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Abstract

In this paper we study the regularity of flow maps of H?3/2-vector fields on the circle in
terms of fractional Sobolev spaces. This problem is motivated by the understanding of the
geometry of Bers’s universal Teichmiiller space.

Bers’s universal Teichmiiller space, classically denoted by T'(1), plays a significant role in
Teichmiiller theory, as it contains as complex submanifolds all the finite-dimensional Teichmiiller
spaces of Riemann surfaces. The space T'(1) is an infinite-dimensional complex manifold modeled
on a Banach space, and it is a fundamental object in mathematics and in mathematical physics
(for instance, it is a promising geometric environment for a non-perturbative version of bosonic
string theory). We refer to [2, 6, 8] for an introduction to the subject and more details.

It turns out that 7°(1) is a group formed by quasi-symmetric maps on the circle which can
be endowed with a well-defined complex Hilbert manifold structure, compatible with the Weil-
Petersson metric and making the connected component to the identity into a topological group
(see [8]). Moreover the tangent space at the identity consists of H3/2-vector fields on the circle
S!. It is not known if the flows of such vector fields are contained in the connected component
of the identity (it is believed that this is the case and that they generate the whole connected
component). Thus, it is important to characterize the space of such flow maps. The aim of this
paper is precisely to give a characterizations of these flows in terms of fractional Sobolev norms.

It is well-known that, if a vector field belongs to H3/274(S!) for some ¢ > 0, then for any
t > 0 the flow map f(t,-) : S — S! belongs to H3/2+¢(S!) too (and this is the optimal regularity
one can hope for). Hence, one would be tempted to conjecture that the same holds for € = 0.
Unfortunately s = 3/2 is the critical exponent for the embedding H; (R) — C!(R), and indeed,
as shown in this paper, the above result for ¢ = 0 is false. We can prove the following:

Theorem 0.1 Let f(t,-) : St — S' denote the flow map of a vector fieldu € C([0,T], H3/?(SY)).
Then:

1. The flow map belongs to WIP(SY) for all p € [1,00).

2. The flow map belongs to WItr4(SY) for all v € (0,1/2), ¢ € [1,1/7).
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On the other hand there exists an autonomous vector field u € H3/2(Sl) such that its flow map
is neither Lipschitz nor Wtr1/r for all r € (0,1). In particular the flow map is not H3/2,

As shown in [3], a direct consequence of our theorem is that every element of 7°(1) in the
connected component of the identity belongs to H 3/2—e (S1) for all € > 0, a fact which is impor-
tant in the study of the geometry of T'(1).

The structure of the paper is the following: in Section 1 we recall some simple well-known
facts on H3/2-functions and on flows of H3/%-vector fields on the circle. Then in Section 2 we
prove the regularity part of the theorem above. Finally in Section 3 we construct the counterex-
ample to the H3/?-regularity.
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Frangois Gay-Balmaz and Tudor Ratiu for many useful comments on preliminary versions of
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1 Preliminaries

We recall that H3/2(S!) = W3/22(S!) denotes the space of function v € L*(S?) whose distribu-
tional derivative v, belongs to HY/2(S') = W1/22(S') (see (2.4) below for the definition of the
W1/22_norm).

Let w € C([0,T], H3?(S')), and consider the ODE

. =Uu T xT 1
{fozzusteod. =eo )

Since H3/? embeds into logLipschitz (see Lemma 1.1 below), existence and uniqueness for the

above ODE are well-known (see for instance [4]). Moreover the flow map f(¢,-) : S' — Sl is a

homeomorphism for all ¢ € [0,T]. We want to study the Sobolev regularity of the maps f(t,-).
First of all we recall some known results on H3/2-functions.

Lemma 1.1 Let v € H3/%(SY). Then, for any A > 0, there exists a constant Cy > 0 such that
/ HNANVel1r2) g < (12)
St

Furthermore

C
0(2) = )] < lvallgr2geny 2 — 3l 1og<‘1‘) Va,y s

r—y

Proof.  We recall that, if w € H'/2(S') and w1721y = 1, then there exist two constants

¢, C' > 0 such that
/ e’ dg <C
Sl
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(see for instance [7, pag. 26, Exercise 5]). Using the inequality

v |'Ux|2 A2

”U:c||H1/2(S1)

||v$||12ql/2(§1)

we immediately get (1.2) with C) = Ce*/(e)
To prove the second part of the lemma, by Jensen’s inequality applied to w := v/|[ve|| g1/2(s1)
we have

w(e) - ) < [ " fwal2)] dz = / "1og (=) dz

T T
1 ol
< |z -y log</ elw=(2)] dz) <|o— y|]0g<””L1(Sl)>'
v =2l /o |z =yl
As [|el-] I21(s1) < C1, the logLipschitz regularity of v follows. O

2 Regularity results

We can now begin the study of the regularity properties of the flow map f(¢,-). Since we want
to prove a priori estimates on some Sobolev norms of f(¢,-), in what follows we can assume
without loss of generality that w is smooth (so that f is smooth too).

2.1 The flow map is WP for all p € [1,00).

Proposition 2.1 Let p; denotes the density of the push-forward of the Lebesque measure £
under the flow map f(t,-), i.e.
f(t7 )#gl = Ptgl-

Then . .
pe(f(t,x)) = e Jo Ualo:flsw))ds, folt,z) = elo Wa(sS(s.2))ds, (2.1)

Moreover, for any p € [1,00) and T > 0, there exist two constants C1 and Cs, depending only
on the product pT ||z || oo (0,17, H1/2(s1))» Such that

”pt”LP(Sl) < C_(1 vt e [O,T], (2'2>

[fe@®llpsy < Co VEE[0,T].

Proof. The formula for f, follows easily differentiating (1.1) with respect to x and observing that
f2(0,2) = 1, while the formula for p; is a direct consequence of the identity f,(¢,z)p:(f(t,z)) =1
(which follows from the definition of p; and the change of variable formula).



Let us first estimate |[p¢| z»(s1). Thanks to (2.1) we have

/pp dx—/pp Dol dm—/pp

</ (p—1) [0|ux sfsz))dsdx</ / t(p— 1‘ux(5f(5x))‘d8dx

// oD (5. (0| G g < — // TVl (1) da: ds
st st |

where at the second line we used Jensen’s inequality. Now, set A(t fo oI}, (s1) ds and apply
Holder’s inequality to get

1 t l/p'
<t ( / / TPl (50| gy ds) AP (5)
- t 0 Sl (23)

< KtVPSIAYP () = KPP,

with K := || [ eTPl%:(t2)] d$|]1L{,€l(0 - An integration of this differential inequality yields A(t) <

KP't, which inserted into (2.3) gives

/ eIplUz(t2)] g,
Sl

Thanks to (1.2) applied with A = Tp||ws|| oo (10,77, 11/2(s1))» the estimate on ||| 1r(s1) follows.
Now that we have the bound on |[pt| z»(s1), it is not difficult to control || fz(t)[|zr(s1):

P (z) dz < vt € [0,T].
Sl

L>°(0,T)

/ fxtz)|pda:</ ep]oluxstw))ldsdx</ o2 ST s f(s.2))] ds g,

/ / TP (s (82D g dp = — / / eTPIU=(s2) ) (1) da ds
Sl St ,

and we conclude applying Holder’s inequality, together with (1.2) and (2.2). O
Thanks to the above proposition, we obtain that f € L>([0, 7], WP(S!)) for all p € [1,00).

2.2 The flow map is W' for all r € (0,1/2), ¢ € [1,1/r).

In this paragraph we prove higher spatial regularity on f.
Let us recall the definition of the W*?(S!) norm for s € (0,1):

1/p
v(x) —o(y)P
Pollwerny = lollzogeny + ( L[ dedy> . (2.4)

|z — y[I TP
We need a preliminary result:

Lemma 2.2 For all v € (0,1/2) and q € [1,1/r), we have uz o f € L>=([0,T], W™4(S!)).



Proof. We observe that for any a € (1,00), denoting by «’ is its dual exponent, we have
[ ettt ag — [ 0y, ) do < O e ol oo
St St
This, combined with (1.2) and (2.2), implies
el e ([0, 7], LP(SY)  Vpe[l,). (2.5)
In particular wu, (-, f) € L>([0,T], LI(S')).

To prove the fractional Sobolev regularity of w, (-, f), fix @ € (1,00), with o — 1 small (the
smallness, depending on r and ¢, will be chosen later). Then

[ ] b S0) e SO
St Jst

|$_y|l+rq
(£ (8,2)) — walt, FE )T () — F(2, )]0
‘/Sl o f(ha) — f( )i PEIETEE

s (t, f(t,2) — ualt, f(t,y))|* W
§</s o (L) — f(t )0 dxdy)

(t,2) = S )0 NV
st Jst |1,‘—y|0/(1+7"Q) ray '

Regarding the second term, we have

‘f(t, 1’) — f(t7 y)‘o/(lJrrq) (14+rq) . 1
/sl T = I ey =1

Since 7 < 1and f € L>®([0,T], W'P(S')) for all p € [1, 00), the second term is bounded uniformly
in time.
‘We now consider the first term. We have

|’u’$(t7f(t7x)) _uw(tvf(tvy)”aq - ’uiﬁ(tvx) _’u’m(tvy)‘aq
L s e o= [ [ B ant) dody

|ue(t, r) — ug(t, y)|0‘2‘1 / / o Ny 1/
<
- (/Sl St ‘.Z‘ — y’aQ(H—rq) dx dy <1 Jar pt(x) Pt(y) dx dy

< Huac( )kua q(Sl ||ptHia’(S1)7

st
1/a

with

a? -1
u=r-+ 5 -
asq
We recall that
WY22(SY) — WSl for uwe (0,1/2], g € [1,1/4] (2.6)

(see [5, pag. 350, Theorem 4]). Thus

Hux(t)”Wu,a?q(gl) < CHux(t)||W1/2,2(Sl)
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provided v < 1/2 and ua?q < 1. Since both a and q are greater or equal than 1, by the definition
of u these two conditions are true provided that

1
r+(e®-1) <, o’(l+rg) <2

Asr < 1/2 and rq < 1, for @ — 1 small enough both inequalities hold, and so also the first term
is bounded uniformly in time. O

We can now prove the fractional Sobolev estimate on f,. Considering the equation satisfied
by |fz(t,z) — fu(t,y)|, we easily get

d
S| fa(t2) = ot )] < fua(t, f(t,2) — walt, (2 y)]] fo(t, 2)]
Since f,(0,2) = 1 we have |f(0,2) — f.(0,y)| = 0, and so by Duhamel’s formula

t t
|f$(ta$) - fx(t7y)’ é /0 efs |ux(7,f(7—7y))|d7—|ux(83f(S’IE)) - u’$(5a f(S,y))fo(S,l')‘ dS.

Hence, using Holder’s and Jensen’s inequalities, we obtain

|fa(t, @) — falt, y)[? < 1-1/a /Ot (0 ! 1 g (r )l dr [Wa (5, [(5, ) — ta(s, f(5,y))| | fu(s,x)|9ds

|z — y|itra |z —y[+ra
T T

- tll/q/ 1/ (Tt ()| g | [ (8 f(5, 7)) — uals, (s, 9)) |1 | fa(s, x)|? ds.
; T ; |.T _ y|l+rq

We already proved in (2.5) that /=GNl e Lo([0,T], LP(S')) for all p < oco. Moreover
fe € L®([0,T],LP(SY)) for all p < oo. Finally, since u,(-, f) € L°°([0,T], W™%(S!)) for all
T <1/2and a < 1/7, as rq < 1 there exists § > 1, with § — 1 small, such that

|wa(s, f(s,2)) = wa(s, f(s,9))|*

|z — y|l+ra

e LA(S! x sh,

uniformly in time. Indeed this amounts to say that

‘ua:(sy f(s,m)) B ’LLI(S, f(37 y))’ﬂq _ Byq
/Sl st |z — y|(+ra)s drdy = Hum(s’f)HWT’ﬁq(Sl) =C s €[0,7],

where 7 =1+ %. By (2.6) this is true provided g8 < 1/7, or equivalently (1+rq)5 < 2, which
is clearly true for 3 sufficiently close to 1.
Combining all these facts together and using Holder’s inequality on S' x S!, we easily deduce

that
|fm(t7x) B fx(tay)|q
|x _ y|1+rq

e LI(st x sh

uniformly in time. Thus f, € L ([0, T], W"4(S1)) for all » € (0,1/2) and q € [1,1/r), as wanted.



3 A counterexample to higher regularity

In this section we show the optimality of the results proved before. As we will see, the flow of the
vector field constructed below is neither Lipschitz nor W1*™1/7 for all r € (0,1). In particular,
taking r = 1/2, the flow map is not H3/2.

Let us consider the function w : [0,1] — R given by

)= ([ // zmllog og(2)] iy}t

where ¢ is a smooth function such that

[ 1 forxel0,1/4],

<p< =
0<p<l, e(x) {0 for z € [1/2,1].

We observe that u is a periodic autonomous vector field on [0,1] (and so it can be considered
as a vector field on St) such that

1/2 1
dz
z  zy/|log(z)|log |log(2)]

for x € (0,1/4). Moreover u is smooth away from 0.

Since the function
5 1/2 1
R“>w »—>/ dz
| zy/|log(2)|log |log(2)|

belongs to H. (R?), its trace on the line {25 = 0} belongs to Hllo/CZ(R) (see [1, Paragraph 7.56]).
From this fact we easily deduce that u, € HY/?(S'), so that u € H3/?(S)

We now want to prove that flow map generated by w is neither Lipschitz nor in W1+n1/7
for all » € (0,1). To this aim we will use that the flow map is Holder continuous uniformly in
time (for instance, this is a consequence of the WP regularity proved in Proposition 2.1). More

precisely, since f(t,0) = 0 for all ¢, there exist C' > 0 and 0 < o < 1 such that

uy(x) =

0< f(t,z) < Cax® for t € [0,1], z € [0, 1]. (3.1)

For simplicity of notation, we define

. 1/2 1 d
(y) '—/y z+/|log(z)|log |log(2)| ?

(so that U(y) = u,(y) for y > 0 close to 0). Observe that U'(y) < 0 and U(y) — +ocasy — 0.



3.1 The flow map is not Lipschitz.

From the equation

, f(t.z)
f(t,z) = / Ul(y) dy for x > 0 small
0

we have

d

f (t,2)
Glee(rt.) = £ v

where { denotes the averaged integral. We want to prove that, for ¢ € (0,1], the flow map
f(t,-) :[0,1] — [0,1] is not Lipschitz at 0.
Since y — U((y) is decreasing, by (3.1) we get

d f (t,x) e
. log(f(t,z)) = ][ Uly) > ][C Uy)dy =V (z) for > 0 small.
0 0

This implies that for x > 0 small
f(t,z) > zetV® vVt e [0,1].
Since V(z) — 400 as x — 0, we obtain

z—0t x z—0t x z—0t

= 400 Vte (0,1].

This proves the desired result.

3.2 The flow map is not in W'+/" for all r € (0,1).

Fix t > 0 small, and let ¢ := 1/r > 1. We want to prove that

_ q
st Jst h
Obviously it suffices to show that
=0 fa(t ) — fult, h)|?
/ / 1zt ) 22( T g dh = 4o,
0o Jo

for some € > 0 small (the smallness of £ to be chosen later).
Differentiating the equation satisfied by f with respect to z, for > 0 small we have

{ fx(57x) = fi(s,:c)U(f(s,a:)),
fz(0,2) =1,

which gives
folt,z) = elo U (s@) ds



Therefore, if we define F(x fo )) ds (recall that t is fixed), for z,y > 0 small we get

f( ) fx(ty)—e /dT F(z)+(1- T)()d
(3.2)

= [F(@) = F(y) / e F@HI-DFW) gy,
0

Fla) = F(») = | (0((s2) = U(f(s.9) ds—// ) e TR

Assume 0 < z < y, with y small. Then, since f(s,z) < f(s,y) for all s, we have F(CE) > F(y).
Hence

1
/ eTF@)+(A-1FW) gr > FW) (3.3)
0
and
@) - ol = ra) - p = [ deds.
\/Wlogﬂog

We now have the following:

Lemma 3.1 There exists § > 0 such that, if 0 < x <y < 9, then the function

SH/
zy/|log(z log |log(z

is increasing on [0,t].

Proof. Recalling that U'(u) = ~ad log(u)hog‘log(u), we have

d /f( 5,9) g — f'(S’w
fs) 2v/|log(z) log | log(z f(s,y)v/[1og(f(s,y))|log | log Y)
f(é’, z) _ff(s’y) fo o) dz

 f(s,)/[log(f(s,@)[log|log(f(s,x))|  U'(f(s, >> U’<f<s7w>>

Considering the function

ur— Gu) == 7f0 C?’EZ)) dz,

we observe that

Uw) U'w) [y Uz)dz _ UU'(w) —U"(u) [y'U

G'(u) = — =
"= ) U,W o
Since U'(u) < 0 for uw small, while [j" U(2)dz,U(u),U"(u) > 0 for u small, we immediately get
G’ (u) < 0. This implies that G(u) is decreasmg for w small, and since f(s,z) < f(s,y) the result
follows. O



Thanks to the lemma above we get

dzds = t[U(x) — U(y)]

@w-rw= [ [ !
F(x)— F(y) > / /

0 Jfoa) zv/|log(z)|log|log(z)
for 0 < x < y small, which combined with (3.2) and (3.3) gives

|fot,2) = fuolt,y)] = U () = U(y)le" ™). (3-4)

We now want to give a lower bound on e'®). By (3.1) we have U(f(s,y)) > U(Cy®), and so

Flo) > [ Uy ds = wicye).

Moreover we observe that, for u > 0 sufficiently small,

U v ! d V2 1 ! d
- -9 = S —
) u  zy/|log(z)|log|log(2)] : /’u, dZ( | Og(z>|>10g|10g(z)‘ :

1 1/2 1/2 1
= —2+/|log(z +2 dz
[Tog )|log|10g(2)| u u z«/]log(z)|(log]10g(z)|)2
1
>
= Vsl Thoga

and so, if y > 0 is small enough (the smallness depending on C, o, ¢, q),

eF(y) > etU(Cyo‘) > 62“/‘IOg(Cya)‘glogllogl(Ciya)l > ew _ /‘ log(y)\

Combining the above inequality with (3.4) we finally obtain

|falt,z) = fa(t,y)| = tV/[1og(y)| [U(z) = U(y)]  for 0 <z <y small. (3.5)

Since u +— is decreasing near 0, for 0 < & < y small we also have

1
u/|log(u)| log | log(u)|

U(x) - Uly) = —(y - 2) /O Uz +r(y — ) dr

1
1
o (ot r(y—)v/oale Ty~ D)log | logla + iy — )] 0
- (y — ) _
~ y/|log(y)]log | log(y)|
Thus we are left with proving that
° [ fu(t,®) = fu(t,z + h)|?
/0 /0 ad hz dx dh = +00,
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with € > 0 small enough such that both (3.5) and (3.6) hold for y € [0, 2¢]. Thanks to (3.5) and
(3.6) we obtain

/E/Eyfx(tax)_fx(ta$+h)|q dx dh
0 JO

h2
£ € _U h q
th/ / Hog(w + p)/2 /0@ = U+ Wt -
0 0

2

e re /2 hq—2
> 4 1 h)|4 dx dh
- /0 /0 | log(z + 1)l (x + h)4|log(z + h)|7/21og? | log(x + h)| v

e re hq—2
=t dz dh,
/0 /0 (z + h)2log? |log(xz + h)| v

and as ¢ > 1

€ hq—? h+e hq—?
/ do = / My
o (z+ h)7log?|log(x + h)| no yilog?|log(y)|
ha—2 1
" heTlogT[log(h)| ~ hlog?[log(h)|

as h — 0T,

where the estimate for the second integral follows easily by an integration by parts. Thus we
finally conclude that

[ fa(t,x) — folt,x+ h)|? / 1
drdh >t | ——— dh = 400,
/0 /0 h? o hlog?|log(h)|

as desired.
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