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ABSTRACT. To generalize the notion of distribution function to dimension d > 2, in the recent
papers [6, 12] the authors propose a concept of center-outward distribution function based on
optimal transportation ideas, and study the inferential properties of the corresponding center-
outward quantile function. A crucial tool needed in [12] to derive the desired inferential properties
is the continuity and invertibility for the center-outward quantile function outside the origin, as
this ensures the existence of closed and nested quantile contours. The aim of this paper is to
prove such a continuity and invertibility result.
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1. INTRODUCTION

Starting with dimension d = 2, the traditional definition of a distribution function, based on
marginal orderings, is unsatisfactory on many counts. Indeed, the ranks induced by its empirical
counterpart do not enjoy the properties that make traditional (univariate) ranks a successful tool
of inference, while the corresponding quantile function—in the Lebesgue-absolutely continuous
case, the inverse of the distribution function—does not exhibit the equivariance behaviour one is
expecting from a quantile; see [7, 12]. This fact, which results from the absence of a canonical
ordering of R?, has been recognized long ago, and a number of ingenious alternative definitions—
all of them reducing, for dimension d = 1, to the traditional univariate definition—have been
considered in the statistical literature. None of them, however, is preserving the inferential
properties of their univariate counterparts; see [12] for a survey.

Motivated by this lack of a statistically sound definition, first in [6] and then in [12], the
authors proposed a new concept of center-outward distribution function based on optimal trans-
portation ideas. The starting point is the fact that, denoting by F' the traditional distribu-
tion function associated with an absolutely continuous distribution P on the real line (namely,
F(z) =P((—o00,z2|, z € R), then 2F — 1 is pushing P forward to the uniform distribution U; over
[—1, 1], that one can interpret as the unit ball in R. As the map 2F — 1 is monotone increasing, a
classical result in optimal transportation theory [13] implies that this map is the unique gradient
of a convex function mapping P onto U;. Note that, whereas F'(z) = P((—o0, 2]) yields the prob-
ability of nested halflines of the form (—o0, 2|, the map 2F — 1 is related to intervals of the form
[27,27] with F(27) + F(2%) = 1, whence the terminology center-outward distribution function.

The definition of a center-outward distribution function as the unique gradient of function
(denoted as F) pushing P to the uniform measure over the unit ball readily extends to absolutely
continuous distributions over R%; here, with the name uniform measure over the unit ball, we mean

the measure Uy obtained by considering the product of the uniform measure over the unit sphere
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and the uniform over the unit interval [0, 1]. In other words, by the change of variable fomula,

, ¢
(1.1) Ug = ug(z)dz with ug(x) = m%lBl (x),

where ¢; = 1/H*1(S?1) is a dimensional normalizing constant (here H?~1(S?1) denotes the
area of the (d — 1)-dimensional unit sphere). The corresponding center-outward quantile function
is then defined as the inverse Q4 := F;l. The properties of F4+ have been studied, under the
assumption of P being compactly supported, in [6]; such assumption has then been relaxed in [12],
where it is shown that F1 and Q4 (and their empirical counterparts), contrary to all previous
concepts that have been proposed in the literature, do enjoy the inferential properties expected
from distribution and quantile functions in R?. We refer to [12] for more details.

It is important to observe that, in order to derive these inferential properties, a fundamental
fact needed in [12] is the fact that Q4 is a homeomorphism from By \ {0} onto its image. Indeed,
this ensures the existence of closed and nested quantile contours, obtained as the images under
Q. of the nested hyperspheres {0B; }o<r<1. The objective of this paper is to prove this continuity
property needed in [12]. We note that, although several fundamental results have been obtained
in the last 25 years on the regularity of optimal transport maps (see [8, 9] for a survey), the
proof of the above-mentioned property is rather delicate, due to the fact that the density of Uy
is singular at the origin whenever d > 2.

We recall that, given two absolutely continuous probability densities on R?, there exists a
unique transport map that pushes forward one density onto the other and which coincides almost
everywhere with the gradient of a convex function (see [13]). We shall refer to this map as the
optimal transport map, being implicit that this is the optimal transport map for the quadratic
Euclidean cost (see [8] for more details).

Here is our main result.!

Theorem 1.1. Let Uy be the uniform measure on By (see (1.1)), and let P = p(y)dy be a
probability measure on R? satisfying 0 < Ap < p < AR inside Bg for all R < co. Let Qi+ = Vo :
B1 — R? be the unique optimal transport map from Uy to P. Then Q+ is a homeomorphism from
By \ {0} onto R?\ K, where K is a compact convex set of Lebesgue measure zero.

In addition:

(a) If p € CE*(RY) for some k > 0 and a € (0,1), then Qx : By \ {0} — R\ K is a

loc

diffeomophism of class C’{Ztl’a inside By \ {0}, and

ug()
(1.2) det(VQi(2)) = ——— Vz e By \ {0}.
( ) p(Qx(2))
(b) If p is locally analytic, then Q4 : By \ {0} — R4\ K is locally an analytic map.
(c) If d =2 then K = {Q+(0)} and Q4 is a homeomorphism from By onto R2.

Remark 1.1. When P = p(Jy|)dy has a radial density, then also the map Q4 is radial (this
follows from the uniqueness of the optimal transport map) and the above result is elementary.
Indeed, in this case one can explicitly write the optimal map in terms of distribution function,
and the explicit formula is given by

x

Q= (2) = qx(lz])

|’

Here and in the sequel, |E| stands for the Lebesgue measure of a Borel set E. Also, given k > 0 and « € (0, 1),
we say that a function f belongs to C’IIZCO‘ (RY) if f € C*(RY) and its k-th derivative is locally a-Holder continuous,
namely

D¥ - DF
vRe0 ey D@D

z#Y,z,yEBR “T - y|a

< 00.



where g+ : [0,1] — [0, 00) is implicitly defined via the identity
a=(s)
s = Hd_l(Sd_l)/ r=1p(r) dr Vs e (0,1).
0

Hence, in this very particular case, the conclusions of Theorem 1.1 hold with K = {0}, as can
easily be checked by direct computations.

Remark 1.2. As shown in point (c¢) of Theorem 1.1, in the case d = 2 the map Q4 is a
homeomorphism up to the origin. It is a well-known fact that the Monge-Ampere equation
behaves better in dimension two than in higher dimensions (see for instance [9, Sections 2.5 and
3.2]), and we do not expect Theorem 1.1(c) to be true in dimension d > 3. However, finding a
counterexample would not be relevant to the problem under investigation (namely, the existence
of quantile contours as the images of the sphere {0B, }o<r<1 under Q1 ), so we shall not investigate
this question here.

2. PROOF OoF THEOREM 1.1

To prove our main theorem, we first introduce some notation: given a convex function ¢ :
R? — R U {+o0}, the Monge-Ampére measure Hy associated to v is defined by

py(A) = [0Y(A)| for every Borel set A C R",

where
op(A) = ov(=)
€A
and 0v(x) denotes the subdifferential of ¢ at z, that is

oY(x) == {p eR" : Y(z) >Y(x)+ (p,z—x) Vze R”}.

Note that 9y (z) is a convex set for any 2 € R%. Also, when ) is of class C?, the Monge-Ampére
measure of 1 is given by det(D?y)dx (see [9, Example 2.2]).

Proof of Theorem 1.1. First of all we note that, since the optimal map Qi+ = V is unique a.e.
inside Bj, the function ¢ is unique inside B; up to an additive constant. In particular, with no
loss of generality we can set ¢(0) = 0.

Outside B; we simply extend ¢ to be identically equal to +oo (note that this preserves the
convexity of ¢), and we consider the Legendre transform of ¢, namely

(23) <ﬁ@%:$$ﬁ@w%—ﬂ@}:;g{@ﬂﬁ—¢®H VyeR?

(the second equality follows from the fact that ¢ = +o00 on R™ \ By). It is well known that V*
is the optimal transport map from P onto Uy, and that V* = (V)1 a.e. (see for instance [1,
Section 6.2.3 and Remark 6.2.11]). In particular,

(2.4) IVe*|<1  ae. inR%

Note that, because Uy is supported in By which is a convex set, it follows by [4] (see also Step 1 in
the proof of [9, Theorem 4.23]) that ¢* is an Alexandrov solution to the Monge-Ampere equation
inside R?, namely (recall (1.1))
(2.5) o (A) = / _Ply) dy = e p(y)|Ve* (y)|4 dy for all A ¢ R? Borel.

A ua(Ve*(y)) caJa
Let K := 0p(0), and observe that K is a closed convex. Also, since ¢ is locally Lipschitz in a
neighborhood of the origin (being a finite convex function inside By ), it follows that K is bounded.
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Consider an arbitrary compact set C C R%\ K. First of all, we note that dp*(C) is a compact
set (see [9, Lemma A.22]). Also, thanks to (2.4) it follows by [9, Corollary A.27] that

(2.6) d*(C) C dp*(RY) C By.
Furthermore, because dp and dg¢* are inverse to each other (see [9, Equation (A.20)]), noticing
that C N dp(0) =CN K = 0 we deduce that dp*(C) N {0} = 0.

In conclusion, this proves that dp*(C) is a compact set satisfying dp*(C) C By \ B,, for some

p > 0 depending on C. In particular, this implies that p < |[V¢*(y)| < 1 for a.e. y € C. Hence,
recalling that p is locally bounded away from zero and infinity, thanks to (2.5) we obtain

(2.7) melA| < ppr(A) < Me|A|  for all AC € cc R?\ K Borel,

for some constants 0 < me < M.

In order to apply the regularity theory for the Monge-Ampeére equation from [9, Chapter 4],
we first need to prove that ¢* is strictly convex inside R?\ K. Assume this is false. Then
there exists § € R?\ K and § € 9¢*(§) € B; such that, if we consider the affine function
0(2) := ¢*(9) + (g, 2 — ), the convex set X := {¢* = £} is not a singleton.

Notice that, thanks to (2.7), [9, Theorem 4.10] applies inside any compact subset of R™ \ K,
so the convex set ¥ cannot have any exposed point in R% \ K. Hence, the only possibilities are
the following:

(a) either 3 contains an infinite half-line L going from K to infinity;
(b) or ¥ contains an infinite line.

In case (b), [9, Lemma A.25] yields that dp*(RY) is contained inside a hyperplane, contradicting
the fact that V* transports P onto the measure U; which is supported on the whole unit ball.

We now need to exclude that case (a) occurs. The argument in this case is inspired by [10].
With no loss of generality, up to a translation and rotation, we can assume that 0 € K and that
L = {te; : t > 0}. By the monotonicity of the subdifferential of convex functions it follows that,
given two points y; and yo,

(2.8) (@—q,y2—y1) >0 Vg € (y), i =1,2.

Since ¢* = £ on L, it follows that ¢ = V¢ € 9p*(q) for all ¢ € L. Hence, applying (2.8) with
y1 =te; € L, q1 = ¢, and yp = y an arbitrary point in R?, we get

(g—Gy—ter) >0 VyeRY gedp*(y),t>0.
Letting t — +o00 in the above inequality we deduce that
(g—d,e1) <0 VyeR? qgedp*(y).
Thus, we proved that dp*(R%) is contained inside the half-space
H:={q: (q—q.e1) <0}
Recalling (2.4), this implies that V* takes values inside H N By a.e. Since (Vyp*)xP = U, and
ug is strictly positive inside Bj, it follows that H N By = By, which is possible if and only if
G = e1 € 0By (recall that § € By, see (2.6)).
Let 6 > 0 small, and consider the cone
Gp:={yeBi: |y <(1+0){y,q}
Since 0 € L we have ¢ = V{ € 0¢*(0), so applying (2.8) with y; = 0 and ¢; = § € 9B, we obtain
(Ve*(y) —q,y) >0  Vy where ¢* is differentiable.
Combining this inequality with the definition of €y and (2.4), we deduce that

(2.9) Vo*(y) € Do :={z € By : (x—q,q) > —Cablz — q|} for a.e. y € 6,
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where C; > 0 is a dimensional constant (cp. [10, Figure 1]). Because p > A; inside %y C By and
ug < 2¢q4 inside Zp for 0 small enough, it follows by the transport condition (V¢*)4P = Uy and
by (2.9) that

2¢4| o) > / wg(e) dr = / p(y) dy > / p(y) dy > M%),
Dy (Ve*)~1(Zs) Go

Since |%p| ~ 0" and |Zy| ~ 0", we obtain a contradiction for § small enough. This proves
that also case (a) is impossible, thus ¢* is strictly convex inside R\ K.

Since ¢* is a strictly convex Alexandrov solution of (2.7), it follows by [2, 3, 4] (see also [9,
Corollary 4.21]) that ¢* is of class C1® inside R? \ K. In particular, V¢* is continuous inside
R?\ K.2 Since, by the strict convexity of ¢* inside R\ K, V* is an injective continuous map
from R?\ K onto Bj \ {0}, we deduce that Vy* : R?\ K — Bj \ {0} is a homeomorphism by
the theorem on the invariance of domain. Recalling that Q+ = V¢ = (V¢*)~!, we conclude that
Q. is a homeomorphism from B; \ {0} onto R\ K.

To prove that K has Lebesgue measure zero it suffices to observe that K = (V*)~1({0}), so
by the transport condition (Vy*)4P = Uy we get

/Kp(y) dy = /{0} ug(z)dr = 0.

Since p > 0 we conclude that |K| = 0, as desired.

We now prove the additional statements in the theorem.
e Proof of (a). We note that if p € CF*(R?) for some k > 0 and a € (0,1), then [9,

loc
Remark 4.25] implies that Vy* is a C’{Zﬁl’a diffeomorphism from R%\ K onto Bj \ {0}, hence
Q- : B\ {0} = R?\ K is a diffeomophism of class C/. .
Since Q4|p,\{0y is a C! diffeomorphim, the validity of (1.2) is classical, and we give here a

short proof for completeness. Since V¢* is of class C! outside K, it follows by [9, Example 2.2]
and (2.5) that

" _ p(y)
/Adet (D2<p (y)) dy = /A Vo ) dy for all A c (R?\ K) Borel.

By the arbitrariness of A, this yields
p(y)

2 % _ d
det(D?*p*(y)) = (Vo @) Vy e R\ K.
Since Q+ = Vi = (Vp*) 7L, for any z € (Vo) H(R?\ K) = By \ {0} we obtain
1 _ug(e) ()

det(VQu(z)) = det(D?*p(z))

 det(D?p*(Ve(a)) — p(Ve(r) — p(Qa(@)
This proves (1.2), concluding the proof of (a).

e Proof of (b). 1t follows by [9, Proposition A.43] that the Monge-Ampere equation is uniformly
elliptic on C2 solutions. Hence, by the classical analytic regularity of solution to uniformly elliptic
PDEs with analytic data [15], if p is locally analytic then so is Q.

e Proof of (c). We now focus on the case d = 2. In this part we shall use coordinates
x = (z1,72) and y = (y1,%2) to denote points in R2.

2 Actually, since d¢* (K) = {0}, it follows by the continuity of the subdifferential (sce [9, Equation (A.15)]) that
V™ is continuous on the whole space R?, with Vo*(y) = 0 for all y € K.
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Assume by contradiction that K is not a point. Since K is a compact convex set of Lebesgue
measure zero it must be a segment, say K = [—1,1] x {0}. With no loss of generality, we can
assume that ¢(0) = 0. Recalling that K = d¢(0), this implies that

(2.10) o(x1,z2) > |21] Vo= (r1,22) € R2.
Also, since ¢ : By — R is convex, there exists a constant R > 0 such that
(2.11) Vo(z)| <R V€ By
Now, given ¢ € (0,1/4], we define
h
hs = (0,8),  l5:= §

Note that, because ¢ is differentiable in the xo variable, {5 — 0 as § — 0.
Given R as in (2.11), we set

Rs := [—hs, hs] x [0, (1 + R)J].
With this definition, thanks to (2.10) and (2.11) we can apply [11, Lemma 2.3] to deduce that
Cs
ST
Since Vg = Q. is differentiable outside the origin and d¢(0) = [—1, 1] x {0}, this implies that

Bp(Rs) O [~1/2,1/2] x [0,

(2.12) Vo(Rs) O [~1/2,1/2] x (0, 2(1?}2)}

Hence, by the transport condition (Vp)xUs = P and because Vo(Rs) C V(B /3) C Bg (see
(2.11)), we obtain

1/2 ﬁ Arls
2.13 /umd:vZ/ (/ pydy)dy >
(2.13) Rs () ~1/2\Jo (W) dyz ) din 2(1+ R)

where we used that p > Ag inside Br. Noticing that
1 1

w(z1,12) = — —F———,
( ) 2m x% + x%
it follows that (recall that %‘5 ={0;—0asd—0)

/ ( )d 1 hs p (1+R)é dxo 1 /h5 p /’(1+R)|fl| ds
u(z)der = — 1 e 1
Rs 21 J s 0 Vai+as 21 ) op, 0 V14 s?

hs
< C’R/ log<5>d:v1 = QCRh5(| log 45| + 1),

—hs |1]

for some constant C'r depending on R. Combining this bound with (2.13), we get

()]

ls < C’Rh(gllog&;\ = % < C’R\logﬁg\ =Cg

Recalling that hs = ¢(0,6) = 0o(¢), this proves that
©(0,8) < de~°rI% V4§ e0,1/4],

where ¢g := 1/Cg. Analogously, repeating the above argument with hs = (0, —8) we obtain
©(0,—8) < de~°R/_ therefore

0(0,29) < |moleR/I2l vy e [-1/4,1/4].



By the definition of ¢* (see (2.3)), this implies that

©*(y1,92) = sup {$2y2 - gD(O,xg)} > sup {x2y2 — |x2‘e—CR/|ﬂf2|}
|z2|<1/4 |z2|<1/4
(2.14) / |2
CR Y (y1,y2) € R x [-1/2,1/2]
\log\ng

for some constant ¢ > 0.

At this moment one may conclude as follows: by (2.5), the Monge-Ampeére measure of ¢* is
bounded from above. So, thanks to (2.14), we can apply [14, Theorem 1.4] to conclude that
K =[-1,1] x {0} contains the infinite line R x {0}, thus providing the desired contradiction. For
completeness we provide here an alternative self-contained proof, that we believe to have its own
interest.

Consider the sets Uy, := [—1/2,1/2]x[2=*+1D 27F] ¢ R2. By the transport condition (V¢*) 4P =
Us one has (recall that p > Ay inside Bj)

P(y)
det(D%*¢*(y)) = =27 p(y)|Ve*(y)| > 27A|Ve*(y for a.e. y € Uy.
(D2 W) = g Brrs = 2rpWIVE ()] 2 200V o)
Hence, arguing as in [5], it follows by the arithmetic-geometric inequality that?

2-(ma) 2 [ 92y <2 /M det(D?¢* (4)) "/ dy
k k

* 1 *
< / <t Oy " (y) + 7 Oy P (y)) dy
Uy,

1 «
< t/ Oy 0" (y) 11 + / Oy (y)va Yt >0,
o, t Jou,

where v = (v, 112) is the outer unit normal to OUy. Observe that, since ¢(0) = 0 and 9p(0) = K,
it follows that ¢* > 0 and ¢*|x = 0. Thus, since K = [—1,1] x {0} and ¢* is 1-Lipschitz (see
(2.4)),
0<¢"(y1,92) < ly2| V€ [-1,1],
and [9, Corollary A.23] applied to the convex function ¢*(-,y2) yields
0y, 0" (1, 92)| < 2|y2|  Vyr € [-1/2,1/2].

Thanks to this estimate, since |y2| < 27% on 0l we can bound

/ Oy 0" (y) 1 < 2- Qk/ | = 272",
OUy, Uy,

1

2. (2m1)1/2/ Vo™ ()2 dy < t272F + / Dy (W) e Yt >0.
U t Uy,

Note that, by the monotonicity of the gradient of convex functions,

Oy™ (y1,27%) > 0™ (g1, 27 ) vy = /au Oy 0" (y) v2 2 0.
k

thus

3To rigorously justify the inequalities
| e @y <
Uy

one can either use that any pointwise pure second derivative of a convex function is bounded from above by
the corresponding distributional derivative, or prove the inequalities for smooth functions and then argue by
approximation.

Oy " (y) v1, /%yzv*(y)dyﬁ/ Dy " (y) va,
Uy, Uy, Uy,
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1/2
Thus, choosing t := 2* (fauk 6y2<p*(y)1/2) we obtain

1/2
e [ 962 2y < 2 ( / 3y2<p*(y)V2) ,
Z/lk 8Z/{k

or equivalently

2
T N N
u (20 [ mewrtar) < [ o0t
Uy, Uy,

Summing over k the above inequalities and noticing that the boundary integrals appearing in the
right hand side form a telescopic series, recalling (2.4) we conclude that

2 1/2
™ * *
e IS (2 [ M rta) < [ ot/ <1
k

i>1 U —~1/2

We now want to obtain a contradiction by showing that the series in the left hand side diverges.
To this aim notice that, by the convexity of ¢* and because ¢*|x = 0, (2.14) implies

©*(y1,92) S Rl

Y2 |logya| — K

Vo™ (y1,92)| = Oy 0™ (Y1, 42) = Y (y1,y2) € Uy.

Recalling (2.15), we conclude that

™ 1
1> 5)\10122% = 400,

a contradiction.

This proves that K = 0¢(0) must be a point, and recalling [9, Lemmata A.21 and A.24] we
obtain that both V¢ and V¢* are continuous, thus Q4 : B; — R? is a homeomorphism, as
desired. O
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