
nonnegative Radon measures (see [16, §6.3]), the Radon-Nikodym Theorem [2, Theorem 1.28]
allows us to write D?v as the sum of an absolutely continuous matrix-valued measure and a
singular matrix-valued measure:

D?*v = V?vdzr + D3v,

where V?v € Lj _ is the pointwise Hessian of v (which exists almost everywhere by Alexandrov’s
Theorem), and D%v is a singular measure (with respect to the Lebesgue measure). Also, by
semiconcavity we have that D?v is locally bounded from above (as a measure): for any R > 0

there exists a constant Cr > 0 such that
/ (D*v-e,e) < Cr|E|  VE C Bg Borel, Ye € R" with |e| = 1,
E

where Bg := B™(0, R) denotes the n-dimensional ball of radius R centered at the origin. In
particular, choosing E of measure zero we get

/ (D%v-e,e) <0 VE C R" Borel with |E| =0,Ve € R" with |e| = 1. (2.19)
E

Hence, since the measure D%v is singular with respect to the Lebesgue measure, by the arbi-
trariness of E we deduce that (D%v - e, e) is a negative singular measure for any vector e € R".

Since the distributional derivative of Vv is equal to the measure D?v, by definition Vv :
R™ — R™ is a function of bounded variation (see [2, §3]). Given 2/ € R"~!, let us consider the
function w,s : R — R™ defined by

wyr(8) == Vo(z', s) for a.e. s €R. (2.20)
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Note that, since v is differentiable almost everywhere, by Fubini’s theorem the function w, is
defined for almost every o’ € R™~!. It is well-known that the functions w,s are of bounded
variation on R for almost every 2/ € R"~1 as well (see [2, Theorem 3.103] and the subsequent
discussion), so their distributional derivative on R is a measure which can be decomposed as
the sum of an absolutely continuous and a singular part:

Dw,r = Vwy ds + Dswy,

where here D is the distributional derivative on R, Vw,, € LllOc is the pointwise derivative of

w, which exists almost everywhere [2, Theorem 3.28(c)], and Dsw,- is singular with respect
to the one-dimensional Lebesgue measure. Also, the fundamental theorem of calculus holds
between every couple of points where Vv exists [2, Theorem 3.28]:

Vo(z',s2) — Vu(a', s1) = war (s2) — wyer(51) = /52 Vwy (s)ds + /52 d(Dsw,r)(s), (2.21)

S1 S1

for every s; < sg in R.
Let us recall that, given a vector-valued measure p, one denotes by |u| its total variation,
which is defined as

|| (E) := sup {Z |1(En)| = Ep disjoint Borel sets s.t. E = U Eh} v E Borel.
h=0 h=0

It is easy to check that, with this definition, |, du| < [, d|u|. Hence, it follows from (2.21)
that

‘VU(.’L'/,SQ)_V’U({L'/,Sl)‘ g/z‘Vwm/(s)’ds—i—/ 2d‘D3wm, (s).

S1 S1

Finally, we recall that the derivative of w, is related to D?v: if we define the family of lines
ly:={(2',s) : s € R}, it follows from [2, Theorem 3.107] that

/<D2v-en,e> :/ dx'/ Dw, -e  YE CR" Borel, Ve € R". (2.22)
E Rn—1 ENt,,
This has the following useful consequences: since the measures

(D%v - ey, €) — Dswy -e and (V20 ey, e) — Vswy - e) dx

are mutually singular, we deduce that (2.22) holds with V?v-e,, and Vw, (resp., with Dv-e,
and Dsw,) in place of D?v - e, and Dw,/. Hence

Vwy (s) = VZo(a',s) - en for a.e. (2',s) € R, (2.23)
/ (Div - en,e) = / da’ / Dsw, e VE CR" Borel, Ve € R". (2.24)
E Rn—1 Ent,
(see also [2, Theorem 3.107]). In particular, (2.19) and (2.24) imply that

Dsw, - e, is a negative measure for a.e. 2/ € R" 1. (2.25)

2.7.2 The case of a critical solution

We now gather some extra properties when v = w solves the Hamilton-Jacobi equation. Let us
assume that u : Bs = B™(0,2) — R is a semiconcave function satisfying

H(z,Vu(z)) = c[H] for a.e. z € Bs. (2.26)
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Then w := Vu is a function of bounded variation, and since semiconcave functions are locally
Lipschitz, w is locally bounded inside By. Let us consider the family of bounded Borel functions
ap : By = B"(0,1) = R, h € (0,1/2), defined as

1
ap(x) := / STH (z 4 Then, TVu(z + hen) + (1 — 7)Vu(z)) dr
0 n

and the family of bounded Borel vector fields &, : By — R™, h € (0,1/2), given by

1
&n(z) = /0 %_1;9[ (z + Then, TVu(z + hey) + (1 — 7)Vu(z)) dr.

Let us recall that, since w € BV,.(Bz2), the following bound holds:

/ w(z + hen) —w(z)] < / |Dw - en|(dz) <00 Vre(0,1), he (0,1/2) (2.27)
h Brin

s

(for smooth functions the above estimate follows from the fundamental theorem of calculus, and
for the general case one argues by approximation using [2, Theorem 3.9]). Hence the measures
w(x + hey) — w(x)

B o= ’ dx

satisty
[ unltan) < c.
B

which implies that, up to a subsequence, up, (resp. |un|) converge weakly* to a finite measure
w (resp. v) as h — 0. Also, there exists a : By — [0,4+00) bounded such that |ap| —* @ in
L>(By).

It is easy to show that y = Dw - e, = D?u - e,. Furthermore, it follows from [2, Example
1.63] and (2.27) that

V(B,) < liminf 1] (B,) < / Dw-en| = |ul(B,)  Vre (0,1),
i [

B,

so letting r 1 we obtain v(By) < |u|(B1). This information combined with the bound |u| < v
(see [2, Proposition 1.62(b)]) implies that |u| = v, thus

[n| =" |- (2.28)

We now exploit the fact that u solves the Hamilton-Jacobi equation (2.26). Since

0 = H(z+ hen, Vu(r + he,)) — H(x, Vu(x))
1
= h/ gTH (z 4+ Then, TVu(z + hey) + (1 — 7)Vu(z)) dr
0 n

'oH
+</O B—p(x + Then, TVu(z + hey) + (1 — 7)Vu(z)) dT> - (Vu(z + heyp) — Vu(z))

= hap(x) + &(x) - (w(z + hen) — w(x)),
we have
ap +&p - i = 0.

Let Q C By be an open set and assume that there exist hg > 0 and a continuous vector field
=: Q) — R"™ such that

I2(z) — &r(z)] < =|2(2)] Yz €Q, Vhe (0,h). (2.29)

16



Then
O=ap+&-pun=an+ (& —Z) - pn +E - pn,
so that, thanks to [2, Proposition 1.62(b)] and (2.28)-(2.29), letting h — 0 we obtain

1 1
= | < liminf |2 - | < liminf = |2 == a  insi
=l < liminf =y | < lminf 2] |pn] +lan| = 5E[ |u] +a@  inside Q,

where |Z - | denotes the total-variation of the measure = -  (and analogously for pp,), and |Z]|
denotes the continuous function z — |Z(z)].

We now recall that, as observed above, the measure i coincides with the measure D%u - ey,
hence

1
(D?u - e,,Z)| < 5|E| |D*u-e,|+a  inside Q.

In particular, if we restrict this inequality to the singular part of D?u, since a is a bounded
function we get

1
(Du - e,,E)| < §|E| |D3u - ey, inside €,
which by (2.22) can be written as a superposition of the measures Dw,:
= L o /
|2 Dswy| < §|:| | Dsw,| inside 2, for a.e. .
Using the polar decomposition theorem [2, Corollary 1.29], we can write Dsw,, = 6|Dsw,|,

where 0 : By — S"7! is a | Dsw,/| ® da’-measurable function. Hence the above equation can be
rewritten as

(1]

= inside Q, |Dsw,/| ® dz’-a.e.. (2.30)

N =

This information is particularly useful when n = 2 and = never vanishes: indeed, assuming for
instance that Z = ey, then (2.30) implies that

g <

6] < 2[0 - es] inside Q, |Dsw,/| ® dz’-a.e.,

from which we get
|Dswgy| < 2|Dswy - es] inside Q, for a.e. z’. (2.31)

This means that |[D%u - es| is controlled by |[(D%u - e2, €2)|, or equivalently, since D3u - e is a
vector-valued measure of components (D%u-es, 1) and (D%u-es, e2), the measure [(D%u-es, e1)|
is controlled by [(D%u-es, e2)|. Hence, the size of the pure second derivatives in the es direction
controls the size of the mixed second derivatives in e, ez in the region where the Hessian is
singular (that is, roughly speaking, where Vu has a jump).

2.8 A lemma from harmonic analysis

In this section we recall a classical result from harmonic analysis (see [38]), and we show its
simple proof for the convenience of the reader. We denote by |A| the Lebesgue measure of a
set A C R"™.

Lemma 2.20. Let f € L*(R"), and define the mazimal function

i@i= _sw [ irwla}  veern

x€B,B open ball

There exists a dimensional constant C,, > 0 such that

HxER":Mf(:E)>(5HS%”f”Ll(Rn) Vé>0.
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Proof of Lemma 2.20. Let K C {Mf > 0} be any compact subset. By the definition of M f,
for any = € K there exists an open ball B, such that

_ 1
T € By, |B.| < g/ If(y)| dy.
B

Let pB denote the dilation of a ball B by a factor p > 0 with respect to its center. Since
x € B, C 2B,, the family of open balls {2B,},cx covers K. So, by compactness we can find a
finite collection of these balls which still covers K, and by Vitali’s Lemma [16, §1.5.1, Theorem
1] we can select a disjoint subcollection {2B,,,,...,2B;,, } such that K C U7 ,10B,,. Hence

e " o
K| <107 B, | < —Z/ Dy < 3l

Jj=1

and the result follows by the arbitrariness of K. O

3 Proof of Theorem 1.1

Let H : T*M — R be a Tonelli Hamiltonian of class C?, and denote by L : TM — R its
associated Lagrangian. We want to show that the set of potentials V' € C?(M) such that the
Aubry set A(H + V) is hyperbolic contains an open dense set. Hence we need to prove a
stability result (the openness) and a density result.

We proceed as follows: First, in Section 3.1 we show that if the Aubry set A(H) is minimal
and hyperbolic, then all Aubry sets A(H + V) associated with potentials V' € C?(M) which
are sufficiently small in C? topology are hyperbolic. Then, in Section 3.2 we show that the set
of potentials V' € C?(M) such that the Aubry set of H +V is minimal and hyperbolic is dense.
We recall that a nonempty compact ¢ -invariant set A C T*M is called minimal if any orbit of
o contained in A is dense inside A. By Zorn’s Lemma, any nonempty compact ¢!’ -invariant
set contains a minimal subset.

3.1 The stability part
Recall that the Peierls barrier is the function A : M x M — R defined as

hz,y) == ltiLn_&gof{ht(:C, y) + C[H]t} Va,y e M, (3.1)
where
hi(x,y) = inf/o L(v(s),%(s)) ds (3.2)

and the infimum is taken over all Lipschitz curves v : [0,¢#] — M such that v(0) = z and
~(t) = y (we refer the reader to [18, 20, 36] for further details). By construction h is Lipschitz
on M x M (see for instance [18, Corollary 5.3.3]) and any critical subsolution u satisfies

u(y) — u(z) < h(x,y) Ve,ye M (3.3)

(this fact follows easily from Proposition 2.1). Moreover, it can be checked that (see [18,
Proposition 5.3.8], [20, 36])

A(H) = {3: e M| h(z,z) = o}. (3.4)
Following Mather [32], the function d5; : M x M — R given by
om(z,y) = h(z,y) + h(y,x) VeyeM

is a semi-distance (sometimes called the Mather semi-distance).
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Lemma 3.1. Assume that A(H) is minimal. Then H admits a unique weak KAM solution
(up to a constant) and dpr(z,y) =0 for any x,y € A(H).

Proof of Lemma 3.1. Let uy,us : M — R be two weak KAM solutions. Since their differentials
coincide along any orbit of the Aubry set (see Proposition 2.5) and in addition all the orbits are
dense in A(H), there is a constant a € R such that uq —ug = a on A(H). By Fathi’s comparison
theorem (see [18, Theorem 8.5.5]), we infer that u; and ug differ by a constant on the whole
M. The second assertion follows from the fact that the pointed functions {h(z,-)}.cn are weak
KAM solutions (see [18, Theorem 5.3.6] or [20, Proposition 4.1]) and from the equality (using

(3.4))
bu(a.y) = (ha,y) = hlw,2)) = (h(y,y) = h(y.2))  Va,y € A(H).
O

As shown in [15, Theorem C], by the uniqueness of weak KAM solutions (or equivalently
the uniqueness of static classes) one obtains the upper-semicontinuity of the mapping V' +

A(H+V) at V = 0 (compare with [9, corollary 5]), from which the stability of the hyperbolicity
of Aubry sets follows:

Lemma 3.2. Assume that ./Zl(H) is minimal and hyperbolic. Then there is an open neighborhood
V of 0 in C%2(M) such that, for every V. €V, A(H + V) is hyperbolic.

Proof of Lemma 3.2. We first show that, since H admits a unique weak KAM solution (which
follows from the previous lemma), the mapping V € C?(M) — A(H + V) C T*M is upper
semicontinuous with respect to the Hausdorff topology, that is, for every open set O € T*M
containing A(H) there is an open neighborhood V of 0 in C?(M) such that, for every V &
C2(01), ~

VeV = AH+V)CO.

Without loss of generality, up to adding a constant to H we can assume that c[H| = 0.

We argue by contradiction and assume that there are an open neighborhood O of A(H ), a
sequence of potentials {V}}, which tends to zero in the C? topology, and a sequence {0} C
T*M satisfying 0y € fl(H + Vi) \ O for all k. For every k, we pick a critical solution uy for
the Hamiltonian H + Vj,, and we define the calibrated curves i (t) := 7* (¢f Vi (61)). Because
critical solutions (resp. calibrated curves) are uniformly Lipschitz (resp. CU1) [18], taking
subsequences if necessary, we may assume that {u}r converge uniformly to a weak KAM
solution u for H, and {4} converge in C! topology to a calibrated (with respect to u) curve
~v:R — M with v(0) ¢ A(H), that is,

b
u(y(b)) —u(y(a)) = / L(v(s),4(s)) ds = hy—a(y(a),7(b))  Va<b. (3.5)

It can be shown that w-limit and «-limit sets of any calibrated curves are contained in the
Aubry set (see [36, Proposition 4.1]). Hence, there is a sequence {T}}; T +oo such that v(7})
and y(—T;) tend to A(H) as | tends to +o00. Let us denote by d a Riemannian distance on M,
and by K a Lipschitz constant for h.

Given n > 0 we choose [ large enough and «y, 8; € A(H) such that

d(y(=Th), ) + d(v(T7), Bi) <.

Set 2 := (0). Then, using the definition of h (3.1), the fact that hys(z,y) < he(x, 2)+hs(z,y),
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(3.5), and that dps(ay, B;) = 0 (which follows from Lemma 3.4), we get

h(z,z) < hy(z,v(T)) + h(¥(T)),v(=T1)) + hr, (v (=Tp), z)
= hyy(v(=Th),z) + ha, (2,7(T1)) + h(Br, u) + h(v(T2),v(=T7)) — h(B1, )
< by (v(=T0), %) + hr, (z,7(T1)) + h(Br, cu) + [( D), 8) +d(v(=Th), )]
< hy,(v(=T0),z) + hr, (2,7(Ty) + h(Br,cu) + Kn
= hy (Y(=T0), %) + b, (2,7 (T1)) = h(eu, Bi) + K
< b (Y(=Th), %) + by (z,7(T1)) — h(y(=T1),7(T1)) + 2Kn
= (u(z) —u(y(=T))) + (u(v(T1)) — u(x)) = h(v(=T1),7(T1)) + 2Kn
< u(y(T) = u(v(=T0) = h(v(=T0),7(Th)) + 2Kn < 2K,

where for the last inequality we used (3.3). By the arbitrariness of n this shows that h(z,z) = 0,
which implies that z belongs to A(H), a contradiction. This proves the upper-semicontinuity
of the Aubry set, and the conclusion follows easily from Proposition 2.18. O

Thanks to Lemma 3.2, it is now sufficient to show a density result, that is, given a Tonelli
Hamiltonian H of class C* and € > 0, there is V € C?(M) with ||V||c2(a) < € such that the
Aubry set of H + V is minimal and hyperbolic.

3.2 The density part

Let us fix a C? Tonelli Hamiltonian H. First of all, up to adding a small potential (in the C?
topology) we may assume that the Aubry set A(H) is minimal, i.e., all its orbits are dense in
A(H) (see [21, §5.1] where we explain how to add a potential to reduce the size of the Aubry
set). We can also assume that A(H ) is not an equilibrium point or a periodic orbit, as otherwise
we may add an arbitrarily small potential to make it hyperbolic (see [14, Theorem D] 2 and
also [30]). Thus, the critical energy level

={6=(@.p) e T"M | H(z,p) = c[H]} c T"M

satisfies the assumptions of Section 2.4. Since we work on a surface, two cases may appear.
Either the positive and negative Green bundles along A(H) satisfy

G, NGy =RXy(9) VO AH), (3.6)
or

Gr =G>

. ; for some 0 c A(H). (3.7)

In the first case (when (3.6) holds), the hyperbolicity of A(H) follows from Proposition 2.19.
Indeed, consider the projection W, of the differential of the Hamiltonian flow to the bundle

Ny i= {¢ € TS [ (Dom* (&), Dor* (X (6)))-9) = 0}
that is U, := A o D¢ | where A : TY — N is the projection along the direction of the X:

AE=€¢+6(§) Xu(F) with 8(€) € R such that A& € Ny.

Since the Green bundles are always transverse, the restriction of ¥; to A(H ) is quasi-hyperbolic
(cf. [14, Corollary 2.3(d)]). Therefore, since we are assuming that A(H ) is minimal, Proposition
2.19 implies that ¥, is a hyperbolic action and then A(H) is a hyperbolic set.

2Notice that Contreras and Iturriaga require the Hamiltonian to be at least of class C2, but the proof of
their Theorem D works under C? regularity.
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In the second case (when (3.7) holds), the results in Section 2.4 show that critical solutions
restricted to the Aubry sets are C2 at x = 7*(0). As we will show below, this property allows
us to implement the techniques developed in [21, 22] to close the orbit of § into a periodic
orbit. However, the construction of a critical subsolution for the new Hamiltonian (which is
unavoidable to close the orbit into an genuine Aubry set) becomes much more difficult than
in [21, 22] because of the lack of regularity of critical solutions in a neighborhood of the orbit
passing through z (in [21, 22], the authors had to assume extra regularity on a critical solution
to make their argument work). Still, thanks to the preparatory results on semiconcave and BV
functions given in Section 2.7, we will be able to perform such a construction and make the
whole proof work. So, the goal of the next section is to prove the following result, from which
Theorem 1.1 follows.

Proposition 3.3. Let H : T*M — R be a Hamiltonian of class C?, and assume that dim M = 2
and that A(H) is minimal. Let V be a neighborhood of 0 in C?(M) and 6 € A(H) with
Xg(0) # 0 be such that Gg = G5 . Then there exists V €V such that the Aubry set associated
to the Hamiltonian H + V is a hyperbolic periodic orbit (in its energy level).

3.3 Proof of Proposition 3.3

From now on, we assume that the Aubry set fl(H ) is a minimal set which is neither an equilib-
rium point nor a periodic orbit. Without loss of generality, up to adding a constant to H (which
does not change the dynamics), we can assume that c[H] = 0. Let L denote the Lagrangian
associated to H. Given € > 0, our goal is to find a potential V : M — R of class C? with
[VIlc2 < e, together with a Lipschitz function vy : M — R, and a C! curve v : [0,T] — M
with v(0) = v(T"”), such that the following properties are satisfied:

(P1) Hy(z,dvy(z)) <0 forae. z€ M.

(P2) [T Ly (v(t), 4(8)) dt = 0.

Indeed, as explained in [21, §5.1] (see also [23]), if we are able to do this then (P1) implies that
c[Hy] <0 (see Subsection 2.1), while (P2) together with (2.2) yields ¢[Hy] > 0. Therefore, by
(3.4) and the definition of the Peierls barrier h (3.1), the closed curve T" := ([0, T"]) is contained
in the projected Aubry set of Hy . Now, if W : M — R is any smooth function such that W =0
on I', W > 0 outside ', and ||W]|c2 < € — ||V]|c2, then the function v is a critical subsolution
of Hy_w = H +V — W which is strict outside T', and we have fOT Ly_w(y(t),5(t))dt = 0.
By (3.4), this implies that the projected Aubry set of Hy _y coincides with the periodic curve
t — 7(t). Moreover, as shown in [14, Theorem D], we can add a potential, small in the C?
topology, which preserves the periodic orbit and makes it a hyperbolic Aubry set. Hence, we
are left with finding V', vy, and ~ such that (P1) and (P2) hold.

Fix ¢ > 0, and let § = (z,p) € A(H) be as in the statement of Proposition 3.3. Let us
denote by 6(-) = (5(-),p(+)) the orbit of # by the Hamiltonian flow, and by II C M a local
section (that is, a smooth curve) which is transverse to 7 at t = 0. Let u : M — R be a critical
solution for H. Recall that u is differentiable on the projected Aubry set A(H), and that the
restriction of du to A(H) is Lipschitz (see Proposition 2.5).

The following lemma will be needed to apply Proposition 2.7.

Lemma 3.4. Let cg > 0 be as in Proposition 2.7. There exists t > 0 such that, on any time
interval of the form [to,to + t] there is a time t' € [to, to + t]such that

(@)}, , = @63 = —a .
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Proof of Lemma 3.4. If not

to+t ) to+t B
u(Y(to + 1)) —u(3(to)) = / (du(7(s)),7(s)) ds < —/ cop = —cot.
to to
Since u is bounded, this is impossible if ¢ is sufficiently large. O

Up to replacing H by 4H/t, we can assume that the constant ¢ appearing in the previous
lemma satisfies 3
t=1/4. (3.9)

Let us take T > 0 to be fixed. Since 7 can never intersect itself, there exist an open
neighborhood U of ([0, T]) in M, and a C? diffeomorphism ® : & — U’ := ®(U) C R?, such
that, in the new system of coordinates, the curve ® (ﬁ| [O,T]) is a straight segment. Hence, using
still ¥ instead of ®(7) to denote this curve (by a slight abuse of notation), we can assume that

(m1) H(t) = (te1,0) for any t € [—1,T];

(m2) [=1,T]x [=p,p] CU".

(Here and in the sequel, (ej,es) denotes the canonical basis in R2.) Also, in this new set of
coordinates, we can see H as a Hamiltonian on T*U’ C T*R? = R? x (R?)*, and the critical
solution u as a semiconcave function on R?. We set

It = {(tel,y)|y€[—r,r]} Vi, r e R.

The intersection of the Aubry set (resp. projected Aubry set) with TU (resp. with U) is
transported by ®. Let us denote by A and A their respective images in T*U’ and U’. The
Green bundles G;_H(é) = G;H(é) for t € [-1,T], and G with § € T*U, are also transported by

®. We denote them respectively by Gy and G in T(T*U’). We now apply (3.7) and Corollary
2.15 to deduce that, up to reduce the size of p and U’, there is a function f : U’ — R of class
CY! such that the 1-form W := df on U’ satisfies the following properties:

(ms) ¥ is O" along 5([~1,T));
(m4) ANT*U’ C Graph(¥);
(5) for every t € [-1,T],Gy = Graph(L; := dsy;y)¥) C R? x (R?)*.

3.3.1 Some preliminary regularity estimates on u

Let us recall that u is semiconcave (see Proposition 2.3), so the discussion in Section 2.7 (see
in particular Section 2.7.2) applies. Also, since ¥([0,T]) = {te1}scfo,r] (see (m1)) and te; € A
(hence w is differentiable at te;, see Proposition 2.5), by upper-semicontinuity of the limiting
differential of semiconcave functions there is a modulus of continuity w : RT™ — R* (that is, w
is nondecreasing with lim, o w(r) = 0), possibly depending on 7', such that

(2.0) ~ (ter, Vulter)| Swlr) Vol pe Diu(@). te 0.7).re0.p)  (3.10)
and (since %—Ig(tel,Vu(tel)) = ey, see (1))

OH

a_p(xap)_el SW(T) VIEHf‘,pED;U(I), te [O,T],TE (Ovp) (311)

3Notice that the flow of the Hamiltonian H(z,p) := 4H(x,p)/t is just a reparameterization of the flow of H,
and u is still a solution of H(z,du) = 0. The advantage of choosing ¢ = 1/4 is that later we will be able to
connect trajectories over time intervals of length 1 instead of t.
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As in (2.20), for a.e. t € [0,T] we define the function w; : [—p, p] = R™ by
w(s) := Vu(t, s) for a.e. s € [—p,p],
and we recall the following decomposition for Dw; (see Section 2.7):
Dw; = Vwy ds + Dswy,

where Vw, ds is absolutely continuous and Dgw; is singular with respect to ds.
We notice that (3.11) implies that (2.29) holds with Z(z) = e;, hence it follows from (2.31)
that
|Dsw:| < 2|Dswy - ea] inside ', for a.e. t € [0, 7). (3.12)

Also, Proposition 2.17 combined with the upper semicontinuity of the positive Green bundle
provides an upper bound on D?u in a neighborhood of a the curve 4([0,77]). More precisely, we
recall that (D%v - e, €) is a nonpositive measure for any vector e € R (see Section 2.7). Also,
by (m5) and Propositions 2.10 and 2.17 we deduce that there exists a modulus of continuity
w' : RT — R, possibly depending on T, such that, for a.e. ¢t € [0, 7],

V2u(z) < Ly +W'(r)Id  for a.e. x € IIF. (3.13)

(Recall that V2u denotes the pointwise Hessian of u, which exists almost everywhere.) We
denote by & the orbit of 7 in U’, that is & := F(R) NU’.

In the next lemma we use (3.7) to show that, for a.e. ¢, Dw; is close in total variation to a
constant matrix. From now on, we always denote a modulus of continuity by w and a positive
constant by C, their values might change from line to line but otherwise they depend only on
T and the data (i.e., H, u, etc.).

Lemma 3.5. Let U be as in (w3)-(m5). There exist a modulus of continuity w : Rt — RT and
a constant C' > 0 such that the following properties hold for any r € (0, p|:

(i) For a.e. t € [0,T], for every y1 = (t,41),y2 = (t,42) € O NIIL with {5 > (4,

22 52
/ |[Vwe(s) — Ly - ea] ds —|—/ d|Dsw;|(s) < w(r) [la — £q].

El Zl
(i1) For every yi,y2 € 0N H;F there exists a family of matrices {M_}iejo,1), with
ML+ 00 <€

such that the following holds for any constant N > 1: for every z,z' € H;;F N [y1, y2] such

that w is differentiable at z,2" and |2/ — z| > “7’1;]\,1’2", we have

(o, (2, Vu(2))) — 7* (¢7,(2', Vu(z')) — M_y(z — z’)’ < Nw(r)|z—=2.

Proof of Lemma 3.5. We begin by observing that |y2 — y1| = |2 — ¢1]. Since the graph of Vu
restricted to ([0, T]) = {te1 }sej0,7) is contained inside the graph of ¥ and the latter is C* there
(see (m1) and (73)), for a.e. t € [0,T] we get

[wnt2) = wi(t) = Lu- (e = )| = (o) = () = s ¥ - (v — 1)

1
= "/0 dy1+s(y27y1)\11 . (y2 - yl) ds — d"y(t)\Ij . (y2 - yl)

IN

1
| s ¥ = dso ¥ iz =l s @14
w(r) |62 = ],

IN
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for some modulus of continuity w : RT — RT. So, rewriting the above expression using

the fundamental theorem of calculus (see (2.21)), for a.e. t € [0,T] we have (observe that

Y2—Y1
ly2—y1] 62)

< (U(’f') |£2 - £1|7

/132 [Vwi(s) = L - e2] ds + /é2 d[Dsw(s)

f1 Zl

which implies in particular that

£o

12
/ [Vwi(s) - e2 — (Lt - 2, €2)] ds +/ d[Dsw - e3](s)

£y £y

S w(r) |f2 — £1|

This estimate combined with (2.23), (3.13), and (2.25), gives
22 52
/ [Vw(s) - ea — (L - e2,e2)| ds +/ d|Dswy - e2|(s) < w(r) |la — 4] for a.e. t € (0,77,
f1 Zl

which shows that Dw; - ep is L-close to (L; - ea, €2).
We now need to control Dwy - e1. For this, we first apply (3.12) to obtain that the singular
part of Dw; is controlled by Dgsw; - e2: indeed (3.12) and the bound above imply

fz ZZ
/ d|Dsw|(s) < 2/ d|Dswy - e2|(s) < 2w(r) |2 — 41| for a.e. t € [0,T).

El el

Hence it suffices to control only the absolutely continuous part of Dws.
Recall that, thanks to (2.23), for a.e. ¢t € [0,T] we have

Vw(s) = VZul(t,s) - e for a.e. s € [—r, 7],

where V2u is the Hessian of u, which exists at almost every point. Hence it suffices to prove
the closeness of Vw; to L; - eo only at points where u is twice differentiable.
For every z; := (t,£) € II'. where u is twice differentiable, consider the curve

(ze(7), pe(7)) == OF (w0, Vu(zy)).
It follows from (3.10) and (1) that
|ze(=7) = (t = T)es| <w(r)  Vte[0,T],7€[0,1].

Also, since the trajectories do not cross backward in time, u is differentiable along them, and
pe(—7) = Vu(ze(—7)) (see Proposition 2.4), we have (here we use &,(7) to denote the derivative
with respect to 7)

dii [pe(—7)] = % [Vu(ze(—r)] = —VZu(ee(—1)) - de(—r) V7 e0,1], (3.15)

Since py is uniformly bounded and solves the Hamiltonian system, also d% [pe(—7)] is uniformly
bounded, hence we have

‘(v%(w(—ﬂ) ce,ip(=7)) — (V2u(,(0)) -e,ig(0)>‘ <Crle]  VeeR%Vrelo1].(3.16)
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To simplify the notation, set s := y, 4 (s,—¢,)- Then, it follows from (3.15)-(3.16) and the
smoothness in 7 of the curves 7 — z4(7) that, for every 7 € [0, 1],

1
/O Vwy(t1 + 5(bs — 1)) - 5(0) — (Ly - €3, d5(0))] ds

= /01 [(VZu(5(0)) - €2,85(0)) — (L - e2,35(0))| ds
< /01 %/OTN%(:ES(U)) - i5(0), e2) do — (Ly - eg,$5(0)>‘ ds
+/01 %/OT (Vu(zs(0)) - e2,34(0)) — <v2u(a:5(0))~ez,¢s(0)>}dads
- /01 <w(a:s(o>> —TVu(xs(—T)),e2> Ly e9,345(0))] ds + O (3.17)

By (m1) and (75) (note that Vu varies smoothly along 7([0,T7]), since it solves the Hamiltonian
system) we have

'Vu(tel) ceg — Vu((t —7)e1) - ea

—<Lt'61,€2> <Cr VTE[O,l].

Hence, by (3.10), (3.11), and (3.17), for every 7 € [0, 1] we get

/Ol‘th(ﬁl + 5l — 1)) - 25(0) — (Ly - 62,51'75(0»‘ ds < Ct + @

Thus, choosing 7 := /w(r) and using that |<,(0) — e1]| < w(r) and that L; is bounded (since u
is universally C1'! on the Aubry set), we get

1 Lo 1
—_— |th(s)-el— <Lt-€2,61>‘d5 = / |V’wt(€1+8(€2—€1))'61—<Lt-62,€1>|d5
[la — ] Jo, 0

C v w(r),

IN

concluding the proof of (i).
Let us now prove the second assertion. To simplify the notation, for a.e. ¢ € [T —1,T] we
define the functions *

Pl (s) = 7" (87, (2, Vu(2))) = 7 (67, ((F, 5), wi(s))), for a.e. z = (£,s) € II', Vit € [0, 7).

By the chain-rule formula for BV functions [2, Theorem 3.96], the following hold: if we de-
compose the distributional derivative D1, into its absolutely continuous part V!, and its
singular part Dgv! ,, we have

V() = dn” (6, ((9),wi(5)) - (6™, (), wil9) + 00, ((E 5), wels) - Tugls) )

for a.e. s € [-r,r], and )
|Dstp’ | < C|Dswg].

Given z,2’ € Hi, let us denote by fzz/ dp the integral of a measure p over the segment joining
z to z’. Then, by (i) and (3.10), for every 7 € [0, T] we have

Y2 _ _ Y2 _ _ Y2 _
/ dDYE, — M, - o] /\wt_t(s)—M;.ezde/ di Dt ,|(s)
Y

1 Y1 Y1
w(r)ly2 =y, (3.18)

4Notice that, since u is differentiable a.e., for a.e. t € [0, T] we have that u is differentiable at a.e. z € [y1, y2].

IN
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where

MY, = dr* (¢, (te1, e1)) - (3x¢§t(561761) + 3p¢§t(561761)13£),

and we used that |Lg| is universally bounded (because u is universally C'! on the Aubry set)
to estimate

3p0 (7, 5), wi(s)) - Vwi(s) — 9oy (Fer, e1) L 62‘
04 ((1), () - (V) = L)
+ ’ (8p¢ljt((f7 s), w;(s)) - 8p¢ljt(fel, 61))Lg - e

<

The boundedness of Lz implies also that the norm M?, is bounded on [0,T] by a constant
depending only on T. Also, since u is semiconcave, a simple Gronwall argument shows that
the backward flow ¢ — t_;(2) is not “too much contractive”: there exists a universal constant
C > 0 such that

Wl (2) =, (2| = e Pz =2  Vte[0,T],Vz 2 €Il (3.19)

Before proving the validity of the above estimate, we first show how we use it to conclude the
proof. )
From (3.19) we deduce that |[(M?,)"!| < e“T and that the trajectories cannot cross back-

ward in time. Also, from (3.18) and the assumption |z’ — z| > w we deduce that

W)Et(z) - 7/1515(2/) - Mit(z - Z/)‘

IN

z _ _ Y2 _ _
/ d|D¢it—Mit-eQ|g/ d| Dyt , — M, - es]
z! Y1

< w(r) |yr —y2| < Nw(r) |2’ — 2|

for a.e. t € [0,T] and a.e. z,z’ € II'. By a simple approximation argument, the above estimate
extends to £ = T and every z, 2’ € IIL such that u is differentiable at z, 2/, which proves Lemma
3.5 with M_; := Mft.

To finish the proof, we need to show the validity of (3.19), and we notice that (by triangle
inequality in z and because ¢ — 1! , enjoys the semigroup property) it is sufficient to prove the
result for z, 2’ close to each other and for small times. By semiconcavity and compactness, there
is a constant K > 0 such that for every (z,p) € T*U' with H(Z,p) < 0 and every z,2’ € U’
and p € conv (D}u),p’ € conv (DZ u), we have (see [10])

2
<%le(i,ﬁ)(p—p’),x—x’> §K‘x—x/’2. (3.20)

In particular, the above inequality holds for any p = Vu(z),p’ = Vu(z’) with u differentiable at
x, 2. For any z,2" € II!. close enough and ¢ > 0 small, there is (Z,p) € T*U’ with H(Z,p) <0
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such that

% (v74(2) = 0%, () ol (2) - wit<2’>>

- E‘ZIZ (02 (2, Vu(2))) + %—g (02,(+/, V(")) , ¢t (2) — wt_t(z/)>
_ <_5a—f§ (854, Fuu(2)) + G (9040 Tl () wh2) - wit<z'>>
_ <—%—Ij (wit(z), Vu(wit(z))) - %—Ij (wit(z), Vu(wit(z/))) At (2) — wtt(z’)>
N <8_I; (452 Vulwh()) - 8—? (¥%4(2), Vu(wlo(2") ) 054 (2) - wt<z’>>
B <aapH (2.9) (Vu(vLe() = Vu(vlo(2) ) 0l (2) - wtt<z'>>
0

(50 (W Tl ) - 5

(4520 Fu(u (1)) E2) ~ 0 )

By (3.20) and C? regularity of H, we infer that there is some universal constant K’ > 0 such

that
2

<% (7/}E_t(z) - wit(z’)) L9t (2) — Z/Jt_t(z’)> > K|yl () — vl ()

We conclude easily by Gronwall’s lemma. O

The following bound will be crucial to estimate the action.

Lemma 3.6. There exist a modulus of continuity w : RT™ — R™ and a constant K’ > 0 such that
the following holds: Let y1,y2 € O N HZ for some t € [0,T). Then, for every r € (0, p], and for

every 21, ze € LN [y1, y2] such that u is differentiable at z1, z2 and % <|z1—29] < w

(1)

7

— 2
"U,(Zg) - u(zl) - <vu(21)722 - Zl>‘ S KI%;

(it)
‘VU(ZQ) — Vu(z1)| < K’(w(r) + %) lyr — y2.

Proof of Lemma 3.6. Since u is semiconcave, there exists a universal constant C such that
v :=u — C|z|? is concave. Since

’(U(Zg)—u(21)—<vu(21),22—21>)—(’U(Zg)—’U(Zl)—<VU(Zl),22_21>)’ < Clzr—2)? < C|y1;772yﬂ27

it suffices to prove the result (i) with v in place of u.

By concavity of v, since zo — z; is parallel to ya — y1, and |21 — 23| > %, we get

0 > w(z2)—v(z1) — (Vou(z1), 22 — 21)
> (Vu(z) — Vo(z1),22 — 21)
> (Vo(ye) — Vou(yr), 22 — 21)
2 IOLN<VU(Z/2) = Vu(y1),92 — y1)
ol -l

N 3
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where for the last estimate we used that u (and hence v) is C'! with a universal bound on the
Aubry set. This proves (i).

For (ii), we recall that fzz dp denotes the integral of a measure p over the segment joining
z to z’. Hence, using the same notation as before, we apply Lemma 3.5(1) and use that |Li|
is universally bounded (because of the C1:! regularity of u on the Aubry set) to get, for a.e.
te 0,7,

|Vu(z2) — Vu(z1)| < / d|Dw|

22
< / d|Dwy — Ly - ea| + | Le| |21 — 22|
21
Y2
< / d|Dwy — Ly - ea] + C' |21 — 22|
Y1
Y1 — Y2
< w) - wl + 0 L
By approximation, this estimate extends to every ¢ € [0,T]. O

3.3.2 The connection

Given y1,y2 € R, we set

11/3(y1;y2) = {y € R dist(y, [y1,52]) < |m —y2]/3}.

Lemma 5.2 in [22] (see also [3, Remarque 6.3.3]) applied with n = 1 yields the following result:

Lemma 3.7. Let # > 0 and Y be a finite set in R such that B(0,7/12)NY contains at least
two points. Then there are y1 # y2 € Y such that the interval V3 (y1;ys) is included in B(0,7)
and does not intersect Y \ {y1,y=2}.

Given 7 € (0, p) small enough (# much smaller than p and €), let T; > T be the first time
such that ¥(T3) € Hg/m, and define the set

W= {wo =Z,wy = (t1),...,wy = ”—y(T,:)} cA (3.21)
obtained by intersecting the curve
[T,T7] o t— (1)
with Hg. We apply Lemma 3.7 with Y = W C Hg to find two points
g1 =w; and go=w; withj>I (3.22)

which satisfy the properties described in the statement of the lemma. Set

1
N:—L—J—Fl, n:=2N +1,

€
and consider a sequence of points 21,. .., 2, in the segment [g1, 2] C HZ which satisfy ®

21 = glu 27] = g27

5Since u is differentiable a.e., by Fubini’s Theorem, for a.e. T € (0,00) we can find points 21,..., Zy such
that (3.23) and (3.24) hold. Notice that we do not yet fix the points 2;, since later we will need to impose that
they satisfy some additional conditions, see in particular (mg) below.
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u is differentiable at 2, Vi=1,...,n, (3.23)

and

. . i—4/3 . N i—2/3, . . .

Zie[yl‘f' 5N (92— 91). 91 + 5N (yg—yl)} Vi=2,...,n— 1. (3.24)
Notice that
(Wﬁ)ng;]vﬂl‘gpi—i-l_éﬂg% Vi=1,...,n—1.

We now fix T to be an arbitrary time in [+ 1,7 + 2] chosen so that (3.23) and (3.24) hold.
Applying Lemma 3.4 (recall also (3.9)), for any ¢ = 1,...,n7 — 1 we can find a time ¢; €
[i—1—1/8,i—1+1/8] such that

7(t;) satisfies (3.8) Vi=1,...,n—1. (3.25)

Given z € [§1,32] such that u is differentiable at z, we can consider the calibrated curve
Y. : (—00,0] = M as in (2.6). Notice that, since ¢; and g2 belong to the projected Aubry set,
w is differentiable at §; and g2 and those curves are transverse to H;F (remember (3.10)-(3.11)),
the curves 74, and vy, are unique and disjoint and moreover the curves v, cannot intersect
vg, and 7y, (see Propositions 2.4 and 2.5). Hence, provided 7 is sufficiently small, for any
z € [§1,92] where u is differentiable there exist T, € [T — 1,7 + 1] such that

’YZ(_TZ) € Hgv ’VZ([_Tzao]) C [_17T] X [—p, p]'

Recalling (3.23), we now define the following points for all i = 1,...,7—1 (see Figure 1), where
7 € (0,1/10) is the same as in Proposition 2.7:

R, — = 73i([_T5ia O]) N Hf;la Ri,+ = Fyfz([_TEUOD n Hf;rhia

Zzl',— = V24 ([—Tng,O]) n Hziv Zzl',-i- = Vi ([_Téwwo]) N H?-’_‘F'
Also, we set
i =Y (=T, O) NI,y = 75, ([= T, 0]) NI, (3.26)
By Lemma 3.5(ii), provided # is sufficiently small, (mg) yields

ti+7  ti4T ti+7  ti+7
= Tyt

(mp) W Ly — o | < I <CF Vi=1l,...,p-1

Also, using again Lemma 3.5(ii), it follows from the construction of §; and g2 (see Lemma 3.7)

that, for any ¢ € [0, 77, all points of 7([0, T7]) on II, are at distance at least @ from {y},ys}
(besides the points {y!,y} themselves), that is

(ms) dist(( (700, 7)) NTE)\ (o8, w4} ), ot w8} ) = 320 for all € [0, 7).

Since w is differentiable at z; —, 2] _, 24,2, (see (3.23) and Proposition 2.4), by Lemma

— “g,—

3.6(ii) and (77) it follows that (provided 7 is small enough)

/ 2K\ s igr
|VU(ZL+) - Vu(zi7+)‘ < N ‘yl — Y2 ‘
Hence, since Pj - (zi,—, Vu(zi,—)) = (zi4, Vu(zi4)) and thanks to (3.25), if 7 is sufficiently
. — oy . O _ _
small (so that z; _ is close to F(t;)) we can ap]E)ly Proposition 2.7 with 20 = z; _, 2/ = Zi 4
P’ =Vu(z, ), pf =Vu(z] ), r= |yt T — bt and € = 2(1+ K')/N (with K’ as in Lemma

3.6), to find a potential V; which permits to connect z; — to 2/  on a time interval [t;, ¢; + T/].
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Figure 1: The points z;, - and z; 4 (resp. z; _ and z; ;) are obtained from z; (resp. zi}1) by intersecting
the trajectory passing through Z; (resp. Z;11) with the segments Hff and Hfj*?. Analogously, the points
yi (vesp. y%) defined in (3.26) are obtained by intersecting the trajectory passing through ¢ (resp.
J2) with the segment Hf,. Our goal is to connect z;,— to z; . with a control on the action, in order to
obtain a closed curve which satisfies (P2).

Notice that the constant o = o¢; appearing in the value of the action is an arbitrary number
T t;,+7 2
il

less than ér? = 2(1 + K’)W+y2

We now construct a curve v : [0,7'] — M by concatenating v : [0,71] — M with s :
[Ty, T'] = M, where

Yo (t) :=7* (¢£T1 (92, Vu(gjg))) connects z;,_H_ to 21—,

while ; is obtained as a concatenation of 2y — 1 pieces: defining by V' := )", V; (notice that
the support of the V;’s are all disjoint, so the C? norm of V is bounded by max; ||V;|c2), for
every i = 1,...,n— 1 we use the flow (t,2) — 7 (¢ TV (2, Vu(z))) to connect z; — to z] , ona
time interval [t;,#; + Tif], while on [t; + Tif, tiy1] (i=1,...,7— 1) we just use the original flow
(t,2) = 7 (¢ (2, Vu(2))) to send 2] , onto z1,—. (See [21, Subsection 5.3] for more detail.)

In this way we obtain a closed curve « : [0,7'] — M (see Figure 1) whose action is given by
the following formula (see [21, Section 5.4]):

n—1

.
/0 Ly (y(®),4(®0) dt = 3 [(Vulzi), 245 — 2i4) = (ulzly) = ulz0)) | + o

i=1
Thanks to (77) and Lemma 3.6 we deduce that

<V . ! ) I ) < K’ |y§i+‘? B y§i+%|2
u(zi ), Zi4+ ZZ,+> - u(zi7+) —u(zi4))| < - N

t;+7 t;+7
‘yll T_ 21 T|2

Hence, since o; can be any arbitrary number less than 2(1 4+ K’) 7 , we can choose

0 = (U(2§,+) - U(Zi,+)) —(Vu(zi1), 24 — 2i4)
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to enforce -
/ Ly (4(8), 4(1)) dt = 0,
0

as desired. This concludes the proof of (P2).

3.3.3 A “good” critical subsolution for H

To prove (P1), we first need to construct a C!! critical subsolution v which is “C? in average”.
Recall that, for every ¢ > 0, the function h; : M x M — R is defined by

¢
(ay) = int [ L(3(5),3() ds
0
where the infimum is taken over all Lipschitz curves v : [0,t] — M such that y(0) = z and
(1) =y.
Lemma 3.8. Let U be as in (m3)-(75), and let y; = (t,£1),y5 = (t,£5) € ONIIL, be as in (3.26).

There exists so > 0 small but universal such that the critical subsolution v : M — R defined by

v(z) == Tlu(z) = sup {u(y) — hg, (:v,y)} Voe M,
yeM

is universally CY' and, for a.e. t € [0,T), it satisfies ©

1
[ 12200t + 5008~ 1) - eavea) = (La-eauea)| ds < w(|65] +163)
0

for some universal modulus of continuity w : RT — RT.

Proof of Lemma 8.8. The fact that v is a critical subsolution is standard, see for instance [8].
By semiconcavity, there is a bounded family of C?(U’,R) such that

u = inf{f}.

feF

Moreover, thanks to the estimate (3.13) on D?u provided by the Green bundles, we may assume
that
V3f(x) < Li+w'(r)Ild  VYaelll, re(0,p],t€0,T], f€F. (3.27)

Then, for every sg > 0 we have
= inf {T .
b jl'e]-‘{ S“f}

By [8] it is known that, for sg > 0 small enough, v € C*! v = u, and Vv = Vu on the projected
Aubry set. Since Vv = Vu on 0, by (3.14) we get

Vu(ys) = Voyl) + Le - (y5 — yt) +w (|40 + 16]) [vi — sl VEe[0,T].

Since y4 — y! is parallel to es, rewriting the above expression using the fundamental theorem
of calculus (recall that v € C!) we have

1
/ (V2u(yt +s(yb—yl)) e, e2) ds — (Ly-e2,ea)| < w(|€4]+1£5]) for a.e. t €[0,7T], (3.28)
0

where V2v is the pointwise Hessian of v.

SNotice that, being C11, v is twice differentiable a.e.
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By [8, Lemma 3] there is so > 0 such that, for every s € [0, so], 7,7 (F) is a bounded set in
C?(M,R). Since the Hessian of a C? function f is transported by the linearized Hamiltonian
flow along the calibrating trajectories (see for instance the discussion in [21] after Lemma 5.3),
and since all the trajectories are close (as a function of r) to the trajectory passing through te;
(see (3.11)), we deduce from (3.27) that, for all r € (0, p],

V2 < Ly 4+ w'(r)1d a.e. on II%, for a.e. t € [0, 7).

Hence, combining this bound with (3.28) we easily get

1
/0 (V20! + s(yb — 1)) — L] - eaen)| ds < w(l€h] + |6]) + ' (1€4] + |E5)),

as desired. O

Combining Lemmas 3.8 and 2.20, we can also prove that there are many points where v is
“C? in average”.

Lemma 3.9. With the same notation as in Lemma 3.8, let yt,ys € O NIIL, r:= |04 + |64] €
(0,p]. Then, for a.e. t € [0,T) there exists a set Ay C [yt,y5] such that

[Ae] > (1= Vw(r))lyi — 8l
and
I
E/ ‘(V v(z + sez) - ea,ea) — (L4 - 62,€2>‘ ds < Ciy/w(r)
0
for all z € Ay and R € [—|y} — 2|, |y} — =]

Proof of Lemma 3.9. We simply apply Lemma 2.20 to the one dimensional function
F(8) = [(VPu(z + sea) - ez, e2) = {Lu - €2, €2)] X[y 21, yo 1) ()
with § = Cy4y/w(r), and use Lemma 3.8. O

From the results above we see that, provided r is sufficiently small, we can shift the system
of coordinates in the variable ¢ by an arbitrary small amount (sat, ¢ — t+7 with |7y| arbitrarily
small) to ensure that the above lemmas all apply with ¢ = ¢; for all i = 1,...,n — 1, and then
the points 21,..., 2, can be chosen so such that

(m9) 2i,—,2; _ € Ay, foralli=1,....,n—1.

3.3.4 Construction of a global critical subsolution

As before, we will denote by w : Rt — RT a modulus of continuity which may change from line
to line.

Our goal is to construct a critical subsolution vy : M — R satisfying (P1). We proceed as
follows: first, for any i = 1,...,t; we define u} and uﬁ, as the C1'! solutions of the Dirichlet
problems

{ H(z,Vuj(z)) =0 in [t;,t; +37] x 1Y,
uy=v onlll,

{ Hv(z,Vuﬁ/(z)) =0 in [t;,t; +37] x I},

- t;
uy =v onll),

where v is as in Lemma 3.8 (see Lemma 2.6(iv)). Let v : [0,7'] — M be the closed trajectory
constructed in Section 3.3.2, and define T; := ([t; + Tif, tiy1]) to be the piece of curve which
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connects z; , to z;41— (see Figure 2). In complete analogy with [21, Section 5.5, Property
(73)], we have

ub = ul,, Vulh = Vul, on I'; N C;, where C; := U [yh, yb]. (3.29)
te[tst;+37)

Also, because y! and y} are in the projected Aubry set and V is supported in the interior of C;,
we get that the values of uj), ul,, v are all transported along the curves, and the same happens
to their gradients (see [21, Lemma 5.3] and the discussion immediately after it), so in analogy
with [21, Section 5.5, Property (77)] we get

uh =ul, =v, Vuh=Vul, =Vu on 0;4:Ci, where 0;4:C; 1= U {yi,yé} (3.30)
te[ti,ti-‘r?ﬂi]

We claim that _ _
lup () — uiy ()] < w(? + €) dist(z, T;)? Vz e(;. (3.31)

Indeed, since by (m1), (m9), and Lemmas 3.8 and 3.9

O]+ |08

)

for z =z, _, 2, _ and R € [—|y}’ — 2|, |[y5 — 2], and the flow of the vector field %—;I(a:, Vo(z)) is

— %4 —

1 R
E/ ‘(Vzv(z + seq) - ea,ea) — (Ly, '62,62>‘ ds < (4 w(
0

bi-Lipschitz (since v is C1'1), we deduce that (recall that the Hessian of a solution is propagated
along the linearized flow)

I ; v v
E/ [(V2ud (2} + se2) - e2,e2) — (L - €2, €2)| ds < CyJw(|€5| + |65
0

for all R € [—|yt — 2|, |y% — 2|] and t € [t; + 27,t; + 37], where
Z: = Fyii+1([_T2i+1v O]) n Htp

Also, because ||V||c2 < e, the linearized flows of H and Hy are close in terms of € (see [21,
Proof of Lemma 5.5]), hence

1 : _ _
E/ [(V2ul (2] + se2) - €2,€2) — (L - €2,€2)| ds < CyJw (|05 ] + [£5]) + w(e)
0

for all R € [—|yl — z|,|y5 — z|] and t € [t; + 27,¢; + 37]. Since |(}| + |[¢5] < CF (because
1,92 € X and the flow is Lipschitz on the Aubry set), this estimate combined with (3.29) and
a simple Taylor expansion proves (3.31).

We consider now for every ¢ a smooth nonincreasing function ©; : R — [0, 1] such that

@i(A)Zl if)\E[ti,ti+37i/2],
@i(A)—O if)\E[ti+577'/2,ti+37i],

and we set
91(2) = @i(zl) Vz = (2’1,22) S R2.

Then we define 4; as

_ ) { O;(2)ul (2) + (1 = ©;(2))v(z) for z € C;,
' v(2) for z € C}\ C;,
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Figure 2: The curve I'; corresponds to the horizontal segment starting from the point z; , and going
to the right. The function @; is obtained by interpolating (using a cut-off function) between ul, (the
viscosity solution for Hy) and v (the critical subsolution for H constructed in Section 3.3.3) inside
the “cylinder” C.. Then, by adding a new potential V;, small in C? topology and supported inside
CiN{z=(z1,2) | z1 € [7,37]}, we can ensure that Hy, v/ (z,Vii(z)) < 0. Since the cylinders C; are
disjoint, we can repeat this construction for i =1,...,n _ 1 to find a global critical subsolution 4 and
a potential V so that (P1) and (P2) hold.

where

t t t t

t, ot/ t,’ Y — Y t,’ Y — Y

= U Wrowhl v =n -2 w =
te[t;,t;+37)

(see Figure 2).
Thanks to (3.30), @; is of class C1! inside C.. Moreover, for every z € C; we have

Vi (z) = (uf (2) — v(2))VO;(2) + 0i(2)Vul, (2) + (1 — ©;(2)) Vo(2).

Set
P;(2) = 0;(2)Vui () + (1 — ©;(2)) Vu(z) Vzel;.

By convexity of H in the p variable we get
Hy (z,P(2)) <0 Vzel;.
Moreover, since v is a subsolution for H,”

Hy (2,Vu;(2)) <0 VzeC\Ci, ub(z) —v(z) >0  Vz €C.

"The latter inequality comes from the fact that, by the construction of ué, for every z € C;, there are w € Hi,ﬂ
7 >0, and a curve v : [0, 7] — C;, such that v(0) = w, v(7) = z, and

uj(2) = o) + [ L6040) a
Also, since v is subsolution for H we have
o) < o)+ [ Lo d

which proves that v < ué.
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Also, since VO); points in the direction of —ey, by (3.11) we get

<%—ZI (2, P(2)), VOu(2)) < —%|V®i(z)| Vzel

Then, using that v} > v and Taylor’s formula, we obtain

Hy (2, Via(z) < Hy (2 P(2)) + (ud(2) - 0(2)) <%—Ij (2, P(2)), VOs(2))
K |[VOi(2)]? [ul (2) — o(z)|”

(u(2) = wh(2)) (5 (20 P(2)) V() = 5 [ (2) = vl [V05(2)

| 2

IN

+2K|V®i(2)|2 ‘uﬁ/(z) — uf)(z)|2 + 2K |V®i(2)|2 ‘ug(z) —v(z)
< CIVOi(2)] |uy (2) — ug(2)],

where we used that |ul, — uf| and |uj) — v| are small to absorb the quadratic terms into the
linear ones. Since the last term in the above equation is of order w(7 +¢) dist(z, ;)% (by (3.31))
and vanishes both outside C; and outside the support of ©, we deduce that

Hy (2, Viu;(2)) <0
inside C} N ([t;, t; + 37/2] U [t; + 57/2,t; + 37]), and (using (7s))
Hy (2,Vi;(2)) < w(? 4 €) min{dist(z, )2, dist(z, 8latCZ{)2}
inside C; N [t; + 37/2,t; + 57 /2], where
OratC; = U )
tE[ti+27,t:+37]

By choosing # and e sufficiently small, it is easy to see that we can add a potential V; < 0,
small in C? topology, which vanishes on T' and supported inside C/, so that

Hy v (2, Vi (2)) <0 in C;

and property (P2) is preserved. Then the function @ obtained by gluing together the functions
@; with v is a global critical subsolution for Hy with Vi=V+ >; V/ (notice that the support
of the V;’s are all disjoint, so the C* norm of _, V/ is bounded by max; ||V/||c2), yielding (P1)
and concluding the proof of Proposition 3.3.

4 Examples

Recall that a minimal set of a Lipschitz vector field on a surface is called exceptional if it is
neither a fixed point, nor a closed trajectory, nor the whole surface (see [33]). By the Poincaré-
Bendixon Theorem, exceptional minimal sets do not exist on the two-dimensional sphere. The
purpose of this section is to construct Tonelli Hamiltonians with exceptional minimal Aubry
sets on orientable surfaces with positive genus. Such a counter-example in the setting of twist
maps was given by Goroff [24].

4.1 Preliminaries on the Mather functions

Let M be a smooth compact Riemannian manifold without boundary of dimension n > 2
and H : T*M — R a Tonelli Hamiltonian of class C2. Denote by L : TM — R the Tonelli
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Lagrangian of class C? associated with H by Legendre-Fenchel duality (see Section 2.1). The
flow ¢F of L is conjugated with the Hamiltonian flow through the Legendre transform L :
T*M — TM defined by L(z,p) := (:1:, %—g(x,p)), that is

¢f =Logf oL,

Denote by M(L) the set of probability measures on TM which are invariant under the La-
grangian flow. Recall that the homology p(n) € H1(M,R) = H'(M,R)* of a measure u € M(L)
is determined by

(o), [w]) = /T o) dua,v).

where w is any closed 1-form on M and [w] € H*(M,R) is its cohomology class. The action of
w1 with respect to L is defined as

b= [ Lan
™
The Mané critical value of I and H can be recovered as
c[H] = c[L] :i= — min{AL(u) lne M(L)}.
The Mather « and 8 functions associated with L (or equivalently with H),
ar : HY(M,R) — R f; : H;(M,R) — R,
are defined as
Br(h) := min {AL(M) lue M(L), p(p) = h} Vhe Hi(M,R)

and
ar ([w]) = c[L — w] Vw] € H'(M,R).

They are convex functions with superlinear growth which are conjugate (see [31, Theorem 1]),
that is
ar(c) = max{(h,c) — BL(h) | h € Hi(M, R)} Vee HY(M,R)

and
Br(h) = max{(h,c> —az(e)|ce HY(M, R)} Vhe Hy(M,R).

Let us now introduce some definitions and notation. We call flat of §; any non-trivial
maximal convex domain in H;(M,R) on which 8z, is an affine function. Moreover we say that
a flat is radial if it is contained in a set of the form (h) = {th | t € R} with h € H;(M,R).
By conjugation, any flat F' of §f, is associated with a non-differentiability point of az: more
precisely, if ¢ € H'(M,R) satisfies

ar(c) = (h,c) = Br(h)  VheF,

then all affine functions ¢’ — (h, ¢’y — 81 (h) with slope h € F are supporting functions for « at
c. Given h € Hi(M,R) and ¢ = [w] € H'(M,R), let

M (L) : = argmin { AL(u) | € M(L), plu) = b .
ME(L) = M¥(L) : = argmin{ Ap—o() | e M(L) }
Note that, by the above properties, for every ¢ € H*(M,R) we have
p(ME(L)) = {h € Hy(M, B)| ar(€) + Br(h) = (b, ) }. (4.1)

Finally, we recall that a homology class is rational if there is ¢t € R such that th € Hi(M,Z).
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4.2 Exceptional minimal hyperbolic Aubry sets on the 2-torus

Let M be a torus of dimension 2 and fix P a point in M. The open manifold M \ {P} can be
equipped with a hyperbolic metric of curvature —1 (we refer the reader to [34] and references
therein for further details in hyperbolic geometry). Let us fix a simple close curve x with length
£ > 0 which bounds a small open disc D containing P, and another simple closed curve x’ with
length ¢ € (0,¢) which is contained in D and which bounds a small open disc D’ containing
P. We can choose x’ so small that d(x,x’) > ¢, where d denotes the distance with respect to
the hyperbolic metric. We now change the hyperbolic metric on D'\ {P} into a smooth metric
on D’ which coincides with the former metric on the boundary of D’. In this way we obtain
a smooth metric ¢ on M. We will be concerned with the geodesic Lagrangian L : TM — R
defined as

L(z,v) =3 w2 ¥(z,0) € TM, (4.2)

and we denote by H the associated Hamiltonian. We notice that, for every ¢ = [w] € H'(M,R),
c[L —w] > 0and c[L —w] =0« [w] =0. For every ¢ = [w] € H*(M,R) we denote respectively
by A(c) and A(c) the Aubry set and projected Aubry set of the Hamiltonian associated with
the Lagrangian L — w, that is, of the Hamiltonian given by H(z,p) = 1|[p + w|%, where || - |
denotes the cometric on T*M. In the sequel, by abuse of notation, we will look at the Aubry
set as a subset of TM via the identification between T'M and T*M given by the Legendre

transform.

Lemma 4.1. For every closed form w with ¢ = [w] # 0, we have
A(lc)n D" = 1.

Proof of Lemma 4.1. Let us first show that A(c) cannot be included in D. Argue by contra-
diction and pick a positively recurrent point § = (z,p) of the Aubry set A(c). Let v(t) =
7 (¢ (x,p)) for t € R. Then there exists a sequence ¢ — +00 such that § = lim_,oc @77 ().
Since 6 belongs to the Aubry set, the curve -~y is calibrated, that is, for every critical solution
u: M — R we have

ty
0= klim u(y(tr)) —u(z) = lim [L(7(£), (1)) — wyy (3(1))] dt + [L — w] t.
00 k—o0 Jq
Let f: D — R be a smooth function such that df = w on D. Since v([0,00)) C A(c) C D by
assumption, we have

/0 "y (3(0) dt = f((t) — F((0)).

Hence, since L > 0, combining the two estimates above and letting k — oo we obtain ¢[L —w] <
0. Recalling that c[L — w] > 0 and ¢[L — w] = 0 & [w] = 0, we infer that c[L — w] = 0 which
means that w is exact, a contradiction.

Assume now that A(c) intersects both D’ and M \ D. Then there are a calibrated curve
v :R — A(c) and T} such that y(0) € D’ and v(T}) € dD. The a-limit and w-limit sets of
~ contain positively recurrent points, so (by the previous argument) they cannot be contained
in D. Therefore we may assume that 77 < 0 and that there is 7o > 0 such that v(72) € D
and v((Th,T»)) C D. Let X : [T1,T2] — 0D be a smooth constant-speed curve corresponding
to piece of the curve y joining «(77) to v(7T2) with constant speed. Since d(x, x’) > ¢ and while
the length of y is ¢

T . 9 02 T . 9
Ot > g = [
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which shows that (since both curves are contained in D the integral of w along them just
depends on their end-points)

LU TROE - ob@]as 22z [0l -sotio)]

This contradicts the minimality of  (see (2.2) and (2.9)), proving the result. O

Lemma 4.2. The function B, has no flat.

Proof of Lemma 4.2. By homogeneity of L, the function [, is quadratic in the radial direction,
that is B(th) = t28(h) for any h € hy(M,R) and ¢ > 0. Thus it suffices to show that any flat
of Bz, has to be radial. Argue by contradiction and suppose that there is a flat F C Hy(M,R)
which is not radial. Let p1, p2 be two extremal points in F' which are linearly independent and
let p; € M,, (L), i = 1,2. Then there is a cohomology class ¢ = [w] such that

F = p(M¥“(L)) = {h € Hi(M,R) | ar(c) + Br(h) = (h,c) }

Since the ergodic components of p1 and ps are also in M“ (L), their homologies are also in F.
Since p1, p2 are extremal points of F' and p is linear, the homologies of the ergodic components
of p1 and pg are respectively p; and po. In conclusion, we can assume that p1, po are ergodic.
We need to show that the projection of the orbits in the support of p; and po intersect.
Since p1, p2 € M“(L) are minimizing measures for the Lagrangian L — w, the intersection will
contradict the Mather’s graph property, proving the result.

In the 2-torus M, any two integral homology classes in H;(M,Z) which are linearly inde-
pendent intersect. Let I : Hy(M,Z) x Hi(M,Z) — R be the intersection form which extends
by bilinearity to real homologies. Then, if ro is not a multiple of 1 in H;(M,R), we have
I[Tl, TQ] }é 0.

We denote by 7 : TM — M the canonical projection. For each i = 1,2, let (z;,v;) € TM
be a generic point for u;, ¥; a small transversal segment to v; in M containing z;, T a large
return time to X; of the projected flow of (x;,v;) so that 7T(¢:Lp(:vi, ’Ui)) € %;, and T';(T) a small
segment in ¥; joining z; to x;(T) = m(¢% (2, v;)). For each i = 1,2, we define C;(T) to be
the closed curve C;(T) := = ( [L07T] (zi,v:)) * Ti(T) obtained by concatenating w(gb[LQT] (zi,vi))
with T;(T). Note that, without loss of generality, we may assume that ¥ N 35 = ). Choose
now two sequences of return times {7} }x, {17}, such that limy_,oo T} = limy_eo T = 400 and
limg_yoo diam T'; (Tkl) = lim;_, o, diam Fi(Tll) = 0. Since the points (x;,v;) are generic points for
s, Birkhoff’s Theorem ensures that

.1 i
lim F[Cl (Tkl)] = p1 and lim —[02(1_‘1 )] P2 mn Hl(Ma R)

k—o0 A k—oo T

Then by bilinearity of the intersection form, we have

0 # I[p1, p2] = 1 m T11T2 [CL(T}), Ca(T)].
In order to obtain the contradiction we have to show that there is at least one intersection in
I[C1(T}), Co(T?)] which is not due to the small closing segments I'y (T}), T2 (T}).

Note that if py (resp. p2) is supported on a periodic orbit then we can take as T} (resp.
T?) a multiple of the period and there is no joining segment I';(7}) (resp. T'2(7}7?)). This
proves that the intersection occurs when both uq, po are supported on periodic orbits, giving
the desired contradiction.

For the general case, let ¢ be the induced Hamiltonian flow on the projected Aubry set A(c)
in M, that is

bulw) = 7 (80 (, du()),

38



where u : M — R is a critical solution (see Proposition 2.5). We fix 7 > 0 small enough so
that 1 - (A(c) N1 21) N1 = 0, and define Bi(T}) := ¢, (A(c) NT1(T})). Let xp,(r) be
the characteristic function of B;(T}). Since XB,(rp) < 1 and the part of Co(T?) which may
intersect 'y (T}}) is contained in A(c) (recall that, by construction, ¥ N ¥y = 0), we have

1 Tl2 T2
#[02(1112) ﬁl—‘l(Tklﬂ < ;/ (XB, (17 © 7) (oL (29, v2)) ds < TZ Vil
0
Therefore . 1
lim sup —#[Co(THNT(TH] < = Vk,
l—00 11[ T
which implies
11

ﬁ&pzﬁm%w%ﬂﬂ<%@9=0

Similarly

1
i s |1 27, €3] | =

which proves that projection of the orbits in the support of ;; and uo intersect, a contradiction.
O

Let h € Hi(M,R) be an irrational homology class, and let ¢ = [w] € H'(M,R) be a
cohomology class such that ar(c) + Br(h) = (¢, h). Since Sz has no flat, the set p(M¥(L))
is a singleton (see (4.1)). Let A be a minimal set in A(c), and U € C>°(M,R) a C*small
smooth non-negative function on M such that U~1({0}) = 7*(A). Then the Aubry set for the
Lagrangian L —w+ U is the minimal set A. Moreover A is not a closed orbit because (the image
through the Legendre transform of) any ergodic measure in A is in M%“ (L), thus has homology
h, which is irrational.

The Euler-Lagrange flow of L is the geodesic flow of the metric g, which is uniformly
hyperbolic (outside T'D’). Then the Lagrangian L — w has the same flow as L. Moreover since
the projected Aubry set does not cross D’ (Lemma 4.1) and U is C?-small, the invariant set
A remains hyperbolic with respect to L —w + U. Hence A is a non-trivial minimal hyperbolic
Aubry set.

4.3 The case of surfaces of higher genus

A similar construction can be made in a surface of higher genus as follows. Let M; be a 2-torus,
let a hyperbolic metric on My \ {P1} with P; € My, x1, X} two curves surrounding the point Py
as above, and let M3\ { P2} be a punctured surface of genus g, g > 1 equipped with a hyperbolic
metric. Construct two curves x2 and x4 bounding the puncture as in the example above, cut Ms
through x5 and join it smoothly to My along x}. Join also smoothly the Riemannian metrics on
M and M> in the tube between x5 and x. Then define M := M;# M and consider the smooth
geodesic Lagrangian given by (4.2). By construction, Hy (M,R) = Hy(M;,R) ® H1(M2,R) and
the minimizing measures with homologies in Hy (M1, R) or in H; (M, R) do not cross x| = x5.
Also the S function satisfies 51, = 81, @ Sr,, where L and Ly denote the geodesic Lagrangians
obtained as above on M7 and M>.

Take an irrational homology class h € Hy(M,R) and let ¢ = [w] € H*(M,R) be a cohomol-
ogy class such that

Br(h®0) + ar(c) = (¢, (h®0)),

where (h®0) € H1(M,R) = H1(M1,R)® Hy(M2,R). Let A C TM be the minimal set obtained
in Section 4.2, and let U € C°°(M, R) be a C*-small smooth non-negative function on M such
that U7*({0}) = A. Then A is a non-trivial minimal hyperbolic Aubry set for the Lagrangian
L—-—w+UonTM.
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