NON-LOCAL GRADIENT DEPENDENT OPERATORS

C. BJORLAND, L. CAFFARELLI, AND A. FIGALLI

ABSTRACT. In this paper we study a general class of “quasilinear non-local equations” de-
pending on the gradient which arise from tug-of-war games. We establish a C*/Ct*/C%*
regularity theory for these equations (the kind of regularity depending on the assumptions on
the kernel), and we construct different non-local approximations of the p-Laplacian.

1. INTRODUCTION

For gradient dependent second order equations, the influence of the gradient on the solution
can arise in different ways: On one hand there are semi-linear equations as for instance Au =
g(u, Vu), with an associated idea of drift or transport. On the other hand there are quasilinear
equations a;;(Vu)Djju = 0 coming from calculus of variations.

When moving to a non-local setting, in the semilinear case one can simply replace the Lapla-
cian by a fractional Laplacian (this kind of equations arise naturally, for instance, in the quasi-
geostrophic equations).

On the other hand, for quasilinear equations there are two natural frameworks to incorporate
fractional diffusion, corresponding to the divergence and non-divergence forms of the operators.

Consider, for example, the classical p-Laplacian. Through the calculus of variations one
comes to the p-Laplacian as the Euler-Lagrange equation of the LP norm of the gradient of a
function. Using equivalent framework one may define the p-(s-Laplacian) as the Euler-Lagrange
equation of the LP norm of the s-derivative of a function:

lu(z) —u(y)l
ul[ysp = / /RN |x— |n+sp dx dy.

This fractional version of the p-Laplacian is naturally studied through “energy” and “test
function” methods (see [6]).
Alternatively the p-Laplacian may also be written in non-divergence form as

\Vu|p_2(Au + (p—2)upn)

where u,, denotes the second derivative in the direction of the gradient of u. This has a game-
theoretical interpretation as the infinitesimal limit of a tug-of-war game with noise (see [13]).
In this tug-of-war interpretation, at each turn competing players are able to impose a drift
in their preferred direction to maximize/minimize the expected value of the game, but at the
same time there is a random noise (an “unsteady hand”) in the movement. As explained in the
review paper [2, Section 4], this class of games where the players are able to impose a preferred
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direction in the jump naturally leads to the general family of Isaac’s equations Tu(x) = 0, where

([ ) w0 ote =) i Kel) )
RN

Iu(z) := (1 — s) sup inf |y[NF2s

g1eA&€A

for some family of kernels {K¢}eca.
Consider for instance the following example, which we view as a non-local variant of the
classical p-Laplacian A, for p > 2:

A= S Kl i= g (2 €). @
Qp Yl

Here, ¢, € [0,1) and oy > 0 are suitably chosen constants, and I, 1) denotes the indicator
function for the set [c,, 1]. (Remark 4.5 describes the case p € (1,2).) In this model case, when
s € (3,1), both & and & will point in the direction of Vu (whenever it is non-zero). Such an
operator arises from the non-local tug-of-war game described in [1] if the players have unsteady
hands: when a player picks a direction to move the token, it is instead moved in a direction
randomly chosen from a cone around such direction.

The goal of this paper is to study the general class of equations (1). To give these equations
some basic structure, we assume the kernel is sufficiently singular near the origin and well
behaved, the precise statements of our assumptions are listed below in Subsection 2.1. Under
these very general assumptions we are able to establish C® regularity of solutions and a Harnack
inequality by extending the work in [4]. Section 3 contains these regularity arguments and
theorems. It should be noted that the operator (1) is not, in general, elliptic in the sense of [4,
Definition 3.1], and therefore the results of [4] cannot be applied directly to (1).

In Section 4 we investigate the Dirichlet problem associated to the specific operator given by
(1)-(2). We prove existence, describe the regularity of solutions, and show that they converge
to solutions of the classical p-Laplacian as s — 1. For operators such as the one described by
(2) the questions of existence and uniqueness are complicated considerably by the interaction
of local and non-local effects. We adopt a notion of solution which is stable under suitable
convergence but for which we have only a partial comparison principle and non-uniqueness.
This is contrasted with the approach we used in [1] which involved a stronger definition of
solution allowing a full comparison principle. With the stronger definition of solution proving
existence becomes very difficult, and we refer the reader to [1] for more discussion, including
counterexamples, regarding this phenomenon (in particular, the non-uniqueness example given
in [1, Appendix| shows the failure of a full comparison principle for the operator (1)-(2) when
p is sufficiently large). All of the results from Section 4 hold also for the p € (1,2) model
described in Remark 4.5.

Higher regularity of solutions associated to operators of the form (1) appears to be a very
difficult question due to the delicate interaction of local and non-local effects. However, when
the local effects dominate we can expect to find higher regularity of solutions if a “near by”
local equation has sufficiently regular solutions. We make this idea precise in Subsection 4.4 for
the kernel (2) through a perturbation argument relying on regularity results for local second
order equations related to the classical p-Laplacian. In particular, we prove C1® regularity for
solutions to (1)-(2) when s is sufficiently close to 1.

In Section 5 we examine in detail another specific example:

A=Y K =+ (ol ane (2 €). Q
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As in (2), we think of ¢ as a cutoff function limiting the support of K¢ to a cone around &.
The decay of |y| near zero indicates the non-linear term in the definition of the operator is
of lower order than the fractional Laplacian. Making use of the the perturbation theorems in
[5] and the special structure of our equations, we show that solutions corresponding to (3) are
C?®. Additionally we exhibit a sequence of operators of this form which approach the classical
p-Laplacian A, when s — 1. Recalling that solutions to the p-Laplacian are at most C1e, the
C?% bounds cannot be uniform with respect to s (while the C%* bounds are). Hence, this
latter example provides a non-local regularization of the classical p-Laplacian.

2. STRUCTURE OF THE KERNEL

2.1. Assumed Structure of the Kernel. In this subsection we state the general assumptions
we make on the set {K¢}ecq to give the kernel basic structure. We keep these assumptions
throughout the paper.

We require first that all kernels are non-negative and uniformly bounded:

inf inf Ke(y) >0 sup sup Ke(y) < oo.
£eAycRN f() ’ £eA ycRN f()

Additionally we make two assumptions which control the singularity of the kernel near the
origin. Assumption 2.1 ensures the kernel is sufficiently “singular” by bounding from below
the measure of the set on which K¢ is positive. Assumption 2.2 ensures this set is sufficiently
regular.

For any p > 0 define

Ko(&) = {y : Kely) = p}.
We also use the notation B, = B,(0) and A, = B, \ B% which we keep throughout.

Assumption 2.1. We assume the existence of p > 0, ¢ > 0, and 7 > 0 such that for any
r € (0,7) and £ € A,

|Kﬁ(§) N Ar| > E|Ar|'
Assumption 2.2. Let 7, p be as in Assumption 2.1. Given any € > 0 there exists of an integer

m = m(e) € N such that, for any r € (0,7), £ € A, and y € B,

/R N s©nan/2(z = y) = Taenan/2(2)| dz < el Ar|.
Here Nk ,¢)na,)/2 denotes the indicator function for the set {y : 2y € K;(§) N A, }.

We observe that, compared to [4], we do not require our kernel to fill up the whole space
(and not even a small ball around the origin). We believe these general assumptions may also
be useful in several other problems.

3. HOLDER CONTINUITY AND HARNACK INEQUALITY

In this section we build upon the arguments in [4] to prove a Harnack inequality and Holder
continuity for solutions of (1). We give proofs where our assumptions change the arguments in
[4] and refer to the original arguments when they are identical.
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3.1. Preliminary Definitions. Before proceeding we introduce two function spaces which will
be used throughout this paper.

Definition 3.1. A function ¢ is said to be C%'(xq), or equivalently “CY' at the point xo” if
there is a vector p € RV and numbers M,ng > 0 such that

|6(20 + x) — d(x0) —p- 2| < Mlzf* (4)
for |x| < ng. We define Vo(xg) := p.

It is not difficult to check that the above definition of V¢ (xg) makes sense, that is, if u
belongs to C11(xg) then there exists a unique vector p for which (4) holds.

Definition 3.2. Given s € (0,1), a function ¢ is said to be L' (RN ;s) if
, ¢ ()]
9l L1 .s) = /RN de < 00. (5)

The space L'(RY; s) is essentially the weighted space used in [5].
Throughout this paper we use the notation

L(u& )= (1) /R uety) ﬁ;ﬁ@;}) — 24 ke () dy. (6)

This linear operator corresponds to (1) when the supremum and infimum are attained with the
same choice of ¢. Tt is well defined whenever v € C11(z) N LY(RY;5). When u is less regular
we interpret this linear operator in a viscosity sense (see [7], [4], and Definition 3.3 below).
Regarding the operator (1), in this section we will actually take a general definition of solution,
which includes (1) as a special case: we will just assume that wu is a viscosity solution of

L ) S 203 in L ) S SO
max (u, &, ) min (u, &, )

Since

I > Tu(z) > min L
max (u, &) > U(x)_ggg (u, &, ),

this latter definition is much more general than (1) but it is sufficient to prove regularity of
solutions.

Definition 3.3. Let L = L(-,&,-) be the family of operators defined in (6), let x9 € Q and
Co € R. An upper [resp. lower] semi continuous function u : RN — R is said to satisfy
Ltu(xzg) > Cy (resp. L~ u < Cy) if

m?xL(u,f,wo) >y [resp. mﬁin L(u,&,x0) > CoJ

in the viscosity sense, i.e., whenever:

e B, (xg) is an open ball of radius r centered at xg,
o ¢ € Cl (o) NCO(B,(x0)),
* ¢(xo) = u(xo),
e 6(x) > ulx) [resp. 6(x) < u()] for every z € B, (xo) \ {0},
then there is a £ € A such that L(u, &, x9) > 0 [resp. L(u, &, xo) < 0/, where

v | ¢(x) if xe€ By(xo)
() = { u(z) if zeRN \OBT<$0). (7)
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In the above definition we say the test function ¢ “touches u from above [resp. below]| at
:L'o”.
Before we begin, we recall the definition of a concave envelope which will be used throughout

this section.

Definition 3.4. Given A C RY, the concave envelope of u in A is defined by
[(z) := ire}f{ﬂ(x) 0 >wvin Al is affine} Vz e A

We also define the contact set {u =T} :={x € A:u(x) =T(z)}.

The main goal for this section is to establish a Harnack inequality and C“ regularity when
we have control of L(u,&, z) for at least one £ at every point = € . It is important for our
purposes that these estimates are uniform as s — 1, so we fix s9 > 0 and always take s € (sq, 1).
The constants in this section may depend on sy but they will never depend on s.

3.2. ABP estimate. First we establish an Alexandroff-Bakelman-Pucci type estimate. The
following lemma is a slight generalization of [4, Lemma 8.1]. Although the argument is almost
the same we provide details for completeness.

Lemma 3.5. Let u < 0 in RN\ By and T be the concave envelope of u™ (the positive part of u)
in Bs, setting T'(x) = 0 for any x # Bs. Assume LTu(z) > —f(x) in By. Set pg := 1/(8y/n),

1

Tk 1= po2 2075)—1@, and Ay = By, \ By, /2. Given M >0, define

Ap(z) = A N {y s ulz +y) <u(z)+y-VI(z) — Mri}.
Then there is a constant Cy > 0, depending only on the dimension, with the following property:
For any x € {u =T} there are k € N and { € A such that

[, ks clPiag ©

Proof. At any x € {u = I'}, u may be touched from above by an affine function ¢(z), and so
L(u,&,x) is defined classically for any ¢ € A (see, for example, [4, Lemma 3.3]). Moreover, by
Fatou’s Lemma and dominated convergence, the map £ — L(u,&,x) is upper semicontinuous
at these points. Hence, by the assumption LTu > —f(z), for any x € {u = '} there is £ € A
satisfying pointwise L(u,&,z) > — f(x).

We claim that, for any = € {u =T}, §(y) = u(y+z) +u(y — x) — 2u(x) < 0. Indeed, at any
x € {u =T} it must be that u(z) > 0. So, d(y) < 0 whenever u(z + y),u(x —y) < 0. On the
other hand, if u(z +y) > 0 or u(z —y) > 0 then z + y,z —y € Bs, and the inequality 6(y) < 0
follows from the fact that « is dominated by the concave function I' inside Bjs.

Now, the negativity of d(y) implies that f(z) > 0 and

—f(.T) < L(U,f,ﬂ?) = (1 - S) /]RN ‘yflgfgi)QsK:f(y) dy
<t-v [ mng@) dy. ©)

70
By way of contradiction, assume that for every Cy > 0 thereisan x € {u =T} and an M > 0
such that, for every k > 0,

| Keway > 205210 B (10)
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Since x € {u =TI'} we have
Ay C {y:=d(y) >2Mr} N Ay,
so that, using (10),
—0(y) > Ke(y)
Ke(y)dx > Mr dy
/Ak(x) |y[N+2s ¢(v) k A (@) |y[N+2s
> enCof (2)rp ™,

where ¢y > 0 is a dimensional constant. Combined with (9) we find

F(&) > enCof(a)(1 - 5) 0 r2
r=0

_ (1—s) 2(1—s)

- CNCOf(x>pO 1 . 2—2(1—8) .
Since pél_s)% is bounded away from zero, independently of s € (0, 1), this is a contra-
diction for Cj sufficiently large. O

Next we generalize [4, Lemma 8.4]. Here and in the sequel, we say that a constant is universal
if it depends only on the dimension and on the quantities appearing in Assumptions 2.1 and
2.2.

Lemma 3.6. Let r € (0,7) with 7 as in Assumption 2.1, and I' a concave function in B,.
Given h > 0 set

A(z) = A, n{y:T(z+y) <T(z) +y-VIL(z) - h}.

There exist universal constants € > 0 and m € N with the following property:

If, for some £ € A,
/~ Ke(y) dy < €| A,], (11)
A(z)

then I'(x +y) > I'(x) +y - VI'(z) — h for y € B, jom.
Proof. Given any &, let p and K5(§) be as in Assumption 2.1. If (11) holds then

~ 1 €
ARy < - [ Kelwydy < 514
pJa p
We are interested in the set
K = (K;(6) \ A) N A,.
Combining the above estimate on A N K;(¢) with Assumption 2.1, for € small we have
c
K] > Sl (12)

with ¢ as in Assumption 2.1.

To finish the proof we will show that for all ¥ in some neighborhood of zero there are two
points 21,29 € K such that % = y. The concavity of I" will then imply the result. We
deduce the existence of such a neighborhood from the convolution

9(y) == /]RN Ig/2(2) 1oy — 2) dz,
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where K/2:={z:2z € K} and —K/2:={z: -2z € K}. Indeed, by (12),
1 c
9(0) = |[K/2| = 2—N1K| Z QW’Ar\-

Moreover, by Assumption 2.2, there exists m > 0 such that for any y € B2Lm,

c
maxl(- =) = 90 < [ 1Tl =) = Dale) d= < gl

Thus, g is strictly positive in B, jom.

To conclude, we observe that for any y in this ball there must be a z € K/2 such that
y —z € —K/2 (as otherwise we would have ¢g(y) = 0). Setting z; := 2z and 23 := 2y — 2z, we
have z1,29 € K and y = (21 + 22)/2, as desired. O

Corollary 3.7. For any € > 0 and pg > 0 there are universal constants C; > 0 and m € N
with the following property. Let u and " be as in Lemma 8.5, and let x € {u =T}. Then there

isTE (O,p02_2(1l—~“)) such that
A=A {y:ulx+y) <ulx)+y-VD(z)— Cf(x)r?}
satisfies
[ Kelwdy <l

IVI(B_z (@) < (2C1f(2))"1B_x .

om—+1

Proof. To prove the result, let Cyp and € be given by Lemmas 3.5 and 3.6, and set C; :=
Co|B1 \ Byo|/e. Then, by Lemma 3.6 with h = Cy f(z)r? we deduce that

Dz+y) > T() +y VO(z) = Cif(@)? Yy € Byyn(a).
By concavity, this implies
IVI(z +y) — VI(z)| <2C f(z)r Vy € B, jam+1(),
and the result follows. O

From here the proof of the ABP estimate follows exactly as in [4] and we have the following
version of [4, Theorem 8.7].

Lemma 3.8. Let u and I' be as in Lemma 3.5. There exist a universal constant C' and open
cubes Qj with diameters d; such that:

(a) QinQ;=0ifi#j.

(b) fu=T} C UQ;.

() Qin{u=T}=0 for all i.

(d) d; < 802_1/(2_28)’ where pg = 1/(8y/n).

(e) [VI(@j)| < (2C maxq, f)"|Q;].

(f) Hy € 4VNQ; : u(y) > I(y) — C(maxg, f)d;}| > ulQjl.

Proof. This lemma is deduced directly from Corollary 3.7 exactly as in [4, Theorem 8.7]. O
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3.3. Barrier Function. Analogous to [4, Section 8] we now demonstrate the existence of a
barrier function which is a subsolution in a suitable annulus.
Before we proceed we mention a short lemma which is a consequence of Assumption 2.1:

Lemma 3.9. Let 7 and p be as in Assumption 2.1. There exists a universal constant ¢; > 0
such that, for any r € (0,7) and £ € A,

_ 2
/A yiKe(y) dy > c1p| A"V
Proof. For any ¢ € A and Kj5(§) as in Assumption 2.1,

/ YiKe(y) dy > / yiKe(y) dy > ﬁ/ yt dy.
A ArﬂKﬁ(f AMTK,;(E)

Choose 1 > 0 sufficiently small (depending only on the dimension) so that
c
H|y1‘ < 777“} ﬂAr| < §|Ar‘
Then, by Assumption 2.1, the set
E = A{ly1| > nr}n A nK;5(S)

has measure at least ¢|4,|/2, and we get

C
/ y%dyZ/y%dy2n2T22\Ar!-
ArNK;5(€) E

Since |A,| is proportional to 7V, the proof is complete. O
Lemma 3.10. Given py > 1 there is p > 0 such that
f(x) = min(27, |z[77)
satisfies
L(f,&x) 20
for every s € (so,1), £ € A, and |z| € [1, po).

Proof. Modifying the arguments in [4, Section 8], we will establish L(f,&,xz) > 0 for any £ € A
and x = per, 1 < p < pg. The remaining cases are recovered through rotation. The argument
relies on the following estimates which hold for a > b > 0 and ¢ > 0:

b
sz (1-g2),
1
(a+b)7"+(a=b)"">2a""+Jq(g+ 1)b2a=772,

Since f(pz) > pPf(x) and f(pe1) = p~Pf(e1) for all p > 1, using a change of variables we
may scale out p:

fpler +2)) + flpler — 2)) — 2f (per)

L(fvgax) = p_28(1 - 5) RN ‘Z|N+2s Kf(pz) dZ
> p=2P(] _g) N fler +2) +|JZ”|(§1+; z) — 2f(el)/€g(pz) .
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If |z| <1/2 we have

fler+2) + f(er — 2) — 2f(er)
>2(1+ ’z’Q)—p/2 + g(p + 2)2%(1 + ‘2’2)—;0/2—2 _9

p
> (0 +2)2 -l — Lo+ 20+ 2P

Then, for r < 1/2 and s € (0,1),

[\

J

o
L) = (1-5) [ dr(t-9) [ R Ke(p)d
AL 6 = (=) | ik det (=) | T Ke(pe) ds
> 242 -s) [ Ke(pe) dz - CplKellcloB1 20~
=50 Y Jg, ez e T I

p
— ClIKellol1 — )

where moving to the last line we used § > —1 for all z. Let ¥ and ¢; be as in Lemma 3.9. If
r < 7/po then

_ 1—-5 _
(p+2)(p + 1'% = C|Kelloe——r7%,

7 2(1—s) %
. W’Q(PZ) dz=p~ i W’Cé(z) dz

pr

2(1—s Z/A z|N+23 Ke(z)dz

—9(1—s s 2
> p 207 (pr)?0 )61Z|Aszll+N
k=0

= CNT2(178)01 .
This implies

P TPL(f,€ e1) > CNg(p +2)c17? 7% — Cp||Kel|oo| 0By |r? 2
p _ 1—s _
— Of|Kelloo(1 = 5)1(29 +2)(p+ 4t — CH’CEHOOTT > (13)

Ignoring the common factor r =24, the positive term on the right hand side of (13) is ~ p?r?
while the negative terms are ~ pr?, ~ p?>r?, and ~ 1 respectively. Hence, choosing r = p3/4,
for p sufficiently large we get that » < 7/pg and the right hand side of (13) is non-negative, as
desired. O

Corollary 3.11. There is a function ® such that:

® is continuous in RV,

®(x) =0 on RN\ B, sy

O(z) > 2 on Q3.

L=®(x) > —¢(z) in RN for some 1(x) > 0 supported in By

for every s € (sp,1).

Proof. Let p and f be given by Lemma 3.10 with gy = 8v/N, so that after scaling L(f(-/4), &, x) >
0 for all £ € A and z such that 1 < |z| < 2V/N.
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Then we set

0 if zeRY\B, .
®=cq (z[" = (2VN)™?) if z€ B, 5\ Biu,
q lf T € Bl/4'

where ¢ is a quadratic polynomial chosen so that ® is C1'! across 0B, /4 and c¢ is chosen so that
® > 2 in Q3. It is easy to check that ® satisfies all the desired properties. O

3.4. Point Estimates. We recall that I denotes the operator defined in (1).

Lemma 3.12. Let s € (so,1). There exist g >0, 0 < p < 1, and M > 1 such that if

e u>0 inRY,
o info,u<1,
o L u(z) < e inside Q4w

then [{u < M} N Q1| > p. These constants are independent of s € (sg, 1).

Proof. Consider v := ® — u where @ is as in Corollary 3.11. Then, for every = € @, /5 there
exists £ € A such that L(v,{, ) > —1(z) — 2¢9. The proof now follows the one of [4, Lemma
10.1]. O

The following theorem is a direct consequence (using a covering argument and scaling) of
Lemma 3.12. The Harnack inequality and Holder estimates can be deduced from it.

Theorem 3.13. Let u > 0 in RY, u(0) < 1, and assume L~ u(z) < Cy for any x € Ba,.. Then,
I{u > t} N Br| < C?"N(u(()) 4 007“28)615_6

for every t > 0 and s € (so,1). Here, the constants C' and € depend only on N, s, and the
constants in Assumptions 2.1-2.2.

3.5. Harnack Inequality.
Theorem 3.14. Let v > 0 in RY, and assume
Ltu>-C), L u<C) in By.

Then u(x) < C'(u(0) + Cp) for every x € Byjy and s € (so,1). Here C' depends only on N, s,
and the constants in Assumptions 2.1-2.2.

Proof. This is proved arguing exactly as in [4, Section 11], using Theorem 3.13 above. O

3.6. Holder Estimates.

Theorem 3.15. Let s € (0,50) and u a bounded function in RY. Furthermore, assume there
is a constant C} > 0 such that

Ltu>-C), L u<C)] in Bi.

Then there are constants C" and o > 0, depending only on N, s, and the constants in
Assumptions 2.1-2.2, such that u € C*(By3) and

[ullce B, ) < C"(sup ful + Cp).
RN

Proof. This is proved arguing exactly as in [4, Section 12], using Theorem 3.13 above. U
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4. NON-LOCAL p-LAPLACIAN

Throughout this section we use Aj to denote the operator (1) with (2). We restrict ourselves

to the case s € (1,1) and p € [2,00) but all of the results hold for the p € (1,2) case described
in Remark 4.5. Our main goals are to demonstrate how A7 — A, the classical p-Laplacian, as
s — 1, and describe the existence and regularity properties for solutions.

4.1. Preliminary Definitions.

4.1.1. Local Definitions. Recall the classical p-Laplacian:

Apu = Au+ (p — 2)|Vu| ?D*u : Vu ® Vu.
This is the Euler-Lagrange formula (after canceling |Vu[P~2) associated with the functional
Jo IVul? da.

The p-Laplacian is not obviously defined when Vu = 0 and we adopt the following convention
(see also [9]).

o If Vu(z) # 0 then
Aptu(z) = Ap _u(x) == Apu(z).
o If Vu(xz) = 0 then
Apu(r) = Au(z) + (p—2) sup D?u(z):ERE,
geSN-1

Ay _u(z) = Au(z) + (p—2) inf D?u(z):E@E.
§€SN71
We interpret solutions of the classical p-Laplacian in the following viscosity sense (the defi-
nition of viscosity solution can be given equivalently either with quadratic polynomials or with
C? test functions, but for convenience we prefer to adopt the first one):

Definition 4.1. An upper [resp. lower] semi continuous function u : Q — R is said to be
a subsolution [resp. supersolution/ at zg € €2, and we write Apu(xg) > 0 [resp. Apu(xg) <
0/, if every time a quadratic polynomial ¢ touches u from above [resp. below] at xo we have
Ay 1 d(x0) > 0 [resp. Ap _¢d(xg) < 0/]. If a function is both a subsolution and a supersolution,
we say it 18 a solution.

We recall that the viscosity definition of A, ; coincides with the variational one, see [11].
We record now some well known facts that will be useful throughout this section.

Theorem 4.2. Given a continuous f : Q) — R the Dirichlet problem

Apv(z) =0 if x e,
{ v(x) = f(z) if x €.

has a unique solution in the sense of Definition 4.1.

(14)

The regularity associated with the classical p-Laplacian is also well known.
Theorem 4.3. Let u: By — R solve (4.1) with Q = By. Then
lullcra(m, ) < CN, P fllLe (o))
for some & = a(N,p) > 0.
Proof. See, for example, [8], [10], [12], [14], [15], and [16]. O
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4.1.2. Non-local Definitions. Reflecting the definition of solutions for the classical p-Laplacian,
throughout this section we adopt the following definition of solutions corresponding to A,
s € (3,1). This definition makes use of the following observation: for the kernel (2), when
u € CH(x) and Vu(z) # 0, the infimum and supremum in definition (1) are obtained in the
direction of of Vu(x) (see also [1]).

Define A . and Aj _ in the following way: (See (15) and the discussion below for the precise
definition of oy, ¢,. At the moment, think of them just as two positive constants.)

o If Vu(x) # 0 then

AL u(r) = A5 _u(r) = (10;3)

/ [u(w + ) + u(w — y) = 2u(@)) I, 1y (- €) "
RN ’

|y‘N+2s

. _ Vu(z)
with £ = Nu()

o If Vu(z) = 0 then

A) ju(z) = (

L) fule+ ) + (e — ) — 2u(e)] 1) (2 -€)
sup / N+2 4y,
ap EESN_l RN |y‘ ®

u(x u(x — — 2u(x . Yy .
i-9 /RN[( +y) + ule — y) = 2u(@)] L, 1) (3 5)dy.

AL _ulz) =
p,— () ap  gesN-1 |y F2s

Definition 4.4. An upper [resp. lower] semi continuous function u : RN — R is said to be a
subsolution [resp. supersolution/ at xo € €2, and we write Aju(zo) > 0 [resp. Aju(zo) < 0],
if every time a test function ¢ € CY1(xg) touches u from above [resp. below] at xo we have
A yi(xo) > 0 [resp. Ap _i(xo) < 0] where @ is as in (7). If a function is both a subsolution
cmd a supersolution, we say it is a solution.

We also use the notation Al =A, Ap+ = A, 4, and Al =A,_.

4.2. Connection with the p-Laplacian. In this subsection we demonstrate how Aju(z) —

Apu(z) as s — 1 when u is smooth. To begin we make precise the choices of a, and ¢, in (2).
We define

1
ap =3 /BBI (w - e2)* e, ) (w - €1) do(w), (15)
Bp = ;/331 (w- 61)2 Le, 1) (w-e1) do(w) — ap. (16)

For p > 2 we choose ¢, € [0,1] such that §5,/a, = p — 2. Such a choice is possible for any
p € [2,00). (The case p = 2 corresponds to ¢, = 0.)

Remark 4.5. To handle the cases p € (1,2) one should instead use the kernel

— 1
A= SN la ’Cg(y) = [Ocp <’ ‘ >

The difference between this kernel and (2) is the cone whzch defines the kernel: here we use the
indicator for the set [0, c,| while (2) uses [cp, 1]. The ideas and theorems in this section may be
applied to this model in a straightforward way.

For the remainder of this subsection let u € C2(RN) N LY(RY; s) for some sq € (0,1) and
assume always that s > sg.
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1
4.2.1. Limit in the case Vu(z) # 0. First we handle the case Vu(x) # 0. Set €, = (1—s)20+25)
Then, for s sufficiently close to 1:

s v (=98 [ u@+y)+ulr—y)—2u( vu
Apulr) = ay /RN |y [ V2 Tep <|y\ IVU\>

_(I=s) / Yy ( )
V=% p Y2Y g d
o D@ [ s le |y\ |w y

a \y|N+2s [yl [Vul
<1—s>/ o(ly|?) (y w)
+ 1. - dy.
ap  Jp., lyV2E Ty [Vl
=: Ay + Ay + As.

With a change of variables,

Ay = eg(l_s)L — S)Dzu(x) : / YEY g (y : Vu) dy,
B

o Vs ey vl
o(1—s) (1 =8) 1o . Vu
= 68( )TOZPD u(zx) : /831 wRw ]1[%1] <w . |Vu|> do(w)

= 21=9) <Au(x) + %|Vu|_2D2u FVu® V“) '
p

Also, since

—N—-2s
2¢;

—N-—2s
| < 14+ |y’N+250

ly for |y| > €5 and s > s,

we get

1 _
R Y B
ap Ry 1+ ’y‘ 0

and we see Ay — 0 as s — 1 (observe that (1 — s)e; V725 = /T —s).
2(1-s)

Moreover, since €;

Bplap = (p = 2)).

Hence

— 1 as s — 1, we see that A1 — Apu(x) and Az — 0 (recall that

llgi Aju(z) = Apu(x),
as desired.

4.2.2. Limit in the case Vu(z) = 0. For the same choice of €5 we have

s 1—s Yy y
AJ ju(z) < ( ) sup D?u(x) :/B NS lge, 1) ( .§> dy

Qp  ¢egN-1 s |y|

(1—3s) / lu(z +y) — u()| (y )
+2—~ sup 1. . dy
ap  eesN-1JRN\B., |y N+2s e 1]\ Ty

(1-s) / o(|y|?) <y >
+—= L, (&) d
ap  Jp., [yN2E ey
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Arguing similar to the case Vu(x) # 0 above, one can show the second and third terms on the
right hand side tend to zero as s — 1, so that

0 <lim AJ u(z) < Au(z) + (p—2) sup 852u(x) = Ay u(x).
s—1 ’ §€SN*1

Likewise,

0> llg}l Ap _u(z) > Au(z) + (p — 2) §eiSan*1 8£2u(m) = A, _u(x).

4.3. Basic Properties of AJ. For the remainder of this section we investigate the following
Dirichlet problem.
Given a domain €2 and data f : RV \ Q — R we are interested in solutions of
ASu(x) =0 if xeQ)
p b
{ u(z) = f(x) if zeRV\Q. (17)
In order to construct barriers at the boundary, we will assume € is a bounded subset of RY
which satisfies an exterior sphere condition, that is, we assume there is a fixed radius Ry > 0 so
that any point on 9€2 can be touched from the outside by a sphere of radius Ry. Furthermore,
we also assume that s € [so, 1) for some sg € (3,1) we have fixed beforehand.

4.3.1. Stability. We will now show A7 is stable under suitable convergence of solutions. The
definition of half-relaxed limit is borrowed from [7, Section 6].

Theorem 4.6. Let u, : RV — R be a family of upper semi continuous functions, and {s,} C
(3,1) be a sequence converging to s € (3,1] asn — oo. Let @ C RN and assume that

e there is a function g € LY(RYN) such that HHZT% < g(x) for alln and v € RV,
° A;:’+un >0 n Q.

Let u denote the “half-relaxed limit” of uy, i.e.,

u(z) = limsup{un(z) : z € By/;(x) N Q, n > j}

Jj—o0
Then A;7+u+ >0 in Q.
Notice that if u,, — u locally uniformly, then 4+ = u and so u is a subsolution.

Proof. First of all, using the definition of half-relaxed limit it is easy to check that u™ is upper
semi continuous.

Let us first assume s < 1, so that {s,} < § < 1 for n large. As shown in [4, Lemma 4.3], it
suffices to test the subsolution condition with C? test functions.

Let ¢ € C%(B,(x0)) touch u™ from above at x¢ € €2, and let x,, be a sequence as in the
assumption above. Since ¢ touches u strictly at xg, using the definition of half-relaxed limit we
see that for n sufficiently large there exists a small constant §,, € R such that ¢ + §,, touches
uy, above at a point x,, € B,(z¢). Define r,, = r — |x,, — x¢| (observe that r,, — r as n — 00),
and define

. {gb(x)+5n if |x— x| <rp,

tn = up () if |z —xy| > 1.

By assumption, A}, @iy, (7,) > 0. We will show A7 L di(xg) > 0.
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Case I: If Vo(zg) # 0, taking n large enough we can ensure V(x,) # 0. Let &, € SN~1
denote the direction of V¢(x,) and & denote the direction of Vp(zp). We have

0<(1—s1) /B [P(zn +y) + ¢(xn — y) — 26(25)] Le, 1) (Iy\ §n>

|y|N+2sn

™n

[un(xn =+ y) + un(l‘n - y) - 2un(xn)] lcp 1] fn
- Sn)/]RN\BT Jy|[NF 2 (Iyl ) o 19

The first integral on the right hand side is bounded by the integrable function M |y|2(1_§)_N .

By assumption, the integrand in the second integral is also bounded by the integrable function
g. Since &, — & and r, — r¢ as x, — xg, the dominated convergence theorem implies

< /B [$(o0+9) + $(o0 ) = 20@0)] Loy (B 6)

[y| V2o
’ )/ [uo(zo +y) + uo(wo — y) — 2up(w0)] ]lcp 1] <|y| 50)
+(1—s
RV\B, |y|N+2S

This is exactly A | @(zo) > 0.
Case II: If V¢(zg) = 0, for any € > 0 there is a sequence &, € S™V~! so that

T Tn —Y) — 20(xy)| 11, n
S [$(on +) + dlan — 4) = 20(en)] Uy (1 -60)

|y|N+2$n

n

dy.  (19)

[Un (Tn + Y) + Un(Tn — y) — 2un(zn)] ¢, 1 (\yl §”>
(1-— Sn)/R 5 [y |V F2sn

Since SN~ is compact, there is a & € SV ! and subsequence (which we do not relabel) so that
&n — &. Arguing as in the Vo(xg) # 0 case we find

—e<

[ ato +) + oo — ) — 24(w0)] By (3 60)

|y|N+23

[uo(zo + ) + uo(zo — y) — 2uo(x0)] e, 1) (\y| 50)
+ / N+2s
RN\B, [l

dy,

- [t (w0 +y) + to(zo — y) — 2t0(20)] e, 1) (ﬁ : 5)
<o/ e
where g is as in (7). As € > 0 is arbitrary we conclude the right hand side is positive which
implies A7 , tio(z) > 0.

To finish we need to handle the case s, — 1.

Let ¢ = g be a quadratic polynomial (see Definition 4.1). We follow a path similar to
Subsection 4.2: again assume Vq(zg) # 0 and rewrite the first integral on the right hand side
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of (18):

v .
[y] fn) dy = Tz(lfsn)A

[g(zn +y) + a(zn — y) — 2q(zn)] L,
1) [ o pera(an).

|y| N +2sn

™

The second integral on the right hand side of (18) is bounded by

2s
n

(1 - 1) {HgnLl(RN) +

which tends to zero as n — oo. Thus,

0 < lim A" din(zn) = Ap 1+q(20)-

If Vg(xo) = 0 we start instead with (19) and find A, q(xo) > 0. O

Remark 4.7. A similar statement can be made about supersolutions u, by applying this lemma
to —uy,.

Remark 4.8. If, in the statement for Theorem 4.6, we replace the assumption “Af:;un >0 in
Q7 with:
For every x € Q there is € € SN™1 such that

dy >0 (resp. <0)

[ [l +y) + wnlx = y) = 2un(@)] L,y (- €)
RN

|y|N+2sn

interpreted in the viscosity sense,
we have instead the conclusion:

[t (2 + )+ ut (2 — ) = 20" (@) 1o,y (- €) |
/RN WEE=E dy >0 (resp. <0) if s<1,
Aut(x) + (p — 2)8§u+(3§) >0 (resp. <0) if s=1.

The following corollary will be used to construct solutions using Perron’s method.

Corollary 4.9. Let F be a set of subsolutions such that % < g(z) for allu € F, where
g€ LY(RN). Set

w(zx) := sup u(x) < oo Ve,
ueF

and let w* be its upper semi continuous envelope, i.e.,

w*(x) := limsup{w(z) : 2 € Byj(z) NQ}.

j—o0
Then w* is a subsolution.

Proof. Since the maximum of two subsolution is a subsolution, there is a sequence of subsolution
wy, whose half-relaxed limit is given by w*. The result then follows from Theorem 4.6. g
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4.3.2. Partial Comparison. Subsolutions and supersolutions for Aj satisfy a weak comparison
principle given by the following lemma. This comparison principle is not strong enough for a
full uniqueness theory but we will use it to prove growth estimates away from the boundary.

To prove it, we will rely on the well known inf/sup-convolution approximation (see, for
example, [3, Section 5.1]):

Definition 4.10. Given a continuous function u, the “sup-convolution approximation” u is
given by

o) = sup {ula) + e~ M}

z€RN €

Given a continuous function v, the “inf-convolution approzimation” v, is given by

ve(zo) = inf {v(x) —et W} .

zCRN €

We state the following lemma without proof, as it is standard in the theory of viscosity
solutions (see, for instance, [3, Section 5.1}).

Lemma 4.11. Assume that u,w : RN — R are two continuous functions which grow at most
as |z|? at infinity. The following properties hold:

o ut | u [resp. we T w/ uniformly on compact sets as e — 0. Moreover, if u [resp. w] is
uniformly continuous on the whole RN, then the convergence is uniform on RYN.

o At every point there is a concave [resp. convex] paraboloid of opening 2/e touching uc
[resp. wc] from below [resp. from above]. (We informally refer to this property by saying
that u¢ [resp. w] is OV from below [resp. above].)

o IfAju >0 [resp. Ajw < 0] in Q in the viscosity sense, then Aju® > 0 [resp. Ajw® < 0]
in Q.

Theorem 4.12. Let Q C RY be a bounded domain. Also, let s € (1,1) and u,v € L'(RY,s)
satisfy

[u(x +y) +u(@ —y) — 2u(x)] L, q (Wyl ' 5)

o /RN o dy > 0, (20)
[v(z +y) +v(z —y) = 2v(z)] 1, (Wyl ' §)

o /RN S dy <0, (21)

inside Q2. (Here u is a subsolution in the sense of Definition 3.3, while we are assuming stronger
control on v.) If u(x) < v(z) for all x € RN\ Q then u < v in Q.

Proof. Assume by contradiction that there is a point xg € € such that u(xzg) > v(zp). Replacing
u and v by u€ and ve, we have u(xg) —ve(zo) > ¢ > 0 for e sufficiently small, and (u¢—v¢)V0 — 0
as € — 0 locally uniformly outside 2. Thanks to these properties, the continuous function u®—wv,
attains its maximum over ) at some interior point Z € Q. Set § = u(Z) — v(Z) > ¢ > 0. Since
u€ is CY! from below, v +6 is O™ from above, and v, +6 touches u¢ from above at Z, it is easily
seen that both u¢ and v, + & are C1!(z). Thus, we can proceed directly without appealing to
test functions.



18 C. BJORLAND, L. CAFFARELLI, AND A. FIGALLI

To begin we note (20)-(21) and a slight variation of Lemma 4.11 imply

[u(Z +y) +u(T — y) — 2u(T)] Y, 1) (17 - €
Pl \ [yl
sup N+2s dy > 0,
gesN-1 JrN Y|
[Ve(Z +y) + (T — y) — 2v(7)] I, 1 TS
lyl
sup N7 dy <.
cesN-1 JrN |yl
Let & € SV~ be such that
u(Z +y) +u (T —y) — 2u(2) y
<(1-— 1 . . 22
0 _( 5) /RN ’y‘N_;_QS [ep,1] ’y| f(] ( )

(We are always able to find such a & because SV ~! is a compact set and u€ is C*1(z)NL (RY; 5),
so L(u‘, &, %) is continuous in £.) Then,

w(@+y) +w(@—y) y
0<(1-5) /RN [V I, 11 ol & | dy

where
w@z+y) =u(z+y) —v(T+y) —9

Notice w < 0 so that w(Z +y) = 0 for all y € RV \ B, such that 1y, (ﬁ -50) > 0. This
contradicts u¢ < v in RV \ Q completing the proof. O

Before proceeding we record another partial comparison theorem relating to subsolutions in
the sense of Definition 4.4 that will also be useful.

Theorem 4.13. Let s € (1,1) and u,v € L*(RY; s) satisfy
AJ Lu(z) >0,
A7 yo(r) <0,

for every x in the bounded set Q. If u(z) < v(z) for all z € RN \ Q then u < v in .

Proof. The proof of this theorem is argued the same as the proof of Theorem 4.12. In fact,
if u¢ and v¢ + § touch at z and Vu(z) = Vu(Z) = 0 the exact same argument applies. If
Vu(Z) = Vve(z) # 0 then one uses this common direction as the choice of  along which to
compare. O

Notice that Theorems 4.12 and 4.13 are not symmetric in 4 and v, as we are asking more on
v and less on u. In the sequel we will use Theorem 4.12 when we are comparing solutions with
barrier functions, and 4.13 when we are comparing solutions with each other.

4.3.3. Growth From the Boundary. In this subsection we examine how solutions of (17) attain
their boundary values. The argument below uses a barrier function and the partial comparison
theorems to bound growth from the boundary.

Lemma 4.14. There is continuous function ¢ such that:
o ¢ =01n By.
e ¢>0in RV,
e p=1in RN\ By.
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e For any s € (sg,1) and x € RN \ By, ¢ satisfies

[ 9z +) + 6(z = y) = 26(2)] Lo,y (1 - €)
RN

‘y|N+25

sup
gest 1

dy < 0. (23)

Proof. We claim there are o, 7 > 0 so that the function u(z) = ((|z]—1)")* satisfies A3 | u(x) <
0in Bi4, \ By for any s € (so, 1]. Indeed, it can be computed directly that Alog(|z|—1)+ (p—
2)852 log(|z| — 1) — —o0 as || — 1, uniformly in €. So the proof of this claim is argued exactly
as in the proof of [5, Lemma 3.1], using Remark 4.8 to address stability for fixed &.

Set ¢(z) = min(1,r~%((Jz| —1)*)%). It is immediate that (23) holds for x € By, \ By. Since
¢ attains its global maximum at any point in RY \ By, (23) follows for z € RN \ By,,. O

We now demonstrate how bounded subsolutions grow from the boundary. By applying this
lemma to —u we find a similar estimate for supersolutions.

Lemma 4.15. Let Q C RY be a bounded subset satisfying the exterior sphere condition. Fix
z € 00 and let s € (sp,1). Assume there is a modulus of continuity p and a bounded function
u: RN — R satisfying

sup
é‘estl

yi x ’
RN

‘y’N+2s

u(z) —u(z) < p(lz — z|) VzedQ, zecRV\ Q.
Then there is another modulus of continuity p, independent of s € (so,1), such that
u(z) —u(z) < p(lz — z|) Vze o, zeRY.

Proof. This proof follows that of [5, Lemma 3.5]. Let v € SV ~! denote the outward unit normal
at z € 0Q2. For each R > 0 small, the barrier function

b(z) = u(z) + p(3R) + [Jull ey <”“° —E )

R
satisfies

b(z) >wu(x) if zeRN\ (2N Bs3r(2)),
A;J’er(af) <0 if zeQn BgR(Z).

Lemma 4.14 combined with Theorem 4.12 then implies u(z) < b(z) on R, so that

) = u(e) < oo —ol) = int (6B + e (55 -v)) Vo er

where Ry > 0 is the radius given by the exterior sphere condition. O

The following corollary gives control on the boundary growth for solutions which are un-
bounded but controlled in how they approach infinity.

Corollary 4.16. Let Q C RY be a bounded subset satisfying the exterior sphere condition.
Fiz z € 0Q and let s € (sp,1). Assume there is a modulus of continuity p and a function
u: RN — R satisfying
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[ [u(e + )+ ule = y) = 2u(@)] Lo,y (- €)
RN

he> dy>0 VYze,

sup
EesN-1

u(z) —u(z) < p(lz — z|) VzedQ, zeRV\Q,

lu(z)] < M(1+ |z])* for some a € (0, 2s).
Then there is another modulus of continuity p, independent of s € (s, 1), such that

u(z) —u(z) < p(le — z|) Vzed, zeRY.

Proof. Fix Ry > 0 and let R > 0 be large enough that dist(Q, R" \ Br) > Ry and truncate u
at M(1+ R)™:

w(z) = min{—M(l + R)*, max{u(z), M (1 + R)O‘}}.
Then, it is easy to check that, for every = € ,
A yw(z) > —Co(M, Ry, so, @).

Moreover, there is a constant ¢y = co(M, Ry, 80, ) > 0 such that p(z) = max(0,1 — |x|?/R?)
satisfies

sup
£€SN_1

dy < —co

[ p(@+y) + p(z = y) — 20(@)] 1o,y (4 -€)
RN

|y‘N+2$

inside €. Then w — %)p is bounded and satisfies the assumptions of Lemma 4.15. Since p is
uniformly continuous, we have proven this corollary. O

Remark 4.17. Assume that u solves (17) and satisfies the uniform bound

lu(z) —u(z)| < p(lx — z|) VzedQ, zeRY.
Then, by the same argument as in the proof of [5, Lemma 3.6] one can use the Holder estimates
from Theorem 3.15 (suitably rescaled) to find a modulus of continuity p such that

lu(z) —u(z)| < p(|lx — 2|) VzeQ, zeRV.

4.3.4. Ezistence. To prove existence of solutions to (17), we use Perron’s method. Hence, we
need the following standard “bump” construction:

Lemma 4.18. Let u : RY — R be a subsolution in Q, that is Aju(x) >0 for all z € Q. Ifu is
not a supersolution in ) then there is another function w such that w(xg) > u(xg), w = u in
RNV \ Q, and w is a subsolution in .

Proof. We recall that, by [4, Lemma 4.3], one can use C? functions as test functions.
If w is not a supersolution then there are two constants a,r > 0, a point zg € €2, and a
function ¢ € C?(B,(z0)) touching u from below at xg, such that A$ _d(zo) > a where

. | ¢(x) if ze B(xg),
w) = { u(e) if ©e RN\ Buiao).

Notice that if z € B,(wg) we may evaluate A7 _i(x) classically.
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Claim: There exists ro < r such that AJ _i(z) > a inside By, (zo).

In the case when V¢(z9) # 0, A) _d(z) is actually continuous. Indeed, there is a small
neighborhood of z¢ so that V¢(x) # 0 in this neighborhood. The continuity of A7 _4(x) in
this neighborhood is a now a consequence of the dependence of the operator on V¢, and the
claim follows.

In the case V¢ (zp) = 0 the claim will follow immediately once we show

inf inf L(4,&z)>a
TEBry(w0) £€SN—1

for some 79 € (0,7) (recall the definition of L in (6)). Assume for the sake of contradiction that
there are sequences x,, — ¢ and &, € SN=1 such that

lim L(a,&,,x,) < a.

n—oo
Relying on the compactness of SV~ there is an & € S™V~! and a subsequence (which we do
not relabel) such that &, — &. Arguing as in the proof of the Lemma 4.6 it is easy to show
L(1, &0, z0) < a contradicting A5 _1(xo) > a, and the claim is proven also in this case.

Using the claim we now prove the lemma. Possibly shrinking the ball we may assume roy < r/2

and By, C Q. Next choose dy > 0 small enough that ¢(z)+dp < u(x) for any = € dB,,(x¢) and
1—5)6p|0B
(1—-s) 02\ i,
apsry®

It is left to prove that w := u A (¢ + J) is a subsolution for any § < dyg. For any z € Q let
¢ € CY1(z) touch w from above at Z. If ¢ touches u from above, we use that w > u and that
u is a subsolution to see Aj L w(Z) > A; (7)) > 0 (where w and @ are as in (7)). If ¢ does
not touch u, then it must touch ¢ + ¢ from above. Hence, since r —rg > ro (as rg < r/2 by
assumption), we get

o oo 2(1=s)6 1 (1 —5)d0|0B|
A? > A8 - 7 - dy>q-—— 7>
pt0T) 2 By 0() o /JRN\B”O s Y =T s ) T 0

concluding the proof. O

Theorem 4.19. Let Q@ C RY be a bounded subset satisfying the exterior sphere condition
and f : RV \ Q — R a uniformly continuous and bounded function. Furthermore assume
f € LYRN \ Q;s). Then there exists a solution for the Dirichlet problem (17). Moreover
any solution is uniformly continuous up to the boundary of 2, with a modulus of continuity
independent of s.

Proof. Similar to the proof of Lemma 4.15, for each x € 9N let v, be the unit outward normal
and let p, be the modulus of continuity for f. Then, for any R € (0, Ry) (Rp being the radius
from the exterior ball condition) we define the barrier functions

b ) i= 1(0) = (38) ~ [ lmizonen (L5 = e )

b2 ) = 1)+ p3) + o (L =i )

In this definition ¢ is the function given by Lemma 4.14. Set
Fi=f{u: A ju(y) >0 Yy e Q uy) = fly) Yy e RY\ Q).
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As in Lemma 4.15 the functions b 5 are subsolutions, so Lemma 4.9 implies

w_(y) = SUPzeo0 SUPRe(0,R0) b;R(y) if yeq,
- f(y) if yeRV\Q,

is a subsolution, and the set F is nonempty. Moreover, by Theorem 4.12 applied with v = b: R
(see Lemma 4.14), each u € F is pointwise bounded by b;f g for any x € 092 So, if we define

Wi (y) = { infrco0 inf re(o.ro) Uy p(¥) if y€Q,
fy) if yeRV\Q,
we find
w(z) := sup u(x)
ueF
satisfies w™ < w < w*. In particular, w = f on RY \ Q and attains continuously its boundary
value.

To conclude the proof one would like to use Corollary 4.9 to deduce that w is a subsolution,
and Lemma 4.18 to get that it is a supersolution. The only point where one needs to pay some
attention is that a priori w is not continuous, while the definition of viscosity solution requires
continuity (see Definition 3.3). This can be addressed however in a rather standard way: since
we have already a uniform growth near the boundary, one observe that w may be also defined
as

wz) = sup  Ra(o),
ueF, w— <u<wt
where
R, (x) := sup u(z + 2) — p(z).
2€RN
Here p is a modulus of continuity which is weak enough so that R, = f outside €2, and moreover
so that the sup in the definition of R, in attained at x 4+ z € ©Q when = € Q (this can be done
since, by assumption, w~ < u < w™).

In this way, since u(-+z) is a subsolution whenever z+z € Q, R,, is a subsolution by Corollary
4.9. Moreover, all functions { Ry}, 7, w-<u<w+ have p as a uniform modulus of continuity. This
implies that w is (uniformly) continuous, and so it is a viscosity solution.

Finally, to show that any viscosity solution of (17) is uniformly continuous up to the boundary
of €2, it suffices to apply Lemma 4.15 and Remark 4.17. O

4.3.5. Regularity up to the boundary, compactness and stability. By a simple approximation
argument and using Corollary 4.16, Theorem 4.19 can be extended to boundary data which are
not necessarily bounded (we leave the details of the proof to the interested reader):

Proposition 4.20. Let s € (sg,1) and let us solve (17) with f : RN \ Q — R a uniformly
continuous function satisfying the growth estimate |f(x)| < M(1+ |z|)* for some a € (0,2sg).
Then there is a modulus of continuity p, independent of s, such that

lu(z) —u(z)| < p(lz — 2]|) VzeQ, zeRY,.
We have the following corollary:
Corollary 4.21. Let Q@ C RY be a bounded subset satisfying the exterior sphere condition
and f: RV \ Q — R a uniformly continuous function satisfying the growth estimate |f(z)| <

M(1 + |z|)* for some a € (0,2s0). Let {sn}nen C (S0,1), and uy, be solutions of (17) with
s = 8n. Then {u,tnen is uniformly bounded and equicontinuous on €.
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In particular, the uniqueness of solutions for the classical p-Laplacian gives the following
stability result as s — 1:

Proposition 4.22. Let Q C RY be a bounded subset satisfying the exterior sphere condition
and f: RV \ Q — R a uniformly continuous function satisfying the growth estimate |f(z)| <
M1+ |x])¥ for some o € (0,2s0). Let {sn}nen C (s0,1) be a sequence such that s, — 1 and
un be solutions of (17) with s = s,. Then u, converges uniformly to ug, the unique solution of

(17) for s = 1.

Proof. Combining Corollary 4.21 with Arzela-Ascoli Theorem gives, for any subsequence up;,
a limit ug so that Up; — Ug uniformly on Q. Theorem 4.6 implies ug solves (17) with s = 1, so
it is unique and we conclude the whole sequence u,, converges to uy. O

Since the moduli of continuity of the functions u, inside Q depend only on the modulus of
continuity of f, M, and « (see Proposition 4.20), the above result can be restated as follows:

Proposition 4.23. Let Q C RY be a bounded subset satisfying the exterior sphere condition and
RN — R a uniformly continuous function satisfying the growth estimate |f(x)| < M (1+]|z|)®
for some « € (0,2s¢). Let v be the corresponding solution of (17) with s = 1. Given € > 0 there
is s1 € (so,1) such that if s € (s1,1) and u solves (17) with s, then

sup |[u —v| < e.
Q

The constant s1 depends only on the modulus of continuity of f, M, a and e.

4.4. C%* regularity of the non-local p-Laplacian. In Proposition 4.22 we showed that
solutions of our non-local p-Laplacian converge to a solution of the classical p-Laplacian when
s — 1. Moreover, by Theorem 3.15 we also have C'* bounds which are independent of s. Finally,
we recall that solutions of the classical p-Laplacian are C1*. We will now demonstrate that
these ingredients imply that, for s sufficiently close to 1, solutions of our non-local p-Laplacian
are C1% as well

4.4.1. Subtracting Linear functions from solutions. To prove the C1® regularity we will follow
the argument established in [5]. We will measure the difference between a solution of (17) for
s close to 1 and a sequence of affine functions. The affine functions will be the linear part of
solutions of Ap,h = 0, with s =1, at different scales. One obstacle to this approach is that the
operators A7 depend on the gradient, so the difference of a solution and an affine function is
not a solution. To handle this problem we introduce modified versions of Ay which also depend
upon a vector b € R¥.
We define

L (u,b,w) == Aj(u—b-x).

Solutions are interpreted analogously to Definition 4.1.
The work in this section can be extended to I°. Specifically we will use analogues of Propo-
sition 4.23 and Theorem 4.2 which we record here:

Theorem 4.24. Given a continuous function f : 0B; — R and b € RN, the Dirichlet problem

I;(u,b,x) =0 if x€ By,
{ u(z) = f(x) if =€ IBy.

has a unique solution in the sense of Definition 4.1. Moreover, u € Cl’a(Bl/g), with

lulleracs, ) < C(N,p)(1 + || fll=(@B1),

(24)
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and & = a(N,p) > 0 as in Theorem 4.2.

Proof. The non-trivial fact in the above result is that the bound on the C'® norm of u is
independent of b.

To show this we observe that if b belongs to a bounded sets (say |b] < R for some uniform
constant R = R(N,p) > 0), then the uniform C%® estimate follows from Theorem 4.3 since
solutions of (24) will also satisfy Apu = 0in By and u = f+b-2 on 0B;y. On the other hand, if
|b| > R(N,p) and R(N,p) is sufficiently large, then the operator II} becomes uniformly close to

the second order constant coefficient operator Au + (p — 2)8§u (b := b/|b|), for which uniform

(with respect to b) interior C?-estimates hold. Arguing as in [16] (see in particular Lemmata
2.2, 2.3 and 3.2), a compactness argument completes the proof. O

We now get an analogous of Proposition 4.23:

Lemma 4.25. Let Q C RY be a bounded subset satisfying the exterior sphere condition and f
RN¥\Q — R a uniformly continuous function satisfying the growth estimate |f(z)| < M (14 |z|)®
for some a € (0,2s0). Let v solve (24) for some b € RN. Given e > 0 there is an s1 € (s0,1)

such that if s € (s1,1) and u solves
L(u,b,r) =0 zf x € By, (25)
u(x) = f(x) if x€IBy,

then

sup |[u —v| < e.
Q

The constant s1 depends only on the modulus of continuity of f, M, a and e.

Proof. With respect to Proposition 4.23, we need to check that s; does not depend on b. This
follows from the fact that the family of operators I;’(‘, b,-),be RY | satisfies the assumption of
the previous sections, uniformly with respect to b. Indeed the precence of b only modifies the
domain of integration in the definition of Aj ,, not the “size” of the operator: for instance, if
Vu(z) + b # 0 then

1—
L3 (u,b, ) = (1=s)
@p

[ [u(e +9) +ulw — y) — 2u(@)] e,y (F -€) "
. :

|y[NF2s
with € = %. Thus, by a covering argument the Holder estimate from Theorem 3.15
(suitably rescaled) implies uniform continuity of w in the interior of €2, independently of b and
s € (80,1). Then the same argument leading to Proposition 4.23 gives the desired result. [

We are now ready to prove Ch® regularity when s is close to 1.

Theorem 4.26. Let & be the exponent in Lemma 4.24. Let Q@ C RN be a bounded subset
satisfying the exterior sphere condition and f : RV \ Q — R a uniformly continuous function
satisfying the growth estimate |f(x)| < M(1 + |x|)® for some « € (0,2s¢). There is an s; €
(s0,1) such that if s € (s1,1) and u is a solution of (17), then u € Cllof(ﬂ) for any B <
min{a, 2s; — 1}.

Proof. Since the argument is standard, we only sketch the proof, referring the reader to [5,
Theorem 5.2] for more details.

Without loss of generality we can assume that 0 € Q, and we prove that u is Cb® at the
origin. Then the result follows by standard arguments.
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The proof of this theorem follows the inductive argument used to prove [5, Theorem 5.2].
Set lp = 0 and fix A > 0 which we will be picked small to finish the inductive argument. Fix
0 < < f1 <min(a,2s; — 1), and assume we are given li(x) = ax + by, - = satisfying

sup |u — I,| < A0, (26)
B,k
|aks1 — ax| < XFOHP), (27)
b1 — br| < CoAFP, (28)
lu(z) — lp(z)] < 2|7 Va € RV \ Byx. (29)
After scaling the original equation we can assume these assumptions hold for ly. Define
wy(x) = o ;kl(ﬂs;\)kx)

Consider the Dirichlet problem

FFu,bpA 8. 2) =0 if ze€ By,
u(z) =wi(z) if zeRV\ B.

The function wy, is a solution of (30) with § = s. Let h be the solution of (30) for 5§ = 1.
Lemma 4.25 implies there is a s; such that if s € (sy,1) then |wg — h| < A8, This choice of s;
depends only on A but not on k. Theorem 4.24 implies h is C1%(B, /2) wWith a uniform a priori

estimate (since |wg| < 1 on dBp). The argument now follows directly the proof of [5, Theorem
5.2]: if [ = Vh(0) then

(30)

—/ T
los1 (@) = Ip(x) + AROFA)] <F>
satisfies (26)-(29) for a small enough A. This implies u is C1? at the origin, completing the
proof. O
5. KERNELS WITH LOWER ORDER GRADIENT DEPENDENCE.

In this section we consider the following non-local operator:

Tu(x) := —(—A)°u(z) + sup </RN u(@ E|@J/\2+—28u(x) Ke, (v) dy>

&reshN-1
. u(z —y) — u(z)
f K d 1
T </sz Jy| V2 W), 3
Ketw) = (w0 (-€). (32)
Here ¢ : [-1,1] — R is some bounded non-negative function, and the operator (—A)* is

defined by

u(z +y) + u(x —y) — 2u(z)
‘y|N+2s

C(—A) u(z) = 2N(1 — ) / ds, (33)
RN
(the constant 2N (1 — s) ensures that —(—A)* — A as s — 1).
The operator (32) is exactly the one described by (3) and satisfies Assumptions 2.1-2.2.
Throughout we assume for convenience that || < 1, but this assumption does not impact the

following arguments in any substantial way.
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5.1. C1® Regularity. We can deduce C''* regularity for solutions related to the operator (3)
using the regularity results established in [4] and [5]. These results rely on the following notion
of uniform ellipticity for non-local operators.

Definition 5.1. Given a family of kernels { K¢, ¢,}, a nonlocal operator I defined by

Fu(e) =infsup | (a4 9) 4 e — ) — 20() Ko, () dy

is said to be uniformly elliptic if there exist A\, A > 0 such that

A A
(1- S)W < Kee(y) <(1- S)w-

Definition 5.1 is a consequence of [4, Definition 3.1] applied to the class of operators in [4,
Equation (1.4)]. Indeed, as shown in [4, Lemmas 3.2 and 4.2], under the above assumption
Tu(x) is well defined for u € CY'(z) N LY(R;s), and moreover Iu(zx) is continuous in Q (as a
function of z) whenever u € C?(2) N L'(R; s).

For € € (0,1) define

u(z +y) +ulx —y) — 2u(z)

T09y(z) i= —(—A)*u(z) + ¢ S;zy /RN |y V+2s Ke(y)pe(y) dy,  (34)
cSN-1

. uz+y)+ulr—y) —2u(z
12Dy (z) = —(—A) u(z) + /R i (@+y) |y’(N+23y) @ ke o)y, (35)
Here, pc(y) := po(y/e), with py a smooth cutoff function equal to 1 when |y| < 1/2 and
supported in Bj, and K¢ is as in (32). In Lemma 5.7 we will see the relation between the
operator I defined in (31) and suitable rescaling on the above operators.

The operators I(€) and I®9) should be thought of as uniformly elliptic (in the sense of
Definition 5.1) perturbations of (—A)® and we will show they are close to the s-fractional
Laplacian on every scale. This is measured using the following norms.

Definition 5.2. Given a nonlocal operator I as in Definition 5.1, we define its norm ||I|| inside
a domain £ by

I} := sup{|Tu(x)|/(1 + M) :z € Q,

ue OV (x),
[u(y) — u(z) = (y — ) - Vu(z)| < M|z —y[> Vy € Bi(z), (36)
[ull L vis) < M-} (37)

Definition 5.3. Given s € (0,1) and an operator f, we define the rescaled operator
Lw(z) := A2 Twy(\z), wy(x) :=w(z/N).
The associated norm reflecting this scaling is defined

17 = 12 o= sup |1V — 17|
A<1

We make use of the following regularity by perturbation from [5, Theorem 5.2].

Theorem 5.4. (Caffarelli-Silvestre) Fiz so € (3,1) and let s € (s, 1). Let IM and I® be two
nonlocal operators as in Definition 5.1, satisfying

= (=2) =19y <
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for somen >0 andi=1,2.
Moreover, let u be a bounded function satisfying

IWy(z) > -y in B,
IPu(z) <n in B

Then there exists ng > 0, independent of I and w, such that if n € (0,m0] then u €
C’LO‘(Bl/Q) for any a < 2s — 1, and

lulloras, ) < Clllull Lo @y +n)-
The constants depend on sg, A, A, and «, but not on s.

Remark 5.5. The statement in [5, Theorem 5.2] is more general, as (—A)® can be replaced
with any translation invariant operator for which C1 estimates are known.

Lemma 5.6. Given any n > 0 there is an €y € (0,1) such that for every e € (0, €] the operators
(34)-(35) satisfy

I(=2)* = 169l <y
fori=1,2.
Proof. Starting with a change of variables we find

—(~A)w(z) — I w(z)

+y/N) +w(z—y/N\) —2w(z)
=\ sup / wiz Ke(y)pe(y) dy
cesn-1 JrN |y’N+2s E( )pe(y)
w(z+y)+wle—y) —2w(x)
= sup Ke(Ay)pe(Ay) dy.
56SNI/RN EE=E c(Ay)pe(Ay) dy

Then KC¢(Ay)pe(Ay) < [Ay| implies

jw(z +y) +w(z —y) - 2w(z)|
|y|N+2sfl

= (—A)w(@) — 1M w(@)] < A / dy.

BE/)\

We proceed in two cases: A < € and A > €. In the case A > € we apply (36) to see

<
- A

lw(x +y) + w(zx — y) — 2w(x)] M e\1+2(1-s)
N+2s-1 W= 55 ( ) ‘
By |y — 48

If A < €, we observe that (36)-(37) imply the bound |w| < CM inside the bounded set €.
(In this estimate C' is independent of s but does depend on the size of (2.)
Now, inside By we apply (36), while in B,/ \ B1 we use the inequality

1 < (€ 2
y|N+2s—1 = (X) 1+ |y|N+2s—1
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together with (37) and the bound |w(z)| < CM. Thus,

/ jw(z +y) +w(z —y) — 2w(z)| iy < / jw(z +y) +w(z —y) — 2w(z)|
Bos [y NF2s—1 = I, y[ V21

+/ iz +y) +wl—y) = 2w@)]
Be/)\\Bl

|y‘N+25—1
< +oM (5)
—3-2s A
M €
< - .
- 03 —2s </\)
All together we have
¢ M
—(~AYw(z) — I )w(x)‘ < Og=g-e < CMe,
which concludes the proof by taking e sufficiently small. O

We now relate the operator I in (31) to the operators I1¢) and I(3¢) defined in (34) and
(35):

Lemma 5.7. Given r >0, let u be a bounded function satisfying [|ul| 1 my.sy < M and
Iu = f(z) inBy

for some bounded functions f Then, given any n > 0 and € € (0,1), there exists py € (0,1)
(depending only on M, || f||1e<(B,); 1, and €) such that if p € (0, po], then w(z) := u(pz) satisfies

{I/(,l’g)w >-n m B

r/ps
I[gQ,e)

w <n in Br/pa
Proof. We first observe that Iu = f implies that

—(—A)SU(CC) + sup /RN U(fE + y) +|;L’(]\3;+;Sy) - 2’LL(33) /Cg(y) dy > f((L’)

€cSN-1

in the viscosity sense. Recalling the definition of (19 (see (34)), we get

u(x u(r —y) — 2u(x
Mz g~y [ e SR e - s (69

> f(z) — C(M,e), (39)
where in the last inequality we used that 1 — p.(y) = 0 inside B, /5. The result now follows from
the observation that

IM9w(x) = p* (1) (pr) = =p? (|| flloo + C(M, €)),
by choosing p > 0 small enough. (The case of T (2:9) is completely analogous.) O

Theorem 5.8. Let u satisfy the same hypothesis as Lemma 5.7. Then u € Cl’o‘(Br/g) for any
a<2s—1.

Proof. Let us observe that if I are nonlocal operators satisfying the assumptions of Theorem
5.4, then also the kernels ,ﬁ” satisfy the same assumptions for any p < 1, uniformly with respect
to p: indeed

H(_A)s - Igl)”sc < ”(_A)s - I(Z)Hsc Vp < 17
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and [, [(,i) satisfy the assumptions from Definition 5.1 with the same constants A, A.
Hence we first choose 79 as in Theorem 5.4 with A =1 and A = 2 (recall that || < 1), then
we apply Lemma 5.6 to find ¢y so that

I(=2) = 10 <o, [[(=A)* = I < 1,

and we finally use Lemma 5.7 to find pg € (0, 1) so that w(z) := u(pox) satisfies

{1—55760)71} > —no in Br/pov
<

I},ﬁ’“’)w no in B

T/po*

We then conclude from Theorem 5.4. O

5.2. C> Regularity. Here we prove C%® regularity for solutions of Iu = 0, with I as in
(31)-(32) (the same result would be true for solutions of [u = f with f Lipschitz).
To establish this higher regularity, we examine the equation solved by the difference quotient

u(e + h) - ula)
D

wp(z) =
We observe that, since u solves Tu(z) = 0, then

(1—s) inf /RN wn(@ +y) wh(m)lcg(y) dy

gesN -1 |y| N+
< —(—A) wp(z)
wp(T + 1Y) — wp(x
< (1_8)5685”11\1’)‘1/]1@ : |y|1\2+23 ( )’CS(?J) dy. (40)

The idea for proving C%? is that the decay of K¢ near the origin implies that both integrals
are finite, giving control over (—A)*w”. More precisely, let us recall that by Theorem 5.8 we
already know that solutions are Ch* for any o < 25 — 1.

Now, our goal is to show that, if u € C1? for some 3 > 0, then the control above yields
C1otP regularity for u. Iterating this result finitely many times, this will imply C%® regularity
for w.

To begin we localize our considerations. Assume C'? regularity for u in some ball B,. Take
d < r, and let ps(y) be a smooth cutoff function equal to 1 in BP% and equal to zero outside

of B,. Define

ul(ac) _ u(x + h)p(;(l' + h) — u(x)p(;(a:)
[P ’

() — ML= e+ ) ()1 ps(a)
DE |

We will now argue C1% regularity for u'.
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A consequence of the C1P regularity for u is that w! is uniformly Lipschitz. Also, u> = 0 in
B__ ;5. Hence, using the equation Iu(z) =0,

|_(_A)Su1(3:)‘ < (1 _ S)/ |u1($ + y) - ul(l')’ dy
RN

[y Vs
Wz +y) - wlz)
+(1-3s) 5:;1\1?71 /RN hE=" (2N + ng(y)) dy| .
=: A1 + As.

Relying on the uniform Lipschitz bound for u', A; is bounded.
For As, we notice that u?(z) = 0 for z € B,_52 and h small enough. Moreover, 1—ps(r+y) =

0 for y € B;/s. Hence, denoting Ke¢(y) := %’%@, and changing variables:

/RN [w? (2 + y) — u®(2)|Ke(y) dy‘ = ‘/RN u?(z +y) Ke(y) dy'

=[n|~"

L e+ 00 = pate + ) Eew) - Ky~ 1]y

/ Ke(y) — Ke(y — h) ay
RN\Bj; /4 h

< Jullool]* =7

So, if we assume that

C
sup |VyKe(y)| < 17—, (41)
gesn—1 ‘ ’
then
1 / <2N+K§(y) 2N+K§(y—h)>
sup sup |— — dy| < oo.
h>0 gesn-1 | 1] RN\Bj /4 |y |V +2s ly — h|N+2s

and we deduce that ’(—A)Su1| is bounded inside z € B,_s/5-
This implies that u! is C®, so u € C1 18 Tterating this finitely many times, we obtain:

Theorem 5.9. Let I be given by (31)-(32), and assume that ({1) holds. Let u € L=(RY) solve
Iu =0 in some ball B,. Then u € 02"1(BT/2) for any o < 2s — 1.

5.3. Non-local p-Laplacian with lower order gradient dependence. The goal of this
subsection is to construct a family of operators which belong to the class (31)-(32), and which
approaches the classical p-Laplacian as s — 1. To accomplish this we use a coefficient which
tends to infinity as s — 1 with the lower order term.

s 3 s u(z +y) — u(w

+ inf </RN uz _yﬁ\;;%u(x)ngz (y) dy> :

EeSN-1

1—s (lyl y
]Cé‘(y) = 2ap (58 AN 1) II‘[CP,].] (‘y| . .

In this subsection we define o, and 3, as in (15)-(16), but choose ¢, so that 3,/(4a,) = p—2.
1

Such a choice is possible for any p € [2,00). Also, we choose ds := e (1-9? so that it pushes



NON-LOCAL GRADIENT DEPENDENT OPERATORS 31

the lower order term into a second order term in the limit s — 1. (Other choices of 05 will work
but it is important that 58" — 0 as s — 1.)
We remark that Theorem 3.15 applies to this class of operators: indeed, if we consider the

expression

s (/RN u(z E|%\2+_2SU($)K51 ) dy> +€2€i§zfv_1 </RN u(z ;|%3+—QSU(x),C62(y) dy> ’

& esN-1

then since for any &; in the maximization problem one can choose & = &1, it follows that the
above expression is bounded from above by

ulr +1vy) — ulx wlz —v) — ulz
Sup </RN ( y|?jv)+25 ( )Krfl(y) dy+/ ( ‘yﬁ\[)_ﬂs ( )Kgl(y) dy).

£1€SN-1 RN

Analogously, it is bounded from below by

: ulr +y) —ulr u(lx —y) —u(z
inf (/RN ( y|%\2+2s ( )Kﬁz(y) dy+/ ( ‘y|%\2+25 ( )/ng(y) dy>.

£reSN-1 RN

Hence, given so € (0, 1), Theorem 3.15 holds uniformly for s € [sg, 1].

Moreover, Theorems 5.8 and 5.9 also all apply to this class of operators: more precisely, the
C1@ regularity is uniform for s € (1/2,1] (as a consequence of Theorem 5.8, and a variant of
Theorem 4.26 to deal with the case s — 1 once the convergence result to A, will be proved),
but the % regularity degenerates as s — 1.

The main goal of this subsection is to show how this operator approaches the classical p-
Laplacian as s — 1. Combining this convergence with the uniform C1® estimate and the
uniqueness of solutions for the classical p-Laplacian, we may conclude that any sequence of
solutions u, of I*u, = 0 will converge in C™® to the solution of Apu =0 as s — 1. Hence, we
regard I® as a non-local regularization of the classical p-Laplacian.

1
Assume u € C? N L' (RY; s) and set, as in Subsection 4.2, €5 = (1 — 5)2™+25, Observe that
0s < € for s close to 1. Then

15/ u(x +y) —u(x) (\ >]l (
20, Jpv |y N+2s 5s [ep,1]
=gy v [ ez (1) e < ¢)
+ o D7) [ i <§/“> o (7€) @
+ 12;: /R s e Effv;zsu <|y| A 1> I, ) <|y

1—s o(ly?) Iyl
+ 20, / |y[N+2s LIPSRY dy

:A1+A2—|—A3+A4.

\ <

5) dy
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To start,
1—s
1—2s

_ e (Lo
A = 2aqu(x) §<253 +

(2 ) ) (42)

Vp 1= / w-er g, 1) (w-er) do(w).
0B
Arguing as in Subsection 4.2 one also finds:

Ay = 1 (Au + ﬁpﬁgu) ( 1= s §20-9) 4 ! (ez(l_s) — 53(1_5))> ,
p

2 3—2s° 2
1-s 1 lu(z + ) — u(z)]
Ag| < dy = o(1
A4:O(1).

5.3.1. Limit in the case Vu(x) # 0. Notice Az, Az and A4 are uniformly bounded as s — 1.
Hence, since Vu(x)/|Vu(z)| is an admissible choice in the supremum

u(z +y) — u(x) (Iyl ) (y >
su — A1) 1, — dy,
5163113—1/RN |y|N+2s ds 11\ Ty S )y

by (42) we have Vu(x) - & > |[Vu(z)| + O(62571) where & is the value which attains the
supremum. Likewise, the & which attains the infimum in

: u(z —y) — u(x) <|y! > <y )
f a1, o (L&) d
52612]\]_1 /RN |y|N+23 53 [ep,1] |y| 52 Y

will satisfy Vu(z) - & > |Vu(z)| + O(6251). This implies &1, & — @ZE;C%' as s — 0. Since & is

an admissible choice in the infimum, for s close to 1 we have

Tu(z) < —Z(—A)su(l‘) + i (Au(x) + ffaglu(x)> 09 1 Ay 4 Ay,
P

SO

lim Ju(z) < Apu(x).

S—)l

Similarly one can establish the opposite inequality and conclude

lin% Tu(z) = Apu(z).

5.3.2. Limit in the case Vu(x) = 0. In the Vu(z) = 0 case first note that the & which attains
the supremum in

uw(x +y) — u(x) <|y! > <y )
su Wint)u, o (2L ¢)d
Lo /RN p s, o] \ Ty 81 ) W

is an admissible choice in the infimum of
. u(r —y) — u(x) <|y! > <y )
inf — Al] 1 = . d
£2eSN-1 /RN |y|N+23 53 {ep,1] |y| 52 Y

. g
l1_)1ri Tu(z) < Au(x) + ﬁ 5123113—1 8§1u(:1:) = Apu(z).

so that
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Likewise

lim Tu(z) > Apu(z),

s—1

concluding the proof of the convergence result.
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