ON THE SHAPE OF LIQUID DROPS AND CRYSTALS
IN THE SMALL MASS REGIME

A. FIGALLI AND F. MAGGI

ABSTRACT. We consider liquid drops or crystals lying in equilibrium under the action of
a potential energy. For small masses, the proximity of the resulting minimizers from the
Wulff shape associated to the surface tension is quantitatively controlled in terms of the
smallness of the mass and with respect to the natural notions of distance induced by the
regularity of the Wulff shape. Stronger results are proved in the two-dimensional case.
For instance, it is shown that a planar crystal undergoing the action of a small exterior
force field remains convex, and admits only small translations parallel to its faces.
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1. INTRODUCTION

1.1. The variational problem. Let us consider a liquid drop or a crystal of mass m
subject to the action of a potential. At equilibrium, its shape minimizes (under a volume
constraint) the free energy, that consists of a (possibly anisotropic) interfacial surface
energy plus a bulk potential energy induced by an external force field [11, 27]. Therefore
one is naturally led to consider the variational problem

inf{E(F)=F(E)+G(E): |E| =m}. (1.1)

Here, for £ C R™ (n > 2), |E| denotes the Lebesgue measure of E, while F(FE) and G(E)
are, respectively, the surface energy and the potential energy of E, that are introduced as
follows.

Surface energy: We are given a surface tension, that is a convex, positively 1-homogeneous
function f : R™ — [0,400). Correspondingly we define the surface energy of a set of finite
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perimeter £ C R" as
F(E) = f(vg)dH™ ™, (1.2)
O*E
where vg is the measure theoretic outer unit normal to £ and 0*F is its reduced bound-
ary (see section 2.1). The minimization of F under a volume constraint is described in
section 1.2.

Potential energy: The potential is a locally bounded Borel function g : R® — [0, +00)
that is coercive on R”, i.e., we have

g(x) — +o0  as |z| — +00. (1.3)

We also assume that
i[élnfg =¢(0)=0. (1.4)

This is done without loss of generality in the study of (1.1), as it amounts to subtract to
the free energy a suitable constant and to translate the origin in the system of coordinates.
The potential energy of £ C R" is then defined as

G(E) = /Eg(x) dz | (1.5)

Actually one could also allow g to take the value +o00 in order to include a confinement
constraint, since (whenever possible) a minimizer will always avoid the region {g = +o0}.
Observe that, when g is differentiable on the (open) set {g < +00}, then the energy term
G(F) corresponds to the presence of the force field —Vg acting on E.

In this paper we are concerned with the geometric properties of the minimizers for
the variational problem (1.1), especially in the small mass regime. Our main results are
stated in Theorem 1.1 and Theorem 1.3. We remark that the coercivity assumption (1.3)
excludes from our analysis the gravitational case g(z,y,2) = z in R¥ N {z > 0}. We use
this assumption just to trivialize some side issues, such as the existence of minimizers. It
is very likely that our methods could be adapted to also handle the gravitational case,
and other special cases of interest, by exploiting their particular structure.

1.2. Geometric properties of Wulff shapes. In the absence of the potential term (g
constant), volume-constrained minimizers of the surface energy are obtained by transla-
tion and scaling of the open, bounded convex set K known as the Wulff shape of f. The
set K is explicitly given by the formula

K= ({zeR":(z-v)< f0)}={z€R": fulx) <1}, (1.6)
vesn—1
where we have introduced f, : R" — [0, +00), defined as
fulz) =sup{z-y: fly) =1}, x e R"™. (1.7)
The minimality property of K is equivalently expressed by the Wulff inequality
F(E) = n| K|/ B0, (1.8)
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where equality holds if and only if £ = x + K, for some z € R™. (Here and in the
sequel, we use the notation K, = rK.) Indeed, the right hand side of (1.8) is equal to
F(K,) =1 F(K), where r = (|E|/|K|)/™ and F(K) = n|K]|. It is useful to note that
every open, bounded convex set K containing the origin is, in fact, the Wulff shape for
some surface energy F = Fx corresponding to the surface tension f = fx defined as

f(v)=sup{rv-z:z € K}.

The geometric properties of a Wulff shape are closely related to the analytic properties of
the corresponding surface tension. Two relevant (and somehow complementary) situations
are the following ones:

Uniformly elliptic case: The surface tension f is A-elliptic, A > 0, if f € C?*(R™\ {0}) and

2
v\ v
T—\|7-— ) =l , (1.9)

( \vl) |v]
whenever v, 7 € R" v # 0. Under these hypotheses the boundary of the Wulff shape K is

of class C? and uniformly convex (see, for instance, [39, page 111]). Moreover, the second
fundamental form Vv of K satisfies the identity

V2 f(vi(2)) Vg (z) = Idr ok VoedK. (1.10)

(Notice that this makes sense as Vvg(z)vg(z) = 0 and vi(z) - (V2f(vi(z))v) = 0 for
every z € 0K and v € R™.) This situation includes of course the isotropic case f(v) = A|v|
(A > 0). Evidently, in the isotropic case the Wulff shape is the Euclidean ball By and the
Wulff inequality reduces to the Euclidean isoperimetric inequality. Isotropic (or smooth,

(V2 fw)r) 7>

[l

nearly isotropic) surface energies are used to model liquid drops. Moreover, minima of
the functional (1.1) with f(r) = A|v| appear also in phase transition problems, where
the mean curvature of the interface is related to the pressure or the temperature on it,
represented by ¢ (this is the so-called Gibbs-Thompson relation).

Crystalline case: A surface tension f is crystalline if it is the maximum of finitely many
linear functions, i.e., if there exists a finite set {z;}}*; C R"\ {0}, N € N, such that
f— L. n—1
flv) = 12’?%(% V), Vve S . (1.11)
The corresponding Wulff shape is a convex polyhedron. These are the surface tensions
used in studying crystals [48].

1.3. Geometric properties of minimizers. In the presence of the potential term, the
geometric properties of minimizers are much less understood. A noticeable exception to
this claim is the case of sessile/pendant (or otherwise constrained) liquid drops under the
action of gravity. This situation, that has been extensively considered in the literature
(see, for instance, [51, 20, 26]), falls into the variational problem (1.1) for the choice of an
isotropic surface tension energy interacting with a potential g of the form

g(x) =x, if g(x) < 4o00.

However, if we look to (1.1) in its full generality, then the validity of various natural
properties of minimizers is at present unknown. In particular, the following two questions
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were raised by Almgren. The first question is mentioned in [32], while the second one was
communicated to us by Morgan [34].

(Q1) If the potential g is convex (or, more generally, if the sub-level sets {g < t} are
convex), are minimizers convex or, at least, connected?

(Q2) If the surface energy dominates over the potential energy (e.g., if the potential
g is almost constant or if the mass m is sufficiently small), to which extent are
minimizers “close” to Wulff shapes?

Let us point out that a question similar to (Q1) was raised by Almgren and Taylor, asking
whether a crystal lying on a table under gravity is necessarily convex (see [43, Question
8] and also [10, Problem 8.4]).

About the first question, in [6] the authors prove convexity of minimizers in the
two-dimensional case for drops/crystals lying above a table under the action of the grav-
itational potential, while in [49] convexity is used as an assumption for proving (under
additional suitable assumptions) facetting of a minimizing crystal. In [8, 12], by a “level-
sets method” approach combined with convexity results for solutions to elliptic PDEs, the
convexity of minimizers is proved for general convex potentials in the large mass regime.
Finally, in the general planar case, it is shown in [32] that every minimizer is the union of
finitely many connected components lying at mutually positive distance, all having dif-
ferent masses, and each component being convex and minimizing the free energy among
convex sets with its same volume.

With this paper, we mainly aim to stimulate the investigation of the second question,
providing some optimal results, both in the planar case and in general dimension (see,
however, Theorem 4.5, Theorem 4.11 and Appendix B for some results that are not
related to the small mass regime). Our estimates are quantitative, in the sense that we
shall present explicit bounds on the proximity to a Wulff shape in terms of the small mass
m. Moreover, the value of the “critical” mass below, which our estimates hold can be
made completely explicit from our arguments (though there will be no attempt to find
such a explicit expression). Our first main result establishes the connectedness and the
uniform proximity of minimizers to Wulff shapes below a critical mass. This is done for
very general surface and potential energies.

Theorem 1.1. There exist positive constants m, = me(n, f,g) and C = C(n, f,g) with
the following property: If E is a minimizer in the variational problem (1.1) with mass
|E| = m < m,, then E is connected and uniformly close to a Wulff shape, i.e., there exist
xog € R™ and rq > 0, with

ro < C m/n* ,
such that
7o + Ksim)(1—ro) C £ C o + Kyim)(14r0) »

where we have set
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FIGURE 1. In the small mass regime minimizers are connected and uniformly
close to a (properly rescaled and translated) Wulff shape, in terms of the smallness
of the mass. The convexity of these minimizers remains conjectural, with the
exception of the planar case n = 2 and of the M-elliptic case (in general dimension,
see Theorem 1.3).

Ifn =2 then E is a convex set. Moreover, if f is crystalline (or, equivalently, if the Wulff
shape K is a convex polygon), then E is a convex polygon with sides parallel to that of K.

Remark 1.2. The above theorem shows that in the planar crystalline case minimizers
possess a particularly rigid structure. Although our proof cannot be generalized to higher
dimension, this result raises the interesting question whether or not an analogous property
should hold in higher dimension (or at least in the physical case n = 3). The analogous
result in higher dimension should say that, if f is crystalline, then minimizers with suf-
ficiently small mass are polyhedra with sides parallel to that of K. This would show
that a minimizer E can be obtained by K by slightly translating the faces of 0K, and in
particular the minimization problem (1.1) would reduce to a finite dimensional problem
(the dimension being equal to the number of faces of K).

The main question left open by Theorem 1.1 concerns the convexity of minimizers
at small mass in dimension n > 3. We address this problem in the case of smooth A-
elliptic surface tensions and of potentials of class C'. In this situation the Wulff shape
turns out to be a uniformly convex set with smooth boundary. Correspondingly we prove
that minimizers at small mass are not merely convex, but that they are in fact uniformly
convex sets with smooth boundary and with principal curvatures uniformly close to that
of a (properly rescaled) Wulff shape. To express this last property we shall make use of
the second order characterization (1.10) of Wulff shapes.

Theorem 1.3. Ifg € C} (R"), f € C**(R"\{0}) for some a € (0,1), and [ is \-elliptic,
then there exist a critical mass my = mo(n, g, f) and a constant C' = C(n, g, f, ) with

the following property: If E is a minimizer in (1.1) with |E| = m < myq and if we set

1/n
F= (51 e,
m
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then OF is of class C*% and
I%E}X |v2f(l/F)VI/F — IdTm6F| S C’mZO‘/("”a) . (112)

In particular, if m is small enough (the smallness depending on n, f, and g only) then F
(and so E) is a convex set.

Remark 1.4. If g € CLP(R™) and f € C3#(R™\ {0}) for some 3 > 0, then the conclusion
of Theorem 1.3 can be strengthened to

max \V2f(vp) Vg — Idg,op| < Cm2/ 0+
which corresponds to (1.12) with a = 1.

Remark 1.5. At a first sight, Theorem 1.3 could be seen as a slight generalization of the
fact that small liquid drops lying on a table are asymptotically spherical as volume tends
to zero [45], or that in a Riemannian manifold, isoperimetric regions of small volume are
smoothly close to being round balls (this fact was first proved by Kleiner as explained
in [50], see also [29, 38, 35]). However, our result differs from other results of this kind
in the fact of being “quantitative”. Indeed, once uniform C*®-bounds for minimizers at
small masses are established (see Theorem 4.6), one usually deduces their convexity by a
compactness argument (indeed, as m — 0, minimizers converge to K in the C%-topology,
and the uniform convexity of K entails their convexity). In order to prove Theorem
1.3 one needs a different approach, as the use of compactness arguments rules out the
possibility of finding explicit rates of convergence in terms of m — 0. Observe that also
the constant C' appearing in (1.12) is obtained by a constructive method, and so it is a
priori computable.

Remark 1.6. Theorems 1.1 and 1.3 deal with the connectedness and convexity properties
of liquid drops and crystals in the small mass regime. Outside this special regime, one
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FIGURE 2. In the planar crystalline case, minimizers are convex polygons, with
sides parallel to the polygonal Wulff shape associated with the crystalline surface
tension (picture on the left). The argument used in the proof of this result,
when repeated in three dimensions, seems not sufficient to draw the analogous
conclusions. For example, in the case of a cubic crystal, the two dimensional
argument used in the proof of Theorem 1.1 allows to exclude that a cube with a
rounded vertex is a minimizer, but it is not sufficient to exclude a cube with a
rounded edge (see the picture on the right).
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expects convexity of minimizers provided g is convex (see question (Q1)). As already
mentioned, this was proved in [8, 12] when the mass is large enough. The natural problem
of how to fill the gap in between these two results is open. It seems very likely that new
ideas are needed to deal with this case.

1.4. Organization of the paper. In section 2 we recall some basic definitions about sets
of finite perimeter, and collect some useful facts concerning surface energies and volume
constrained variations.

In section 3 we introduce and study the class of (¢, R)-minimizers of the surface
energy F. Given ¢, R > 0, a set of finite perimeter £ C R" is a (volume constrained)
(¢, R)-minimizer of F provided

EAF
F(B) < F(F)+ e K B2 (113)
for every set of finite perimeter F' C R™ with
|F|=|E| and F C Ig(E),
where Ir(F) is the R-neighborhood of E with respect to K, i.e.,
IRr(E) ={x € R" : distg(z, E) < R}, distg (2, F) = inf f.(z —y). (1.14)

yelr

(In the above definition, neighborhoods are defined in terms of f, only to deduce cleaner
estimates.) After discussing the basic regularity properties of (e, R)-minimizers of F
(Theorem 3.1), we focus on the geometric properties characteristic to the small € regime.
The L'-proximity (in terms of the smallness of €) of every (g, n+1)-minimizer to a properly
rescaled and translated Wulff shape is an almost direct consequence of the main result
in [19] (Theorem 3.2 and Lemma 3.3). In Theorem 3.4 and Corollary 3.5 we pave the way
to the proof of Theorem 1.1 by proving that, in fact, (¢,n + 1)-minimizers are connected
and uniformly close to Wulff shapes. This result may appear to the specialists as a
classical application of standard density estimates combined with the above mentioned
L'-estimate. However, at least to our knowledge, there are no universal density estimates
available for (¢, R)-minimizers, i.e., density estimates independent of the minimizer. This
follows from the fact that, if £ is a (¢, R)-minimizer, the class of competitors has to
satisfy the constraint |F| = |E|, and so we are forced to make a mass adjustments which
introduces a dependence on E (see Lemma 2.3 and Theorem 3.1). For this reason the
proof of Theorem 3.4, although it follows the lines of many other proofs of the same kind,
presents some subtle points. This careful approach allows us to show that the uniform
proximity result of Corollary 3.5 holds for every (e, n+ 1)-minimizer with ¢ < £(n), where
e(n) depends on the dimension n only, and not on f. In section 3.3 we focus on the
planar case n = 2, and show that (e, 3)-minimizers are convex (Theorem 3.6), and that,
in the crystalline case, they are convex polygons (Theorem 3.7) provided £ < gy, where
€0 18 a universal constant independent of f. As a preparatory step towards the proof of
Theorem 1.3, in section 3.4 (see also appendix C) we consider A-elliptic surface tensions
and apply the regularity theory for almost minimizing rectifiable currents to show that the
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boundaries of (¢, n+1)-minimizers of F satisfy uniform C'*estimates for every a € (0,1)
(Theorem 3.8).

In section 4 we prove our main results on optimal shapes in the variational prob-
lem (1.1). The first step consists in showing that optimal shapes for (1.1) are uniformly
bounded in terms of their mass, the dimension n and the way ¢ grows at infinity. For
small masses, this boundedness result is true for any potential g (Theorem 4.2). Although
it is not needed for the proof of our main results, we thought it conceptually important to
provide these bounds for arbitrary masses. We do this in Theorem 4.5, assuming that g is
locally Lipschitz. As a by-product of the uniform boundedness result in Theorem 4.2, we
immediately see that a minimizer E for (1.1) with |E| = m is also an (g, n+ 1)-minimizer
for e < C'm!'/", where C is an (explicitly computable) constant depending on n, f, and
g only. This fact allows us to apply the results of section 3, to deduce Theorem 1.1 as a
corollary. Moreover, when f is A-elliptic, f € C>*(R™\ {0}) and g € C%(R™) for some
a € (0,1), then the regularity Theorem 3.8 for (&, n+ 1)-minimizers can be combined with
the first variation formula for the free energy and with elliptic regularity theory to prove
that the corresponding minimizers satisfy uniform C*®-estimates (Theorem 4.6). Hence,
in section 4.3 we apply the second variation formula for the free energy to a suitable nor-
mal vector field to show that the second fundamental form of the boundary of a minimizer
FE is, up to a dilation taking E into F' = (|K|/m)Y™E, L*-close to the second fundamental
form of K (Theorem 4.9). A simple interpolation between C%* and L? allows combining
Theorem 4.9 with the estimates from Theorem 4.6 to show the uniform proximity of the
second fundamental form of OF to that of 0K, thus proving Theorem 1.3. Finally, in
section 4.4 we use a variant of the argument in section 3.3 to show that, even outside the
small mass regime, planar crystals have a remarkably rigid structure. More precisely, if
f is crystalline and g is continuous then the boundary of a planar, crystalline minimizer
consists of two pieces, one which is included in some level set {g = ¢} and the other one
which is polygonal, with normal directions chosen among the normal directions to 0K.

In appendix A we finally gather the first and second variation formulas of the free
energy, together with a brief description of an useful bootstrap argument. In appendix B
we make a first (small) step towards a positive answer to the convexity question (Q1), by
showing that minimizers in (1.1) corresponding to potentials with convex level sets have
non-negative anisotropic mean curvature (in fact, a stronger global condition is proven
to hold true). Finally, appendix C reviews the regularity theory for almost minimizing
currents, and shows how these kinds of results apply to our setting, to prove uniform
Che-regularity for (g,n + 1)-minimizers.

2. SETS OF FINITE PERIMETER AND VOLUME-CONSTRAINED VARIATIONS

2.1. Sets of finite perimeter. In this section we recall some basic definitions and prop-
erties on sets of finite perimeter. We refer to [4] for an extensive introduction to the
subject and for a proof to all the properties stated below. A Borel set £ C R" is a set of
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finite perimeter in R™ provided
sup {/ divT(z)dx : T € CHR"; B)} < +o00,
E

where B = B; denotes the Euclidean unit ball. If this is the case, the distributional
gradient D1g of the characteristic function 15 of E defines a Radon measure on R”, with
values in R”, such that the distributional divergence theorem

/divT(:E)dx:—/ T-dDlg, VT € CHR™R"), (2.1)
E n

holds true. The total variation of D1g is then used to define the perimeter of E relative
to a set A C R™ on setting

P(E;A) = [D1g|(A),  P(E) = |D1g|(R").

If A is open, an equivalent definition for P(FE; A), which turns out to be very useful when
proving lower semicontinuity result, is also given by

P(E; A) = sup {/EdivT(x) dr: T € CHA; B)} . (2.2)

If £ is a bounded open set with C'' boundary, then F is a set of finite perimeter in R"
and D1 = —vg H" 'LOE, where vg is the outer unit normal to £ and H"~! denotes the
(n — 1)-dimensional Hausdorff measure. In particular,

P(E;A)=H"YANOE),  P(E)=H"'0F),

and (2.1) amounts to the classical divergence theorem. Turning back to generic sets of
finite perimeter, one see that up to modifying £ on a set of measure zero (an operation
that leaves D1g unchanged) it can always be assumed that

Spt(DlE) = 8E,
25, Proposition 3.1]. The reduced boundary 0*FE of E is then defined as the set of those
x € OF such that the limit

) — iy PLe(B )
p(e) = lim |D1g|(B(z, 7))

exists and belongs to S™!. It turns out that 9*F is a countably H" !-rectifiable set in
R™ and that

Dlp=-vpH" 'LO'E.
In particular, if A C R"
P(E;A)=H"YANO'E), P(E)=H"'0E),

and the distributional divergence theorem (2.1) takes the more appealing form

/ divT(z)dr = / T -vpdH", VT € CHR™R"). (2.3)
E

o*E
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We also recall the basic lower semicontinuity and approximation results for sets of finite
perimeter. Let us say that E;, — E (resp., E, Lo E) if 15, — 1 in LY(R"™) (resp.,
LL (R")). If A C R" is open and Ej, % E then we have

P(E; A) <liminf P(Ey; A) .

h—o0

Moreover, given a set of finite perimeter E there always exists a sequence { E}, }ren of open

sets with smooth boundaries such that Ej, 5 E and |D1g, | = |D1g|.

All the relevant properties of sets of finite perimeter are left invariant by modifications
on sets of (Lebesgue) measure zero. The proper notion of connectedness in this framework
is then introduced as follows: a set of finite perimeter E (with finite measure) is said
indecomposable if E = Ey U Ey, P(E) = P(Ey) 4+ P(E), and |E| = |E1| + |Es| imply
|Ey| |Es] = 0. As a reference for indecomposable set we refer to [5].

2.2. Basic properties of the surface energy. We now gather some basic properties
of the surface energy that will be useful in the sequel. Given A C R"™ we shall define the
surface energy of the set of finite perimeter £ C R" relative to A as

F(B; A) = / F(vg) dH™

ANd*E

where, of course, F(E;R") = F(F). From the classical Reshetnyak theorems (see [4,
Theorems 2.38-2.39], or [44] for a simpler proof) and from our basic assumptions on the
surface tension f, we deduce the following lemma about the behavior of the surface energy
under local convergence of sets. (The first part of the following result can be easily proven
using a suitable duality formula for F as in (2.2).)

Lemma 2.1. If A C R" is open and E}, ¢ B then

F(E; A) < liminf F(Ex; A) .

h—o0

If, moreover, P(Ey) — P(E), then
F(E;A) = lim F(ER; A) .

h—o00

In proving estimates involving the surface tension f we are going to make frequent
use of the quantities 0 < a7 < ap < 400 defined as

oy = min f, ay = max f . (2.4)
In particular,
a1 < ||V flreo@omrny < . (2.5)

Indeed, by the positive 1-homogeneity and by the convexity of f we immediately see that
f is sub-additive, so that

flx+tv)— f(x) < f(tv) < tas
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for every x € R™, ¢t > 0, and v € S"!. On the other hand, if f is differentiable at z € R"
then Vf(z) - (z/|z|) = f(z/|x]) > a;. Thus,

oy <sup{Vf(z) -v:ve S} = V()| < ay,

and (2.5) immediately follows. It is also useful to note that the dual function f, to f
introduced in (1.7), that is still convex and positively 1-homogeneous, satisfies

1 1
inf f,=—, sup f, = —, (2.6)
Sn—1 Qo gn—1 (o5}
L < vrl < (2.7)

Eventually we notice from (1.6) that B,, is the largest Euclidean ball centered at the
origin that is contained in K, while B,, is the smallest Euclidean ball centered at the
origin that contains K. Thus,

a; =sup{r >0: B, C K}, ag =inf{r >0: K C B,}. (2.8)

Because of (2.4), (2.5), (2.6), (2.7), and (2.8) we shall often produce estimates depending
on the ratio ay/a;. One is usually able to rule out such a dependence by means of the
following lemma.

Lemma 2.2 (A normalization lemma). If K is an open, bounded convex set with 0 € K,
then there exist an affine map L : R" — R™ with det L = 1 and r = r(n,|K|) > 0, such
that

B, C L(K) C By, . (2.9)

If frxy is the surface tension associated to L(K'), then
SUpgn-1 f1(K)
infgn-1 fr(x)

for every set of finite perimeter E C R"™. Moreover, if g is a bounded Borel function and

we set gp = go L™, then
[o=] o (2.11)
E L(E)

Proof. By John’s Lemma [28, Theorem III], we may associate to K an affine map Ly :
R™ — R™ such that det Ly > 0 and By C Lo(K) C B,. Therefore, up to the multiplication
of L by a constant, we can achieve (2.9). Clearly, (2.11) is a trivial consequence of the
fact that det L = 1. Finally, to show (2.10) let us now recall that, if £ is a bounded open
set with smooth boundary, then

<n,  Fr(E)=Fru(L(E)), (2.10)

Fie(B) = tim [EEERIZIED

e—0t £

Since L is affine with det L = 1,
|L(E) +eL(K)| — |L(E)| = [L(E + ¢K)| - |E| = |E 4+ K| — |E],

hence Fx(E) = Fru)(L(E)). By a density argument and Lemma 2.1 we immediately
get (2.10). O
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2.3. Volume-constrained variations. In studying minimizers to the variational prob-
lem 1.1, we will often construct suitable comparison sets, that are typically obtained by
a “cut and paste” operation followed by a mass adjustment (usually done by a dilation).
Having in mind to work with the notion of (&, R)-minimizers introduced in (1.13), we have
to be careful to control the surface energy variation and the L!-distance variation created
in the mass adjustment. We will adjust mass in two ways: either by a first variation
argument (where the surface energy variation depends on the set itself in a quite involved
way), see Lemma 2.3 (this lemma is sometimes referred to as “Almgren’s Lemma”, see
[36, Lemma 13.5]); or by a scaling operation (in this case the surface energy variation is
trivial but the L'-distance variation requires an estimate), see Lemma 2.4. We now prove
these technical lemmas.

Lemma 2.3. If E is a set of finite perimeter in R™ and A is an open set such that
AN O*E is nonempty, then there exist so = so(FE, A) and C = C(E, A, ay) such that, for
every s € (—so, So), there exists a set of finite perimeter F' with the following properties:

EAF cC A,
B~ |F| =,
F(E)— F(F)| < Cs.

Proof. Let T' € C*(A;R™) and ®,(x) = x +tT(z), x € R". There exists ty > 0 such that
®, is a diffeomorphism of R™ whenever |t| < t,. Hence ®,(F) is a set of finite perimeter
for every |t| < to, with ®,(F)AE CC A. By the first variation formulae in Appendix A.1
we have

®,(E)| = \E\th/* T-vgdH" '+ O(t?),
F(O(E)) = / (1+tdivT +O)) flvg —t(VT) ve + OF)) dH" ', (2.12)

where, here and in the rest of the proof, we denote by O(s) a function of s such that
|O(s)| < C|s| for a constant C' depending on 7" only. In order to estimate F(®,(E))—F(F)
we now notice that by (2.5)

[fve = t(VT)'ve + O(t%) = fve)| < ax(t]|VT| + O(1)), (2.13)
while, thanks to (2.4) and the simple inequality
lvg —t(VT)*vg + O] < 1+ [t||VT|+ O#?) ,
we also have
itdivT + O(t?)| f(ve — t(VT)vg + O(t?) < ax(|t||VT| 4+ O(t?)) . (2.14)
By combining (2.12), (2.13), and (2.14), we find that

|F(E) — F(P(E))| < 20as (|t| /8*E VT |dH" " + O(t2)) :
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Since A N J*E is non-empty, it is easily seen that there exists T € C'°(A;R™) such that

7:/ T-vgdH" >0,
o*E

for instance on setting T = pvg(xy) for xy € ANOI*E and ¢ € C°(A) such that
182 < ¢ < 1,y (with r sufficiently small). Therefore, the function t — |®,(E)| =
|E| + ty + O(£?) is injective on some open interval (—tg,%y) where

g
Sl < lIE[=®(E)Il,

|F(E) — F(Pu(F))| < 4daslt| |VT|dH" .
O E

We conclude by choosing sy > 0 such that the interval (|E| — sq, |E| + so) is contained
in the image of (—to, %) through ¢ — |®;(E)|, proving the result with the constant C'

defined as .
=221 |\vr|lan!.
7 O*FE
O

Lemma 2.4. There exists a constant C(n) with the following property: If E is a set of
finite perimeter with E C Bg, then

|[EANE)| < C(n)|]A\=1|R P(E), (2.15)
whenever X € (1/2,2).
Proof. If uw € C}(R™) and X € [1/2, 2], then for every z € R"
1
lu(x) —u(x/N)| < 2|\ — 1|z / |Vu(z + (1 —1/X)z)|dt.
0

If spt(u) C Bg, then by Fubini theorem we have

u(z) — u(z/N)|de < |)\—1|R/0 dt | Vule+ (1= 1/3)2)| da

< PollR </ Ty ) L

< C’(n)|)\—1|R/ V.

n

Rn

We prove (2.15) by testing this inequality on u. = 1 * p. and letting e — 07. O

3. STABILITY PROPERTIES OF (g, R)-MINIMIZERS

3.1. Basic properties of (¢, R)-minimizers. This section is devoted to the study of
geometric properties of (g, R)-minimizers. Given ¢, R > 0, let us recall that a set of
finite perimeter £ C R™ is a (volume constrained) (e, R)-minimizer of the surface energy
F = Fk provided

|EAF|

FE) < F(F) +e | KB =g
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for every set of finite perimeter I C R™ with |F| = |E| and F' C Ig(F), where Ig(E)
is defined as the R-neighborhood of E with respect to f,, see (1.14). Note that (¢, R)-
minimality is formulated to be a scale invariant property with respect to . Indeed, if
E is an (e, R)-minimizer of Fp, then for every A > 0 the rescaled set A E' is an (£, A R)-
minimizer of Fg, or equivalently an (¢, R)-minimizer of Fyx. More in general, if L is
an affine transformation with det L > 0, Lemma 2.2 and the discussion above gives that
L(E) is a (e, R)-minimizer of Fp k). Of course, the Wulff shape K is an (e, R)-minimizer
of Fi for every € and R.

Theorem 3.1 (Basic regularity estimates for (e, R)-minimizers). If E is an (g, R)-
minimizer of F then H" Y(OE \ 0*E) = 0 and E is equivalent to its interior. Moreover,
OF is differentiable at every point of O*E, i.e.,

{|(93 — o) - ve(To)| |

|z — 0]

lim sup
r—0t

xEB(xo,r)ﬂaE,x%xo}zo, (3.1)
for every xoy € O*FE.

Proof. Step one. As stated in section 2.1, up to modifying £ on a set of measure zero, we
can assume that

OF =spt(D1g) ={z € R": 0 < |EN B(z,r)| < wyr™ for every r > 0}.

We now claim that there exist positive constants £k = k(n,f,E;R) < 1 and T =
7(n, f, E, R), such that if x € OF and r < T, then

H* Y B(x,r)NO*E) > k", (3.2)

wr™(1 — k) > |B(z,7) N E| > kw,r™ . (3.3)

Of course, it will suffice to show that these estimates hold for a.e. » < 7. Hence, thanks
to the coarea formula [4, Theorem 2.93] applied with the Lipschitz function x +— |z| and
the countably H" !-rectifiable set 9*F, we may restrict to consider values of r < T such
that
H" 1 (OB(x,r)NO*E) =0. (3.4)
Fix x1 # x9 € OF, and let ry = 19(F) > 0 be such that
2rg < R, B(x1,2r9) N B(xg,2r9) =0,

(recall that, by definition (2.4) of ay, we have By, g C Kg). Let s1,s9 > 0 and C4,Cs be
the constants given by Lemma 2.3 applied to E on the open sets B(z1,79) and B(x,70)
respectively, and notice that s < |B(zk,r0)| = w,rl. We set,

S = min{sy, s2}, C = max{C},Cs},
and require 7 to satisfy
w,T" < 3§,
so that, in particular, 7 < rg. Since the balls B(x,2ry) and B(xq,2rg) are disjoint, we
can decompose OF as M; U M,, where

M, ={x € OF : B(x,T) N B(ay,19) =0}, k=1,2,
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so that OF \ B(xg,2rg) C M. We are now in the position to prove (3.2) and (3.3). Let
x € M, and consider the function

u(r) =|ENB(z,r)| = /OTH"_I(EQ 0B(z,s))ds.

If we set G = E'\ B(x,r) for some r < T such that (3.4) holds true, then we have
0<|E]—|G]=u(r) <w,r" <5.

Since E N B(xa,19) = G N B(xg,79), we can apply Lemma 2.3 to find a set of finite
perimeter F' such that FAG CC B(xq, 1), |F| = |G|+ (|E| — |G]|) = |E|, and

F(F) < F(G)+ C||G| = |F|| = F(G) + C(|E| - |G|) = F(G) + Cu(r).
We can now test the (¢, R)-minimality of E against F to find

_ EAF —
FE) < F(G) + Oulr) + 2 [k EX _ 26y 4 Gugr) + 2 repin 400
B Bl
where we used that by construction |EAF| = 2u(r). Moreover, by (3.4), we have that
F(E)-F(G) = / flvg)dH™! —/ f(WB@n) dH"
B(z,r)No*E OB(z,r)NE!

> ayH" Y (B(z,r) N*E) — ax /(1) .
Hence we get
P(E;B(x,r)) < C(u'(r) + u(r))
for some constant C' = C(E, f). Since P(ENB(x,r)) = P(E; B(x,r)) +u/(r), due to the
Euclidean isoperimetric inequality, we also have

nwl/"u(r) D < P(E N Bz, 1) < CW/(r) + u(r)), (8:5)

for every r < 7 such that (3.4) holds. Since u(r) < w,7", up to further decrease T
(depending on n and on the constant C' appearing in (3.5)), we may assume that

1/n

Cu(r) = Cu(r)m=D/my(r)V/n < u(r)@=D/n

whenever r < 7, so that (3.5) implies
cu(r)" V" < (r),

for a.e. 7 < 7 and for some ¢ = ¢(n, f, E, R). Since u(r) > 0 for every r > 0 we deduce
that (u(r)/™) > c for a.e. r < 7. Hence u(r) > cr" for r < 7, that is the lower bound
in (3.3). The upper bound in (3.3) follows by an entirely similar argument, where we
consider G = F U B(xz,r) instead of G = F '\ B(z,r). This remark completes the proof
of (3.3). Now that (3.3) has been proved we can apply the relative isoperimetric inequality
in B(x,r) (see, for instance, [4, Remark 3.45]) to see that

H* Y B(z,r)N*E) > 7(n) min{|E N B(xz,r)|, |B(x,r) \ E|}" V" > r(n)er™ !,

and (3.2) is proved.
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Step two. We now conclude the proof of the theorem. First of all, (3.2) combined
with a standard covering argument (see, e.g., [3, Corollario 4.2.4]) implies that H" ' (OE\
O*E) = 0, hence that E is equivalent to its interior. To show the differentiability of OF
at the points of 0*E, let us recall that if xy € 0*F then (see, e.g., [4, Theorem 3.59])

E— Zo loc

Epyr = — {z € R":vp(xg) -x <0}

r

as v — 07 (recall that the above convergence of sets means that their characteristic
functions converge in L{ ). We now show that this L
density estimate (3.3) implies that convergence holds in the Hausdorff sence, which is

actually equivalent to (3.1). Indeed, for every o > 0 we have

-convergence combined with the

lim |E,,,N{z € B:z-vg(xg) > —a}’ = ‘{x €eB:0>ux-vg(rg) > —0}| <w,_10,

r—0t

so there exists 7, = r,(E, xo) > 0 such that
{x € EN B(xg,r): (x —x0) - vp(xg) > —or}| < 2w, 101", (3.6)
for every r < r,. Let us now chose L = L(n, f, E, R) > 0 such that
KL™ > 2w, 1, (3.7)

where k is the constant found in Step one. We claim that if & > 0 is small enough with
respect to L, then for every r < r, we have

{x € OE N B(xo,7/2) : (x — x0) - vp(xo) > Lo/} =) (3.8)

Indeed if (3.8) is not true, then there exists x; € OF such that, provided o is small
enough,

ENB(zy,Lo*™r) ¢ {x € ENB(zo,r): vy (x—x0) > —07r},
|E N B(zy, La¥/™r)| > kL'or",

where we have also taken (3.3) into account. Since the combination of these two facts
would lead to a contradiction with (3.6) and (3.7), we conclude that (3.8) holds true. By
an analogous argument one proves that, for the same values of L and o,

{z € OE N B(zy,7/2) : (x — 0) - vg(xo) < —Lot/mr} =0, (3.9)

whenever r < r,. On combining (3.8) and (3.9) we conclude that for every o > 0 there
exists r, > 0 such that

(2 = 20) - ve(wo)| < Lo*/"|z — o],

for every x € OE N B(xg,r,/2), so that (3.1) is proved. O



SHAPES OF LIQUID DROPS AND CRYSTALS AT SMALL MASSES 17

3.2. Stability properties of (¢, R)-minimizers at small . Given a set of finite
perimeter F, we define its Wulff deficit (with respect to F) as

_ F(E)

o n|K|l/n|E‘|(n—1)/n
By the Wulff inequality (1.8) we have d(FE) > 0, and the characterization of the equality
case gives that §(F) = 0 if and only if |[EA(z + K,.)| = 0 for some x € R™ and r > 0.

In [19] we have proved the following theorem, that gives a (sharp) strengthened form of
the Wulff inequality (1.8).

5(E) ~1. (3.10)

Theorem 3.2. If E is a set of finite perimeter in R™ with |E| = |K| then there exists
xo € R™ such that

|EA (2o +K)|)2 | (3.11)

o() = o (E20

or, equivalently,

F(E) > n|K|"/" B[ {1 +Cn) (W) } ,

where C(n) is a constant depending on the dimension n only.

The above result says that, if §(F) is small, then F is close in L'-norm to a translation
of K. As the next lemma shows, (&, + 1)-minimizers have small deficit for e sufficiently
small (the choice R =n + 1 comes from the fact that we need all the translations x + K
with £ N (z + K) # 0 to be admissible competitors).

Lemma 3.3. If E is an (e,n + 1)-minimizer of F with |E| = | K| then
§(E) < C(n)e”. (3.12)
Moreover, there exists xo € R™ such that
|EA(z0 + K)| < C(n)|Kle, (3.13)
where C(n) is a constant depending on the dimension n only.

Proof. Step one. If L is as in Lemma 2.2, then L(E) is an (e, n + 1)-minimizer of Fp, k),
with 0(E) = o) (L(E)), [E| = [L(E)|, [K| = |[L(K)| and | EA(z+ K)| = |L(E)A(L(x) +
L(K))| for every x € R™. Therefore we may assume without loss of generality that K
satisfies

B.C K C B,,,

for some r = r(n, |K|). In particular, as/aq < n (see (2.4)).

Step two. If EN (x4 K) # 0, then  + K C I,,.1(F). Indeed, given z € EN(x + K),
y € x + K, and taking into account that K = {f, < 1}, then we have

f*<y—z>§f*<y—a:>+f*<x—z>s1+%f*<z—x>s1+n.
1
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Therefore, if x € R™ is such that E N (x + K) # ), then by the (g, n + 1)-minimality of E
we find

FE)<Flz+ K)+e|EA(x+ K)| = F(K) +¢|EA(x + K)| .
Since F(K) = n|K| and |E| = | K], this implies
F(E) - |[EA(x + K)|

IE) = —
B =k TSR]
On choosing x = ¢ such that (3.11) holds, we deduce (3.13). Next, by inserting (3.13)
in the above estimate, we also find (3.12). O

We now prove an uniform stability estimate together with a connectedness results.
In order to apply this result in the case of minimizers to the variational problem (1.1)
we work with a slightly different notion of minimality rather than (¢, R)-minimality. The
theorem is then applied to (¢, R)-minimizers in Corollary 3.5 below.

Theorem 3.4. There exist constants C(n) and £(n) with the following property: If 0 <
e <e(n) and if E is a set of finite perimeter with |E| = |K|, such that

§(E) < C(n)e?, (3.14)
|EAK| < C(n)|Ke, (3.15)
F(E) < F(F) +¢|EAF], (3.16)

whenever |F| = |E|, F\ E C Ks, then E is indecomposable and for some ro < C(n)e'/",
Kiy CEC Ky,

Corollary 3.5 (Uniform proximity to the Wulff shape). There exist constants C(n) and
e(n) with the following property: If E is an (e,n+ 1)-minimizer of F with |E| = | K| and
e < e(n), then E is connected and there exists 1o € R™ and ro < C(n)e'/™ such that

To + Kl—ro CFECuxy+ K1+ro . (317)

Proof of Corollary 3.5. It follows immediately from Theorem 3.1, Lemma 3.3, Theo-
rem 3.4, and the fact that an open indecomposable set with H" 1(OF \ *FE) = 0 is
connected [5, Theorem 2]. O

Proof of Theorem 3.4. We can apply Lemma 2.2 and assume without loss of generality
that, for a constant p = p(n, |K|), we have p < a; < ap < np (see (2.4)). Since p™'E
satisfies the minimality condition (3.16) with F,-15 and p~'K in place of F and K, up
to scale both F and K by the factor 1/p, we may work under the additional assumptions
that

BCK C B, (3.18)
1§O&1§OZ2§’H, (319)

1
o= IV fill oo rigny < 1, (3.20)
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where (3.20) follows from (3.19) and (2.7). We notice that by (3.14) and by taking into
account that F(K) = n|K| < n|B,| < C(n) we have
F(E) < (14 C(n)e*)F(K) < C(n)|K| < C(n). (3.21)
By [18, 4.2.25], [5, Theorem 1], there are countably many disjoint sets of finite perimeter
{En} hen such that
E=|JE.. PE)=) PE),

heN heN
and each Fj, is indecomposable, in the sense that if /' C E), is a set of finite perimeter
with P(E)) = P(F) + P(E, \ F) then |F||E, \ F| = 0. In fact, the reduced boundaries
of the E),’s are pairwise disjoint mod-H""!, so that we also have

F(E) =Y F(Ey). (3.22)

heN

Without loss of generality we may assume that |E;| > |E}| for every h € N.

Step one: L'-estimates for E,. We claim that
IE\ Ey| < C(n)§(E)", (3.23)
|EZAK| < C(n)e. (3.24)
Since |E1AK| < |EAK|+ |E\ E1], (3.24) is an immediate consequence of (3.15), (3.23),
and (3.14). Hence we directly focus on the proof of (3.23). Without loss of generality we

may assume that Ej, # () for some h > 1. Then for every k > 1 we introduce the sets of
finite perimeter

k 00
Fk:UEh, Gy = U E,, .
h=1

h=k+1
By (3.22), by the Wulff inequality and by concavity of '/* on t > 0, we find that

F(E) = F(Fy) + F(Gr) = nl K[V (|[FY + 1GelV") = n| K|V BV
i.e., by the definition of §(F) (3.10),
F\™ F\M™
sz () (- -
Observe now that there exists a constant co(n) > 0 such that
Y (=) — 1 > ()t YiEel0,1/2].
Hence, if |Ey| > |F|/2 and we chose k = 1, then we find

E 1/n’
——

that is (3.23) as required. Let us now assume on the contrary that |E;| < |E|/2, then
there exists k > 2 such that
|E]

|Fr1| < 5 |Gr—1| >

2
2 )

|E] £
F.l > — —.
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Therefore, by the above argument we deduce that

| Ff_i| 1/n/ |G| 1/n’
§(E) > S(E) > co | 2K
| >—C°<|E| o EEelE)
o that |Frca| + |Gl | E| By 1
' —1] + |Gk k 1
Cn)s(E)” > 8 =1 - =M >1— > =
|E| |E| |E] ~ 2

Hence, if |Ey| < |E|/2, then 6(E) > d(n) > 0, and this can be excluded by (3.14) provided
e < g(n) for £(n) small enough.

Step two: Uniform outer estimate for E1. We now prove that, if £(n) is sufficiently small,
then there exists r € (1,14 C(n)e'/™) such that
EyCK,.

We consider the decreasing function u : [0, +00) — [0, +00) defined as

u(r) = /E\K Vi(@)|de, > 0.

By the coarea formula u is absolutely continuous, with
“+oo
u(r) = / H" 1 ((0K,) N E,)ds, for every r > 0,

u'(r) = —H" Y ((0K,) N E), for a.e. 7 >0,

and moreover (using (3.20))

1

E|E1\KT| <u(r) <|E1\ K. (3.25)
We define

ry =sup{r > 1:u(r) >0},
and prove that
r—1<Cn)e/. (3.26)

For every r € (1, min{ry,2}) we have |(E; N K,) U (E \ Ey)| < |E|, therefore we can find
s = s(r) > 1 such that |F| = |E|, where we have defined

F=s(E:NK,)U(E\E).
Set
o(r)=|s(ExNK,)N(E\ Ey)|, r>1.
Observe that, by (3.25) and by (3.24),
u(r) < [Ex \ K[ < C(n)e, (3.27)

while, (3.23) and (3.14) give

v(r) < |E\ Ey| < C(n)e®™ < C(n)e. (3.28)
By the definition of F' we have that

B[ =|F| = |E\Ei|+[s(EiNK;)| = [s(EB1NK,) N (E\ Ey)
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= |[E\ Er| +s"([Er| = [Ex \ Kof) = w(r),
which by (3.25) gives
[Exl +o(r) = s"(|Ex] = nu(r)).
Taking (3.23) and (3.27) into account, we find that
1<s<1+Cn)(ulr)+or)). (3.29)

Hence by a suitable choice of e(n) and by taking (3.18) into account, we can bound s
through (3.29) so to entail F'\ £ C K3. Observing that |EAF| = 2|F'\ F|, the minimality
condition (3.16) implies

F(E) < F(F)+2|s(K.NEy)\ Ey]. (3.30)
On the one hand, we remark that
F(E) = F(B)+F(E\ E)
F(F) < F(E\E)+s""F(K.NE)—F(s(E1NK,) N (E\ Ey)),
so that (3.30) gives
FE)+F((BLNK)N(E\ E)) <s"'F(K.NE)+2ls(K,.NE)\ Ey|. (3.31)
On the other hand, as r € (1, min{ry,2}) we have K, C By,, and by Lemma 2.4 we find
|s (K, NE)\ By <|s(K,NE)\(K,NE)| <C(n)(s—1)F(K,NE)). (3.32)

We now combine (3.31) and (3.32): taking also (3.29) into account and applying the Wulff
inequality to s(Ey N K,) N (E\ Ey),

F(B) + n|K|V o(r)" < (1 +C(n)[u(r) + v(r)})f(m NE).  (3.33)
We notice that for a.e. 7 > 0

FB) = /(m)\m o) dH™ + / Fp)dH™  (3.34)

(8E1 )ﬁKT-

f(KT N El) = /(8E - f(l/E) dHn_l + / f(VKT-) dHn_l

(OKr)NEy
s/ Flvg) A 4 n ()] (3.35)
(OE1)NK,

(as ag < m). Moreover, as r € (1, min{ry,2}), by (3.21)
F(ELNK,) <F(E)+FK,)<C(n).
We combine this last estimate with (3.33), (3.34), and (3.35) to obtain

/(8E i Fwg) dH"™ + c(n)o(r)™ < n|u'(r)] + C(n)(u(r) +v(r)). (3.36)

By applying Wulff’s inequality on E; \ K, thanks to (3.18) and (3.19) we find
c(n)u(r)!" < n|K|VMEN KV < F(BK,)

= / f(l/E) dHn_l + / f(_VKT-) dHn_l
(OE)\Kr

(0K )\E1
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< [ e o),
(OE)\Kr
that combined with (3.36) leads to
u() + o) < W)+ (u(r) + o) (3.37)

for every r € (1, min{ry,2}). By (3.27) and (3.28) we can chose ¢(n) small enough to
ensure that
v(r)" > Clnyo(r),  u(r)" > 20(n)u(r),
where C'(n) is the constant appearing on the right hand side of (3.37). As a consequence,
()" < On) Ju'(r)]
for every r € (1, min{ry,2}). Thus,
min{r1,2} _u/(,,,.)

min{r;,2} —1 < C’(n)/1 () dr = C(n) (u(l)l/" — u(min{ry, 2})1/n)

< C(n)u()Y™ < C(n)e¥/™,

where in the last step we have applied (3.15). Hence, if £(n) is chosen sufficiently small,
this last estimate implies 7; < 14 C(n)e/", that is (3.26), as required.

Step three: Inner estimate. We now set
ro =sup{r € [0,1] : | K, \ E| =0},
and show that
1—ro < C(n)e/m. (3.38)
To this end we notice that for every r € (19, 1) we have |(E; UK, )U(E\ E1)| > |E|. Thus
s = s(r) € (0,1) can be defined with the property that, if we set
F:S(ElLJKT)U(E\El),

then |F| = |E|. Since we have proved in Step two that E; C Ks, we clearly have
F\ E C Kj3. Hence we can exploit the minimality condition (3.16) to compare E and F,
and deduce by the very same argument used in Step two that

u(r>1/n’ < C(n)u/(r), for a.e. r € (rp,1).

Of course, now u : [0, +00) — [0, +00), is the absolutely continuous, increasing function
defined as

ur)= [ VA= [ @K)\E)ds. v >o0.
K\E 0
We leave the details to the interested reader.

Step four: E is indecomposable. We are going to prove that £ = F;. Indeed let us now
set F' = s ) where s"|E)| = |E|. Recalling that E; C Ks, since |E\ Ey| < C(n)§(E)" <
C(n)e* and

1<s<1+C(n)E\E], (3.39)



SHAPES OF LIQUID DROPS AND CRYSTALS AT SMALL MASSES 23

if e(n) is small enough then we clearly have F'\ £ C Kj. By the minimality condi-
tion (3.16),

F(E)+F(E\ Ey) =F(E) <" '"F(Ey) +¢|(s EB1)AE],
so that by (3.39)
F(E\E) = (s""=1)F(E1) +¢|(s E1)AE]
< C(n)|E\ E1|F(E1) +¢|(s E1)AE| .
As F(E)) < F(E) < C(n) (see (3.21)), by applying the Wulff inequality to £\ E; and
taking into account that
(s E)AE] < [(s By )AEL] + |[E\ Eqf,
we have
n|K[VME\ E\[V™ < C(n)|E\ Ei| +¢|(s E1)AE]| .
By Lemma 2.4 and since £} C Ky C By,
(s EV)AE | < C(n)(s —1)P(E) < C(n)(s —1) < C(n)|E'\ Eq.
Hence,
B\ BV < C(n)| B\ Byl
By (3.23) this is impossible for €(n) small enough, unless |E \ E;| = 0. O

3.3. Geometric properties of planar (¢, R)-minimizers at small . In this section
we restrict our analysis to the planar case n = 2. This allows us to take advantage of
the fact that the surface energy F does not increase under convexification to show some
strong stability results of (e, R)-minimizers. Indeed, we will prove that (e, R)-minimizers
are always convex for ¢ small enough (Theorem 3.6). Moreover, if the surface tension is
crystalline, then (e, R)-minimizers enjoy exactly the same crystalline structure of K (see
Theorem 3.7 below).

Theorem 3.6 (Convexity of planar (£, 3)-minimizers at small €). Let n = 2. There exists
a positive constant g > 0 such that, if E is an (e, 3)-minimizer of F with |E| = |K| and
e < eg, then E is conver.

Proof. As in the proof of Theorem 3.4, we can assume without loss of generality that
By C K C B;. By that theorem, provided ¢; is small enough and up to a translation,
we also know that K, ,, C E C K, where 1y < C'e'2. Let now F = co(E) denote
the convex hull of E, and assume by contradiction that § = |F'\ E|/|E| > 0. Since, by
construction, Ky_,, C F' C Ky4,,, we find that

5 _ |F \ E| < |K1+7”O \Kl—ro|

K~ K]

Therefore, if we rescale F' and define

F'=(1+0)"YF,

=2rg < Cel/2. (3.40)
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then |F’| = |E| and, provided & is small enough, F’' C I3(E). Since F” is obtained by a
contraction of the convex set F' with respect to 0 € F', we have I’ C F. Hence,

)
IENF| < |FAF| = |F| = |F| = g |F| = | E],

F'\E| < |F\E|=0lE|.

Moreover, as E C R?, the convexity of f ensures that F(F) < F(FE) [32, Corollary 2.8].
In conclusion, the (g, 3)-minimality of £ implies that

, . F(E
F(E) < ]—"(F)+e|EAF|§ﬁ+255|E|

< <1 - g + 0(5)) F(E)+26|E]|.
By the Wulff inequality (1.8), F(E) > 2|E|, hence

g+0(5)§55,

which combined with (3.40) leads to a contradiction for 5 small enough. O

Theorem 3.7 (Crystalline structure of (e, 3)-minimizers at small ). Let n = 2 and let
f be a crystalline surface tension, so that the Wulff shape K is a convex polygon with

N
i=1"

outer unit normals {v;} There ezists a positive constant €y such that, if E is an

(,3)-minimizer with € < e, then E is a convex polygon with
ve(z) € {v )Y, for H'-a.e. x € OF.

Proof. Every affine transformation L maps a convex polygon K into a convex polygon
L(K), and an (e, 3)-minimizer £ of Fg into an (e, 3)-minimizer L(E) of Frx). Hence,
thanks to Lemma 2.2 and up to a dilation, we can assume without loss of generality that

B C K CBs.

In particular, provided g( is sufficiently small and up to a translation, we can apply
Corollary 3.5 to entail

E C BQ(1+7-0) C B,. (341)

We now order the normal directions {r;}Y, in the clockwise direction (see Figure 3), and
write, with abuse of notation, v; < 1y < ... < vy < vy = vy41. For every j € {1,..., N},
we see from (1.11) that there exists x; € R™ \ {0} such that

fw)=z;-v, ifv;<v<wv. (3.42)

If g¢ is small enough, then by Theorem 3.6 F is a convex open set. In particular, there
exists a continuous injective function ~ : [0,1) — R? with v(17) = v(0) and ~([0,1)) =
OF, such that ~ is of class C' over J = (0, 1)\ I, where I consists of at most countably many
points. Correspondingly, the classical outer unit normal vg is defined as a continuous
vector field over v(J) C J0F. We now claim that if ty € J, xg = v(to), then vg(xg) €
{v;}¥,. We can argue by contradiction, assuming on the contrary (and without loss of



SHAPES OF LIQUID DROPS AND CRYSTALS AT SMALL MASSES 25
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FIGURE 3. The definition of the triangle T, that uses v; and 15 as outer unit
normals. Notice that, provided o is small enough, v(((,t})) =T NOE.

generality) that 11 < v(xg) < 5. By the continuity of vg at y(to) for every o > 0 there
exists t;, ty € (0,1) such that |t; — tj| < o and

ty < to <tg, v < vp(xy) < ve(xg) < ve(zy) < v, (3.43)

where we have set x, = v(t;) and zj = ~(¢;;). Correspondingly we define the closed

triangle 7" with vertices at xj, xj and xj, where z{ is uniquely identified by the identity

(aff —at) -1 = (aff — a8) -
see Figure 3. Notice that, as 0 — 0, the triangle T" shrinks to {zo}. We now claim that
FEUT)=F(E). (3.44)

Indeed, we first remark that
FEUT)—-F(F)= vp(x)) dH (z) — ve(z)) dH (x).
(EUT) - F(E) /mf(()) (2) /TﬂaEf(()) (x)

Since v (z) € {vi, 15} for o € 0T\ E and v, < vp(x) < 1 for v € TNOE, by (3.42) and
by the divergence theorem we find that

F(EUT)—-F(E) = /E)T\E vr(z) - 2y dH (z) — / vp(r) -z dH (2)

TNoE

= / VT\E(SL’) * X dHl(SL’)
o(T\E)

= / div(xy)dxr =0,
T\E

as desired. We are now in the position to conclude the proof of the theorem. Indeed, if
we let 0 = |T'\ E|/|E|, then § >0, — 0 as 0 — 0, and the set

F=(1+68"Y2(FuT),

satisfies |E| = |F|. If o is small enough then F' C I3(E) and, by (3.41), EUT C Bs.

Thus by Lemma 2.4 we find
|EAF| |IFA(EUT)|+ (FEUT)AE| < CSP(EUT)+ T\ E|

<
< CSF(EUT)+6|E| = C§ F(E) +6|E|, (3.45)
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where we applied P(EUT) < F(EUT) (as B C K) and (3.44). By the (g, 3)-minimality
of E and by (3.45)

F(EUT)
f(E) < W

By the Wulff inequality F(F) > 2|E| we conclude that
(1 =22C)6+0(5) < ed.

If g9 is small enough, we obtain a contradiction letting o (and so §) converge to 0. ([l

+e|EAF| < (1 - g +eCd+ 0(5)) F(E)+ed|E].

3.4. Ch-regularity of (¢, R)-minimizers in the uniform elliptic case. In the pre-
vious section we have shown that (e, + 1)-minimizers are L>-close to K. Assume now
that f is A-elliptic in the sense of (1.9), so that, in particular, 9K is of class C?. Then
it is not difficult to show that (e, R)-minimizers of F are “almost minimizers” of an ellip-
tic integrand (see Lemma C.2). Hence, we can combine the L*-closeness of OF to 0K,
together with standard regularity theory for almost minimal currents, to show uniform
CYHebounds on E. More precisely, introduce the orthogonal projections p : R* — R*~1
and q : R" — R so that z = (pz, qx), and set

C(r,s) ={x e R": |pz| <7,|qz| < s}, C(r)=C(r,0), D(r)=C(r0).
We have the following result:

Theorem 3.8 (Uniform Cl“-regularity of (¢,n + 1)-minimizers at small €). Assume
that f is A-elliptic. Then for every & € (0,1) there exist positive constants ny = no(f),
e=c¢e(n, f,a), ro=ro(n, f,a), L=L(n, f,a), and N = N(n, f,a) € N with the following
property:

If E is an (g,n + 1)-minimizer of F with |E| = |K|, then there exist u; : R"™' — R
and Q; - R" = R" (i=1,...,N) such that:

(i) each Q; is an isometry of R";

(i) [[uillcrameey < L;

(iii) of we set graph(u;) = {(z,u;(2)) : 2 € R*7'}, then

0F = |_J Qi(graph(u;) N C(ro,m)) = | Qi (graph(u:) N C(ro/2,m0)) -

i=1 i=1

In particular, OF is a CY“-manifold.

Remark 3.9. Condition (iii) says that OF can be covered by the @);-images of the graphs
of the functions u;’s not only inside the cylinder C(rg,no), but also inside the smaller
cylinder C(r¢/2,1m). This fact is going to play a role in section 4.3, where we shall
apply Theorem 3.8 to the minimizers in (1.1) in the small mass regime. Indeed, when
FE is a minimizer then each function u; given by Theorem 3.8 satisfies an elliptic partial
differential equation (determined by f and @);) inside the disk D(rg). Under the natural
smoothness assumptions on f and ¢, the bootstrap argument described in Appendix A.2
will then allow us to bound the C*%norm of each u; inside D(r(/2), leading thus to
establish uniform C*%-estimates for OF.
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The proof of the above result is well-known to specialists, but we have been unable to
find a precise reference. Since we hope to make this paper accessible to a large audience,
we have decide to provide a complete proof of Theorem 3.8 in Appendix C.

4. STABILITY PROPERTIES OF MINIMIZERS AT SMALL MASS

We now turn to the study of minimizers in (1.1), with particular emphasis on the
small mass regime. Let us recall that we shall always assume as a minimal requirement
for the potential g : R™ — [0, +00) to be a locally bounded Borel function such that

g(r) — +o0  as |z| — +o0,

1[}Rgnfg =¢(0)=0.
We shall frequently refer to the Borel functions ¥,, @, : (0, +00) — [0, +00) defined as

U, (R)=supy, o,(R) = inf g, R>0.

Kr Rn\KR
Note that W, and ®, take finite values by the local boundedness of g, and, by (4.1),

lim VU, (R)= lim & (R)=4o0.

R—+o00 R—+o00

Moreover, if ¢ is continuous in a neighborhood of z = 0, then by (4.2) we find

lim W,(R) = lim ®,(R)=0.

R—0T* R—0t
We begin our analysis with a trivial existence result.

Lemma 4.1 (Existence of minimizers). For every m > 0 there exists a minimizer for the
variational problem (1.1).

Proof. Let us consider a minimizing sequence {E}p, }nen for (1.1), so that in particular

C =sup F(E,) + G(Ep) < +00. (4.3)
heN

By standard lower semicontinuity and compactness theorems for sets of finite perimeter,
the existence of a minimizer is proved by showing that for every € > 0 there exists R > 0
such that

sup|Eh\KR\ <eg.
heN

This follows easily from the bound

B0\ K| ®y(R) < / g() dr < G(Ey) < C,

|[En\KR|

together with the fact that ®,(R) — 400 as R — +o0. O
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4.1. Equilibrium shapes as (¢, R)-minimizers. The application of the results of sec-
tion 3 to the minimizers of the variational problem (1.1) requires, roughly speaking, to
prove that for every mg > 0 there exists t(mgy) > 0 such that every minimizer £ with
|E| = m < my satisfies the confinement E C {g < #(myg)}. The proof of this property
will be different depending on the size of mg. If mgy is small then we have to exploit
the domination of the surface energy F over the potential energy G in combination with
Theorem 3.4. On the other hand, when the mass my increases the potential energy plays
a stronger role and it is the coerciveness of g that prevents minimizers to spread any
mass far away from the origin (recall the normalization (4.2)). The small mass regime is
addressed in Theorem 4.2 and Corollary 4.3, thus leading to the proof of Theorem 1.1.
The complementary case is discussed separately in Section 4.2, Theorem 4.5.

Theorem 4.2. There exist positive constants mg = mo(n, f,g) > 0 and C = C(n, f, g)
with the following property: If E is a minimizer in (1.1) with mass |E| = m < my, then
E is connected and there exists xqg € R™ and ro > 0 with

2

To S C(n7 f7 g>m1/n )

such that
2o + Ksim)(1—ro) C £ C o + Kyim)(14r0) »

Moreover, either f.(zo) < ns(m) or
Oy (fi(wo) = ns(m)) < 2Wy(s(m)). (4.4)

Proof. We set for brevity s = s(m), so that |K | = m. In the first two steps below, we
assume that B, C K C B, for some r = r(n,|K|) > 0. Then in Step three we will show
how to remove such assumption.

where we have set

Step one: Bound on xq. If E is a minimizer for (1.1) at mass m, then, taking also the
Wulff inequality into account, we find

F(E)+G(E) < F(K,) +G(K,) < F(E)+G(K,).
In particular,
F(E) < F(K)+G(Ky), G(F) <G(K).

From the first inequality, recalling the definition of the Wulff deficit §(FE) given in (3.10),
we get

G(K,) Jx. 9 W,(s) s
§(E) < = - <L 4.
(E) < Zk) = niRpmmi = (45)
Hence, thanks to (3.11), there exists a point xy € R™ such that
EA K,
EA@o+ Kl — oy [0, (s) 5. (4.6)

m
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Let us show that either f.(z9) < ns or (4.4) holds true. Since VU, is locally bounded and
s — 0asm — 0, by (4.5) there exists mg = mg(n, f,g) > 0 such that, if m < mg, then

EN\ (xg + K, 1 . m
Moreover, if f.(zo) > ns then (zo + K) N Kf. (g)—ns = 0 (recall that K = {f, < 1} and
that —K C nK). Thus, when f.(z9) > ns, we have g > ®,(f.(xo) —ns) on EN(xo+ Ky),
and so

2, (fu(w) — ) < GEN (@ + K,)) < G(E) < GK) < Ty(s)m,

that is (4.4), as required. Since we are assuming that B, C K C B,,, f. is comparable
to the euclidean norm, and so this argument implies the existence of a constant Ry =
Ro(n, f,g) such that |zo| < Rp.
Step two: Connectedness and uniform proximity to xo + K,. Let us set
E' =s51(E—ux),
so that |E'| = |K|. By (4.5) and (4.6), and using that ¥,(s) < U, ((mg/|K|)'/") we get
O(E)=06(E)<C(n, f,g)s, |EFAK|<C(n, f,g)Vs.
We observe that if F' is such that |F| = |E’| and F'\ E' C K3, then |zq+ s F/| = |E| with
(o +sF)\ E C xo+ Ks3s. Hence zy + K35 C Kg, for some Ry = Ry(n, f,g), so that

f(E) SF(ZL’Q—FSF)—F/ gSf(l’o+SF)+\I’9(R1)|(ZL'Q+SF)AE|,
(zo+s F)\E
ie., since F(rg+sF)=s""'F(F), F(E') = s' " F(F), and |(zo + s F)AE| = s"|FAF'|,
F(E") <F(F)+ Y,(Ry)s|FAE'| = F(F)+ C(n, f,g9)s|FAE'|.

Therefore, provided m (and so s) is small enough, by Theorem 3.4 we conclude that £’
is connected, with

Ki ., CE CKiyp,
for some ro > 0 with 7y < C(n, f, g)s"/™. Thus E is connected and
o + Ks(l—ro) CEC To + Ks(l-l—ro) )

as required.

Step three: Renormalization argument. In the two steps above we were assuming that
B, C K C B, for some r = r(n,|K|) > 0. Let us now consider the general case. By
Lemma 2.2, L(E) is a minimizer for Fp k) + G at mass m = |L(E)| = |E|. Hence, if
mo = mo(n, f,g) > 0 is as in Steps one and two above, then L(E) is connected and there
exists x; € R™ such that

Ty + L(K)s(l—r) C L(E) Cz+ L(K)8(1+T) ,
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where r < C(n, f,9)s'/", s = (|L(E)|/|L(K)|)"/" = (|E|/|K|)Y/", and frx).(z1) satisfies
the bounds in the statement. Hence, E is also connected and
To + Kama_py CE Cxo+ Kamayy zo =L 'a,.
Since fx «(20) = fr(r)«(1), this concludes the proof. O

We now apply Theorem 4.2 to prove a confinement result in the small mass regime.
From the confinement property we shall deduce in Corollary 4.4 that minimizers in (1.1)
are (&, R)-minimizers, with £ small in terms of the mass, eventually proving Theorem 1.1.

Theorem 4.3. Let mg = mo(n, f,g) as in Theorem 4.2. There exists a locally bounded
increasing function t : (0,+00) — (0, +00), that is defined in terms of n, f, and g, with
the property that if E is a minimizer in (1.1) with |E| = m < my, then

Ec{g<tim)}.

Moreover, if g is continuous and w, : [0,4+00) — [0, +00) denotes a modulus of continuity
for g over the compact set {g < t(mg)}, then

Hm) < w, (Cm'"™) |
where C' = C(n, f,qg). In particular, t(m) — 0 as m — 0%,

Proof. We let @, : (0, 4+00) — (0, 4+00) be a locally bounded increasing function such that
P, (Py(r)) > r for every r > 0. By Theorem 4.2, the minimizer E has to satisfy

ECaxy+ K(1+C’(n,f,g)m1/"2)s(m) , (4.7)
where x4 is such that
fi(zo) < ns(m) + y(2¥y(s(m))) .
Since K, = {f. <r} and K, + K, = K,,,, we conclude that £ C K, for
r(m) = ns(m) + &, (20, (s(m))) + (1 + C(n, f, g)ym"/™)s(m).

This shows that the minimizers in (1.1) of mass m are uniformly bounded in R", and thus
allows defining ¢(m) as the infimum of those ¢ > 0 such that every minimizer in (1.1) with
mass m is contained in {g < t}.

Finally, let us assume that g is continuous. As in the Step one of the proof of Theo-
rem 4.2 we have G(E) < G(K,(y), so that since g(0) = 0 we get

G(E) < G(Kym)) < wy(diam(Kym)) m < w, (C(f)m"™) m.

Moreover, since E C {g < t(mo)} and diam(F) < (1 + C(n, f, g)ml/”2> s(m) by (4.7),
we obtain

supg < w,fdiam(E)) + T

E|
< w((1 + O foam Vi) sm)) +w, (C(HmY)
< wy (C(n, f,g)m'™) |

as desired. 0
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Corollary 4.4. Let mg = mgo(n, f,g) be as in Theorem 4.2. For every R > 0 there exists
a constant C' = C(n, f,g, R) such that, if E is a minimizer in (1.1) with |E| = m < my,
then E is a (g, R)-minimizer for F, with

e=C(n, f,g,R)ym"".
In particular
F(E) < F(Kym)(1+C(n, f,g, Rym*") (4.8)
where s(m) = (m/|K|)/.

Proof. By Theorem 4.3, E C {g < t(m)}, where t : (0,00) — (0,00) is an increasing
function that depends on n, f, and g only. If now F' C Ix(F) and |F| = m, then
F C Ig({g < t(mp)}). Since g is locally bounded and Ir({g < t(myg)}) is a bounded set,
we find that

M(n, f,g,R)= sup g<o0.
In({g<t(mo)})

Since E(F) < E(F) and 2|F \ E| = |[EAF| we thus deduce that
FE) < FE)+ [ g<FF)+MIF\E
F\E

= F(F)+ o

1/n|K|

Hence F is a (g, R)-minimizer with ¢ = C(n, f, g, R) m*/™ and
_ M(n> fa g, R)
C(”,f,g,R)- 2|K|1/n :
Then (4.8) is an immediate consequence of (3.12). O

Proof of Theorem 1.1. Let mg = my(n, f,g) be the constant of Theorem 4.2. If E is a
minimizer in (1.1) with |E|] = m and m < my, then the first part of the theorem follows
immediately by Theorem 4.2. Let us now assume that n = 2 and let ¢y be a constant
such that Theorem 3.6 and Theorem 3.7 hold true. If C(n, f,g,3) is the constant of
Corollary 4.4 relative to R = 3 and if m < ¢9C(n, f,9,3)"", then E is convex (by
Theorem 3.6) and, provided f is crystalline, F is a convex polygon with sides parallel
to that of K (by Theorem 3.7). The proof of Theorem 1.1 is then completed by setting
m. = min{mg, g9 C~"}. O

4.2. A general confinement result. Here, we consider the situation for optimal shapes
above the critical mass my of Theorem 4.2. It is convenient to introduce a notation for
the infimum in (1.1)

e(m) = inf{ F(E) + |E| =m}, m >0,
and for the smallest radius R such that K contains every minimizer of mass m
R(m) =inf{R >0 : E C K for every E € argmine(m)} € (0, +0c].

Under a very mild growth condition on g expressed in (4.9) below, we can prove that
R(m) is locally bounded as a function of m. We notice that (4.9) is trivially satisfied if g
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has locally bounded gradient (for example, if g € C1(R")). We also recall that g satisfies
(4.1) and (4.2).

Theorem 4.5 (A uniform bound with the sub-level sets of g). Assume that g is continuous
and that for every R > 0 there exist two constants cyg = ag(R) > 0 and A\g = A\o(R) > 0,
such that

g(1+Nz) < (1+agA)glx)+ag A, (4.9)
whenever |x| < 2R and 0 < X\ < A\g(R). Then for every m > 0 there exists t(m) > 0
(depending also onn, f, and g), such that

Ec{g<t(m)},
for every minimizer E in (1.1) with |E| =m < m.
Proof. Step one. Let E be a minimizer in (1.1) with |E| = m and let Rg be defined as
Rp=inf{R>0:F C Kg} € (0,400].

We now prove that, if og = ogg(n, f) > 0 is a suitably small constant which will be fixed
later, and Ry > 0 has the property that

|E\KRO| Saom, (410)
then, either R < 2Ry, or
®y(Rp) < C(n, f, g, Ro) (1 + egj)) : (4.11)
To this end, we may directly assume that Rp € (2 Ry, +00], so that
E\ K
50:7| \ K| >0.
m
Hence, for every 6 € (0,d), we can find Rs € (2 Ry, Rg) such that
|[ENKg,|=(1—-9)m. (4.12)
Let us consider the Lipschitz decreasing function ¢ : [0,4+00) — [0, 1] defined by
o(R)=1, for R € (0, Ry), (4.13)
©(R)=0, for R € (2 Ry, +00), (4.14)
1
QO/(R) = _ﬁ , for R € (R(], QR()) , (415)
0

and correspondingly define a family of Lipschitz maps T : R" — R" (0 < A < 1), by
setting

Th(z) = (1 + Xp(fu(x)))z, x €R".
Notice that T\(x) = (1 + Ap(R))x for every © € 0Kp = {f. = R}, so that T\(0Kr) =
{fi = R(1+Xp(R))} = OKrasrpm)- A€ (0,1/2) then R — R(1+4 Ap(R)) is strictly
increasing. Hence, for every A € (0,1/2), we have that T) is injective on R™. Also, taking
into account that

T(z) = (1+ Nz, if v € Kp,, (4.16)
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T\(z) =z, if v € R"\ Kag,, (4.17)

by the area formula, we find

|TA(EHR5)|:/ JTy(x)de = (1+\"|ENKg|+|EN(Kp, \ Kor,)|(4.18)

ENRg
+/ JT)\(ZL')d:L" .
EO(KQRO \KR())

We now observe that, by (4.16), (4.17), (4.10), and (4.12),
(L+A)"[ENKg,| + [EN (Kg, \ Kap,)|
> (L+nA)(m—[E\ Kgl) +[EN (Kg, \ Kar, )|
= (L4+nA)m —nAlE\ Kg| + (1E 0 (Kg; \ Kag, )| = [E\ Kg|)
> (L4+n(l—00)A)m — (|E\ Kg,| + |[EN (K2r, \ Kg,)|)
= (14+n(l—0)A—06)m—|EN (K, \ Kgry)|,
that, combined with (4.18), leads to
IT\(ENRs)| > (1+n(l—09)A—39)m +/ (JTy(x) —1)dzx. (4.19)
EN(Kany\Kry)
Now, for every x € R", we have
VIi(z) = (14 Ao(fu(2)))dan + A (fu(z))z @ V ().
Moreover, (2.6) and (2.7) imply

X [6%)
2w 2,
Hence, using (4.13), (4.14), and (4.15) we get
VI @) - 1 £ A { el - 2 (LI < COPA (@20)

and so, in particular,
JTy — 1> —=C(n, f)A,
for all A € (0,1/2). Hence, by (4.19) and (4.10) we find
IT\(ENRs)] > (1+n(l—0)A—3)m—C(n, INEN (Kag, \ Kr,)|
> (L4 [n— (n+Cln, f)oo]r = d)m = (1450 =5 ) m,

provided we set oy = og(n, f) = n/(2n + 2C(n, f)), with C(n, f) as above. So,

46
>\>; = \T,\(EHKR(S)|>m,

while on the other hand
Ali)lrg?+ T\(ENKg,)|=(1—0)m.
By continuity, there exist A € (0,40/n) such that if we set
F=T\(ENKg,)
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then |F'| = m. We now estimate the free energy of F. By (4.16) and Rs; > 2R, we have

F(F;Kg,) = (1+\"'F(E; Kg,) , (4.21)
while by (4.17) and again by Rs > 2Ry, we also have
F(F R\ Kop,) = F(EN Ky R"\ Kap,) < F(E;R™ \ Kag,) . (4.22)
Moreover, by (4.20) and since Rs; > 2R,,
F(F; Kapy \ Kgy) < (14 C(n, /)N F(E; Kap, \ Kr,) - (4.23)
Correspondingly, on adding up (4.21), (4.22), and (4.23) we conclude that
F(F)<(1+C(n, f)N F(E), (4.24)

for all A € (0,1/2). Concerning the potential energy of F', we first notice that

/Fg = /EHR(s (goTx)JTy. (4.25)

Since A < 4d/n, by choosing § > 0 sufficiently small we can ensure that A < Ao(Rp).
Hence by (4.16) and by (4.9) we find

/EK (goTy) JTy = (1+/\)"/EK (1 + N)z) do

< (1+CM)N) / [(1+ ap\)g(z) + aoA] dz

EHKRO
< (1+C(n.g, Ro)\ / glx) da (4.26)
EOKRO

+C(n7gv RO))\ ‘E N KRO‘ )
where ag = ap(Rp). By (4.17) and by (4.12) we find that

/ (goT\)JT\ = / 9—/ g
Eﬂ(KR(S\KgRO) E\K2R0 E\KR(;
< / g(x)dr — 6Dy (Rs) m. (4.27)
E\K2p,

Eventually, by (4.20) and by (4.9), taking also into account that 0 < ¢ < 1, we conclude
that

/ (goT)JTs < (14 Cn, F)N) / (1 + ap)\)g(x) + ap)] dz
EN(K2ry\KR,) EN(K2ry \KRy)
< (1+COu g o) [ gl)dr  (4.28)
EO(K2R0\KR0)

+C(n> fa 9, RO))‘|E N (KQRO \ KRO)| .
From (4.25), on adding up (4.26), (4.27), and (4.28), we find
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Since E is a minimizer in (1.1), by (4.24) and by (4.29) we get
e(m) < F(F)+G(F) <e(m) —md Py(Rs) + C(n, f, g9, Ro)A (e(m) +m),

and noticing that A < 4/n we finally obtain

®y(Rs) < C(n, f, 9. Ro) (1 + e(—?) : (4.30)

By (4.30) we deduce that Rs is bounded as 6 — 0%, and since Rs — Rp as 6 — 0%
we conclude that Ry < +oo. Moreover, since g is continuous, the function ®, is also
continuous, which proves (4.11).

Step two. We conclude the proof of the theorem. By Theorem 4.3 we can directly
assume that m > myg, and limit ourselves to consider minimizers E such that
mo<m=|E|<m. (4.31)
If we set s = s(m) = (m/|K|)"/™ as in Theorem 4.2, then for every such E we find that
e(m) = F(E) + G(E) < F(K,) + G(K,) < n|K[V"m!™ + Wy(s)m. (4.32)

In particular, for every R > 0, we have that

G(E) - n|K|Vrm 4 W, (s)m

PR S e m T em

so that we can define an increasing function Ry = Ry(m,n, f, g) (depending on n, f, and
g, but independent from E), such that
|E\ KRyl < dom, (4.33)

where §y = do(n, f) was introduced in (4.10) above. By step one (see, in particular, (4.11)),
defining ®, as in the proof of Theorem 4.3, we obtain

R(m) < min {2 Ro(m,n, f.g),®, (o(n, f,9. Ro(m,n. f,q)) (“(;’;) + 1)) } . (4.34)

Moreover, (4.31) and (4.32) give

e(m) - n|K|Vrm W, (s)m  n|K|V"

" . < % B(s(m).

which combined with (4.34) implies
FCK R(m) »

with R(m) < C(n, f, g, mg,m) as wanted. O
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4.3. Smoothness and convexity in the uniformly elliptic case. In this section
we consider minimizers for uniformly elliptic surface tensions and address their smooth-
ness and convexity in the small regime, eventually proving Theorem 1.3. On combining
Lemma 4.4 with the results from Section 3.4 we now come to the following theorem.

Theorem 4.6 (C?“regularity of minimizers). If a € (0,1), f is X-elliptic, f € C**(R™\
{0}), g € C2Y(R™), then there exist positive constants mg = mo(n, f,g), 1m0 = 10(f),
ro=ro(n, f), N=N(n,f) €N and C = C(n, f,g,a) with the following property:

If E is a minimizer in (1.1) with |E| = m < mq, then there exist Q; : R" — R™ and
u R =R, 1<i<N, such that

(i) each Q; is an isometry of R";

(ii) each u; belongs to CH*(D(rg)) N C**(D(ry/2)), with

<G frg0)

IV Uil e Do j2)) < mim

(iii) we have
N

OF = | J Qi(graph(u:) N C(ro,mo)) = | Qi (graph(u;) N C(ro/2,7m0)) -

i=1 i=1

Remark 4.7. We can write the result of Theorem 4.6 in the more suggestive form

C(”? f7 g7 a)
[0E |2 < i (4.35)
Hence, if we set F' = (|K|/m'/")E so that |F| = |K]|, then
||0F||Cz’°‘ < C(TL, fa g, Oé) . (436)

Proof of Theorem 4.6. Let us apply Theorem 3.8 with @ = 1/2, and let 1y = no(f),
e =¢e(n, f,1/2), ¢ = ro(n, f,1/2), L = L(n, f,1/2), and N = N(n, f,1/2) € N be the
constants provided by that theorem. By Corollary 4.4 applied with R = n + 1, provided
mo = mo(n, f, g) is small enough, we see that a minimizer £ in (1.1) with |E| =m < my
is, in fact, a (e,n 4+ 1)-minimizer for F. In particular, by Theorem 3.8, there exist
Q; :R" - R" and u; : R"! - R, 1 <4 < N, such that properties (i) and (iii) hold true,
and moreover
IV ul| o2y < L-

As seen in Appendix A.2, Schauder theory gives
||V'ui||c1,a(D(ro/2)) S C’(n, To, L, Oé) ||hiHCO’a(D(7‘0)) y (437)
where h;(2) = g(z,u;(2)) — p, 2 € R"™! and p satisfies
—D)F(E)+ /.. cvpdH™!
M:(” JFE) + Jpop 97 vE , (4.38)
n|E|
see (A.3). To deduce (ii) from (4.37) we have to provide a bound on p. To this end we
exploit the minimality of £ to see that

F(E)+GE) < F(E+t) +G(E+tv) VteR ves .
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Since F(E) = F(FE + tv), letting t — 0 we obtain that
/ guvg -vdH" 1 =0 VoeStt,
Y]

ie.,

/ gugdH™ ' =0.
OE
We combine this condition with (4.38) to find that

— 1) F(F)+ —x9) - vgdH™ !

M:(" JFE) + Jop 9 (@ = 20) - i ,  VazeR". (4.39)
n|E]|

Provided mg is small enough we can choose zy as in Theorem 4.3, and thanks to the

Holder continuity of g we get t(m) < C'm®/™, so that

/ g(x — ) - vpdH"
o

< (maxg) 2/ 2| dH" ! < C'm!te/n
OE 5

Ks(m)
where s(m) = (m/|K|)/". Moreover, Lemma 3.3 gives

F(E) =n|K[""m™ (1+ 0(m*™)),

so that
n(n — 1) |K|Y*m" (1 + O(m¥™)) + O(m'*e/")  (n — 1) |K|/" a/n
w= = Tn + O(m*™).
nm m
Combining all together we conclude that
Cn, f.9,2)
/ A
max [[Vuilloremo/z) < — 75—

that is (ii), as required. O

4.3.1. Second variation and convexity. As recalled in Appendix A.1, under the assump-
tions of Theorem 4.6, a minimizer F in (1.1) satisfies the stationarity condition

Hi+g=pn on OF, (4.40)

where p is characterized as in (4.38) and where H; is the anisotropic mean curvature of
oF, ie.,
Hf = tl"(HeSSf(I/E)AE) .

Here, and in the following, we let “grad” and “Hess” denote, respectively, the first and
second tangential derivatives with respect to OF of a function and let Ax be the second
fundamental form of JF, and compute the trace operator on T,0F (see Appendix A.l
and [13] for more details). To avoid confusion, we remark that Hessf(vg) = Hessf(vg(x))
denotes the Hessian of f restricted to tangent space T,0F evaluated at vg(z). When it
is further assumed that g € C_(R™) one can exploit the non-negativity of the second

variation of the free energy with respect to normal variations to deduce the validity of the
minimality condition

/a grad( - (Hessf(vg)grad¢) — ¢* [tr(Hess f(vp)AL) — (Vg -vp)] dH"" >0, (4.41)
E
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on every ¢ € C°(R") satisfying the constraint

. CdH" ' =0. (4.42)

In this section we exploit (4.41) to prove a quantitative bound on the L?-distance of the
second fundamental form of OF from that of 0K. Once this is established, the uniform
C?*-bound on OF of Theorem 4.6 combined with standard interpolation inequalities
allows us to deduce the C%-proximity of the second fundamental form of OF to that of
0K, implying in particular the convexity of E at small mass.

This argument should be clarified by an explanation of its origins. In the fundamental
case that ¢ is constant and f is isotropic, following Barbosa and do Carmo [7] (see
also [52]), one tests (4.41) by means of

((x)=1—=p(x —x0) - ve(z), Vo e dE, (4.43)

(where (3 is determined by (4.42) and zy is arbitrary), to discover that the principal cur-
vatures of OF have to be all equal to each other and constant. In particular, OF is forced
to be an Euclidean sphere. If we still keep g constant, but now allow f to be anisotropic
(with the smoothness required by Theorem 4.6), then, following Winklmann [53] (see
also [37]), one sees that the same method applies to prove that E is a Wulff shape. In
this case one has to modify the test function (4.43), and choose instead

((x) = fre(x)) — B(x — xg) - ve(z), Vo e dl, (4.44)

with  and x as before. This time (4.41) shall force Hy to be a constant multiple of the
identity, and hence F to be a Wulff shape.

In our situation, due to the small mass regime, we can consider the term Vg - vp
in (4.41) as a small perturbation and try to gain some information by using (4.41) with
the test function used by Winklmann. Let us observe that, since now ¢ is not constant,
we have to work out the subsequent computations by replacing the constant anisotropic
mean curvature condition H; = p with the stationarity condition (4.40). In this way we
will prove that the quantity

% /8E [Hessf(vp)Ap — pldr,op|* dH" ",
is bounded in terms of n, f, and g only. As we will see, after a proper rescaling, this kind
of bound implies the L?-proximity of the second fundamental form of OF to the one of
OK (see (4.63) below).

We now present the details of this argument. We denote by A, the f-Laplace-Beltrami

operator on JF, i.e.,
Ay¢ = Div (Hessf (vg)grad() (e CX(0F),

where Div denotes the tangential divergence on 0F, see also [13, Equation (1.13)]. It is
also convenient to set

Sy = Hessf(vp)Ag (so that Hy = tr(Sy)),
Ky = tr(Hessf(vp)A%).
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With this notation, (4.41) takes the form

/8 —CAf =P lrp— (Vg vg) dH" ' > 0. (4.45)
E

We now prove a lemma that allows computing Ay when ¢ is given by (4.44). The
analogous formulas for the case that g is constant appears, of course, in [53, Theorem 3.1]
(we notice however that we use a different convention for the sign of Hy).

Lemma 4.8. Given xq € R" let
h(z) = (z — xo) - vp(x), x € 0F. (4.46)
Then the following identities hold true,

Ajvp+ kv = —gradg, (4.47)
Ath+rph = —gradg- (x — o) + Hy, (4.48)
As(f(ve)) + ks flve) = tr(S7) —gradg- Vf(vg). (4.49)

Proof. We observe that [13, Equation (1.19)], written with our notation, reads as
Arvg + (Kf —(Vg- I/E))VE = —Vy.
By taking into account that
Vg = gradg + (Vg - vp)ve,

we immediately deduce (4.47). To prove (4.48), we denote by V; the i-th tangential
derivative on JF, and notice that vg(x) - Viz = 0 for every x € OF. Thus, adopting
Einstein’s summation convention,

Ash = Vi(Vi f(ve)(x — o) - V,vp)
V?jf(VE)Vim -Vjvg + (v — x0) - Vi(v?jf(VE)vjVE)
Vi fwe)(Ap)i; + (& — x0) - Agvp
= H;—rph—gradg- (z — x9),
where in the last step we have applied (4.48). We similarly prove (4.49), as
Af (f(VE)) = vi(V?jf(VE)vf(VE> ’ VjVE)
= Vifwe)VilVf(ve)] Vivg +V f(ve) - Apvg
Vi fwe)Viaf(ve)(Ap)a(Ap)j + V f(ve) - Asvp
— (5% — 5 VS (o) v — gradg - (),
and Vf(vg)-ve = f(vg) by 1-homogeneity of f. O

Theorem 4.9. If o € (0,1), f is M-elliptic, f € C**(R™\ {0}), g € CL.(R"), then
there exist positive constants mg = mo(n, f,g) and C = C(n, f, g, a) with the following
property: If E is a minimizer in (1.1) with |E| = m < my, then

P b

2

Id
LOEN g < O, (4.50)

s(m)

Hessf(vp)Ap —
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where s(m) = (m/|K|)Y/".

Proof. The constant mg is chosen so that Theorem 4.2 and Theorem 4.6 apply. In partic-
ular, we let xy be the point provided by Theorem 4.2, and correspondingly introduce the
test function ¢ = f(vg) — [ h, where (3 is defined as

F(E)
n|E|
and where h is as in (4.46). Let us notice that by Corollary 4.4 and since F(Kyq) =

n|K[Y"m™  we clearly have

5 ]—"(Ks(m))(Tll ; om*™)) _ S(in) +O(mm). (4.52)

3=

(4.51)

Moreover, by the divergence theorem,

/ CdH" ' = | flug)dH" ' =3 | (v — ) -vpdH"' = F(E)— 3n|E| =0,
oF oF oF

so that that ¢ satisfies (4.42). In particular, ¢ is an admissible test function for (4.45).
Thus,

/ gAf<+nf<2dH"—1§/ (Vg-vg)PdH" . (4.53)
oF oFE

We now set for simplicity

fE = f(VE) ’
and apply (4.48) and (4.49) to prove that

AC = Arfp—BAsh
= —Iifg—FtI'(S]%) —gradg - Vg + fgradg - (v — x¢) — fHy.
Therefore
CACH+ KsC* = C(tr(SJ%) — G Hy —gradg -V fg + fgradg - (z — x0)> ,

and we may deduce from (4.53) that
/ (fp = Bh)(0x(SF) = B Hy) dH"™" < / (fo = Bh)*|Vg|dH™ (4.54)
OE OF
s [ Vfe = BHIVglIY fel e
OF
—l—ﬁ/ \fz — Bh||Vg||z — o dH™ .
OE

We now divide the proof of (4.50) in two steps.

Step one. We prove that the right hand side of (4.54) is controlled by C' P(E), where
C =C(n,f,g,a), so that

/8 E(fE — Bh)(tx(S}) — BH;) dH"™' < C P(E). (4.55)



SHAPES OF LIQUID DROPS AND CRYSTALS AT SMALL MASSES 41

To this end, we first notice that by our choice of mgy, Theorem 4.2, and by Theorem 4.3
we have the confinement estimates

m 1/n
E Cxo+ Kym) s(m) = (m) , (4.56)

and

Ec{g<tim)}, (4.57)

where ¢ as a locally bounded and increasing function of m depends on n, f, g, and «.
By (4.57) and thanks to the local boundedness of Vg, we find that

sup |Vg| < C'. (4.58)
B
By (4.8) we have F(E) < C F(Ky(,)) < Cm'/™. Hence, by (4.52) and by (4.57),
— <C. .
—ye wg}l{é:(}fn) x| < C (4.59)

On combining (4.58) and (4.59) we easily deduce (4.55) from (4.54), as desired.

— x| <
Smgle — ol <

Step two. We deduce (4.50) from (4.55). We first observe that, if we multiply (4.48)
by fr and (4.49) by h, then we find

feArh = —kyfph — fpgradg - (v —x0) + fr Hy,
hAsfe = —kpfeh+ htr(S]%) — h(gradg - Vfg) .
Thus an integration by parts leads to the identity

— feeradg - (v —x0) — fe HpdH" ' = / htr(SJ%) — hgradg - VfgdH" !,
OF OF

that by the same argument used in Step one leads to
6/6E fe Hy —htr(S7)dH" " < C P(E).
We combine this estimate with (4.55) to find
/aE fetr(S7) =26 fpHy+ B°h Hy dH"' < C P(E).

We rearrange the terms in the above expression to get

H2
fetr(S) — 28 fp Hy + B°h Hp dH"™ = / fo (tr(S]%) S ) dH"!
OF OF

n—1

2
+/ fE< Hy —ﬁ\/n—l) dH"‘1+ﬁ2/ (hHy —(n—1) fg) dH" ",
OB vn—1 o

The last term in the expression above vanishes. Indeed, since Hy + g = i we have

/ (h Hf — (n — 1) fE) dHn_l

oF

- / hlp =) a7 = (0= DF(E)
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— |E|p— (n— 1)F(E) — / g (@ — o) - v dH™" = 0
oF

where in the last equation we have used the identity (4.39). Taking into account that
fre > a; (see (2.4)), we have thus proved that

/8E (tr(S?) N n}i) - ( \/5# - ﬁ\/m) dH" < CP(E). (4.60)

Now, as in the proof of [53, Theorem 1.1], we choose at every point z € JF an orthonormal
basis {e;(z)}i=1,. n—1 for T,0E which diagonalize Hessfg(z), so that Hessfg e; = y;e;. In
this way we find Sy(e;) = >, sijv;€;, where s;; = e;-(Ape;). We now observe the following
two algebraic identities: for any N € N, {\;}2, C R, b € R, we have

o) medgen
k

k<h

%Z(Ak ) = ) (- b) - % <Z A — Nb) : (4.62)

k<h k

By (4.61) with N =n — 1 and Ay = sk, we get
H2

t(sy) - — = Z Vit — Til) (Z 72‘%) 2

= Z%% S Z (visar)* + (niil) > (isis = 585)°

1<J
= > vy 1) D (s = 7i555)°
i#j i<y

Applying now (4.62) with b = 5 we find

2
H2
tr(SJ%) - n _fl = Zf}/l/}/ysw + Z ViSii — (Z YiSii — n — 1 ﬂ)
i#]
H
= HHesstAE — 6IdT18E||2 — ( —n / — 6\/711 — )

Thanks to (4.60), we finally conclude
[ et = 1azanl” v
oE
H? H
= tr(S3) — — L — Y —1) dH"!
o6 = 52) + (G o

< Cln, f.g.a)P(E),
and we get (4.50) by means of (4.52). O




SHAPES OF LIQUID DROPS AND CRYSTALS AT SMALL MASSES 43

Proof of Theorem 1.3: We consider mg as in Theorem 4.9 and let F = (|K|/m)'/"E =
s(m)'E. Since Hessf(vp)Ap = V2 f(vp)Vg, vr(y) = ve(s(m)y) and T,0F = Tym).0E
for every y € OF, by the change of variable z = s(m)y, we deduce that

1 Idr, o ||
- _ x n—1
P Hessf(vg)Ag S(m) dH
1 VI/F IdT OF 2 _
= — V2 f(v e dH" .
P e |77 55~ o
Hence, by (4.50),
1 2 2 n—1 2/n
_ — < . .
PE) LFHV fvp)Vvp =g | dH" ' < Cm (4.63)

On the other hand by (4.36) we know that
|Vve|lcoa@er < C,
so that, in fact,
[vzf(Vp)VVF]Co,a(ap) S C.
Now, thanks to the uniform bound (4.36), we can cover OF with M = M(n, f, g, «) balls

of radius ro = ro(n, f,g,a) > 0 and apply Lemma 4.10 below (up to a diffeomorphism
with uniform bi-Lipschitz norm) on each of these balls to get

sup HV2f(1/F)VyF — IdeﬁFH < O/ (nt20)
oF

Provided m is small enough with respect to n, we find that V2f(vp)Vup is positive
definite. In particular, Vv is positive definite, so that F' is convex. O

Lemma 4.10. Let u € C%*(By) N L*(By). Then
n/(n+2a) 20/ (n+2ax)
sup [u] < C(n) ([l Nl 3557 + Jullieqs,)) -
B2
Proof. Given & € By and y € Bys(x) C By, we write
u(@)[* < 2July) — u(@)* + 2Ju(y)]*.

We now consider r € (0,1/2] (to be chosen later) and we integrate the above inequality
with respect to y inside B,(x). Then we get

2 2
ol < o [ ) @y [ P

2 [|ull?
< 2[uldoacs) "+ #"(Bn '

Now two cases arise, depending on whether or not ||u(|z2(,) < [u]co.a(p,). In the first case
we set /(200
— <7”“”L2<B”) € (0,1/2],
2 [U]CO""(Bl)
while in the second case we take r = 1/2. Taking the supremum over x € By, finally
leads to desired estimate. O
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4.4. A rigidity result for planar minimizers in the crystalline case. In Theo-
rem 3.7 we proved that if the surface tension f is crystalline and FE is an (g, 3)-minimizer
with e sufficiently small, then F is a convex polygon with normals coinciding with the
ones of K. In lieu of Corollary 4.4, in the small mass regime the same happens to min-
imizers in (1.1). In this section we prove that, even outside of the small mass regime,
planar crystals have a remarkably rigid structure. More precisely, assuming the continuity
of g we are going to show that if f is crystalline then OF consists of two pieces, one of
which is included in some level set {g = ¢} and the other which is polygonal, with normal
directions chosen among the normal directions to K. We notice that, in this case, F may
well be disconnected. For instance, on constructing an “ad hoc” potential g, we easily see
that F may consist of the disjoint union of two Wulff shapes.

Theorem 4.11. Let n = 2, let f be a crystalline surface tension, so that the Wulff shape
K is a convex polygon with outer unit normals {v;}Y.,, and let g be continuous. If E is
a minimizer in (1.1), then there ezists a constant £ > 0 such that OE = T'y Uy, where

I'y € {g =1}, v(r) € {y}Y, at H'-a.e. v €Ty.

Proof. We use the same notation as in the proof of Theorem 3.7. Let us recall that by
Theorem 3.1, OF is differentiable at every point of 9*F

Let ¥ € 0*F, and assume that vg(z) ¢ {v;}Y,. With no loss of generality, we can
assume that vy < v(z) < 5. Fix e > 0 small (to be chosen later), and let ro = r¢(Z,g) > 0
be sufficiently small so that

OE N B(z,r0) C {x: |(x — 7) - v(Z)] < ero}

(the existence of such ry is ensured by the differentiability of OE at z). We now construct
two possible “perturbations” of E near T as follows:

Perturbation 1 (adding mass): For r € (0,79), let 2, ., <a', . be the two points obtained
by intersecting 0B(z,r) with the line {z : (x —z) - v(Z) + er = 0} (the notation < means
that x_, is to the left of 2’_, once we rotate the coordinates so that v(z) points upward),
and consider the rhomb

Ri(@or)={a:(d,—2) <0< (w4, —x) 1, (@4, —2) 15 <0< (2!, — ) 10}
With these choices it is not difficult to see that R, (r) \ E is contained inside the lines
{z:(xyp—2)- =0} and {z: (2, —2) -1nb =0}

Moreover, if € = (v, 1) > 0 is sufficiently small then the set Ry (z,r) \ E has positive
measure for every r € (0,r), and by continuity |R(z,r) \ F| can be any number § €
(0,60), where 6y = |Ry(Z,79) \ E|. Finally, by arguing as in the proof of Theorem 3.7, it
is easily seen that there exists a point z; such that, if v(z) denotes the exterior normal to
I(EURy(z,7)), then f(v(z)) = v(x)-x; for allx € OR,(z,r)\ E while f(v(x)) > v(z)-z;
for all x € OF \ Ry (r), which implies

F(EUR(z,r)) < F(E).
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Perturbation 2 (removing mass): Let x_, <z’ _ be the two points obtained by intersect-
ing 0B(z,r) with the line {z : (x — %) - v(Z) — er = 0}, and consider now the rhomb

R(z,r)={x:(a ,—2) n<0<(z_,—a) v, (2, —2) 1, <0< (2L, — ) 10}
Then we can remove R_(z,r) from E, and arguing as above we have
F(E\R_(z,1) < F(E).

Now, fix two points x1, 2o € 0*E, and assume that v(z), v(x3) € {v;}¥,. We want
to show that there is a value A such that xy, 25 € {g = A}. By the arbitrariness of zy, x9
this will prove the result.

Fix a small constant 6 > 0, and choose r; > 0 such that R‘f,Jr = Ri(zl, 1) satisfies
|R} .\ E| = 0. (This can always be done if § is sufficiently small.) Similarly, choose r5 > 0
such that Ry _ = R’ (3, 1,) satisfies |E\ R} _| = §. By choosing 0 sufficiently small we
can also ensure that R , N RS _ = 0.

Let us compare E with the set F := (EUR]_ )\ R)_. Since |[F| = |E| by the
minimality of £, we have

F(E)+G(E) < F(F)+G(F).

Moreover, since both F(EUR] ) and F(E\ R _) are bounded by F(E), it is casily scen
that F(F) < F(FE), which implies

that is

Dividing both sides by § and letting § — 0, thanks to the continuity of g we get g(x;) <
g(x2). By symmetry we also have g(z3) < g(x1), and the result follows. O

Remark 4.12. The above result can be easily generalized to potentials which may take
the value +00 on a closed set, and are continuous inside {g < +oo}. In that case, our
result becomes that 0F = Iy UT'y UT'3, where

I'' C {g =X}, v(r) € {y;}Y, at H'-ae x €Ty, I's C {g =400}

APPENDIX A. VARIATION FORMULAE AND HIGHER REGULARITY

A.1. First and second variation formulae. In this section, we show how the energy
F + G changes under infinitesimal transformations. We compute the first variation of
F + G on a set of locally finite perimeter. Next, we recall from [13] the second variation
formula of F + G at a stationary set with smooth boundary.

If E is a set of finite perimeter and ® : R® — R" is a diffeomorphism, then ®(FE) is a
set of finite perimeter, with

Vs H' 'LO*O(E) = (@) 4 [JO (VO o @) vp H' 'LO'E] .
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Given T € C}(R™;R") we define a one parameter family of diffeomorphisms {®, }y<. by
setting

Qy(z) =2 +tT(z), x eR",
so that

F@(E) = [ 100V 0 by are,

G@(B) = [ Jngom).
are smooth functions of ¢ in a neighborhood of t = 0. It is well known that
VO, ' o® = (Id+tVT)™ =1d — tVT + t*(VT)* + O(t*)
JO, =1+ ¢divT + g ((divT)* = tx(VT)?) 4+ O(t?)
(see, for instance, [42, Section 9]). Hence,

f(q)t(E» = /(’)*E J b, f((V(I);l o (I)t)*VE) dH" !
o*E
- /3*13(1 +tdivT) (f(vp) — tVf(vg) - (VT) vg) dH"' + O(t?)

= F(E)+t / (fvp)divT — Vf(vg) - (VT) vg) dH"™ + O(?),

o*E

ie.,
SF(B:T) = / (Flvw) divT — V f(vg) - (VT vss) dH""
O*E
Analogously
6Q(E;T):/ gT -vgdH" . (A1)
o*E

By a standard argument based on these first order Taylor expansions, for every minimizer
E of F + G with volume constraint, there exists u € R such that

0=0F(E;T)+6G(E;T)— poV(E;T). (A.2)

We now characterize u: consider the family of transformations given by t — &,(FE)
with ®,(z) = x + ta, ie., ®(F) = (1 +¢)"E and T" = id is the identity map. Then
F(P(E)) = 1+t)" ' F(E), V(®:(FE)) = (1 +t)"V(E), and by (A.1) and (A.2) we get
0 = dF(E;id) 4+ 0G(E;id) — poV(E;id)
= (n—1)F(E) +/ gr-vpdH" ' —un|E|,
o E
that is

(n—1)F(E)+ [.p92 vgdH"!

e n|E|
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Let us remark again that thus far we have just assumed to work with a generic set of
finite perimeter. Let us now assume that E is an open set with smooth boundary, and
let us restrict to consider normal variations T" of the form

T=(N,

where ¢ € C2°(R™) and N is the gradient of the signed distance function from 0F. In
particular, N is a smooth extension of vz in a neighborhood of OF, and A = VN is
a field of symmetric tensors that extends the second fundamental form Ag of OF to a
neighborhood of OF, with the property that AN =0 and N - (Av) = 0 for every v € R™.
Correspondingly, the first variation of F along ¢ N takes the form

OF(E;¢N) = . Ctr(Hessf(vp)Ap) dH" .

Hence, if F is stationary for F + G under a volume constraint, then (A.2) takes the form
tr(Hessf(vg)Ag) +9=p, on OF, (A.4)

where Hess f(vg) denotes the Hessian of f restricted to the tangent space of OE evaluated
at vp (see [13, Equation (1.10)]). Under (A.4), the second variation is given by

S2(F+G)(E;(N) = / grad(-(Hess f (vg)grad()—¢* [tr(Hess f (vg)A%) — (Vg - vg)] dH™

oF

(see [13, Corollary 4.2]), where grad( is the tangential gradient on JF of the function (.
Hence we have

0*(F +G)(E;¢N) =20,
whenever ¢ € C2°(R") is such that [, CdH" " = 0.
A.2. Euler-Lagrange equations on graphs and higher regularity. We decompose

R" as R" ! xR and let p : R* — R" ! and q : R"* — R denote the coordinate projections.
We define f# : R"™! — (0, +00) on setting

f#(2) = f(—21), zeR" '
If w : R"! — R is a Lipschitz function such that, for some x € 9E, 1y > 0 and r > 0,
Co(r,m) NO'E = {(z,u(2)) : z € D(pz,r)},
Co(r,m) NE = {(z1):z€D(px,r), —nmo <t <u(2)},
then (see, for example, [4, Proposition 2.85))
(e, u(z)) = < AEL Y

V1F V()P

where V' denotes the gradient operator on R"~!. In particular,

F(E;C(x,7)) = / f#(V'u(2))dz .

D(pz,r)

z € D(pz, 1),
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If now E is a volume-constrained local minimizer for F 4+ G in C(z,r), and if we set
fo z,8)ds for (z,t) € R™, then it is easily seen that wu is a local minimizer for
the non—parametrlc functional

/D T G

among Lipschitz functions v : R»~! — R satisfying the mass constraint

/ v(z)dz = / u(z)dz.
D(pz,r) D(pz,r)

As a direct consequence of (A.2), one sees that u satisfies the Euler-Lagrange equation

/D( )V’w(Z) (VI (V'u(2)) + ¢(2) [9(z,u(2)) — pldz =0, Yy € CX(D(pz,1)),

with p given by (A.3). If we now further assume that f is A-elliptic with f € C%*(R™\{0})
for some a € (0,1), then we readily check that

Vi) = =V'f(=21),  (V)f() = (V)f(-21).

In particular, f# € C**(R"!), with (V')2f#(z) uniformly elliptic as z lies in a given
bounded set. Thus, by a classical argument (based on incremental ratios and on the
Caccioppoli inequality) we find that v € W2>*(D(pz,r)), with

div' (V' f#(V'u(2)) = glzu(=)) — o

a.e. in D(pz,r). Since

n—1
le (V f# V' Z am z%zJ ) ’

i,j=1
where
aij(2) = [(V')? f]ij 0 (V'u(2)),

on taking into account the boundedness of V'u, we have thus proved that u solves a
linear second order elliptic equation with bounded measurable coefficients. If, moreover,
u € CY%(D(pz,r)), then the coefficients are of class C%® (being obtained as the compo-
sition of a C%* function with a C®® function), and u solves an elliptic partial differential
equations in non-divergence form with (aa)-Hélder continuous coefficients. By Schauder
theory (see for instance [24, Theorem 6.2]) the C***-norm of u inside D(x, 7/2) is bounded
by a constant times the C%®norm of ¢g(z,u(z)) — p inside D(z,r), where the constant
depends on 7, f#, and the C1*norm of u inside D(z,r). The C*regularity of u shows

now that the coefficients a;; are actually C%*, and applying Schauder theory again we
find

[ullc2o /2y < C(r 7, ulleramen). a)llg(z,w(z)) — pllcoemr) - (A.5)

Moreover, if f and g are smoother, then higher regularity of u follows easily.
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APPENDIX B. A REMARK ABOUT QUESTION (Q1)

In this section we assume that the convexity of the sub-level sets of the potential
energy g, i.e., we assume that the sets {g < t} are convex for all ¢ > 0. Under this
assumption we prove the following result, that may be seen as a first step in the direction
of answering the convexity question (Q1) stated in the introduction.

Proposition B.1. If the sub-level sets of g has convez, then every minimizer E in (1.1)
satisfies
F(E)<F(EUF), (B.1)

whenever |FN E| = 0.

Proof. Let F be such that |FFN E| =0, |F| > 0, and consider the smallest value ¢ > 0
such that

B <[(EUF)Nn{g <t}].
Since by definition of ¢ we have
[El = [(EUF)N{g <t}
we can find a convex set GG such that
{g<t}CcGC{g<t}, |E|=|(EUF)NG]|.
(Of course, if |E| = |(FUF)N{g < t}|, then we set G = {g < t}.) In particular, we have
g<t onG, g>t onR"\G. (B.2)
By the convexity of G one has
F(EUF)NG)<F(EUF).
Moreover,
IEN(R"\G)|=|FNG|.
Hence, by minimality of £ and using (B.2) we get
FE)+GF) < F(EUF)NG)+G(EUF)NG)

< ]—"(EUF)—l—/ gdx+/ gdx
ENG FnG

IN

J—“(EUF)+/ gdr +t|FNG]|
ENG

= J—“(EUF)+/ gdr +t|EN(R"\ G)]
ENG

]:(EUF)—i-/ gdm+/ gdx
ENG ENR™MG)
= F(EUF)+4G(E),
as desired. n

IN
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Let us point out that the condition found above implies, in particular, that the surface
energy increase if we infinitesimally enlarge E. Hence, by the first variation formula for F
(see appendix A.1) we deduce that the anisotropic mean curvature of F is non-negative.
In two dimension this is sufficient to show that every connected component of E is convex.
On the other hand, though non-negative mean curvature is not sufficient for convexity,
condition (B.1) is global and stronger, and we may expect that it could be useful to prove
that E is convex for small masses.

APPENDIX C. ALMOST MINIMAL CURRENTS AND C'V*-REGULARITY OF
(e,n 4 1)-MINIMIZERS

In this section we discuss the C'*-regularity of (¢, R)-minimizers of F as a conse-
quence of the standard regularity theory for rectifiable currents that are “almost mini-
mizers” of an elliptic integrand [1, 9, 40, 41]. We refer to [42, 30, 36] for an introduction
to the theory of currents. Let us recall that the surface tension f defines a functional F
on the set R,,—1(R") of (n — 1)-dimensional integer multiplicity rectifiable currents T,

T(w)z/ Or (T, w)dH"™", w e D, 1(R"),
Mt

(here, D,,_1(R™) is the space of the (n — 1)-dimensional compactly supported smooth
ﬁ

forms on R™, M7 is a countably (n — 1)-rectifiable set, T is an orientation of Mz, and Or

is an integer valued function on Mr) by setting

F(T) = /M 0r F(<T) A"

where * denotes the Hodge star-operation. Note that the choice f(v) = |v| leads to define
the mass of the current 7',

M(T) = /M Op dH" .

Thus, if we associate to the set of finite perimeter E the current Tg defined by

Tg(w) :/ (xvpg, w) dH™ ! (C.1)
0*E
then we find
F(E)=F(Tp),  P(E)=H"}0"E) = M(Tp).
Regularity results for F-minimizing currents are valid when the surface tension f is A-
elliptic in the sense defined in section 1.2, i.e., f € C?*(R™\ {0}) and (1.9) holds. We recall
that if f is A-elliptic then
F(T) ~ F(S) 2 AM(T) - M(S))

whenever 7', 5 € R,,_1(R") with 07" = 0S, and S corresponds to a (n — 1)-dimensional
disk with constant orientation (see [40, Section 1.1]).
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_= C(T)

FIGURE 4. The statement of Theorem C.1 is depicted in the figure above: Let
T be an almost minimizer of F in the sense of (C.2) such that: (C.3), T" contains
0; (C.4), T is contained in the open cylinder C(r); (C.5), the boundary of T' (de-
picted by black squares) is contained in 9C(r); (C.6), the vertical push-forward of
T amounts to the (canonically) oriented integration over the (n — 1)-dimensional
disk D(r), the cross section of C(r) (note in particular that 7" may contain mul-
tiple sheets over D(r) but with opposite orientations, so that they cancel under
p4#); (C.7), the cylindrical excess of T"in C(r), i.e. the deviation from 1 of the
ratio between the mass of T' and H"~1(D(r)), is small enough. Then T'.C(r/2)
is representable as the graph of C'h@-function from D(r/2) to R.

We now introduce the regularity theorem we are going to apply. Let us recall that
p:R" — R*"! and q : R” — R denote the canonical projections, so that x = (pz,qz),
and we set

C(r,s) ={x e R": |pz| <r,|qz| < s}, C(r)=C(r,o0), D(r)=C(r0).
We define the cylindrical excess of the current T over C(r),

M(T'.C(r)) — M(py(T C(r)))

Wy—1 7"

e(T,C(r)) =

)

where p4(T'.C(r)) denotes the push-forward of the current 7' C(r) through the map p.
The following theorem is a particular case of a more general result proved in [16, Lemma
2.2 and Theorem 6.1].

Theorem C.1. Let f be A-elliptic, with A = supgn—1 |V2f|. Given @ € (0,1) and 3 > 0,
there ezxist 0 = o(n,\, A\, @, 3) and L = L(n,\,\, @, 3) with the following property: If
T € R,_1(R™) is such that

F(T)<FT+X)+prM(TLK + X), (C.2)

whenever X € R,—1(R"), 0X =0 and K = spt(X) is contained in a ball of radius r, and
if, moreover,

0esptT,
T.C(r) =T, (C.4)
T .C(r)=0,

—~
Q
w

~~—
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psT(w) = / (w,*e,) dH"™, Y w € D,_1(R"), (C.6)
D(r)
e(T,C(r)) <o, (C.7)
then TLC(r/2) is represented by the graph of a C*%-function u : D(r/2) — R such that

u(z)] < Le(T,C(r))"/®,
|Vu(z) — Vu(2)| < Llz—2|%,

for every z,2" € D(r/2).

Having in mind the minimality condition (C.2), we now prove that (&, n+1)-minimizers
satisfy a perturbed local F-minimality condition, with no volume constraint.

Lemma C.2. There exist positive constants ¢g = eo(n), = B(n,|K|), and r =
r1(n, |K|) with the following property: If E is a (e, n+ 1)-minimizer for F with |E| = |K|
and € < e(n), then

F(E) < F(F)+ pr P(EAF), (C.8)

whenever EAF is compactly contained in a ball of radius r < ry.

Remark C.3. It is well-known that volume-constrained minimizers (like our (e, R)-
minimizers) satisfy local minimality conditions like (C.8). This is usually shown by using
Lemma 2.3. In the present situation this strategy would present the drawback of pro-
ducing a value of r; depending on E. We can instead use the proximity of £ to a Wulff
shape (Corollary 3.5) together with Lemma 2.4 to prove (C.8) with r; = r(n, K). The
fact that r; does not depend on E played a key role in section 4.3.

Proof of Lemma C.2. By applying Lemma 2.2 we can directly assume that B C K C B,.
Let now F be such that FAF is compactly contained in some ball of radius r < ry. If this
ball is disjoint from OF then F(F') > F(F) and (C.8) is trivially valid. If this is not the
case then, provided r; is small enough we can assume that F' C I,,(E). Hence, thanks to
Corollary 3.5, up to a translation and to suitably choosing the value of gy, we can assume
that K,/ C E C K,. Let now s > 0 be such that |s E| = |F|, so that

|[EAF| |EAF|
s =1 < [s" = 1] < = : (C.9)
|E| K|
and, in particular,
WY
|s — 1] < =1L (C.10)
K|
By the isoperimetric inequality and since FAF is contained in a ball of radius r,
, P(EAF
|EAF| < |EAF|V"| EAF|V/Y < wlin g (7%) = L P(BEAF). (C.11)
nwny, n

Thus, on combining (C.11) with (C.9), we have
|s — 1] < B(n, |K|)r P(EAF). (C.12)
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FIGURE 5. A cylinder C,(r, s).

We now notice that s F is a (g, s(n + 1))-minimizer of F. Since F' C I,(E), choosing
sufficiently small by (C.10) we have F' C I (,41)(s ). Therefore,

LS < #(r)+ S s 2)aF

< F(F)+B(n,|K|)|(s E)AF|, (C.13)

F(sE) < F(F)+e|K]

where in the last step we have applied (C.10). We now notice that by Lemma 2.4,
by (C.12), and since F C Ky C By, and B C K,

|(s E)YAE| < C(n)|s —1|P(E) < C(n)|s — 1|F(F) < B(n,|K|)r P(EAF),  (C.14)
where we have also taken into account that
F(E) < F(K)+e|EFAK| = (n+2¢9)|K]|.
By a similar argument we have
| F(E) = F(s E)| < C(n)]s — 1[F(E) < B(n, [K])r P(EAF). (C.15)

On combining (C.14), (C.15), and (C.11) with (C.13) we finally obtain the validity
of (C.8). O

We are now in the position to prove the Ct®-regularity of (g, n+ 1)-minimizers of any
F corresponding to a A-elliptic surface tension.

Proof of Theorem 3.8. Given x € 0K we denote by m(z) the tangent plane to 0K at x, and
by H (z) the supporting half-space to K at = that contains K (note that 0H (x) = x+m(x)).
We denote by p, : R" — 7(z) and by q, : R” — 7(x)* the projections of R” onto 7(z)
and the line 7(z)*, respectively. We also consider the cylinders

C.(r,s)={yeR": |p,(y—2)| <r, |a(y—=z)<s}, rsel0 +oo],

so that C,(r) = C,(r,00) denotes a cylinder of infinite height and (n — 1)-dimensional
cross section D, (r) = {y € 0H(x) : |y — x| < r}. We let 19 > 0 be such that for every
x € 0K,

KN Ca(vno,m) = {y € Col /M0, 0) : du(y — ) < va(paly — 7))}
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for some concave function v, : m(z) — (—o00,0]. Then the regularity of K implies the
existence of a constant ¢ = ¢(f) € (0,1), such that

Ny(OK) 1 Caley/m) € Nay(@H (@), e (0,7 (C.16)
where N,(A) denotes the (Euclidean) open p-neighborhood of a set A, ie., N,(A) =
{y : dist(y, A) < p}, see Figure C. Given n € (0,19/2) we can choose ¢ so that, by
Corollary 3.5,

Ki_, CEC Ky, oFE C I,(0K) . (C.17)
Moreover, by Lemma C.2 there exists § = 3(n,|K|) > 0, such that
F(E) < F(F)+ pr P(EAF) (C.18)

whenever EAF compactly contained into some ball of radius r < r; = ri(n,|K]|). We
now consider the (n — 1)-dimensional current T associated to E by (C.1), and then show
that Theorem C.1 applies (up to a small vertical translation of size 1 to ensure (C.3)) to
the current

T =T Cyley/n,m0),

inside the cylinder C,(c,/7), provided we choose n € (0,70/2) (and, correspondingly, €)
small enough, depending on n, A\, A, and «, but independent of the point x € K. Once
this fact will be established, the statement of the theorem will follow easily by covering
OK with cylinders {C,(c\/1/4,m0)}scox and using the compactness of K. So we only
need to show that, given x € K and defined T as above, the assumptions in Theorem C.1
are satisfied (up to a rigid motion) by 7. Observe that by (C.16) and (C.17), the uniform
bound

SpT C Ny (DH (), V1 € (0, %) , (C.19)

holds true.

1,(9K)

FIGURE 6. Decomposing the boundary of K.
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Step one. We prove that for every n € (0,70/3), the current T' = T C,(c\/1, M),
ie.,

1) - | (w, ) AHTL | w € Dy 1(R™),
Cy(cy/n,m0)N0* E

satisfies the following properties:

T .Culcyn) =T, (C.20)

IT .C,(cy/n) =0, (C.21)

(p2) 2T (w) = / (w, *vg (2))dH"™, Yw € Dy (R"), (C.22)
Da (cy/m)

FT)<FT+X)+0rM(T K+ X), (C.23)

whenever X € R,,_1(R"), 90X =0, and K = sptX is contained in a ball of radius r < ry.
First of all, we observe that if 7 is such that

H"_l(ﬁ*E N OC,(cy/n, 170)) =0,
then (C.20) holds true. Since 0Tg = 0 we check the validity of (C.21). By (C.19)

OF N Cyley/im) C Ly(0H (@), Ve (0,2,

so that by connectedness

|{y € Cx(c\/ﬁ’ 770) NE: qx(y - :L') > 377}| =0,
Hy € Coleyn,mo) \ E - qu(y — ) < =30} = 0.

Thus by a standard application of the the divergence theorem we find that for every
p € C(m(x)),

[ ew-aw - [ 02 (1) (v5() - Vi () H (1)

Do (ey/m) Ca(ey/T,m0)N* E
that is (C.22). Finally, to check the validity of (C.23), we write X = 0U for some

U € R,(R") (recall that 0X = 0). By [30, Theorem 7.5.5] there exists a disjoint family
of sets of finite perimeter {A;};cz such that U =), ix4,. If we define

A ={JANE, A ={JAnE,
>0 i<0
then (C.18) gives
F(E) S F(EUA)\A) + B r[P(Ay) + P(AL)],
and it is easily checked that
F(EUAN\A)+ 37 [P(Ay)+PA)] <F(T+X) + rM(TLK + X),
which proves (C.23).

Step two. We now show that if n < 79/3 is small enough then
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FIGURE 7. The current P matches T and S, so that 9(—T + S — P) = 0, and
is carried by a subset Mp (represented with bold lines) of 0C,(c\/7) N

0C(cy/n,3n).
Let us consider the (n — 1)-dimensional rectifiable current
S@ = [ plawpdr,
Do (ey/m)

corresponding to the integration over the disk D, (c,/7) oriented by v (x), and let P be the
(n — 1)-dimensional rectifiable current with Mp C 9C,(c\/n) NIC,(c\/7,3n) (see (C.19))
such that

T+ P)=0S.
Since spt(—1 + S — P) is contained in ball of radius controlled by C(n, f) /7 and since
HY (M) < Cln, =272, (C.24)

by (C.23), we find that
F(T)—F(S—P) < C(n, fyn' =12,
We now notice that

F(T)-F(S -P) = f(vg) dH"™! — f(vre(2))wnr (cy/n)" ™!

/8* ENCq(cy/n,3n)

-+ f(:l:VCx(c\/ﬁ,?m)) dHn_l 5
Mp

where [, f(£vc,cyman) AH"™" < axH" 1 (Mp) (see (2.4)), hence
/ Fvi) dH* ™ = Fo(@))wni(ey/)"™ < Cln, =972 (C.25)
0* ENCy(cy/1,31)
On the other hand we have

F(T'+ P)-F(S) = flvg)dH™ !

/é;* ENCq(cy/m,m0)

T /M F (&0 e mmy) A — F (s () ()
M(T + P) —M(S) = H" Y 0*ENC.lcy/n,m)) + H"  (Mp) — wy1(cy/n)"
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and since F(T' + P) — F(S) > M(M(T + P) — M(S)), taking again (C.24) into account,
we find that

/ F(v) AHY = f(oe(2))wns (e (C.26)
0* ENCx(cy/n,m0))

> X (M0 E N Caley/T o)) — wns(ey/)™™) — AC(n, fn 272,
Combining (C.25) and (C.26) we find that

H™(0" E (1 Caley/l, ) — wna(ey/)™ < Cln, Fn+o=212,
that immediately gives

e(T', Cu(cy/n)) < Cn, [V,

and concludes the proof. O
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