GENERIC REGULARITY OF FREE BOUNDARIES
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ABSTRACT. The goal of this paper is to establish generic regularity of free boundaries for the obstacle
problem in R™. By classical results of Caffarelli, the free boundary is C°° outside a set of singular points.
Explicit examples show that the singular set could be in general (n — 1)-dimensional —that is, as large as
the regular set. Our main result establishes that, generically, the singular set has zero H"~* measure (in
particular, it has codimension 3 inside the free boundary). Thus, for n < 4, the free boundary is generically
a C* manifold. This solves a conjecture of Schaeffer (dating back to 1974) on the generic regularity of free
boundaries in dimensions n < 4.

CONTENTS
(I.__Introduction| 1
[2._Useful functionals and formulael 8
|3.  Preliminaries: First and second blow-up analysis| 10
4. Higher order blow-ups on the maximal stratum) 16
[5.  Uniqueness and nondegeneracy of non-harmonic cubic blow-ups| 29
[6.  Symmetry properties of blow-ups for 1-parameter family of solutions| 35
[7. Hausdorft measures and covering arguments| 49
(8. Dimension reduction results| 55
9. Cleaning lemmas and prootf of the main results| 59
|Appendix A. Some results on the Signorini problem| 65
[Appendix B.  Odd frequency points in the Signorini problem) 66

71

1. INTRODUCTION

Several fundamental problems in science (physics, biology, finance, geometry, etc.) can be described
by PDEs that exhibit a-priori unknown interfaces or boundaries. They are called free boundary problems,
and have been a major line of research in the PDE community in the last 60 years; see for instance

[LS67, LS69, Kin73, BK74, KN77, [Caf7, [CR77, [Sak91l, [Cafd8, W99, [CKS00, Mon03, [SU03, [ACS0S,
\GP09, [ALS13] [ES19].

The obstacle problem
Au = xqu>0p in QCR”
u >0,

(1.1)

is the most classical and among the most important elliptic free boundary problems, and it arises in a

variety of situations; see e.g. [DL76, [Fri82, [Rod87, [PSUI2, [Ser15].
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From the mathematical point of view, the most challenging question in this context is to understand
the regularity of free boundaries. The modern development of the regularity theory for free boundaries
started in the late 1970’s with the seminal paper of Caffarelli [Caf77], and since then it has been a very
active area of research.

The main result in [Caf77] establishes that, for any solution of (1.1]), the free boundary d{u > 0} is C*°
outside a closed set of singular points. Singular points arise for example when the free boundary creates
cusps, and they may appear in any dimension n > 2. By [CR76 [(Caf98 Mon03], these points are locally
contained in a C! manifold of dimension n — 1. More recently, finer estimates at singular points were
established in [CSV1S, [FS19].

1.1. Generic regularity for the obstacle problem.

A major question in the understanding of singularities in PDE theory is the development of methods
to prove generic regqularity results. In the context of the obstacle problem , the key question is to
understand the generic regularity of free boundaries. Explicit examples [Sch76] show that singular points
in the obstacle problem can form a set of dimension n — 1 (thus, as large as the whole free boundary).
Still, singular points are expected to be rare [Sch74]:

Conjecture (Schaeffer, 1974): Generically, free boundaries in the obstacle problem have no singular points.

The conjecture is only known to hold in the plane R? [Mon03], and up to now nothing was known in the
physical space R? or in higher dimensions.

Notice that, in the obstacle problem, the question of generic regularity is particularly relevant, since
in such context the singular set can be as large as the regular set —while in other problems the sin-
gular set has lower Hausdorff dimension [Giu84]. Also, from the point of view of applications (see
[Bai74, DL76, Rod87, [Serl5]), it is particularly important to understand the problem in the physical
space R3.

A main goal of this paper is to prove Schaeffer’s conjecture in R? and R%. To this aim, we consider any
monotone family of solutions {u'}yc(_y,1y of (LI) in B satisfying the following “uniform monotonicity”
condition:

For every ¢t € (—1,1) and any compact set K; C 9By N {u' > 0} there exists cx, > 0 such that

inf (u(z) —ul(x)) > cg,(t' —t), forall —1<t<t <1
reEKt

(1.2)

This condition rules out the existence of regions that remain stationary as we increase the parameter t.
In case that u! is continuously differentiable with respect to ¢, then such condition is equivalent to saying
that du! > 0 inside {u > 0}.

We shall also assume that (—1,1) > t — ul|gp, € L°°(8B;) is continuous with respect to ¢t. Note
that, by the maximum principle, this implies that (—1,1) 3 t — u! € L>°(By) is continuous. Under this
assumption, we prove the following:

Theorem 1.1. Let {Ut}te(—l,l) be a monotone and continuous family of solutions to (1.1) in By C R”
satisfying (1.2)), and let ¥t C 0{u! > 0} N By be the set of singular points for ut. Then

HHEH) =0 for a.e. t € (—1,1).
In particular, Schaeffer’s conjecture holds for n < 4.

We remark that very few results are known in this direction for elliptic PDE, and most of them deal
only with simpler situations (for instance the obstacle problem in R? [Mon03]), or when the singular set
is known to be very small (as in the case of area-minimizing hypersurfaces in R® [Sma93]).

As a particular family of solutions to which our Theorem applies, one can consider the solution u!
to the obstacle with boundary data u'|gp, = g + ¢ (similarly to what was done in [Mon03]), but many
other choices are possible.
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In particular, due to the general character of our assumption ([1.2)), we can apply Theorem (more
precisely, some of the results behind its proof) to study the Hele-Shaw flow. This is a well-known 2D
model which describes a flow between two parallel flat plates following Darcy law [HSI898| [CJKOT7]. After

a transformation of the type u(x,t) fo x,7)dT —where p(z,t) is the pressure— the problem becomes

Au=xgs0p in K°x(0,7) CR*xR
u=t in Kx(0,T)CR*xR (1.3)
u >0,

where K C R? is a given compact set, and K¢ := R?\ K. Since the singular set is closed inside the free
boundary (see for instance Lemma [6.2]a)), as a consequence of our fine analysis of singular points, we can
also show the following:

Theorem 1.2. Let K C R? be any compact set, and u(x,t) be any solution to the Hele-Shaw flow (1.3)).
Let 3t C K¢ be the set of singular points of O{u(-,t) > 0}, and let S := {t € (0,T) : X! # &} be the set
of singular times. Then S is relatively closed inside (0,T) and

1

. <!
dimy(S) 1

In particular, the free boundary is C* for a.e. timet € (0,T).

Prior to our result, it was an open question to decide whether singularities in such model could persist
in time or not. Theorem [I.2] answers this question, and provides for the first time an estimate on the set
of singular times.

1.2. Higher-order expansions at most singular points.

A key tool in the proof of Theorem is a very fine understanding of singular points, as explained next.
For the obstacle problem ([L.1]), a classical result of Caffarelli [Caf98] states that at every singular point

o we have an expansion of the form

u(@) = P2, (2 — 20) + oz — o), (1.4)

where po ;. is a nonnegative, homogeneous, quadratic polynomial satisfying Aps ,, = 1.

In dimension n = 2 this estimate was improved in [W99] by replacing o(|x — z|?) with O(|z — z,|?*%)
for some o > 0, and in arbitrary dimensions it was shown in [CSVIS| that o(|z — z,|?) can be replaced by
O(|x — xo|?|log |z — x6]|7€), for some € > 0. More recently, it was proved by the first and third authors
[FS19] that, in every dimension 7, one actually has

u(@) = P2, (T — 20) + O(|z — zof),

possibly outside a set of “anomalous” singular points whose Hausdorff dimension is at most n — 3.

Here, in order to prove our main result, we need to improve substantially the understanding of singular
points, establishing a new higher order expansion at most singular points for monotone families of solutions
to the obstacle problem. Here and in the sequel, dimy will denote the Hausdorff dimension (see Section
for a definition).

Theorem 1.3. Let {u' be(—1,1) be a family of solutions to in By C R™ which is continuous and
nondecreasing in t (in partzcular they could be independent of t) Let Xt C 0{u! > 0} N By be the set of
singular points of ut, and 3= Ute( 1 1)2 C B;.

Then there exists a set E C %, with dimy(E) < n — 2, such that for every t, € (—1,1) and every
€ Xt \ E we have

U (x) = Pygyo(x — 20) + O(|z — xo\57<) (1.5)
for all { >0, where Py 4, ¢, is a fourth order polynomial satisfying APy . 1, = 1.
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An important point here is that the dimension n — 2 of the “bad” set F is sharp. Indeed, by well
known examples in R? (see e.g. [Sak93]), one can construct solutions u whose singular set contains a
(n — 2)-dimensional subset E for which does not hold at any point in E.

As the reader will see from the proof, when ps s, ¢, (z) = 5(z - €)? for some unit vector e € R" then the

expansion (|1.5)) can be written alternatively as

u(@o + 1) = %(e ‘x4 p@)* + O(l2),

for a certain polynomial p of degree 3 with no linear or constant terms. Geometrically, this expansion
—together with a Lipschitz estimate that we will establish later— yields that, around most singular points,
the contact set is contained inside a set of the form {|e-z + p(z)| < C|z[*~¢}. Thus, if the free boundary
has a cusp, then at most points this cusp must be very thin. It is worth noticing that the expression of
p (or equivalently, of Py .. ) is related to the curvature of the free boundary near a singular point. In
particular, whenever the solution is even with respect to the hyperplane {e -z = 0}, then p = 0 (and thus
Py, 1. (%) = L(e- x)?), since there are no curvature terms.

To establish Theorem we need to introduce a variety of new ideas, combining Geometric Measure
Theory tools, PDE estimates, several dimension reduction arguments, and new monotonicity formulas.
This is explained in more detail next.

1.3. On the proofs of the main results.
Let us give an overview of the main ideas introduced in this paper.

1.3.1. From expansion to cleaning: o Sard-type approach. The starting idea to prove Theorem is the
following: denote by ¥t C 9{u’ > 0} N By the set of singular points of u’. Assume that, for some fixed ¢,
we have z, € X% and u'° has an expansion of the form

u' (o + ) = P(z) + O(|z[*) (1.6)

for some A > 2 and some polynomial P such that AP = 1. Note that, since u’> > 0, the expansion

above implies that P(z) > —O(|z|"). Hence, for any r > 0, P+ Cr* is a solution to the obstacle problem
in B, with an empty contact set, and ue (2, + -) is O(r})-close to it. This suggests that, thanks to the
monotonicity assumption , by slightly increasing the value of the parameter ¢ the contact set of u'
inside B, (z,) will disappear.

To make this argument quantitative we need to introduce a series of delicate barrier constructions which
actually depend on the fine structure of the singular point z., see Section [9] In this way we are able to
prove that, for a increment of ¢ of size 6t ~ r*~!, the contact set of u'*% is B, disappears: more precisely
we can show that, for some C > 0,

it +CTA 1 By(zo) = @ for r > 0 sufficiently small. (1.7)

As we will explain better below, we can prove an expansion as in for A belonging a discrete set A
(see for a definition of this set).

Hence, for t, € (—1,1) and z, € X' C d{u’> > 0}, we define A\, ¢, to be the maximal X\ € A for which
we can prove an expansion as in . Then, for each A € A and t € (—1,1), we define YhA as the set
of z, € ¥; for which A, ; = A. In other words, Yt is defined as the set of points at which we have a
polynomial expansion up to order A € A but not better. Then, a covering argument “a la Sard” yields

dimyy (Upe(—1,1) ")
A—1

(see Proposition [7.7|(a) for a more refined statement). In particular, if the right hand side is strictly less

than 1, then ¥%* = & for a.e. t. On the other hand, if the right hand side is larger or equal to 1, then a

coarea-type argument allows us to show that 3% is very small for a.e. ¢ (see Proposition (b))
In view of the given description of our approach, our goals are the following:

dimy ({t € (—-1,1) : S £ 2}) < (1.8)

(1) given a singular point, prove an expansion up to order O(|z|*) with A € A as large as possible;
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(2) given A € A, estimate the dimension of Ute(,Ll)Et’)‘, i.e., the set of points where the expansion
stops at A.

1.3.2. A higher-order expansion at singular points: the case of a single solution. To understand these
questions in a simplified situation, one can first look at the problem without the parameter ¢t. So, given a
solution u to the obstacle problem and a singular point x,, we want to obtain a Taylor expansion around
Zo at the highest possible order. This will require several steps, described below.

(a) Second blow-up: a cubic expansion at most points. This first part is essentially contained in [F'S19].
Recall first that, as proven in [Caf98], for any singular point z, we have (L.4), that is, ps ;. is tangent up
to second order to u(z, + -) at 0. Equivalently

U(Xo + 1

(0742> — P2xo asr — 0,
and ps ., is called the “first blow-up” of u at x,.

One can then catalog singular points according to the dimension of the kernel of ps,.: given m €

{0,...,n— 1}, we say

To € Xy = dim({p2,4, = 0}) = m.
We then consider the “second blow-ups”, namely, the possible limits of the functions
- way(re
W (x) := (rz) , where wy 1= u(zo + ) — P24,

; Hw2(7")HL2(aBl)
as 7 — 0. As shown in [ES19], r + ||V, ||r2(p,) is monotonically increasing (equivalently, the so-called
Almgren frequency formula is monotone on wg). Thanks to this fact, setting A2 := lim,—o || Via,r|[ 225, ),
one can characterize all the blow-ups (namely, the accumulation points of {wy,} as r — 0): they are
Ao-homogeneous functions ¢
- either satisfying
Ag=0 inR", ifz,€d, with m<n-—2,
- or solving the Signorini problem
Ag<0, ¢Aq=0, Aqlgm\z =0, ¢l >0, if L:={p2z, =0} is ahyperplane (i.e., x5 € 3_1).

In the first case (i.e., m < n —2), since ¢ is harmonic in R™ it must be \y € {2,3,4,...}. Also, following
[FS19], one can show that Ay > 3 up to an “anomalous set” of dimension m — 1 inside %,,. This implies
that, for z, outside this anomalous set, we have u = ps ;. (¥ — 7o) + O(|z — 2o|3). Note that applying this
result to u = ul° gives an expansion as in for A = 3. As we will explain in Subsection (a) below,
when m < n—2 we are able to improve ([1.7]) so that this expansion suffices for proving our main theorem.

The real challenge is to understand the set ¥, _1. In this case, since ¢ solves the Signorini problem,
thanks to a classification result for 2D solutions and a dimension reduction argument, we can show that

7 11 15
2727277 }
outside a set of singular points of dimension n — 3. Also it is easy to prove that, in this case, Ao # 2; thus,
except for a small set, the lowest possible value for Ay is 3. The main challenge is now to improve this
cubic expansion to higher order.

Ao € A= {2,3,4,...}u{ (1.9)

(b) Third blow-up: a delicate dichotomy. From now on, we focus on points of ¥,,_1 where Ao = 3, i.e., ¢ is
a 3rd-order homogeneous solution of Signorini (as one can see from the coming argument, the other cases
can be considered as a particular case of this taking A2 = 3 and p3 ., = 0 in the definition of w3z below).
Two possibilities arise, depending whether some accumulation point g of {ws,} as » — 0 is harmonic or
not. These two cases have to be analyzed separately.

- The third blow-up is not harmonic: a nmew uniqueness result. By another dimension reduction argu-
ment, we can prove that the set where ¢ is not harmonic has dimension n — 2. However this is not enough,
and here comes one of the key arguments introduced in this paper: as explained in Subsection b)7 in
order to obtain Schaeffer’s conjecture in R* we need to prove that the limit g of W, is unique, and that
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this set is (n — 2)-rectifiable. To accomplish, in Section [5| we introduce new differential formulae, com-
pactness and barrier arguments, and a delicate ODE-type lemma, that allow us to obtain the uniqueness
of blow-ups (taking quotients of suitable qualities) even if we lack a monotonicity formula.

- The third blow-up is harmonic: a monotonicity argument at nondegenerate points. Assume that there
exists a harmonic accumulation point g. Then (thanks to a Monneau-type monotonicity formula) we
can show that the limit lim, oW, exists (i.e., all accumulation points coincide) and that u(z, + ) =
P2.zo + P32, + 0(|z]3) for some 3-homogeneous harmonic polynomial p3 .., (ps., being a multiple of q).
This suggests to iterate the previous blow-up procedure by defining

B ws(rx)
|ws(r )l 2288,

and try to mimicking the argument described above. Unfortunately, in this case it is not true anymore
that 7 — ||[Vi3| r2(p,) is monotonically increasing. Still, by a delicate bootstrapping argument (cf.

Lemma we can prove thatE|

7> |[Vsr | p2(p,) is almost increasing, provided [|ws(r-)[|r295,) 2 747¢ for some £ > 0.

W3 () : , where w3 :=u — P2z, — P340,

Therefore, under this nondegeneracy assumption, we can consider accumulation points of w3, and prove
that they are Asg-homogeneous solution of Signorini for some A3 € [3,4). Then, by a dimension reduction
argument (based again on the classification of 2D solutions), we can prove that A3 € {3,7/2} = AN [3,4)
in a set of dimension n — 2, and the remaining points are of codimension 3. So, to summarize:
(i) for most points in 3,1 where the limit of w3, is harmonic, the assumption ||w3(r - )| z208,) 2 ri=e
fails for every € > 0, except perhaps in a set of dimension n — 2;
(i) if [Jws(r )|l z2(om,) 2 7 holds, then the blow-up is Az-homogeneous for A3 € {3,7/2}, except for
a set of dimension at most n — 3.
In order to prove Schaeffer’s conjecture in R, it is important for us to rule out the possibility that Az = 3
in case (ii). This is highly nontrivial, and follows from the analysis performed in Section [5| to understand
points where Wy, converges to a non-harmonic function.

(¢) Fourth blow-up: monotonicity via a new ansatz and proof of . To go further in our analysis and
prove our main theorem, we now need to investigate the set of points where case (i) happens, namely
|ws(r )28, 2 747¢ fails for every ¢ > 0. In this case Almgren’s monotonicity formula fails on w3,
and therefore a new approach needs to be found.

The key idea here is to replace wz = u(zo + ) — P2z, — P32, With a much more refined Ansatz W3 :=
u(xo+-) — P, which takes into account both the curvature of the free boundary and the non-negativity of
the solution —this is done in Definition Doing so, and defining Wg,r in analogy to what done before,
we can show (again after a bootstrap argument) that

T HVW3,7’HL2(31) is almost increasing, provided [|[W5(r- )| z2a8,) 2 r57¢ for some £ > 0

(see Lemma . Let us note that obtaining this almost monotonicity is much more involved than in the
previous case (when we had 4 — ¢ instead of 5 — €). The reason is technical and rather delicate: we need
to show that the size of W3, controls the one of its gradient (see Lemma , and this follows from a
semiconvexity estimate along some rotational derivatives.

Once this almost monotonicity is proved, we can consider accumulation points of ngr at all points
where ||[W3(r-)|lr20m,) 2 75=¢, and we prove that (up to a codimension 2 set) the only possible limit is a
harmonic polynomial p4 ,, of degree 4. This leads to an expansion of the form

wq = u(To + ) — Py — Pazo, wy(z) = o(zh).
Hence, to finally obtain (L) with Py, = ;. +p4.,, we only need to prove that ws(z) = O(|z|3~¢) for all

¢ > 0, up to a set of dimension n—2. This is again nontrivial: indeed, we can show that r — ||[Viar||12(5))
is almost increasing provided that py ,, vanishes on {p2 ., = 0} and ||wy(r-)||;2(9p,) 2 °~ for some & > 0.

IMore precisely, Lemma gives the monotonocity of a “truncated frequency function”, where the size of ws(r-) is
corrected by adding a term r” with v € (3,4). In order to relate the (almost) monotonicity of this truncated frequency
function to the one of ||V3 || 2(5,), one needs to know that the size of ws(r-) dominates 7 for some v € (3,4).
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Hence we need to ensure that these assumptions are satisfied in a large enough set, and for this we exploit
some recent results on the size of the zero set of harmonic functions (see [NV17]) and another dimension
reduction argument. In this way, we conclude the validity of ([1.5]).

It is important to remark here that the expansion up to order 5 — ( is exactly what we need in
order to prove Theorem Even if one could improve such an expansion to a higher order, the estimate
on the singular set in Theorem would not change. Indeed, the bounds on the sizes of the sets where
the expansions stop before 5 — { would not improve, and the conclusion in Theorem would remain
exactly the same (see also Remark .

1.3.3. From one solution to a monotone 1-parameter family of solutions. Note that the analysis performed
above holds only for one solution. If now we have an increasing family of solutions {ut}te(_ljl), we need
to understand for each t the size of points where the expansion stops at some fixed order A € A.

If one simply applies the previous analysis to each solution u! one would not be able to conclude. Indeed,
if for each solution the set ¥ has dimension bounded by some s > 0, then a simple argument (using the
structure of our problem) would show that their union over ¢t € (—1,1) has dimension bounded by s + 1.
Unfortunately, this estimate would be absolutely too weak for our scope. Indeed, in order to prove our
result, we need to show the following: if the analysis performed on a single solution implies that a set 5
has dimension bounded by s, then also Ute(—1,1)2t’)‘ has dimension bounded by s. In other words, the
bound on the union should be exactly the same as the one obtained for each single set!

To achieve this, we have to exploit the fact that we have an increasing family u! of solutions to obtain
very refined estimates on the possible blow-ups of a fixed solution at a free boundary point. More precisely,
the idea is the following: if a sequence of singular points zj, € X% converges to 0 € X°, and if both solutions
u* and u® have a Taylor expansion up to the same order \ at these points, then this implies some extra
information on the possible Taylor expansion of u® at 0 (more precisely, this implies some symmetry
properties on its higher order term). This analysis is performed in Section |§| and it introduces a complete
series of new ideas and techniques with respect to [F'S19], where only one fixed solution was considered. We
want to emphasize that, with respect to the case of only one solution (where one can still deduce symmetry
properties of blow-ups as a consequence of being an accumulation point of other singular points), in this
case this analysis is made particularly delicate by the fact that we do not have any equation in ¢ relating
the solutions: we only know that they are ordered and strictly increasing with respect to ¢. Still, we are
able to deduce some strong symmetry properties of blow-up at all points where the Almgren’s frequency is
continuous (see the results in Section @, and from these properties we obtain a very precise description of
the structure of singular points. This is then combined with a series of covering and dimension reduction
arguments (see Sections [7| and to estimate the size of the singular points where blow-ups have few
symmetries, which allow us to show the desired dimensional bounds on Ute(,m)zt’)‘. To our knowledge,
this is the first dimension reduction argument for a 1-parameter family of solutions to elliptic PDEs, and
we expect these ideas and techniques to be useful in many other problems.

1.3.4. Extra comments. The previous description syntheses well the main ideas behind our strategy, and
what explained until now suffices for proving the Schaeffer conjecture in R3. However, for the R* case,
other extra ideas (that we only briefly mentioned before) are required. In particular, we need a more
refined analysis that depends on the type of singular point, having to distinguish two cases:

(a) The case of the “lower dimensional strata”. For singular points in Ute(,l,l)Efn with m < n — 2, we
know that the expansion stops at A = 2 at “anomalous points”, and these points have dimension
bounded by m — 1. Hence, denoting this set of anomalous points by Ute(_Ll)EfﬁZ, and the remaining
m-dimensional set (where the expansion stops at A = 3) by Ute(,m)E;’f’, applying for n = 4 and
m = 2 we get the trivial bound

dimH(Ute(—Ll)Z%{\)
A—1

To improve this estimate, we refine our barrier arguments and show that can be improved to

Ef;frrks’i N By(xzg) = @ for any ¢ > 0, for A = 2,3. This increased speed at which the contact set

dimy ({t € (-1,1) : T2 £ 2}) < =1, for \=2,3.
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clears near singular points for “lower strata” is not difficult to prove, but is fundamental to establish
Schaeffer’s conjecture in R*.

(b) The case of the “top stratum”. A big difficulty arises from points in Ute(—1,1)22_1 where the expansion
stops at A = 3. More precisely, as mentioned in Subsection |1.3.2|(b) when discussing the case where the
third blow-up is not harmonic, there may exist a set Ute(_l’l)Efﬁl of dimension n — 2 at which the
expansion u' (z) = pay. . (* — x6) + O(|z — 20|3) is sharp —i.e., the third derivatives of u’e do not exist
at those points. Then, if we use (1.8]) for A = 3 and n = 4, we obtain the (trivial) estimate
—2
dimg ({t € (-1,1) : 52, # @}) < Z T= 1
while to establish Schaeffer’s conjecture in R* we need to prove H!' ({t € (—1,1) : X*® # @}) = 0. Since

it is possible to construct examples where the set Ute(—l,l)zﬁz: is (n — 2)-dimensional, there is no hope to
improve its dimensional bound. In addition, unlike in the “lower strata”, one can see that for A =3
is sharp at these points. Consequently, we need a completely different argument to conclude.

Here the idea consists in taking negative increments of ¢ —which make the contact set become thicker
instead of thinner— and use barrier arguments to show that all free boundary points in a neighborhood

become regular at a slightly enhanced speed (see Lemma [9.4)). However, we can only take advantage of
3

this improvement if we can prove that the set Ute(_171)22_1 is (n — 2)-rectifiable (the information that its
Hausdorff dimension is bounded by n — 2 is not sufficient). This rectifiability result is crucial, and its proof
relies on the existence of lim, g w2, in the non-harmonic case. As mentioned before, this fact requires
completely new ideas with respect to the classical tools known in this kind of problems, and it is the focus
of Section [5| It is worth observing that such arguments lead to new interesting results even when applied
to the Signorini problem, see Appendix [B]

1.4. Organization of the paper.

The paper is organized as follows. In Section [2] we introduce a series useful functionals that will be used
in the proof of some of our monotonicity formulae. In Section [3| we present some preliminary results
that will be needed throughout the paper. Then, in Section [4] we develop our higher order analysis of
singular points. In Section [5| we study in detail singular points at which the blow up of u(xo + ) — p2,a,
is 3-homogeneous (cf. Subsection . In Section |§| we consider a 1-parameter family of solutions to
the obstacle problem and study symmetry properties of their blow-ups. In Section [7] we prove a series
of lemmas of geometric measure theory-type, and in Section [§ we establish several dimension reduction
results. Finally, in Section [0 we prove our main result, Theorem as well as Theorem In addition,
at the end of the paper we provide two appendices on the Signorini problem: one with some basic results
that are needed throughout the paper, and a second one with new results (uniqueness and nondegeneracy
of blow-ups at odd frequencies) that are a consequence of our analysis in Section [5|and that we believe to
be of independent interest.

2. USEFUL FUNCTIONALS AND FORMULAE

In all this section 7 € (0,1), and w : B — R denotes an arbitrary C''! function defined in a ball B C R”
(specified in each statement). Throughout the paper we shall use the following dimensionless quantities:

D(r,w) := 1"2_"/ |Vw]2:r2/ \Vw|2(7‘-),
r Bl

H(r,w):= rl_"/ w? :/ w2(7“-).
0B, 0B1

We also introduce here a useful notation for rescaling and normalization. Given w: B — R and r > 0 we
define w, and w, as

wy(x) = w(re) and Wy (x) = = A (2.1)
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We start by computing the derivatives of H and D.
Lemma 2.1. Let w € CY'(By). Then

d
—|  H(r,w)= 2/ ww, = 2/ wAw+2/ Vw2, (2.2)
dr r=1 0B1 By By

Proof. This is a standard computation, that can be found for instance in [FS19]. O

Lemma 2.2. Let w € CY1(By). Then

d
dr

D(r,w) = 2/ w2 — 2 Aw (z - Vw). (2.3)
r=1 0B By

Proof. For convenience, we set D(r) := D(r,w). It holds
D/(l) = Z/ 2wixjwij + 2D(1) = Z/ 2winiji — Z/ 2(wixj)iwj + 2D(1)
ij B ij VOB ij B

:2/ w2 — 2 Aw(m-Vw)—2/ ]Vw|2+2D(1):2/ w2 — 2 Aw (z - Vw).
0By B1 By 0

B B
O
Let us introduce the functions
D(r,w) N D(r,w) + yr*
= = V5 _ - 24
¢(7a7 w) H(T’, w) ’ Qs (T7 w) H(T, w) + 7127 ( )

The quantity ¢ is often known as the Almgren frequency function. Instead, ¢7 is a new truncated frequency
function, that to our knowledge has never been introduced before. It will be used throughout the paper
and will be extremely useful in our arguments, as it will allow us to deal with the cases when H may
be too smallﬂ The choice of the constant v in front of 727 in the numerator is important to make the
following lemma work.

Lemma 2.3. Let w € CYY(By). Then for r € (0,1) we have

d 2 (r* " [, wAw)2 + E(r,w)
—o(r,w) > - -
dr ( ) r (H(r,w))2
and )
i T (r, w g (T2_n fB'r wAw) + EW(T’M)
d7‘¢ (rw) 2 r (l%[(r,u))—i—fr%)2 ’
where
E(r,w) := <r2_”/ wAw) D(r,w) — <r2_”/ (x - Vw)Aw) H(r,w) (2.5)
and

EY(r,w) == <r2" / TwAw) (D(r,w) +47*7) — <r2" / T(x : Vw)Aw> (H(r,w) +1°7). (2.6)

Proof. We first observe that, for r € (0, 1), the formula for ¢ can be deduced from the one for ¢7 letting
v T 4o0.
By scaling it is enough to compute, for a > 0,

dr

a ) o D) +7(ar)”
| Jogentnw), for @ rw) = e e

2In the past, other kind of truncations have been introduced (see in particular [CSS0§]), but they do not work in our case
due to the fact that D is not equal to (a multiple of) the derivative of H, as it is instead the case for the Signorini problem.
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Using Lemmas [2.1] and 2.2] we obtain
4 1 (D(r,w) +~(ar)?7) _ 2f631 wy — [, (x - Vw)Aw + ~*a®

D(1,w) + ya® Jop, wwy — [ wAw + ya®
and
%\Tzl (H(r,w) + ar?®?) _ 2f8B1 ww, +~ya®
H(1l,w) + a®Y Jop, w? +a*
Therefore,
4 g (1, w) = arlr=1(D(r,w) +7(ar)®?) Gl (H(r,w) + ar®)
dr ’ D(1,w) + ya®¥ H(1,w) + a®¥
_ 9 X2 + rest
- T (D(1,w) +va?) (H(L,w) 4 a27)’
where

2
X2 .= </ w12,+72a2'7)</ w2+a27)—</ wwy+’ya27> >0
0B1 0B1 0By

(the non-negativity of X2 follows by Hélder inequality), and

([ ) () - (e 50) ([ +2)

Using again Lemma [2.1] we have

rest = </Bl wAw>2 + </31 wAw) (D(1,w) + va®") — </Bl(x-Vw)Aw> (H(1,w) +a*).

By scaling (applying the previous formulas with w replaced by w, = w(r ) and a replaced by r) we obtain

d 2 (" 5, wAw)2 + E7(r,w)
g loed’nw) = (D(r,w) +4r>7) (H (r, w) +127)’

where E7 is defined in (2:6). Since £ log ¢”(r,w) = ¢ (r,w) 'L 47 (r,w), the lemma follows immediately
by recalling the definition of ¢ in ([2.4)). O

3. PRELIMINARIES: FIRST AND SECOND BLOW-UP ANALYSIS

In this section we collect some known results and basic tools that will be used throughout the paper.
Let u : By — R be a solution to the obstacle problem

Au = xfy>0y and u>0 in B;. (3.1)

By the classical theory of Caffarelli on the obstacle problem [Caf77, [Caf98], any solution u of (3.1) with
0 € 0{u > 0} satisfies

||U||0111(Bl/2) <C and sup u > cr? V€ (0, 5, (3.2)
B (0)

where C, ¢ > 0 are positive dimensional constants. Moreover, points of the free boundary O{u > 0} can be
split into two classes:
e Regular points: xo, € O{u > 0} is a regular point if
- 1 2
ll_r)r(l]r 2u(zo +rx) = §(max{0, e-z})

for some e € S 1,
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o Singular points: xo € 0{u > 0} is a singular point if
Paz, (%) = lim r2u(zo + )
r—0
exists and ps ;. is a quadratic polynomial belonging to the set
P = {convex 2-homogeneous polynomials p with Ap = 1}.

It is well known that the free boundary is analytic in a neighborhood of regular points. So, the main
goal is to understand the structure of singular points.

When z, = 0 is a singular point, we will simplify the notation ps ;. to p2. A well known result due to
Caffarelli is the following estimate at singular points.

Lemma 3.1. There exists a modulus of continuity w : Rt — R*, depending only on the dimension n,
such that if u is a solution of the obstacle problem (3.1) and 0 is a singular free boundary point, then

lu = p2lle(B,) < r2w(r), Vre (0,1).

Proof. This result, with an abstract (dimensional) modulus of continuity w, is contained in [Caf98], Theorem
8]. A stronger quantitative version of the estimate (with independent proofs) giving an explicit C|logr|~¢

modulus of continuity is given in [CSVI§| [FS19]. O
Remark 3.2. Let p € P. Since Au = Ap =1 in {u > 0}, we have
(u—p)A(u —p) = PX{u=0} = 0. (3.3)
Similarly,
z-V(u—p)Alu—p) =2 VpX{u—0} = 2PX{u=0} > 0. (3.4)

We recall Weiss’ monotonicity formula (proved in [W99] for A = 2, and in [F'S19] in the general case)
and a useful consequence of it.

Lemma 3.3 (Weiss’ formula). Let u : By — [0,00) be a solution of (3.1)), and let 0 be a singular point.
Given p € P, set w:=u —p. Also, for X > 0 set

Wi(r,w) == r2}(D(r,w) — AH (r,w)).

Then:
(a) For all A > 2

d
—Wi(r,w) > 27“_2)‘_1/ (z - Vw — dw)? > 0.
d?" OB,

(b) Wa(0",w) =0 and
D(r,w) —2H(r,w) >0, Vre(0,1). (3.5)

Proof. (a) By scaling it is enough to compute d%W,\(r, w) at r = 1. Using Lemmas we obtain
Wi(1,w) = (D'(1,w) — AH'(1,w)) — 2AD(1,w) + 2A\*H (1, w)

:2/ w? — 2 Aw (:c-Vw)—Q)\/ ww, — 2AD(1,w) + 2\2H (1, w)
831 B1 aBl

2/ w3+2/ (/\w—as-Vw)Aw—él)\/ wwy+2)\2/ w?
9B, B 4B, 4B,

2/ (wy—)\w)2+2/ (Aw —z - Vw)Aw
<9B1 Bl

:2/ (w,,—)\w)z—l—Q/ (Ap —z - Vp).
8B (r-)=0}NB1

One concludes noticing that, for A > 2, it holds (A\p —z - Vp) = (A —2)p > 0.
(b) Since 0 is a singular point then w,(z) = (u — p)(rz) = (p2 — p)(rz) + o(r?), thus

Wo(0h, w) = lifg W (1,7 %w,) = Wy(1,py — p) = 0.

As a consequence, (3.5) follows integrating (a) for A = 2 between 0 and 7. O
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We recall from [FS19] that the frequency function ¢ applied to the function w = u — p, with p € P, is
monotone increasing in r. More precisely we have the following:

Proposition 3.4 (Frequency formula). Let u : By — [0,00) be a solution of (3.1)), and let 0 be a singular
point. Given p € P, set w:=u —p. Then

d 2 (7”2_” fB'r‘ wAw)2

%gb(r,w) = r H(r,w)?

Proof. By Lemma [2.3| we just need to show that
E(r,w) := <r2_”/ wAw> D(r,w) — (7“2_”/ (x - Vw)Aw) H(r,w) > 0.
Using Remark [3.2] for w = u — p we have

(7 sam) -+ ).

E(r,w) = (7'2_”/ wAw) (D(r,w) — 2H(r,w)),
which by (3.5) and Remark is nonnegative. O
The following observation, also contained in [FS19], follows immediately from (3.5)).

Lemma 3.5. Let u : By — [0,00) be a solution of (3.1)), and let 0 be a singular point. Given p € P, set
w:=u—p. Then (0T, w) > 2.

>0, Vre(0,1).

thus

A new important estimate that we will use throughout the paper is the following:

Lemma 3.6. Let u: By — [0,00) be a solution of (3.1)), and let 0 be a singular point. Given p € P, set
w := u — p. Suppose that for 0 < r < R < 1 we have A < ¢(r,w) < ¢(R,w) < X\. Then, for any given

6 > 0 we have B
22 22+
<R> < H(R,w) <G <R> 7

where Cs depends only on n, X\, 6.
Proof. Define

r2" [ wAw
F(r) I,
H{(r, w)
By Proposition [3.4] we have
d 2 2
3 ) = 2 (5 () (36)

On the other hand, thanks to Lemma [2.1

*dH(T' 'UJ) 2T2 nf lUAZU+T2 nf |C’UJ|2 2 2

dr ’ B, B,

TH (o) ¢ F . 3.;
H(T’, 'UJ) T H (7”7 w) r (7"7 U)) r (T) ( )

Integrating (3.6 and using Cauchy-Schwartz inequality, since A < ¢(p,w) < X for all p € (r, R) we get

(3= 2) Y2 (1og(R/r))* > </TRdCi) (p’w)dp>1/2 (/TR dp)l/2

p

R 1/2 R 1/2 R
1 2 d 1
= </ ~(F(p)) dp) </ p) Z/ —F(p)dp > 0.
r P r P r P
Hence, integrating (3.7)), we obtain

w Rog 2) A
% < / ~ (X F(p) dp < 1og ((R/)™) + C(log(R/r)) '* < o ((/r**) +-c,

log
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where C' depends only on n, A, and 6.
For the lower bound we recall that, since wAw > 0, we have F(p) > 0. Therefore, integrating (i3.7))
over [r, R],
H(Rv w) n dp 2
log ———— > 2)\/ — =log(R/r)*>.
H(r,w) rop
O

We will also need the following result, which allows us to control the L norm of the difference of two
solutions with the L? norm.

Lemma 3.7. Let u: By — [0,00) and v : By — [0,00) be solutions of the obstacle problem (3.1). Then

l|u— U||L<>O(Bl/2) < C(n)[lu = vl r2(my)-

Proof. On the one hand, from
Alu—v)=1—Av >0 in {u >0} and u—v=-v<0 in{u=0}

we obtain that (u — v); = max(u — v, 0) is subharmonic in B;. Exchanging the role of u and v, the same
argument shows that (v — u); = (u — v)_ is subharmonic. Thus also |u —v| = (u — v)+ + (u — v)_ is
subhamonic in By, and using the mean value property we obtain, for z € By,

lu—vl(z) < ][ lu—v] < Cn)llu=vl[1p,) < C)llu—2v|L2p,)-
1/2(&

O

We now start investigating the structure of possible second blow-ups. The next few results are a small
modification of those in [FS19].

The following Lipschitz estimate for the rescaled difference u — p, with p € P, will be useful in the
sequel. We recall that w, and @, have been defined in (2.1)).

Lemma 3.8. Let u: By — [0,00) be a solution of (3.1) with u # pa, and let 0 be a singular point. Given
peEP,setw:=u—p. Let R>1, andr € (O,ﬁ). Then

ety > —C in Bp, Vec S 'n{p=0} (3.8)
where C depends only on n, R, and ¢(1/2,u — p). In addition, if dim({p = 0}) =n — 1, then

where C depends only on n, R, and gb(%, u—p).

Proof. This proof is essentially contained in Step 3 from the Proof of Proposition 2.10 in [FS19]. However,
since some small changes are needed in our setting, we reproduce the main steps for the convenience of
the reader.

Given a function f : R® — R, a vector e € S*~!, and h > 0, let

2 g fLthe)+ (-~ he) - 2f
ehd h2

denote a second order incremental quotient. For e € {p = 0} N'S"~! we have 5g’hp = 0. Thus, since
Au =1 outside of {u =0} and Au <1 in By, we have

B Au( : +he) +Au( . —he) —2Au
= 3

A(62 ,w)

<0 in Bgr\ {u=0}.
On the other hand, since u > 0 we have
52,hw = 527hu( ) >0 in {u=0}.

As a consequence, the negative part of the second order incremental quotient (52 pWy)— is subharmonic,
and so is its limit (92,,)_ (recall that u is semiconvex, and thus (52,,112),1), — (0%.0,)_ a.e. as h — 0).
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Therefore, by weak Harnack inequality (see for instance [CC95, Theorem 4.8(2)]) there exists ¢ = ¢(n) €
(0,1) such that

1(Pzetr) |l Loe(Br) < C(n) ( ][B R(8eeuvr)f>l/€ < C(n) ( ][B y yaeewrr)l/g.

Also, by standard interpolation inequalities, the L norm (here we use ¢ < 1) can be controlled by the
weak L' norm, namely

1/e
</ |(9eeu~)r€> < C(n, R) sup 9‘{|8€ed)r| >60}N BgR‘.
Bar 6>0
Furthermore, by Calderén-Zygmund theory, the right hand side above is controlled by

AW || 11 (Byp) + 10r [ 11 (Byg)-

Thus, since Aw, < 0 in Bsg, ||Aw;|11(p5y,) is controlled by the L' norm of @, inside Byg: indeed, if x is
a smooth nonnegative cut-off function that is equal to 1 in Bsr and vanishes outside Byg, then

1A, 1 (5, < _/ vAd, = [ Axa, <, R)/ 1y . (3.10)
Bunr Bur B4r\Bsr
Also, for 87R < 1, as a consequence of Lemma [3.6] we have
H(AR,w,) < CR2Wu=PHLE (1, 4p,) = C R24(zu—p)+]
and thus
HwT”Ll(B4R) < C(TL, R7 ¢(%7 U — p))
In conclusion, we obtain
||(aeewr)— HLOO(BR) < C(”? R)|’wTHL1(B4R) < C(na R7 ¢(%7 U — p)) .
Finally note that, when {p = 0} is (n — 1)-dimensional, as a consequence of (3.8)) the tangential Laplacian
of W, (in the directions of {p = 0}) is uniformly bounded from below. Thus, since Aw, < 0, we have
Oet Wy < C in Bg, fore €{p= O}L with |€/| =1,
where, as before, C = C’(n, R, ¢(l, U — p)) Thanks to these semiconvexity and semiconcavity estimates,

we deduce the Lipschitz bound (3.9). (|

The next result corresponds to [FS19, Proposition 2.10]. However the statement there has a small
mistake (that anyhow does not affect any of the arguments in [FS19]) and for convenience we correct it
here.

Proposition 3.9. Let u : By — [0,00) be a solution of (3.1) with u # pa, let 0 be a singular point, and
set w:=u — pg. Denote m := dim({py = 0}) € {0,1,2,...n — 1}, and \*"* := ¢(0F, w).

Then, for every sequence 11, | 0 there is a subsequence ry, such that wrké —qasl — oo in VVéf(R”),

where ¢ # 0 is a \>"-homogeneous function satisfying the following:
a <m<n-— en q is a harmonic polynomial, and in particular € {2,3,4,...}. In
If0 <m < 2 th s a h ic pol al, and i ticular \>"? € {2,3,4 I
addition, if \>"¢ = 2, then in some appropriate coordinates we have

n

1 n m
p2(z) = 3 Z pi and  q(z)=v Z L Z l/jx?, (3.11)
j=1

i=m+1 i=m+1
where pi,v > 0, and they satisfy > ;. pi = 1,(n —m)v = Z;n:l vj, and |v;| < v for any
) =1,...,m.
(b) j[fm . n7— 1 then we have Wy, — q in CP (R") and we have \>™ > 2 + o, where ao > 0 is a

dimensional constant. In addition, q is a global solution of the Signorini problem:
Ag<0 and qAqg=0 mn R™
Ag=0 in R™\ {p2 =0} (3.12)
g=>0 on {p2 = 0}.
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Proof. The statement here is almost identical to that of [FS19, Proposition 2.10]. The only differences are
the following:

(1) In [ES19] it is uncorrectly stated that v; > 0. Instead, [F'S19, Lemma 2.12] proves that v is the largest
eigenvalue of D?q, hence the correct conclusion is that |vj| < v for each j =1,...,m.

(2) In the above statement we said that @y — ¢ weakly in I/Vlzéc2 (R™), while [FS19 Proposition 2.10] states
the convergence only in W12(B;). The reason why we may replace By by any larger ball is Lemma
as it allows us to control H(R,w,) by C(n,¢(1,w), R)H(1,w,) for any r < 1/R. Hence, using a diagonal
argument, the proof of [FS19, Proposition 2.10] yields the desired result. [l

We now recall another important estimate from [E'S19):

Proposition 3.10. Let u: By — [0,00) be a solution of (3.1 with u # pa, let 0 be a singular point, and
set w:=u — pg, A2 := ¢(0T,w). Let X\ € (0,\*"?]. Then

[{u=0}NB|
|B7’|
Moreover, if dim({p2 = 0}) =n — 1 then
{u=0}NB, C {z : dist(z,{po =0}) < Cr*" '}
The constant C depends only on n and .

<Cr*?  ¥Yre(0,1/2).

Proof. The first part is exactly [FS19, Proposition 2.13]. The second part on ¥,,_; follows by the argument

in [FS19, Remark 2.14], as a consequence of the Lipschitz estimate in Lemma [l
Following the notation introduced in [FS19], we denote
Sm := {x, singular points with dim({p2 ., =0}) =m}, 0<m<n-1 (3.13)
and, for m <n — 2,
3¢, = {zo € By, such that (07, u(zo + +) —p2a,) =2}, 0<m<n-—2. (3.14)
Moreover, for m = n — 1 we introduce some further notation: we define
¥53={x, € 8,1 such that ¢(07, u(zs + -) — pas,) < 3}, (3.15)
and
»22 =5, 0\ 250 (3.16)

Finally, we will need the following;:

Definition 3.11. Let u : By — [0, 00) solve (3.1). For 1 < m < n — 1 we denote by 37 the set of points
Zo € Xy such that, for w := u(xs + - ) — p2,s,, the following two conditions hold:

(i) (07, w) > 3;
(ii) there exists some sequence 7y, J 0 along which r,;?’w(rk -) converges, weakly in I/Vli)c2 (R™), to some
3-homogeneous harmonic polynomial vanishing on {ps ,, = 0} —possibly the polynomial zero.

Notice that, by Proposition (a), for m < n — 2 we have %, \ £¢, = 2377 = ¥,23_ On the other hand,
this is not true for m = n — 1, and later on in the paper we will need to understand the set Erzﬁl Ef’ﬁl.
We conclude this section by recalling that if 0 € £37% then the limit

lriﬁ)lrfg’(u —p2)(r-) (3.17)

exists. Indeed, as shown in [FS19], this is a consequence of the following Monneau-type monotonicity
formula.

Lemma 3.12. Let u : By — [0,00) satisfy (3.1)), and let 0 € 23 for some 0 < m < n — 1. Let
w :=u — py — P, where P is any 3-homogeneous harmonic polynomial vanishing on {ps = 0}. Then

D(r,w) > 3H (r,w) Vre (0,1) (3.18)
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and

—(r°H(r,w)) > —Csupp—, (3.19)

where C' is some dimensional constant.
Proof. The proof is contained in [FS19, Lemma 4.1]. O

The next result provides the existence of a unique limit in (3.17)) for all points in ¥27¢ which follows
immediately from Lemma (see [FS19, Proposition 4.5)):

Lemma 3.13. Let u: By — [0,00) solve (3.1). Then, for all o in 379 with 0 < m < n — 1, the limit
= lim (w4 7) s ()
3o 1= Tlﬂ)l 3 (ulzo +r P2.ao (1

exists, and p3 g, s a 3-homogeneous harmonic polynomial vanishing on {p2 z, = 0}.

When z, = 0 we simplify the notation p3 ¢ to ps.

4. HIGHER ORDER BLOW-UPS ON THE MAXIMAL STRATUM

As explained in Section in order to prove the main result of this paper (Theorem we need
to obtain —among other things— an expansion up to order O(|z|>~¢) at “most points” of X374 . This
requires a very detailed analysis of such set, which is the goal of this section. From now on, we will only
study the points of ¥,,_1 (hence, m =n —1).

In order to study the higher regularity properties of the set Zfﬁl, we need a new frequency function for
u — p2 — p3. The following lemma is a more flexible version of Lemma [3.6] It will be useful later in order
to prove the almost monotonicity of ¢7(r,w) for a suitable v, where w will be the difference between u
and its polynomial expansions at singular points.

Lemma 4.1. Let R € (0,1), and let w: Bg — [0,00) be a CY! function. Assume that for some k € (0,1)
we have

— it Vre (0,R).

2
2—n A
i(ﬁ(r’ w) N 2(7“ fBT w w>2
dr T (H(r,w) 4+ r?7)

Then the following holds:
(a) Suppose that 0 < A < ¢ (r,w) <

S
1 /R\2  H(R w)+R» R\
a(7) =Hewee=a() e,

or all r € (0, R). Then, for any given 6 > 0 we have

where Cs depends only onn, v, Kk, A, 6.
(b) Assume in addition that

Then, for A := ¢7(0T,w), we have

_a (R\*™ _ H(R,w) + B*
~ H(r,w)+7r2’

Proof. (a) Define

r2n fBT wAw

- H(r,w) +r2

so that, by assumption, we have

(F(r))>. (4.1)
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It follows by Lemma [2.1] that

d%(H(r, w) + 7’27) B g p2-n fBr wAw + r2=" fBT ]Vw|2 + 77«2“/
(H(r,w) +r2) 7 H(r,w) +r2Y

_ %dﬂ(r,w) + %F(r). (4.2)

Integrating (4.1)) and using Cauchy-Schwarz inequality, since 0 < ¢ (r,w) < X for all r € (0, R), we get
R 1 R 1 9 1/2 R dp 1/2
o= ([ o) (['4)
/r p 2 T P( ( )) r P
R . ) 1/2 R dp 1/2
< w0 (pyw) +p"~ dp> </ )
([ @ormwrer . @3)

1/2
< ()\—i- %(R” - r“)) (log(R/r))l/2

< C(log(R/m))"”.

Hence, integrating (4.2)) between r and R (recall 0 < r < R < 1) and using ¢7(p,w) < X and ([.3)) we
obtain

H(R,w) + R* - /R 2

log Hirw) £175 = ;(X + F(p)) dp < 2X\log(R/7) + C’(log(R/r))l/2 < (2X+ 6) log(R/7) + Cs.

Similarly (now using ¢7(p, w) > A) we obtain

H(R,w) + R®
VLTS o — — G5
H(r,w) 412 — (22 = 0)log(R/r) = C;

(b) In this case we have F'(r) > —r* for all r € (0, R). Hence, integrating (4.2)) between 0 and p € (0, R)
we obtain

log

1
¢(pyw) = A2 ——p".

Thus,

H(R,w) + R* ) Bdp (2 /R . 4
log ="t > [ Z(¢7 F(p))dp>2\, | ——(=+1 “~Ldp > 2)\, log(R/r)— —.
8 () D _/r S (@ (0. w)+F(p)) dp 2 /T S\ G [ P dp = 20 dog(R/r)—

O

Remark 4.2. An interesting consequence of Lemma [4.1{(a) is the following. If w is as in of Lemma [4.1|(a)
then ¢7(0",w) < 7. Indeed, otherwise we would have ¢7(r,w) > X :=~ + 4§ > ~ for all r > 0 small, and
Lemma a) would imply that H(r,w) 4 r?Y < Cr?2=9 = Cr?'+9 for r <« 1, impossible.

The following lemma gives the (approximate) monotonicity of ¢7 when applied to w := u — py — P,
where P is any 3-homogeneous harmonic polynomial vanishing on {p, = 0}.

Lemma 4.3. Let u: By — [0,00) be a solution of (3.1)), with 0 € Zrzﬁl. Let w :=u—pgy — P, where P is
a 3-homogeneous harmonic polynomial vanishing on {ps = 0}. Then, given v € (3,4), for all r € (0,1/2)
we have

2— 2 2
2 G fBT wiv) — Cr3 and T IBT wa > —Crt,
r

d
a2 w1 o) A 77

where C' depends only on n, 7, || P|lr2(p,)-

E?ﬂ“d

In particular, assuming 0 € 377, the previous inequalities hold for w := u — pa — p3.

Proof. The proof will rely on a iteration argument where one enlarge the value of v, starting from 3 and
increasing it up to the desired v € (3,4). We split the proof in two steps.
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e Step 1. We first show that

r2n wAw)?
i<Z>7(7“,w) > 207" Jp, )2 — Cr¢Y (r,w)g" (r) (4.4)
dr T (H(r,w) +127)
and ) f
< g wAw 4y
a — 4
H(r,w) +r> — Crgr(r), (4.5)
where
§r) = HwTHLQ(Bg\Bl)

(H(r,w) + r27)1/2
and C depends only on n and [|P||z2(p,)-
Indeed, by Lemma [2.3] we have

_ 2
idﬂ(r,w) > 2 (7«2 nfBT wAw)2 +E'Y(r,w),
dr r (H(T, w) + 7"27)
where
92 n Aw — - Vw)Aw D(r,w r27
E'(r,w) = r fB}I((r,w) + r2y : and Ar=¢7(rw) = H((;“, u?)ﬁ—fy?"?w :
Note that Aw = A(u — p2 — p3) = Xqus0y — 1 — 0 = —Xx{u=0}- Also, since A\, > 3 by , using the
inequality po + P > —%, since I;—j is homogeneous of degree 4 we have

M- V)24 P) > = Dpa + v = )P > (\r = 3)(pa + P) > _W;?’)Gup Pg) ]t
0B, D2

Therefore we obtain

2—n _ . 2 2— _
E’y(r7 w) _ 27" fBrﬂ{u:O}(AT‘ x V)(pQ + ‘P) > —(Ar . 3)7.3*'7 sup i r n‘BT‘ N {U = 0}| ) (46)
r H(r,w) + 121 N 0B, P2 ) (H(r,w) +r21)!/2
Also, since Aw = —xy,—0y < 0, choosing x € C2°(B2) a nonnegative cut-off satisfying x = 1 in By,
integrating by parts we obtain
r* "[{u =0} N B, :/ —Aw, < —Awrxz—/ wy Ax < C [wr| < Cllwr 2B\ By)-
B1 Bo Bs B>\ B1

Thus, since A, = ¢7(r,w) and recalling (4.6), we have shown that
E(r,w) = =Cr¥7¢7 (r,w)g" (r),
and (4.4)) follows. Note that, since by assumption P2 is divisible by po, we have that supy B 1;—22 is bounded

by a constant depending only on n and || P||12(p,), and thus the constant C' above depends only on n and
| P[|L2(B,)-

Similarly, using again py + P > —5722, we obtain
_ 2— _
r2 nfBr wAw _ r nf{uzo}ﬂBr(pQ + P) - _CT4777"2 n‘{u =0} ﬁBT‘
H(r,w) +r? H(r,w) +r* B (H (r,w) +r21)t/2"

which gives (4.5)).
e Step 2. Next we show that (4.4]) implies that, for all v < 4,
¢ (r,w) <C, and g¢'(r) <C,, (4.7)

with C, depending only on n, v, and ||P||2(p,)-
We prove (4.7) for all v € [3,4) by iteratively increasing the value of v at each iteration, starting from
~v =3, in order to always have (along the iteration) a uniform bound on ¢ (r,w) and g7(r).
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First, we observe that since 0 € 2531 we have ¢(0F,u — py) > 3, hence |u — pa| < C|z|?. Therefore
|u — pa — P| < C|z|?, which immediately implies that ¢g®(r) < C3, and then it follows by that
log (gb3(-, w)) is almost monotonically increasing, so in particular it is uniformly bounded.

We show next that if holds for some v > 3 then holds also with v replaced by v + 8 for any
B > 0 such that 3 <4 —~.

Indeed, we can bound

6B () = 20+ (y+B)r2*2 2 Dirnw) +91® _ gi(rw) _,Cy
’ H(r,w) + r27+28 r28 H(r,w)+r2 — 26 = Tp28°
and similarly
48 () = lwrllzzasy 1 lwrllemsy  _ g7(r) e
({r,w) + #0172 = 73 () +r2) 72— 7 = 0
Then (4.4) —with ~ replaced by v + — yields
2
d 9 (r2—m wAwW
" (rw) > 207" Jp, waw) — OO, (4.8)

r (H(r, w) + 7‘27)2

Noticing that r4~7~1738 is integrable over r € (0,1) provided 38 < 4 — v, ([&.8) implies that ¢ 5 (r, w)
is almost monotonically increasing. In particular ¢7+7(r,w) < C’ for r € (0,1/2), where C' is a constant
depending only on n and v + f.
In addition, (4.8) and Lemma [4.1[a) imply that
H(R,w) + R?+%8 ,
H(r,w) + r27+28 s¢ VI € (r,2r),

thus

2 2r
~+8 ) . || "'HLQ 32\31 R w dR /
(677 (r)" = H(r,w) +r2+28 = =C H(r,w) 4 r2v+28 =00,

and therefore holds for v replaced by v + 5.

Having proven that if holds for some « > 3 then holds also with « replaced by v + g for any
B > 0 such that 38 < 4 — ~, iterating finitely many times we conclude that holds for any v < 4, as
claimed.

Combining this information with we obtain

2
d 9 (7"2*" fBr wAw)
%qﬁ'y(ﬁ w) > ; (H(?", w) —{—7"27)2

2—n A
Also, it follows by (4.5 and ) that TH(T’{:% > —CC,r*77. Finally, when 0 € ¥3"% we can take

P = p3 (since, by definition of 237"d ps vanishes on {p2 = 0}). 0

n—1°

- CC2r°7 Vre(0,1/2).

We have proved that in E%@l we have almost monotonicity of the new truncated frequency function
& (r,u — p2 — p3) for any v € (3,4). This means that ¢7(0",u — ps — p3) exists, and satisfies 3 <
@7 (0, u — p2 — p3) < 7 (see Remark [4.2)).

Hence, we can now introduce the following:
Definition 4.4. Let u : By — [0,00) solve (3:1). We denote by ¥>3, the set of points z, € X3¢ such
that, for w := u(zo + +) — P25, — P340, We have ¢7(07, w) > 3 for any v € (3,4).

Moreover, we will need the following;:

Definition 4.5. Let u : By — [0, 00) solve (3.1, and assume that 0 € 374 . Choose a coordinate system
such that

po(x) = —x;, and Z ?a STy + En z3 . (4.9)
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(Here we used that ps is harmonic and vanishes on {z, = 0}.) We define the fourth order polynomial
Ansatz at 0, and we denote it by &2, asE|

1 1 2 1 2
P(x) = ixi +pst g <§3> +22Q = 3 <:cn + 5—3 + Q> +0(|z). (4.10)

Here @ is a 3-homogeneous polynomial which depends only on ps and ps, and is defined as follows

O(z) = ni (ai - ““3“”) (ib - xi;“) . (4.11)

When u is a solution of (3.1)) and z, € £2"%, we define &, to be the fourth oder polynomial Ansatz at

n—1»
0 of u(zs + -) (note that &, depends only on ps .. and p3.). In addition, for o € {1,2,...,n — 1} we
define the osculating rotation vector fields at 0 as

(2
X, =14 anxn)eq — aaZoen, where e; = (0,...,0, 1,0,..., 0), (4.12)
where a,, are as in (4.9).

We will use the following notation throughout the section. Given f € C'(R"), we denote by X, f the
derivative of f in the direction of X, namely X, f = (1 + aoq®n)0af — @axaOnf.
Lemma 4.6. Given ps and p3 as in , define QQ as . Then, & given by satisfies
AZ =1 and XoXoa? =0(z]*) VYac{1,2,...,n—1}.
Proof. Let pa, p3, &2, and X, be as in , (4.10), (4.11), (4.12)). We compute

2
x
X, X, <"> = —a,Tn + ai(mi — x%),

2
2 ana Ga
XoXaps = aawn +2a3(a} — a2) = Y = Paf - =) + O(laP),
p=1
1/ps\? “a ag ana
3
XaXa(2 <$) ) =Y =l =t + aal + O(|e),
a=1
anQ
XaXa(an) = - (a?x - Ot3 ”) x?z + O(’l’|3),

and thus adding them we obtain
XoXoZ =0(z?).

Similarly, using that ZZ;% ao, = —ay (as a consequence of the fact that p3 is harmonic), a direct (but

tedious) computation shows that
1 2
2 \xp,

therefore A = 1. (|
We will need the following semiconvexity estimate in the spirit of Lemma [3.8]

Lemma 4.7. Assume that u: By — [0,00) is a solution of (3.1)) and that 0 € ¥37% . Let w:=u— 2 — P,
where P is a 4-homogeneous harmonic polynomial vanishing on {ps = 0}. Then

i}gfrZXaXaw > —C(P) (lwellp2s\1) +1°)

and
5
sup r|Vw| < C(P) ([lwrllz2(s\5,) + 1)
B'r/2
for all r € (0,1/5).
3The formula for the ansatz can found by inspection, by trying to find the coefficients that guarantee the validity of
Lemma
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Proof. Let pa, p3, &, and X, be as in (4.9), (4.10), (4.11)), (4.12), and fix « € {1,2,...,n — 1}.

e Step 1. For r > 0 small, we consider the rescaled vector field X = X,(r-), and denote w, = w(r-)
and v := X X7 w,. We consider

(z) := min {v(z), —C(P)r’}
for some constant C(P) > 0 depending on P, to be chosen. We claim that
Av <0 in Bs.

Since w, is C11 (for fixed r > 0) but not C2, to prove that v is subharmonic we need to proceed similarly
to the proof of Lemma [3.8, now taking second order “rotational” incremental quotients. More precisely,
let ¢’}(r denote the integral flow of the vector field X, at time h, and define

ho wr0¢§(g +wro¢;(hg — 2w,
v't= 2 .
On the one hand, since gzﬁg(r is a rotation (and thus it commutes with A), noticing that Aw = x50y —1 < 0
in B; and Aw =0 in {u > 0} we obtain

Avh <0 in {u(r-)>0}N By (4.13)

On the other hand, we claim that
" > —C(P)r® in {u(r-) =0} N Bs. (4.14)

Indeed, recalling that X,X,2 = O(|z|?) (by Lemma and since XoXoP = 0aaP + O(|z]3), we
obtain
XoXo(—P = P) 2 —00aP + O(|z]*).

In addition, since P is 4-homogeneous and vanishes on {z,, = 0}, we wave 0qo P = 2,0(z") where ¢ is some
linear function, thus

000 P| < C(P)|x]zn].

Therefore, combining all these estimates, we get

1 XaXo(P +P)|>C(P) (r* +r|z,|) in Bs,. (4.15)
In addition, thanks to Proposition (recall that A2 > 3 since by assumption 0 € E%’;dl) we have
{u=0}N By C{|za| < Cl'|?}, (4.16)

thus
(2',2,) € {lu=0}NBs, = |2/|<5r, |z, <Cr? = ‘qbsga(x) : en‘ <Cr? VYhe(0,2).
As a consequence, combining this bound with we obtain
(P +P)ogg +(P+P)o ;{ah—2(9+P)\
(rh)?
Rescaling this estimate one gets , that combined with implies that

<CP)®* in{u=0YNBs VYhe(0,1).

7" := min {vh(:n) , —C’(P)r5} is superharmonic,

Therefore, since v = limy, g 7" a.e. then the function @ is superharmonic too, as claimed.

e Step 2. Note that if we consider V' := 0yqw, instead of rotational derivatives (as we did in the proof of
Lemma [3.8)), then the same argument as the one above gives

00a(P + P)| < C(P)r? in Bs,

(cp. (£15)), from which one deduces that the function V := min {V, —C(P)r} is superharmonic (notice
the difference in the power of r in the definitions of v and V).
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e Step 3. Now, as in the proof of Lemma [3.8 by weak Harnack inequality, interpolation, and the Calderdén-
Zygmund theory, we have

1/e
foleion < €O (1)< Ol oy +1%) < Ol liagss + 18wl +19)
3/2

On the other hand, since Aw, < 0 (because Aw = Au — A(Z — P) = Au— 1 < 0), reasoning as in the
proof of Lemma |3.8] E (cf. - we obtain

[Aw |1y < C(n)l|wellpr B\ By)-
Hence [|9|| poo(B,) < Cllwr||11(B,\By)» Which yields

inf X o X awy > =C(|[wel 215,52 + ), (4.17)
1

and the first part of the lemma (semiconvexity) follows easily by scaling. B
In order to prove the Lipschitz bound, we note that if we repeat the same reasoning with V instead of
v, we find instead the semiconvexity estimates

igfﬁaawr > —C([JwrllL1(By\Bs) +r1), forl<a<n-—1.
1

Although this estimate is less precise (it has an error of size r* instead of %) it is still useful. Indeed,
using that Aw, < 0, it implies the semiconcavity estimate
Sgp Onnwy < C(||w7'||L1(B4\Bg) + 7“4)~
1

Combined together, these semiconvexity and semiconcavity estimates imply a bound on the Lipschitz
constant of w, in terms of its L® norm in By \ B3 and its semiconvexity /semiconcavity constants, that is

lwrllLip(Bs,4) < Cllwrll Lo (By\By) + ). (4.18)
Although this is not the desired bound, this will be useful in the next step to obtain the sharp bound.
e Step 4. To conclude the proof, we need to improve (4.18]) and get Lipschitz bound for w, in By /2 with
an error O(r®). For this, we note that for each a = 1,...,n — 1 the unit vector field E, = X /|X7|
satisfies |F, — e,| < Cr in By, and thus we can complete {E,}"} to obtain a orthonomal moving frame
by adding a vectorfield E,, satisfying |F, —e,| < Cr in Bj.
Note that, since Vxr X7, = O(r) and Vg, E, = O(r), we can choose E, satisfying Vg, E, = O(r).
Hence, using these bounds and Aw, <0, we obtain
n—1
EnEyw, — Orl|wy||Lip(s,,,) < D*wr(En, Bn) < =Y D*w,(Eq, Ea)
a=1

n—1
< — ZXTXT’U}T—FCT'H’U)THLIP B3/4 in B3/4.

a=1

Thus, recalling (4.17)) and (4.18)), we get

sup EpEnwy < Clllwrlloymss) + rilwrll= s + 7 ) (4.19)
3/4
It follows by (4.17)) (resp. (4.19))) that the restiction of w, to the integral curves of X, (resp. E,) is
semiconvex (resp. semiconcave), and hence Lipschitz along these curves. Since the directions of these
curves span R", this yields

sup |Vw,| < C sup (Z |\Vw, - Xo| + |V, - Ey \) < C(|[wr || oo (B Bs) +1°)-

Bi/2 Bi2 N\ qm1

Finally, to conclude the proof, it suffices to show that the L°°(B4 \ Bs)-norm above can be replaced
by [[wellL2(Bs\By) + C(P)r®. Indeed, recalling that Aw = —X{u=0}, the function w is superharmonic
everywhere, and harmonic outside {u = 0}. In particular, this gives the desired control on the L> norm
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of w_. In addition, since & > O(|z|®) and P is a 4-th order polynomial vanishing on {z,, = 0}, it follows
from (4.16]) that

w=u—P —P<P<CP)® inside {u =0} N B,,
hence the function max{w., C(P)r°} is subharmonic. Thus, the mean value inequalities allow us to control
the L norm of (w, )+ with the L' (or L?) norm of |w,| + Cr® in a slightly larger domain, concluding the
proof. O

Remark 4.8. We note that Lemma [2.3] can be rewritten as
9 (7“2*” fBr wAw)2 9

d
— ¢ (r,w) > = + / o) — 2 Vo) Ad(Y),
dr (r,w) r (H(r,w)+r2’Y)2 r Bl( )

where
w(r-)

(H(r, w) + TQV)
Also, we observe that Lemma yields ||V12)7(ﬁ)|| o < C for all v <5 when w :=u— & — P. This will
be crucial in the proof of Lemma [4.9] below.

Lemma 4.9. Let u: By — [0,00) be a solution of (3.1]), and assume that 0 € 2379, Set w := u— P — P,
where & is defined in (4.10), and P is a 4-homogeneous harmonic polynomial vanishing on {ps = 0}.
Then, given v € (4,5), for all r € (0,1/2) we have

2
2—n 2—n
iQZSW(T w) > 2 <7’ I WAw) — Cort and Y e Jp, wiw
d = 27)2 H(r,w)+1r% —
r T (H(r,w) 4 r27) (r,w) +

where C is a constant depending only on n, v, and || P||p2(p,)-

Ar = ¢ (r,w) and @) = 77

55—
—Cr57,

Proof. With no loss of generality, we assume that {p2 = 0} = {z,, = 0}. By Remark [4.8 we have

d 2 (7“2_” I3 wAw)2 2
—¢7(ryw) > = - 5 + / Ao — 2 VO A, (4.20)
dr T (H(r,w) + r?7) rJB

e Step 1. We show that for some C' = C(n, P) we have

r2—n wAw)?
i((H(r {u>+)) O w) () + 1), (@21

&5 (rw) >

where )
V) = Hw?ﬂ””ﬂ
g = H(r,w) + 727"
Indeed, recall that by Lemma [4.7| we have
PVl < Clw 25,5y + 1) in By

Now, notice that (recall that ps and P are divisible by x,)

1
i(xn +p3/xn+Q+P/xn)2 = ,@—FP—FO(’J}P),

we obtain
(@n +p3/an + Q+ P/an)(1+ O(|z])) = (&n + ps/n + Q + P/2n)On(xn + p3/n + Q + P/n)
= |0u(2 + P)| + O(|z[").
Therefore, since @ is 3-homoegenous and also divisible by z,, and |z,,| < C|z|* in {u = 0} (cf. (4.16))

we obtain

%]wn +p3/xn + Play| < 0n(P + P) + O(|x!4) in{u = 0}.
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Thus, since w :=u — & — P, inside B, N {u = 0} (for r small) we have
8n(<@ + P)’ + O(’r‘5) = T‘anw‘ + O(T5) S C(||wT||L2(B5\Bl) —|— r5)

r%|xn +p3/zn
Therefore
w| = | = (P + P)| = |20 + p3/@n + Plzn|* + O(5) < 202|2, + p3/0 + PJan| + O()
< C(rllwrllzz(m\my +7°) i BN {u=0}
and, fora=1,2,...,n—1,
r|0qw| = 7| — 0o (L + P)| = r|0a(p3/xn)| ‘xn + p3/xn + P/xn{ + O(T5)
< Cr|wn + p3/an + Plo,| + O(°) < Crllwpll 2\ 5,) +1°) in B, N {u =0},
from which it follows that
C(L+ M)(rllwellp2(Bs\By) +7 %)
(Hrw) + 1)1
< C(L+ M) (rg? (r)Y2 +r577)
<CA+M)r" (g (r)1/2+1) in By N {u, = 0}.
Also, since AZ =1 and AP =0 we have Aw = —xy,—¢} < 0. Hence, arguing as in ,

A ) — 2 V(| <

N N ||wTHL2 B5\Bl) 1/2
0= B B 2 =Cl sy 2 _C(H(T, w) +r21)t/2 = > =0 ('

Combining this information with (4.25)) we obtain

/ M — z- Vo)A < C(1+ AT (g (r) + 1),
By
that together with (4.20]) yields (4.21]).
e Step 2. Next we show that (4.21]) implies that, for all v < 5, we have
¢’Y(,r.’ w) < ny and 97(7«) < C’ya
where C,, depends only on n, 7, and ||P||2(p,)-

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

We prove (4.27)) for all v € [3,5) by iteratively increasing the value of -y at each iteration, starting from

= 3, in order to always have (along the iteration) a uniform bound on ¢ (r,w) and g7 (r).

Flrst we observe that since 0 € 2% we have ¢(07,u — p2) > 3, hence |u — & — P| < Cr? in B, with
a bound depending only on n and P. This immediately implies that ¢g3(r) < Cs, and then it follows by

([@.21) that ¢3(-,w) is almost monotonically increasing, so in particular it is uniformly bounded.

Then, by the very same argument as the one used in Step 2 in the proof of Lemma (using (4.21)) in
place of (4.4)) we deduce that if (4.27)) holds for some v > 3, then (4.27) holds also with 7 replaced by
v+ B for any 8 > 0 such that 45 < 5 — . Thanks to this fact, with finitely many iterations we conclude

that ( - ) holds for any vy < 5, as claimed.

Combining (4.27)) with (| -, we obtain

2
2—n
d 9 (7‘ fBr wAw)
7¢7(T7w) Z - P)
dr r(H(r,w) +r2)
Moreover, recalling (4.23)) and (4.26]), we conclude that
r2n fBr wAw

H(r,w) + %Y

- C’C’?,?A_7 Vr e (0,1).

= / Wy Ay, > —Cr° g (r) > —CCTr°77.
Blﬂ{ur—o}

O

Thanks to Lemma [1.9] we know that the truncated frequency function ¢” is almost monotone for v < 5,
and we can use this to study finer properties for points in Z%[dl. In particular, we introduce the following:
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Definition 4.10. Let u : By — [0,00) solve (3.1). We denote by %4 the set of points x, € X3¢ such
that the following holds:
Set w = u(xo+ - ) — Py, where P, is defined as in (4.10]) starting from ps 5, and p3 .. Then there exists

some sequence ri | 0 along which 7“,;4w(7'k -) converges, weakly in VVéf(R”), to some 4-homogeneous
harmonic polynomial vanishing on {ps ;, = 0} —possibly the polynomial zero.

We can now prove the existence of a unique 4-th order limit at points of Efffl.

Lemma 4.11. Let u : By — [0,00) solve (3.1)), and let 0 € 272:1 (see Definition below). Set
w:i=u— P — P, where & is defined in (4.10)), and P is a 4-homogeneous harmonic polynomial vanishing
on {p2 = 0}. Then, for any v € (4,5) we have

d
. log (r~8(H (r,w) +1%7)) > —Cr*™7, (4.28)
where C is a constant depending only on n, v, and || P||p2(p,)-

As a consequence, for all x, € Efﬁ‘l the limat

o1
Paze = 17%1 T—4(u(azo +7r)— Py (r- ))

exists, and it is a 4-homogeneous harmonic polynomial vanishing on {pz o, = 0}.

Proof. For every 4-homogeneous harmonic polynomial P vanishing on {ps = 0}, we have

d% log (r—S(H(r,w) 4 TQ’Y)) _ %(W(r,w} _ 4) +

where we used Lemma, This proves (4.28)).

Now, if 0 € Efffl then we have that, for some some r;, | 0 and some P which is 4-homogeneous harmonic
and vanishes on {p2 = 0},
log (rk_s(H(rk, w) + r?)) — —00.
Thus, thanks to (4.28)) we have

hﬁ)l log (r‘g(H(r, w) + 7"27)) = —00,

which implies that r~%(u — 2)(rz) — P =: psy. O

When z, = 0 we will simplify the notation ps o to ps.
We can now prove an enhanced version of Proposition for higher-order blow-ups in 37 and %4t .

Proposition 4.12. Let u: By — [0,00) solve (3.1), and let & be as in Definition .

(a) Let 0 € X374 \ X231 and set w :=u — P. Then the limit \>¢ .= lim, o ¢(r,w) exists and satisfies
\3rd ¢ [3,4]. Moreover, for every sequence 11, | 0 there is a subsequence ry, such that ﬁ)rke —qasl— o0
in CI%C(R") and weakly in Wﬁ)’f(R"), where ¢ # 0 is a global N3"%-homogeneous solution of the Signorini
problem (3.12)). In addition, if \3** < 4 then q is even with respect to {ps = 0}.

(b) Let 0 € 20 and set w:=u — &P — py. Then:

(b1) either H(r,w)'/? < Cerd=¢ for all ¢ € (0,1), for some C; depending on (;

(b2) or the limit \*" .= lim, o ¢(r, w) exists and satisfies M € [4,5). Moreover, for every sequence

7 | 0 there is a subsequence ry, such that wy,, — q as £ — o0 in CL (R™) and weakly in I/Vlif (R™),
where ¢ # 0 is a X*"-homogeneous solution of (3.12)), even with respect to {ps = 0}.

Proof. (a) Let 0 € 279 \ 4 and w:=u — P. Let v:=5—¢ € (4,5).

We note that ¢7(0",w) < 4. Indeed, if by contradiction ¢? (0", w) > 4 then by Lemma (which can
be applied thanks to Lemma we would have

H(r,w) + 2 < Cr¢w(0+’w)(H(1, w)+1) K r® asr o0,
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and hence we would have r—%w, — 0 and in particular 0 € Efffl (with py = 0), contradicting our
assumption.

Note now that since v > 4 we have

2y
&0 w) = lim m <4<n. (4.29)
Also, using Lemma
2y
H(r,w)
Thus, the limit ¢(0", w) exists and equals again A*?¢ < 4. In addition, by Lemmas and we have

||l wr2pr < C(R)  Vr>0

@29 = 10 = M= ¢(0",w) = ¢(0T,w).

for each R > 1, which gives weak compactness in I/V1 >(R™) of @, as r | 0.
We now show that any “accumulation point”

q = h]inwrk
satisfies
cr_’\STdH(r, OQVP<H@1, V=1 Vre(0,1) (4.30)
and, for all 6 > 0,
RN HR,QVE<H(1,9)Y2=1 VRe(1,0), (4.31)

where ¢, ¢s are positive constants.
Indeed, since ¢” (07, w) = A4, Lemma |4.1| gives (for 0 <7 < R < 1)

~ R2Y
(R < H(R,w)+ R _ H(R/re, ) + ()

H(’I“, w) +r¥ (T/Tk, wT’k) + H(Tfljw)
In particular, replacing R by 7, and r by rir (with » < 1) we obtain
2 2"/
ooxora  F (L) + mtw B 0) + i L H(g)
T OH(rby,) + s T Hindn) H(r,q)’

proving (4.30).
Similarly, by the other inequality in Lemma we have (for 0 <r < R« 1)
2
H(R,w) + R B H(R/ry,wr,) + HI(E,:w)
H(r,w) + %Y H(r/rg, wy,) + H"%

(r,w)

c6(R/T)2)‘3Td+6 Z

In particular, replacing R by 7R and r by r; (with R > 1) we obtain

2y
H(R,wy,) + R s i
CJRZ'y > ( rk) - )(}?Yrkw) > H(R, wrk(zn = R ifl(ff, q)7
7 k
H(L,dp,) + 5 H(L, ) + 55 (1,9)
which proves (4.31)).
We now note that Aw = —xy,—0) implies that Awy and Ag are nonpositive measures. Also, the

Lipschitz estimate in Lemma (with P = 0) implies that
10, |Lip(Br) < C(R), and thus  [|q[|Lip(B,) < C(R),

for all R > 1. As a consequence, the convergence of w,, to ¢ is uniform on compact sets. Furthermore, by
[@.10) we have w =u — P > —P > —O(|z|?) on {z,, = p3/x,}, so by uniform convergence we obtain

¢g>0 on{z, =0}



GENERIC REGULARITY OF FREE BOUNDARIES FOR THE OBSTACLE PROBLEM 27

In addition, by Lemma [4.9) we have
| i, Lo,
Br

and since w,, — ¢ in CY and 0 > Awy, —* Aq (up to extracting a further subsequence) we obtain
/ qgAq=0 Vr>1.
Br

But since Aw, is supported in {u, = 0} C {|zn| < o(1)} as r | 0, the support the nonpositive measure Agq
is contained on {x,, = 0} where ¢ > 0. We have thus shown that ¢ : R" — R is a solution of the Signorini
problem (3.12]).

Finally, recalling and we have that ¢(0F,q) > A3"¢ while ¢(+00,q) < N3¢ 46 for all § > 0.
This implies that ¢(r,q) = A3 for all » > 0, and thus ¢ must be A\*?-homogeneous (see Lemma .

Note also that, by Lemma we have H(w,r) > PN for every 0 > 0. Thus, since by definition
of 37 we have ¢(0F,u — p2) > 3, this implies |u — pa| < Clz|*> and thus |u — 2| < C|z|®. Therefore it
must be A¥4 > 3.

To conclude part (a), we need to show that if 374 < 4 then q is even. For this, notice that if one writes
q as the sum of its even and odd part, then the odd part is harmonic. Thus, if A3 € (3,4) then any
A3rd_homogeneous solution of the Signorini problem is even (since the homogeneity of a harmonic function
is always an integer), so we only need to understand the case A>"¢ = 3.

Assume A\ = 3, and let us show that ¢ is even. We have (see Lemma that H(w,r) > 3+ for all
6 >0 as r | 0 therefore

o (w—=pa = p3)(re)
= lim w,, = lim .
T T H(rg,u —p2 — p3)1/?
Moreover, using (3.19) from Lemma we obtain (note that w in this proof and in Lemma are
different)

2 2
/ <(“P23p3)r n p) +C(P)r > lim (W + P> > [ p? (4.32)
0B r ™0 JoB, r 0B

for all P harmonic 3-homogeneous vanishing on {p2 = 0}, therefore

—CO(P)r < /8]31 [(w_pig_m’ +P)2 - P2].

As a consequence, expanding the square and dividing by

o (f, (=) -,

since r’® < &, as r | 0 we obtain

2
Tk (u — p2 — p3)r (u—p2 — p3)r
—CPg/ [g( )+2 rl,
( )Erk OB, H(r,u — pa — p3)t/? H(rg,u — po — p3)'/?

and in the limit as r | 0 we get
0<L 2/ qP
0B1

for every odd harmonic 3-homogeneous polynomial P. Since if P is an odd harmonic 3-homogeneous
polynomial then so is —P, we deduce that ¢ must be orthogonal to all odd harmonic polynomials, hence
q is even.

(b) We assume that (bl) fails and we prove (b2). If (bl) fails then there exist ¢ € (0,1) and a sequence
e — 0 such that H(ry, w)Y/? > CU;?*C_ In particular, there exists some v € (4,5) such that

D 2y
570, w) = lim 20 W)+

. 4.33
ri0 H(r,w) +r?Y <7 (4.33)
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Thus, as in the proof of (a),
r2Y
H(r,w)
In addition, combining Lemmas [4.1] and [4.9] we obtain that
[@r[lwr2pg) < C(R)  Vr>0

@33 = 10 = M= g0T, w) =¢7(07,w), Yvye (5.

for each R > 1, which gives compactness of sequences w,, as 7 J 0 —they converge weakly in W12?(Bg) for
every R up to extracting a subsequence. Also, as in (a), it follows by Lemma that any “accumulation
point”

q = lilgn Wy,

satisfies ([4.30) and (4.31]) with A%"¢ replaced by A", Also, exactly as in (a) we have that Ay and Ag
are nonpositive measures, and

|0 ILip(Bg) < C(R)  and thus  |[qllLipBgr) < C(R)

for all R > 1. As a consequence, the convergence is uniform on compact sets. Furthermore yields
w=u—P —py>—-P—py>—-0(z°) on {x, = p3/x,}, so by uniform convergence of 1, to q we
obtain
qg>0 on {z, =0}

Also, by Lemma we obtain |’ By Wr AWy, | 0 from which we deduce that i) B, 1Aq =0 for all R > 1.
As a consequence, ¢ is a solution of the Signorini problem . Finally, recalling and we
have that ¢(0F,q) > A" while ¢(+00,q) < A" + 6 for all § > 0. This implies that ¢(r,q) = A*" for all
r > 0, and thus ¢ must be A*"-homogeneous.

Note also that by Lemma we have H(w,r) > P for every d > 0. Thus, since by definition of
Y4 we have |u — 2| < C|z|*, it must be M\ > 4.

Finally, we prove that ¢ must be even. As in (a), we only need to understand the case A\*" = 4. When
M — 4 then we have (see Lemma H(w,r) > 9 for all § > 0 as ~ | 0. On the other hand, by
definition of py it follows that H (rg, u— 22 —ps)'/? = rieg, where r) < &, = o(1). Then, using Lemma
we obtain

r_sH(r,u - P —-P)>-C(P) 4 liirolr_SH(r,u - P —-P)=-C(P) 0+ H(1,py — P),
T
for all P quartic vanishing on {z,, = 0}. Therefore, similarly to (a), we deduce that ¢ is orthogonal to
every odd harmonic 4-homogeneous polynomial. Since q is a solution of Signorini this implies that its odd
part (which is harmonic) must vanish, concluding the proof. O

We can now introduce the following:

Definition 4.13. Let u: By — [0, 00) solve (3.1)), and recall the definition of &, in (£.10).

We denote by Zfil the set of points 7, € X37% such that, for w = u(zo + ) — P,,, we have
¢ (0T, w) > 4 for every v € (4,5).

We denote by E;fl the set of points z, € Eﬁtfl such that, for w = u(zo + -) — Py, — Pax,, We have
¢ (0%, w) > 4 for every v € (4,5).

Furthermore, for fixed ( € (0,1) we denote by EEEIC the set of points 7, € Y4 such that, for
w:i=u(®o + ) — Py, — Pag,, we have ¢7(0F,w) >5—( for any v € (5—(,5).

Our last goal of this section is to show that ¥4, = ¥4 = TFor this, we need a new monotonicity
formula.

Lemma 4.14. Let u : By — [0,00) solve (3.1)), and let 0 € X" . Let w := u — P — py, where P is
defined in (4.10)), and let P be any 4-homogeneous harmonic polynomial such that P > 0 on {ps = 0}.

Then p
<r4/ wTP) < C,
dT OBy
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where C is a constant depending only on n and || P||p2(p,)-

Proof. After a rotation, we may assume ps = %az% We have
1

d 1 1
2 wpr=] LT.vupr=>] 8uwP=-[ div(VwP)= ( YV, VP +
dr Ja, 8B, T T JoB, rJB, r\ /B, B

1 1
= </ w, 0, P —/ wTAP—i—/ AwTP> = (4/ wTP—l—/ AwTP>,
"\ JoB, B B r 9B B

where we used that 9,P = 4P on 0B1, and that AP = 0. Now, since Aw, = _TZX{UTZO}a we deduce that

i (r_4/ wTP> = —ig P.
dr dB1 ™ JBin{u,=0}

Finally notice that (4.22) rescaled implies, using [[w;||12(B,\B,) < Cr4 since 0 € X}h |

{u, =0} N By C {|zp +rp3/zn| < Cr*} and thus ‘{ur =0} OB1| < Cr?

Moreover, since P > 0 on {z, = 0}, we have P > —C'|z,| in B;. Hence we obtain

—/ PgCT‘{uT:O}ﬂBl‘SCr?’,
B1ﬁ{uT=0}

AwrP>

and the lemma follows. O
We can now show the following:

Proposition 4.15. Let u: By — [0,00) solve (3.1)). Then Lith =¥>1 .

Proof. Assume by contradiction that 0 € Effhl \ E;ﬁl. Then, by Proposition M(b), there is a sequence

rr — 0 along which w,, — ¢ locally uniformly in R", where ¢ is a 4-homogeneous even solution of the
Signorini problem (3.12]). Then, by [GP09, Lemma 1.3.4], ¢ is a harmonic polynomial.
Let w :=u — & — py. Since r~*w, — 0 (by definition of py), it follows by Lemma that

/ r~4w, P < Cr
0B

for any 4-homogeneous harmonic polynomial P vanishing on {ps = 0}.
Set now w, = w,/H(1,w,)"/? and &, := r~*H(1,w,)"/2, and notice that, since 0 ¢ ¥>4,, for any § > 0
we have &, > ° for r > 0 small enough. Hence,

4 ~
Cr 2/ r—w,P :/ erw,P.
831 aBl

Dividing by &,, and letting » = rp — 0, we deduce that

0> / qP.
0B

Taking P = ¢, this provides the desired contradiction. O

5. UNIQUENESS AND NONDEGENERACY OF NON-HARMONIC CUBIC BLOW-UPS

The goal of this section is to study the set E%El \Eiﬁl, namely the set of singular points where blow-ups
are 3-homogeneous and non—harmoni(ﬂ As explained in the introduction, this study is crucial for our proof

of Theorem [}
We will prove that ETZLEI \ ¥24 is contained in a countable union of (n — 2)-dimensional Lipschitz

manifolds, and that E?ﬁl \Z?ﬁl = @. For this, we will need to establish the uniqueness and nondegeneracy
of blow-ups at these points.

We start by classifying all A-homogeneous solutions of the Signorini problem in R", with A odd.

4More precisely, Efil \ 374 is the set in which any second blow-up (for u — p2) is 3-homogeneous and non-harmonic,
while ¥37% \ ©.>3 | is the set in which the third blow-up (for u — ps — p3) is 3-homogeneous and non-harmonic.
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Lemma 5.1. Let g : R™ — R be a A\-homogenous solution of the Signorini problem
Ag<0 and qAqg=0 in R™
Ag=0 in R"\ {x,, =0} (5.1)
q=>0 on {x, = 0}.
with homogeneity A =2m + 1, m € N. Then ¢ =0 on {z,, = 0}.
Proof. Using complex variables (so i denotes the imaginary unit), for « € {1,2,...,n — 1} define
() il_’\Re[(:cn + iaza)’\} Ty >0
x) =
—i'Re[(zn + iza)?] @, 0.

Note that
(' x,) = (', —x,) and Y(x) =0 on {z, =0}
In addition, on {z, = 0} we have d,1)(2’,0") = M za| ' (recall that A\ — 1 is even), therefore
AY = 27|z M1 (4 =0y
On the other hand, since both 1 and ¢ are A-homogeneous we have (z - Vq)y = q(x - Vip) = Agyp. Thus
I5 B, (@Y — qip,) = 0, and an integration by parts gives

/B1 Agqy = . qAp.

Since Ag is concentrated on {x,, = 0} where 1) vanishes, combining all together we get

0=/ quzzA/ glza*.
B1 Blﬂ{xn:O}

Since ¢ > 0 on {x, = 0} and the previous equality holds for all @ € {1,2,...,n — 1}, we conclude that ¢
must vanish on {z,, = 0}. O

Lemma 5.2. Assume that q¢ : R™ — R is a 3-homogenous even solution of the Signorini problem (5.1)).
Then, after a suitable rotation that leaves the hyperplane {x, = 0} invariant, we have

n—1
q(x) = blay|* — 3|z, (Z mi) ,
a=1

where b,by, > 0 and b = Zg;i be-

Proof. By Lemma g must vanish everywhere on {z,, = 0}. Thus, ¢ is a 3-homogenous harmonic function
in {x, > 0} vanishing on {x,, = 0}, so its odd extension is a 3-homogeneous harmonic polynomial. This
implies, after a rotation, that

n—1
q(x) = bad — 3z, <Z bami) for x,, > 0,
a=1

where b,b, € R and b = ZZ; be. Finally, since ¢ is an even solution of Signorini, it follows that d,q <0
on {z,, = 0}. This implies that b, > 0 (and thus b > 0), concluding the proof. O

In order to continue our analysis, we introduce a new monotonicity formula:

Lemma 5.3. Let u: By — [0,00) solve (3.1]), and let 0 € Z%ﬁl \ >3, Set w:=u—py and w, = w(r-).
Then, for fized o € (0,1) and for any 3-homogeneous solution q of the Signorini problem (3.12), we have

d 3
— wyq = / Wpq — Q/ weAq + 0(7“3).
dr Jag, T JoB, rJB

4

d 1
(= > _(.
dr <T3 /831 qu) =-¢

In particular



GENERIC REGULARITY OF FREE BOUNDARIES FOR THE OBSTACLE PROBLEM 31

< Vw,Vq+ / Aw,q)
BQ BQ

Proof. We have

d T 0 0 .
— Wrq = / — - Vuw,q== Oy wyq = / div(Vw,q) =
dr Jam, 0B, T T JaB, T JB,

=Q</ wrayq—/ erqu/ Aqu)
"\ JoB, B, B

4

RELS)

Now, since ¢ is 3-homogeneous, we find that QfaBQ w,0yq = 3faBg wrq. To complete the proof of the
Lemma we only need to show that fBQ Aw,q = O(r).

With no loss of generality, assume that py = %mi Then it follows by Proposition that {u(r-) =
0} N By C {|zn| < Cr}, and |g| < Clay,| in By (by Lemma |5.2)). Thus, since Aw, = —7X{yu(r.)=0}, We get
IBQ Aw,q = O(r?).

Finally, taking ¢ = 1 and using that —w,Ag > 0 in R" (since w, = u(r-) > 0 on {z, = 0}), we obtain

d (1 1 1
— (3/ qu> = 4<—/ erqu/ Aqu> > — Awpq > —C,
dr \r° Jsp, r 9B, B ™ JB

as desired. O

As a consequence of the previous lemma, we deduce the uniqueness of blow-ups in 2531 \ Ef’lﬁdl. Notice
that this is quite surprising, since even in the (simpler) case of the Signorini problem it was not known if
cubic blow-ups are unique at every point (see Appendix .

Proposition 5.4. Let u : By — [0,00) solve (B.1), and let 0 € £, \ 337 . Then the limit
- (w—po)(r-)
=1
L =
exists, and it is a 3-homogeneous (non-harmonic) solution of Signorini.

Proof. Let w := u — po, and w, = w(r-). Assume that

¢ =

im Twr(i)u i = 17 27
10 (ry )3 Tk
are two accumulation points along different sequences r,(:). Then, give a 3-homogeneous solution of Sig-
norini ¢, we can apply Lemmato deduce that r — T% J. oB, Wrd has a unique limit as r — 0. In particular

this implies that
/ qWq = / q?q. (5.2)
631 aBl

/ (¢V — @) =0,
0By

hence ¢V = ¢@| as desired. O

Choosing ¢ = ¢ — ¢® we obtain

The next step consists in showing that if 0 € 33"% then ¢(0%,u — p2 — p3) > 3. This is a kind of
nondegeneracy property, which implies that Ei’ljl \Z> 3 1 is empty. This highly non-trivial fact is essential
in order to establish Schaeffer conjecture in R*, and it is the core of this section. Its proof require a barrier
and ODE-type arguments obtained below.

Lemma 5.5. Let u : By — [0,00) solve , and let 0 € X379 . Set w := u — py — p3, and let w,
and W, be defined as in . Assume that {p2 = 0} = {z,, = 0}, and given x = (z1,...,z,) € R" let
= (r1,...,xp-1) € R" L.

For any n > 0 there exists § = d(n,n) such that if

| =l <6 for q:|xnl<§wi—w"f4x'>, A€ ROTDXOD 4> 0, g = trace(A)
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then
u(r-)=0(r") on {z,=0}N(B1\ Byp)N{a' Az’ >n}.

Proof. Let z = (2/,0) € (B1 \ By ) satisfy 2’ - Az' >, and given ¢ > 0, denote

Gzc(x) == (p2 +p3)(rz +rz) — 7“3(71 — 1)|xn\2 + 1"3|zzc'|2 +c.

Note that, since ¢ is uniformly close to .., the constant a and the matrix A appearing in the definition of
q are universally bounded. Hence, there exists ¢ > 0 small, depending only on n and 7, such that

—n|z, |2 > |2, <gx% — (' +2) A + x’)) for |z| < o.

Thus, denoting h, := H(r,w)"/? = o(r3), we have

bre > (p2+p3)(rz+rx) —rP(n— Dz, * + 7322 + ¢
> (p2 + p3)(rz +rzx) + hpq(rz +rx) + r3(]a:n|2 + ]a:’|2) (5.3)
> (u(rz 4 rx) — 6hy) + 13|z|? for || < o.

We now compare the two functions 4, (x) := u(rz + rz) and ¢, . in B,(0). Two cases arise:

(1) either ¢, . > u, for each ¢ > 0, which implies that 0 < u(rz) = u,(0) < ¢,,0(0) = 0 (since pp and p3
vanish on {z,, = 0});

(2) or there exists ¢, > 0 such that ¢, ., touches from above @, at some point y = (y',y,) € B,. Note that
A¢,.. =1r?in B,, and A, = r’y a.>0p in By. Also, since h;. = H(r,w)'/? = o(r®), for r small enough
we have ¢, . > 4,(x) on 0B, (by ) Thus, it follows by the maximum principle that the point y must
belong to {4, =0} N B, C {|z,| < Cr} N B,, therefore

0=1:(y) = Gzec. () = (P2 +p3)(r2 + 19/, ryn) — (0 = D|ya> + 7|y > + ¢ > —Cr' + ¢
Thus ¢, < C’r4, and as a consequence
0 <u(rz) =1,(0) < ¢, (0) = ¢ < Crt.

This proves that in both cases 0 < u(rz) < Cr*, and since z € {x, = 0} N (B1\ Byjs) N {2’ - Az’ > 1} is
arbitrary, the result follows. O

Another key tool is the following ODE-type formula.

Lemma 5.6. Let u : By — [0,00) satisfy (3.1)), and 0 € ¥37%. Set w := u — py — ps3, let w, and ©, be

defined as in (2.1)), and set h(r) := H(r,w)"/?. Assume that {py = 0} = {x,, = 0}, and given a symmetric
(n—1) x (n—1) matrix A > 0, we define its “associated solution of the Signorini problem”

qa(z) := |z <)m§(14):c721 —a- Ax’), r=(2/,z,) ER" xR, (5.4)
and we introduce the quantity
viid)yi= [ dga-z [ (55)
0B, 831/2
Then
d 1
) =0 )~ [ @ Aga+ O i)
r T JBi\By 2
where
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Proof. As in the proof of Lemma we obtain

d 3
. WrgA = / WrqA — Q/ wrAga + O(r3).
T JoB, r.JoB ”JB

e e

Now, since w, = w,/h(r) we deduce that

£, o= (503) [ ot | 0ot

e

and the lemma follows by combining the identities for o = 1 and o = 1/2. O
We shall also need the following formula:

Lemma 5.7. Given A, A > 0 be two symmetric (n — 1) x (n — 1) matrices, let g4 and qz as defined in

6.
Then

n+5
__ 40"™|0B] 0oL x
/{)B qAqi = w20+ 0 trace(A A) + 3trace(A) trace(A) ».

Proof. Let A = (ans). ﬁl 1 A= (Gap)? 51 1> a = trace(A) = Y @qa, @ = trace(A) = > @aa. Denote for
brevity ¢ = g4, ¢ = q5. Then

n—1 ) I2 LIT2
qg= 22| o= — a BTax G—=2 — GnsTTs |-
fn 1= 2 [ 7205 copmers ) (55 - seres)

a,B,y,0=1
Up to a rotation in the {z,, = 0} plane, we may assume that a,p is diagonal. Noting that f 9B, xim7x5 =
faBQ 2222z 25 =0 for v # &, we have

/339 g:/aBg< ;p6 +Z{ < aaa+3aaa>g;4x —|—aaaaaa:ﬂ x } ZaaaawxnxQ 2>

aFy
We observe that

1 1 3 3
4 4 2 2
T == o, (z;) = — A 3 Ty = ;i = ——|0Bq|.
/831 ! 4/631 v(@) 4 Jp, (1) = /31 ! n+2/831 ’ n(n—i—Q)’ 1

1/ / ) / 15
6 6 4 4
/631 6 /B, (&) B n+4 Jop, ”(”+2)(”+4)’ |
1/ 2 / 1
2 2 2 2 2
TiT; = Azjxs) = ——= 2z = ——|0B1],
/aBl =1 )5, M) = 10 52) s, n(n+2) 2P

1 1 3
4.2 4.2 2.2 4
Tt == Alzixs) = ——— 122725 4+ 2x)) = 0B/,
/381 v 6/Bl (2 J) 6(n+4) /851( v i) n(n—|—2)(n—|—4)| i

1 3 1
2,2 2.2 2 2.2
x; :17 == Axixin;) = ———— 2ains = 0Bq].
/831 k 6 By ( v k) 6<n+4) /831 LY n(n+2)(n+4)| 1|

=)

Similarly,

and

Thus, calling ¢, := % and using that ) aaa = a and ) Gaa = @, we obtain
aa
/ qq = Qn+5 (915cn 3 6cn + Z AaalaadCn + Z aaaawcn>
8B,

ay
Finally, since >, 27 Ao lyy = (Z N aaa) ( Zv dw) = aa and recalling that a,g is diagonal, we get

2
/ qq = 20""¢, E Gaalaa = 2,0" (2 trace((aag) - (@ys)) + aa) ,
0B, > 3

as claimed. O

We can now finally prove the following fundamental result, which implies that E;’ﬁl \ E;El = .
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Proposition 5.8. Let 0 € 3% | and set w := u — py — p3. Then #(0,w) > 3.

n—1’
Proof. Without loss of generality, we can assume that {py = 0} = {z,, = 0}.
Suppose by contradiction that ¢(0",w) = 3. Then we know that the accumulation points of 1w, as
r | 0 must be 3-homogeneous even solutions of the Signorini problem, that is, of the form g4 for some
symmetric matrix A > 0 (see (5.4)). Note that, by construction, ||gallz2(95,) = 1 and thus the matrix A
must have at least one positive eigenvalue.
Let us define the quantity

U(r) == max {y(r; A) : [lqallz2(om,) = 1}, (5.6)
where 9 is given by (5.5). Let A% be the matrix for which the previous maximum is attained. Then, as a
consequence of Lemma [5.6, we have

i\lf(r) =0(r)¥(r) — 1/ WrAgax + O(r3/h(r)), for a.e. > 0.
dr T JBi\By 2
On the other hand, if we define ®(r) := ¢ (r,1d), then
d 1 -
d—@(r) =0(r)®(r) — / W, Agiq + O(r* /h(r)). (5.7)
T " JB1\By,
We now claim that
v(r)

U(r) < o(r) < =1 as 110,

o(r)
where X <Y is a short notation for X < C(n)Y and Y < C(n)X. Indeed, the accumulation points of @,
(as r | 0 and in the C (R™) topology) are of the form g4 (and have unit norm) and thus for every r > 0

loc
we have w, — qa, = o(1) for some A,. Hence, by definition of ¥,

V) 2 otriA) = [ a2 [ dan = [ do-zf o)
0By 9By /2 0B1 0By /9

oy | i oll) 2 cfn) > 0.

Note that the above computation shows also that (r; A*) = (1 —2777%) faBl qa,qa: +o(1) (as r | 0).
Thus since by defintion of A% we have ¢ (r; AY) > (r; A,) it follows

/ qaxqa, 2/ ¢4, +o(1)
8B1 631

SilacefaB1 7. = faBl qQAT = 1 is follows that ga: = g, + o(1) and hence
A=A, +o0(l) asrl]O.
Similarly, using Lemma

P(r) = / Wrqrd — 2/ Wrqid = / qA.q1d — 2/ qa,qa +o(1)
OB1 0B1/2 0B1 0By /2

_ (1-27""1)4)9B,| 1
ST Ty {trace(Ar) + gtrace(Ar)(n - 1)} +0(1) > ¢(n) > 0.

Since ¥(r) and ®(r) are bounded by above, the claim follows.
Now notice that, using the expressions for d%\I/ and d%@, we find

(v _ 1720 S\, DrBaa + V() [\ g, , OrDa; +0(r3/h(r))
dr\®(r)) r O (r)? AR
We claim that, given € > 0, for r sufficiently small it holds
/ WrAqax| <€ / W, Aqra| + Crt/h(r). (5.8)
Bi\By /2 Bi\By /2
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Indeed, it follows by Lemmatha‘u7 for any n > 0, if 7 > 0 is sufficiently small so that ||, —qax || Lo (B,) <
d(n,n) then (here we use the notation B]. := B, N {x, = 0})

—/ wrAqax = 2/ u(ra’,0) (o' - Afx) da’
B1\B, BI\B!

1/2
< 277/ u(ra’,0) da’ +/ Crt da’
(BI\B] ,)N{x’ Az’ <n} (B{\Bj )N {a’- Az’ >n}
< 277/ u(ra’,0) + Crt
Bi\B ),

(here we used that w, = u(r-) on {x,, = 0}), while

—/ wrAgrq = cn/ u(ra’,0) |2’ |? da’ > cn/ u(ra’,0)dx’,
B1\Bj s BI\B! BI\B!

1/2 1/2
where ¢, > 0. Dividing by h(r), we obtain

0< —/ wrAgay < —477/ @ Agia + Crt/h(r),
Bi\Bi /3 Bi\By/2

and thus (5.8)) follows.
Hence, thanks to (5.8]), we have that

4 (v 1700 s, B+ Y0) [5 5, , B
dr \ ®(r) oy d(r)2

+ O(rg/h(r))

_ W)/ By Aqa + O3 /h(r)),  a(r) = 1.
T JBi\Bi,»

Choosing 7o so that C~! < a(r) < C over [0,70], we can integrating the above ODE over [#,rq] for any
W(r)
o(r)

so must be the integral of the negative term
1

0
/ - / W Aqrq
0 T JBi\By),

Since ®(r) =< 1 and 0(r) = < log(h(r)/r®), it follows from (5.7) that

) and r3/h(r) are both uniformly bounded independently of 7,

a(Tr) fBl\Bl/2 w,Aqrq. Hence, this proves that

7 > 0. Then, since the integrals of d%(

dr < oo.

L rog®(r) = Tlog(h(r)/r) +g(r).  with g € L'(0, 7))

Integrating over [, 70] and using again that ®(r) =< 1, we deduce that log(h(#)/#3) is uniformly bounded
as # — 0, therefore h(r) < r®. However, since 0 € X374 we know that h(r) = o(r®), contradiction. O

6. SYMMETRY PROPERTIES OF BLOW-UPS FOR 1-PARAMETER FAMILY OF SOLUTIONS

As explained in the introduction, to establish generic regularity results, we shall consider 1-parameter
monotone family of solutions. For this, we shall use the parameter ¢ (over which solutions are indexed) as
a second variable for our solution u (one may think of ¢ as a “time” variable, although there is no equation
in t).

So, let u : By x [~1,1] — R, u > 0, be a monotone 1-parameter family of solutions of the obstacle
problem, namely

Au(-,t) = Xqu(y>0p and 0 <u(-,t) <wu(-,t') in By, for —1<t<t <1. (6.1)

We will assume in addition that v € C° (Ex -1, 1]) (this continuity property in ¢ follows by the maximum
principle whenever u € C%(8B; x [-1,1])).
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Note that by, the regularity results for the obstacle problem, u(-,t) is of class C*! inside B; for each
t € (=1,1). Moreover, for each fixed t € (—1,1), we can apply the results of the previous sections, and
define the different blow-ups at singular points.

So, following the previous sections, we say that (x.,%,) is a singular point of u if z, is a singular point
of u(-,t,). Given a singular free boundary point (x., ), we denote

P2.oto () 1= lim 7 2u(z0 + 12, t0).
r—0
Note that ps 4, ¢, is a convex 2-homogeneous polynomials with Aps ;. ;. = 1. When (z,,%,) = (0,0), we

simplify the notation to po.
From now on, using the notation introduced in the previous sections, we set:

b)) {(zo,t5) singular points in By x [—1, 1]},

Smooi= {(@o,to) 1 @0 € By for u(-,te)}, 0<m<n—1,

28 = {(wo,to) 1 To € XY, for u(-,to)}, 0<m<n-—2,
53 = {(wo,to) 1 w0 € 253, for u(-,t0)},
Z?LEI = {(wo,to) 1 @0 € EEEI for u(-, )}, (6.2)
z3d = {(wo,to) : wo € B for u(-,to)}, )
273 = {(wo,to) 110 € 873, for u(-,to)},
sih = {(@o,to) 1 wo € T2 for u(-,to)},
224 = {(wo,to) t 1o € 874, for u( -, o)},

B0 = {(@o,te) t o € 2707 for u(-,te)}, ¢ € (0,1).

Recall that %,,, ¥, ¥<3 and Y22 were defined in (3.13)-(3.16), while X374, >3 = y24 ydth = 53>4

n—1» n—1»

and ZTZLEIC were defined in Definitions |3.11|7 |4.1OL |4.13 respectively.
Remark 6.1. Note that, as a consequence of Proposition Ei’fll = Eifl.

For (zo,t,) € 237 we define
D3,30.t0 (L) 1= 71}_1’)% r3 (u(azo + 12, to) — P20 to (m:)), (6.3)
and for (zo,to) € 2" we define &, ;, as the fourth order Ansatz of u(zo + -,t,) at 0 (cf. (£10)), and
Pz to(T) 1= }1_1}1(1) r4 (u(xo +rx,te) — Paoto (mc)) (6.4)
We begin with a simple lemma.

Lemma 6.2. Let u € C°(B; x [~1,1]) solve (6.1). Then:
(a) The singular set is closed —more precisely ¥ N B, x [—1,1] is closed for any ¢ < 1. Moreover,

3 ﬁgg X [—1, 1] B (xk,tk) — (xomtoo) = D2apte 7 P2,%00,too"
(b) The frequency function
33 (To,to) = A0, u(wo + - ,t0) — P2,30.t0)

1S Upper semi-continuous.
(c) If (zo,t1) and (xo,t2) belong both to ¥ and t; < to, then there exists v > 0 such that u(x,t) is
independent of t for all (x,t) € By(xo) X [t1,12].

Proof. (a) We first show that if (xy, ;) are singular points and (2, tx) = (o0, too) then the limit point is
also singular. Indeed, by Lemma [3.1] we have

(@, + - tk) — Poagtylloe(m,) < T7w(r) V> 0.

Hence, since u(xy, + «,tx) — u(Too + +, too) in CY as k — oo and (after taking a subsequence) p ¢, — P
for some convex 2-homogeneous polynomials with AP = 1, we obtain

[u(Zoo + -1 too) = Pllpee(s,) < r2w(r) Vr>0. (6.5)
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Thus (Zeo,teo) € X and pa g .. = P. A posteriori, we deduce that for any other subsequence it must be
D2.ant, — D2.aote Since there is only one P for which holds, namely, p2 z. t..-

(b) The upper semicontinuity follows from the fact that the map r — ¢(r,u(zo + -,to) — P2.2ot,) 1S
increasing, and that for r > 0 fixed the map (zo,to) — ¢(r,u(xo + -,to) — P2,2.t,) IS continuous on X
—using (a) and the fact that u(z, + -,t,) satisfies uniform C! estimates.

(c¢) As in (a), we have, for i = 1,2,

Hu(wo + - 7ti) _pQ,CUo,tiHLOO(BT) < TQW(T) Vr>0.

Since u(zo + -,t1) < u(xo + -,t2) then it must be pag.+, = P2aot, =t P. Also, after a change of
coordinates, we can assume that {P = 0} C {x, = 0}.
Take r > 0 small enough, and set v := u(xo + r-,t2) — u(xo + r-,t1) > 0. Then

Av=0 in {u(zo+7r-,t1)>0}.
Also, as a consequence of Lemma [3.1] given € > 0, for 7 > 0 small enough we have
Co:={y: dist(ﬁ, {zn, =0}) > e} C {u(zo +71-,t1) > 0}.
Consider now the first eigenfunction of
—Agn1¥ = k.U in S"1NCy, T =0 in S" 1N AC,..

Then, setting 1 (z) = |z|* ¥ (x/|x|) with k. = (n— 2+ A:)A., we have that 1 is a positive A.-homogeneous
harmonic function in Ca. which vanishes on the boundary. Note that as & | 0 we have S*"*NdCs. | {z,, = 0}
and Ao = 1 (this corresponds to the solution |z,|). Thus, by continuity, for ¢ > 0 small enough, the
function ¢ (z) := |2[>/2¥(x/|z|) is subharmonic and vanishes on ACo.. Hence using ¢ as lower barrier and
the standard Harnack inequality on v, we obtain that if v > 0 somewhere then v > ¢¢)(z) in B for some
¢ > 0. This implies

w(zo +1-,t2) > mﬂ(x),

which is impossible since u(zo + -,t2) = P + o(|z]?) = O(|z|?), while ¢ is positive in some cone and
3/2-homogeneous. This proves that u(-,t1) = u(-, t2) inside By(z,), which implies the result. O

We now prove some relations between ps and singular points close to (0, 0).

Lemma 6.3. Let u € C°(By x [—1,1]) solve (6.1), let (zx,tx) € X, (0,0) € X, and assume that x — 0.
Set pa i == P24yt - Lhen pap — pa and we have

)

In addition,

< Cw(2lzk|) and |lpax — p2llree() < Cw(2|zg]).
L*(B1)

dist (éﬁ, {p2 = O}) —0 as k — oo.

Proof. We observe first that ps 4, ¢, — p2. Indeed, if t; — to then (up to a subsequence) by Lemma
we have p2 4, 1, — P2,0,t.c and P20t = P2, as desired.
Now, set ry := |zg|. By Lemma we have

Hr,fu(a:k + iz, ty) — p27k(fL‘)HLoo(Bz) < dw(2ry) and Hr,fu(mx, 0) — p2($)HLoo(32) < dw(2ry).
Thus, defining yy, := x/|xk|, for all x € By we have the following: if ¢; < 0 then
—4w(2ry) + pa(z) < TI;QU(SUk +rpz,ty) < ngu(azk + 7r,2,0) < dw(2rk) + p2(yr + ),
while if ¢, > 0 then
dw(2ry) + pok(x) > T,;2u(xk + rpz, ty) > r,;2u(1:k + rpz,0) > —4w(2ry) + pa(yr + x).

In both cases, since py; and p; are nonnegative 2-homogeneous polynomials vanishing at 0 and with
Laplacian 1, then ps; — p2(yx + ) is a harmonic quadratic polynomial which vanishes at some point of
the segment joining 0 and yg, where yi, := x/|xk|. Moreover, |p2; —p2(yx + )| is bounded from above by
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8w(2r) in By. Using the mean value formula and the fact that all norms are comparable on polynomials,
we obtain

P2,k — P2(Yr + )llze(By) < Cllp2k — p2(Yk + +)ll29B,) < Cw(2ry).
By orthogonality of spherical harmonics with different homogeneities (or by a direct computation) we then
obtain

P2,k = p2llT2om,) + P2 = D2(ys + 7208, = P24 = P2(yk + ) 72(0m,) < Cw(2rk)*.
In particular ||p2 — p2(yx + - )|lz2(9m,) — 0, and therefore dist(yy, {p2 = 0}) — 0. O

We prove next two key lemmas that will allow us to perform some dimension reduction arguments
needed to control the spatial projection (i.e., m1 : (z,t) — z) of some “bad” subsets of 3 C B; x [—1,1].
Note that the spatial version of these first two lemmas (i.e., when considering u(-,t,) with ¢, fixed) was
proven in [FS19]. Here we need stronger results valid for a one-parameter monotone family of solutions to
the obstacle problem. To our best knowledge, this is the first dimension reduction argument applicable to a
one-parameter family of solutions to an elliptic equation, and it will involve several new and non-standard
techniques.

We recall that, given w : R™ — R, the rescaled functions w, and w, have been defined in ([2.1)).

The first lemma concerns the intermediate strata of the singular set 3, with 0 < m <n — 2.

Lemma 6.4. Let u € C°(By x [—1,1]) solve (6.1), let (0,0) € B, with 0 < m < n —2, and assume that
u(-,0) Z po. Let (xg,tg) € Xy satisfy |xg| < rp with v, L 0, and suppose that
Wy, — q in VVl(l)’Q(]R”) for w:=u—py and y:= i—: — Yoo- (6.6)

C

Then yoo € {p2 = 0} and q(yoo) = 0.

Proof. Let us define
o ‘ B Y — oD (2) 3)
w = u(zg + 1, k) —p2(re ) = wy +wy +wy”,
where

w,(:) = u(xk + 7 ,tk) — u(:ck +7rg -, 0),

wl(f) =u(ry +rp-,0) —paag + 1),

w,f’) i=po(xp + 7% ) —p2(re).

We divide the proof into three steps.

e Step 1. We prove that
- Wi

. 1,2 mn
Wy = ————— = @Q  in W _7(R")
lwell20m:) loc
for some harmonic function @ with polynomial growth.
Indeed, since u € C°(B; x [~1,1]), by the monotonicity of ¢ there exist r, > 0 and k, € N such that,

for M := ¢(O+,u( -,0) —pg) + 1, we have

o (rou(zg+ -, tg) —p2) <M Vre (0,r), Vk > ko, (6.7)
or equivalently
o(rywg) < M Vre (0,ro/ry), Yk > k. (6.8)
Then, applying Lemma to wy, we obtain the following polynomial growth control for wg:
H(R,wg) < CR*MHUH(1,10) = CR*M*Y VYR e [1,70/rk), Yk > ko. (6.9)
Note that is equivalent to ¢(ry, wx) < M, which combined with implies that
[Wk[lwrz(py) < C(R). (6.10)

This gives compactness of the sequence wy, and hence (up to a subsequence)

@ — Q in WE(R?)

loc

for some @ : R® — R. Let us prove next that () is harmonic.
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Indeed, on the one hand we have

Awy, = _T%X{U(xk"‘rk‘vtk)zo} =0 inB,. (6.11)

27‘k
On the other hand, Lemmas [3.1] and [6.3] imply that, for R > 1,
x € Bpn{u(xp +rgz, ty) =0} = pag, 1. (x) < R*w(Rry) = pa(z) < CR?w(Rry,);

thus, since ps grows quadratically away from its zero set,
Br N {ulzy + 14, t5) = 0} C {y : dist(y, {ps = 0}) < CRW} . (6.12)
Note that, for any fixed R > 1, we have CR\/W 10 as k — oo. We have thus shown
sup {dist(:r, {p2=0}) : z € Bpn{u(zr+ri-,tx) = O}} 10 as k — oo.

Therefore, the weak limit of the sequence of nonpositive measures Awy, will be supported on {p2 = 0}.
But then, recalling (6.10]), we have shown that Q is a locally W2 function whose Laplacian is supported
in linear space of dimension m = dim({p2 = 0}) < n — 2 and thus of zero harmonic capacity. It followsﬂ
that () must be harmonic.
Moreover, since zj is a singular point, Lemma yields
H(p,wy) < p"H(1,wy,) forall p € (0,1),

and thus in the limit we find

H(p,Q)"/? < p* forall pe(0,1). (6.13)

e Step 2. We now want to prove that

2
wy? 4yt )

in W22 (R™) (6.14)
”wl(gz)HL2(BBl) lg(yoo + )lr2@m1) o
(with ¢ defined in (6.6)), and
w® s
—g " Vpre in W (RY) (6.15)
||wk ||L2(aBl)
for some (nonzero) e € {ps = 0}+.
Note that, since Yoo € {p2 = 0} (by Lemma ,
o  w) e lz2(00)
T T s | Py ) P P | e
lwy Nl2myy  WWre Yk L2(9By) re (Y L2(9B)

Thus, noticing that ||, ||z2a8,) = llallz2a8,) and [[@r, (yk + - )ll20B,) = [14(Yoo + )l 22(aB,), since ¢ is
a nonzero quadratic harmonic polynomial (see Proposition both limits are nonzero and universally
bounded. Thus @D follows.

To prove @ , we set e := [[p2(yx + - ) —p2ll12(98,) — 0. Then, if y;; denotes the projection of y;, onto
{p2 = 0}, we have pa(y; + -) = p2 and y; — Yr — Y5, — Yoo = 0. Thus, up to taking a further subsequence,
we obtain

wl(cg) — lim p2(yr + -) — p2

3)

_ hmpz(yk — Y+ ) —p2
F Hwk HL2(8Bl)

k €k k €k ko |ye — Yy

for some nonzero e € {ps = 0}*. Note that the limit in k exists (up to subsequence) and is nonzero, since
(3)

—k i3 a sequence of linear functions with unit L? norm.

lwillL2omy)

e Step 3. We finally prove that ¢(y-) = 0.

5The proof of this implication is standard. We want to prove that [VQ-VE =0 for all £ € C(R™). But since {ps = 0}
has zero harmonic capacity, any given & can be approximated in W2 norm by functions &, which vanish on {ps = 0}, and
thus for which [VQ - V&, = — [ AQ&, = 0. The desired conclusion follows by taking the limit as k — oo.
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Let us consider

A i N Wk
€ = Z Hw,(g)HLz(aBl) and Wy 1= —
) €k
1=1,2,3
By Step 1 we have
Wy = Q =aQ for some a € [0, 1]. (6.16)

Moreover, by Step 2,
Q¥ = hlgn w,(f)/ék = bq(Yoo + -), Q¥ = li£1w£3)/ék =cVpy - e,

for some constant b,c > 0. (Above, the convergences are weak in I/Vlf)f (R™).)
Then, it is well defined

QW = h;?l w,(gl)/ék = h,;m wi /€ — lillcfn w,(f)/ék — li/?l w,g3)/ék,

(1)

and we observe that Q) is either nonpositive or nonnegative (since wy, = u(xy+ 1y, t) —u(xg + 15+, 0)
is so, depending on the sign of tx). Moreover, since @, Q@ and Q® are harmonic, so is Q) and thus it
must be constant by Liouville Theorem. Hence, we have

Q=C+bq(yso+ -)+cVps-e.
Note now that, by definition of &, we have >, , 3 1QW)| 12(0B;) = 1. Moreover, since the homogeneity

of ¢ at the origin is at least two, the three functions Q(i) are linearly independent and hence their sum
() cannot be zero (equivalently, in (6.16]) it must be a > 0). Note also that it must be b > 0 since (6.13])
implies thz}t Q is at least quadratic and hence it can not be equal to the constant Q) plus the linear
function, Q). Finally, (6.13) implies VQ(0) = 0.

But then, since y € {p2 = 0}, and ¢ is a homogeneous polynomial of degree ¢(q,1),

0 = Yoo - VQ(0) = yoo - VQW(0) + byos - Va(yec) + oo - V(Vp2 - €)(0) = 0+ (g, 1) a(yoo) +0,

which proves that ¢(y.o) = 0. O

The next lemma concerns the maximal stratum 3, ;. This case is more involved, since blow-ups are

not necessarily harmonic functions as in the previous lemma. In particular, in this situation we will need
to assume that the frequency is continuous along the sequence that we consider.

Lemma 6.5. Let u € C°(By x [—1,1]) solve (6.1]), let (0,0) € X,_1, and assume that u(-,0) # py. Let
(zk, tx) € Xp_1 satisfy |xx| < r with ry, | 0, assume that holds, and that )\%"d — A2 where

)\ind = ¢(O+,u(mk + -, tk) _p27xk7tk) and N4 .= o0, u — po).
Then yoo € {p2 = 0} and ¢°"*" is translation invariant in the direction yoo. (Here ¢°U°™ denotes the even
symmetrisation of q with respect to the hyperplane {p; = 0}.)
Proof. Let us define

1 2 3
Wy = U(xk +7"k‘7tk) _p27$k7tk(rk') = wl(c ) +w1(€ : +w’(€ )’

where
wl(gl) = u(zg + 71k tk) — ulzg + -, 0),
wl(f) = u(zp + 75 -,0) — pa(zp + 75 -),
W = pa(an + 74 ) — Doty ().

We divide the proof into three steps.

e Step 1. Exactly as in Lemma
wy,

. 1,2
Wy = ———— — @ in W ’7(R")
lwll 208, foc
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for some @ € WI}DE(R") with polynomial growth. We claim that Q is a A2"*-homogeneous solution of the

Signorini problem (3.12]).
Indeed, by the upper-semicontinuity property in Lemma (b) and the assumption /\i”d — A2 given
6 > 0 there exist rs5 > 0 and ks such that

¢ (rou(ze + - th) — Do) € W =522 £ §) Ve (0,r5), Yk > ks, (6.17)
or equivalently
p(rywg) € N — X1 8) Ve (0,r5/r), Yk > ks (6.18)
Then, applying Lemma to wy we obtain the following polynomial growth control for wy:
H(R, @) < CsRP430 VR e [1,rs/r), Vk > ko, (6.19)
and the decay estimate
H(o,w) < CP*N"0 Woe (0,1], Vi > k. (6.20)

In addition, the Lipschitz estimate in Lemma |3.8| gives
|0k lip(BR) < C(R)-

Hence @y, — Q in C2 (R™) (up to a further subsequence).

Note that, using and in our context, one deduces that AQ is a nonpositive measure
supported on {p = 0}. Moreover, since wi(yx+ - ) = w(Tr+7% - ) —P2,a,t, (Tk - ), it follows that @ (yr+ - ) >
0 on {p2 4.+, = 0} and thus, by uniform convergence, @) > 0 on {p2 = 0}.

On the other hand and the fact that wi(yx + ) < 0 on {u(zy + rt-,tx) = 0} imply that
Wp AWy, > 0, and since A — AQ weakly as measures and W, — Q in C°, we obtain QAQ > 0 in R™.
But since AQ < is nonpositive and supported on {ps = 0} where @ > 0, it must be QAQ < 0. This
implies that @ is a solution of the Signorini problem .

Finally, taking the limit in and we obtain that, for any given § > 0,

H(R,Q) < CsRN"™™3% VR e [1,) (6.21)
and
H(o,Q) < C®™™=9 g e (0,1]. (6.22)
Since § > 0 is arbitrary and @ is a global solution of Signorini, it follows by Lemma that
N < §(07,Q) < ¢(+00,Q) < N

Hence ¢(r,Q) = A?"? for all r > 0, from which (using Lemma again) it follows that @ is a A27d-
homogeneous.

e Step 2. We now want to prove that

(2) ,
ad L AWt ) in Wh2(R") (6.23)
lw® | la(yso + )20 foe
k LZ(BBl) ( 1)
and
(3)
lim — & —(e-x)+ (e x)(e-z)Z0 in Wllof(R”) (6.24)

kw2 0m,)

for some e € {pz = 0} and €’ € {py = 0}.

Indeed, the proof of is identical to the one of in the proof of Lemma

To show (6.24), denote e := |[pa(yk + -) — P2yl = 0. Recall that (by Lemma we have
Yoo € {p2 = 0} and hence, if y; denotes the projection of y; onto {p» = 0}, then p2(y; + -) = p2 and



42 ALESSIO FIGALLI, XAVIER ROS-OTON, AND JOAQUIM SERRA

Yp — Yk — Yk — Yoo = 0. Thus, up to taking a further subsequence, if {p» = 0} = {&é -2 = 0} and
{p27$k7tk = O} = {ék - r = 0} with e, e, € Snfl, then

(3) %
w . — p— . — J—
(3) k — hm D2 (yk + ) p2,xk.,tk _ hm p2(yk‘ yk + ) P2 + hm D2 p?,xk,tk
Pl | 208,) K €k k €k k €k
_ % &.1)2 _ (p. . 1)
— 1 Vps - lim 22—k | o, lim € 2) - <f3k 7)
ko lye — Yl k 2| — éx|

=(e-z) + (¢ - z)(e- x),

where e € {py = 0} and €’ € {ps = 0}. Note that the previous limit in k¥ must exist (up to subsequence)

and will be nonzero, since w,(:’) / Hw](:’) | z2(am,) is a sequence of quadratic polynomials with unit L? norm.

e Step 3. We finally prove that ¢ is translation invariant in the direction y.,. Consider

N i - Wk
€ 1= Z Hw,(f)HLz(aBl) and Wy = 2
i=1,2,3 k

By Step 1 we have
W — Q =aQ for some a € [0, 1].
Moreover, by Step 2
Q® .= lilgn w,(f)/ék =bq(Yo + *)

and, after choosing some appropriate coordinate frame (so that, in particular, {ps = 0} = {z,, = 0}),

Q(3) = lilgn w,(;’)/ék = C1Tp + COTRTH_1

for some b,c > 0. (Above, the convergences are weak in VV&)C2 (R™).)
Then, it is well defined

oW = lién w,(:)/ék = lilgn w /€ — lilgn w,(f)/ék - lilgn w,(f)/ék,

1
,(C ) are so). Hence, we

and we observe that Q) is either nonpositive or nonnegative (since the functions w
have
Q= Q(l) + bQ(yoo + ) + c1xy + C2TpTp—1.

Note now that, by definition of &, we have 3, _; 54 QW] 12(6B,) = 1. Moreover, since the homogeneity
of ¢ at the origin is at least 2+ «, (see Proposition , the three functions Q(i) are linearly independentﬁ
and thus their sum @ cannot be zero.

Let us show next that b > 0 and that ) = bg. Indeed, since both ¢ and Q are A2"*-homogeneous with
A4 > 9 4 g, if QY >0 (resp. <) then

QW(R-) +bg(yss + R-) + QV(R ")
R—oo RM"  Rooo RN

>bg (resp. <),

where we used that Q) is 2-homogeneous. Hence, Q and bq are two ordered solutions of Signorini with
homogeneities greater than 1 at the origin and thus they must be equal by Lemma [A4]
Therefore, we have shown that

Q= QW +bq(yoo + ) + Tn(Crzn_1 + c2) = bg. (6.25)

In particular, since Q has unit L2(0B;) norm this implies that b > 0.
Now, taking the even parts, if Q) >0 (resp. if QW < 0) we obtain

b’ " (Yoo + - ) < bg®Ue™ (resp. >). (6.26)

6Note again that O™ has a sign, 0@ is (the translation of) a A*"@-homogeneous solution of Signorini with A" > 2, and
Q(3) is a odd quadratic harmonic polynomial, and thus they are linearly independent.
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Hence it follows by homogeneity that, for all s > 0,
bs

,/\Qnd 7)\2nd

0N (syoe +7) < bs TG N@)  (resp. ).

Therefore, since b > 0,
q(sYso + ) < q(z) (resp. >),
and thus
Yoo - V@ <0 (resp. >).
In summary we obtain that ¢ := yo - Vq®’*" has constant sign. But then 1 restricted to the sphere S*~!
must be a multiple of the first even eigenfunction (since all other eigenfunctions change sign) of

~Agn1p =kyp  inSPI\ Z
P =0 on S" 1Nz,

where Z := {z, =0} N {g =0} and k := (n — 2+ A?"¥)\2"d_ Note Z C {x,, = 0}, and the two extremal
cases Z = @ and Z = {x, = 0} correspond respectively to the eigenfunctions 1 and |z,| (restricted
to the sphere), which have homogeneity 0 and 1 respectively. As a consequence of the monotonicity
property of the eigenvalues with respect to the domain, for every Z we will have (n — 2 4+ 0)0 < k =
(n — 24+ A2nd)\2nd < (p — 2 4+ 1)1. This leads to A2"? < 2; a contradiction. Therefore, the only possibility
is that ¢ = yoo - Vq®¥°"* = 0. In other words ¢®¥°" is translation invariant in the direction yo. O

The next result will imply that the projection 7 (Efil \ 34} (recall that 71(z,t) = x) is contained
in a countable union of (n — 2)-dimensional Lipschitz manifolds, i.e., it is (n — 2)-rectifiable. This will be
crucial in our proof of Theorem

Lemma 6.6. Let u € CO(E X [—1,1]) solve (6.1]), and let (0,0) € E%ﬁl »3rd . Then there exists a
(n — 2)-dimensional linear subspace L such that the following holds: for any e > 0 there exists - > 0 such
that

m (Effl) N B, C L+ B, for all r € (0, o:),
where L+ Bey :={z=(r+y) : ® € L,y € B} denotes the sum of sets.

Proof. Let w := u(-,0) — p2, and recall that w,(z) = w(rr) and @, = w;/||wr| 2(sp,)- Recall also that,
by Proposition the following limit exists
g :=limr 3

10 w('r‘),

and (after choosing suitable coordinate system) the even part of ¢ is of the form

n—1
qeven(x) — b‘ﬂ?n’?) _ 3|$n‘ <Z boﬂ/%) , (627)
a=1
where b > 0, b, > 0, and b = ZZ;} b.; see Lemma Relabelling if necessary the indices, we may
assume that by < by < --- < b,_1. In particular we must have b,_1 > 0.
Define L to be the (n — 2)-dimensional subspace {z, = x,—1 = 0} in this system of coordinates. We
claim that, for any sequence (zy,t;) € E?ﬁl such that z; — 0, we have

dist<xk,L> 0.
||
Note that the lemma follows immediately from this claim. To prove the claim we observe that

A= g0, u(wg + «,tk) — Poape) =3 and A= (0T, u—po) = 3.

Thus, since the frequency is upper-semicontinuous, )\i”d — A27d = 3. This allows us to apply Lemma
with rg := |zk| and deduce that, if y is an accumulation point of {$k/|33k|}, then the even part of

q= W is translation invariant in the direction ... Thus ¢¢¥*" has the same invariance. But then,
L2(8B;)

recalling (6.27)) and b,_; > 0, we find that y € {2, = 2,1 =0} = L. O
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We next need the following Lipschitz estimate.

Lemma 6.7. Let u : By — [0,00) solve (3.1)), and let 0 € X377\ fol. Set w := u — po — P, where P is
a 3-homogeneous harmonic polynomial vanishing on {pa = 0}, and let w, and W, be as in (2.1). Assume
that, for some ro >0, v € (3,4), 6o > 0, and ho > 0, we have

d'(ryu—pe—P)<~y—05, YVre(0,r) and H(ro,u —pa2 — P) > ho. (6.28)

Then there exist positive constants 0o, 1o, and C, depending only on n, v, o, 7o, ho, and ||P|[2(p,), such

that for any given R > 1 and for all r € (0, 1%‘}%) we have
@ |lLip(Bg) < CR® and @, A®, > —Cr"™R*'Ad, in Bg. (6.29)

Proof. With no loss of generality we can assume that {ps =0} = {z,, = 0}.

Since P is some 3-homogeneous harmonic polynomial vanishing on {ps = 0}, for any unit vector e
tangential to {p = 0} we have |9ee P| < Clzp| < Cr? in B, N {u = 0} (cf. (4.16)). Thus, arguing as in
the proof of Lemma (see Step 3), we get

inf r?0ecw > —C(P)(|lw(r- )| z2(ps) + ). (6.30)

Also, since 0 € ¥37%, \ Effl, we can apply Lemmas and H to deduce that ¢(0",u — &) exists and is
less that 4 (cf. proof of Proposition [4.12)(a)).
We now note that, as a consequence of , Lemmas and yield that, for any § > 0, » > 0, and
0 € (r,ro],
H(o,w) + p*
H(r,w) +r2Y

In particular, for d =4 — v and ¢ = . we obtain

< Cj (ofr)?0=9F0,

H(ro,w) 4+ 12"
Cs

provided that r € (0,71), where ¢; > 0 and r; € (0,7,) is sufficiently small. Also, for r € (0,71) and
o= Rr <r, we get

H(1,w,) = H(r,w) = (r)ro) 20 =00 _ 27 > ¢ p2=0 (6.31)

H(Rr,w) < C5R2’Y_5(H(7“,’w) + %) < CR®H(r,w),
where C' = Cs(1 + 1/¢1) depends only on n, v, 4, and h, Thus, scaling (6.30), for r € (O, J)—IR) we obtain

(2R) "2 inf Deewr 2 ~C(P)(|w(3Rr )| 12(y) + (2Rr)") = ~CRY(H(r,w)'/? + 1) > ~CH(L,w,)'7?,
2R

where C depends only on n, R, 7, § and ho.
Hence, given R > 1, for all r € (O7 IB—C’R) we have Oge, > —CR? in Byp. Therefore, as in the proof of
Lemma we obtain |Vw,| < CR? in Bg, where C depends only on n, 7, §, and h,. This proves the

first part of (/6.29).

For the second part, notice that [u—ps — P| = |3 (z,)? + P| < Clz|* inside {u = 0} —here we used that
|z,| < Clx|? in {u = 0} and that P is a cubic polynomial divisible by z,,. Combining this bound with
(6.31) and the fact that Aw, = 0 inside {u, > 0}, we find (choosing for instance 1, := 4 — )

Clral* _C(TR)4
H(1,w,)/?2 crd=Te

which proves (6.29)). O

The following result will be needed in order to bound the Hausdorff dimension of the projection m; (Efil\

W AW, > — Aw, > AW, = —Cr™R*Aw,  inB,,

25&1). Although the argument is very similar to the one used in the proof of Lemma we repeat the
proof in detail since there are differences that require a detailed analysis. Recall that p3 = p3,0 is defined

n .
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Lemma 6.8. Let u € CO(E X [—1,1]) solve (6.1)), let (0,0) and (w,tx) belong to X3, \ 25&1, and
suppose that |xg| < ri } 0. Assume in addition that

loc

Wy, — q in WigH (R") forw:=u—py—p3 and yi:= LN Yoo, (6.32)
Tk

and that )\z”l — A% where
)\%Td = ¢(0+7 U(.Tk + - 3 tk) — P2zt — p3,xk,tk) and )\37’d = ¢(0+7 U —p2 — p3)
Then yso € {p2 = 0}, and q is translation invariant in the direction yoo.

Proof. The fact that y € {p2 = 0} follows from Lemma
Since (0,0) € =3\ »=%  as in the proof of Lemma the limit lim, o ¢(r, u(-,0) — p2 — p3) exists

n—1°

and belongs to (3,4), that is
A= $(0T, u(-,0) — p2 — p3) € (3,4).
Similarly, the limits defining /\%’"d exist, and by assumption, we have

A= d(0T, u(@g + o tk) — Doty — Poapte) — AT (6.33)
We define
p:=p2+p3 and Pk = D2t T D3k ts
and consider
(1)

(2) 3)

wi = u(wg + e k) —pe(re - ) =wy ) wy” +wy,
w,(cl) =u(xp + 715, tk) — u(xg + 15, 0), (6.34)
W = u(g + i, 0) = Pk + i), |
w® = plag + i) — pr(re-).
Recall that yi := x /7 and define
| S— (6.35)
HwkHLQ(BBl)
e Step 1. Throughout the proof we fix v € (3¢, 4). Thanks to Lemma for any given § > 0 we have
‘dﬂ(r,u(wk + - tk) — P2a b —pg}xk?tk) — )\3”1‘ <é Vre (0,rs), Vk > ks. (6.36)
Hence, we may fix positive constants d, and r, such that, for k > k. large enough, we have
¢ (r,u(we + - tk) — pr) < v — 306 Vre (0,r,), (6.37)
and Lemma —applied to the function u(xy + -, %) and with r = rp— yields
[@kllip(Br) < C(R)  in Bg (6.38)

and wpAwy, > —C(R)r° Ay, where 1, > 0 and C(R) are independent of k. Then, similarly to the proof
of Lemma the (locally uniformly bounded) nonpositive measures Awy, converge weakly to AQ < 0,
and since 7,°Aw, — 0 and w; — @ locally uniformly, we have w;Aw, — QAQ > 0. Furthermore,
since wy, = u(xg +ri-,tx) > 0 on {pag, +, = 0} and pa 4, 1, — p2, we obtain that @ > 0 on {ps = 0}.
Therefore, we proved that () is a solution of the Signorini problem . Finally, arguing as in the proof
of Lemma, it follows by that the function @ is A*"?-homogeneous.

Note that, by the same reasoning, also ¢ is a A>"?-homogeneous of the Signorini problem .

o Step 2. Recall that yo € {p2 = 0}. In addition by Proposition [4.12{(a) we have
(2)

Wi q(Yoo + -)

|0 20y 18Wes + 28
(3)

and, by construction, w; "~ is a cubic hamonic polynomial.

—\

in W-2(R™),

loc
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We claim that, for each k, there exists a point 7 in the segment 0y, such that
i ()| < Crif. (6.39)
Indeed, note that ps + p3 > —% and thus we have p(ry-) > —CT% and py(ry-) > —Cr} in B;. Hence,
since p(0) = pi(0) = 0,
W (0) = p(0) = pr(—rage) = —Crt and w (yi) = plra) — pi(0) < O,
so (6.39)) follows.

e Step 3. Let us consider

N i N Wk
€ = Z ||w,(;)||L2(aBl) and Wy = Z,

i=1,2,3
Recalling that ¢7 (0%, u(-,0) —p) = A9 < < 4, it follows by Lemma that, for any given 6 > 0,

3rd+5

Ek = Hw;(f)Hm(aBl) = [ = p2 = p3) (e + ) 120,y > o as k — o0.

Thus, by Step 1, we have
W — Q =a@  for some a € [0,1].
Moreover, by Step 2,

0O® = liin w,(f)/ék =bq(Yoo + *) and QB .= lilgn w,i3)/ék = [degree 3 hamonic polynomial]
for some b > 0. (Above, the convergences are weak in VVlif (R™).) Thus, it is well defined
Q(l) = lilgn w](gl)/ék = hlf;n wg [éx — li}lﬂm w,(f)/ék — lilgn w,(f)/ék,

(1)

and we observe that Q(!) is either nonpositive or nonnegative (since so is w, ). Hence, we have

Q=0QW +balyse + ) + QY.
Moreover, it follows by (6.39) that the polynomial Q®) vanishes at some point 7 in the segment 0 yoo.
Hence, since Q) is harmonic, we see that it cannot have constant sign (unless it is identically zero).
Note now that, by definition of &, we have 3°, [|Q®]| .2 0B;) = 1. Hence, since ¢ is a A3rd_homogeneous

solution of Signorini with A3 > 3, Q(l) has constant sign, and Q(3) is a cubic harmonic polynomial that
does not have constant sign, we deduce that the three functions Q(i) are linearly independent and their
sum Q cannot be zero.

We show next that b > 0 and that Q = bq. Indeed, since both ¢ and Q are \3"%-homogeneous, if Q(l) >0
(resp. <) then
QR ) _ . QU(R)+bg(yes + R-) + QP(R)

)= lim L =
Q R)\Brd R—060 R)\Srd

R—o0

>bg (resp. <).

But then @ and bq are two solution ordered solutions of Signorini with homogeneities > 1 at the origin,
and thus they must be equal by Lemma
Therefore, we have shown

b(q— q(yos + ) = QW + Q.
Now, using homogeneity, we obtain that for all s > 0
QW (s a) + bs_)‘grdq(syoo +2)+ QB (s7lz) = bs_)‘Srdq(:c).
If QU > 0 (resp. if QM) < 0), we obtain

p4(8Yo0 +Sx) —alx) _ SO (571z)  (resp. >). (6.40)

Note that, since ¢ is a solution of (3.12)) (and so it is Lipschitz continuous, see for instance [ACS08§]), the
absolute value of the left hand side of ([6.40) is bounded as s | 0. Hence, since A*? € (3,4), the cubic
coefficients of Q) (recall that Q® is a cubic harmonic polynomial) must vanish as otherwise the right
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hand side would be unbounded. Thus, the cubic coefficients of Q(3) vanish and therefore right hand side
converges to zero.
Thus, since b > 0, we have shown that

Yoo - Vg <0 (resp. >0).

Hence, reasoning as in Step 3 of the proof of Lemma [6.5] we obtain that 1 := ¥y, - Vq restricted to
S™~! must be a multiple of the first eigenfunction of a certain elliptic problem, and this easily leads to a
contradiction because the homogeneity of ¢ is greater than 2. ([l

Our next goal is to prove a variant of Lemma for points in Eifl \ 253;4. For that, we need the
following Lipschitz estimate.

Lemma 6.9. Let u: By — [0,00) solve (3.1)), and let 0 € ¥4, \ EEEIC. Set w :=u— & — P, where
P is some 4-homogeneous harmonic polynomial vanishing on {p2s = 0}. Assume that, for some ro > 0,
€ (4,5), 0 >0, and ho > 0,

(riu— P —P)<~vy—308 Vre(0,r) and H(ro,u— % — P) > ho. (6.41)

Then there exist positive constants go, 1o, and C, depending only on n, v, 6o, 7o, and ho, such that for
any given R > 1 and for all r € (O £ ) we have

» 10R
[@r | Lip(Br) < CR'  and @, A, > —Cr'™ R°Ads, in Bg. (6.42)
Proof. The proof is analogous to the one of Lemma using Lemma instead of (6.30)) and Lemma
instead of Lemma O

Recalling that ps = p4 g0 is defined in (6.4), we now prove the following:

Lemma 6.10. Let u € C°(By x [—1,1]) solve (6.1)), let (0,0) and (zx,tx) belong to ;%\ E?—:IC for
some ¢ € (0,1), and suppose that || < 1 | 0. Assume in addition that
Wy, — ¢ in Wif(R”) forw:=u— 2P —py and y:= f—: — Yoo,

and that )\ith — A where
= o (07 ulae + - tk) = Paya, — Paany)  and A= ¢(07 u— 2 — py).
Then Yoo € {p2 = 0}, and q is translation invariant in the direction yoo.
Proof. The proof is very similar to that of Lemma with some appropriate modifications. As before,
the fact that yo, € {p2 = 0} follows from Lemma
Also, since (0,0) € =>4\ »257¢ as in the proof of Lemma [6.7] the limit lim, o ¢(r,u(-,0) = & — pa)

n—1 >

exists and belongs to (4,5 — (), that is
M= 50T u(-,0) — P —py) € (4,5 - Q).
Similarly, the limits defining )\ith exist, and by assumption we have
)\ith = ¢(0+, w(zg + - tg) — Pty — p4,$k7tk) — N\
We define
pi=L+ps and  pp = Pt + Paatis
and consider wy = u(xg + i, tg) — pr(rp-) = w,(cl) + w,(f) + w,(f) as in (6.34). Recall that yp := zy/r
and define wy as in ((6.35]).

e Step 1. Here we argue as in Step 1 in the proof of Lemma More precisely, using Lemma [4.3] in
place of Lemma by the very same argument we deduce that @ converges locally uniformly to @), and
that both ¢ and @Q are A**"-homogeneous solutions of ([3.12).

e Step 2. By Proposition M(a), we have

wl(f) N q(Yoo + )

in W1’2(R”)
”wl(c2)HL2(8B1) 19(yoo + )l 12(081)

loc
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and, by construction, w,(:’) is a quartic harmonic polynomial. In addition, arguing as in Step 2 of the proof
of Lemma, we obtain that, for each k, there exists a point g in the segment 0y such that
3),
[l (@) < Crf. (6.43)

e Step 3. Considering

€ 1= Z Hw,(:)HLz(aBl) and Wy = —
i=1,2,3

as in Step 3 of the proof of Lemma [6.8 we have

W — Q =aQ, Q¥ .= lillin w,(f)/ék = bq(Yoo + ), Q¥ = lilgnwl(:’)/ék = [degree 4 harmonic pol.],

where a € [0,1], b > 0, and all the convergences hold weakly in VV&)’C2 (R™). Hence

Q=0QY +bglys + ) +QY,

where Q) := limy, wg) /) has constant sign. Since g is a A*"-homogeneous solution of Signorini with
Nt > 4 Q(l) has constant sign, and Q(3) is a forth order harmonic polynomial that does not have constant
sign (as a consequence of ), we deduce that the three functions Q(i) are linearly independent and
their sum Q cannot be zero.

Also, exactly as in Step 3 of the proof of Lemma b >0 and Q = bq, therefore

b(g = alyse + -)) = QW + Q).

Now, using homogeneity, if Q) > 0 (resp. if QW < 0) we obtain

q(8Yoo + ) — q(z,1) < s/\4th—1Q(3)(8—1

. z) (resp. >),

for all s > 0. As in Step 3 of the proof of Lemma this is possible only if the quartic coefficients of
Q®) vanishes, and letting s — 0 we get

Yoo : Vg <0 (resp. >0).

Reasoning now as in Step 3 of the proof of Lemma (see also Step 3 of the proof of Lemma , we
obtain that 1) := 1, - Vq restricted to S”~! must be a multiple of the first eigenfunction of a certain elliptic
problem, and this easily leads to a contradiction. [l

Before proving the last result of this section, we introduce a definition:

Definition 6.11. We denote by P;C" the set of 4-homogeneous harmonic polynomials p = p(z1,. .., xy),
such that, for some e € S"~1, we have:

e p is even with respect to {e -z = 0}, that is, p(x) = p(zr — 2(e - x)e);

e p>0on{e-z=0}

® |Ipllz20m,) = 1.
Given p € P{%", we denote S(p,e) C R" the set

S(p,e) ={le-z|<e}n{p<e}NBs.
We now show the following result, which will be used later to bound the Hausdorff dimension of m; (E?Lfl\

2.

Lemma 6.12. Let u : By — [0,00) solve (3.1), and let 0 € E%fl \ XAt | Let PLE™ and S(p,€) be as in
Definition |6.11. Then, given € > 0, there exists p. > 0 such that, for all v € (0, 0c),

{u=0}NB, CrS(pre) for some p, € P{E". (6.44)
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Proof. Consider the set of “accumulation points” Q defined as
Q:={q : I L 0st. rtu— P)(rg-) — q}.
Note that, for all > 0, there exists g, > 0 such that for any r € (0, ;) we have

Hu - — QTHLOO(BT) < nrt for some ¢, € Q. (6.45)

Thanks to Proposition (a) and [GP09, Lemma 1.3.4], Q is a closed set of 4-homogeneous harmonic
polynomials. Also, using Lemma with P =0 and v € (4,5) fixed, we see that ||| z29p,) < C for all
g € Q. This implies that set Q is compact.

Now, since by assumption 0 € Z‘%ﬁl \ Efffl, then ¢®v¢" # 0 for all ¢ € Q (recall Definition . Thus,
by compactness of Q, we deduce that

0 < collg [l z2omy) < llallz2om,) < C Vg€ Q.
Now, for » > 0 and ¢, as in (6.45)), we define

even

- &
gzl L2 (am,)
and note that p, € P{%". We claim that holds true provided that r € (0, p¢), with p. > 0 small.
Indeed, assume with no loss of generality that {ps = 0} = {x,, = 0}. Then (since g, solves (3.12)) every
pr is a 4-homogeneous harmonic polynomial, even in the variable x,,, nonnegative on {x,, = 0}, and with
unit L?(0B;) norm.
We recall that

Dr -

,@(QT) > (wn +p3/xn + Q)2 - C|x’5 (6.46)
Now, by definition of S(p,¢), it follows in particular that, fixed 6 > 0,
y € By \ S(pr,¢) = either (p,(y) >e¢e and |y,| <) or (|yn| > 0e).

odd
o

We now observe that, if p,(y) > € and |y,| < e, since ¢2** vanishes on {z,, = 0} we get

0 (6) = Pl oy + a7(0) > oz — Clunl > (e — C) > Jeoe >0
provided we choose 0 := 5% small enough. Thus, recalling and , if » > 0 is sufficiently small
(so that we can take n < &) we get
u(ry) > 2(ry) + q-(ry) —nrt > —Cr® + %cosrA‘ —nrt > 0.
On the other hand, if |y,| > ¢, using again we obtain, for » > 0 sufficiently small,
u(ry) > P (ry) + ¢ (ry) — pr* > (fer — Cr?)%2 — Cr® — Crt — it > 0.
Therefore, we have proven that
y€Ba\S(pre) = u(ry) >0,
which gives (6.44)). O

7. HAUSDORFF MEASURES AND COVERING ARGUMENTS

As already explained in the introduction, to prove our main results we will need some auxiliary results
from geometric measure theory. Before stating them, we recall some classical definitions.
Given > 0 and § € (0, 00], the Hausdorff premeasures 7—[? (E) of a set E are defined as followsﬂ

HY(E) := inf{z diam(E;)? : E C UE diam(E;) < 5}, (7.1)

"In many textbooks, the definition of 7—[? includes a normalization constant chosen so that the Hausdorff measure of
dimension k coincides with the standard k-dimensional volume on smooth sets. However such normalization constant is
irrelevant for our purposes, so we neglect it.
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where the index ¢ goes through a finite or countable set. Then, one defines the S-dimensional Hausdorff
measure of £ as H?(F) := limy_,+ ’H?(E)
The Hausdorff dimension can be defined in terms of ’Hgo as follows:

dimy (E) := inf{8 > 0 : H (F) =0} (7.2)

(this follows from the fact that H4,(E) = 0 if and only if ##(E) = 0, sce for instance [Sim83, Section 1.2]).
We now state (and prove, for completeness) a couple of standard results.

Lemma 7.1. Let E CR"™, and f : E — R. Define
F:={xeFE: 3oy —z, o€ FE, st flzr)— f(z)}.
Then E \ F' is at most countable.

Proof. Let G := {(, f(z)) : « € E} C R™ x R be the graph of f. We note that 2 € E \ F if a only if
(x, f(z)) is a isolated point of G. In particular E \ F' is the projection of a discrete (and hence countable)
set. [l

From now on, by convention, whenever we say that a set F can be covered by a number M > 0 of balls
that it is not necessarily an integer, we mean that it can be covered by | M| balls, where | M | denotes the
integer part of M.

Lemma 7.2. Let B,(xz) C R"™ be an open ball, and II be a m-dimensional plane. Let 51 > m. Then there
exists € = £€(m, 1) > 0 such that the following holds: Let E C R™ satisfy

E C By(z) n{y : dist(y,II) < er}, for some 0 <e <& zeR", r>0.
Then E be covered with v~5' balls of radius yr centered at points of E, where v := be.

Proof. Up to a scaling and a translation, it suffices to prove the result when r = 1 and B,(z) is the unit
ball By centered at the origin. Consider the m-dimensional set By N 1I, and given € > 0 small consider
the covering of E C By N{y : dist(y,II) < €} given by the closed balls {B.(z)}.cg. By Vitali Covering
Lemma, there exists a disjoint family {B.(x;)};ez such that

| Bse(zi) o | Be(x) D E.

i€L zeE

Note that

Be(z;) C No:e() := {z € By : dist(z,II) < 2¢}.
Since H" (NQE (H)) < C(n)e™™ ™, denoting by w, the volume of the n-dimensional unit ball we have
wn € HL < H"(Be(wi)) < H*(Nae(TT)) = C(n)e" ™,
1€L
which proves that #Z < C(n)e~"™. Set =y := 5e. Then, since 1 > m, choosing ¢ sufficiently small we have

C(n)e™™ = C(n)b"y~™ < ~~P1, proving that E can be covered by v~#! open balls of radius v centered
at points of E, as desired. O

The following Reifenberg-type result will be used later choosing as function f the frequency function, and
it will allow us to perform our dimension reduction arguments only at continuity points of the frequency.

Proposition 7.3. Let E C R", and f : E — R. Assume that, for any ¢ > 0 and x € E there exists
0= o(z,e) > 0 such that, for all v € (0, 0), we have

EN B () N f7H([f(2) = o, f(2) + o])  {y : dist(y,Lo,) < er},

for some m-dimensional plane 11, passing through x (possibly depending on r). Then dimy (E) < m.
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Proof. We need to prove that, given 3 > m, we have H”’(E) = 0.
Let € > 0 be a small constant to be fixed later, and for any k£ > 1 and j € Z define

Eyj; = {a: €E : o(x,e) > 1/k, f(x) € [2]7:7%)}
Since E = Uy ;Ey j, it suffices to prove that ”Hﬂ(EkJ) = 0 for each k,j. So, we fix k > 1 and j € Z.

Similarly, it suffices to prove that for all R > 1 we have ’Hﬁ(E,f ) =0, where Ek = BrN E} ;.
By assumption, for every x € Ef. and r € (0,1/k], there exists a m- dlmenswnal plane II; , such that

E; N By(x) C {y : dist(y, l,,) <er}.

So, we consider the covering { B /,()},¢ BE,» and since E,ffj C Bpr we extract a finite subcovering of

closed balls B%O), e ,B](S[). (Indeed, by Vitali’s lemma there is a covering { B/ (7¢)} such that the balls

{B1/(sx)(z¢)} are disjoint, and hence there is a finite number of them.) Inside each ball BZ-(O) we have, by
assumption,

Ek] N B ) ¢ {y « dist(y, I o)) < e/k}.

BO
. m+pB . . oA
Choose 31 := 5= € (m, ). Applying Lemma with ¢ = £(m, 81) we deduce that, for each fixed

1,7, k, R, the set E,f:j N Bi(o) can be covered with v~ closed balls BP, e BS_) of radius «y/k centered

B1

at points of E,fj N BZ-(O)7 where v = be. Using our assumption again, in each of these balls we have
Ek,] N B ) ¢ {y : dist(y, II_ <1)) < ev/k},

where xél) is the centre of Eél). We then apply again Lemma so that, for each £ € {1,... e }, we can
cover the set E,If’j ﬂBél) with 45 closed balls of radius 72 /k. This gives a new covering of E,fjj ﬂBZ.(O) with

47281 closed balls 352), ey BE/%)MI of radius v2/k centered at points of E,fj. Iterating this construction,

we conclude that Elfj N BZ-(O) can be covered by y~VA1 closed balls {BEN)} of radius 7V /k for any N > 1,
which implies that

HE(EE, N B;) < Cun > diam(BYY)P < Gy VO (4N /)P < NI,
l
Since (1 € (m, ), letting N — oo we conclude that
HE(ER,NBY)=0  foralli,j,k,R,
concluding the proof. O

In our study of 4-homogeneous blow-ups, we will need a variant of the previous results involving zero
sets of 4-homogeneous harmonic polynomials instead of hyperplanes (recall Definition |6.11]).

Lemma 7.4. Given B > n — 2, there exists € = é(n, 1) > 0 such that the following holds: Let E C R™
satisfy
E C BinS(p,e), for some 0 <e <&, pePis".

Then E can be covered with v~P' balls of radius ~ centered at points of E, for some v = ~v(n, B1) € (0,1).

Proof. Given t,e > 0 small, consider the covering of E C By N {y : dist(y,S(p,e)) < t} given by
{B;(2)}sep. By Vitali’s lemma, there exists a disjoint family {Bt(x,)}zez such that

U Bsi(zi) o | Bi()

i€ zeE

Note that, since z; € F,
Byi(z;) C Not(S(p,e)) :={x € By : dist(z, S(p,e)) < 2t}.
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We claim that there exists a dimensional constant C'(n) such that, for any given ¢ € (0, 1), there is e, > 0
such that

H"(Nzt(S(p, 5))) < C(n)t2 Ve € (0,e). (7.3)
Indeed, if not, then for arbitrarily large M there would exist some ¢ € (0,1) and sequences ¢, | 0 and
pr € P{<™ such that

Hn(NQt]\4(S(pk,€k))) > Mt?\/[ Vk>1. (7.4)

Now, given p € P{C™ which is even with respect to the hyperplane {e -z = 0} and nonnegative on it, let
us define B

z(p) ={p=0}n{e-x=0}.
Notice that, by definition of S(p,e), for all p € P{<" we have
S(p.e) L 2(p) as =10, (7.5)

In addition, for all € z(p), we have that e - Vp(z) = 0 (since p is even with respect {e -z = 0}).
Furthermore, the tangential gradient vanishes at x € z(p) (since p > 0 on {e -z = 0} and p(z) = 0).
Hence, this proves that

z(p) C {p=|Vp|=0}. (7.6)
Let py be even with respect to e, € S"!, and assume without loss of generality that pi, — peo € Pist
and that ey — e.. Then it follows by (7.5 that, for all § > 0, there exists ks such that

Nog,, (S(pr,er)) C {z € By : dist(x, 2(pso)) < 2tar + 9}, VEk > ks.
Recalling , this implies that
H"({z € By : dist(z, 2(ps)) < 2tar}) > Mty
On the other hand, [NV17, Theorem 1.1] implies the existence of a dimensional constant C(n) such that
H"({z € By : dist(z, {u=|Vu| =0}) <2t}) < C(n)t* Vte(0,1)

for every nonzero harmonic function u in Bs. Recalling (7.6), we obtain a contradiction by choosing
M > C(n).
Now, denoting by w, the volume of the n-dimensional unit ball, given ¢ € (0, 1), thanks to (7.3)) we have
wn t" #I < ZHn(Bt(ﬂfi)) <H"(N2t(S(p,e)) = C(n)t* Ve € (0,e),
1€
which proves that #Z < C(n)t?>~". Set v := 5t. Since 81 > n — 2, choosing ¢ sufficiently small we have

C(n)t>™ = C(n)5" 242" < =1 proving that E can be covered by 7% open balls of radius v centered
at points of E whenever ¢ < € := &;. O

Proposition 7.5. Let E C R™ be a measurable set, and 7 : E — R a lower-semicontinuous function.
Assume that, for any e > 0 and x € E, there exists o = o(x,e) > 0 such that, for all r € (0, 0), we have

ENB.(z)n7 ! ([r(z),+0)) C{z+ry : y € S(Poyr,€)}
for some py, € Psrt. Then dimy(E) <n-—2.

Proof. Given 3 > n —2, we need to prove that H?(E) = 0. Let € > 0 be a small constant to be fixed later,
and for any k£ > 1 define
Ey:={z € E : p(x) > 1/k}.
Since F = UE}, it suffices to prove that H?(E}y) = 0 for each k. So, we fix k > 1. Thanks to [Fed69),
Corollary 2.10.23], it suffices to prove that #?(K) = 0 for any compact set K contained inside Ej.
We now claim the following: For each closed ball B, (x) centered at a point x € E and of radius r < 1/k,
there exist z € K N B,(x) and pz o, € P such that

KN B.(z) CZ+rS(pzyr, ).
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To prove this claim it suffices to observe that it is trivially true if K N B, (x) is empty. Otherwise, the lower

semicontinuous function 7 attains its minimum at some point £ € K N B,(x). Then, by the assumption
of the lemma,

KNB,(x)=KNB.(x)N 7'71([7'(%), oo)) C ENBy(Z)N 771([7'(95), oo)) Cz+1rS(pzr e),
which proves the claim.
Now, consider the covering { By () }zer, and extract a finite subcovering of closed balls B§0)7 ey B](\g).

Inside each ball BZ«(O) we can apply the claim to deduce that
Kn Bi(o) C Zi + 1Sz, ri€)-

Applying now Lemma we deduce that, for each fixed ¢, the set K N Bi(o) can be covered with v~#1
closed balls E%l), ...,B Y s, of radius v/k centered at points of E. In each of these balls we now reapply
the claim to deduce thf;t
k0B cal+ 800 )
£ 'k
(1)

Thus we can apply again Lemma [7.4] (rescaled) to cover, for each ¢, the set K N EZ with =71 closed

balls. In this way we obtain a new covering of K N Bi(o) by 7281 closed balls 3%2), e 7352—)2131 of radius

(0)

72 /k centered at points of E. Iterating this construction, we conclude that K N B, can be covered by

v~ NP1 closed balls {BEN)} of radius v /k for any N > 1, which implies that
Ny B
¢

Since 1 € (n — 2, ), letting N — oo we conclude that
M (KNBYY=0 foralli=1,2,..., M.
This proves that ’H'go(K) = 0 and therefore HP(K) = 0 (see [Sim83, Section 1]), concluding the proof. [

We will also use the following basic result about Hausdorff measures. We refer to [Fed69, 2.10.19(2)]
and [FS19, Lemma 3.5] for a proof of such result; see also [Whi97, Lemma 2.4].

Lemma 7.6. Let E C R™ be a set satisfying How(E) > 0 for some 8 € (0,n]. Then:

(a) For HP-almost every point x, € E, there is a sequence rj, | 0 such that

B
L HE(EN B, (2.))
k—o0 rf

> cpp >0, (7.7)

where ¢y g 15 a constant depending only on n and 5. We call these points “density points”.
(b) Assume that 0 is a “density point”, let v, | 0 be a sequence along which (7.7)) holds, and define the
“accumulation set” for E at 0 along ry as

A=Ap = {z € By : 3(20)e>1, (ke)e>1 st 2 € r,;lE N By and zp — 2 }

Then ’H{fo(A) > 0.

The last main result of this section is the following covering-type result that will play a crucial role in
the understanding of the generic size of the singular set, and in particular in the proof of Theorem
Notice that, when k = 1, 3 is an integer, and 71 (E) is B-rectifiable, then the result follows from the coarea
formula; see also Eilenberg’s inequality [BZ80, 13.3].

Proposition 7.7. Let E C R™ x [—1,1], let (z,t) denote a point in R™ x [-1,1], and let m : (z,t) — x
and 7y : (z,t) — t be the standard projections. Assume that for some B € (0,n] and s > 0 we have:

o 1 (m(E)) < +oo;
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e For any (zo,to) € E there exists a modulus of continuity wg, ¢, : RT — RT such that
{(z,t) eR" x [=1,1] : t —to > wyt.(|z — zo|)|z — 2o} NE = 2.
Then:
(a) If B < s, we have HP/*(m(E)) = 0.
(b) If B > s, for H'-a.e. t € R we have HP~*(E N7y ' ({t})) = 0.

Proof. Fix € > 0 be arbitrarily small. We decompose E = J;5, E; as
Ep = {(Toto) € B 1 wy,y,(1) <e},

E; = {(z0,to) € E 1 wg, 4, (27 < e < wmo,to(2_i+2)}, for i > 2.
Fix ¢ > 1 and note that, if (z1,¢1) and (z2,t2) belong to E;, then
{(w,t) S B2_"+1(m]~) x (—1,1) : t—t; >E|$—xj‘s}ﬂE:®, j=1,2. (7.8)
Hence, by triangle inequality,
r1,x2 € B, |.Z‘1 — 1‘2‘ < 27 = ’tl — t2| < 6‘1’1 — :E2|S. (79)
In particular, since the sets { F;} give a partition of E, it follows from ([7.9)) that the projection m; : E — R"
is injective, and thus the sets 7 (E;) are disjoint.
Now, by definition of 77 (71(E;)), there is countable collection of balls {B} such that 71 (E;) C UBy,
with ' ‘
diam(B) <27 and Y _diam(B,)? < H(m (E;)) +27". (7.10)
l
Then, thanks to (7.9)), we see that F; can be covered by the family of cylinders
Fi = {Cg := By X (ty — ediam(By)®, ty + €diam(Bg)5)}
for some suitable t; € (—1,1).

Let us show (a). Since {m2(Cy)} is a covering of m2(E;) made of intervals of length 2ediam(By)®, we
have
HEL (ma(E3)) < (26)72) " diam(By)” < (2)%° (1P (my(E3)) +277).
L
Summing over ¢ > 1 we obtain

HL* (ma(B)) < (26)77 (WO (ma(B)) + 1),
and (a) follows from the arbitrariness of .
To show (b), following the same notation as above, we define the function
Ni(t,j) = #{Cy € F; : diam(By) € (2777,277), t € (t, — ediam(By)®, , + ediam(B,)*)}.
Let Z; ; denote the set of indices ¢ such that Cy € F; and diam(By) € (27771,277). Then we can rewrite
Ni(t,j) as

Ni(taj) = Z X(tg—adiam(Bg)S,tg—&-ediam(Bg)S)(t)'
LET; ;

Hence, integrating over [—1, 1] we get
1
/ Ni(t,j)dt < ) 2ediam(By)® < 2e(277)° #I, 5,
-1 =
¥
therefore, multiplying this estimate by (277)%~* and summing over j, we obtain (recall (7.10))
1
/ S @)IEN( ) dt =2 > (277)P #T,; < 2" Y diam(By)? < 2 Pe(1P (m(Ey)) +277).
1 -
j J

CreF;
(7.11)
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We now consider the functions f;.(t) := Zj(Z*j)ﬁfsNi(t,j) (note that the covering used to define N;(t, j)
depends on €), and f.(t) := >, fi-(t). Then, summing (7.11]) over 4, we have

1
/ fo(t)dt < 2 Pe(HP (m1(E)) + 1),
-1
and it follows by Chebyshev inequality
HY(X®) < 21+6€1/2(7{B(7T1(E)) +1), where X := {t € (=1,1) : f.(t) > &'/?}.

Set X := N3y_, Xar, where Xpr := U 1 X2 **. Then
Z 1B~ R (1B (m(E)) + 1) < 21 FP21=M (3B (my(E)) + 1),

therefore H!(X) = 0.
Also, for any t € [—1,1] \ X, there exists M; such that t € [—1,1]\ X3y C [~1,1] \ X2 *" for any
M > M;. Therefore, considering the covering associated to e = 272M  we get

HE* (m(B) Ny ({1)) ZH/B *(m(By) Nyt ({t)))
< ZZ (27PNt §) = foam(t) <27M VM > M,.

This proves that H5 * (mi(E)Nmy ({t})) =0forallt € [-1,1]\ X, as wanted. O
As an immediate consequence of Proposition we get:

Corollary 7.8. Let E C R" x [—1,1], let (z,t) denote a point in R™ x [—1,1], and let my : (x,t) — = and
my : (x,t) — t be the standard projections. Assume that, for some 3 € (0,n] and s > 0, we have:
° dimy(ﬂ'l( )) < B;
e For all (zo,t,) € E and € > 0, there exists 0 = 0,4, > 0 such that
{(z,t) € Bp(zo) x [-1,1] : t—to > |z — 20| °} NE = 2.
Then:
(a) If B < s, we have dimy (m2(E)) < B/s.
(b) If B > s, for Hl-a.e. t € R we have dimy (E N 71'2_1({75})) <fB-s.

8. DIMENSION REDUCTION RESULTS

This section is concerned with bounding the Hausdorff dimension of the differences of the subsets of
3,1 defined in (6.2)). Note that we have the chain of inclusions

¥oX,; >xF oy — w3 5 w2t o5 with — s> 5 w20C (8.1)

n—1 >

where the two equalities in such chain of inclusions follow from Propositions and [5.8
For 0 < m < n — 2, we simply consider the sets

¥, DX =¥ 0<m<n-2,
as this suffices for our purposes. Recall that, by Proposition (a), we have 3, \ ¢ = £23 = »3rd,

Our goal is to show that dimy (Wl(E\ETZLEIC)) < n-—2forany ¢ € (0,1), where m denotes the canonical
projection 7y : (z,t) — x. For this, using the tools developed in the previous sections, in the next lemmas
we bound the size all the differences between consecutive sets of the previous chain of inclusions.

Proposition 8.1. Let u € C° (E x [—1, 1]) solve (6.1). Then:
(a) dimy (m(2%,)) <m—1 for1 <m < n—2 (1 (X%,) is discrete if m=1).
(b) dimy (m1(253,)) <n—3 (m(E32)) is countable if n = 3).
(c) For any o € (0,1):
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- ifm <n-—2 then m (Em \ Efn) N B, is covered by a CY* m-dimensional manifold;

- (E;ﬁl) N B, is covered by a CY' (n — 1)-dimensional manifold.

Proof. (a) We need to prove that, for any 8 > m — 1, the set 71 (2%) has zero H? measure. Assume by
contradiction that
HO (m1(22,)) > 0.

Then, by Lemma there exists a point (2.,%,) € X7, —which we assume for simplicity to be (zo,t,) =
(0,0)—, a sequence 7 | 0, and a set A C B with #? (A) > 0, such that for every point y € A there is a
sequence (zy,t) in 3¢ such that xp/ry — y.

Let w = u(-,0) — p2, w, = w(r-), ¥ = w,/H(1,w,)"/?. Then, thanks to Proposition up to
extracting a subsequence we have

W, —q i WE(RY), (8.2)

where ¢ is A?"“-homogeneous harmonic function. By definition of £¢ we have A>"¢ = 2, and thus ¢ is a
quadratic harmonic polynomial satisfying (3.11)).

Thanks to Lemma [6.4] we have A C {g = 0} N {po = 0}. Therefore, since H?(A) > 0, the polynomial
g vanishes in a subset of dimension 8 > m — 1 of the m-dimensional linear space {ps = 0}. The only
possibility is that ¢ = 0 on {p2 = 0}, and then (3.11)) implies ¢ = 0; a contradiction since H(1,q) = 1.

We note that in the case m = 1 the same proof gives that 3¢ cannot have accumulation points, i.e., it
must be a discrete set.

(b) We apply Proposition [7.3| to the set 71(X3,) with the function f : m(253,) — [0, 00) defined by
f(@o) :== (0%, u(-, 7(20)) = P2zer(w0)) with 7(zo) :=min {¢t € [-1,1] : (z.,t) € T}.

Note that, by Lemma [6.2{(c), we have ¢(07,u(-,t) — paz.t) = f(xo) for every t such that (zo,t) € 3.
Also, by Proposition (b) and the definition of 3, we have f(7.) € [2 + o, 3).

To obtain the result, thanks to Proposition it suffices to show the following property: for all
To € T (X3,) and for all € > 0 there exists o = o(zo,&) > 0 such that

By (o) Ny (2321) N fH([f (o) — 0, flwo) +0]) C {y : dist(y, Iy, ) <er} Vre(0,0),

where II,, » is a (n — 3)-dimensional plane passing through z,.
With no loss of generality we can assume that (z.,t,) = (0,0), and we prove this statement by con-
tradiction. If such ¢ > 0 did not exist for some € > 0, then we would have sequences 7 | 0 and

ﬂfi(cj) em(E3,)NB,,, 1 <j<n-—2 such that

k

y,ij) = x,(cj)/rk —yY) e By, dim (span(y(l) (2) ...,yggﬁ))) =n—2, ]f(a:g)) — f(0)| } 0.

oo OO?yOO?

Let w = u(-,0) — p2, w, = w(r-), W, = w,/H(1,w,)"/2. It follows by Proposition that (8.2) holds,
where ¢ is a A?"%-homogeneous solution of the Signorini problem ([3.12)). Also, since we are supposing that
(0,0) € =3, we have A" € [2 + a, 3).

n—1»
Applying then Lemma to the sequences (:v,(j ),T(x,(c] ))) we deduce that ¢ is translation invariant in
the n — 2 independent directions

y W,y @,y e {pr = 0.

As a consequence ¢ is a two dimensional A\?"?-homogeneous solution of Signorini, with A\** € [2 + as, 3).
However, it follows from Lemma that 2D homogeneous solutions of Signorini have homogeneities
{1,2,3,4,...}u{1+ 1,3+ 1,5+3,7,+%,...}, impossible.

Note finally that, when n = 3, the same argument (but using Lemma in place of Proposition
implies that 2;31 is at most countable.
7%313 the proof for X, \ 3¢, = X3 is analogous.
Given z, € 7r1(2$§1), set Pr, 1= P2 4o r(xo)(* —To). We claim that, for every pair o,z € Wl(ETZLEl) N By,
we have

(c) We prove the statement for the maximal stratum X

|D* P, (2) — D*Py(x)| < Clo — zo[>% for k=0,1,2. (8.3)
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Indeed, note that for all & € m1(22°,) N B, we have ¢(0Tu(i + -, 7(&)) — P2,ir()) = 3. Thus, by
Lemma [3.6]

A A 1—

HU([L‘ + - ’T(l‘)) — DP22,7(z) HL"O(BT) < C(TL, Q)T3 Vre (07 Tg)a
therefore, applying this bound both to & = z, and & = z, we get
lu(-,7(20)) — Py, | < Cr® in B,(z,) and lu(-,7(z)) — Py| < Cr3 in B.(x).
Choosing r = 2|z — x|, and assuming without loss of generality that 7(z,) < 7(x), since u(-,7(z5)) <
u( -, 7(x)) we obtain
P, — P, <Cr¥4u(-,7(x0)) —u(-,7(x)) <Cr® in B,(z,) N B,(z).

Noticing that P,, — P, is a harmonic quadratic polynomial that vanishes at some point Z in the segment
joining x, to x, as a consequence of the above upper bound we easily deduce that

1Pey = Pell oo (B, () < Cr,
and since the L°°(B;) and the C3(B;) norm are equivalent on space of quadratic polynomials, (8.3]) holds.
Then, applying Whitney’s extension theorem (see [Fef09] or [FSI9, Lemma 3.10]) we obtain a C?!
function F': By — R satisfying
F(z) = Py, (2) + O(|z0 — z])
for all z, € 71 (223 ,) N B,. In particular 7 (2=2,) C {VF = 0} and D?*F(z,) = D?py 4. 7(x0)(0) has rank
one (recall that (z.,7(x5)) € ¥,,—1). Hence, by the implicit function theorem, we find that {VF = 0} is
a Cb1 (n — 1)-dimensional manifold in a neighborhood of .. O

As a consequence of the previous result, we get the following:

Corollary 8.2. Let n =3, let u € C°(B1x[—1,1]) solve (6.1), and assume that u(z,t') > u(x,t) whenever
t' >t and u(x,t) > 0. Then, for all but a countable set of singular points (z.,t,), we have

Hu(xo + - 7to) - pQ,xo,to”LOO(BT) < Crg Vre (07 %)7
where C' depends only on n and 1 — |x|.
Proof. On the one hand, since n = 3, Proposition implies that X, \ 23 is a countable set for
m = 0, 1,2 On the other hand, for (z.,t,) € X23, setting p = # and applying Lemma to the

m

function w = p~2u(xo + p-,to) — P2.s..t, (note that then ¢(0T,w) > 3) we obtain
P\’ _ H(w,p)
r) — H(w,r)

Wl oo B,y < C(n)H (w,2r)/? < C(n)

Therefore, using Lemma [3.7, we obtain

H(w7 p)1/2 3
3

as desired. N

Proposition 8.3. Let u € C° (Ex [—1, 1]) solve (6.1). Then m (2531 \E%Cdl) is contained in a countable
union of (n — 2)-dimensional Lipschitz manifolds.

Proof. For any (z.,t,) € Z%ﬁl \ 224 we apply Lemmato u(zo+ -, to+ - ) to find a (n—2)-dimensional
linear subspace L, ;, and 0, ¢, > 0 such that

US| (E?ﬁl) N By(xo) C o + Ly, 1, + By for all 7 € (0, 0z, 1, )-
Write 32°, \ =374 = U; Ej, where
Ej = {(zo,te) € 222\ 3 ¢ o, 4 > 1/}

8Note that, as a consequence of [Calf98], points in 3¢ are always isolated and w is strictly positive in a neighborhood of
them.
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Note that, for any (z.,t,) € E;, the set m; (2 1) N By () is contained inside the cone

{x € Byyj(zo) : diSt<|x:i K xo—i—on,t()) < 1},

which implies (by a classical geometric argument) that the set m; (EJ) NBj 3 can be covered by a 1-Lipschitz
(n —2)-dimensional manifold. The result follows by taking the union of these manifolds over all j € N. [

Lemma 8.4. Let u € C° (E x [-1, 1]) solve (6.1)). Then:

(a) dimg (m1 (23, \ s )) n — 2 (countable if n = 2).

(b) dimy (m (2,2, \ 2>5 C)) <n —3 (countable if n =3).
Proof. (a) The proof is similar to the one of Proposition (b) Indeed, we apply Proposition to the
set (223, \ £24)) with the function f : 7y (223, \ B24) = [0, 00) defined as

f(@o) = (0%, u(-,7(%0)) = Poor(zo)) where T(zo) :=min {t € [-1,1] : (zo,t) € Z}.  (8.4)
By Lemma [6.2] (¢) we have ¢(0%, u(-,t) — P4.+) = f(ao) for every ¢ such that (z.,t) € X. Moreover, by
definition of 2>31 \ =24, we have f(z) € (3,4). Then, thanks to Proposition it is enough to show

that for all z, € 7r1(27>£1 \ ani) and for all € > 0 there exist p = p(xo,€) > 0, and a (n — 2)-dimensional
plane Il passing through z., such that

Br(zo) N (72 \ S72) 0 f 7 ([f(w0) = 0, flwe) + o)) C{y = dist(y,TL,) <er} Vre (0,0

Assuming (zo,t,) = (0,0) and arguing by contradiction, we find sequences r | 0 and ajg ) e m(Z73,\
Effl) NB,,,1<j<n-—1,such that

y =l e oy € B dim (span(u, o) =0 -1, (@) - FO)] 0.
Setting w = u(-,0) — 2, w, = w(r-), ¥, = w,/H(1,w,)"/?, it follows by Proposition :4.12(a) that
holds, where ¢ is a A3 %-homogeneous solution of the Signorini problem (3 with A% € (3,4) (recall

that (0,0) € 33, \ Eff ). Also, applying Lemma. to the sequences (mk ,T(x (j))), we deduce that ¢
is translation invariant in the n — 1 independent directions

y$ W,y @,y € {pr =0}

Thus ¢ is a 1D A3%-homogeneous solution of Signorini, with A3 € (3,4), and this is impossible by

Lemma [A Tl

Finally, when n = 2, the same argument (using Lemma instead of Proposition implies that
>3\ =21, is at most countable.

(b) The proof is completely analogous to the one of part (a), using Lemmas and instead of
Lemmas [6.8 and [A1] O

Remark 8.5. Notice that the difference between parts (a) and (b) in the previous Lemma comes from
the fact that there exist 2D solutions to the Signorini problem with homogeneity 3 + % € (3,4), while
there is no such solution with homogeneity in the interval (4,5). Hence, using the exact same proof as

above, one can show that dimy (771(2>31 \ 2>7/2)) < n — 3, where we define Efz/f as the set at which
P00, u—P)>7)2.

With the aid of Lemmas [7.4] and we can next prove the following:
Lemma 8.6. Let u € C° (E x [—1, 1]) solve 1D Then
dimy.l(m( \24th )) <n—2.

Proof. Define 7 : w1 (X) — [—1,1] as in (8.4) and note that, by Lemma [6.2] it is lower semicontinuous
Hence, thanks to Lemma it suffices to prove that, for any given ¢ > 0 and (., 7(z5)) € Z fohl,
there exists ¢ = o(zo,€) > 0 such that

3N Br(xo) X [T(0),1) C {zo+ 7y : y € S(Prosr,€)} Vr e (0,0), (8.5)
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for some py,» € P{<". This follows from Lemma applied to u(z, + -, 7(xo) ), since by monotonicity

SNy ([r(wo), 1) € {ulzo + -, 7(x0)) = 0}.

We can finally prove the following:

Theorem 8.7. Let u € C°(B1x[—1,1]) solve (6.1). There exists a set £* C 3,y C %, with dimy (71 (X
2*)) < n — 2, such that for any given € > 0 the following holds:

<SCr°® Vre(0,3), V(2o to) € (BN Byp) x (—1,1),

HU(.TO + - ?to) - ’@Ioﬂto — Pdxo,to L (By)

where C' depends only on n and €.

Proof. Recall the chain of inclusions (8.1). We have:

e Proposition (a) and (¢) = dimy( m(Z\ Z— 1) ) <n-—2,
e Proposition (b) = dimy( m (Z— 1 \Z22)) <n-3,
e Proposition = dimy( 1( A\ Zrdy ) <n -2
. Remark = 7r1(237"d \ E>3 ) =9,

e Lemma (a) = dimy(m(E3,\224) ) <n -2,
. Lemma = dimy(m (2 >41\E 1)) <n-—2,
o Lemmal.4{b) = dimy(m (524, \ 22°7¢) < n—3.

Thus, if we define

then dimy (m (2 \ ¥¥)) < n —2. Fix e > 0, and let (vo,%,) € (¥* N Byyy) x (—1,1). By Lemmas
and applied to w = u(zo + -, to) — Paoto — Pazot, We Obtain

1\ H (1/2,w) + (1/2)%
N
r - H(r,w) + r2(-¢)

)

therefore
) 1/2
H(r,w)1/2 < C(/ (u(a:o + -, to) = Paoto —p4,xo7to) + (1/2)2(5€)> rPe < C(n,e) ro7E.
Bya

Combining this bound with the Lipschitz estimate in Lemma we easily conclude that
<CrPf Y0o<r<1/2.

|w(@o + -1 to) = Paote — Paswosto Lo(B,) — HwHLOO(BT)

where C depends only on n and ¢. [l

9. CLEANING LEMMAS AND PROOF OF THE MAIN RESULTS

Recall that, in all the previous sections, we only assumed that u(-,¢) was nondecreasing in ¢t. Now, in
order to conclude the proof of Theorem we will assume the “uniform monotonicity” condition (|1.2)).
Note that condition rules out the existence of connected components of the complement of the contact
set that remain unchanged for some interval of times.

The first bound involves a barrier argument that will play an important role.

Lemma 9.1. Let u: By x (—1,1) — [0,00) solve (6.1)), with (0,0) € 3 and {p2 = 0} C {z,, = 0}. Let p
be a polynomial satisfying Ap = 1. Assume that, for some > 0, we have

lu(-,0)—p| < CrP in B, Vre (0,r,),
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and define

n—1
Y(w) = —;for (n— 1)3:%4—%, V" (x) == Y(z/r), D, := 0B, N{Y" >0} = 0B, N {|z,| > o3y

Then, for all t > 0 we have
minDr [u( i 7t) - u( i 0)]
maxgp, ¥

u(7t)2p+

Y"—Cr® in B,  Vre(0,r).

Proof. It follows by our assumption on u that
u(-,0)—p>-Crf  Vre(0d). (9.1)
Set

vi=p+ My —CrP, with M :=
maxgp, ¥

We claim that v < u(-,t) on 0B,. Indeed, since t > 0, it follows by (9.1]) that
v<p—CrP <u(-,0)<u(-,t) ondB,N{Y" <0}

On the other hand, since maxgp, ¥ = maxp, ", we see that Mvy" < minp [u(-,r) —u(-,0)] on IB,.
Hence
v=p+ MY —CrP <u(-,0)+My" <u(-,t) on D,=0dB.N{yY" >0},
and the claim follows.
To conclude the proof it suffices to observe that, since 9" is harmonic, we have Av =12 X(y(. >0} =
Au(-,t). Thus, combining the claim with the maximum principle, we conclude that

v <u(-,t)in B,.
g

The second result gives us a bound on the speed at which u increases in ¢ at singular points. Note that
this speed is much better in the lower strata X, with m < n — 2 with respect to X,_1. This is one of the
reasons why, in the previous sections, we needed to perform a very refined analysis at points in X, 1.

Lemma 9.2. Let u: By x (—1,1) — [0,00) satisfy (6.1)) and (1.2), with (0,0) € 3 and {p2 =0} C {z, =
0}. Let D, be defined as in Lemma[9.1]
(a) If (0,0) € X, with m <n — 2, then for all € > 0 there exist c., pe > 0 such that

I%ln[u( ’ 7t) - U( 'a 0)] > Csreta Vre (07 ,06)'

(b) If (0,0) € X,,_1, there exists c,p > 0 such that
I%ln[u(,t) —U(,O)] > crt, Vre (O,P)

Proof. (a) Note that, by the uniform convergence of 7~2u(r -, 0) to pa, given § > 0 there exists 75 > 0 such
that

{u(-,0)=0}NB,; CCs:= {CU eR" : dist(‘ﬁ—',{pg =0}) < (5}.

Denote by Cs := R" \ Cs the complementary cone, and let ¥g(z) := |z Ws(x/|x|), where ¥s > 0 is the
first eigenfunction of the spherical Laplacian in Cs NS™ ! with zero boundary conditions and pug is chosen
so that the first eigenvalue is pus(n — 2 + us)). In this way s is a ps-homogeneous harmonic function
vanishing on the boundary of Cj.

Since dim({p2 = 0}) = m < n — 2, the set {p2 = 0} has zero capacity and so 15 converges to a positive
constant as 0 | 0. Thus ps | 0, and we can choose § = §(g) > 0 such that uos < €.

We now observe that, for ¢ > 0, we have

{u(-,t) >0} D {u(-,0) > 0} D Cs5N Byy D CosN By,
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and v :=u(-,t) —u(-,0) is nonnegative and harmonic in {u(-,¢) > 0}. Note also that, by the maximum
principle, every connected component of {u(-,¢) > 0} must have a part of its boundary on 0B, and thus
(1.2) and the Harnack inequality (applied to a chain of balls) imply that

v>cst in CosN 0B,;, cs > 0.

Hence we can use the function
/ Ccstas

V=1
125l L= (68,,)

as lower barrier, and applying the maximum principle we obtain v — v’ > 0 inside the domain Cas N B,,.

Since D,, C Ca5 N By, this proves that
r%in[u( t)—u(-,0)] = r%inv > II[l)in’U/ =crt?t > et Vre (0,75).

T T

(b) After a rotation, we may assume that {p2 = 0} = {z,, = 0}. By Propositions [3.9| and we have
that {u(-,0) > 0} D {|z,| < C|2/|**2°} in a neighborhood of the origin, where = = (2/,x,) and a, > 0.
In particular, there exists a Ch® domain ) contained inside {u(-,0) > 0} and satisfying 0 € 9S2. By
monotonicity of w in ¢, the same domain 2 is contained in {u(-,¢) > 0} for ¢ > 0.

Hence, the function v := u(+,t) — u(-,0) is positive and harmonic in €2, and by assumption we have
—as in the proof of (a)— that v > ¢;t > 0 in a small ball B CC 2. Using Hopf’s lemma in C** domains,
we deduce that 0,,v(0) > cat > 0, and the result follows. O

We can now prove the following key result:

Lemma 9.3. Let u: By x (—1,1) — [0,00) satisfy (6.1) and (1.2)), let oo > 0 be given by Pmposition
and let ¥* C 3,1 be given by Theorem[8.7]

(a) If (0,0) € 3¢ and m < n — 2, then for all € > 0 there exists o0 > 0 such that
{(z,t) € B, x (0,1) : t> |:L‘]2_5} N{u=0}=o.
(b) If (0,0) € £, \ ¢, m < n — 2, then for all € > 0 there exists o > 0 such that
{(z,t) € By x (0,1) : t>[z[*}n{u=0}=02.
(c) If (0,0) € E:El, then there exist C, 0 > 0 such that
{(z,t) € B, x (0,1) : t> C|33|1+°‘°} N{u=0} =2.
(d) If (0,0) € 3, then there exist 6,0 > 0 such that
{(z,t) € Byx (0,1) : t> 2P} n{u=0}=2.
(e) If (0,0) € X*, then for all € > 0 there exists o > 0 such that
{(z,t) € B, x (0,1) : t> |J:]4_5} N{u=0} =2.

Proof. After a rotation, we may assume {ps = 0} C {z, = 0}. In all the following cases we will apply
Lemma and use that ¢" > % in B, /5.

(a) By Lemmal9.2|(a) we have, for any £ > 0,
nll)in[u( b)) —u(-,0)] > cr/?t. (9.2)
Also, since u is CbL, |u(-,0)| < Cor? in B, for all r € (0,1/2). Thus, by Lemma applied with p =0
and 8 = 2,
u(-,t) > I%in[u( 1) —u(-,0)" — Cor? in By, Vre (0,1/2). (9.3)
Since ¢" > i in B, 5, thanks to (9.2)) we deduce that
u(-,t) >0 in B,y  fort>(r/2)°",

therefore
{u=0}yn {t > |z]*°} = 2.
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(b) Using again Lemma (a), it follows that (9.2)) holds. Also, since (0,0) € %,, \ X¢,, it follows from
Proposition (a) that A" > 3. Hence Lemmas and imply that |u(-,0) — p2| < Cor® in B,, and
therefore Lemma [9.1] applied with p = po and 8 = 3 yields

u( -, t) 2p2+01n})in[u(-,t)—u(-,O)]¢T—Cgr3 in B,, Vre (0,1/2).
Since p2 > 0, one concludes as in the proof of (a).

(¢) By Lemma [9.2b) we have
minfu(-,t) —u(-,0)] > ert. (9.4)

r

Since at the maximal stratum the frequency is at least 2 + . (see Proposition [3.9(b)), using Lemmas
and [3.7| we have |u( -,0) — pa| < Cor?*° in B,. Therefore, it follows from Lemma applied with p = po
and 8 = 2 + a,, that

u(-,t) >p2+a I%in[u(‘,t) —u(-,0)Jy" — Cortee in By, Vre (0,1/2).
Thus, since " > i in B, 5, thanks to (9.4) we obtain
u(-,t) >0 in B, for t > Critee,

(d) Again, (9.4) holds as a consequence of Lemma (b) Moreover, since (0,0) € X3, thanks to

Lemmawe deduce that |u(-,0) — 2| < Cor3+t2?% in B, for some § > 0 (note that § may depend on the
point (0,0)). Therefore, Lemma applied with p = & and 8 = 3 + 26 yields

u(+,1) > 2 +cyminfu(-, 1) —u(-, 0)y" - Cor®*®  inB,,  Vre(0,1/2).

Recalling that & > —C|z|°, it follows from (9.4)) that, for ¢ > (r/2)?*° and r sufficiently small,
u(-,t) > P+ cart — Cor®t® > —Cr® + csrt — Cor®™° >0 in B,.ja N {u(-,0) = 0}.

Since u(-,t) > u(-,0), this proves the result.

(e) Again, (9.4)) holds as a consequence of Lemma (b) Moreover, by Theorem for every € > 0 we
have |u(-,0) — & — py| < Cor®=/2 in B,. Then, applying Lemmawith p=L+piand f=5—¢/2,

u(-,t) > 9+p4+clr%in[u(-,t)—u(-,O)]z/JT—COr5_E/2 in B, Vre (0,1/2).
Also,
P +ps>—Clz|> i {u(-,0) =0} C {z, <Cl'|*}.
Thus (9.4) yields, for ¢t > 4% and r small,
w(-,t) > P+ py+csrt — Cor® /2 > —Cr® + egrt — Cor® /2 > 0 in B,/ N{u(-,0) =0}.
([

The set Erzﬁl \ E%Tfll is treated separately in the following lemma. Since in this case the 3rd order
blow-up is not harmonic, the proof is more involved. In particular, instead of proving that there are no
singular points in the “future” ¢ > 0, we show that they do not exists in the past.

Lemma 9.4. Let u: By x (—=1,1) — [0,00) satisfy (6.1) and ([.2), with (0,0) € =2\ T34 . Then
{(z,t) € By x (=1,0) : t < —w(|z])|z*} N 3 =0,

for some modulus a continuity w : [0,00) — [0, 00).
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Proof. Let w = u(-0) — p2, w, = w(r-). Also, with no loss of generality we assume that py = %xQ. By
Proposition [5.4] we have that
_ - - a b
I3, = dll sy < 6(r) 1O for  §(z) = |l (3xi - Aa:') n x(32 o B) (9.5)

where x = (2',2,,), and A € R"~! x R"~! is symmetric, nonnegative definite, and has at least one positive
eigenvalue.

Fix n > 0, and assume by contradiction that there exists r > 0 small and ¢t < —nr? such that u(-,t)
has a singular point in 2%31 N B,.. Under this assumption, we claim that

{$n+gxi :m'~B$/}ﬂBQT C {u(-,t/2) =0}, (9.6)

where b and B are given by (9.5)).

Before proving the claim, we show that it leads to a contradiction. Indeed, thanks to Proposition [3.10]
since we are assuming that u(-,t¢) has a singular point z, € Z%ﬁl with |x,.| <7, then for some e, € S"~!
we have

{u(-,t)=0}NB, C {3: €B, e (x—ua) < C’pz}, for all p € [r, 1]. (9.7)

Note that the hypersurface {xn —i—bx% =2’ -Ba' } N Boy, separates the ball B, in two connected components
Bj and B,,. Also, by monotonicity, and ((9.7) hold for u(-,t') for all ¢’ € [t,¢/2]. Hence, if we define

v [ u(z,t) in Bj, N in B,
ut(z, t) = { 0 in By, u(z,t) = u(z,t') in B,,,

then both u™(-,#') and w™ (-, ) are solutions to the obstacle problem with a thick contact set at 0. Com-
bining this information with (9.7), it follows by [Caf77] that the free boundaries of u*(-,t') and u™(-,)
are uniformly smooth hypersurface inside Bs, /o, for all ¢' € [t,#/2]. In addition, by strict monotonic-
ity, these hypersurfaces are disjoint for any ¢’ < ¢/2. Since the free boundary of u(-,t') is the union of
these hypersurfaces, this proves in particular that the free boundary of u(-,t) has no singular points, a
contradiction.
Thus, we are left with proving . First of all we note that, by Lemma we have
e, — e, and (r_lzvr) e, =0 asr | 0, (9.8)
where e, is the unit vector appearing in (9.7). Furthermore, by the classical barrier argument used in
proof of Hopf’s Lemma (see for instance [EvalQ, Chapter 6.4.2]), it follows from (9.7 that
u(+,0) —u(-,t) > cift|(ler - (x — 2)| = Clw — z,[?) , . (9.9)

Now, given 2z’ € B, C R" ! and ¢ > 0, we define the function
1 br 2 / / 2 / "2
G () = o N a:n—l—gxn—m:-B:v + (' —Z)* +ec
Note that ¢,/ . > ¢ > 0 and

1

1
Apyo=-—2n+0(r)+2(n—-1) < -, provided 0 < r < 1.
T T

Also, since A > 0 we have §(z) < —z, (2’ - Bz') + C|xz,|3, therefore (recall (9.5))

r_?’u(rx, 0) — %xi = 7‘_3wr(:c) <q(z)+(r) < -z, (:E/ . Bx/) + C]:cn|3 +0(r).
r

Thus, combining the bound above with , we get
r3u(re,t) — %xi <r 3 (u(re,t) — u(rz,0)) — z, (2’ - Ba') + Cla,|* + 6(r)
< —rclt|(le, - (rx — 2,)| — Clra — xr\2)+ —zn (2’ B') + Cla,|* + (1)
< —0177(|€r Nz —2)| — Cr|x — ir|2)Jr — xn(ac' . Bx’) + C’|$n|3 +4(r),
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where we used that [t| > nr? and we denoted &, =: r 'z, € Bj.
Recalling , this implies that

1
v(x) = rBu(re,t) < 2—3:% —xn (2 - Bx') — cinlzn| + Clan|® + 0(r),
r
for some modulus of continuity (7). On the other hand, for any ¢ > 0 we have
1
G o(x) > Eﬁb —na? — Cla,* -z, (¢ - Ba') + (2/ — 22+ 0(r).

n
Then, since |z,| = O(r), we have (2' — 2/)? = s? — 22 + O(r), and therefore

Let now z := (2/, z,) satisfy 2, + 7322 = r2’- Bz', and consider a point = € 0B,(z), where 0 < r < s < 1.

1
G o(x) > ﬂxi — (n+ )22 — Clan|> — zn (2’ - Ba') + % + O(r) on 0B;(z).
Since, for r <« s < 1,
c1n|ay| 4+ s2 > Cx2 + Clza > + 6(r) for |z,| <s,
we deduce that
v(z) = r3u(re, t) < ¢ o(z) on 0Bg(z)
for all ¢ > 0.

Now, assume there exists ¢, > 0 be such that ¢,/ ., touches v from above at some point z, € B,(z).
Since v < ¢,/ ., on dBs(z), the contact point is inside Bs(z). Also, since Av = r~! in {u(r-,¢) > 0} while
Ay .. <771 it follows by the maximum principle that zo & {u(r-,t) > 0}. Thus,

0=r"3u(rzo, t) = v(2o) = ¢ ¢ (T0) > ¢ > 0,
a contradiction. This proves that v < ¢,/ . for all ¢ > 0, and letting ¢ — 0 we obtain
0 <7 3u(rz,t) = v(z) < ¢ o(z) = 0.
Since 2’ € B} is arbitrary, this proves (9.6), and the lemma follows. O
We finally prove:

Theorem 9.5. Let u: By x (—1,1) — [0,00) satisfy and (L.2). Then:
(a) In dimension n =2 we have dimy (m2(X)) < 1/4.
(b) In dimension n =3 we have dimy (m2(X)) < 1/2.
(c) In dimensions n > 4, for H'-a.e. t € (—1,1) we have
W (S A (1) = 0.
In particular, for n < 4, the singular set is empty for a.e. t.
Proof. First of all, as in the proof of Theorem 8.7, we have the following:
dimy (7’[‘1(2%)) <n-3for0<m<n-—2;
dimy (71 (X \ B%)) <n—2for 0 <m <n-—2;
dimyy (m1(Bn-1\ E%ﬁl)) <n-—3;
T (E?Lil \ =374)) is contained in a countable union of (n — 2)-dimensional Lipschitz graphs;
m(EYEN\E2) = 2
dimyy (m1 (273, \ B%)) <n —2;
dimy (71 (%)) <n—1.
Furthermore, thanks to Lemmas [9.3] and we have:
e In 3¢ for 0 < m < n— 2, we can use Corollary [7.§ with 3 =n — 3 and k = 2;
o In ¥, \ X% we can use Corollary |7.8 with § =n — 2 and k = 3;
eInX¥, ;)\ 27231 we can use Corollary with B=n—3and k =1+ ao;
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In E>3 \23“1 (up to taking a countable union, and up to reversing time) we can use Proposition
withﬂ—n—Qandkz:Q;

In Eiﬁl \ ¥£* we can use Proposition with 8 =n—2 and k = 2;

e In X* we can use Corollary [7.8] with 8 =n — 1 and k = 4.

Hence, combining these information, we deduce that:

dimy (22, Ny ({t})) <n —5 for Hl-ae. t € R;

dimy, (2, \ %) Ny ({t})) <n -5 for Hl-ae. t €R;
dimy (E<31 N 7r2 '({t}) <n—4—a. for Hlae teR;
HA (2 23rd )Ny t({t})) = 0 for Hl-ae. t € R;
((
(

o H 4 E>3 \E* )Ny ({t})) =0 for Hlae. t € R;
o dimy (Z* N7y ({t})) <n—5for Hlae teR.
Thus, part (c) is proved. Parts (a) and (b) follow exactly in the same way, but using instead Proposi-

tion [7.7(a) and Corollary [7.§|(a). O

Remark 9.6. Thanks to Remark one could actually slightly improve the estimate for the set Eiﬁl \ 2*

and show that dimy ((;3;\ Z*)N ﬁ;l({t})) < n—4— . However, all the other estimates are sharp (at
least with respect to the techniques introduced in this paper), and in particular we believe that it is very
unlikely that one could prove a stronger result with these techniques.

As a consequence of the previous estimates, we finally obtain our main results:

Proof of Theorems and[1.4 The results follow immedialy from Theorem O

APPENDIX A. SOME RESULTS ON THE SIGNORINI PROBLEM

For the convenience of the reader, in this appendix we gather some classical results on the Signorini
problem (5.1)) that we use several times throughout the paper

Lemma A.1. The only 1D solutions to (5.1)) that vanish at the origin are given by q(x,) = —c|xy| + bxp,
for some ¢ > 0 and b € R.

Proof. Since q¢ = q(xy,), it follows from (5.1]) that ¢ must be affine in R™\ {0}, hence ¢(x,) = a—¢|x, |+ bz,
for some a,b,c € R. The condition Ag < 0 implies that ¢ > 0. Also, since ¢(0) = 0 we deduce that a = 0,
as desired. H
Lemma A.2. Let A > 0, and let i denote the imaginary unit. The only 2D A-homogeneous solutions of
(G.1) (i.e., ¢ = ¢(xn, Tn_1) and q(rz) = r*q(z) for every r > 0) are given by

q(Tn, Tn—1) = cit 7 Re(|zn| + izp_1)* + bRe(zy, + izy—1)*, if A € {1,3,5,...}

q(2p, Tn_1) = ci*Re(zy, + izp_1)* + bIm(z, + iz, 1), if A€ {2,4,6,...},

q(zp, xn_1) = cRe(zy +izy,_1)", if A e {2,2, ,...},
where ¢ > 0 and b € R. In particular the set of possible homogeneities is {1,2,3,4,5,...} U {2, 35 ,}

Proof. A proof of this result can be found, for instance, in [FS18, Proposition A.1]; see also [GP09, Remark
1.2.7). O

The following result is proved in [ACS08, Lemma 1].

Lemma A.3. Let q be a solution of (5.1) and assume that q(0) = 0. Let ¢(-,q) be as in (2.4)). Then
r — ¢(r,q) is monotone nondecreasing. Moreover, if I > r +— ¢(r,q) = X > 0 for some open interval
I C RT, then q is A\-homogeneous.

We conclude this section with a uniqueness result.

Lemma A.4. Let g;, i = 1,2 be two solutions of (5.1)) satisfying ¢ > q2 in By and ¢;(0) = 0. Assume
that ¢(0F, q2) > 1, or that go = 0. Then q1 = go.
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Proof. We use coordinates (z',z,) € R"™! x R. Assume by contradiction that ¢; # go. Then, applying
Hopf’s Lemma at the origin, we deduce that d,, (q1 — ¢2)(0,07) > 0. Also, our assumption on g, implies
that Vg2(0,0) = 0, thus d,,¢1(0,07) > 0. On the other hand, the distributional Laplacian of ¢; on
{z,, = 0} is given by 20, q1(z’,0"). Since Ag; < 0, this gives the desired contradiction. O

APPENDIX B. ODD FREQUENCY POINTS IN THE SIGNORINI PROBLEM

The aim of this section is to show how the arguments developed in this paper (see in particular Section
can be applied in the context of the Signorini problem to prove both uniqueness and nondegeneracy of
blow-ups at all points of odd frequency for solutions of the Signorini problem

Au <0 and uAu=0 in By
Au=0 in By \ {z, =0} (B.1)
u>0 on By N {z, =0},

see Theorem [B.7] below. Since this was an open problem in this topic which we expect to be of interest
to a wide audience, we prefer to give a complete and self-contained proof (rather than referring to parts
of this paper) so that this appendix can become of reference for future results on the Signorini problem.

Note that this appendix extends the results of [GP09] (which were dealing only with even frequencies)
to the sets I'opy1(u), m € N (see [GP09] for an explanation of this notation).

Since the odd part of a solution of is harmonic and vanishes on {z,, = 0}, to understand the
structure of the solution and the free boundary it suffices to study even solutions, that is, u(z’,z,) =
u(z’, —xy,). For this reason, also when studying global homogeneous solutions, we can restrict ourselves to
even functions.

We begin by recalling Lemma If ¢ is a A-homogeneous even solution of and A =2m + 1 is
an odd integer, then ¢ = 0 on {z,, = 0} (this result was not known before). As a consequence of this
fact and the Liouville Theorem for harmonic functions vanishing on a hyperplaundﬂ7 ¢ must be a harmonic
polynomial on each side sides of {x,, = 0}.

Then, since q|(;,—0y = 0, ¢ is even, and ¢ is harmonic in R" \ {x,, = 0}, we deduce that

q(x’, x”) = _|In| (QO(x/) + xi‘]l (xla xn))? ($/7 l’n) € Rnil X Ru

where gg and ¢; are polynomials. Furthermore, since Ag < 0, the polynomial go(z’) is nonnegative.
In the sequel it will be useful to define the “trace operator” T as

q — Tlg] == qo. (B.2)

Since gp = 0 implies that ¢ = 0 (as a consequence the harmonicity of ¢ outside of {z, = 0}), one easily
deduces that T is injective.
We will need a monotonicity formula that is the analogue of Lemma

Lemma B.1. Let u: By — R be an even solution of (B.1)) with (0", u) = X, where X is an odd integer,
and define u,(x) := u(rz). Also, let q be any A\-homogeneous even solution of (B.l)). Then, for any

o€ (0,1),
d A
- Urq = / Urq — Q/ UTAQ-
dr Jap, r JoB, rJB,

dl/u >0
dr \r* JaB, rd) ="

IMore precisely, if we consider the odd reflection of u|(,, 0y, then we obtain a global A-homogeneous harmonic functions
in the whole space. By Liouville Theorem, this functions mush be a A-homogeneous harmonic polynomial.

In particular
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</ VwTVq—i-/ Aqu>
BQ BQ

Proof. We have
d
— Uprq = / z -Vurq = Q/ Oylrq = Q/ div(Vurq) =
dr Jog, 0B, T T JoB, rJB,

—Q</ urﬁuq—/ urAqu/ Aurq)-
"\ JoB, 9B, B,

Since ¢ is A\-homogeneous, we find that o |, 9B, urOyq = A |, oB, Urd: Also, since ¢ vanishes on {z, = 0} (by
Lemma and Au is a measure supported on {z,, = 0}, we have f B, Au,q = 0. This proves the first

statement.
Finally, taking ¢ = 1 and using that —u,Aq > 0 in R™ (since Ag < 0 is supported on {z,, = 0}, and

u, > 0 there) we obtain
d (1 1
— | = =—— Ag > 0.
i (5 [, 0) == [, w0

As a consequence of the previous result, we deduce the following;:

Proposition B.2. Let u: By — R be an even solution of (B.1)) with ¢(0%,u) = X, where A = 2m + 1 is
an odd integer. Then the limit
u(r-)

RS

O

g :=lim
9 rlw A
exists and it is a A-homogeneous even solution of (B.1)).
Proof. Let
q(Z) = (4) 1= 1) 27

ribo ()N
be two accumulation points along different sequences r,(:). Then, given a A-homogeneous solution of
Signorini g, we can apply Lemma to deduce that r — T% J. oB, Urd has a unique limit as » — 0. In

particular this implies that
/ ¢Mq = / ¢®q,
0B1 0B1

therefore, choosing ¢ = gV — ¢@ we deduce that ¢V = ¢@. O

The next step consists in showing the following nondegeneracy property: if ¢(0*,u) = A, then the limit
¢ obtained in Proposition cannot be identically zero. This is the most delicate part of this appendix,
and the the proof of this fact requires a new compactness lemma and an interesting ODE type formula
obtained below.

Lemma B.3. Let u : By — R be an even solution of (B.1)) satisfying ¢(0T,u) = X\ with \ odd, set
ur(x) = u(rz), and let Uy = u,/||ur||2(9p,)- Given n > 0 there exists § = 6(n, A\, n) such that, if for some
r € (0,1/2) and for some A\-homogeneous even solution q of (B.1)) we have
[tr = qll oo (By) < 6,
then
U =0 on {zn, =0} N (B1\ Byjs) N{Tq] > n},
where T[q] is defined as in (B.2)).
Proof. Fix z = (2/,0) € (B1 \ By2) such that T'[g](z') > n, and given ¢ > 0 we define
be(x) == —(n — 1)|zn > + |2')? + ¢
Let o > 0 be sufficiently small (depending only on n and 7) and take § = ¢®. Then, for |z| = o we have
up(z +2) < qz +2) + 6 = —[zalgo (') + O(¢°) + 6 < —nlza| + O() +

B.3
< —nlz, 2 + |z < de(x) Ve>0. (B:3)
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Since ¢. > q(z + -) inside B, for c large, we can decrease c until a contact point occur inside ?@. Since
¢0(0) = 0 < ¢q(2) (since z € {x,, = 0}), we see that such a contact point must occur for some value ¢, > 0.

If ¢, = 0 then we have u,(z) < ¢0(0) = 0, as wanted. Hence, it suffices to show that ¢, > 0 is impossible.

Assume by contradiction that there exists ¢, > 0 such that ¢., > q(z+ - ) in B,, and ¢, (v5) = q(z + o)
for some z, € B,. By we see that ¢, and u,(z+ - ) must touch at an interior point, that is zo, ¢ 0B,.
Also, since ¢, is harmonic, it cannot touch w,(z + -) at some point where it is harmonic too. Thus, x,
must belong to {z, = 0} N {u,(z + ) = 0}. This gives 0 = u.(2 + 26) = P, () = |26]> + ¢ > 0, a
contradiction. (]

Another fundamental tool is the following ODE-type formula.
Lemma B.4. Let u : By — R be an even solution of (B.1) satisfying (07, u) = X\, with X\ odd. Set

ur(z) = u(rz), h(r) = ||urllr20m,), and Gy := uy/h(r). Let q be an even \-homogeneous solution of

(B.1)), and define
1/}(77 Q) = / Upq — 2/ Urq. (B.4)
0B, 831/2

Then

o =)~ [ g e )= (

= (log(h(r)/r))"

r

e )

Proof. As in the proof of Lemma we obtain

d A
- Urq = / Urq_g/ UTAQ'
dr JoB, T JoB, rJB,

Thus, since 4, = u,/h(r), we deduce that

/
UL e (B0 ]yt s,
dr Jap, h(r) = 1) Jos, T JB,

and the lemma follows combining the identities for o =1 and o = 1/2. O

In the sequel, for A = 2m + 1, m € N, we denote
Q) := { even A\-homogeneous solutions of (B.1]) }.

Also, given f € L (R™), we define the radial symmetrization in the first (n — 1) variables as

fla ) = ][ f(M2', z,)dM, x=(2',2,) ER"I xR, (B.5)
SO(n—1)

where the previous average is with respect to the Haar meaure of SO(n — 1).
Lemma B.5. Given A > 3 odd, there exists a unique Q) € Q) satisfying
Q=Q and HQHL2(831) =1 (B.6)

Moreover, for any other q € Q) we have

/ qQ > cnllgll2om,) > 0
0B,
where ¢, ) is some positive constant depending only on n and .

Proof. We begin by noticing that Q = @ belongs to Q) if and only if

A—1 A—1

e 5
Q(JZ‘) _ Zak|x/|)\_1_2k|xn|l+2k7 ao < O, A<Zak‘x/’)\—1—2kx}j—2k> —0. (B7)
k=0 k=0
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Setting 7’ := |2/| and noticing that AQ = 0,/,vQ + "%,26,«/@ + Oz, 2, Q, we can rewrite (B.7) as

A—3
2
> (aj(A —1-2))(A=2—-2j+n—2)+aj1(3+25)(2+ 2j)) (P32 = 0.
=0

Therefore, (B.7) is satisfied if and only if
a;A=1-2j)(A—2-2j+n—2)+a;41(3+2)(2+2j) =0  forall j=0,1,... 253

This means that all the coefficients are uniquely determined (by induction over j) once ag < 0 is fixed, and
ap < 0 is uniquely determined imposing that [|Q||z2ap,) = 1. This concludes the first part of the proof.

To prove the second part, note that if ¢ € Q) then ¢ € Q) (see ) We now recall that, to define
the trace operator T', we used the expansion

q(2', 2n) = —|zn|(q0(2") + 22 qi (2, Tn)), so that T'[¢] = qo.
Since T'[g] = 0 implies ¢ = 0, it follows by compactness that

HT[Q]Hm(aBl) > Eanllallzzamy) Vg € Q,, for some ¢, > 0.
Also

Q2 zn) = —|zn|(0(2) + 220 (2, 21)), that is  T[q] = T|[q].
Thus, given g € Q,, since ¢ € Q) depends only on the variables ' = |2/| and x,, it follows from the first
part of the proposition that ¢ must by a positive multiple of Q, that is, ¢ = tQ, where ¢t > cn7,\Hq||L2(331) >

0. Hence, since Q = @ and using the invariance of the Haar measure dM on SO(n — 1) under the
transformation M + M~!, we get

[oae=[ =] o o m) @z
0B1 0B1 0B1 SO(nfl)
= / dxf q(M71$',xn) Q2 xy) dM
9B, SO(n—1)

— / dxf o(Ma' 2,) Q' a)dM = | Q=1 / Q* > carlldl2om).
831 SO(TL*I) BBl 831

In the following proposition we will use the notation X <Y for X < C(n,\)Y and Y < C(n,\)X.

Proposition B.6. Let u : By — R be an even solution of (B.1)) with (0", u) = X, where X is an odd
integer. Suppose that ||ullp29p,) = 1, and set u,(z) := u(rz). Then

0<ert < urll20m,) < r Vr e (0,1],
where ¢ depends only on n and \.

Proof. The inequality [|u, | 255,) < r follows from the fact that »=>*H (r,u) is monotone nondecreasing
since ¢(r,u) > X (see [ACS08, Lemma 2]). We need to show the bound from below (the nondegeneracy).
Define

B(r) = max {$(riq) : q € O and |lgll2om =1}, (B.8)
where © is given by (B.4)), and let ¢ be the function at which the above maximum is attained (note Q) is

a closed convex subset of a finite dimensional vector space). Also, let @ be as in Lemma and define
®(r) :=9(r,Q). Then, as a consequence of Lemma we have

i\I/(T) = 0(r)¥(r) — 1/ U A for a.e. >0,
Bi\Bi /2

dr T

and
450 = (r)d(r) — 1/ HAQ V> 0. (B.9)
B1\By

dr r
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We now claim that

=1 as 10,

Indeed, the accumulation points of %, (as r | 0 and in the C (R™) topology) belong to the unit ball of
Q) (see [ACS08]) and therefore @, — g, = o(1) for some ¢, € Q. Hence, by definition of ¥,

U(r) > 4(rigr) = / Uy Gy — 2/ lrqr = / a2 — 2/ @+ o(1)
9By 9By 2 0B1 0By
1
=(1- 2‘”‘1‘”)/ @ +o(l)>=>0.
B 2

Note that the above computation shows also that ¥(r,q) = (1 — 27"71724) Jop, @q + o(1), from which it
follows that ¢ = ¢, + o(1) as r | 0 (recall that ¢ is a maximizer in (B.8)).
Similarly, using Lemma

(I)(T) = / U Q — 2/ Q= Q@ —2 7Q + 0(1)
OB 9B /2 0B1 0By

Cn,\

> cpn(1 =271 1 o(1) > >0,
where ¢, ) is the constant from Lemma Finally, it is clear that ¥(r) and ®(r) are bounded by above,
so the claim is proved.

Using the expressions for %\If and d%@, we find

d <\p<7~)> 1 V(1) [p\p, , arda; = 2(r) [p\p,, TrAQ
r D(r)?

dr \ ®(r) r

We claim that, given € > 0, for r sufficiently small,

/ i Ag? / W AQ| . (B.10)
B1\By 5 B1\By o

Indeed, introducing the notation B, := B, N {x, = 0} and using Lemma given 1 > 0 and choosing
r > 0 is sufficiently small so that |G, — g |z (B,) < d(n,n) (recall that ¢ = g + o(1) as r | 0), we have

0< —/ urAgy = / u(ra’,0)T[q}] dz’ = 77/ up dz’ < n/ uy da’
Bi\Bi s Bi\B; (BI\Bj ) {Tlaz]<n} Bi\B]

1/2 1/2

<e

(recall that u, > 0 on {x,, = 0}), while

_/ urAQ = 2|ag| / u(rz’,0)|z' Mt da’ > c;l,)\/ uy da’,
B1\B B{\Bj , B/\B!

1/2

for some constant c;% y > 0. Hence, dividing by h(r), we obtain

0< - / i Ay < Coai / AQ,
Bl\B1/2 Bl\Bl/2
and (B.10)) follows.

Then, thanks to (B.10), we deduce that

d(‘lj(r)) _ 1Y) s, WAG — O0) Jp\p,, WAQ 1/ 4, AQ
dr \ ®(r) r ®(r)? 7" JBi\By s '

for r < rg small enough.
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Integrating the above ODE over [#, ], since the integral of - ( gg:;) over [F*, ] is uniformly bounded as

7 — 0, we deduce that the negative term %fBl\Bl/2 u,AQ is integrable over [0, 79]. Hence, since ®(r) < 1
and 0(r) = Llog(h(r)/r), it follows from that

d d
. log ®(r) = ar log(h(r) /) + g(r), with g € L*([0, ).
Integrating over [, 7] and using again that ®(r) < 1, we deduce that log(h(#)/#*) is uniformly bounded
as 7 — 0, therefore h(r) < r*, as desired. O

As a consequence of Propositions[B.2]and [B.6] we get the the uniqueness and nondegeneracy of blow-ups:

Theorem B.7. Let u: By — R be an even solution of (B.1) with ¢(0",u) = X, where A = 2m + 1 is an
odd integer. Then the limit

- ()

q := lim

rlo r
exists, is non-zero, and it is a A-homogeneous even solution of (B.1).

Thanks to this result, by classical arguments (see Proposition and Lemma one easily obtains
the following rectifiability result, that was already proved with completely different methods in [FS18§]:

Corollary B.8. Let u: By — R be an even solution of (B.1)). Then, for any odd integer X > 3, the set
of free boundary points of frequency X is (n — 2)-rectifiable.

REFERENCES

[ALS13] J. Andersson, E. Lindgren, H. Shahgholian, Optimal regularity for the no-sign obstacle problem, Comm. Pure Appl.
Math. 66 (2013), 245-262.

[ACS08] I. Athanasopoulos, L. Caffarelli, S. Salsa, The structure of the free boundary for lower dimensional obstacle problems,
Amer. J. Math. 130 (2008) 485-498.

[Bai74] C. Baiocchi, Free boundary problems in the theory of fluid flow through porous media, in Proceedings of the ICM
1974.

[BK74] H. Brézis, D. Kinderlehrer, The smoothness of solutions to nonlinear variational inequalities, Indiana Univ. Math.
J. 23 (1973/74), 831-844.

[BZ80] Y. D. Burago, V. A. Zallager, Geometric Inequalities, Grundlehren der mathematischen Wissenschaften 285,
Springer-Verlag, 1980.

[Caf77] L. Caffarelli, The regularity of free boundaries in higher dimensions, Acta Math. 139 (1977), 155-184.

[Caf98] L. Caffarelli, The obstacle problem revisited, J. Fourier Anal. Appl. 4 (1998), 383—-402.

[CCY5] L. Caffarelli, X. Cabré, Fully Nonlinear Elliptic Equations. American Mathematical Society Colloquium Publications,
43. American Mathematical Society, Providence, RI, 1995.

[CKS00] L. Caffarelli, L. Karp, H. Shahgholian, Regularity of a free boundary with applications to the Pompeiu problem, Ann.
Math. 151 (2000), 269-292.

[CR76] L. Caffarelli, N. Riviere, Smoothness and analyticity of free boundries in variational inequalities, Ann. Scuola Norm.
Sup. Pisa Cl. Sci. 3 (1976), 289-310.

[CR77] L. Caffarelli, N. Riviere, Asymptotic behavior of free boundaries at their singular points, Ann. of Math. 106 (1977),
309-317.

[CSS08] L. Caffarelli, S. Salsa, L. Silvestre, Regularity estimates for the solution and the free boundary of the obstacle problem
for the fractional Laplacian, Invent. Math. 171 (2008), 425-461.

[CIJKOT7] S. Choi, D. Jerison, 1. Kim, Regularity for the one-phase Hele-Shaw problem from a Lipschitz initial surface, Amer.
J. Math. 129 (2007), 527-582.

[CSV18] M. Colombo, L. Spolaor, B. Velichkov, A logarithmic epiperimetric inequality for the obstacle problem, Geom. Funct.
Anal. 28 (2018), 1029-1061.

[DL76] G. Duvaut, J. L. Lions, Inequalities in Mechanics and Physics, Springer, 1976.

[Eval0] L. C. Evans, Partial differential equations. Second edition. Graduate Studies in Mathematics, 19. American Mathe-
matical Society, Providence, RI, 2010. xxii+749 pp.

[Fed69] H. Federer, Geometric Measure Theory, Springer-Verlag, 1969.

[Fef09] C. Fefferman, Eztension of C™*-smooth functions by linear operators, Rev. Mat. Iberoam. 25 (2009), 1-48.

[FS19] A. Figalli, J. Serra, On the fine structure of the free boundary for the classical obstacle problem, Invent. Math. 215
(2019), 311-366.

[FS18] M. Focardi, E. Spadaro, On the measure and structure of the free boundary of the lower dimensional obstacle problem,
Arch. Rat. Mech. Anal. 230 (2018), 125-184.



72

[Frig2]

ALESSIO FIGALLI, XAVIER ROS-OTON, AND JOAQUIM SERRA

A. Friedman, Variational Principles and Free Boundary Problems, Wiley, New York, 1982.

[HS1898] H. S. H. Shaw, Investigation of the Nature of Surface Resistance of Water and of Stream-line Motion Under Certain

[GP09]
[Giusd]
[Kin73]
[KN77]
(LS69]

[LS67]
[Mon03]

[NV17]
[PSU12]
[Rods7]
[Sak91]
[Sak93]
[Sch74]

[Sch76]
[Serl5]

[SU03]
[Sim83]
[Sma93]

[W99]
[Whi97]

Ezxperimental Conditions, Inst. NA. 1898.

N. Garofalo, A. Petrosyan, Some new monotonicity formulas and the singular set in the lower dimensional obstacle
problem, Invent. Math. 177 (2009), 415-461.

E. Giusti, Minimal Surfaces and Functions of Bounded Variation, Monographs in Mathematics 80, Birkh&user, 1984.
D. Kinderlehrer, How a minimal surface leaves an obstacle, Acta Math. 130 (1973), 221-242.

D. Kinderlehrer, L. Nirenberg, Regularity in free boundary problems, Ann. Sc. Norm. Sup. Pisa 4 (1977), 373-391.
H. Lewy, G. Stampacchia, On the regularity of the solution of a variational inequality, Comm. Pure Appl. Math. 22
(1969), 153-188.

J. L. Lions, G. Stampacchia, Variational inequalities, Comm. Pure Appl. Math. 20 (1967), 493-519.

R. Monneau, On the number of singularities for the obstacle problem in two dimensions, J. Geom. Anal. 13 (2003),
359-389.

A. Naber, D. Valtorta, Volume estimates on the critical sets of solutions to elliptic PDEs, Comm. Pure Appl. Math.
70 (2017), 1835-1897.

A. Petrosyan, H. Shahgholian, N. Uraltseva, Regularity of Free Boundaries in Obstacle-Type Problems, Graduate
Studies in Mathematics, Vol. 136., AMS, 2012.

J. F. Rodrigues, Obstacle Problems in Mathematical Physics, North-Holland Mathematics Studies, vol. 134, North-
Holland Publishing Co., Amsterdam, 1987.

M. Sakai, Regularity of a boundary having a Schwarz function, Acta Math. 166 (1991), 263-297.

M. Sakai, Regularity of free boundaries in two dimensions, Ann. Scuola Norm. Sup. Pisa Cl. Sci. 20 (1993), 323-339.
D. G. Schaeffer, An ezample of generic reqularity for a nonlinear elliptic equation, Arch. Rat. Mech. Anal. 57 (1974),
134-141.

D. Schaeffer, Some examples of singularities in a free boundary, Ann. Scuola Norm. Sup. Pisa 4 (1976), 131-144.
S. Serfaty, Coulomb Gases and Ginzburg-Landau Vortices, Zurich Lectures in Advanced Mathematics, EMS books,
2015.

H. Shahgholian, N. Uraltseva, Regularity properties of a free boundary near contact points with the fiz boundary,
Duke Math. J. 116 (2003), 1-34.

L. Simon, Lectures on Geometric Measure Theory. Proc. Centre for Mathematical Analysis, Australian National
University, Canberra, 1983.

N. Smale, Generic regularity of homologically area minimizing hypersurfaces in eight dimensional manifolds, Comm.
Anal. Geom. 1 (1993), 217-228.

G. Weiss, A homogeneity improvement approach to the obstacle problem, Invent. Math. 138 (1999), 23-50.

B. White, Stratification of minimal surfaces, mean curvature flows, and harmonic maps, J. Reine Angew. Math. 488
(1997), 1-35.

ETH ZURICH, DEPARTMENT OF MATHEMATICS, RAEMISTRASSE 101, 8092 ZURICH, SWITZERLAND
Email address: alessio.figalli@math.ethz.ch

UNIVERSITAT ZURICH, INSTITUT FUR MATHEMATIK, WINTERTHURERSTRASSE 190, 8057 ZURICH, SWITZERLAND & ICREA,
PG. LLuis CoMPANYS 23, 08010 BARCELONA, SPAIN & UNIVERSITAT DE BARCELONA, DEPARTAMENT DE MATEMATIQUES
I INFORMATICA, GRAN VIA DE LES CORTS CATALANES 585, 08007 BARCELONA, SPAIN.

Email address: xavier.ros-oton@math.uzh.ch

ETH ZURICH, DEPARTMENT OF MATHEMATICS, RAEMISTRASSE 101, 8092 ZURICH, SWITZERLAND
Email address: joaquim.serra@math.ethz.ch



	1. Introduction
	2. Useful functionals and formulae
	3. Preliminaries: First and second blow-up analysis
	4. Higher order blow-ups on the maximal stratum
	5. Uniqueness and nondegeneracy of non-harmonic cubic blow-ups
	6. Symmetry properties of blow-ups for 1-parameter family of solutions
	7. Hausdorff measures and covering arguments
	8. Dimension reduction results
	9. Cleaning lemmas and proof of the main results
	Appendix A. Some results on the Signorini problem
	Appendix B. Odd frequency points in the Signorini problem
	References

