ON THE ISOPERIMETRIC PROBLEM
FOR RADIAL LOG-CONVEX DENSITIES
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ABSTRACT. Given a smooth, radial, uniformly log-convex density eV on R™, n > 2, we
characterize isoperimetric sets £ with respect to weighted perimeter faE eVdH" ! and
weighted volume m = fE eV as balls centered at the origin, provided m € [0,m0) for
some (potentially computable) mg > 0; this affirmatively answers conjecture [RCBM,
Conjecture 3.12] for such values of the weighted volume parameter. We also prove that
the set of weighted volumes such that this characterization holds true is open, thus
reducing the proof of the full conjecture to excluding the possibility of bifurcation values
of the weighted volume parameter. Finally, we show the validity of the conjecture when
V belongs to a C*-neighborhood of c|z|? (¢ > 0).

1. INTRODUCTION

1.1. Background. Isoperimetric problems in a space with density, a natural generaliza-
tion of the classical Gaussian isoperimetric problem [Bol, SC, Eh, CK, CFMP], have
received an increasing attention in recent years; see [BBMP, Bo2, CJQW, CMV, DDNT,
DHHT, FuMP2, KZ, RCBM, MS, MM, MP]. We refer the reader to [Mol] for a quick
excursion into the theory of manifolds with density.

As to now, very little is known about the isoperimetric problem with general densities.
We consider here a quite basic open question, which can been introduced through an
elementary analysis of first and second variation formulae. Precisely, denoting by E an
open set with smooth boundary in R”, let us consider the isoperimetric-type problem

qbv(m):inf{/ eVdH”_lz/eV:m, ECR“}, m>0,n>2, (1.1)
OE E

associated to a positive density " on R”, with V: R” — R radially increasing, that is
V(z) =v(|z]), forv: (0,00) — R increasing. (1.2)

The naive intuition that balls centered at the origin should be the only isoperimetric sets
(minimizers) in (1.1) is not correct. Indeed, as shown in [DDNT], if n = 2 and €' = |z|P
(i.e. v(r) = p log(r), p > 0), then isoperimetric sets are Euclidean disks whose boundaries
pass through the origin. By computing first and second variations in (1.1), one sees that
every isoperimetric set £ with boundary of class C? satisfies the stationarity condition

HY = Hp + VYV -vp = constant  on 0F, (1.3)

and, for every u € C°(R™) with [, ue" dH"~! = 0, the stability inequality

/ <|VE ul? — [Ig|? u2) eV dH " + V¥V (vg,vg)u?eV dH" 1 >0 (1.4)
oF OF

holds. (Here, Hr denotes the mean curvature of OE computed with respect to the outer
unit normal vg to E, Vyu = Vu— (Vu-vg)vg is the tangential gradient of u with respect
to OF, and Ilg is the second fundamental form of OFE. Our convention is that Hpg is the
trace of Ilg, so that Hg = n — 1 if B is the Euclidean unit ball of R".)



In particular, balls B, = {z € R™ : |z| < r} centered at the origin always satisfy the
stationarity condition (1.3), with

T

+'(r) on dB,. (1.5)

On the other hand, B, satisfies the stability inequality (1.4) if and only if v”(r) > 0.
Indeed, B, satisfies (1.4) if and only if

V() / (|VBT w2 =2 — ! u2> dH™Y 0" (r)et™) / uw? dH" >0, (1.6)
B, r B,

for every u € C°(R™) such that 0 = ¢¥(") Jop, wdH"™ 1 ie., with Jop, wdH™™ 1' = 0. Then
the stability of balls in the Euclidean isoperimetric problem implies of course that

—1
/ (\VBT, ul® — nr2 u2) dH" 1 >0, (1.7)
OBy

whenever u € C°(B,) and |, 9B, wdH™ ' = 0, with equality if and only if v = z - e for
some e € R™ (this corresponds to an infinitesimal translation in the direction e). Taking
this into account, one easily sees that (1.6) holds true on B, if and only if v (r) > 0.

Hence, in the spirit of [RCBM, Conjecture 3.12], we are naturally led to formulate the
following isoperimetric log-convex density conjecture: for radially increasing log-convex
densities €V on R”, balls centered at the origin are isoperimetric sets. We shall refer to
the strong form of the conjecture as to the claim that balls centered at the origin are
the unique isoperimetric sets. Note that the assumption of v being increasing is somehow
necessary for the validity of this conjecture; for example, as noticed by Morgan [Mo2], if
v(r) = (r —1)2, then isoperimetric sets with sufficiently small weighted volume have to be
uniformly close to a point on S"~! (a rigorous justification of this assertion can be derived,
for example, using the arguments from sections 5 and 6 below). For the sake of clarity,
let us also recall that the existence of isoperimetric sets was proved under the assumption
of the conjecture in [RCBM, Theorem 2.1], and, more generally, whenever v is increasing
with v(r) — +o00 as r — oo in [MP, Theorem 3.3].

The validity of the isoperimetric log-convex density conjecture has been supported, up
to date, by the following results. For v(r) = c¢r?, ¢ > 0, the conjecture was proved (before
its formulation) by Borell [Bo2, Theorem 4.12] through a symmetrization argument. In
this case, balls centered at the origin are actually the only isoperimetric sets [RCBM,
Theorem 5.2]. This case is somehow special because the densities aec‘x‘z, a,c > 0, can
be characterized by the property that the natural notion of Schwartz symmetrization
preserving the weighted volume Vol(E) decreases the weighted perimeter Per(E), where

Vol(E):/ eV, Per(E):/ eV dH" L
E OF

see [BBMP, Theorem 3.8]. In [MM], the conjecture has been proved for n = 2 and
v(r) = ¢rP, p > 2, ¢ > 0. A stronger evidence in favor of the conjecture has been
provided by Kolesnikov and Zhdanov [KZ] through an enlightening argument based on
the divergence theorem. They show that if v is increasing with v" > o > 0 on (0, 00), then
there exists m > 0 such that, for any m > m, balls centered at the origin are the only
isoperimetric sets with weighted volume m.

1.2. Main results. Before stating our main results, we introduce some useful notation:
given m > 0, we denote by r(m) > 0 the radius such that the ball B(m) = B, ,, satisfies

Vol(B(m)) = m; (1.8)



clearly r(m) is uniquely determined as soon as, for example, v is bounded from below on
[0, 00). Moreover, we denote by M (v) the set of those m > 0 such that B(m) is the unique
isoperimetric set with weighted volume m.

Theorem 1.1. If v € C%([0,0);[0,00)) is an increasing convex function with
[lglf} v >0  Vr>o0, (1.9)
then the following two assertions hold true:
(i) M(v) is open;
(ii) there exists mo > 0, depending on n and v only, such that (0,mg) C M(v) (the
value of mq is potentially computable; see Remark 1.6).

Remark 1.1 (Bifurcation and proof of the complete conjecture). By Theorem 1.1 (resp.
by the above mentioned result of Kolesnikov and Zhdanov, if inf g ) v” > 0) we may
reduce the proof of the conjecture to showing that no bifurcation phenomena can occur.
More precisely, to prove the conjecture one should show the validity of the following
statement:

If m >0 and (0,m) C M(v) (resp. (m,o00) C M(v)), then m € M (v).

In other words, we would need to exclude the existence of m > 0 such that both B(m)
and E # B(m) are isoperimetric sets with weighted volume m, but B(m) is the only
isoperimetric set with weighted volume m for every m < m (resp. m > m).

Combining Theorem 1.1-(ii), the validity of the conjecture for ¢l (¢ > 0) [Bo2,
RCBM], Kolesnikov-Zhdanov’s Theorem [KZ, Proposition 6.7], and a variant of the ar-
gument used in the proof of Theorem 1.1-(i), we shall prove our second main result,
namely, the validity of the conjecture on every density eV lying in a sufficiently small
C?2-neighborhood of eclal® (see Theorem 1.2 below). An interesting consequence of this
result is that it shows that the validity of the conjecture for all the weighted volumes is
not a completely exceptional feature related to the special tensorial structure of e¢ e,

We now state our theorem, introducing the following notation: given w € C°([0, 00))
and R > 0, we shall denote by Q[w](R, -) the modulus of continuity of w over [0, R|, defined
as

Qw](R, o) :sup{\w(r)—w(s)\ :r,s € [0,R],|r — s <a}, oc>0. (1.10)
Observe that, by the local uniform continuity of w, Q[w|(R,0) — 0 as 0 — 0F.

Theorem 1.2. Given n > 2, ¢ > 0, and a function Qg : [0,00) x [0,00) — [0,00) with
Qo(R,07) = 0 for every R > 0, there exists a positive constant &, depending on n, c,
and Qg only, with the following property: if v € C?([0,00);[0,00)) is an increasing convex
function with

lv — C7"2||02([0,oo)) <4, Q")(R,0) < Q(R,0), VR,oc >0, (1.11)

then for every m > 0 the ball B(m) is the unique isoperimetric set in (1.1), that is,
M (v) = (0,00).

Before entering into a closer description of the strategy of proof of Theorem 1.1 we make
the following three remarks.

Remark 1.2 (Densities and Euclidean geometry). Theorem 1.1-(ii) may resemble for cer-
tain aspects the main results appearing in our previous paper [FM]. Indeed, in both cases,
the starting point of our arguments is exploiting the smallness of the “mass parameter” in
combination with the quantitative isoperimetric inequality [FuMP, FiMP, CL] to deduce
the L'-proximity of minimizers to balls. However, apart from this similarity, the two prob-
lems (and, consequently, the remaining parts of the proofs of our theorems) are completely



different. In particular, what makes the study of this problem extremely delicate is the
elusive interaction between geometric quantities such as the mean curvature of E, or the
integrand |V gpu|? — |I1g|?u? in the second variation of the Euclidean perimeter of E (see
(1.6) and (1.7)), with the density ¢"". This point is understood, for example, by noticing
that the stationarity condition (1.3) does not possess any scaling property; or realizing
that the natural notion of Schwarz symmetrization which preserves weighted volume does
not decrease weighted perimeter, unless v(r) = cr?, ¢ > 0. If these features of the problem
make unlikely its solution by symmetrization techniques, it should also be noted that, at
present, no characterization results for isoperimetric sets in problems with density have
been obtained via mass transportation techniques; and this is true even in the case of
the well-studied Gaussian isoperimetric problem, corresponding to v(r) = —cr?, ¢ > 0.
The proof of the characterization result of isoperimetric sets stated in Theorem 1.1-(ii)
and Theorem 1.2 is thus quite atypical in its genre: indeed, we will manage to prove a
global minimality property by combining tools such as the (global) quantitative Euclidean
isoperimetric inequality, strict stability properties of candidate minimizers in the problem
with density (obtained in section 2), and improved convergence theorems for sequences
of almost-minimizers of Euclidean perimeter (almost-minimizers are defined in (3.6), and
related results are discussed in section 3).

Remark 1.3 (Global stability inequalities). As mentioned above, in proving Theorems 1.1
and 1.2 we shall establish several local stability results, including in particular a stability
result for the ball B(m) with respect to its small C'-perturbations; see Theorem 2.3.
Therefore, by using a selection principle in the spirit of [CL, AFM, DM], it may be possible
to deduce from our results global stability inequalities for radial uniformly log-convex
densities . We will not investigate further this direction since it does not seem to cast
further light on the isoperimetric log-convex density conjecture, whose understanding is
our primary interest here.

Remark 1.4 (Perturbation principle). The perturbation argument behind Theorem 1.2
can be suitably adapted to show that, loosely speaking, if v is an increasing, uniformly
convex function for which the strong conjecture holds at weighted volume m (i.e., m €
M (v)), then the validity of the conjecture “propagates” to any w close in C? to v (again
with a uniform bound of the modulus of continuity of w”), for any value m sufficiently
close to m. However, since the main explicit example of the validity of the conjecture is
obtained by setting v(r) = cr?, we have decided to focus on Theorem 1.2 rather than

stating a more abstract result.

Notation 1. Although the isoperimetric problem (1.1) can be directly formulated on
open sets with smooth boundary, the discussion of the existence and regularity properties
of isoperimetric sets requires passing through a generalized formulation of the problem.
Referring readers to [AFP, Ma] for the technical details (which will play a very marginal
role in our arguments), we shall work here in the framework of the theory of sets of
finite perimeter. In particular, given a set of locally finite perimeter £ C R", we shall
denote by |E| its Lebesgue measure, by 0*F its reduced boundary, by O/2E the set of
points of density one-half of E (recall that *F C 9'/?E and H" '(8Y/?E \ 9*E) = 0,
so one can interchangeably use the two sets when integrating with respect to dH"™!),
by P(E;F) = H" }(F N 0*E) the distributional perimeter of F relative to the Borel set
F C R™, and we shall set for brevity

Per(E; F) = / eV dH" L,
FNOo*E
for the weighted perimeter of E relative to F' as well. By standard approximation theo-
rems, the value of ¢y (m) in (1.1) is unaffected if we minimize among sets of locally finite
perimeter, or among open sets with smooth or Lipschitz or polyhedral boundary.



FIGURE 1. A set E defined by u € C*(S"~};[~1,00)) as in (1.14).

1.3. Strategy of proof, Theorem 1.1-(i). We now pass to describe the strategy of proof
of Theorem 1.1, starting from statement (i), and introducing the family of isoperimetric
sets of weighted volume m, defined as

My (m) = {E C R": Per(E) = QSV(m)} (1.12)

To prove Theorem 1.1-(i), we first show that for every msy > m; > 0 there exists a positive
constant & (depending on n, my, mg, and v only) such that, if v = inf(g ()] v” > 0, then

Per(E) > Per(B(m)){l + %"“)2 ][§n1”2} , (1.13)
whenever
E = {t (1+u(w)>w:w€8"_1,0§t<r(m)}, m = Vol(E) € (m1,ma), (1.14)

for some

ue CH S [-1,00)), ullcr(gn-1y < €;
see Theorem 2.3 in section 2, and Figure 1. This implies in particular that balls centered
at the origin are the unique isoperimetric sets in the restricted competition class of their
small Cl-perturbations (a result which seems to be new in itself).

We next argue by contradiction; that is, we assume the existence of m > 0 such that
My (m) = {B(m)}, and of sequences {my,}pren and {Ep }peny with mp — m as h — oo,
En € My (mp), and |E,AB(my)| > 0 for every h € N. Exploiting the minimality of Ej, we
show that, up to extracting a subsequence, |[E,AB(m)| — 0 as h — oo. At the same time,
the minimality of the Ej in the global isoperimetric problem with density (1.1) implies
in turn their (uniform) local almost-minimality with respect to the Euclidean perimeter:
precisely, there exist positive constants C' and 7y such that

P(Ep; B(z,r)) < P(F; B(z,r)) + Cr™,

whenever h € N and ERAF CC B(z,r) for some z € R™ and r < r¢. In particular,
{Ehn }hen is a sequence of uniform almost-minimizers of the perimeter in R” which converges
in L' to a smooth limit set, namely, B(m). Then, the regularity theory for almost-
minimizers of the perimeter (see section 3) implies the existence of a sequence {tp}ren C

C(S"1;[~1,00)) such that
E;, = {t <1 + ap(w )w cwesSTh o<t < r(m)} , hlim llinllcr = 0.
—00
(Here, || - [[cr = || - [lcr(@gn—1y-) Equivalently, since my, — m there exists {up}pren C

C1(S"1;[~1,00)) such that
E, = {t (1 + uh(w))w rwesSTlo<t< r(mh)} , hlim llunllcr = 0.



Hence, for h sufficiently large we can apply (1.13) to conclude

Per(Ej,) > Per(B(mh)){l + %”“)2 ][Slu,%} .

Since none of the Ej’s is a ball, we have u, # 0 for every h € N; hence Per(Ej) >
Per(B(my,)), against Ej, € My (my,).

Remark 1.5. Notice that, having used a compactness argument (together with the as-
sumption m € M (v)) to deduce that |ER,AB(m)| — 0 as h — oo, we have no information
on the size of the neighborhood of m contained in M (v).

1.4. Strategy of proof, Theorem 1.1-(ii). The strategy of proof is somehow similar
to that of statement (i), although quite subtler in several aspects. Consider E € My (m)
for m small. By the quantitative isoperimetric inequality [FiMP], by the above mentioned
regularity theory for almost-minimizers of the perimeter, and thanks to some uniform
decay estimates for the diameter of ' that we shall prove in section 5, we deduce that, if
m is small enough, then there exist @ € C1(S"~1;[~1,00)) and a ball B(&o,#) such that

E:£0+{t<1+a(w))w:weS"_1,0§t<f*}, lim 20| + [|iflcx +7 = 0.
m—

Two major difficulties arise at this point. First, even in the case that zg = 0, we cannot
derive a contradiction directly from (1.13), as the constant ¢ defining the range of appli-
cability of (1.13) depends on m, and may be smaller than ||i|c1. Second, it may actually
be that &y # 0, and having no information on the relative sizes of |Zo| and 7, we do not
know if it is possible to parameterize E over B(m) through C'-small functions (actually,
it may even be possible that £ does not contain the origin).

The key idea here is that of parameterizing the sets E with respect to the ball B(xz,r)
having the same weighted volume and “weighted barycenter”; precisely, we prove the
existence of zg € R™, r > 0, and u € C*(S"71;[~1, 00)), with

Vol(B(xg,r)) =m, / ze¥V® dg = / ze¥ @ dy | (1.15)
B(zo,r) E
and
E=uxy+ {t <1—|—u(w))w:w esto<t <r}, lim0|:170| + |lullcr +r7=0.

Exploiting the matching of weighted barycenters in (1.15), we are able to take advantage
of the Fuclidean stability of B(zg,r) to show that if ||ul/c1 + |zo| < €0, then

Per(E) > Per(B(xo,r)){l —Cr yg;o\]lgnlyu\ + %][Snlqﬂ} : (1.16)

where C' and ¢ are independent of m; see Theorem 2.1, inequality (2.6), and the proof
of Theorem 2.5; notice also the presence of a negative term of order one in (1.16), which
reflects the non-stationarity of balls not centered at the origin in (1.1) in the isoperimetric
problem with radially symmetric density. By a further analysis of the behavior of weighted
perimeter on balls, we see that if |xg| < &1, then
|zo|?

Per(B(xg,r)) > Per(B(m))q 1+ [ (1.17)
where €1 and C' are, once again, independent of m; see Theorem 2.4. In conclusion, for m
small enough, combining (1.16) and (1.17) with the elementary inequality

T T
r \:co\][ Jul < 5 |zo|? + 57[ lu|?, (1.18)
§n—1 gn—1



we deduce that

1
Per(E) > Per(B(m)){ 1 + 5= |0l +][ 2 )b
2C §n—1
Since E € My (m), this implies g = 0 and v = 0, thus E' = B(m), as desired.

Remark 1.6. The value mg appearing in Theorem 1.1-(ii) is explicitly computable. In-
deed, no compactness argument is ever used in the proof, the constant from the quan-
titative isoperimetric inequality in [FiMP] is explicit, and all constants appearing in the
theory of almost-minimizers of perimeter from [T2, T1], as well as those appearing in the
various other steps of the proof outlined above, are (in principle) computable.

1.5. Organization of the paper. In section 2 we gather the various stability estimates
needed in the proof of Theorem 1.1 and Theorem 1.2, and show in particular that for
every m > 0, B(m) is the unique isoperimetric set among its small C'-perturbations.
In section 3 we prove several regularity, symmetry, boundedness, and almost-minimality
properties of isoperimetric sets which are needed to apply the results proved in section 2
to our problem; this is done without needing the convexity of v. In section 4 we prove
Theorem 1.1-(i). Then, after showing a quantitative decay estimate on the diameters of
isoperimetric sets in the small weighted volume regime (see section 5), in section 6 we
complete the proof of Theorem 1.1-(ii). Finally, in section 7, we prove Theorem 1.2.
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2. SOME QUANTITATIVE STABILITY PROPERTIES OF BALLS CENTERED AT THE ORIGIN

This section is devoted to the proof of various inequalities expressing in a quantitative
way the stability of balls centered at the origin among special families of comparison sets;
these inequalities are obtained, of course, under suitable uniform convexity assumptions
on v. The key results are: Theorem 2.3, showing in particular that balls centered at
the origin are isoperimetric sets among their C''-small radial perturbations; Theorem 2.4,
where we prove a stability (uniform with respect to the weighted volume parameter) of
balls centered at the origin among balls whose centers are sufficiently close to the origin;
and Theorem 2.5, where the stability of balls centered at the origin among C''-small radial
perturbations of balls whose weighted barycenters are sufficiently close to the origin, is
again proved to be uniform in the small weighted volume parameter.

2.1. Two basic lower-bounds. We start our analysis of local stability properties by
proving the two basic lower bounds on the weighted perimeter of a C'-small perturbation
of a ball. The first result, Theorem 2.1, is concerned with C'-small perturbations of balls
centered at the origin; the second result, Theorem 2.2, deals with balls not centered at the
origin. Note that, in Theorem 2.1, v is not required to be increasing.

Theorem 2.1. Given n > 2, non-negative constants «, 3, and vy, and r9 > r1 > 0, there
exist

1
€0 = 60(717@76’7) € <07 5) s C’0 = CO(nvavﬁayarlv’r?) < 00,
with the following property: If v : (0,00) — (0,00) is twice differentiable with
a> ], >0 >, on [(1—eo)r1, (1 +e0)r2], (2.1)



and if r > 0, u € C*(S"1;[~1,00)), and
E:{t<1+u(w)>w:wGS"_1,0§t<r},

are such that

r € [r1,r, Hu”cl(gnfl) <e¢p, Vol(E) = Vol(B,), (2.2)
then
2
Per(E) > Per(Br){l + (1 - 00||u\|01) ar ][ u? (2.3)
2 S§n—1
Vul? u?
+]1 (1—co|yuucl)‘ i (n—1+co|yuucl)—}.

S§n—1 2 2

Here |ullcr = |lullcrgn—1), Vu is the tangential gradient of u on S"~', and integration

over S*1 is with respect to H" 1.
Theorem 2.2. Given n > 2, non-negative constants «, 3, and vy, and ro > 0, there exist
co=comaf,n) € (0,5),  Co=Conaf7,m0) < oo,
with the following property: If v: (0,00) — (0,00) is twice differentiable with
a>v >0, B>v" >, on [0,2r], (2.4)
and if o € R™, r >0, u € C*(S"1;[~1,00)), and
E::EO—I—{t(l—l—u(w))w:wegn_l,o §t<r},

are such that

|zo| < %0, r<rp, [ullcign—1y <eo,  Vol(E) = Vol(B(wo,7)), (2.5)
then
Per(E) > Per(B(xo, 7‘)){1 — Cor|xo| |u (2.6)
§n—1

+][S"1 <1 - o <”uH01 + TO))@ B (n -1+ CO(Hu”Cl + To)>u;} )

Beginning of proof of Theorems 2.1 and 2.2. The first part of the proof of the two theo-
rems is common. In the following, we shall denote by C a positive constant depending
on n, «, 3, v, and either 1,72 or ry depending on which of the two statements we are
considering; the value of C' may change at each appearance of the constant.

Given o € R™ and w € S"~! we introduce the function ¢, : (0,00) — (0,00) defined as

Gu(r) = / eV (@otsw)gn=1 gg. r>0. (2.7)
0

We notice that, for every r» > 0,

¢/ (7,) — eV(xo—l—rw)rn—l

w )

¢! (r) = eV (@oFrw)yn=1 (_n ; ! + VV(zo + rw) - w) 5

n—1

_ 2
¢ (1) = eV (@otrw)pn—l <(n " ! + VV(xg + rw) - w) - + V2V (20 + TW)[%“]) .

r



e Step one: We show that, under the assumption of both theorems (and with zp = 0 in
the case of Theorem 2.1), we have

-2
Per(E) — Per(B(xzo,r)) > /S"l <7’ ") u+ (f (( )) 5 ) (2.8)

+(1=Clulleo) 13- /S ol (r) u?

H(i-cluler) [ ol T

u2

~(n=14Clullen) [ e

We start by observing that
OF = xo + {7‘ <1 +u(w))w twE S”_l} .

By applying the area formula on S"~! to the Lipschitz function f : S*~! — OF defined as
fw) =20+ (1 +u(w))w, w € S* !, we easily find that

n—1 Vul?
— V(zo+r(l4u)w) |
Per(FE) /Snl <T(1 + u)) e 1+ 0T u)?
Vul?
= ' (r(1 1 |7 2.
[ ey ie (2.9
By the elementary inequalities
LIS t> -1,
(1+1)2
s 82
\/1+821+§—§, 520,
we get
[Vul? [Vul® -
1+ >1+(1- ) S 2.1
(1 + U) C HU”01 on ( O)
Then, noticing that
OEU OB, C B(iyeg)ry \ Bli—co)ry 5 in the case of Theorem 2.1,  (2.11)
E U B(xg,7) C Bar,, in the case of Theorem 2.2,  (2.12)
in both cases we find
‘V(azo + (1 +u)w) — V(xg + rw)‘ < ar|ulco, Vwes !,
and since (1 +¢)""' > 1+ (n— 1)t > 0 for |[t| < 1/(n — 1), we obtain
n—1
(7‘(1 + u)) eV [@otr(ltuw) > pn—loV(zotrw) (1 -C HU”CO> on S 1. (2.13)
Thus, combining (2.10) and (2.13) with (2.9) we get
/ |Vu|2
Per(B) 2 | o+ u) (1= Clulen) [ oLr (214)
§n—1

We now notice that, by Taylor’s formula, we can find a functlon 6 :S"' — [0,1] such
that, if we set @ = 6 u, then

L (r(L+u)) = ¢, (r) +r ¢ (r)u + 72 ¢ (r(1 + @)

u2

- on Sn-t. (2.15)



Moreover, since

/
V2V (2) = o(Ja]) & @ 2 4 L) <Id - Ze i) . VYzeR", (2.16)
| || ||

we get
V2V(azo +r(l+0)w)w,w] >,

where in the case of Theorem 2.1 we used that w is parallel to zo+7(1+@)w (since zo = 0),
while in the case of Theorem 2.2 we used that v'(r) > ~vr (since v'(0) > 0 and v” > 7 on
[0,27¢]). Thus, by the formula for ¢/ and by (2.13) we obtain

P21+ )2 " (r(1 + @) (2.17)
> (1 +C Hu|yco>¢;(r){ (n 14 VV(xo +r(1 +a)w) (r(1 +a)w))2

—(n—1>+w2<1+a>2},

where =+ is equal to + if the expression inside curly brackets is negative, while + = — if it
is positive. Moreover, in both cases we have

‘VV(xo +7r(1+ ﬂ)w) (r(l+a)w) — VV(zg + rw) - rw| < C'|ul/co,
which combined with (2.17) gives (with the same convention for + as before)
r?(1+a)? ¢/ (r(1 +u))

> (1£Clulleo)ol{rra a2 - (- 1)+

2
<n —14+VV(xg+rw)- rw) - C’||u||co}

1/

(1 Clulleo) et {20+ 07 0= )+ L~ Clafen}.
>

Ol (r)?

Multiplying by (1 +@)~2 > (1 — 2 ||ul|c0) we find

P2 gl(r(1+a) > (1j:C|]uHCO)¢;(T){ i’i ; N (n—l)—cuuuco}
¢//( ) /
> g2 0 (1 iC'||UHCO> %(r){vﬂ —(n—1)— C||u\|co} (2.18)

where in the last inequality we used that 72¢” (r)? < C ¢/, (r)%. We finally combine (2.14),
(2.15), and (2.18), to obtain (2.8).

e Step two: We notice that the weighted volume constraint Vol(B(zg,r)) = Vol(E) implies
r r(14u)
/ / eV(:co—l—sw)sn—l ds = / / eV(:co—l—sw)sn—l ds,
sn—1 J0 sn—1 J0

[ (et ) = 6u) = 0. 21

By Taylor’s formula, we may define 6 : S"~1 — [0,1] so that, if u = fu, then

that is,

3

2 u
Gu(r(1+w) = ¢u(r) + r ¢, (r)u+r? ¢l (r ) +r2 ¢l (r(1+) - on 8"



Inserting this expansion in (2.19) and noticing that, by (2.11) and (2.12), r%[¢”/ (r(1+u))| <
C ¢l,(r), we get the useful estimate

2 3
[ (o ramy)| < [ erearan
S§n—1 2 S§n—1 6
< Cluleo [ vl (220)
S§n—1
which, combined with r ¢/ ()| < C ¢/,(r), gives in particular
¢l (rju| < C ¢l (r)u’. (2.21)
§n—1 S§n—1

We now conclude the proof of Theorem 2.1 and Theorem 2.2 by two separate arguments.
0

Conclusion of proof of Theorem 2.1. We want to estimate the integral on the first line of
(2.8). Since we are assuming that zo = 0, ¢/, (r) = " 1e*(") is constant with respect to

w € S" L s0 (2.20) gives
foo (et B )| = [5G [ (et )

(2t evm) [ (ot &)

n—1+a«
< Pl [ vl

Sn—

= Cllulleod(r) ][S 3

As ¢/,(r) = Per(B,)/nw,, inserting the above estimate in (2.8) and recalling that v > 0,
we easily get (2.3). O

Conclusion of proof of Theorem 2.2. We have to prove (2.6). Let us first show that

Per(E) — Per(B(zg,7)) > —Cr|zo /Snl &, (r)|ul (2.22)

o VP
H-clule) [ o
2

~(n=140 (Julleo +7)) /S GRS

To this end, we notice that by the formulas for ¢/, and ¢/, and by (2.20),

[ (retmus ZEOE Y - [ L (g et

— 2
L <’"‘f’@(r>u + r2¢::<r>u7>

2
+/ VV(zg+rw) - -w <r¢;(r)u + rngff)(r)u—)
Snfl 2

> Cllulleo / o
Snfl 2

VV(zg+rw) - w <¢;(r)u + r¢g(r)“—2>
gn—1

> -C <HuHCo + r) /Snl ¢ (r)u? + T/Snl <VV($0 +rw) - w)qﬁ;(r)u,



where in the last step we have used again that r|¢/,(r)| < C ¢[,(r) for every r < ro. We
now notice that, since |VV (zg + rw) — VV (rw)| < Blzg| for every r < rg and w € S*7 1,

r VV(zg+1w) - wd,(r)u (2.23)
§n—1

=7 VV(rw)-qu;(T)u—Fr/

- - (VV(:UO +rw) — VV(rw)) cwel,(r)u

=rv/(r) /S”l &, (ryu+r /Snl (VV(xo +rw) — VV(mu)) cwol(r)u

z—O{r o) +rlaol | <z>;<r>|u|},
Snfl Snfl

where in the last inequality (2.21) was also taken into account. Recalling (2.8) and ne-
glecting the term with 72, we obtain (2.22). Finally, to conclude the proof of (2.6) it
suffices to observe that

(25(/0(7,) - Tn—lev(r) <« ’xO‘ Tn—l ev(r) <ar Tn—l ev(r) 7 (2.24)

and

‘Per(B(xo, 7)) — nwy r" eV (@)

< a|zg| Per(B(xg,7)) < argPer(B(zg,r)). (2.25)

In particular

/ ¢;(r)|u|gnwnr"—lem(uoro)][ |u|§C’Per(B(x0,r))][ lul
Snfl —1

Sn §n—1
as well as,
\% 2 \V4 2
/ o () YU S per(B(ag, r)) (1 0”“0)2][ [Vul”
sn-1 2 S§n—1 2
u? u2
oL (r) L < Per(B(xo,m))(1+ 047’0)2][ v
St 2 §n—1 2
By plugging these last three inequalities into (2.22), we obtain (2.6). 0

2.2. Stability of balls centered at the origin. Following a technique developed by
Fuglede to study the stability of the Fuclidean isoperimetric inequality on nearly spherical
domains, see [Ful, Fu2|, we now combine the lower bound (2.3) in Theorem 2.1 with
an expansion in spherical harmonics to prove the minimality of balls centered at the
origin with respect to C'-small radial perturbations. Let us recall that, given m > 0,
we denote by B(m) = B, the ball of radius r(m) > 0 centered at the origin such
that Vol(B(m)) = Vol(B,,)) = m. Notice that in this theorem v is not required to be
increasing, but just locally uniformly convex.

Theorem 2.3. Given n > 2, positive constants o, (3, and 7y, and ms > mq > 0, there
erists

1
&1 = El(n7a75777m17m2) S (07 5) 3
with the following property: If v : [0,00) — [0,00) is twice differentiable with
a >, B>v" >, on [(1—e1)r(mi),(14e1)r(ma)],

and if u € CH(S"Y), m € [mq,ma], and
E = {t(l —|—u(w))w cwesSho<t< r(m)}

are such that
Juller < &vmin {r(m)? 1},  Vol(E) =m,



then

Per(E) > Per(B(m)){l + %ml)z][smﬁ} . (2.26)

In particular, if E is an isoperimetric set then E = B(m).

Remark 2.1. As a consequence of Theorem 2.3, B(m) is the unique isoperimetric set
among its C'-small perturbations. In fact, it is a strictly stable isoperimetric set in this
restricted competition class, and (2.26) quantitatively shows that, due to the uniform
convexity of v, this minimality property becomes increasingly stronger as we increase the
weighted volume parameter. At the same time we should notice that this theorem is not
particularly useful in the small weighted volume regime: indeed, both the lower bound on
Per(E) — Per(B(m)) in (2.26) and the range of applicability of (2.26) in terms of the size
of [lul|c1(gn-1y degenerate as m; — 0F.

Proof of Theorem 2.3. Let gy be the constant determined by Theorem 2.1 in correspon-
dence with n, «, 3, v, r1 = r(mq), and r9 = r(ms), and let C' denote a generic constant
depending on n, a, 3, v, r1, and r9 only. Applying (2.3) with » = r(m) (note that
r € (ry,r9) since v > 0 and thus Vol(B,) is strictly increasing as a function of r), we have

Per(E) > Per(B,){1 + (1 —C ||u\|cl) 77’"2 ][SM u2} (2.27)

|Vul? u?
—l—Per(Br)][Snl (1 —C Huucl) - (n —1+C Huucl) 5

provided [Jullc1 < gp. Our goal is now to estimate from below that term in the second
line. To this end, let us consider the orthonormal basis of L?(S"~!) given by the spherical
harmonics {Yj; : 1 <k < n;}32,, that is

fo Ve =bibe VY =N = itn—2+),

and denote the coefficients of u with respect to this basis as

Cjk :][ Yiku.
Snfl

Since Ay =n — 1 and A\; > 2n for every j > 2, we find

(1—0\\u|ycl)]1 V- (n—1+cuuucl)][ o
N 1 Sn 1
= (1= Clluller) S nei = (n =14 Clullen) S ey
J:k

Jik
ni
> (n+1-Clluller) NS =Clluler Yy —nd
i>2 k k=1
ni
> —C ||lul|en Zc?k —nck. (2.28)

k=1
As zg =0, ¢, (r) = r"1e’(") is constant on S"~'; hence, by (2.21) we find that

/ ugc/ ﬁsmwm/ ul
Snfl Snfl Snfl

so that, by Holder inequality and recalling that Yy = 1,

2
3= ‘][ o <Cllulgaf . (2.20)
§n—1 §n—1




Since
ni

[ =Yy, 230
snt >0 k k=1
combining (2.27), (2.28), (2.29), and (2.30) we conclude

pere) > PaB)f1+ ((1-Clule) 5~ Cluler ) . ]

> P {1+ (1= Cluller) 5 e ) £ 2}

where in the last inequality we have use the fact that » = r(m) > r(m;). Then (2.26)
follows immediately provided ||ul|c1 < &1 min{r(m1)?,1} for a suitable &1 < &. O

2.3. Perturbation of balls not centered at the origin. We shall now explain how to
exploit (2.6) under the assumption that B(xg,r) and E not only have the same weighted
volume, but also share the same weighted barycenter; as noticed in the introduction, this
analysis will be needed to tackle the conjecture in the small weighted volume regime,
although we shall not use a small weighted volume assumption in the following discussion.

We start by showing that balls centered at the origin are the unique isoperimetric sets
among balls centered sufficiently close to the origin, uniformly with respect to the weighted
volume parameter; see Theorem 2.4. In Theorem 2.5, starting from (2.6) in Theorem
2.1, we extend this uniform stability property among all C''-small radial perturbations of
balls having weighted barycenter sufficiently close to the origin. We recall the notation
Q[w](R, -) for the modulus of continuity of a continuous function w over the interval [0, R];
see (1.10).

Theorem 2.4. Givenn > 2, positive constants a, 3, v, and mg, andv € C?([0, 00); [0, 00))
a convex increasing function with

OZZ’U,ZO, ﬁZU"ZVa 071[0,27"(7710)],
there exists
to = to(n, @, 8,Q["]27(mo),+)) > 0,

with the following property: if |xo| < to and r > 0 is such that Vol(B(zo,7)) = m < my,
then

Per(B(zg,7)) > Per(B(m)){l + 8171 \xolz} . (2.31)

Proof. Fix m < my, and denote by s(¢) the radius of the ball centered at te; satisfying

m = Vol(B(tey,s(t))) = / eV (@Ften) gy t>0;
Bg(t)

notice that s € C?(]0,00);[0,7(mg)]) and s5(0) = r(m). Correspondingly, let us consider
the function f € C2([0,00); (0,00)) defined as

(0 = Pex(Bter,s(0) = [ s OO i) s,

We claim that

7' = L f(0), (2:32)
|f/| < Of) on [O,T‘(mo)] ) (233)
— € C%[0,7(mo)]), (2.34)

f



where C' depends only on n, a, and 3, and where the modulus of continuity of f”/f over
[0, 7(mo)] depends only on the moduli of continuity of v, v/, and v" over [0, 2r(mg)]. Before
proving these claims, let us explain how they lead to conclude the proof of the theorem.

By (2.33) the function ¢ ~— f(t)e“? is increasing over [0,7(mg)], hence there exists
to < r(mp) such that

f(t) = @ . Vte0to]; (2.35)
moreover, by (2.34) and by (2.32), up to decrease the value of tg,
') o v
> — . 2.
&) ~ 2n Vi € [0, to] (2.36)

We may thus combine (2.35) and (2.36) to find that

ny > L
f (t)—4nf(0)7 Vt6[07t0]7
which by Taylor’s formula gives
T2
> — . .
F6) 2 f0) (14 47), vee ot (2.37)

If now z¢p € R™ with |zg| < t9, and r > 0 is such that Vol(B(xg,r)) = m, then r = s(t)
and Per(B(xo,r)) = Per(B(tey,s(t))) for t = |xo| so that (2.37) gives exactly (2.31). We
are thus left to prove the validity of (2.32), (2.33), and (2.34).

To this end, we start differentiating the identity defining s(¢) to find that

) = - / eV @) 9V (3 4 tey) dar (2.38)
f(t) B
1
() = —— / eV @) (91 V (x + ter)? + OV (z + tey) ) da
f®) Js,, ( )
/
8 / eV WHDY V(W + tey) dH" T (w)
f(#) Jas,,
f/(t) / V(xz+ter)
+f(t)2 Bug e 81V(a; + tel) dx.
Observing that
6V(x+t61)81V($ +ter) = O (ev(x+tel)) ,
eV(w+t61) <61V(:E + t€1)2 + 611‘/(33 + t€1)> = 61 <€V(x+t61)81V(:E + tel)) s

and setting v1 = vp,, - €1, we can rewrite s"(t) as

s"(t) = —% /a . V@ He) 9,V (w + ter ) (z) dH™ () (2.39)

-7 /aBsm VDAY (0 + ter) dH ()
')
I[0;

+

/ eV(w-i—tel)Vl(w) dHn_l(w) )
8Bs(t)



We finally compute

P = -1 D /S stV 0 (- VY + V) dH T w),

s(t)
(2.40)
8” s/ 2 S/
0 = - (S-S ) H + - 0T
S/(t) n— s(t)w+ter / n—
Hn =12 /Snls(t) 1V (O ()0 - TV 4+ 00V ) dH (W)

2
+ / (0 1V Ok (Y1) TV 4 91V) dH ()
Snfl
) [ s(or eV (L wv ) are o)
Snfl

+/ S(t)n—leV(S(t)w+te1)v2V(S/(t)w + 61,8/(t)x + el) dan—l(w)7
S§n—1

where 01V, VV, and V2V are all evaluated at te; + s(t)z. We now notice that, by (2.38),
(2.40), and by symmetry,

$(0) = 1 eVl
=55/, L (a-er)da =0,
)

|2
£(0) = s(0)n~LevsO) (?é) ) /S  (wre)dH" W) =0,
In particular, since

= w n-t n w-e)?dH" Hw .
1= f P =nf el (2.41)

using (2.39) we may compute s”(0) as

0 = V6O (e oPan T w) = -

Finally, taking into account that f(0) = nw,s(0)" e’ we find

V(5(0))

n

f(0) ~18"(0) o (s(0))2 w e dH(w
= e DSE 0P, e aniw)
SO V0) + RV )
(n = 1) /(5(0))

= - 5(0) —i-][gn18%1V(s(0)w)d7'[”_1(w).

n
Recalling (2.16), we find that
/
onV(rw) = v//(T) (w- 61)2 + M (1 — (w- 61)2) , Vr>0,we sn1 ,
r

and thus, again by (2.41) and recalling that v is uniformly convex on [0, 7(mg)],

7 1D 7 / 1 "

1O __(n=)ye0) | 60)  vE0) 1) )y
f(0) n s(0) n s(0) n n

This proves the validity of (2.32), while (2.33) and (2.34) follow easily by examining the

formulas for f, f’, f”, s’, and s” derived above. O

We now extend the uniform stability property of Theorem 2.4 to C'-small radial per-
turbations of balls with small weighted barycenter.



Theorem 2.5. Given n > 2, positive constants «, 3, v, and mg, v € C?([0,00);[0,00)) a
convex increasing function with

a>v >0, B>v">n, on [0,27r(mg)],
there exist
g2 = e2(n, a, B,7,mp) >0, Cr = Ci(n, , B,7y,mg) < 00,
r1 =1 (n,, 8,7, mo, Q"2 r(mo), ) > 0,
with the following property: if xg € R™, r >0, u € C1(S"71;[~1,00)) and
E:xo—l—{t(1+u(w))w:w es™ 1o §t<r},

are such that
lwo| <1, r<r, Jullerygn-ny < e,
and satisfy the weighted volume and weighted barycenter constraints

Vol(E) = Vol(B(zg,7)) =m < my, / zeV@ dy = / ze’@dr (2.43)
B(zo,r) E

then .
Per(E) > Per(B(m)){l + 5 <]azo\2 + ][ u2> } . (2.44)
1 S§n—1
In particular, if E is an isoperimetric set, then E = B(m).

Proof. Let €9 be the positive constant defined by Theorem 2.1 in correspondence with
n, a, 3, v, and ro = r(myg), and let ty be the positive constant defined by Theorem 2.4
starting from n, «, 3, and the moduli of continuity of v” on [0,27(mg)]. We denote by C
a generic constant depending on n, «, 3, v, and mg only. Provided

To .
|3§‘0| < E s r < Hlln{’f'o,t(]}, ||uHC'1 <e¢o,

as we can certainly assume by requiring 71 < min{tg,79/2} and g2 < o, by (2.6) in
Theorem 2.1 we have that

Per(E) > Per(B(:EO,r)){l — C'r|xo] ][Sn1|u| (2.45)

+][Sn1 (1= (luller + rl))@ —(n=1+C(uller + 7«1))“;} :

while (2.31) in Theorem 2.4 gives
Per(B(zo,r)) > Per(B(m)){l + Sln |:c0|2} . (2.46)

Expanding u in spherical harmonics as in the proof of Theorem 2.3, we see that

]lgnl (1 - C(HUHC‘l + 7“1>> ‘V;P B (n -1+ C'<Hu||c1 + 7“1))%2 (2.47)

i
> (n +1-C (HU”m + 7’1)) ZZC?;C -C <Hu”cl + 7‘1) Zc%k —nck,

i>2 k k=1

where

c():][ u, Cl,k:][ (w-ex)u, kE=1,....,n,(n1=mn).
S§n—1 Snfl
By (2.21), (2.24), and (2.25), we find

][ ul <C <|x0|][ u +][ u2> , (2.48)
§n—1 S§n—1 S§n—1




therefore

2
= <][Snlu> < C (|zol* + |lullZ0) ][Sn1u2. (2.49)

By the barycenter constraint (2.43) we now see that, if we define
Yy (t) = /Ot s eV (@otsw) gg t>0,
then
0= / zeV@dr — / zeV @ dp = / w <¢w(r(1 +u)) — Q,Z)w(r)> . (2.50)
E B(zo,r) sn—1

Thus, recalling the definition (2.24) of ¢,,, we have

Y1) = eV =gl (1),
") = "V @ottw) (% + VV(zo +tw) -w) .
By Taylor’s formula, this implies that
2
e+ ) — () = el () 4 0l (r(1L 4 )

for a suitable function 6 : S*~! — [0, 1], and since [/ (r(1 + 6u))| < C ¢, (r), (2.50) gives

!énlwu¢;v>

Again by (2.24), and since ¢/, () < C'r" 1 e*(") | we deduce from (2.51) that

1/2
][ wul| < C(]azo\][ |ul +][ u2> <C (HU”CO + rl) <][ u2> 7
S§n—1 S§n—1 S§n—1 S§n—1

7,2

_ /Snl Wy (r(l + eu)) (”2‘)2‘ <cr? | ¢l(r)u?.(2.51)

S§n—1

Therefore,
n 2 9
Z C%k = ‘]l wu| <C([lullco+r) ][ u?. (2.52)
k=1 st sn—1
By (2.49) and (2.52), since
(D ) IS
S§n—1 ]20 &
we see that
2 2
Syt e
jZQ & 2 S§n—1
so that (2.45) and (2.47) give
Per(E) > Per(B(xo,r)){l + g][ W2 —Cr |:170|][ |u|} . (2.53)
Sn—1 Sn—1

Finally, using (2.46) we conclude that

Per(E) > Per(B(m)){l + %<|xo|2 + ][Sn1“2> — C'rlaol Snllul} ;

and (2.44) follows by Young’s inequality (see (1.18)) provided r; is small enough. O



3. SOME PROPERTIES OF ISOPERIMETRIC SETS

In this section we gather several properties of isoperimetric sets which shall be used in
proving Theorems 1.1 and 1.2. We begin with a lemma which was first obtained by Morgan
and Pratelli in [MP, Proof of Theorem 3.3] while proving the existence of isoperimetric
sets when v is increasing and diverges as r — oo. As we shall use their argument to prove
various uniform estimates, we include it in the following lemma for the sake of clarity.
Given n > 2, let x(n) denote the isoperimetric constant on the sphere S"~!, that is,

. H*2(9G)
i(n) = inf {Hn—l(G)(n—2)/(n—1)

n—1/qn—1
:G C S" 1, AG smooth, H" 1(@G) < w} .

2
(3.1)
We also recall that P(FE) denotes the Euclidean distributional perimeter of a Borel set E.

Lemma 3.1. Giwenn > 2 and M > 0 set

o 4\ /D)
If v : (0,00) — (0,00) is increasing and P(E) < M, then
Per(E; BS) > k(n)"=V/m et 0/n ol (E\ B,)"= /" Vr>Ry. (3.3)

Remark 3.1. If v is convex, then the following “Euclidean” lower bound was proved by
Kolesnikov and Zhdanov [KZ, Proposition 6.5]:

Per(E) > nwl/me"O/myol(E) =D/ VE CR".

Proof of Lemma 3.1. Since perimeter is decreased by taking intersections with convex sets
[Ma, Exercise 15.14], we have P(E) > P(E N Bs), where, for a.e. s > 0, P(EN By) =
P(E; Bs) + H"Y(E N 0By), see [Ma, Lemma 15.1]; hence,

P(E;BS) > H" Y(ENOBy), for a.e. s> 0.
Since v is increasing and P(E; BS) is decreasing in s, this implies

Per(E; BE) > ") esssup P(E; BE) > ") esssup H"~H(E N OBy) (3.4)

s>r s>r

for every r > 0. Moreover, we also get

HYE N JBy) _ PEBY) _ M

for a.e. s> 0.

Sn—l — Sn—l Sn—l
Since
M nw
<—=, Vs>Ry,
sn—1 2

by a scaling and approximation argument and by definition of k(n), we get
H'2(0*ENOB,) > k(n)H" Y ENOB,) " 2/=1  vs>R,.

Let us now recall that, being 0*E a locally H" !-rectifiable set in R", then the coarea
formula [Ma, Theorem 18.8]

/ g\/\vuy2—(uE-w)2dH"—1=/ dt/ gdH"?
O*E R * EN{u=t}

holds for every Lipschitz function v : R®™ — R and Borel function g : R” — [0,00]. In
particular, if we set

u(@) =z,  g@) =lomp, (@)™,



then the coarea formula gives

Per(E;Bf) > / V@ /1= (vp(x) - z/|z|)2dH" !
8*E\B,

= / " CYH2(9* E N OBy) ds

s

v

K(n) / e’V (B N OB,) 2/ (1) g

k(n) [7° e’ H 1 (E N OBy)dr
esssup,~, H"~1(E N dB,)Y/ (=1
k(n)Vol(E \ By)
esssup,., H" (£ N dB;)Y/(n=1)’
which combined with (3.4) immediately gives (3.3). O

An immediate corollary is the following theorem, see [MP, Theorem 3.3].
Theorem 3.1 (Existence theorem). If v : [0,00) — R is increasing, with

lim v(r) = +o0, (3.5)
rT—00
and {Ep}hen is a sequence of sets with uniformly bounded weighted perimeters and vol-
umes, then there exists E C R™ such that, up to extracting a subsequence, Vol(EpAE) — 0
as h — oo. In particular My (m) (the family of isoperimetric sets with weighted volume
m, see (1.12)) is non-empty for every m > 0.

Proof. This follows easily from standard lower semicontinuity and compactness theorems
for sets of finite perimeter [Ma, Chapter 12] thanks to condition (3.3), which prevents
minimizing sequences to concentrate mass at infinity; see [MP, Section 3| for more details.

O

We now gather the basic symmetry and regularity properties of isoperimetric sets.
Concerning regularity properties, the key notion here is that of almost-minimality for
the perimeter, introduced by Almgren in [Al] in a much more general context, and later
rephrased and developed by Bombieri [B] and Tamanini [T1, T2] on integer rectifiable cur-
rents and sets of finite perimeter respectively. For the purposes of this paper, it suffices to
say that a set of locally finite perimeter E in R” is an almost-minimizer for the perimeter
if there exist positive constants C' and rg such that

P(E;B(z,r)) < P(F; B(z,r))+ Cr", (3.6)

whenever EAF CC B(x,r) and r < ro. Referring to [T1, Chapter 1] or to [Ma, Chapter
21] for some heuristics, motivations, variants, and generalizations of this definition, we
limit ourselves here to recall that if E satisfies (3.6), then 0*F is a CH1/2 hypersurface,
and that, after modifying E on a set of Lebesgue measure zero, the singular set 0F \ 0*F
has Hausdorff dimension at most n — 8; see [T1, 1.9] or [T2, Theorem 1]. Moreover, if
{En}ren is a sequence of almost-minimizers with uniform constants C' and ro, and E},
locally converges to £ in L', then E is an almost-minimizer. In addition, given 2 € 0*F
there exists r, > 0 and h, € N such that B(x,r;) N OE and B(z,r;) N OE, (h > hy) are
graphs (over a same (n — 1)-dimensional disk) of functions u and uy (h > h,) respectively,
with up, — w in CHY/2,

Theorem 3.2 (Qualitative properties of isoperimetric sets). If v : [0,00) — [0,00) is
smooth (resp. analytic) and E € My (m), m > 0, then (up to a modification of E on a
set of measure zero) E is a bounded set and OF is a CY1/2 hypersurface on R™. Moreover



OFE \ {0} is smooth (resp. analytic), and there exists a line ¢ passing through the origin
such that E is symmetric by rotation with respect to £, with

HY = Hp + VV - vg = constant on OFE \ {0}. (3.7)

Moreover, if v is increasing, then the isoperimetric function ¢y defined in (1.1) is strictly
increasing and continuous on (0,00), and

¢y (mT) < Hp < ¢y(m™),  VEE My(m).

Remark 3.2. Notice that in the above result e does not need to be smooth at 0 (for
instance, if v(r) = 7 then ¥ = el*l). However, if " is smooth also at the origin, then the
proof below actually shows that OF is globally smooth (analytic).

Proof of Theorem 3.2. Some of the arguments in this proof are well known to specialists,
but we include some details and references for convenience of the reader.

e Step one: First of all we observe that, up to change E' € My (m) on a set of Lebesgue
measure zero, we can ensure that the reduced boundary 9*E is dense in the topological
boundary OF of E, with the characterization

8E:{xER":0< |E N B(x,r)| <wnr”,Vr>0};

see for instance [Ma, Proposition 12.19]. The boundedness of E follows by a rather stan-
dard argument based on the isoperimetric inequality, that in the present context is detailed
in [RCBM, Theorem 2.1]. As explained above, to show that 9*F is a C'"'/2-hypersurface
which is relatively open (and dense) inside OF, and that the singular set 3(F) = 0E\ 0*E
has Hausdorff dimension at most n — 8, it suffices to show that F is an almost-perimeter
minimizer in R"; notice that, once C*'/2-regularity is proved, and since V is smooth out-
side the origin, then the (distributional form of the) Euler-Lagrange equation (3.7) consid-
ered in local coordinates will imply by standard elliptic regularity theory that 0*E\ {0} is
a smooth hypersurface in R™ - in fact, analytic, if v is so - see [Ma, Chapter 27] for more
details. Since £ C Br_1 for some large radius R > 0, it suffices to prove that there exist
positive constants C' and sy € (0, 1) (possibly depending on F, R, and v) such that

P(E;B(x,s)) < P(F;B(z,s)) + Cs" (3.8)

whenever EAF CC B(xz,s) C Bg and s < sq (indeed, if B(z,s) ¢ Bg then EN B(x,s) C
Br_1 N B(z,s) =0, so (3.8) is trivially satisfied).

Since eV is uniformly positive and locally Lipschitz on R™, by a minor modification
of [Ma, Lemma 17.21] we find two balls B(x1,r) and B(z2,7) lying at mutually positive
distance, and two positive constants Cy and oy (depending on E, R, and v only), such
that for every o € (—0q,00) there exist two sets of finite perimeter F} and F5, with

EAFy, CcC B(zg,r), Vol(Fy) = Vol(E) + o,
Per(E; B(z,r)) — Per(Fy; B(z,7))| < Colo|, k=1,2.
(These sets are constructed using the flow of two smooth vector fields, respectively sup-
ported inside B(x1,7) and B(zg,r), which are almost pointing in the direction of the
normal, see the proof of [Ma, Lemma 17.21] for more details.)

Let us now fix any ball B(x,s) C Br with s < sg, where s is chosen sufficiently small
so that wy, sfy < o9 and

either |r—x1|>so+7r or |z—ax2 >so+7.

If F is any set of finite perimeter with EAF CC B(z,s), and assuming without loss of
generality that B(z,s) N B(z1,7) = 0, we define o := Vol(E) — Vol(F) and consider the



FIGURE 2. Symmetrization by spherical caps with respect to an half-line £y pre-
serves weighted volume and decreases weighted perimeter. In the picture, a set
which is left invariant by spherical symmetrization (note that the orthogonal sec-
tions of E with respect to ¢y need not to be (n — 1)-dimensional balls).

set F; given by the construction described above. Then it is immediate to check that the
set

G= <FOB(:E,3)> U (Fl ﬂB(xl,T‘)> U (Eﬂ (B(:E,S) UB(:El,r))C)
satisfies Vol(G) = Vol(E), so by minimality Per(E) < Per(G). We thus find
Per(E; B(z,s) U B(x1,r)) < Per(F; B(x,s)) + Per(Fy; B(z1,7)),

which in turn implies

Per(E; B(z,s)) < Per(F;B(x,s))+ Cy|Vol(E) — Vol(F)|
< Per(F;B(z,s)) 4+ Coe' ™ w, s™ .
Since €' is a locally Lipschitz function on R™, there exists a constant C;, depending only

on R and v, such that
Per(E; B(z,s)) > eV®)(1—-C,s)P(E;B(x,s)),
Per(F;B(z,s)) < e"® (1+Cys)P(F;B(z,s)).
In conclusion, for a constant Cy depending on F, v, and R only, we conclude that
P(E;B(z,s)) < (1+Cys) P(F;B(x,s)) + Cys™, (3.9)

whenever EAF CC B(z,s) C Br and s < so. Using (3.9) on F = E \ B(z,s) for
s’ < s < 8o such that H"~1(0*E N OB(z,s')) = 0, and noticing that a.e. s’ < s satisfies
this last property, we conclude that

P(E;B(z,s)) < C3s" !, Vs < sg, (3.10)
where C3 depends on E, R, and v only. We are thus in the position of proving (3.8): if

EAF CC B(z,s) C Bg with s < sg, and if P(F; B(x,s)) > C3s""!, then P(E; B(z,s)) <
P(F; B(z,s)) by (3.10); if, instead, P(F; B(z,s)) < C3s""!, then by (3.9) we find

P(E;B(z,s)) < P(F;B(x,s)) + Ca(1+ C3) s";
in both cases (3.8) follows, as required.

e Step two: Given a half-line ¢5 through the origin and £ C R", we define the sym-
metrization by spherical caps E* of F with respect to £y by replacing the spherical slices
{E N 0B, },>0 of E with spherical caps {K(E,r)},>o such that K(E,r) is centered on
loN OB, and H* YK (E,r)) = H" '(E N dB,); see Figure 2. Using polar coordinates, it
is immediate to check that Vol(E) = Vol(E*). Moreover, by the spherical isoperimetric
inequality, the coarea formula

0 n—2
/ gdHn—l — / gdHTL—l +/ dS/ g(:lj) dH (:E) 7
B {(2€0" Bwp(x)=+a/|2|} 0 “EnaB, /1 — (ve(z) - x/|z])?




and Jensen’s inequality, we see that Per(E) > Per(E*) for every E C R”", and that
Per(E) = Per(E*) implies that almost every spherical slice of E is H" !-equivalent to
a spherical cap; see for example [CFMP, Section 4] for a detailed exposition of such a
standard symmetrization argument in the case of the Gaussian (Ehrhard) symmetrization.
This does not suffice yet to infer rotational symmetry with respect to £y, since the spherical
caps defining the spherical slices of E may fail to be concentric.

e Step three: Let E € My (m). By a continuity argument we can iteratively find n — 1
mutually orthogonal hyperplanes H; passing through the origin that define complementary
half-spaces H;" and H; such that Vol(ENH,") = Vol(ENH, ) = Vol(E)/2. If {Fh}}z;:ll is
the family of sets obtained by first intersecting F with ﬂ?z_ll H! @ for a fixed {o(i)}} C

{+,—}, and then by iteratively reflecting the resulting set with respect to the H;, then
2n71

Vol(Fy,) = m, Z Per(F},) = 2" 'Per(E).
h=1

Combining this with the inequality Per(F},) > Per(E) for all h = 1,...,2"~! (which follows
by the minimility of F) we deduce that Per(F}) = Per(FE), hence {Fh},%:ll C My (m).
By step two, the spherical slices of each Fj, are spherical caps which, by the reflection
symmetries of F}, are centered on the line £ = ﬂ?z_ll H;. Since each F}, coincides with

FE on the region ﬂ;:ll HZJ (i), we conclude that the spherical slices of E are spherical caps
centered on /. Exploiting the corresponding rotational symmetry we see that if the singular
set ¥(E) is not contained inside £, i.e. (E)\ £ # 0, then H" 2(%(E)) > 0, contrary to

H*(X(F)) = 0 for every s > n — 8. We thus conclude that X(E) C £.

e Step four: We now show that ¥ (F) is empty. Indeed, since E is symmetric by rotation
with respect to ¢, if x € X(E) C ¢, then every tangent cone K to E at z is going to be
symmetric by rotation with respect to ¢, with 0K \ {0} analytic. Moreover, the fact that
F is an almost minimizer for the perimeter implies that K is a global minimizer for the
perimeter in R™. Since K is not an half-plane (otherwise z would belong to 0*E), we see
that 9K NS"~! contains at least a non-equatorial (n — 2)-dimensional sphere (without loss
of generality we can assume that n > 8, otherwise X(E) we already know to be empty):
hence |Hg| > ¢ > 0 on that non-equatorial sphere, so K cannot be stationary for the
perimeter, a contradiction.

e Step five: We prove that ¢y is strictly increasing and continuous on (0,00). Although
this may be deduced from more general results on isoperimetric problems, in our situation
the following elementary proof is possible. Fix m > 0 and E € My (m). For every A > 0,
set m(\) = Vol(AE). Since m(X) = A" [, eV(A®) dz with v increasing, by differentiation
we see that m()) is of class C! and strictly increasing on A € (0, 00); similarly, Per(\ E) =
A s eV %) g 1(z) is of class C' and strictly increasing on A € (0,00); we thus
find that, if A € (0, 1), then

oy (m) = Per(E) > Per(AE) > ¢y (m(N)),

and by the arbitrariness of m and A this proves that ¢y is strictly increasing on (0, 0).
In addition, if A > 1, then by dominated convergence (recall that E is bounded)

Per(E) = )\lirrllJr Per(A E) > limsup ¢y (m(A)) > ¢y (m) = Per(E),

A—1

so ¢y is continuous from the right on (0,00). Finally, we fix a sequence m;, — m~ as
h — 00, and prove that

py(m) < lim inf by (mp) ; (3.11)



since ¢y is increasing, this will imply that ¢y is continuous from the left on (0,00). To
prove (3.11), without loss of generality and up to extracting a subsequence we may directly
assume that

h}{n inf (bv(mh) = hlim (bv(mh) . (3.12)

If we now consider Ej, € My (my,), then Per(Ep) = ¢v(myp) < ¢v(m) for every h € N,
and by Theorem 3.1 we deduce that, for some subsequence h(k) — oo, Ep(x) converges to
a set of finite perimeter E,, with Vol(E,) = m; by lower-semicontinuity of perimeter,

¢y (m) < Per(E,) < lign inf Per(Ej, ) = klim v (mpm) = hlim ov(mp),
where we have used (3.12); this proves (3.11), thus the continuity of ¢y on (0, 00).

e Step six: Since JF is smooth, we can find € > 0 and a one-parameter family of diffeo-
morphisms { fi}j<c, fi : R" — R", satisfying

fi(z) =z +tvp(x), Va € oF.
By the area formula and a Taylor’s expansion (recall that by stationarity H}E/ is constant
on OF, see (1.3)),

Vol(f,(E)) = Vol(E) + t /{)E eV dH" ™t + O(t?),

Per(fi(F)) = Per(E) + tH};// eV dH" + O(t?).
oF

If we set m(t) = Vol(f:(FE)), then
m!(0) = / eV dHm 150,
[2) )

so that, up to decrease the value of ¢, we may safely assume that m(t) is increasing on
(t —e,t + ¢). In particular, if ¢ € (0,¢), then

— ¢v(m)

< lim Per(fi(E)) — Per(

/ T ¢V(m(t))
dv(m®) = lim ¢ = 0% Vol(fi(E)) — Vol(

v t—0+ m(t)

EE
Il
G

and analogously, if ¢ € (—¢,0),

by o Sv(m(t) —gv(m) . Per(fi(E)) —Per(E) oy
dvim”) = tl_1)H017 m(t) —m = tl—lglf Vol(f;(E)) — Vol(E) Hi
This concludes the proof. O

As seen in the proof above, upper density estimates (see (3.10)) and almost minimality
properties (see (3.6)) for isoperimetric sets follow by rather standard arguments; and the
same is true for boundedness estimates, as the one proved in [RCBM, Theorem 2.1].
However, to prove Theorems 1.1 and 1.2, we shall need these estimates to hold uniformly
on isoperimetric sets in terms of their weighted volume, and of the growth at infinity and
the local Lipschitz constants of v. Obtaining such uniform estimates requires a little extra
care, as we detail in the next result.

Theorem 3.3 (Uniform estimates for isoperimetric sets). If n > 2, a : (0,00) — (0, 00)
and ¢ : [0,00) — [0,00) are strictly increasing functions with

lim 9(r) = +oo,

T—00
then for every m > 0 there exist positive constants Ry (depending on n, c, v, and m only),

and Cp, Co, and Cs (depending on n, «, Ry, and m only) with the following property: if
v:[0,00) — [0,00) is locally Lipschitz, increasing, with v(0) =0, and such that

esssup|v| < ofr),  w(r) =2 9(r),  Vr>0,
[0,7]



and if E € My(m), m <m, and x € R", then

E C Bg,, (3.13)
P(E;B(z,7)) < Cyr"t, Vr <1, (3.14)
P(E;B(z,s)) < P(F;B(az,s))—i—%s”, Vs <1, (3.15)

m n

whenever EAF CC B(xz,s), with r1 = min{1,m"/™/Cs}.

Proof. Recalling (1.8) and since v > 0, we see that m = Vol(B(m)) > w, r(m)", that is
r(m) < (m/w,)™ for every m > 0. Since v(r) < a(r)r for every r > 0, we deduce that

Per(B(m)) = nw,r(m)" e’ < g m=D/m Vm <m,
where K = K(n,a,m) is defined as
K(n,a,m) = nwt/™ e(m/wn)t/™ a(m/wn)!/) (3.16)
Since ¢y (m) < Per(B(m)), we thus conclude that, for every v as in the statement,
dy(m) < Km0V ym <m. (3.17)

We now divide the argument into various steps.
e Step one: Let € € (0,1). We show that, if E € My (m) with m < m, then
Vol(E\ B,) <em, Vr >ro(e), (3.18)

provided ro(e) = ro(n, a, v, m, e) is defined as

ro(n,a,,m,e) = max {Ro (n,Km("_l)/") 7t <log (ﬁ))} , (3.19)
with Ry, K, and k(n) as in (3.2), (3.16), and (3.1). Indeed, given E € My (m), set
TE:inf{s>O:Vol(E\Br) <em Vrzs}.
Since P(F) < Per(FE), by (3.3) in Lemma 3.1 we have that
cither 7 < Ro(n,dy(m)), or '8 <
In the latter case we have

V(re) < vlrp) < log (2,

(r(n)em)n=
which implies (recall that 1 is strictly increasing, thus invertible)
- oy (m)"
<yt T )).
res Y <log ((/i(n)a m)"—l)
Hence (3.19) follows immediately from (3.17).

e Step two: Given E € My (m) with m < m, we define mpg(r) = Vol(E'\ B,), r > 0. Then
mpg is a decreasing function with

my(r) = —e*™ H""YENIB,), for a.e. r >0, (3.20)
Per(E N B,) = Per(E; B,) + |m/g(r)], for a.e. 7 >0, (3.21)
Per(E \ B,) = Per(E; BE) + |mp(r)], for a.e. r >0, (3.22)

mp(r) < % , for every r > s, (3.23)

provided so = so(n, «, 1, m) is defined by

30(n7a7¢7m) =To <n7a7¢7m7 i) : (324)



Let now ¢ : [0,00) — [0, 1] be such that

1
¢=1 on|0,s], =0 on [2sp,00), ¢ =—— on [sg,2s0],
50

and define a one parameter family of Lipschitz maps f; : R™ — R™ by setting

fi(z) = <1+t<,0(|x|)):1:, xeR™.

We easily compute that
Tfu@) = (1 + te(z)" (14 (e(z) + ¢ (aDlal) ), Vo eR™.

In particular, since ¢(r) +r¢'(r) > —2 on (sg,2sg) we have

Jfi=1+t)">1+nt on By;
Jfi>1-2t on Bag, \ Bsy;
Jfy =1 on Bgso.

Combining this estimate with the fact that e (/) > ¢V (since v is increasing), and taking
also (3.23) into account, we get

Vol(f4(E)) — Vol(E) = /E(th eV (f1) _eV) > /EOB | (Jfi—1)eV

> nVol(E N Bs,)t — 2Vol(E N (Bas, \ Bs,)) t

> (%—%)mtzmt. (3.25)

By (3.23) and (3.25), for every r > sg there exists t(r) € (0,1) such that
mp(r) = Vol(fy)(E)) — Vol(E).

Let us define
F, = ft(r)(E N BT’) :

Since fi(E) \ Bas, = E \ Bas, for every t < 1, we see that
Vol(F,) = Vol(fy(E)) — Vol(fyy(E\ Br))
= Vol(E) +mpg(r) — Vol(E \ B,) = Vol(E).

Hence Per(E) < Per(F,), which in turn gives, for every r > 2sq such that H"~1(9*E N
0B,) = 0 (that is, for a.e. 7> 2sg),

Per(F; By) < Per(F,; B,) — Per(E; B;) + Per(F,;0B,) .

Since Per(F}; B,)—Per(F; B,) = Per(F,; By s,)—Per(E; By, ) for r > 2 59, and Per(F,; 0B,) =
') Y E N OB,) for a.e. r > 25y, by (3.21) we deduce that the right hand side in the
above formula is equal to

Per(F,; By s,) — Per(E; By g,) + |mls(1)],
and the latter is bounded by

n—1
/ |:<1 + t(?")) eV(m—l—t(r)m) o eV(gv) dHn—l + |m/E(T)|,
B SOO@E

where we used that V is radially increasing, 0 < ¢ < 1, and ¢’ < 0 to infer that, for any
M is locally H" !-rectifiable in R",
JM fy(x) eV V@) < (1 4 ()L eV (@HtD) for H" '-a.e. x € M,

where JM f; denotes the tangential Jacobian of f;.



We now observe that, since et — 1 < et for all s > 0 and ¢ € [0,1], for every = € Bag,
we have

eV @Ht(r)e) _ Vi) < V(@) <e2 50 (supfo,4.0) [V']) 8(r) _ 1) < V(@) 2soaldso) 4y

Using that (1 +¢)""t < 1+ 2" for t € (0,1), and that t(r) < mg(r)/m (see (3.25)),
combining the estimates above we find

Per(E;BY) < <<1 42t t(r)) (1 + ¢2 %0 a(450) t(r)) — 1) Per(E; By s,) + |m/p(r)]
< (2n—1 + e2soa(4so) + 2n—162soa(4so)) t(r)(bv(m) + \m};(r)]

C
< —mme(r) + [mip(r)],
m

where in the last inequality we have used (3.17), and where Cy = Cy(n, ,m) is defined as
Co(n, a, i) = (2"—1 + e2s0alls) 4 gn—1c2s a<450>) K. (3.26)
Adding |m/;(r)| to both sides of the above inequality and using (3.22), we get

Per(E \ B;) < mg(r) + 2|mg(r)|, for a.e. r € (250, RE) .

Co_
ml/n
Setting Ry = sup{r > 0 : mg(r) > 0}, since by (3.3) we have

)

Per(E\ B,) > </{(n)mE(T))(n_1)/n

(recall that sg > Ry (n, Km(“—1>/”) by step one, and that v > 0), we conclude that

(n—1)/n Co p
(/{(n) mE(r)> < —gmmp(r) +2|mip(r)],  forae. r € (250, R).  (3.27)
We now notice that
Co 1 (n=1)/n ) K(n)"1
—_— < — <
ey me(r) < 5 (/i(n) mE(r)) , provided mp(r) < o m.
Thus, if we set £g = go(n, ,m) and s1 = s1(n, @, 1, m) as
IR () N
EO(naaam) _mln{W7Z}a Sl(naaawam) _ma‘x{2307r0(€0)}7 (328)
then by step one
1 (n=1)/n ,
3 (/i(’l’L) mE(r)> < 2|mpy(r)], for a.e. 7 € (s1,RE).

Since mp(r) > 0 if 7 < Rg, we may divide both sides by mg(r)"~1/" and integrate the
resulting inequality over (s1, Rg) to conclude that
H(n)(n—l)/n
in

By definition of Rg we finally deduce that, up to modification of F on a set of Lebesgue
measure zero, we have F C Bg, for Ry = Ri(n,a,1,m) defined as

(Rg —s1) < mp(s)"™ < (egm)V/™.

4n€é/" ~1/n

Ri(n,o,,m) = s1+ ()7

(3.29)

e Step three: We prove (3.14). If B(x,r) N Br, = 0 then P(E;B(x,r)) = 0 by (3.13),
and (3.14) follows trivially; if on the contrary B(z,r) N Bg, # 0, then by » < 1 we have
|z] < R; + 1 and thus

Per(B(z,1)) < nwy "t et < pyy pnleFat) alfitl)



At the same time, since ¢y is increasing and Vol(E U B(x,r)) > Vol(E), it must be
Per(E) < Per(E U B(z,r)) for every E € My (m), hence

Per(E; B(z,r)) < Per(B(z,r)) < Cy ™! for a.e. r € (0,1),

where C; = Ci(n,a, Ry, m) = nw, et e+l - This inequality trivially extends to
every 7 € (0,1), and (3.14) follows immediately from the fact that P(E;B(z,r)) <
Per(E; B(z,r)) (recall that v > 0).

e Step four: We show the existence of Cy = Ca(n, a, R1,m) < oo such that

Vol(F)\+
< — .
Per(E) < (1 T, (1 VoIl E)> > Per(F), (3.30)
whenever £ € My (m), m < m, EAF CC B(z,s), x € R", and s < ry for
ml/n
=min\ 1 . 31
T mln{, G } (3.31)

Since ¢y is increasing, we can directly assume that Vol(F) < Vol(E); moreover, since
r1 <1and E C Bp, we can also assume that |z| < R; + 1 (otherwise, we have necessarily
E =F). Thus, F' C Bgr,+2, and

0 < Vol(E) — Vol(F) < e?Ui+2)y, s | (3.32)
so that
) m 1/n . m
r1 < min {1, <2wn SR a(R1+2)) } implies Vol(F') > bR (3.33)

Let us now consider the function f(t) = Vol((1 +¢)F), t > 0; since f(0) = Vol(F) < m
and f(t) — oo as t — oo, there exists tz > 0 such that f(tr) = m, and thus

Per(E) < Per((1 + t£)F) < (1 + tp)""! / SV WHED gn-1() (3.34)
o*F

In fact, since V is radially increasing,

VOI(E) — Vol(F) = Vol((1 + t)F) — Vol(F) (3.35)
_ n eV(:c—i—tF:c) _ eV(:c)
(14 tr) /F /F
> [(L4tr)" =1 Vol(F) > =t

which gives
2 Vol(E) — Vol(F)

0<tp <~ 3.36
F=5 Vol(E) (3-36)
In particular tp < 2/n, and since F' C Bpg,+2 we find that, for every y € 0*F,
eV (yttry) < etr (R1+3) a(R1+3) V(y) 7
so that, by (3.34),
Per(E) < (1+ Ctp)Per(F), (3.37)

for some constant C' depending on n, «, Rj, and m only. Plugging (3.36) into this last
inequality we find a value of C5 such that (3.30) for every s < rq, with 71 defined as in
(3.31).

e Step five: We finally prove (3.15). If E € My (m) with m < m, then by (3.37), (3.36),
and (3.32), we have

Per(FE) < <1 + % W, 8”) Per(F),



whenever EAF CC B(z,s), x € R, and s < 7, with 71 as in (3.31). Then, for a.e. s <7y
(precisely, for those s such that H"~*(9*E N dB(x,s)) = 0) this gives
CQ n C2 n c
Per(E; B(z,s)) < [(1+ Sowns Per(F; B(z,s)) + S wns Per(E; B(z, s)°)

< (1 + @wn s") Per(F; B(z,s)) + e oy (m)wy s™.
m m

On the one hand,
Per(E; B(z,s)) > " @e22)s p(E: B(x,5)) > V@ (1 — a(Ry) s) P(E; Bz, 5)) ;
on the other hand,
Per(F; B(z,s)) < @ edFrtDs p(p. Bz, 5));

summarizing,
. CQ n . (Zﬁv(ﬂl) n
P(E,B(I',S))S 1"‘%&)718 (1+C$)P(F,B(Z’,S))+CQTWTLS s

where C denotes a generic constant depending on n, «, Ry, and m only. Since by the
upper density estimate P(FE; B(z,s)) < Cys" L, if P(F;B(z,s)) > C;s"! then (3.15)
immediately follows. Otherwise we have

¢V(m) n

Wn S
m

P(E; B(z,s)) < P(F;B(x,s))+<%wns"(1+0s)+cs>ols"-1+01

n—1

< P(F;B(z,s)) +C<l+ dvim) + s—)s",
m m

and using that 5"~! < 771 <m0 /CETL (by (3.31)) and gy (m) < K =D/ (by

(3.17)), we finally obtain (3.15). O

4. PROOF OF THEOREM 1.1-(1)

We are now in the position to combine Theorem 2.3 with the results of the previous
sections to prove Theorem 1.1-(i).

Proof of Theorem 1.1-(i). Let M(v) denote the sets of those m > 0 such that My (m) =
{B(m)}, where B(m) = B,y is such that Vol(B(m)) = m. Arguing by contradiction,
let us consider m € M (v) and a sequence {mp}pen with mj, — m such that for every
h € N there exists Ep, € My(myp) with |ERAB(my)| > 0. By Theorem 3.1 and the
continuity of ¢y (see Theorem 3.2), up to a subsequence there exists £ € My (m) such that
Vol(ERAE) — 0 as h — co. But since My (m) = {B(m)}, this implies |E,AB(m)| — 0
as h — oo. Since my, is bounded away from zero (as it converges to m > 0), by Theorem
3.3 there exist positive constants C' and r, independent of A, such that

P(Ey; B(x,5)) < P(F: B(a, s)) + C's",

whenever E,AF CC B(z,s), s < r; combining these two facts with [T1, Theorem 1.9],
we find that £, — B(m) = B,(y) in C', meaning that for every h € N large enough there
exists i, € C1(S"1;[—1,00)) such that

E, = {t(l +ap(z)r:xesSt o<t < T(m)} , hlim llanllcr = 0.
In turn, since r(my) — 7(m), we find uj, € C*(S"~1;[~1,00)) such that

Ej, = {t A4up(z))z:zeS"H0<t< r(mh)} , hlim lun|lcr =0,
— 00



where, being |E,AB(my,)| > 0, it must be u;, #Z 0 on S*~1. Let us now consider an open
interval (mj, mg) such that m € (mq,m2), and denote by &1 = e1(n, «, 3,7, m1, ms) the
constant appearing in Theorem 2.3, with

a = sup [V, 3= sup v, v = inf v

[r(m1)/2,27(m2)] [r(m1)/2,27(m2)] [r(m1)/2,2r(m2)]

Hence, provided h is large enough we have
lun|lcr < &1 min {1,T(m1)2} ,
so that by (2.26)
Per(Ep) > Per(B(mh)){l + %"”)2 ][szg} > Per(B(my)) .
Since wy, is not identically 0 on S"~!, this contradicts Ej, € M(my) concluding the proof.
O
5. DIAMETER OF ISOPERIMETRIC SETS IN THE SMALL WEIGHTED VOLUME REGIME

In this section we prove that, when m is sufficiently small, the diameter of minimizers
to (1.1) goes to zero in a quantitative way with respect to m. More precisely, we aim to
show the following result:

Theorem 5.1 (Uniform diameter decay). Given n > 2 and positive constants a and R,
there exist positive constants mg and Cy, depending on n, o, and R only with the following
property: If v : [0,00) — [0,00) is locally Lipschitz and increasing, with v(0) = 0 and

esssup?v’ < «,
[0,2 R]

then for every E € My (m) with E C Br and m < mg we have
diam E < Com!/?" . (5.1)

Before discussing the proof of Theorem 5.1, we prove the following lemma. Let us recall
that H~H(F) = [reV dH"! for every F C R™.

Lemma 5.1. If r > 0 and F C R"™ is a Borel set with |F| < oo, then there exists a
partition @ of R™ into parallel cubes of side length r such that

r n—1
Vol(F) > o~ S HYH(FNOQ). (5.2)
QeQ
Proof. By Fubini’s theorem, for every r > 0 and 1 < h < n we have

Vol(F) = > /(kﬂ)r HE! <F N {z), = t}) dt

keZ

= ZH" ! Fﬂ{:nh—r(k‘+s)}>d

0 kez
Thus, there exists a vector z = (z1,...,2,) € (0,1)" such that
Vol(F >TZH" 1<Fﬂ{xhzr(kz+zh)}), 1<h<n.
keZ

So, if we define Q to be the partition of R™ into cubes of side length r such that

U o = O U{xhzr(k—i—zh)},

QeQ h=1Ek€EZ



we find
r MY FNOQ) =27 En:ZH*VL—l(Fﬂ {:vh =r(k+ Zh)}) < 2n Vol(F),
QeQ h=1keZ

where the factor 2 in the first equality comes from the fact each facet of the cubes is
counted twice. g

Proof of Theorem 5.1. In the following proof, C' denotes a positive constant depending
only on n, o, and R.

e Step one: We show that if mg is small enough and E € My (m) with m < mg and
E C Bp, then there exists a cube Q of side-length m'/2" such that

Vol(E\ Q) < Cm!+1/2n (5.3)

Indeed, let Q be a partition of R™ by cubes of side-length r (r to be chosen) such that
(5.2) holds true. Then by the classical isoperimetric inequality applied to £ N @ we find

P(ENQ) > nw'/"|EnQ|"—V/,
Since E C Bg and |[v'| < a on [0, R], there exists Cy such that oscgngV < Cor; hence
nw!/"Vol(E N Q)("—1/" < ¢2Coper(E N Q) = 207 (Per(E; Q) + HHENIQ)) .

Adding up over Q € Q and using Lemma 5.1, we infer

nwl/™ 3™ Vol(E N Q)n=D/n < (200 per(E) 4 ¢20or 211

Qe

(5.4)

T

Since v > 0 we have | B, ()| < Vol(B,(,)) = m, that is 7(m) < (m/wn)Y/™. Hence, if mq
is such that r(mg) < R we find

Per(E) < Per(Br(m)) < nwnr(m)(n—l)/nev(r(m)) < nwi/nm(n—l)/ne(m/wn)1/na
< nw!/mmOmY/M 14 Cmt/my. (5.5)

Combining this estimate with (5.4), for r sufficiently small we get

nw/m Z Vol(E N Q)"=Y/m < pul/mmm=Y/m 4 ¢ (rm("_l)/” + %) ;
QeQ

or equivalently

Vol(ENQ) (n=1)/n mi/n
Z<7m > —1§C’<r+ . >

Qe

Hence, if we set 7 = m!/?" we obtain

(n-1)/n
3 <w> —1<Cm'/?, (5.6)

m
QeQ

To conclude the proof, it suffices now to exploit the uniform concavity of the function
s W(t) =t/ 4 (1 — )(»=D/m 1. first of all, since

3 Vol(EN Q)
QeQ

=1,



by (5.6) and the concavity of t — t(=1D/" we get that, for any subfamily Q' C Q,

W( Z Vol(im Q)>

QeQ’
1(E (n—1)/n (E (n—1)/n
_ <ZL( mQ)) +< S VellF 1 Q) mQ)) “1 (57
m m
QeQ’ Qeo\’
(n—1)/n
- ¥ (M) 1< omVn,
QeQ m

Moreover, as noticed for instance in [FiMP, Equation (3.13)], there exists a constant
¢(n) > 0 such that

U(t) > e(n)t= Y vie(o,1/2).

c
This estimate combined with (5.7) implies the validity of the following implication:

1+1/n

1 N Z Vol(EN Q) < c ml/2n < oml/,
m 2 m c(n)

QeQ’ QeQ’

IN

By the arbitrariness of the subfamily Q' is is easy to deduce that the existence of a cube
Q such that Vol(E \ Q) < C'm!*/2" concluding the proof of the first step.

e Step two: The argument here is very similar to the one in step two of the proof of
Theorem 3.3. However, since some estimates are different and the proof is not too long,
for completeness we provide all the details.

Let @ be given depending on E as in step one, set Q(t) = (1 + )@, and w(t) =
Vol(E \ Q(t)). Notice that w'(t) = —H{ 1 (E N 0Q(t)) for a.e. t € (0,1). By the classical
isoperimetric inequality and using that the oscillation of v over Q(¢) is bounded by C' mi/2n
for t € (0, 1), for m sufficiently small we get

nw}/"w(t)(n—l)/n
2

IN

e—Cm1/2" lerl/n'w(t) (n—1)/n

Per(E'\ Q(t)) = Per(E;R" \ Q(t)) + [w'(t)] -

Consider now the set E)\(t) = (1+X) (ENQ(t)), A > 0. Since Vol(Ey(t)) = m — w(t) and
V is radially increasing, arguing as in (3.36) we get

IN

Vol(Ex(t)) = (14 A)"[m — w(t)],
which implies by continuity the existence of some value A(t), with
t
0<At) < Cm,
m

such that Vol(Ey) (t)) = m. So, by minimality of £ and by the local Lipschitz continuity
of v, we easily obtain

Per(E;Q(t)) + Per(£;R™\ Q(?))

Per(E) < Per(Eyq)(t))

ec/\(t)(l + /\(t))"_lPer(E NQ(1))

(1+¢9) (Per(r: @) + /(1)

w(t)

m

IN

IN

IN

Per(E;Q(t)) + C Per(E) + 2|w'(t)].



We now observe that (5.5) implies the bound Per(E) < Cm(*~1/" which combined with
the above estimates gives

w(t)
ml/n
Adding up |w'(¢)| to both sides, and noticing that for a.e. t >0
Per(E;R™\ Q(t)) + [w'(t)] = Per(E\Q(t) = P(E\Q(#))
nwy/ "B\ Q)|
nw/me=(n=Dv(R) ny, (1) (n=1)/n

Per(E;R"\ Q(t)) < C + 2|’ (t)], for a.e. t € (0,1).

ARV

I

(here we used that v > 0, the Euclidean isoperimetric inequality, and the inclusion £ C
Bpr), we deduce that

t
w(t) < 3w’ (t)], for a.e. t € (0,1).

nw}l/ne—(n—l)v(R)/n w(t)(n—l)/n - C i <
ml/n

Since w(t) < C'm'*1/27 for m small enough we get
nwi/ne—(n—l)v(R)/nw(t)(n—l)/n < 6w’ (1)),

or equivalently, since ¢ — w(t) is decreasing,

6 e(n—1Dv(R)/n

w'(t) < — 7
wa' "

Since w(0) < C'm! /2" this implies that w(t) = 0 for every t > C'm!' /2" that is

EcC (1 n Cm1+1/2") Q.

where the diameter of () is equal to \/ﬁml/ 2n (recall that in step one we chose the side of
Q to be m!/ 2n) . This concludes the proof. O

6. PROOF OF THEOREM 1.1-(11)

We now combine the results of sections 2, 3, and 5 to prove Theorem 1.1-(ii). We first
show that isoperimetric sets with sufficiently small weighted volume are necessarily C'-
small radial perturbations of balls with centers converging to the origin. We introduce the
notation

_ 1 V()
bar(E) = Vol(E) /E:EE dx,

for the weighted barycenter of a set £ C R" satisfying Vol(E£) > 0 and [ |z| eV ®) dz < oo.
Theorem 6.1. If n > 2, and « : [0,00) — [0,00) and ¢ : [0,00) — [0,00) are strictly

increasing functions with
»(0) =0, lim 9(r) = +o0,

then for every p > 0 there exist a positive constant m depending on n, o, ¥, and p only,
with the following property: if v : [0,00) — [0,00) is locally Lipschitz, increasing, with
v(0) =0, and such that

esssup [v'| < a(r), v(r) > (r), Vr>0, (6.1)
[0,7]

and if E € My (m) with m < 1, then there exist u € CY(S"1;[~1,00)), 79 € R", and
r >0, with

E=uz+ {t(l +uw)w:wesS o<t < 7‘}, T+ |zo| + Jullcr < p, (6.2)
Vol(B(zg,r)) = Vol(E), and bar(B(xg,r)) = bar(E).



Proof. To prove the result it suffices to show that, if {vy}pren is a sequence of locally
Lipschitz and increasing functions satisfying v, (0) = 0 and (6.1), and Ej € My, (my,) is
a sequence of sets with Vj,(z) = vp,(|z|) and mj, — 0 as h — oo, then for my, sufficiently
small (where the smallness has to depend on n, «, ¥, and p only) there exist {up tren C
CHS" 1 [-1,00)), {zhn}heny CR™, and {ry, }hen C (0,00), such that

Volh(B(a:h, Th)) = VOlh(Eh) s barh(B(xh, Th)) = barh(Eh) s
and

Ep = zn+ {t(l—l—uh(w))w cwesSlo<t< rh} o lim ot feal+ ugllon = 0. (6.3)
— 00

(Here and in the following, we shall denote by Perj,, Voly,, and bary, the weighted perimeter,
volume, and barycenter of a set with respect to the density e¢"#.)
In order to prove (6.3) we first need some preliminary estimates on the sets Ej,.

e Step one: Let us fix m > 0 and apply Theorem 3.3 to find R; = Ri(n, «, 1, m) such that
E C Bg, for every £ € My (m), m < m. Again by Theorem 3.3, there exists a positive
constant C' depending on n, «, Rq, and m only, such that

P(E: Bly,5)) < P(G: By, )+~ s (6.4)

whenever E € My (m), m < m, s < 7 = min{l,m"/"/C}, and EAG cC B(y,s). By
Theorem 5.1, there exist positive constants mg < m and Cj, depending on n, «, and Ry
only, such that, if £ € My (m) and m < mg, then

diam E < Com!'/?".

e Step two: Given E C R™ with 0 < |E| < oo, let us set

N 1
- |E|1/n’

so that |E*| = 1. We claim that, if £ € My (m) and m < min{m,1/C}, then
P(E*; B(z,r)) < P(F; B(z,r)) + Cr", (6.5)

whenever E*AF cC B(z,r) and 7 < 1/C. Indeed, since v > 0 we have m!'/™ > |E|'/";
thus, if we set y = z/Ag, G = F/Ag, and s = r/Ag, then EAG CC B(y,s) with
s <rmb™ <m'/"/C = min{l,m""/C} =7, so that, by (6.4),

A\ E* =\ F,

P(E;B(z/Ag,s)) < P(G;B(az/)\E,s))—F%s"

= P(G,B(az/)\E,s)) +C_')\E8n;
scaling back to E*, we find (6.5).

e Step three: We now prove that, for h sufficiently large, (6.3) holds but with a ball which
a priori may not have the same weighted barycenter as Fp,. Up to discarding finitely many
terms we can assume my, < my, so that by step one there exists {yj }nen C Bg, such that

E;, C B(yn, Co m}l/ 2n). Hence, up to extracting a subsequence, we have

1/2
v =0, vl <R, BnC B(yo,Cmy™),
where C' denotes a positive constant depending on n, «, v, and m. Defining s, and ¢} by
Vol (B(yo,s1)) = Voly(Ep) and wy, t) = |Ej|, we see that
1/2n 1/2n
wy s €n W= < ol (B(yo, sp)) < wp sy e 0 FCmIT
1/2n /2n
it VW) =Cm ™ < N6l (B) < wp 7 Vi (o) +Cm,/ "



which gives |(sp/tp)" — 1] < C’m}ll/%; at the same time, by minimality of Fj,

/2n 1/2n

evh(y‘))_cmi P(E}y) < Perp(ER) < Perp(B(yo, sn)) < eVn(wo)+Cmy nwy, sz_l;

we thus find
P(ER) < (1+ C’mi/%)nwnsz_l <(1+ Cmi/2n)nw,ll/"|Eh|("_l)/" .

Hence, by the quantitative isoperimetric inequality [FiMP] there exists {wp}pen € R"
such that, if ¢;, is defined as above, then

P(Eh) 1> (’EhAB(’wh,th)‘>2.

le/2n >
ho = nwt/ ™ By |(n=1)/n C|Ep|

(6.6)

(Note that clearly wy, — yo.) Setting A\, = 1/|E,|"/™ = 1/(w,11/nth), E; = A\, Ep, and
zZn = Ap wp, by scaling and translation invariance we find

C’m}ll/4n > ‘ (E,’; — Zh)ABw—l/n .

(6.7)

By step two, {E} — 2 }ren is a sequence of uniform almost-minimizers of the perimeter
which (by (6.7)) is converging in L! to a ball. Thus by [T1, Theorem 1.9] there exists
{0} hen € CH(S"1;[—1,00)) such that

Ef =z + {t 1+ apw))w:wesS"™,0<t< wgl/"} . dim fanfler =0
—00

Scaling back to the sets Ej we find

Ep = wp + {t(l Fapw)w weS"T0<t < th} o Jim il =0, (68)

—00

e Step four: Let us now show that w, — 0, that is, let us prove that yg = 0. To this
end, let us notice that, by v,(0) = 0 and since {vp, }pen are locally uniformly Lipschitz,
there exists a locally Lipschitz, increasing function v : [0,00) — [0,00) such that v, — v

uniformly on compact subsets of [0, 00); in particular, v(0) = 0 and v satisfies (6.1). Now,
by (6.8), using that s /tp — 1 and wy — yog we get

1; ¢Vh (mh) B . Perh(Eh)
im A 22—
h—co mgl"_l)/" h—o0 Volp,(B(yo, sp))m=D/m
 faa (1 + ) LeVh Q) f1 (m];\;
= hll_)IIOlo Sh -1,V (yo-+rw) (n—1)/n
(fgnfl fo r evh Yo dT)
. nwntz_le‘/h(wh)
- hh—>nolo sh (n—1)/n
(Jores Jorm=te¥o (14 O(r)) dr
at the same time, by comparing E}, with B(my) we see
Per, (B
lim Hvi(mn) < lim ern(B(my)) — = nwl/me?O/m — pyl/n. (6.10)

h—00 mgln—lvn = h—oo Voly(B(my)) =1/

Combining (6.9) and (6.10) we thus find e¥(%D/™ < 1; however, being 1) strictly increasing
and since 1(0) = 0, we find yo = 0 (and, in particular, s = r(mp)).



e Step five: We finally prove (6.3), that is, we want to show that Ej, is a C'-small radial
perturbation of a ball B(xyp,rp,) having its same weighted volume and weighted barycenter.
To this aim we observe that (6.8) implies

wy, — bar(Ey, R
|t—h()| < C|lip]|co -

Hence, by a simple continuity argument within the family of balls with weighted volume
mp, it is not difficult to see that there exists x;, € R™ and 7, > 0 such that B(zp,ry) has
the same weighted volume and weighted barycenter as Ej,, and moreover

tp

Wh — Zh N
| | ——1' < C||ap|lco -
Th

< Cllanllco

Thanks to this last estimate, the fact that Ej, is still a C''-small perturbation of B(xy,,r},)
follows easily from (6.8). O

Proof of Theorem 1.1-(ii). Without loss of generality, up to adding a constant to v (which
does not change the variational problem, since this amounts to multiply " by a positive
constant) we may assume that v(0) = 0. Since v is strictly convex and increasing, it is
strictly increasing and satisfies v(r) — 0o as  — oo. By Theorem 6.1, every isoperimetric
set for ¥ with sufficiently small weighted volume is an arbitrarily C'-small perturbation
of a ball having its same weighted volume and barycenter, and with center arbitrarily close
to the origin; hence, by Theorem 2.5, every isoperimetric set for ¢V with sufficiently small
weighted volume is a ball centered at the origin. O

7. PROOF OF THEOREM 1.2

We now show how to combine the validity of the isoperimetric log-convex density con-
jecture both for small and large volumes, Theorem 2.3, and the fact that the strong form
of the conjecture holds for all masses when v(r) = c¢72 (¢ > 0), to prove Theorem 1.2.

Proof of Theorem 1.2. Let n > 2, ¢ > 0, and let v € C'%([0,0), [0,0)) be an increasing
convex function with

|lv— cr2|]02([0700)) <4, QP"(R,0) < Qy(R,0), VR,o >0,

where Qg is as in the statement of the theorem. Up to replacing v with v — v(0) and §
with 20, we may directly assume that v(0) = 0 (as already observed before this does not
change the variational problem, since adding a constant to v amounts to multiply e" by
a positive constant). Moreover, since v is increasing, provided ¢ is small enough we may

ensure that
V'(r) > <, Vr >0, (7.1)

2
max{r,d0}, v(r)> %, Vr>0. (7.2)

~— oo

esssup |v'| < (e +1
[0,7]

By (7.1) and Kolesnikov-Zhdanov theorem [KZ, Proposition 6.7], there exists m > 0,
depending on n and ¢ only, such that if £ € My (m) and m > m then E = B(m).
Moreover, by Theorem 6.1 there exists m < m (depending on n and ¢ only) such that,
if £ € My(m) with m < 7, then E is a Cl-small perturbation of a ball with its same
weighted volume and barycenter. Furthermore, since the modulus of continuity of v is
controlled in terms of €y, up to further decrease the value of m in terms of n, ¢, and
Qo only, we may ensure by Theorem 2.5 that every isoperimetric set £ € My (m) with
m < m is in fact a ball centered at the origin. Setting m; = m/2 > 0 and mg = 2m > my,
we are thus left to prove that, provided ¢ is small enough depending on m; and mqy (thus,
depending on n, ¢, and ), then every E € My (m) with m € [m;, ms] is a ball centered
at the origin.



Assume on the contrary the existence of sequences {vj}ren C C?([0,00),[0,00)) of
increasing convex functions with v, (0) = 0 and [lop, — ¢7||c2(j0,00)) — 0 as h — oo, and
of sets {Ep }hen with Ej, € My, (my), mp — m € [my, mg]| and |E,AB(rp(my))| > 0 for
every h € N (here, r,(my,) is the radius of the ball centered at the origin with weighted
volume my, with respect to e'#). Exploiting that for v = cr? balls centered at the origin
at the unique isoperimetric sets [RCBM, Theorem 5.2], Theorem 3.3, and [T1, Theorem
1.9], we easily see that, up to extracting subsequences, each EJ, is an (arbitrarily) C'-small
perturbation of the ball B, ), where r(m) > 0 is such that

2
/ el dp = m .
B

r(m)

Hence, as in the proof of Theorem 1.1-(i) we obtain that Ej, is an (arbitrarily) C'-small
perturbation of the ball B,, ,,,, . Exploiting again Theorem 2.3, from |E,AB(ry,(mp,))| > 0

we obtain
/ eVh > / eV ,
IE), oB

rp (my,)

provided h is large enough, thus contradicting the minimality of Ej,. O

REFERENCES

[AFM] E. Acerbi, N. Fusco & M. Morini, Minimality via second variation for a nonlocal isoperimetric
problem, preprint cvgmt.sns.it, 2011.

[A]] F. J. Almgren, Jr., Existence and regularity almost everywhere of solutions to elliptic variational
problems with constraints, Memoirs AMS volume 4, no. 165, 1976.

[AFP] L. Ambrosio, N. Fusco & D. Pallara, Functions of bounded variation and free discontinuity problems.
Oxford Mathematical Monographs. The Clarendon Press, Oxford University Press, New York, 2000.

[BBMP] M. F. Betta, F. Brock, A. Mercaldo & M. R. Posteraro, Weighted isoperimetric inequalities on
Rn and applications to rearrangements, Math. Nachr. 281, No. 4, 466-498 (2008).

[B] E. Bombieri, Regularity theory for almost minimal currents. Arch. Rational Mech. Anal. 78 (1982),
no. 2, 99130.

[Bol] C. Borell, The Brunn-Minkowski inequality in Gauss space. Invent. Math. 30 (1975), no. 2, 207-216.

[Bo2] C. Borell, The Ornstein-Uhlenbeck velocity process in backward time and isoperimetry. Chalmers
University of Technology 1986-03/ISSN 0347-2809.

[CMV] A. Caifiete, M. Miranda Jr. & D. Vittone, Some isoperimetric problems in planes with density. J.
Geom. Anal. 20 (2010), no. 2, 243-290.

[CK] E. A. Carlen & C. Kerce, On the cases of equality in Bobkov’s inequality and Gaussian rearrangement.
Calc. Var. Partial Differential Equations 13 (2001), no. 1, 1-18.

[CIQW] C. Carroll, A. Jacob, C. Quinn, & R. Walters, The isoperimetric problem on planes with density,
Bull. Austral. Math. Soc. 78 (2008), 177-197

[CL] M. Cicalese & G. P. Leonardi, A selection principle for the sharp quantitative isoperimetric inequality,
to appear on Arch. Ration. Mech. Anal.

[CFMP] A. Cianchi, N. Fusco, F. Maggi, & A. Pratelli, A. On the isoperimetric deficit in Gauss space.
Amer. J. Math. 133 (2011), no. 1, 131-186.

[DDNT] J. Dahlberg, A. Dubbs, E. Newkirk, & H. Tran, Isoperimetric regions in the plane with density
rp. New York J. Math. 16 (2010), 31-51.

[DM] G. De Philippis & F. Maggi, Sharp stability inequalities for the Plateau problem, preprint
cvgmt.sns.it, 2012.

[DHHT] A. Diaz, N. Harman, S. Howe & D. Thompson, Isoperimetric problems in sectors with density,
Advances in Geometry, to appear. arXiv:1012.0450

[Eh] A. Ehrhard, Symétrisation dans l'espace de Gauss. (French) Math. Scand. 53 (1983), no. 2, 281-301.

[FM] A. Figalli & F. Maggi, On the shape of liquid drops and crystals in the small mass regime, Arch.
Ration. Mech. Anal., 201 (2011), no. 1, 143-207.

[FIMP] A. Figalli, F. Maggi, & A. Pratelli, A mass transportation approach to quantitative isoperimetric
inequalities, Invent. Math., 182 (2010), no. 1, 167-211.

[Ful] B. Fuglede, Lower estimate of the isoperimetric deficit of convex domains in R" in terms of asym-
metry. Geom. Dedicata 47 (1993), no. 1, 41-48.

[Fu2] B. Fuglede, Stability in the isoperimetric problem for convex or nearly spherical domains in R",
Trans. Amer. Math. Soc., 314 (1989), 619-638.



[FuMP] N. Fusco, F. Maggi, & A. Pratelli, The sharp quantitative isoperimetric inequality, Ann. of Math.
168 (2008), 941-980.

[FuMP2] N. Fusco, F. Maggi, & A. Pratelli, On the isoperimetric problem with respect to a mixed
Euclidean—Gaussian density, J. Funct. Anal, 260 (2011), 3678-3717.

[G] E. Giusti, Minimal surfaces and functions of bounded variation. Monographs in Mathematics, 80.
Birkhuser Verlag, Basel, 1984. xii+240 pp.

[KZ] A. V. Kolesnikov & R. I. Zhdanov, On isoperimetric sets of radially symmetric measures, Concen-
tration, functional inequalities and isoperimetry, 123154, Contemp. Math., 545, Amer. Math. Soc.,
Providence, RI, 2011.

[MS] C. Maderna, S. Salsa, Sharp estimates of solutions to a certain type of singular elliptic boundary
value problems in two dimensions. Applicable Anal. 12 (1981), no. 4, 307-321.

[Ma] F. Maggi, Sets of finite perimeter and geometric variational problems: an introduction to Geometric
Measure Theory, Cambridge Studies in Advanced Mathematics no. 135, Cambridge University Press,
2012.

[MM] Q. Maurmann, & F. Morgan, Isoperimetric comparison theorems for manifolds with density. Calc.
Var. Partial Differential Equations 36 (2009), no. 1, 1-5.

[Mo1] F. Morgan, Manifolds with density and Perelman’s proof of the Poincaré conjecture. Amer. Math.
Monthly, 116 (2009), no. 2, 134-142.

[Mo2] F. Morgan, The log-convex density conjecture, http://sites. williams.edu/Morgan/2010/04/03/the-
log-convex-density-conjecture

[MP] F. Morgan & A. Pratelli, Existence of isoperimetric regions in R" with density, preprint
arXiv:1111.5160v1

[RCBM] C. Rosales, A. Canete, V. Bayle, & F. Morgan, On the isoperimetric problem in Euclidean space
with density. Calc. Var. Partial Differential Equations 31 (2008), no. 1, 27-46.

[SC] V.N. Sudakov, & B. S. Cirel’son, Extremal properties of half-spaces for spherically invariant measures.
(Russian) Problems in the theory of probability distributions, II. Zap. Nau¢n. Sem. Leningrad. Otdel.
Mat. Inst. Steklov. (LOMI) 41 (1974), 14-24, 165.

[T1] I. Tamanini, Regularity results for almost minimal oriented hypersurfaces in RY, Quaderni del Di-
partimento di Matematica dell’ Universita del Salento, 1, 1984; available for download at http://siba-
ese.unile.it/index.php/quadmat

[T2] 1. Tamanini, Boundaries of Caccioppoli sets with Holder-continuous normal vector. J. Reine Angew.
Math. 334 (1982), 27-39.

DEPARTMENT OF MATHEMATICS, THE UNIVERSTITY OF TEXAS AT AUSTIN, 1 UNIVERSITY STATION
C1200, AusTIN TX 78712 USA
E-mail address: figalli@math.utexas.edu

DIPARTIMENTO DI MATEMATICA “U. DINI”, UNIVERSITA DI FIRENZE, VIALE MORGAGNI 67/A, 50134
FIRENZE, ITALY
E-mail address: maggi@math.unifi.it



