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ABSTRACT. Extending a result of Caffarelli, we provide global Lipschitz changes of variables be-
tween compactly supported perturbations of log-concave measures. The result is based on a com-
bination of ideas from optimal transportation theory and a new Pogorelov-type estimate. In the
case of radially symmetric measures, Lipschitz changes of variables are obtained for a much broader
class of perturbations.
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1. INTRODUCTION

In [4], Caffarelli built Lipschitz changes of variables between log-concave probability measures.
More precisely, he showed that if VW € Cllo’g (R™) are convex functions with D?V(z) < Ay Id

and Ay Id < D?W (z) for a.e. € R™ with 0 < Ay, Ay < 0o, then there exists a Lipschitz map
T :R™ — R" such that Tl (e*V(‘”) dm) —e W@ gz 1 and

(1.1) VT ooy < VAV Aw-

The map T is obtained via optimal transportation. It is the unique solution of the Monge problem
for quadratic cost:

min { / z — T(a)Pe™V @ da : Ty (e7V @ da) = W@ dm}

(see Section 2 for more details, and [12] for a completely different construction of a Lipschitz change
of variables in this setting). We note that a particularly important feature of Caffarelli’s result is
that the bound (1.1) is independent of the dimension n.

A consequence of Caffarelli’s result is the possible deduction of certain functional inequalities
(such as log-Sobolev or Poincaré-type inequalities) for log-concave measures from their correspond-
ing Gaussian versions. For instance, denoting the standard Gaussian measure on R" by +,,, consider
the Gaussian log-Sobolev inequality,

f21nfd7n§/ |Vf]2d7n+< f2d7n> 1n< de%),

which holds for every function f € WH2(R"). For any measure v such that there exists a Lipschitz
change of variables between v and the Gaussian measure, namely v = T7,, we deduce, applying

1Given two finite Borel measures 1 and v and a Borel map T': R™ — R", recall that Txp = v if

/n w(y)dv(y) = /n o(T(x)) du(x) V ¢ Borel and bounded.
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the change of variable formula twice, that

Pinfdv= [ f(T)*nf(T)dy,
Rn

< [ vrenPan ([ raran)n( [ k)
< IVT Wy [ VIR ([ sRan ) ( [ sara,)

= VT |13 00 (g /R IV fI2dv + </R de,,> ln</nf2du>.

Therefore, v enjoys a log-Sobolev inequality with constant ||VT H%m(Rn).

R”

Besides the natural consequences described in [4] and above, Caffarelli’s Theorem has found nu-
merous applications in various fields: indeed, it can be used to transfer isoperimetric inequalities, to
obtain correlation inequalities, and more (see, for instance, [6, 7, 11, 13]). Some recent extensions
and variations of Caffarelli’s Theorem can be found, for instance, in [14, 15, 17].

In this paper, we extend the result of Caffarelli by building Lipschitz changes of variables between
perturbations of V' and W that are not necessarily convex. Perturbations of log-concave measures
(in particular, perturbations of Gaussian measures) appear, for instance, in quantum physics as a
means to help understanding solutions to physical theories with nonlinear equations of motion. In
cases where an explicit solution is unknown, perturbations of log-concave measures can be used to
yield approximate solutions.

We let P(X) denote the space of probability measures on a metric space X. The main result of
the paper is the following:

Theorem 1.1. Let V € C’I{)’Cl(R") be such that e~V ®) dz € P(R"). Suppose that V(0) = infgn V'
and there erist constants 0 < A\, A < oo for which A\Id < D?*V(x) < AId for a.e. = € R".
Moreover, let R > 0, ¢ € C%(Bgr), and ¢, € R be such that e~V (®)+ca=a@) gz ¢ P(R™). Assume
that —A\g1d < D2?q in the sense of distributions for some constant Ag > 0. Then, there ezists a
constant C = C(R, X\, A, \;) > 0, independent of n, such that the optimal transport map T that

takes e~V da to eV @ tea—a(@) gy satisfies
(1.2) 9T ey < C.

The crucial point here is that the estimate on the Lipschitz constant of the optimal transport
map is independent of dimension, as it is in Caffarelli’s results for log-concave measures.

In the case of spherically symmetric measures, we are able to weaken the assumptions on both
the log-concave measure and its perturbation and still obtain a global Lipschitz change of variables.
In particular, the Lipschitz constant is controlled only by the L°°-norm of the positive and negative
parts of the perturbation ¢, denoted by ¢™ and ¢~. In the following theorem, we first analyze the
1-dimensional problem:

Theorem 1.2. Let V : R — R U {oo} be a convex function and q : R — R be a bounded function
such that eV (®) dx, e=V(@)=4@) gz ¢ P(R). Then, the optimal transport T that takes eV dx to
e V@)=4(@) gy is Lipschitz and satisfies

(1.3) og T'|| ooy < g™ 1 oo m) + lg™ 1 £oo (-

We remark that while the map 7" in Theorem 1.2 is only unique up to sets of e~V (®) dz-measure
zero, arguing by approximation, we can find a particular transport T for which the estimate on
log T’ in (1.3) is satisfied almost everywhere in R. Applying this 1-dimensional result to radially
symmetric densities, we obtain the following:
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Theorem 1.3. Let V : R" — RU {oo} be a convex, radially symmetric function and q : R" — R
be a bounded, radially symmetric function such that eV ®) dx, eV @) =) 4 P(R™). Then, the
optimal transport T that takes e~V @) dz to eV @ ~4®) dg s Lipschitz and satisfies

(1.4) el lzee@m=lla7lizeomm [q < VT (z) < el lee@m FllaT e 1q for a.e. x € R™.

Note that the assumption e~V (®)~4(*) dz: € P(R") in Theorems 1.2 and 1.3, unlike in Theorem 1.1,
is nonrestrictive. Since g is not required to be compactly supported, the normalization constant
making e~V (@) ~4®) 4z a probability measure if it were not already can simply be absorbed into q.

We further remark that the 1-dimensional estimate in Theorem 1.2 is false in higher dimensions
when one does not assume that the densities are radially symmetric. More precisely, taking the
reference measure e~V (@) dz to be the standard Gaussian measure, the estimate

(1.5) |1D%¢ — 1d || oo (rn) < Cllql| poe (mm)

cannot be true for n > 1 (see Remark 5.2 to understand the relationship between (1.3) and (1.5)
for n = 1). This is manifest if we recall that the Monge-Ampere equation linearizes to the Poisson
equation, which does not enjoy C’llo’c1 estimates for bounded right-hand side. In other words, given V'
and ¢ to be chosen, letting ¢. be the potential such that V¢, takes e=V*) dz to e~V (#)—ea(®) gy (for
simplicity, we omit the normalization constant that makes e V(@) —ea(@) qg: g probability measure)
and setting ¥ (z) = (¢e(x) — |z|?/2) /e, we have that

_logdet V2¢. —V+V(Vee)+eq(Vee)

_ = (2, Vbe) + q(Ve) + O(e)

A + O(e) . .

for every e > 0. The estimate (1.5) implies that sup,.q |[D*¢c||zecmn) < 0o and, therefore, the

existence of a C’llo’i solution to the Poisson equation with bounded right-hand side, an impossibility
in higher dimensions.

Although this heuristic argument is convincing, the details of the proof are rather delicate, and
we give them in the Appendix for completeness.
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2. PRELIMINARIES

We begin with some preliminaries on optimal transportation and the Monge-Ampere equation,
and we fix some notation.

Let p,v € P(R™). The Monge optimal transport problem for quadratic cost consists of finding
the most efficient way to take pu to v given that the transportation cost to move from a point z to
a point y is |z — y|2. Hence, one is led to minimize

cost(T) := /n |z — T(x)|* du(z)

among all maps T" such that Txu = v. A relaxed formulation of Monge’s problem, due to Kan-

torovich, is to minimize
[ e—yPntey)
R xR”
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among all transport plans 7, namely the measures 7 € P(R™ x R™) whose marginals are p and v.
By a classical theorem of Brenier [2], the existence and uniqueness of an optimal transport plan are
guaranteed when p is absolutely continuous and g and v have finite second moments. Additionally,
the optimality of a transport plan 7 is equivalent to m = (Id xV¢)4u where ¢ is a convex function,
often called the potential associated to the optimal transport. As a consequence, it follows that in
the Monge problem, unique optimal maps exist as gradients of convex functions.

Theorem 2.1. Let p,v € P(R") such that p = f(x)dz and

2 2 v Q.
| e dute)+ [ vt <

Then, there exists a unique (up to sets of u-measure zero) optimal transport T taking p to v.
Moreover, there is a convex function ¢ : R™ — R such that T = V.

A direct consequence of Brenier’s characterization of optimal transports as gradients of convex
functions is that

(2.1) (x—y,T(x)—T(y)) >0 for a.e. x,y € R",

which follows immediately from the monotonicity of gradients of convex functions.

Suppose now that u = f(x) dx and v = g(y) dy, and let ¢ be a convex function such that T'= V¢
for T' the optimal transport that takes p to v. Assuming that T'= V¢ is a smooth diffeomorphism,
the standard change of variables formula implies that

f(z) = g(T(x)) det VT (z).
Hence, assuming that g > 0, we see that ¢ is a solution to the Monge-Ampere equation

/
goVo

This formal link between optimal transportation and Monge-Ampere (since, to deduce the above
equation, we assumed that 7' was already smooth) is at the heart of the regularity of optimal

transport maps (see, for instance, [8] for more details). In particular, Caffarelli showed the following
in [3] (see also [9, Theorem 4.5.2]):

Theorem 2.2. Let X, Y C R" be bounded open sets, and f : X — RT and g : Y — RT be
probability densities locally bounded away from zero and infinity. If Y is convex, then for any set
X' CcC X, the optimal transport T = V¢ : X — Y between f(z)dx and g(y) dy is of class CO*(X")
for some o > 0. In addition, if f € C’{Z’Cﬁ(X) and g € C{Z’Cﬁ(Y) for some k € NU{0} and B € (0,1),
then ¢ € C']Hz’ﬁ(X).

loc

det D?¢ =

As mentioned in [1], Caffarelli’s regularity result on optimal transports can be extended to the
case where f and g are defined on all of R™ and assumed to be locally bounded away from zero and
infinity. Lastly, we note that optimal transport maps are stable under approximation (see [18]).
In particular, let f; and g; be locally uniformly bounded probability densities such that f; — f
and g; — g in Llloc. Then, the associated potentials ¢; — ¢ locally uniformly and V¢; — V¢ in
measure.

We fix the following additional notation:

Bpr  ball of radius R centered at the origin

L n-dimensional Lebesgue measure

H? d-dimensional Hausdorff measure

S*~1  unit sphere in R”

Wn, n-dimensional Lebesgue measure of By C R"
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3. LirscHITZ CHANGES OF VARIABLES BETWEEN LOG-CONCAVE MEASURES

We begin with two useful results of Caffarelli (see [4]). They provide some motivation, and we
briefly recall their proofs both for completeness and because we shall need them later.

Lemma 3.1. Let p = f(x)dz, v = g(x)dz € P(R™) with finite second moments and V¢ = T be
the optimal transport taking p to v. Assume thatlog f € LS (R™) and that g is bounded away from

loc
zero in the ball B; for some j > 0 and vanishes outside B;. Then,

T(z) — J% uniformly as |x| — oo.

In particular, for any fized e > 0 and for all o € S* 1, the function ¢(z+ea)+¢(z—ea)—2¢(z) — 0
as |x| — oo.

Proof. We begin by noticing that, as a consequence of Theorem 2.2, T is continuous on R” and, in
particular, the map 7T is well defined at every point.

Let o € R™ and 6 € (0,7/4) be fixed, and consider the cone with vertex at T(z() and pointing
in the zg-direction

By (2.1) we see that
Z(w — w0, T(x) = T(a0)) < 3,
hence
L(x — xo,m0) < L(x — 20, T(2) — T(20)) + L(20, T(2) — T(20)) <0 — 0 Vst T(z)el,
and so, up to a set of measure zero, the preimage of I" under T is contained in the (concave) cone
Q:={z eR": L(zg,x —x09) <7 —0}.
Moreover, since Ty = v,

xiélg» g(z) L"(T' N By) <v(I'n Bj) =v(I') < ().

Let B = B(|z)|tan)/2, and notice that & C R™\ B. This proves that u(Q2) < u(R" \ B).
Now, u(R™\ B) — 0 as |xg| — oo since B covers R™ as |xg| — co. Recalling that ¢ is bounded
away from zero in Bj, we have that

lim LT N Bj) = 0.

|zo|—00
Letting 6 — 0, we see that T'(z¢) — j\g%\‘ As the point zg was fixed arbitrarily, Vo(z) = T'(x) — j\%l
uniformly as |x| — oo. Thus, ¢ behaves like the cone j|z| at infinity. In particular, for any fixed
e > 0 and for all @ € S"7}, the function ¢(z + ea) + ¢(z — ea) — 2¢(x) — 0 as |z — oco. O

Thanks to Lemma 3.1, in [4, 5], Caffarelli proved the following result.

Theorem 3.2. Let V, W € C’llo’cl(R") be such that V@) dz, e @) dg € P(R"). Suppose there
exist constants 0 < Ay, Ay < oo such that D*V (z) < Ay Id and Ay Id < D2W () for a.e. x € R™.
Then, the optimal transport T that takes e~V ®) dx to e~ W@ 4z is globally Lipschitz and satisfies

Proof. By the stability of optimal transports, we may assume that W is equal to infinity outside
the ball B; for some fixed j > 0. Indeed, define

oo in R™\ B;
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and ¢; € (0,00) such that

/ S W@) gy = 1.

Clearly, ei=W 5 =W ip 1 (R™) as j — oo. Hence, if we prove (3.1) for the optimal transport Ti
that takes e~V (@) dz to %~ (®) dx, letting j — oo we obtain the same estimate for 7.
Also, by Theorem 2.2, the convex potential ¢ : R™ — R associated to the optimal transport T is

of class C?; therefore, ¢ satisfies the Monge-Ampere equation

det D2o(a) = <
e~ W(Vé(x))’
or equivalently,
(3.2) log det D?¢(x) = =V (z) + W(Vo(x)).
For fixed £ > 0, we define the incremental quotient of a function f : R® — R at (z,a) € R® x S*~!

by
fe(z,a) = f(z +ea) + f(x —ea) — 2f(x).
By convexity of ¢ we see that ¢° > 0. Also, it follows by Lemma 3.1 that ¢* — 0 as |z| — oo.

Thus ¢ attains a global maximum at some (zg,ag) € R" x S*~!. Up to a rotation, we assume
that ag = e1. Thus,

(3.3) 0= V¢ (zg,e1) = Vo(xo +cer) + Vo(zg — cer) — 2Vd(xp).
Moreover, because e is the maximal direction,
0 = 03¢ (zg,e1) = e(Vp(xg + ce1) — Vo(xo — cer), B) VB Le.
Taking 8 = e; for i # 1 and utilizing (3.3), we see that all the components but the first of
Vo(xg+eer), Vo(zg — ce1), and Vo(zp) are equal. Let 6 := (Vo(zg + ce1) — Vo(xog — cey), e1)/2,
and observe that, by (3.3),
(Volao),e1) 46 = 3 (Vo(mo + cer) + Volao — cer), ex) 5 (Voo +cer) — V(o — cer),en)
= (Vo(xzg £eer),e1).
Hence, we conclude that
(3.4) Vo(xg £ eer) = Vo(xo) £ dey.
Another consequence of ¢° achieving a maximum at xg is
(3.5) D?¢(z0 + ce1) + D?¢(xo — ge1) — 2D%*¢(zp) < 0.
We recall that
(3.6) lim det (A +eB) — det(A)

e—0t 5

= det (A)tr (A71B)

for all square matrices A and B with A invertible. Also, if we set F(A) := logdet A, since F is
concave on the space of positive semidefinite n x n matrices and recalling (3.6), we have

VF(D*¢(x0)) = (D*¢(z0)) "
and
F(D*¢(zo £ ge1)) < F(D*¢(x0)) + (D*¢(w0)) 1, D*(wo £ eer) — D*¢(x)).

In particular, from (3.5) and the convexity of ¢, we deduce that

F(D?¢(xg +cey)) + F(D?*¢(xg — eey)) — 2F(D*p(x0)) < 0.
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Now, let us, for fixed € > 0, consider the incremental quotient of (3.2) at (xo,e1). Using (3.4),
we realize that

(3.7) VE(z0,e1) > W (V(x0),e1).
Observe that

VE(20,01) = /06 </t (D?V (z + sey1)er,e1) ds> dt;

—t

hence,
(3.8) VE(xg,e1) < Aye?.
Furthermore, from (3.4), we similarly see that

A 02 < WO (V(xp),er).
Combining this estimate with (3.8) and (3.7), we get

(39) ISR/ Av/)\w > 0.
Set C':= /Ay /A\w. Since
€

qbe(xo, e1) = /0 <V¢)(£0 + tel) — VQb(xo — tel), 61> dt,

the convexity of ¢, (3.4), and (3.9) give us that
¢ (g, e1) = 20 < 20,

and so
IVT || oo gy = [[D?¢|| poo gy < 2C.

Notice that this is the desired estimate up to a factor 2. We use a bootstrapping argument to
remove this factor. Suppose that 0 < HD2¢HLoo(Rn) < ag for some ag > C. For any 0 <t < ¢, by
(3.4) and (3.9),

[(Vo(zo + ter) — Vo(xg — ter),e1)| < min{2eC, 2apt}.
Thus,

eC c 9
@ 2Cag — C

¢°(xo,e1) </ ’ 2aotdt+/ Qngt:g(aOi).
0 eC a/O

ag

In other words, if || D?¢||j00(rn) < ag with ag > C, then

2Cag — C?
1026 e oy < EE0=C
ao
Starting with ap = 2C and repeating the above procedure an infinite number of times, we prove
(3.1) since C uniquely solves (2Ca — C?)/a = a. O

Remark 3.3. Notice that the above proof relies only on the local behavior of our densities e="

and e~ In particular, the bounds on the Hessians of V and W are only used near the maximum
point o and its image V¢(xg), respectively. This simple observation will play an important role
in the proof of Theorem 1.1.

Remark 3.4. The above result is not ideal. Indeed, if V = W, then T' = Id and one would like to
have the bound [|[VT|| pec(rn) < 1 instead of |[VT||foorny < /Ay /Av.



8 M. COLOMBO, A. FIGALLI, AND Y. JHAVERI

4. COMPACTLY SUPPORTED PERTURBATIONS: PROOF OF THEOREM 1.1

In the following lemma, we prove an upper bound on how far points travel under the transport
map when the source measure is perturbed in a certain fixed ball Bp. We capture and quantify that
our perturbations are compactly supported. Lemma 4.1 will be applied in the proof of Theorem 1.1
to the inverse transport.

Furthermore, given our convex function V', we consider, for j € N,

(4.1) yi.— Vb
oo in R™\ Bj,

V( —Vi(x)

and we approximate e~V (®) dz with compactly supported measures e dx. This approximation
is in the spirit of Caffarelli’s approximation in the proof of Theorem 3.2. It allows us to find
maximum points of a suitable function and guarantees that they do not escape to infinity in the
proof of Theorem 1.1. This approximation procedure is purely technical. Hence, on a first reading
of Lemma, 4.1, the reader may just take j = oo.

Lemma 4.1. Let V € C®(R") be such that u := e~V @) dz € P(R"). Suppose that V(0) = infgn V
and there exist constants 0 < X\, A < co such that A\1d < D?*V (x) < AId for all x € R™. Moreover,
let P> 0, p € CX(Bp), and ¢, € R be such that eV @)+ =P@) 4y € P(R™). Givenj > P, set VI as
in (4.1) and choose c,j € (0,00) such that pi,; = i~V (@) ter—p(@) g € P(R™). If T is the optimal
transport map that takes pi,; to p, then there ewist constants P' = P'(P,\, A, [|p||zeo@ny) > 0 and
i =3, V(0), P\ A, Ipll oo (mny) > P such that for all j € [j', o0],

(4.2) T(Bp) C Bp:.

Even though this lemma is not independent of dimension as written (specifically, j’ depends on
n), the dimensional dependence does not affect the constant P’ and disappears in the limit as
j — oo. Thus, we can indeed prove a global estimate on the optimal transport taking e V@) dr to
e~V (@+ea=a(®) dy that is independent of dimension.

Lemma 4.1 is written under slightly different assumptions than Theorem 1.1. In particular,
besides the obvious additional regularity assumptions on V and its perturbation, made only for
simplicity, we have not required that the perturbation be semiconvex. That said, if we assume
the the distributional Hessian of p is indeed bounded below by —A,Id, then we can replace the
dependence on ||p|| oo rn) With a dependence on ), as explained in the following remark.

Remark 4.2. Let p be a function compactly supported in Bp that satisfies the semiconvexity
condition D?p > —Apld in the sense of distributions. Then, its L°°-norm is controlled by a constant
depending only on P and ), (in particular, it is independent of dimension):

(4.3) Pl oo ey < 4N, P2

First, up to convolving p with a standard convolution kernel, we can assume that p is smooth.
Then, we observe that every 1-dimensional restriction f,(t) = p(ta), for t € R and a € S*71 is
compactly supported in [—P, P] and has second derivative bounded below by —A,. This implies
that

(4.4) | foll oo (r) < 2ApP.

Indeed, suppose to the contrary that f/(to) > 2\,P for some ¢y € [—P, P]. By integration, we
would get

P
0= . (P)> f.(to) +/t FI(F)dr > 20,P + A (P — to) > 0.

Impossible. This proves (4.4), and (4.3) holds by integrating.
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Before proceeding with the proof of Lemma 4.1, we recall a Talagrand-type transport inequality.
Given jui1, o € P(R™), we denote the squared Wasserstein distance between 11 and g by W2 (1, p2)
(see [18, Chapter 6] for the general definition), and we consider their relative entropy

d#2> .
log| — | d if po <
Ent(jua|u1) := /n g (dm 2 p2 << p1

00 otherwise.

Here, dyuo/dpiy is the relative density of o with respect to py. If iy = e~V ®) dx for some V € C%(R™)
such that D2V (z) > Ay Id for all 2 € R”, we have that (see [6], applied in the particular case when
p1 and o are probability measures)

2
(4.5) W3 (1, pa) < EEnt(M2|M1)~

In our applications, W22(,u1, u2) coincides with the cost of the optimal transport taking pe to p;.

Proof of Lemma 4.1. Notice first that, as a consequence of Theorem 2.2, T is continuous.

Assume there exists a point xg € Bp with T'(z¢) ¢ Biop (otherwise, the statement is true with
P’ = 10P). We show that T(zo) € Bps for some P’ = P'(P,\, A, [|p||foo(rn)) > 0 that will be
chosen later. Let

and define the constant Cy and ball B by Co P = |T'(z9) —zo| and B := Bp(z). Also,let F': B — R"
be the projection of a point y € B onto the hyperplane through T'(x¢) and perpendicular to y — zg.
The map F is well-defined because zg ¢ B (see Figure 4.1). Let us assume that j’ > 6P, so that
BCB,

FIGURE 4.1. The optimal transport sends B far away.

By (2.1), we have that
(y =20, T(y) —T(z0)) 20  Vye€ B,
and as F'(y) is the closest point to y in the set {z € R" : (y — xg, 2z — T'(z9)) > 0},
T(y) —xo| 2 |[F(y) —xo| VyeB
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(see Figure 4.1). Given any y € B, either o, y, and Z determine a plane, call it I, within which
xo, F(y), and T(zp) determine a right triangle, or xg, y, and Z are collinear. Thus,

|F(y) — zo| = CoP cosb,

where 6, is the angle between F(y) — xg and T'(zg) — x9. Now, I'y N 0B is a circle of radius P
centered at z. Letting 0;,, be the angle between the line through xy and tangent to I'y N 0B and
the line through T'(x¢) and z, we see that 6, < 6;,,,. (While there are two such tangent lines, the
angles they determine with the line through 7'(z¢) and zy are the same. Again, see Figure 4.1.)
Moreover, |zg — Z| = 3P and cos 0;, = 2v/2/3. Consequently,

2/ 2P
|F(y) — o] > CoP cos b > CO;)[

and /3
Co2V2P
T@) 9l = [T(y) = 20| = ly — 0| > 25— 4P VyeB.
Since V(0) = infgn V(x) and AId < D?V (z) < A1d, by restricting V to 1-dimensional lines through
the origin we have that

A A
(4.6) V(0) + 5\9512 <V(z) <V(0)+ §|xl2 Vo € R™;
hence, as B C Bgp,

V(z) <V(0)+18AP? Vz € B.

We now estimate cost(7"). Since Bp N B = () and B C Bj, we have

2
j 2v/2P
(4.7)  cost(T) > / 1T(z) — x|2ePi=V @)Fer gp > CO;)[ — 4P ecPvJ_V(O)_lsAPQ‘FCPﬁ"(Bp).
B

Furthermore, we claim that the following upper bound on cost(7") holds:
6
(48) COSt(T) S XHpHLOO(R”)€CP’J+CP+HPHLOO(R")M(BP)

To see this, first, apply the Talagrand-type transport inequality (4.5) with p1 = p and po = pip 5 to
find that

2 4
(4.9) cost(T") < )\/ (cpj + ¢p — pla))ecri™V @ Fer=p@) gp
Rn

Second, choose j’ > 6P, so that

/ VO3l gy < 1 — exp < _ ||p||Lw(Rn)/ V(OB af? dm)_
R™\By Bp

Notice that |cp| < [|p]| oo (mn) since

(4.10) e :/ e P@) du(x).
So, for every j > j’, observe that

e Cri = / e~V (@) +ep—p(@) 1o — 1 — / e V@)t g > 1 _/ e V(O =3 |zl +Ipll oo mny gy,
B R\ B;

: ]R"\Bj/

CV(0)—A o2
> exp (= Iolumny [ VO H0F ),

P
and then, recalling that ¢,; > 0, note

(4.11) Cpj < HPHLOO(]R")/ e VO3l gy < | oo (gnyeSriTer Pl @ (B,
Bp
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Now, use Jensen’s inequality on (4.10) and that p is supported in Bp to deduce that
Cp — / p(x) eCp,j*Vj(x)+Cp*P(:r) dr < / p(z) epiter | g=Cri=Cp _ o—P(¥) mes,
Bp Bp
< QHPHLOO(Rn)ecp’j+cp+Hp||Lm(Rn)M(Bp).

Finally, combine (4.9), (4.11), and (4.12) to see that (4.8) holds as claimed.
In particular, since u(Bp) < e~V L£"(Bp), we have that

(4.12)

(4.13) cost(T') < g||p||Loo(Rn)ecplj_V(0)+CP+HPHL‘X’(R”)£n(BP)’
provided that j > j’. Thus, (4.7) and (4.13) imply that
llpll oo (rn) 1/2
9eINP* 5 1P oo ()
<C = 2
Co<C:=3V2+ 5P 3

This proves the existence of an upper bound on Cy depending only on P, A, A and ||p|| oo (rn)-
Taking P’ := (C' + 1) P, we deduce that

T (0)| < |T(20) — ol + |wo| < CoP + P < P,
which proves (4.2). O

The following result is a Pogorelov-type a priori estimate on pure second derivatives of the
potential associated to our optimal transport. This technique is inspired by Pogorelov’s original
argument for the classical Monge-Ampere equation [16]. In our case, we face the additional difficulty
of constructing an auxiliary function h that compensates for the concavity of our perturbation and
the growth of our convex function at infinity. Assuming that our auxiliary function attains a
finite maximum, we provide a quantitative estimate on the value of h at its finite maximum. This
result contains and overcomes the primary obstacles to demonstrating that our optimal transport
is globally Lipschitz.

Before stating the result, we introduce some constants and an auxiliary function 1, all depending
only on the constants R, A\, A, and )\, that appear in Theorem 1.1. Define the constants P > 0
and @ > 0 by

20, + 40 R A
(4.14) P::M+I+R and Q=+ +1+R;
X g
let 1 € C?([0,00)) be given by
g r € [0, R]
_ t s — AT+ A+ AR r € [R,Q)]
(4.15) o(t) == / / I(r)drds, J(r):= AgAZr INZAHANARF A2 AN A2 R P
0 Jo DIF8AZR—NZ INFSNIR—N\? €@, F]
0 r € [P,o0);

and let ¢ € C?(R™) be defined by

(4.16) Y(y) == ¥(|yl)-

Observe that the function 1 is defined in such a way that EU > —)\/2in [0,00), ¥ = A\y| - [2/2 on
[0, R], and E, is supported in Bp (see Figure 4.2).

Proposition 4.3. Let V, A\, A, R, q, Ay, and c, be defined as in Theorem 1.1. Assume, additionally,
that V and q are smooth. Let P, 1, and 1 be defined as in (4.14), (4.15), and (4.16). Givenj > P,
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R P
FIGURE 4.2. The graph of 1.

set VI as in (4.1) and choose cg5 € (0,00) such that ecai=V (@) tea=al@) g e P(R™). Also, let
¢ € C®(R"™) solve

e*V
ecq,j_vj(v‘ﬁ)‘f'cq_Q(v‘b) ’

and assume that there exist constants j', P > 0 such that for all j € [j, 00|,

det D¢ =

(4.17) Vé(R™\ Bp) CR™\ Bp,
or equivalently, that [V¢|~'(Bp) C Bp:. If
(4.18) Wz, @) i= paa(x)e? Vo)

attains a maximum at some point (xo,ap) among all possible (z,a) € R™ x S*~1 then there exists
a constant C = C(R, P', X\, A, \;) > 0, yet independent of n, such that

h(on, Oéo) S C

Proof. Since, by assumption, (xo,qp) is a maximum point of h, we have sup|4|—1 daa(®0) =
Baga (To). This implies that ag is an eigenvector of D2¢(xg). Therefore, up to a rotation, we
assume that ag = e; and that D?¢ is diagonal at 9. Throughout this proof, the function & is seen
as a function of the variable x with ag fixed. Then, at g we compute that

(4.19) 0=<bgmf=ﬁii+wAV¢wm,

forall 1 <i<mn, and

il o1i ¢1u§)11j + Vi (Vo) brij + Vit (V) it

(4.20) 0> ¢ (logh)ij = ¢
o1 11

where we denote the inverse matrix of (¢;;) by (¢%).
Let VI :=VJ — ¢, 4+ q — ¢q. Using (3.6), we differentiate the equation

(4.21) logdet D2¢p = —V + VI(V¢)
in the ej-direction twice to obtain

P b1 = —Vi + V(V)bu
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and
(4.22) D114 — D d1iipirg = —Vir + VI (V) d11i + ‘ij(vﬁﬁ)(bli(ﬁlj-
By (4.20) and (4.22), we deduce that at zg
0> ¢ hrij1p — Vin + ‘N/Z-j (Vo)o11i + ‘N/ijj(v¢)¢1i¢1j
(4.23) ey ) y
- W + 01167 (V) by + S1167 (V) bind.

We estimate each term in (4.23) from below. Recall that (¢;;) and (¢¥) are diagonal at .
Therefore, ¢ = 1/¢;;, and we see that

S DM b1 b — ¢" ¢11z¢11] ZZ¢“¢kk¢ 2 >0

=1 k=2

and . '

Vi (Vo)pridr; = Vi1 (V)oi
Because h has a maximum at e; among all directions,
(4.24) $11(w0) > Pii(wo),
and so

$1107 Y (V) bindji = 119 (V)i > $ii(V )i

Additionally, differentiating (4.21) in the eg-direction, we have that

¢ iy = —Vi + V} (V) i
By (4.19), it then follows that

VI (V)brii + 611070 (V)rij = VI (V)i + (V) (Vi + V) (V) dri) b1
= —p(Vo) Vi,

and, consequently, (4.23) becomes

(4.25) 0> Vi (Ve)oh + > ¢i(Vo)gh — r(Vo) Vign — A

i=1

If xo € R™ \ Bps, (4.17) implies that V¢(zg) € R™ \ Bp. Then, ¢5(V@)Vip11 = 0 since the

gradient of v is zero outside Bp by construction. If, on the other hand, x¢g € Bps, then
Ur(V)Vip11 < AP'||V| poo(mny 11
(Here, we have used that V(0) = infgs V and that D?V < AId to show V} is bounded above by
AP’.) In both cases, we deduce that
Ur(Vo)Vipn < Con

for a constant C' depending only on R, P’, \, A, and Ag- Thus, by (4.25), we have that

(4.26) 0> Vi1 (Vo)dty + > iu(Ve)dh — Corr — A
=1
We claim that

(427 V(YO8 + 3 valVa)h > 2ok

=1
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Indeed, let us consider two cases, according to whether or not V¢(xg) belongs to Br. If Vo (zg) €
Bpg, then

Vi, (Ve)ot, + an V)3 > Aiy — Ay + A1 = ATy,
i=1
and (4.27) follows. In the case that V¢(zo) ¢ Br, we compute the derivatives of ¢ in terms of the
derivatives of 1. Observe that

Wy ) N N d/(yl)< B y?)

Thus,
) A ¢
%(V@ (’V(Z)D ‘V(MZ = 2 ’v¢‘2

since i > —)\/2in [0, 00) and ¥ > 0. Then, (4.24) implies that

u A s @7 A
(4.28) Z%z‘(vw@% > Z |V¢]2 oy > 3 i ; VoP —§¢%1-

=1

As V(o) ¢ Br, we know Vf’l(w(:go)) = Vi, (Vo (x0)). Tt follows that

(4.29) Vi (Vo)et, > ety
By (4.28) and (4.29), we deduce that (4.27) holds in this case as well.
Combining (4.26) and (4.27), we observe that
A -
(4.30) 0> §¢§1 —Co¢1p — A

Solving the quadratic equation in (4.30), we find that

o) < S ”C R WAV TV

As 1 is bounded in R™ by definition, it follows that
h(z) < h(zg) < 11 (wo)elVle=en < ¢
for a constant C' depending on R, P’, A\, A, and ), yet independent of n, as desired. O

Notice that if A, = 0, then ¢ = 0. In this case, the constant C found in the proof above is zero,
and we recover the global Lipschitz constant obtained by Caffarelli in Theorem 3.2 up to a factor
of v/2 (this is a better bound than the one provided by the proof of Theorem 3.2 before the final
bootstrapping argument).

Proof of Theorem 1.1. We first prove the statement assuming that V' and ¢ are smooth. For every
j > Rset V3 as in (4.1), and choose c,; € (0,00) such that e®ai=V'@)+ea=a®) 4y ¢ P(R"). Let
T3 be the optimal transport map that takes e V@ g to eV (@)+ea=a(@) gz Since the density
efai~V'*¢ =4 i supported in a convex set, smooth on its support, and is bounded from above and
below by positive constants, by Theorem 2.2, we deduce that 79 € C*°(R"). By the stability of
optimal transport maps, it suffices to show that for all j > j’ (j’ to be chosen possibly depending
on n) we have that

(4.31) VT oo gy < C

for some constant C' > 0 depending only on R, A\, A, and JA,.
Let P, 1, and h be defined as in (4.14), (4.16), and (4.18). Applying Lemma 4.1 to the optimal
transport [T9]7!, we see that there exist constants j’ and P’ = P'(R, A\, A, \;) > 0 (see Remark 4.2)
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such that [TV]~Y(Bp) C Bp: for all j € [j/, oc]; that is, letting V¢ = TV (for simplicity we omit in ¢
the dependence on j, which can be any number greater than j in the following),
(4.32) Vo(R™\ Bp:) CR™\ Bp.

We split the proof in two cases, according whether or not k achieves a maximum in Q = R? xS 1.
If there exists (zg, ag) € Q such that

h(zo, ) = sup h(zx, @),
o)

then we apply Proposition 4.3 and see that
SUp [[¢aallzoe@n) < iz < C,
sn—

which proves (4.31). B
Otherwise, we consider the maxima of h in Q,, := B, x S* ! with m € N. Let

h(Zm, o) = sup h(z, a).

m

Notice that h(xy,, ay,) is nondecreasing (and not definitively constant) and |z,,| T oo as m — oo.
Now, consider the functions h® approximating h defined by

he(z, ) == [p(x + ea) + ¢p(x — ea) — 2p(x)]e?VoE) V(z, o) € Q.

Since ¢ is smooth, we know that h® — h locally uniformly in 2 as ¢ — 0. Furthermore, by
Lemma 3.1,

(4.33) lim A®(z,a) =0

|z|—o0

uniformly with respect to z and «. Since h® > 0 (by the convexity of ¢), the function h®(z, ) has
a finite maximum point (z°, af).
We claim that for sufficiently small e (possibly depending on n and on the sequence {(zy,, m) }men)

(4.34) 2 & Bpr.

Indeed, let mg and m; be such that x,,, ¢ Bpr and h(@m,, m, ) > h(Tmg, m, ). Since h converges
to h locally uniformly, there exists €y > 0 such that

h(xmu aml) — h(xmoa amo)
4

for every = € §|zm1|+1, a € S" 1, and € < gg. So, for every € < gy, we have that

3h h(Z g, Ot
(435) hs(xmwaml) > h(xm17am1)_|h6($m17aml)_h(xmlaam1)’ 2 (xm17am1)+ (x n2 0)

- 4
Thus,

|he(x, ) — h(z, )| <

h(xﬂn ) am1) — h(xmoa amo)

4

he(z, ) < h(z, @) + |h° (x, ) — h(z, @) < h(Tmg, Ome) +
(4.36)

M@y, 0tmy) + 3R (Zmg, ) < 30 (T, , Ay ) + 1(Tmg s Qg )

4 4
for every = € E\wmolv a € S"1 and € < gy. Since Bpr C By, (4.35) and (4.36) imply that
he(z, ) < h®(Tpm,, um, ) in Bpr. Therefore, h® satisfies (4.34) for every ¢ < g.

Recall that 1) is constant outside Bp. Then, by (4.32) and (4.34), we know that for every ¢ < ¢,
the function e?(V¢(®) is locally constant around z°. Therefore, (2, af) is also a local maximum
point for the incremental quotient ¢(z+ca) +¢(z —eca) —2¢(x). Moreover, outside Bg, the function
VI — ¢, +q — ¢q is convex as it coincides with VI — ¢,j — ¢,. So, proceeding as in the proof of
Theorem 3.2 (cf. Remark 3.3), we conclude that (4.31) is also proved in the case that A is not
guaranteed to achieve a maximum in Q.



16 M. COLOMBO, A. FIGALLI, AND Y. JHAVERI

In order to remove the smoothness assumptions on V and ¢, we approximate V and ¢ by con-
volution (adding a small constant to ensure these approximations define probability measures).
Then, from what we have shown above, the approximate transports are all globally and uniformly
Lipschitz. Thanks to the stability of optimal transports, passing to the limit, we prove (1.2). O

5. BOUNDED PERTURBATIONS IN 1-DIMENSION AND IN THE RADIALLY SYMMETRIC CASE:
PROOFS OF THEOREMS 1.2 AND 1.3

Our goal now is to produce optimal global Lipschitz estimates under strong symmetry but weak
regularity assumptions on our log-concave measures. Notice that when our perturbation is zero, we
recover that our optimal transport is the identity map (cf. Remark 3.4). We begin in 1-dimension
and with a technical lemma relating the behavior of our convex base and the cumulative distribution
function of the log-concave probability measure it defines.

Lemma 5.1. Let V : R — R be a convex function such that e~V ®) dz € P(R) and zo € R be such
that V(zg) = infg V. Define @, ¥ : R — (0,1) by

(5.1) O(x) := /x e VOdt  and V(z):= /OO e VO dt =1—d(x).
Then,

(5.2) V(z) = V(y) <log®(y) —log®(z) Va<y<ao

and

(5.3) V(z) = V(y) 2log¥(y) —log¥(z) Vap<z<y.

Proof. Since an analogous argument proves (5.3), we only show (5.2); in other words, we prove
that the function log ® + V' is nondecreasing in (—oo,zo|. Let & = inf{z : V(z) = V(z¢)}. The
function log ® + V' is clearly nondecreasing in [Z, x|, whenever this interval is not a single point.
Moreover, it is locally Lipschitz and its derivative is e="'/® + V’. Hence, it suffices to show that
the derivative is nonnegative in (—oo, ). Since V' is nonincreasing in (—oo, &) and by the change
of variables formula, we have that for a.e. x € (—o0, Z)

V(z)®(z) > / V/it)e VO gt = —e V@),

— 00

which proves our claim. O

Proof of Theorem 1.2. By approximating V' with a sequence of convex functions V; — V such that
e Vi(®) dz € P(R) and that are finite on R, we can assume that V' < oo on R. This reduction follows
from the stability of optimal transport maps. Recall that, as a consequence of the push-forward
condition T4 (e*V(Z) dm) = e V(@)=a(@) gp T satisfies the mass balance equation

x T(z)
(5.4) / eV g — / Va0 gy,
. _

[e.9]

which can be also written as

(5.5) / TV gy — / F V- g
x T(z)

since the measures e~V (®) dz and e~V (®)~4®) gz have total mass 1. From (5.4), we deduce that T
is differentiable. Indeed, both the functions

F(a:) = / e_V(t) dt and G(l’) — / e—V(t)—q(t) dt

—0 —00
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are differentiable and their derivatives do not vanish. So, T(z) = G~ o F(z) is differentiable as
well. Thus, differentiating with respect to x and then taking the logarithm shows that

log(T"(z)) = =V (x) + V(T(z)) + q(T(x)) VzeR.
Consequently,
(5.6) V(T(2)) = V(z) = llg” | oomy < log(T"(2)) < V(T(2)) = V(@) + a7 oo ).
On the other hand, (5.4) implies that
el zoe e / T v g < / " eV gr < oo i / vy
—o0

—00 —00

since ¢ € L*°(R). Taking the logarithm and defining ® as in (5.1), we see that

(5.7) ~llg" [l ) < log () —log ®(T'(2)) < [lg™ || oo (r)-
Analogously, from (5.5), we deduce that

(5-8) ~lg" | ooy < log ¥(2) —log U(T'(2)) < [lg~ || poo ()
We claim that

(5.9 g im@ S VT@) - V(@) < g lww Vo ek

To prove this claim, let xg € R be such that V(z¢) = infg V' and consider the sets
Ey:={z:x <zpand T(x) < zp} and Ey:={x:x>xand T(x) > zo}.
Applying (5.2) in F; yields that
0<V(T(z)) —V(z) <log®(z)—log®(T(x))

log ®(z) — log ®(T'(z)) < V(T'(z)) —V(z) <0

whenever z < T'(x) < zp. Therefore, (5.9) holds in E; by (5.7). Similarly, applying (5.3) gives us
that (5.9) holds in E» by (5.8). Now, we consider three cases:
1. If T(x0) = o, the monotonicity of T implies that Fy U Ey = R, and (5.9) holds in all of R.
2. If T(xg) > xo, then E7 U Eo U E; = R where, thanks to the monotonicity of 7', we have

B, ={x:x <x¢and T(x) >z} = [T (o), z0].

Since V' attains its minimum at zg, V' is decreasing on (—oo, 2] and increasing on [zg, c0). Conse-
quently,
V(T o)) — V(xg) < V(z) = V(T(z)) < V(T(x0)) — V(o) VoeFEL.

As T71(xg) € By and x¢ € E», our above analysis shows that (5.9) holds in E.

3. If T'(zp) < =g, an analogous argument to one used to prove case 2 demonstrates that Fq U
EyUE_ =R where E_ = [0, T !(z0)] and proves (5.9) also in E_.

Therefore, by (5.6) and (5.9), we deduce (1.3). O

Remark 5.2. From the numerical inequality |log(x)| > = — 1, which holds for z € [0, €?], we see
that if ¢ is the potential associated to T' in Theorem 1.2, then provided that ||q||pe®) < 1, there
exists a constant C' > 0 such that

16" — 1l o) < Cllgll oo ()-

We now move to the radially symmetric case in n-dimensions.
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Proof of Theorem 1.5. Let V,q:R — RU{oo} be two functions such that V =g = oo on (—o0, 0),
and V(z) = V(|z|) and q(z) = q(|z|) for every = € R™. Now, consider the function

T(a) = T(lal)

where T : R — R is the optimal transport that takes eii(r)r”*{dr to e~V =a(r)pn—1 gy,
Set Rt :=[0,00). We first claim that the optimal transport 7T is Lipschitz and satisfies
(5.10) 1log T’ || oo vy < gt noe @+ + g Nl oo +)-

Indeed, let V : R — R U {oo} be defined by V(r) = V(r) — (n — 1)logr on Rt and infinity
otherwise, and let § = g on R™ and zero elsewhere. Observe that V is convex and § is bounded.
Hence, applying Proposition 1.2 with V = V and ¢ = § proves (5.10).

We now conclude the proof. Notice that T is continuous. Furthermore, T is an admissible change
of variables from e~V ®) dz to eV @ ~4(®) dz:. To see this, we show that for every bounded, Borel
function ¢ : R™ — R,

(5.11) /go(T(x))eV(‘”)dx:/ o(z)e” V@4 ga

The formula (5.11) can be rewritten, using polar coordinates and the definition of T', as

/ / dH™ 1( ) —V(r) n— 1d7“—/ / Ta)dHn 1( ) ~V(r)— q(r) n— ld’l“
Sn— 1 Sn—1

which is, in turn, satisfied if we use the test function @(r) = [c._, @(ra)dH" ! (e) and recall the
deﬁnmon of T. )
Now, let ¢ € S*~! and 2 € R™ \ {0}. Since T'(0) = 0, we observe that

VT (2)[¢] = [¢lz7" — wlz| (e, )] T(|2]) + 2|z 71" (|z[)(z, €)
= [¢ —afa] *(, O] T"(t) + ala| T (j2])(z, )
where t € (0,|z|). By (5.10), we deduce that
e—llat Lo @n)—lla~ llLoo n) < {6, VT(2)[€]) < e||q+||L°°(]R’ﬂ)+”q_HLOO(R")7

which proves (1.4). To conclude, we show that T is the optimal transport taking e~V @) dz to
e V(@)=4@) gz Let ¢ : RY — RT be the convex potential associated to T. By construction, T'(z) =

V(4(|z))) and ¢(|x|) is a convex function. Since optimal transports are characterized by being
gradients of convex functions, T is the optimal transport taking e="V®) dz to e~V (@) —1(®) gz O

6. APPENDIX
We now show that the linear bound in Remark 5.2 is specific to the 1-dimensional case.

Proposition 6.1. Let n € N and V(z) = |z|?/2 + (n/2)log(27), so that e~V is the standard
Gaussian density in R™. Then, for every C > 0, there exists a bounded, continuous perturbation p
such that ||p|| o mny < 1 and e V@) =p() 4z € P(R™) and the optimal transport T = V¢ that takes

e V@) dg to eV @) =P@) dg satisfies
1D*¢ —1d || oo ey > Cllpll oo rny-

Proof. Suppose, to the contrary, that for every bounded, continuous function p : R" — R with
[Pl oo rny < 1, the optimal transport T'= V¢ that takes e V@) dr to e V@) —P() gy gatisfies

(6.1) 1D%¢ — 1d || oo (rn) < Collpll oo (rm)
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for some Cy > 0. In particular, let ¢ € L>°(R™) N CY(R™), and for all € > 0, define c. by

efs — / e—V(x)—aq(x) dz.

By construction, e~V (®)—ea(®)=cc gz ¢ P(R"). Thus, let ¢. be the potential associated to the
optimal transport that takes e~V dz to e V(@) ~2a(@)~¢c< gz and remember that ¢. solves the
Monge-Ampére equation

(6.2) det D2, = e~V HV (Vo) tea(Voo)tee

Note that ¢. — 0 as € — 0. Also, since

e’)’ —V(z)—eq(x)—c
) / —q(a)e VIR mEaw) e | < gl oo (7

ece

|kl =

ce is Lipschitz as a function of £ and

(6.3 el < gl o

In addition, by the dominated convergence theorem,

(6.4) =iy i= / —q(2)e”V @) dz as ¢ — 0.

Without loss of generality, we assume that ¢.(0) = 0. Now, define
Ye(x) = Gele) — lal'/2 _5 [2I*/2.

By (6.1) applied to p = eq + ¢ and (6.3), we see that if £ < then

1
2lgll Loo (rn)

(6.5) | D?4c || oo (rny < (Co + 1)l oo ()

Recall that, for any n x n matrix A, there exists a K > 0, depending only on ||A||, such that for
all ¢ sufficiently small |logdet(Id +cA) — etr A| < e2K. Therefore, there exist an g > 0 and a
collection of functions g. with

(6.6) sup ||ge | oo (rny < 00

e<eg

such that for all € < g,
eA.(2) + £2g.(2) = log det(Id +eD?*1).) = log det D*¢...
Thus, by (6.2) and our choice of V,

Ae(a) + ege(a) = L V0T = V<x>€+ £q(Vo. (@) + .

Ce

1
(6.7) _ /0 (1~ 1)V6u(2) + b2, V() di + (Vo (2)) +

Ce

= (&, Voe(@) + [ Vee(@)” +q(Vox()) +

We claim that, up to a subsequence, there exists a function ¢y € Cllo’i (R™) such that ¥, — g
in CL_(R") and D%, — D%y weakly-* in L=(R"™) as ¢ — 0. To this end, by Arzela-Ascoli, it

suffices to show that 1. are locally bounded in C!. Since 1.(0) = 0, by (6.5), it is enough to prove
that

(6.8) lim inf |V (0)| < oo.
e—0
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Assume, to the contrary, that lim._,o|V<(0)| = co. Notice that (6.7) implies that for all € < ¢
and x € R",

1
/0 (I =t)Vee(z) + ta, Vi (0)) dt’

< \ [ 0= 096.() + 2. Vuta) dt\ (Ve (@) + [2]) V= 0) — Ve ()]

< A ()] + €lge(2)] + |g(Vee(2))] + ‘Cj + (Ve (@)] + [2]) 2] sup || D*3e| oo zn)-

e<eg

Let a. = V-(0)/|Vi:(0)] € S*~1, and note that up to subsequences oz — g € S" ! as e — 0.
Furthermore, let € C2°(B;/2(ap)) be a nonnegative function that integrates to one. Then, by
(6.3), we deduce that

1
\V%(O)I/Rn /O (1 =t)Voe(z) + tz, ac) dt’n(x) dz
1
(6.9) :/n /0 <(1_t)V¢s(fL‘)+t$av¢e(0)>dt‘n(:n) dz

< sup €| gell oo wny + 2|q|| oo (mm)
e<eg

+ sup HD?«pguLm(Rn)/ (IV6-(0)la] + [2]? + 1)n(z) do.
e<eo R™

Recall that D?¢. converges uniformly to the identity matrix by (6.1) applied to ¢. and eq. By

the stability and uniqueness of optimal transports, V¢. converges locally uniformly to the identity

map as € — 0. In particular, [V, (z)| < 2 for every z € By /p(ap) and ¢ sufficiently small, and we

obtain that

| =

lim
e—0 Rn

n

1
|- 0¥6.0) + 1.0 dt‘n(w) o= [ (.ot de 2
0

by dominated convergence. Thus, taking the limit in (6.9) and noticing that the right-hand side is
bounded as e — 0 thanks to (6.5) and (6.6), we see that

1
o0 =l (900} | [ 11 = 0V6.(0) + t2,00) ] < o
e—0 0

which, being impossible, proves (6.8) and shows that 1. — 9o in CL_(R") and D*p. — D%y

weakly-* in L>°(R") as ¢ — 0 for some function 1y € C’llo’cl (R™).

Now, reformulating (6.7), we see that for any n € C2°(R"),
Ce

(6.10) Atpe(x) +eg:(z) — q(Vde(2)) — — )n(z) dz = (2, Ve (2)) + = Ve () ) () de.
n € n 2

Thus, recalling (6.4) and that ¢ is continuous, we can pass to the limit and obtain that

/ (Ao () — (2, Vio(@)) )n(x) di = / (a(x) + 1)1() da
Rn

n

for all n € C°(R™). Since ¢ was arbitrary, we have shown that for every ¢ € L>®(R™) N C%(R"),
there exists a function vy € Cllo’i (R™) solution to

(6.11) Atpg(x) — (x, Vipo(z)) = q(x) + ¢4
We now show that this is impossible. Recall that there exists a bounded, continuous ¢ and

Y € Ch%(By) N C™(By \ {0}), for any o € (0, 1), such that A (z) = g(z) in Bs, yet 1 ¢ CH1(By).

loc
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In particular, lim, o |D?*y(z)| = co. (See [10, Chapter 3].) Define

g(x) = (z, Vip(x)) z € By

h(z) = g(z/|z|) — (x/|z], Vib(x/|z])) =€ R™\ By,

and observe that, since 1) € C>*(By) and g is bounded and continuous, h € L (R™) N C°(R"). By

loc
construction, there exists a g € Cllo’cl (R™) that solves (6.11) with ¢ = h. Then, for 11 := g — ¢
we have that Ayq(x) — (z,Vip1(z)) = ¢, in By. Thus, 1 € C°°(B;) by elliptic regularity, a
contradiction since ) ¢ Cllo’cl (B1) and ¢y € C11(By). O
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