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Abstract. We study optimal regularity and free boundary for minimizers
of an energy functional arising in cohesive zone models for fracture mechan-
ics. Under smoothness assumptions on the boundary conditions and on the
fracture energy density, we show that minimizers are C'/2, and that near
non-degenerate points the fracture set is C1®, for some a € (0, 1).
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1. INTRODUCTION

In recent years, a variational formulation of fracture evolution has been proposed by Francfort
and Marigo [21], and later developed by Dal Maso and Toader [17], and Dal Maso, Francfort,
and Toader [15, 16] (see also [22] and the references therein, for a variational theory of rate inde-
pendent processes). Such evolution is based on the idea that at any given time the configuration
of the elastic body is an absolute minimiser of the energy functional (see also [4, 11, 18], and
[14] in the context of plasticity where, more in general, critical points of the energy are allowed).

In this paper we study optimal regularity and free boundary for minimizers of an energy
functional arising in cohesive zone models for fracture mechanics. Such models describe the
situation in which the energy density of the fracture depends on the distance between the lips of
the crack (see for instance [4, 11, 12, 13, 19]). We consider the energy functional associated to an
elastic body occupying the open strip R x (—A, A), with n > 2 and A > 0. Denoting a generic
point z € R" x (—A, A) by (z,y), with x € R” and y € (—A, A), we shall consider deformations
ensuring that cracks can only appear on the hyperplane {y = 0}. The assumption of confining
fractures to a given hyperplane is a standard simplification that avoids some technical difficulties
but does not prevent the crack set from being irregular, thus keeping the main features of the
problem.

We consider the situation in which the elastic body can only undergo deformations that are
parallel to a fixed given direction lying on {y = 0}. In this way, the displacement can be
represented by a scalar function v : R" x (—A, A) — R. According to Barenblatt’s cohesive zone
model [7], the energy associated to a displacement v € H*(R" x (—A, A) \ {y = 0}) is given by

1
E(v):= / ]VVsz—i-/ g(|[v]]) dz. (1.1)
2 Jrrx(—A,A)\{y=0} R"

Here, [v] = Vrr — Vir, where vir and vir are the right and left traces on {y = 0} of v |gny(0,4)
and v |gn (- 4,0), respectively, and g € C?2[0,00) N C3(0, 00) is strictly increasing, bounded, with
g(0) =0 and ¢'(0") € (0, +00). The parameter ¢'(0") has an important physical meaning, and
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it can be identified with the mazimal sustainable stress of the material along {y = 0}, see [11,
Theorem 4.6]. A critical point w of (1.1) with boundary conditions u,,u_, satisfies (see [11,
Proposition 3.2]):

Au=0 in R" x (—A,A)\ {y = 0},
U=u, on {y = A},

U=1U_, on {y =—A},

OyUurr = OyUrr on {y = 0},

|0yul < g'(07) on {y = 0},

Oyu = g'(|[u]|) sgn([u])  on {y =0} N{[u] # 0},

where sgn(-) denotes the sign function. Note that, because Oyurr = Oyurr, we can use the
notation dyu to denote the y derivative of u on {y = 0} without paying attention to the side on
which the derivative is computed.

For simplicity, we will assume u,(z) = —u_,(z) for every x € R", and we will focus on
solutions that are odd with respect to the hyperplane {y = 0}. In this situation, our problem
reduces to the study of a function u € H*(R"™ x (0, A)) satisfying

Au=0 in R™ x (0, A),
U= Uy on {y = A}, (12)
|0yu| < ¢'(07) on {y =0}, '

dyu =g/ (2ul)sgn(u) on {y =0} {u# 0},

where we used the notation u(z,0) = ugs(x,0) for every z € R™. In this setting, the crack K,
is represented by the discontinuity set of u, and is given by

K, :={(z,0) : x € R", u(z,0) # 0} C R". (1.3)
We assume that the boundary condition u, satisfies the following:
u, € HY2(R™) N C*P(R") for some S € (0,1) and ‘ l|im ua(z) = 0. (1.4)
T|—00

Under these assumptions, we want to the study optimal regularity of the restriction of u to
R™ x [0, A], and the regularity of the free boundary 0K, (where the boundary is defined in the
topology of R™ x {0}).

A major obstacle to the regularity of solutions is the possible presence of fracture points where
u changes sign. Indeed, at such points the normal derivative 9yu(-,0) is discontinuous with a
jump of 2¢’(07), due to the term sgn(u) appearing in (1.2). Our main contribution in this paper
is to show that this possibility can never occur.

Problems of this type, where two phases (in this case the sets {z € R™ : u(x,0) > 0} and
{z € R" : u(z,0) < 0}) can “touch” at a lower dimensional free boundary, have recently been
studied by Allen and Petrosyan, [3], Allen [1], and Allen, E. Lindgren and A. Petrosyan [2]. In
these papers, to show the separation of phases the authors use in a clever way the Alt-Caffarelli-
Friedman and the Weiss monotonicity formulas. Our approach is different and, although it
requires g to be sufficiently smooth, it does not rely on monotonicity formulas. Therefore, it can
be applied to problems where the Laplacian is replaced by more general operators.

To show the separation of phases, we begin by proving some interesting general proper-
ties of the solutions, such as the fact that the crack set K, is bounded (see Lemma 3.2 and
Proposition 3.3). After that, we prove that certain regularity properties of u, “propagate” to
u(-,y). More precisely, for every y € [0, A) we prove that u(-,y) is Lipschitz continuous, that
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ut (-, y) = max{u(-,y),0} is semiconvex, and that u™(-,y) := min{u(-,y),0} is semiconcave,
see Lemma 3.4, Lemma 3.5, and Lemma 3.6. Let us mention that, to show these regularity
properties, we need to assume 2||g” ||z~ < 1/A. That is, we need the size A of the strip to be
sufficiently small, once the elastic properties of the material are given. As shown in Lemma 3.1,
under this assumption critical points are unique and therefore coincide with the global mini-
mizer. We think this bound to be sharp, and this is in agreement with an explicit example given
in [11, Theorem 9.1 and Theorem 9.2], where uniqueness fails if 2|/¢"||f~ > 1/A.

Actually, in Lemmata 3.5 and 3.6 we prove a stronger property than the semiconvexity (resp.
semiconcavity) of ut (resp. w™), since we need an estimate that allows us to “connect” the
behavior of ut and v~ near the set {u = 0} (see Remark 3.7). This plays indeed a crucial role
in the proof of Proposition 4.1, where we prove that the two phases {z € R" : u(x,0) > 0} and
{z € R" : u(z,0) < 0} are well separated. We achieve this in the following way: First of all,
exploiting Remark 3.7, we prove that if (Z,0) € 0K, is any free boundary point where the sign
of u changes, then u(-,0) is differentiable at Z and V,u(Z,0) = 0. This, in turn, allows us to
construct some suitable barriers from which we reach a contradiction.

Once we know that the sets {u > 0} N {y =0} and {u > 0} N {y = 0} are well separated, we
can adapt to our setting the arguments used in [5, 8] to prove the optimal regularity of solutions:

Theorem 1.1. Let uy satisfy (1.4), and let g € C?[0,00) N C3(0,00) be strictly increasing and
bounded, with g(0) = 0 and ¢'(0%) € (0,+00). Suppose, in addition, that 2|g"||L~ < 1/A,
9" | < o0, and that u € HY(R™ x (0, A)) is a solution of (1.2). Then, u € C1/2.

Once both phase separation and optimal regularity of u are obtained, we deal with the regular-
ity of the free boundary. To this aim, we proceed by applying more standard techniques, which
are specific to operators for which monotonicity formulas are available. Assuming without loss
of generality that we are at a free boundary point coming from the positive phase, we subtract
from w the linear function ¢’(0")y, and then we reflect evenly with respect to the hyperplane
{y = 0}, defining

o(y) = {u(m,y) — ¢ (0M)y  for every (x,y) € R" x (0, A),

1.5
v(x, —y) for every (z,y) € R" x (—A4,0). (15)

Then, inspired by [9], we prove a variant of Almgren’s monotonicity formula. More precisely,
suppose that (0,0) € 0K, and set

D, (r) := ri log (max{Fv(T), r”+4}) , Fy(r):= / v2dH",

d7’ OB,
where B, is the ball of R**! centred at 0 with radius r, and H" denotes the Hausdorff n-
dimensional measure. We show that there exists C' > 0 such that for r sufficiently small the
function r — ®,(r)eC" is nondecreasing (see Proposition 5.1). This implies that ®,(0%) exists,
and we can show that either ®,(0%) = n + 3, or ®,(07) > n + 4 (see Proposition 6.1). This
allows us to classify subquadratic blow up profiles of v: more precisely, considering the family
{v, }r>0 of functions

ve(2) == i dy := (W)UQ,

we can classify the possible limits as r — 0T provided f—g — +o00.
In other words, provided v decays slower than quadratic, we obtain the following theorem,
which is the second main result of the paper.
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Theorem 1.2. Let the assumptions of Theorem 1.1 be satisfied, and let u € H*(R™ x (0, A)) be
a solution of (1.2). Suppose that (0,0) € 0K, with u(-,0) > 0 near (0,0), and let v be defined

by (1.5). If

lim inf dr = 400, (1.6)

r—0+ 12

then the free boundary 0K, is of class C near (0,0), for some o € (0,1).

To prove Theorem 1.2 we show that (1.6) implies that ®, attains its smallest possible value,
namely ®,(07) = n + 3, and that in this case blow up profiles of v are homogeneous solutions
of the classical Signorini problem (i.e. the classical thin obstacle problem), with homogeneity
degree 1/2(®,(0") —n). Thanks to this fact, the blow ups can be easily classified (see Proposi-
tion 6.2) and the result follows as in the classical theory.

The paper is organised as follows. In Section 2 we introduce the notation and the setting of
the problem. We show basic regularity properties of the solution u in Section 3, while Section 4
is devoted to the separation of phases and the optimal regularity. Frequency formula is the
subject of Section 5, and in Section 6 we study blow up profiles. Finally, in Section 7 we prove
the regularity of the free boundary.

2. NOTATION

In this brief section we introduce the notation that will be used, and we give the main
assumptions. Throughout the paper, we fix n € N, with n > 2, and A > 0. For every point
z € R" x [-A, A] we will write z = (x,y), with z € R" and y € [-A, A]. The canonical basis
of R™*! is denoted by e1,...,e, 1. For a,b € R"" @ -b denotes the Euclidean scalar product
between a and b, and |- | denotes both the absolute value in R and the Euclidean norm in R™ or
R"*1, depending on the context. For every k € N, H* stands for the Hausdorff k-dimensional
measure. If z = (z,y) € R*™! and r > 0, we will denote by B,(z) the ball of R**! centered at
z with radius r:

Bi(z) ={ZeR"™ |z -2 <7},
and with B)'(x) the ball of R™ centered at z with radius r:
Bl(x)={z eR": | —z| <r}.

We will write B, and B}’ for B(0) and B;(0), respectively, and we will use the notation
S" := 8By and S"! := B}, while w11 denotes the (n + 1)-dimensional Lebesgue measure of
B;.

Throughout all the paper, C will denote a universal constant, possibly different from line to
line. For any function v € H'(R" x (=4, A)\ {y = 0}), we will denote by vx; and v, the right
and left traces on {y = 0} of v |gny(0,4) and Vv |gny(—4,0), respectively, while we set

v :=max{v,0} and v~ :=min{v,0},
so that v = vt +v~. When v is sufficiently regular, Vv and D?v stand for the gradient and the
Hessian of v, while V,v and D2, v are the gradient and the Hessian of the function z +— v(z,y).
We will say that v is homogeneous of degree u if v can be written as

v(z) = [#lh <\|) ,
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for some function h : S* — R. Let Lg, Dy > 0. For a function f : R® — R, we say that f is
Lipschitz continuous, with Lipschitz constant Ly, if

| f(z2) — f(21)]

sup —————= < L.
T1#T2 |x2 - 331|

Also, f is said to be semiconver, with semiconvexity constant Dy, if
fla+h) + f(x —h) = 2f(x) = —Dolh[?,

for every x, h € R™. Similarly, we say that f is semiconcave, with semiconcavity constant Dy, if
flx+h) + fz = h) = 2f(x) < Dolh|?,

for every x,h € R™.

We are now ready to state our assumptions. In the following, g € C?[0,00) N C3(0, 00) is
strictly increasing and bounded, with ¢g(0) = 0 and ¢’(0") € (0, 400). We assume, in addition,
that 2||¢"||p~ < 1/A and ||g"” ||z < 00, where ||¢"||L~ and ||g"'|| = denote the L*°-norms of g”
and ¢, respectively. Moreover, we assume that u, : R” — R satisfies (1.4), i.e.

u, € HY2(R™) N C?5(R™) for some 8 € (0,1) and lim wu,(x) =0.

|z|—o00

Remark 2.1. The assumptions above imply, in particular, that u, is Lipschitz continuous

with Lipschitz constant La := ||Vual|/r~. Moreover, denoting by Amin(x) and Apax(z) the
smallest and largest eigenvalue of D?u,(z), respectively, we have that u, is semiconvex with
semiconvexity constant D4 := ||(Amin) ||z, and is semiconcave with semiconcavity constant
Ca = [[(Amax) "l zoe-

We will study optimal regularity and free boundary for a function v € H'(R" x (0, A)) solving
equation (1.2):

Au=0 in R"™ x (0, A),
U= uyu on {y = A},
|0yu| < ¢'(07) on {y = 0},

Oyu = ¢'(2lul)sgn(u) on {y =0} N{u # 0}.
Note that the equation above implies that
-4 (2|u(z,0)]) < dyu(x,0) < ¢'(2|u(z,0)]) for every z € R". (2.1)
Also, by the maximum principle,
[ullzee < fluallzoe < oo.

In the next section we prove some basic regularity properties of w.

3. BASIC PROPERTIES OF THE SOLUTION

We study in this section the basic regularity properties of a solution u of equation (1.2). We
start by showing that condition 2||¢” ||z~ < 1/A implies uniqueness.

Lemma 3.1. Let u, satisfy (1.4), and let g € C?[0,00) be strictly increasing and bounded,
with g(0) = 0 and ¢'(07) € (0,400). If 2||¢"|lLe < 1/A, then there exists a unique u €
HY(R"x (0, A)) solving (1.2). In particular, there is a unique critical point of (1.1) that coincides
with the global minimizer.
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Proof. Suppose, by contradiction, that there exist ui,us € H'(R™ x (0, A)) solutions of (1.2),
with u; # ug. In particular, since u; = ug on {y = A}, this implies

[V (ur — U2)||%2(Rnx(o,14)) > 0. (3.1)

We will prove the statement into two steps.

Step 1: We show that
IV (ur — w2) T2 x(0,)) < 219" 2o [lur — 2|72 gy

Using the weak formulation of the equation (see [11, Proposition 3.1]) we have
/ Vuy - Vi dz + / (@b g'(2lua|) sgn(ur) 1y, 20y + g'(0+)]¢]1{ul:0}> dx >0, (3.2)
R” % (0,4) R”

for every 1 € H*(R™ x (0, A)) with ¢» = 0 on {y = A}. Choosing us — u; as test function in
(3.2) we obtain

/ Vuy - V(ug —uy)dz
nx(0,A)

+ /n ((uz —u1) g'(2u]) sgn(u1) 1y, 201 + g (07)|ug — u1|1{m:0}> dzx > 0.

Analogously, using the weak formulation of the equation for wus, with test function uy — ug, we
get

/ Vuy - V(ug — ug) dz
R" % (0,4)

[ (= ) o Clusl sgnu) Loy + /0] 1 — w2) 1oy ) o 2 0.
Adding together the last two relations, we obtain

IV (w1 = u2) |72 (gnx (0,4))

< /Rn <(U2 —u1) ¢’ (2lua]) sgn(ur) 1y, 203 + 9'(07)|ug — Ul\l{ulz()}) dx
[ (= ) o @lusl sgn(u) Las oy + 901 = u2) 1y ) o
= [ (= ) (o 2l snin) — o' 2l sn(u2)) a0

S A CA I EACTIR) RV

+ /Rn \u1]<g’(0+) - 9’<2|U1D) Lius#£0)n{up=0} 42

We observe now that

(ug — uy) (g’(2|u1\) sgn(uy) — ¢’ (2]ual) sgn(m)) <0 whenever ujus <0,
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therefore

IV (w1 = u2)l| 72 (gn  (0,))

< [ tua =l | 2lnl) = 5/ e 110,055 o

[l (90) = ' 2lual)) 1wy funsy o

+ [l (907) = 4@l 1w oy guneoy d

< Q/RH 9" || oo lur — w21y 0y 50 d + Q/Rn 1" | o< [ur — w21y, 0} {us 20} d

+ 2/11@ g || oo lur — ua|*1{u; 20y fup=0} d

< 2||g" || oo [lur — |72 gy
where we also used the fact that |ug — ui| = | |ug| — |ui|| whenever ujus > 0.
Step 2: We conclude.
First of all, note that
A
ua(z) = ui(x, A) = ui(x,0) +/ Oyu;(z,t) dt for every x € R" and i = 1, 2.
0

Therefore, for every x € R",

A A 1/2
uz(x,0) —uy(z,0) = /0 Oy(u1 — u2)(z,t) dt < Al/? (/0 |V (up — uQ)(x,t)|2dt> ,

so that
lur — w2 || Z2@ny < AlIV (1 = ug)| 720 0,4)):
Then, thanks to Step 1
IV (ur = ua) |2 gm0,y < 249" L=V (w1 — u2)l| 72 (gn  (0,))-
Since 2A||¢"|| e < 1, this implies
IV (w1 = u2) |22 e 0,7) = O

against (3.1).

We now show that  — u(z,0) is infinitesimal as || — oo.

Lemma 3.2. Let uy and g be as in Theorem 1.1, and let u € H'(R™ x (0, A)) be a solution of
(1.2). Then,
lim w(z,0) = 0.
|z|—o00

Proof. Suppose, by contradiction, that there exists a sequence {z } reny C R™ such that |z — oo
and

lim u(xg,0) =a # 0.

k—00
Define now, for every k € N, the function uy : R™ x [0, A] — R as

ug(z,y) = u(z + xp, y).
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Since uy is harmonic for every k € N and {uy}ren is uniformly bounded in R™ x [0, A] and
|kl 1 (re < (0,4)) < C, up to subsequences we have

up — u  uniformly on compact subsets of R" x [0, A], (3.3)

for some harmonic function @ : R™ x [0, A] — R such that u(-,A) = 0 and @(0,0) = a, with
u € HY(R™ x (0,A)). Since uy is harmonic for each k, we have

0= / upAug dz = / div(ugVug) dz — / |Vug|? dz
R7x(0,A) R x(0,A) R7x(0,A)

— / wa( + ) (Oyur) (z, A) de — / wn,0)(Dyur) (x,0) dir — / Vgl dz
n n R7x(0,A)

— / wa( + ) (Oyur) (z, A) de — / i (2, 0)| ¢/ (2lug (@, 0))) da — / Vgl dz
n R™ R7x(0,A)

g/ uA(m+:Ek)(8yuk)(x,A)d:L‘—/ |Vug|? dz. (3.4)
n R™x(0,A)

Letting k — oo, since u,(x + ) — 0, we obtain

/ \Va|? dz < liminf/ |Vug|*dz = 0,
7% (0,A) k—oo JrRnx(0,4)

where we also used the fact that uy — u weakly in H. (R™ x (0,4)). Since u(-,A) = 0 this
implies w = 0, which contradicts the fact that @(0,0) = a # 0. O

We now prove that the crack set K, defined in (1.3) is bounded.

Proposition 3.3. Let u, and g be as in Theorem 1.1, and let u € H'(R" x (0, A)) be a solution
of (1.2). Then, u(-,0) has compact support.

Proof. We start by showing that there exist positive constants R = R(g,A), ¢ = ¢(g,A), and
r=r(g,A) € (0,1) with the following property: If z; € R™is such that |x;| > R and u(z1,0) # 0,
then

J2z1 € Bf(z1) such that / \Vul|? dx dy > c. (3.5)
Bt (21)x(0,4)

Before proving the claim, let us show that this implies the conclusion. Indeed, suppose by
contradiction that the support of u(-,0) is not bounded. Then, there exists a sequence {x }reny C
R™ with |xg| — oo such that |xg| > R and u(zg,0) # 0 for every k € N. By (3.5), for every
k € N there exists 2 € B} (zx) such that

/ |Vu|? de dy > c.
By (2)%(0,4)

Without loss of generality, we can assume that |x; — x| > 4 for every j # k, so that the balls
{B"(2k) }ken are pairwise disjoint. Therefore,

/ |Vu|® de dy > Z/ |Vu|? da dy = oo,
R7x(0,A) k=1 B (z)x(0,A)

against the fact that u € HY(R" x (0, A)).
Let us now show the claim. By Lemma 3.2,

lim wa(x) = lim wu(x,0)=0. (3.6)

|z| =00 |z|—o00
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Let V : B} x [0, A] = R be the solution of the following problem:
AV =0 in B} x (0,A),
V=lzf on B} x{y=0},
V=1 on B} x {y = A},
V=1 on 0BT x (0, A),

and let a = a(g, A) > 0 be so small that

/ 0+ / 0+
sup |0,V (z,0)| < g(07) and g (s) > Al for 0 < s < = (3.7)
By (3.6), there exists a constant R = R(g,u,) > 2 such that
lu(z,0)] < % and |u(x, A)| = |ua(x)] < —, for every z with |z| > R — 2. (3.8)

a
1
Let 1 € R™ be such that |z1| > R and u(x1,0) > 0 (the case u(x1,0) < 0 can be treated in
the same way). We will show that there exist z; € BJ(x1), ¢ > 0, and r € (0,1) such that (3.5)
holds true.

For every b > 0 define Vj(z,y) := aV(x — x1,y) + b and set

b:=inf{b>0:V,>uin Bf(x1) x (0,A)}.

Note that we necessarily have b > 0, since Vg(z1,0) = 0 < u(a1,0).
By maximum principle, there exists (z,y) € (B} (x1) x (0, A)) such that

V5(@.7) = u(@,7).

By (3.8) it follows that ¥ # A, since u(z,A) < a/4 < a +b = Vi(x, A) for every z with
|z — x1| < 1. We then have only two possibilities.

Case i: 5§ = 0. Let us show that this is not possible. First of all, note that in this case it must
be | — z1| < 1/2. Indeed, for every x € B (z1) with |z — x| > 1/2

Vi(z,0) = alz — z1> + b > 2 u(z,0),

4
thanks to (3.8). Thus, using (3.7) and the fact that »(Z,0) = V4(Z,0) > 0, we have
(0t 1N+
PO < g (2u(z.0)) = Byu(z.0) < 9,(7.0) = ad,V (7~ 21,0) < L0

which gives a contradiction.

Case ii: 0 <y < A and |T — 1| = 1. Let us show that, for a sufficiently small, there exists a
positive constant ¢; = ¢1(g,a, A,u,) such that

0<a<y<A—-c <A (3.9)
From (1.2) and (1.4) it follows that
|0yu(x,0)] < g'(07) |0yu(x, A)| < Co, for every z € R",

for some positive constant Cyp > ¢'(0%). Therefore, setting C := (Co — ¢’(07))/A, by the
maximum principle (note that dyu is harmonic)

—g'(0%) = Cry < dyu(x,y) < ¢'(0%) + Ciy  for every (z,y) € R" x [0, A]. (3.10)
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Therefore,
_ Y
a<a+b=u(T,7y)=uZ0)+ / Oyu(T,y) dy
0

a Y . _a F by — @2
<t ; (4’0 )+Cly)dy—1+g(0 )y+01?

where we used (3.8). The above inequality implies

—o ~20/(07) +1/4¢'(0%)* + 6aCy

20, c1 > 0.
Analogously, we have
A
a<a+b=uTy) =u@ A) - / Oyu(T,y) dy
Yy
A \2
a a A—
<2+ [(Won+amay = +g0na-p+ ot

7
which implies A — 3§ > ¢1, so that

min{y, A — 3y} > ci,

thus giving (3.9).
We can now show (3.5). At the contact point, we have

w(T,y) = V5(@,y) = a +b.
Then, by Harnack inequality and by (3.9), there exists a radius r = r(c1) € (0,1) such that
u(z,y) > % for every (z,y) € B)(Z) X (y —r,y +r).

The inequality above implies that for every x € BJ'(Z) (note that |z| > R — 2 for € B)'(T), so
we can use (3.8))

RS

< u(z,j) —u(z, A) < /yA |0y ul(z,y) dy < VA (/OA(ayu)Q(a:,y) dy)é :

from which

A ) a2
| vl = Vo e BYT)

Integrating with respect to x, we obtain

/ \Vul|? dx dy > —Q2HH(B?(E)).

Bn(z)x(0,A) B 16A
Setting
_ a®H" (B} (7))

21 =7, and c:= T

the claim follows. O

We now show that, under the assumption 2A4|¢”||p~ < 1, the Lipschitz continuity of u,
implies the Lipschitz continuity of u(-,y), uniformly with respect to y.

Lemma 3.4. Let u, and g be as in Theorem 1.1, let u € HY(R™ x (0, A)) be a solution of (1.2),
and let Ly be given by Remark 2.1. Then, for every y € [0, A] the function u(-,y) is Lipschitz

: ; ; ; A
continuous, with Lipschitz constant =2 A" -
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Proof. Let h € R™\ {0}, « > 0, and define for every C' > 0

ug () = u(a+ hy) + Ol [1+a (1= 2)]. (@) eR"x [0, 4]
Setting C} := inf {C >0: ug’a > u}, we claim that
2A]|g"|| o
&< L f —_— A1
Ci < La, ora > — 2AT g1~ (3.11)

Let us first show that the claim proves the lemma. Indeed, if (3.11) is true then for every
(x,y) € R™ x [0, A] we have

w(@ + hyy) + La(l + )|k > w(z + h,y) + Lalhl [1 +a (1 - %)]

> (e +hyy) + Ol [14+a (1= 5] = u(,y).

Since x,y and h are arbitrary, from the last inequality and letting o — %, we get

Ly

u(x + h,y) — u(z, < ——|h|,
) (o) < g gt

thus concluding.
Let us now prove the claim. By maximum principle and thanks to (3.6), there exists (7,7) €
R™ x {0, A} such that

hyo — — — : h,o
0=1uq(T,y) — YY) = f - — ).
u(@9) —u(@. ) = int (s — )

In the following we assume Cj' > 0, since otherwise (3.11) is trivially satisfied. We have two
possibilities.

Case 1: § = A. Since u,(-) is Lipschitz continuous, at the contact point (z, A) we have
—Lalh| < ua(T+ h) —ua(@) = =C}|h],
from which (3.11) follows.

Case 2: 57 = (0. We conclude the proof of the lemma, showing that for o sufficiently large this
case is impossible. At the contact point, the following equality holds true:

w(T 4 h,0) + (1 + )C2|h| = u’g;g(f, 0) = u(z,0). (3.12)

We consider now three possible subcases, in which we will always reach a contradiction.
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Case 2a: j = 0 and u(7,0) < 0. Thanks to (3.12), it has to be u(T+h,0) < —(14+a)Cy|h| < 0.
Therefore, recalling (2.1) we get

— ¢'(—2u(,0)) < 9,u(Z,0) < dufs (,0)

C¢lh
= dyu(@ + h,0) — = il
A
CYlh
C¢lh
= g/~ 2u(z,0) + 201+ )cgin) - “Ch
(6%
<~/ (~2u(®,0)) + R[] (201 + a) 9" 1z~ — 5)
1
— g/ (~2u(z.0)) + GElnl [21g" 1= + o (20" - 5 )]
< —g/(—2U(T, 0))a
24]lg" o0
for a > 172Ag”g,,ﬁLoo.
Case 2b: 7 = 0 with u(z,0) > 0 and «(Z + h,0) < 0. In this case we have
C¢lh
0 < ¢'(2u(z,0)) = dyu(z,0) < %ué’?(i 0) = yu(Z + h,0) — o ?1’ ‘
CHlh
— g/ (-2u(z+n,0) - G

which is still impossible.

Case 2c: § =0 with «(7,0) > 0 and «(Z + h,0) > 0. This follows as in case 2a:
g'(2u(F,0)) = 9,u(T,0) < dyufs (7,0)

= 0yu(Z + h,0) — O‘C}?h' < ¢ (2u(T + h,0)) — O‘C;z'h'
= ¢ (2u(7,0) - 2(1 + )R |h]) — M’Z{W
< ¢'(2u(z,0)) + CZh| (2(1 +)llg" o — %)
— ¢ (2u(@0) + Cilil |21+ o (210 - 5 )|
< ¢ (2u(z,0)),
for a > %. This proves the claim and, in turn, the lemma. 0

We now show a property that implies the semiconvexity of u™ (-, y), for any y € [0, A].

Lemma 3.5. Let u, and g be as in Theorem 1.1, and let u € HY(R™ x (0, A4)) be a solution of
(1.2). Then, there exists D > 0 such that for every (x,y) € R™ x [0, A],

[u(m—i—h,y)+u(m—h,y)+b[h!2]+ > 2uT (2,y) VheR"

In particular, for every y € [0, A] the function u™(-,y) is semiconvex, with semiconvezity con-
stant D.

An analogous result holds true for ™.



OPTIMAL REGULARITY AND FREE BOUNDARY IN COHESIVE ZONE MODELS 13

Lemma 3.6. Let uy and g be as in Theorem 1.1, and let u € HY(R™ x (0, A)) be a solution of
(1.2). Then, there exists C' > 0 such that for every (z,y) € R™ x [0, 4],

[u(z + h,y) +u(z — h,y) — C|h|*]” < 2u (z,y) VheR"

In particular, for every y € [0, A] the function u™(-,y) is semiconcave, with semiconcavity con-
stant C.

The following remark will be useful in the proof of Proposition 4.1.

Remark 3.7. Combining Lemmata 3.5 and 3.6, we obtain
[u(z + h,y) + u(z — h,y) + DIaP] " > 2u™ (2,y) > 2u(z,y)
>2u” (z,y) > [u(z + h,y) + ulz — h,y) = C|p*] ",
for every (x,y) € R™ x [0, A], and h € R™.

Remark 3.8. Let L, D4 and Cy4 be given by Remark 2.1. A careful inspection of the proof
of Lemma 3.5 shows that one can choose

Dzl[DAJerB;"g] and Czl[CA+%],
c4 cA 4
where
ca=1-2A[g" |,  Bag:= ALamax{Lallg" |, 2cacyllg” ||z},
and ¢y > 0 is a positive constant such that

La
44" 1t + Dallg o=t < g (07)  for every ¢ € [0,1/c,). (313)

We only give the proof of Lemma 3.5, since that one of Lemma 3.6 is analogous.

Proof of Lemma 3.5. For every h € R™\ {0}, a > 0, € > 0, and C > 0, we define the function

h — h,y) + C|h? y
ulé’,a,s(xvy) — u(:v+ ,y)—l—u(x 7y)+ | | +aC|h\2 (1y):| +€|h‘2,
2 A
and set C/° := inf{C > 0 : uls™* > u* in R" x [0, A]}. We claim that
A /! I
Cy° <max{Dy — 2¢, f-(a)} for every a > Alg = and 0<e < Dy/2, (3.14)
ca

where
Bag +echAllg" |l
ff(a) =2 2 Allg" ’
cylaca — Allg"||L=)
and the constants cq, B 4, and ¢, are defined in Remark 3.8. Before proving the claim, let us
show how this will imply the lemma.
Setting

Ge(a) = (1 + 2a)max{D4 — 2¢, f-(a)},
from (3.14) and by definition of C}" it follows that

[u(z + h,y) +u(z — h,y) + Ge(a) |h?] + 2¢|h|?
> [u(z + h,y) + u(@ — h,y) + (1 + 20)[B?] ™+ 2¢[h]?
+
> _ e _ Yy 2 2
> [ule + hyy) +ulz — h,y) + Cp (1420 (1 A))w |+ 2eln
> 2u™(x,y), (3.15)
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for every (z,y) € R" x [0, 4], a > A||¢"||z~/ca, and € € (0,D4/2). One can check that for
every fixed € € (0,D4/2)

G.(a) = (14 20)fe(a) for Allg"||z~/ca < a < e,
: (14+2a)(Da—2¢) for a> a,
where
oo Al By + Al o

cA ci(DA — 2¢)
From this, it follows that for every ¢ € (0, D4/2)
min {G-() : @ > Al|g" ||~ /ca} = Ge(a:) = D — 2¢,
with D defined in Remark 3.8. Therefore, minimizing in « the left hand side of (3.15) we obtain
[u(e + hyy) +u(@ — hyy) + (D — 22) B2] "+ 262 > 20t (a,),

for every (z,y) € R" x [0, A], and € € (0, D 4/2). Taking the limit as ¢ — 0 we conclude.
Let us now show (3.14). By definition of C}"°, the maximum principle, and thanks to (3.6),

there exists (7,7) € R"™ x {0, A} such that
+(@,7) = inf(u"2. —uh). (3.16)

_  ha = —
0= Ugios (Z,79) —u inf(uc.

In the following we assume C;"° > 0, since otherwise (3.14) is trivially satisfied. We have two
possibilities.
Case 1: y = A. At the contact point (Z, A) we have

T+h T —h) 4+ C>°|h2]
Uj(x):|:UA(x+ )+UA(; ) + h | |}+E’h‘2>0,

so that u{(Z) = u.(Z) > 0. Therefore

T+ h) +ua(T —h) +C*|n2]™"
() = |:UA(:C ) UA(;: )+, A ] el
- Us(T + h) +ua(@ — h) + C°|h[?
- 2
- 2uA(Z) — Dalh|? + C;°|h|?
- 2
which implies

—i—&?\h\z

1,
+ alh\Q =u,(T) + 3 (C’h’E — D+ 26) ]h\Q,

Co < Dy — 2. (3.17)
Case 2: § = 0. At the contact point (Z,0) we have
0 < [w(T + R, 0) + u(@ — h,0) + C=(1 + 20)|h|*] + 2¢|n[? = 20T (,0). (3.18)
Therefore, u™ (Z,0) = u(z,0) and

0 < ¢ (2u(T, 0)) = B,u(T,0) < (yulss.)(z,0) (3.19)

yUeee
(-] b

{ {u(az + h,y) + u(@ — h,y) + C°|h|?
— 9, ; +

a,e
aCy
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From the fact that the right hand side in the above expression is positive, it follows that
uw(T + h,y) + u(@ — h,y) + Cp°|h?
2

+aCye|h? (1 — %) >0 for y close to 0,

and from (3.19) we get
aCE P

0 <g'(2u(z,0)) < .

[0,u(T + h,0) + du(Z — h,0)] — (3.20)

DO =

Moreover, identity (3.18) becomes
(T + h,0) +u(T — h,0) + C;"*(1 + 2a)|h|* + 2¢|h|* = 2u(T, 0), (3.21)

Observing now that the role played by u(Z + h,0) and u(Z — h,0) is symmetric, we only need to
consider three subcases.

Case 2a: § =0 with u(Z + h,0) > 0 and u(Z — h,0) > 0. In this case, recalling (2.1), from
relation (3.20) we obtain

/ — Ly — / — OzCﬁﬂhP
0 <g'(2u(z,0)) < 5 [ (2u(T + h,0)) + ¢'(2u(@ — h,0))] — —r (3.22)
Let us now show that for every a,b > 0
g (a)+ g (b a+b 1
()2() < g/ <2 + gug//lHLOO (a . b>2 (323)

Indeed, there exist 6,7 € (0, 1) such that

a) = ¢ a+b+a—b s f{a+b Yo a+b\a—-b>
gl)=9\ "3 2 )9\ 2 9\ 2

1., a—b\?
+ 397 legpppee (57 )

iy s fatb a=b\_,fa+b\ ,lfa+b\a—b
g(b)—g<2 2)—9<2 9\ 5
Ly a—b\’
39 ‘“3”—”5”( 2 )

Summing up the last two relations we obtain the claim. Applying (3.23) with a = 2u(Z + h,0)
and b = 2u(Z — h,0), and using (3.21), relation (3.22) gives
g'(2u(Z,0)) < ¢ (2u(z,0) — (1 + 2a)Cy°|h|* — 2¢|h|?)
enalls
" .

By Lemma 3.4 it follows that u(-,0) is Lipschitz continuous, with Lipschitz constant L4/c4.
Therefore, recalling that cq4 =1 — 2A||¢" ||, we get

and

1
+ 519" | pee (@ + 1, 0) — u(@ — b, 0))

/ — / — a,E 21 M L,24 n 2 an’E|h|2
g'(2u(7,0)) < ¢'(2u(T,0)) + [(1+2a)C;° + 2¢]|h[||g oo + 25197 oo [I™ = ——
A

_ L2 cA
= (2u(@0) + 1 |25 e + 22l = + G (11 — 0] )|
A

- L2 aca — Allg" || e
= (2u(@.0) + |1 |25 e + 26l - 0=
A
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The inequality above is only possible if the last term in the right hand side is non-negative, that

is, if

2A(LA4Ng" |z + echllg” |l L)
chlaca — Allg"|[ L)

Cf < (3.24)

Case 2b: y =0 with u(Z + h,0) > 0 and u(Z — h,0) < 0. In this case, recalling (2.1), (3.20)

implies that

aC} e |h|?
T

By Lemma 3.4, u(-,0) is Lipschitz continuous, with Lipschitz constant L4 /c4. Therefore, the
right hand side of the above expression can be estimated as follows

[g’(2u(§ +h,0)) — ¢ 2|u(z — h, O)|)] — (3.25)

DN |

0 <g'(2u(z,0)) <

1 aC | h|?
L [ @tz + h0)) — g/ @lu(z — h,0))] — 2"
_ _ aC|h|?
< gl u( = 5,0)] = u(+ .0y | - 201D
LA " O‘CI?’E“LP
<2— w|h| — —+——.
< 22 g e — 2

On the other hand, thanks to (3.21) we can estimate the left hand side of (3.25) as
J'2u(@,0) = ¢'(Ju(T + h,0)| — [u(@ — h,0)| + C}°(1 + 2a)|h|* + 2¢|h[?)
> g'(07) = llg" Iz [lu(@ + h, 0)| = [u(@ = b, 0)| = lg"llL[C* (1 + 2a) + 2¢]|hf?

La
>g'(0%) - QJIIQ'/IILOo |7 = llg" [l o< [Cp (1 + 20) + 2¢]|h[>.

Combining the last two inequalities and (3.25) we obtain

aCe|h|?

Ly
9(07) < 422 e 1]+ 9" e G511 +20) + 28] 02 = =g
cacs = Al 1

L
= 472" || Lo | R 2ld" || s — C h?. 3.26
» 9" | |h] + |2¢]lg"|L h I |h| (3.26)

We now distinguish two subcases.

Case 2bi: Small values of |h|. Let ¢, > 0 be defined by (3.13). From (3.26) it follows that
for every |h| € [0,1/¢cq4) we have

Ly
(0%) < 42 gL ]+ 22l
L
<420 e ]+ Dyl b2 < (0°),

which is impossible. Therefore, (3.26) can only be satisfied for |h| > 1/c,.

Case 2bii: |h| large. Suppose now that |h| > 1/c4, where ¢, is given by (3.13). Then,
|h| < ¢g|h|* and thanks to (3.26) we obtain

Lac acya — Allg" || e
g/(o—i-) < [(4 ;‘Ag +28> Hg””LOO _C]?,e A A‘g ”L |h’2.
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Last inequality is impossible, unless

Lac "
poe (152 +20) Al 1= 20@Lscacol 1~ + 2chle" 1)
h

— 3.27
aca — Allg" o~ 2 (aca — Alg" o) (3.27)

Case 2c: § = 0 with «(Z + h,0) < 0 and «(Z — h,0) < 0. In this case, inequality (3.20)
becomes
aCp e |hf?

0 <g/(2u(,0)) < —3 [o (fu(z + b, O)) + ¢ (fulz — h,0)}] — “

<0,
which is impossible.

Case 2d: Proof of (3.14). From the previous steps it follows that at least one among inequali-
ties (3.17), (3.24), and (3.27) has to be satisfied. Recalling the definition of f(«), this concludes
the proof of (3.14) and, in turn, of the lemma. O

4. PHASES SEPARATION AND OPTIMAL REGULARITY

As already mentioned in the Introduction, the main problem in establishing optimal regularity
is that one cannot exclude a priori the existence of free boundary points where the function u
changes sign. Indeed, at such points dyu(-,0) would be discontinuous, with a jump of 2¢’(07).
This is ruled out by the following proposition, which shows that the two “phases” {xr € R" :
u(z,0) > 0} and {z € R : u(x,0) < 0} are well separated.

Proposition 4.1. Let u, and g be as in Theorem 1.1, let u € H*(R™ x (0, A)) be a solution of
(1.2), and let x € OK,,, where K,, is defined by (1.3). Then, there exists ro = ro(x) € (0,1) such
that

B (z) N {z’ € R™ : u(a’,0) > 0} N {2z’ € R" : u(2’,0) < 0} = O.
Before proving Proposition 4.1, we show how this allows us to prove Theorem 1.1.

Proof of Theorem 1.1. Let x € 0K,,. Without any loss of generality, thanks to Proposition 4.1,
we can assume that
u(z’,0) >0 for every 2’ € By (z),

where 7 is given by Proposition 4.1. We claim that there exists 0 < 7 < rg and D’ > 0, such
that

D2 u(x',y) > —D' for every o’ € Bp(x,0) N {y > 0}. (4.1)
Indeed, let us write © = uy + uo + ug, where uq, ug, and usg are the harmonic functions in
R™ x (0, A) with the following boundary conditions:

up =0  on {y=0}, ug =ut on {y =0}, ug=u" on {y =0},

up =u, on{y= A}, ug =0 on {y = A}, uz =0 on {y = A}.
Note now that uz is C* in a neighborhood of (z,0), since v~ = 0 in B} (x). Analogously, u;
is also C'*° in a neighborhood of (x,0). On the other hand, by maximum principle uy > 0.

Therefore, an argument similar to the one used in the proof of Lemma 3.5 shows that, for every
y € [0, A, ua(-,y) is semiconvex. Therefore,

D? uy(x',y) > —D  for every (z',y) € R" x (0, A).

Then, using the fact that u; and ugz are smooth, (4.1) follows.
We now note that v defined in (1.5) is a harmonic function in R™ x (0, A) satisfying

v>0 and v[Gv+g(07) =g (2v))]=0 on {y =0} N BZ(x),
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which is just a minor variation of the classical Signorini problem vdyv = 0 [5, 6]. Thus, the
remaining part of the proof of Theorem 1.1 can easily be obtained by repeating (with the needed
minor modifications) the arguments used in [5, 8. O

We now give the proof of Proposition 4.1.

Proof of Proposition 4.1. Without any loss of generality, we can assume x = 0. We will argue
by contradiction, assuming that

B'n{z' e R*:u(2’,0) >0} N{z’ € R* : u(a’,0) < 0} # O for every r > 0. (4.2)
We divide the proof into two steps.

Step 1. We show that (4.2) implies that u(-,0) is differentiable at = 0 with Vu(0,0) = 0.
Since u(0,0) = 0, u™ > 0, and v~ < 0, we have

0€d;u"(0,00 and 0€ 9 u(0,0),
where we denote by 9, u™(+,0) and 9; u™ (-, 0) the subdifferential of u™(-,0) and the superdiffer-

ential of u~(-,0), respectively. Suppose now that (4.2) is satisfied but, by contradiction, there
exists & € R™ such that

€€ (0;u™(0,0) UdFu(0,0)) \ {0}

Without loss of generality, we can assume & € 9, u"(0,0) and £ = be; for some b > 0, i.e.

be; € 0, u"(0,0), for some b > 0. (4.3)

Since, by Lemma 3.5, u™*(-,0) is semiconvex with semiconvexity constant D, (4.3) implies that

u"(z,0) + D|z|*> > u(0,0) + be; -z for every z € R™. (4.4)

Setting zp = %el, the above inequality can be written as u™(z,0) > D(|xp|? — |z — 13]?), so
that

u(z,0) >0 for every x € B, (xs). (4.5)

We now divide the proof of Step 1 into two substeps.
Step la. We show that
(4.3) = 0fu(0,0)\ {0} # O.
Suppose, by contradiction, that (4.3) is satisfied but 9w~ (0,0) = {0}. Then, since u~ is
semiconcave, u~ (-,0) is differentiable in 0 and

u(z,0) > u (z,0) > o(|x|) for every x € R". (4.6)
By (4.2), we can find a sequence {zj}reny C R™\ {0} with 25 — 0 such that
u(zg,0) <0 for every k € N. (4.7)
Setting hy, := 2|zi|e1, thanks to (4.6) we have
w(ak — hi,0) 2 u™ (2 — Iy, 0) = o|wk — hy|) = of|zkl), (4.8)

where the last equality follows from our choice of the sequence {hg}ren. On the other hand, by
(4.4) it follows that

ut (xy, + hy, 0) > bey - (zx + hi) — D]z + hk]2

(
X — X
= blay| <2 +e- ’“) — D|ay|? <5 + de; - ’“)
T |z |
b
2
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for k sufficiently large. Thanks to Remark 3.7, combining (4.7), (4.8), and (4.9), we have that,
for k large enough,
0 > 2u(xg,0) > 2u™ (z,0)
> [u(zg + hy, 0) + u(zy, — hi, 0) — Clhy|?]

b B _
> §|xk|—|—0(]xk])—40|xk|2 =0,

which is impossible.

Step 1b. We conclude the proof of Step 1. By Step 1a, there exists d > 0 and e € S"N{y = 0}
such that de € 9 u~(0,0). Since, by Lemma 3.6, u~(-,0) is semiconcave with semiconcavity
constant C, by repeating the same argument used to show (4.4) we have that

u(z,0) <0 for every x € B[ (zq), (4.10)
where we set x4 := %e. Taking into account (4.5), this implies e = —ey, thus z4 = —%el. We
will now show that 0, u(+,0) is unbounded, against Lemma 3.4.

To this aim, for every ¢ > 0 we set w. := —ee;. In this way, w. — 0 as ¢ — 0" and

we € Bl’;d|(ajd) for e sufficiently small, so that u(we,0) < 0. We claim that

lim 0y, u(we,0) = 4o0. (4.11)

e—0t

Let @ : R™ x [0,00) — R be the harmonic extension of u(z,0) to the half space R™ x [0, 00). We
have

1 . 1 - o ((w€)1 - Zl) - . ~
C—n@;ﬁlu(w@O) = C—naxlu(wE,O) = /n Twn — 2 (Oyt(we,0) — Oyu(z,0)) dz

:/]R M@y(@fu)(ws,o)—ay(ﬂ—U)(z,O)) dz

n Jwe — z[P 1

((ws)l - Zl) —Oulz >
. /R L 2 (9 u(we, 0) — Byu(z,0)) dz,

n Jwe — z[P 1

for some positive dimensional constant C,,. Since @& — u vanishes on {y = 0} and is harmonic in
R™ x (0, A), we have & — 0y(t — u)(x,0) € C*(R"). Therefore, to prove our claim it will be
sufficient to show that the last integral diverges as ¢ — 07. Let f : R™ — R be defined as

_ JOyu(z,0) if u(x,0) <O,
J(@):= {—g’(m) if u(z,0) > 0.

Since dyu(z,0) = —¢'(2|u(z,0)|) where u(x,0) < 0, it follows that that f is Lipschitz continuous,
with Lipschitz constant 2||¢”|| LooHAﬁW (recall Lemma 3.4). In the following, we set

A= min{b,d}. (4.12)
D C
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Given r > 0 with 0 < r < A\/4, we split the integral under consideration as follows

[ R R) 0yu(w,0) - 0. 0) s
_ /]R (we)r — #1) (Oyu(we, 0) — dyu(z,0)) dz

n\Bn lwe — 2|+

((we)1 — 21)
+ /B?@ W (0yu(wg,0) - 8yU(Z, 0)) dZ,
We can disregard the first integral, which is bounded for € small enough. Concerning the second
integral, using the fact that u(we,0) < 0, we have
/ Wt =20 (5, 0) = Byu(z,0)) dz = / W0l =20 (5 0, 0) = Fun)) d

B Br |we — 2|+

n |w€_z|n+1

(b =2 o ooy ass [ @A) G g
+/B?|w€_z|n+l(f(z) d,u(z,0)) d +/Bﬁ ot ) = fE) d
— M 2y —0,ulz z M We) — J 2 z
_/B (f(2) — dyu(z,0)) d +/Bﬁ oot () = f() d

n |U}5 _ Z|n+1

=17+ I5.
Since f is Lipschitz continuous, I§ is uniformly bounded in €. By definition of f and by (4.5),

we can split I{ in the following way:
= [ A o) gy as= [ R ) g0 s
B Brn{u>0} [we — 2|

n we — 2|+

1
Izb\(xb) ’wa o z’n+

-/ e = 21) 1)~ Dyu(z,0)) dz
BrnB

((weh — 21) (f(2) = Oyu(2,0)) dz =: IT1 + I7 5.

)
BrO{u=0N\BY, | (a) [we — 2|+
We claim that I, is uniformly bounded in e. Indeed, first of all we observe that, thanks to

(2.1) and Lemma 3.4,
£ (2) = dyu(2,0)] = ¢'(07) + dyu(z,0) < ¢'(0") + ¢'(2u(z,0))
Lallg”"||ze
< (0T " o < (0T e = =:c
<209+ 1o Liu(,0)) <2 (507 +r ZAE =) e,

for every z € B’ N {u > 0}. Then, recalling (4.10), we have
1 1
|If2|§cr/ ndz:cr/ Tz
’ Bpn{u20N\BY, () [We — 2| BB, ()BT | (va) [We = 2|

n—1

S — dH" Y w) dp

r
- Cr/ / C D n
0 JSn—In{wesn—1: —pC/d<wi<pD/b} ’ws - pCU|

r n—1
<6 / / i (w) d,
0 Jx, lwe — pw|™

where we set
X, = {w es 1. lwi| < X}v
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and A is defined by (4.12). Since w, := —eeq, we note that for every p € (0,7) and w € X,
lwe — pw|* = p? +2epwy +e2 > p? —2ep* A+ % = p* (1 —2eN) + &% > %p2,
for ¢ sufficiently small. Therefore, for ¢ sufficiently small we obtain
o] < 27 ¢, /r/ 1d”;‘-{"_l(f.u) dp<23¢,C,
0o Jx, P

where we used the fact that H"1(3,) < Cp for some positive constant C' = C(n).

Let us now estimate If. Since z; > 0 for every z € B!’ N Br;bl(mb) and (wg); = —e < 0, we
have (we)1 — 21 < 0. Therefore, since ¢’ > 0,
I :/ (WD =21 ey g u(z,0)) de
1,1 BROBY (1) |we — z|nH1 Y
21— (wa)l 10+ ’
= ———= (4'(07) + ¢'(2u(z,0)) dz
/B;}mB’;bl(zb) |we — 2|+ ( ) )
R SR S
BpOBY, (a) [We = 2] By (wnBy, () [We = 2]

|z,

1

T’*El
g0 [ cpdr=g ) [0 [ wan i@
By 0B, | (wp—we) 7| e P Jss

D(p? 2 b
E;::{wesn‘lz (p +€)j€ <w1<1}.
p(b+2eD)

Note now that, for ¢ sufficiently small, since p < r —e < A\/4 < b/(4D), we have
D(p* +e*)+eb  Dp 1
(p*+¢e%) +e <oDp

p(b+ 2eD) b 2

where

Therefore,

T—E 1
Iiy > g’(0+)/ / wi dH" " (w) dp
’ e P Jsr1n{1/2<wi<1}
r—¢& 1 _
:cng'(0+)/ —dp=rc,g(0")In <7“ 5) ,
£ p €

for some positive dimensional constant c¢,. Taking the limit as ¢ — 0 we obtain

lim [T, = +o0,
e—0t 7’

which proves (4.11). As noted before, this contradicts Lemma 3.4, concluding the proof of
Step 1.

Step 2. We show that there exist positive constants v, n, and 7 such that
3 . _ _
Oyu> 2g'(0%)  in Rypi= By x [(1 =), (1 +7)n7]. (4.13)

By Step 1 we know that u(-,0) is differentiable at = = 0 with V,u(0,0) = 0, hence there exists
a continuous function o : [0, 00) — [0, 00) with ¢(0) = 0 such that

|u(z,0)] < o(|x])|z| for every x € R"™.
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Note that, with no loss of generality, we can assume that o(r) > r for all r.
Let M, C,n be positive constants to be chosen later, and for every r € (0,1) set

I := B x [0,nr].

We consider the harmonic function V*+ : I',, — R defined as
o(r o(r
V) = ute) ~ M2 Pt P2 0ty - oy,

where l’o € R™ is such that u(z{,0) > 0 and |z | = cor with 0 < ¢y < 1 (note that that such a
point wo exists, because we are assuming, by contradiction, that (0,0) is a boundary point both
for {u > 0} and for {u < 0}). Since V' is harmonic, we have

0 < max V7T = max V+
T, or,.

where the positivity comes from the fact that V*(zd,0) = u(zg,0) > 0. We now have several
possibilities.

Case 2a: We show that, if C' is sufficiently large, then there exists no = € 9T', N {y = 0} such
that

max VT = V7 (z,0).
T,

Suppose that such T exists. Then, it cannot be u(Z,0) < 0, since in that case
V*H(z,0) = u(z,0) — MUET)M— x> <o0.
Therefore, u(z,0) > 0, and
o,V T (z,0) = dyu(z,0) — ¢'(07) + Cr = ¢'(2u(Z,0)) — ¢'(07) + Cr
> —2u(z,0)|lg" ||z~ + Cr > —20(r) r||g" ||z~ + Cr.
If we choose C' large enough we obtain 9,V * (%, 0) > 0, which is impossible.

Case 2b: We show that, if M is sufficiently large and 7 is sufficiently small, then there exists
no point (Z,y) with [Z| = r and 7 € [0, nr] such that

max V' = V1 (z,7).
T,

Indeed, suppose that such a point (Z,7) exists. Then, since |ac] =r and |2 | = cor, we have
(1= cor? < |7 — 2 < (1 + eo)?r
Thus,
0 < VHZ,7) = uE@g) — M@\f —zd ]+ nM@y2 —(¢g'(0") = Cr)y
r r

<u(m.3) ~ M (1~ o (rir + 705 (g 0%) g,

so that (recall that ¢p < 1)
u(w. ) > M (1~ coPolr)r —nd 7P 1 (f(0%) — Crg

M (1
M (1~ c)?o(r)r — (nMa? o(r)r+ Cr?) + ¢'(0%)y
M
2
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for  small enough. Thanks to (3.10), this last estimate gives

M -2 2
S o)+ g (007 Su@F) < u(@.0) +¢/(0) 7+ <olr)r+ i’ +4(0)7,
which is impossible for M sufficiently large.

Case 2c: We show that, if M is sufficiently large and 7 is sufficiently small, then there exists
no point € R™ with r/2 < || < r such that

max V' = VT (z,nr).
Iy

This case can be treated as Case 2b.

Case 2d: We show that, if M is sufficiently large and 7 is sufficiently small, there exist v,7 > 0
such that (4.13) is satisfied. From Cases 2a—2c, there exists T € R™ with |Z| < r/2 such that

max V' = VI (z,nr),
Iy

so that
0 <8,V (Z,mr) = 0yu(@,nr) + 2nMno(r) — (¢'(0%) — Cr).
Using the fact that » < o(r) we have
Oyu(z,nr) > ¢'(0°) — 20Myo(r) — Cr > ¢'(0) — Cyo(r), (4.14)
where C), = 2nMn+ C. For v € (1/2,1) let us set
(@, nr) € Ry = B, x [(1=y)nr, (1+)nr] .

Thanks to (3.10), the function ¢’(0") + 2Cnr — dyu is harmonic and nonnegative in I'y,. Thus,
by (4.14) and Harnack inequality, there exists a constant C., > 0 such that

sup (g/(0+) +2C1nr — ayu) < C7 jiqnf (g/(0+) +2Cnr — ﬁyu)

yr

< Cy (4'(07) +2Cimr — (¢'(07) = Cy o (r))) = C,(2C1nr + Cyy o (r)).
From the previous chain of inequalities we obtain
oyu > ¢ (07) + 201 (1 — Cy)nr — C,Cy o () in Ry,
Therefore, there exists 7 = 7(-y) such that

3
@uzzymﬂ in Ry,

thus showing (4.13).

Step 3. We conclude. An argument analogous to that one used in Step 2 can be applied to the
harmonic function V'~ : I — R defined as

Vo (x,y) = u(z,y) + M@]w — xa\Q — nM@y2 +(4'(07) — Cr)y,

r T
where z, € R" is such that u(z;,0) < 0 and |z, | = ¢y r with 0 < ¢; < 1, to obtain that
3 .
8yu < _lg/(O-i—) 1 R’YF'

Comparing the inequality above to (4.13), we obtain the desired contradiction. O
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5. FREQUENCY FORMULA

In this section we prove a frequency formula, which will allow us to study the blow up profiles
of solutions u of (1.2). To this purpose, assuming that (0,0) is a free boundary point for w,
and that u(z,0) > 0 in a neighborhood of 0 (cf. Proposition 4.1), we investigate the regularity
properties of the function v : R" x [-A, A] — R defined by (1.5).

Throughout this section we assume that the hypotheses of Theorem 1.1 are satisfied, that v
is given by (1.5) where u is a solution of (1.2), that (0,0) is a free boundary point for v, and
that v(z,0) > 0 for every x € By, where g is given by Proposition 4.1. Therefore, v satisfies:

Av =0 in By, \ {y =0},
v>0 on B!

T0?

oyv < ¢'(2v) —¢'(07)  on B!

TO?

oyv =g (2v) —¢'(0Y) on B n{v>0}.
Since v is even with respect to the hyperplane {y = 0}, we have

ov ov
Vpr = U and — a;T = 8ZT <0 on By . (5.1)

First of all we observe that
2 Ls
1 —2A]g"|| e

for every x € B!, where we used the definition of v, Lemma 3.4, and the fact that (0,0) is a
free boundary point. From the above inequality it follows that the function

is superharmonic in B,,. Indeed, let ¢ € C°(B,,) with ¢ > 0. Then, using the fact that v is
harmonic in By, \ {y = 0}

/ vApdz = / vApdz + / vApdz
By, ByroN{y>0} BroN{y<0}
/ div(v V) dz + / div(v Vo) dz
Byrqn{y>0} BryN{y>0}
/ Vﬁ-Vgpdz—/ Vv -Vedz
BryN{y>0} By,N{y<0}

oN
- O . . - . -
(Vpp — Vgp) — dH"™ — div(eVv) dz — div(¢Vo) dz
By y ByyN{y>0}

Byron{y<0}
_/ o OUgrr _ 0vpr _ 2/ SpavRT dH" < 0,
n oy oy n oy

where we used (5.1). We can now state the main result of the section.

Oyv(z,0) = g'(2v(w,0)) — g'(07) < 2||g"||v(2,0) < 0o =: Co,

Proposition 5.1. Let F, : (0,00) — [0,00) be given by

Fy(r) := / vt dH™,
0B,

let ro be given by Proposition 4.1, and set

O, (r) := rdir log (maX{Fv(r), r"+4}) .
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Then, there exist 0 < 7o < 19, and a positive constant C, such that the function r — (I)U(T)GCT
is monotone nondecreasing for r € (0,7g). In particular, there exists

®,(0%) = lim ®,(r).

r—0t

Before giving the proof, we need several auxiliary lemmas. When integrating along the bound-
ary of a smooth (n 4 1)-dimensional set, we will denote by v the outer unit normal, and by
v, the derivative of v along v. We will denote the tangential gradient of v by V, v, so that
Vv =Vv—uo,v.

The next lemma is an adaptation of [9, Lemma 7.8].

Lemma 5.2. For every r € (0,79)

n — v[2dz =r v]? — 02 n "20) — ¢ (0" ) (z - v) dzx.
( 1)/T'V'd /aBT[IVTI 2 an *4/359(2) ¢(0%) (& - V,v)d

Proof. Since Av =0 in By, \ {y = 0}, there we have
div [|Vv|2z —2(z - Vo) Vo
= (n+1)|Vo|* + 2(D%* - Vv) - z — 2(z - Vo) Av — 2Vv - (Vo + (D% - 2))
= (n+1)|Vo|* = 2|Vo|]? = (n — 1)|Vo|*

Then,

(n— 1)/ \Vo?dz = / div [|Vv\22 —2(z- Vu)Vo] dz
B, B,n{y>0}
+ / div [|Vv|2z —2(z- Vv)Vo| dz
Brﬂ{y<0}
:/ [[Vu(z-v) — 2(z - V) (Vo - v)] dH"
A(BrN{y>0})

+ / [[Vo(z-v) — 2(z - Vv)(Vo - v)] dH" (5.3)
A(B,N{y<0})
Recalling that z = rv on dB,, we get
/ [[Vu(z - v) — 2(z - Vo) (Vo - v)] dH"
a(Brn{y>0})
= / [[Vo*(z - v) — 2(z - Vo)(Vo - v)] dH"
3Brﬂ{y>0}
+ / [|VURT|2($ V) = 2(x - Vuge)(Voge - v)] da
B
= r/ [|VU|2 - 21)12,] dH™ + / UVURT\Z(x V) = 2(x - Vugr)(Vogr - l/)] dx
0BN{y>0} Br

- T/ [|VTU|2 - UE] dH"™ + / 2($ ) vURT) ayURT dx
OB-N{y>0} B

= r/ [|VT’U|2 - vz] dH" + / 2(x - VaUgr) OyUgr da. (5.4)
0B,N{y>0} B
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Similarly,

/ [[Vu(z - v) — 2(z - V) (Vo - v)] dH"
a(BrN{y<0})

= 7"/ Uvrv‘z - U,%] dH™ — / 2(x - Vaurr) Oyvpr de. (5.5)
0B,N{y<0} Br

Combining (5.3), (5.4), and (5.5) we obtain
(n— 1)/ IVo|? dz
B

= 7"/ [[V-v]? —v2] dH™ + 2/ [(z - Vaugr) Oyvrr — (T - Vaurr) Oyvrr] da.
9B, By
Then, thanks to (5.1) and the equation satisfied by v, we conclude that

(n— 1)/ |Vo]?dz = 7’/ [[V-v]? —v2] dH™ +4 OyVgr(z - Vyv) do
T 0B BnR

N / (IVrvl? = v2] dH™ +4 / (¢'(2v) — g (0%)) (2 - V0) da.
9B By

We will also need the following lemma.

Lemma 5.3. For every r € (0,7¢)
/ |Vol?dz = / v, dH" — 2/ v(g'(20) — ¢'(0™)) dx.
B 9B, By
Proof. Since v is harmonic in B, \ {y = 0},
/ div(vVv) dz :/ div(vVv) dz —|—/ div(vVv) dz
- B,n{y>0} B,n{y<0}
:/ yvv|2dz+/ |Vo|? dz
Brn{y>0} Brn{y<0}

+/ vAvdz+/ vAvdz:/ |Vo|? dz
Brﬂ{y>0} Brﬂ{y<0} r

On the other hand, applying the divergence theorem in each half-sphere

/ div(vVv)dz = / v, dH" + / v, dH"
- 8(BrN{y>0}) a(BrN{y<0})

— / v, dH" + / (Vi1 OyVrr — Vpr OyUgr| dx
4B, B

:/ ’U’UVdHn—Q/ U&vaTd:L‘
OB, Bn

= / vu, dH" — 2/ v(g'(2v) — ¢'(01)) dz,
dB, Bp

where we also used (5.1). Comparing the last two chains of equalities we conclude. O

We now start by differentiating F, (7).
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Lemma 5.4. For every r € (0,7¢)

Fi(r)= / 2vv, dH" + 2Fv(r)
OBy r

:2/ yw|2dz+4/ o(g'(20) — ¢ (07)) dx + " Fu(r).
B, Bn

Proof. Writing the integral in polar coordinates and differentiating we obtain

R =40 | [ P i)

= /n 20(rw)Vo(rw) - wr"H™"(w) + n/ v? (rw) T dH (W)

= / 2 v, dH™ + — / v*(2) dH"
9B, ™ JoB,
= 2/ |Vo|? dz + 4/ v(g'(2v) — ¢'(0)) dx + ﬁFv(r),
" Bn r
where the last equality follows by Lemma 5.3. O

We now state a trace inequality, whose proof can be found in [20].

Lemma 5.5. For any r > 0 and any function w € W2(B,.) we have

/ lw —w|? dH" < C’r/ |Vwl|? dz,
OB, B

where
W= ][ wdH",
0By,
and C is a constant depending only on the dimension n.

In the following we will need an improvement of Lemma 5.5, which can be obtained using the
fact that v is superharmonic.

Lemma 5.6. There exists a constant C, depending only on n, such that for any r € (0,r¢)

FEy(r) :/ v dH™ < CT‘/ Vol dz,
OBy

r

/ v? dH" < C’I”/ Vol dz.
Br .

Proof. Let us start by proving the first inequality. Since v € W12(B,), by Lemma 5.5

Fy(r) :/ v dH" < C’r/ |Vv\2dz+v/ vdH"™. (5.6)
OBy T OBy

and

Let now v be given by (5.2). Since v is superharmonic,

0 =1(0) >a:][ vdH" :][ vdH" :][ v+dH”+][ v dH™.
OB, 0B, 0B, OBy

The above inequality implies that

/ vt dH" < —/ v dH" = / |v™ | dH". (5.7)
0B, 0By 0B
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Since v(x,0) > 0, we have v~ (x,0) = 0. Thus, by rescaling,
r[5 [Vv|2dz [, [Vw|*dz
_Pr . > mi el S
Jog, (v7)2dH™ ~ {faBl w2dH™
where the positivity of ¢, follows by a standard compactness argument (actually, by spectral

analysis theory, the minimum is attained by w(z,y) = y, thus ¢, = 1).
Hence, by Holder inequality,

1/2 1/2
][ v | dH" < <][ (v)? d’H”) < <cn1r2][ |Vv]2dz> ,
0B 0B B

that combined with (5.7) yields

1/2
/ |v| dH™ < 2/ o [ dH™ < cr'e (/ ]Vv]de) .
OB, OB, B,

Finally, plugging this into (5.6) we get

2
Fy(r) < C’[r/ |Vo|? dz + in </ \v[d?-[") } < C’r/ V|2 dz,
By r OBy By

which proves the first inequality of the statement.
To show the second inequality, it is enough to observe that

in{ I5, |Vw|?dz + Jos, wrdH"
2 n
fB?w dH

cw: B — R, w|B{z:O} =:¢, >0,

: w:Bl—>]R}::c;l>O,
where again positivity of ¢, follows by a standard compactness argument. By rescaling, this

implies that
1
/ v dH™ < /<7‘/ \Vv]2dz+/ deH”),
B;L Cn T 6Br

and the result follows by the first inequality of the statement. O
Before proving Proposition 5.1 we need another lemma.

Lemma 5.7. There exists 7o € (0,79) and a positive constant C = C(n) such that, whenever

Fy(r) > r"**, we have
/ |Vo|? dz < 2/ v, dH",
B, 9B

/ v, dH™ > Crt3,
OBy

and

for every 0 < r < Ty.
Proof. Suppose that F,(r) > r"** Then, by Lemma 5.6,

T < Fy(r) < C'r/ Vol dz,

r

which implies

/ V|2 dz > e (5.8)
T - .
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Thanks to Lemma 5.3 and Lemma 5.6, for r sufficiently small we have

/ vu, dH" :/ |Vv|? dz+2/ v (g (2v) — ¢ (07)) dz

8B, B Bn

2/ ]Vv|2dz—4\|g"|Loo/ v?dx (5.9)
B, B

1
>(1- 41"C'Hg"||Loo)/ Vo2 dz > / |Vl dz.
B, 2/,

This shows the first inequality which, together with (5.8), allows us to conclude. O
We are now ready to prove Proposition 5.1.

Proof of Proposition 5.1. Since r — max{F,(r),r" ™} is a semiconvex function (being the maxi-

mum between two smooth functions) and ®,(r) = n+4 on the region where max{F,(r),r" ™} =

7™+ it suffices to prove the monotonicity of ®,(r)e" in the open set {r : F,(r) > r"t4}.
Note that, thanks to Lemma 5.4,

B 2 e
* 0 ="h 0 T RO) /BBT v (510

Setting W, (r) := ®,(r) — n, the logarithmic derivative of ¥, is given by

ii?ﬁi = e (F;&r) /aBT o dHn)

d
- = <logr + log/ v, dH" — log(Fv(T))>
dr 8B,

d

. T vy, dH" 2/ v, dH"
r

= -4 OB — JoB: - (5.11)

r / v, dH" Fy(r) r
OB,

where we used again Lemma 5.4. We now divide the remaining part of the proof into several
steps. In the following, it will be convenient to define

=2 [ g - g ),

B = =22 [ ulg(20) - g (07)
B) = [ (@)~ 0 Vo).

T

Step 1. We show that

d -1
— v, dHT =" / vvudHn+2/ V2 dH™ + I1(r) + Io(r) + I3(r).
dr Jap, v Jos,

OB
Indeed, thanks to Lemma 5.3,
d d d
— ydH" = — 2dz +2— '(20) — ¢'(0%))d
i v = g [ Ve 2 [ g0 g0 e

:/83 Vo2 dH" + I (r). (5.12)
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Using first Lemma 5.2 and then Lemma 5.3, the first integral in the last expression can be

written as
/ (Vo2 dH™ = / \Vv]2d2+2/ v2 dH™ + I3(r)
OBy r OB,
n—1

= / vv,,d?-[”—i-fg(r)—i-Q/ v2 dH" + I3(r).
T JoB, OB,

Inserting this last equality into (5.12), we obtain the claim.

n—1

Step 2. We prove that

II(T) +12(T) + Ig(’l”) > —C/ |VU|2 ds — CTnJr%'
By

Indeed,
3500 == [ (620) g0 Vv de
::_il¥dwx@@%mo—g%W7m)my+i/;v@%mo—g%qumwwyn
¥2 /B v Valg(20) do
:h&)]ﬂﬂ+i/;ﬂj@@j@ﬂﬂx+?@ﬁM%Vﬁ%%%M%
Therefore’h(r) + Ix(r) + I3(r) (5.13)
_ %Ig(r) + f/B (g (20) — ¢ (0F)) dar + 72"/3 20(z - Vo)g" (20) da.

Let us first estimate the second term in the right hand side of the identity above. Thanks to
Lemma 5.6,

2 4 ! o
/z@mw—ﬂm»wZ—’WWf/ ﬁmz—c/www. (5.14)
"By Bp By

r

Let us now estimate the remaining two terms. There exists 7 = 7(z) € (0,1) such that

%Ig(r) + 2/ 2v(z - V,v)g" (20) dz
B

= % /B;} (x - V) (21}g”(2v) — g (2v) + g/(0+)> dx

— 2 /Bﬁ 20(x - V) (9" (2v) — ¢" (27v)) dx

r

8 7 o
r Bn

> _8Clg" || / d > —CrHE, (5.15)
By
where we used that, by the optimal regularity of v (see Theorem 1.1), |v| < C73/? and |Vv| <
Cr'/2. Combining (5.13)(5.15), for r sufficiently small the claim follows.
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Step 3. We conclude. Recalling that ¥, (r) = ®,(r) — n, from Step 1 we have

d
— ydH" 2 y dH"
\I];(T)_l_ﬁerr o5, _ /aBTvv

/ v, dH"
0B,

2 v2 dH" 2/ v, dH"
_ /EiBr 9B, " Li(r) + I(r) + I3(r)

E,(r)

/ vu, dH" / v? dH" / vu, dH"
OB, OB, 8B,

> Il(’l”) + 12(7“) + IB(T)

- / v, dH"
0B,

where in the last step we used Holder inequality and the fact that, by Lemma 5.7, the integral
at the denominator is positive. Then, thanks to Step 2 and Lemma 5.7 again, we obtain

2
/BT\VU\ dz . ot

/ v, dH"™ / v, dH"
0B, 0B

> _C— Crts () >

9

> —C

The previous chain of inequalities gives
/
0 < [log Uy(r) + Cr) = [mg (\pv(r)e&)] .

Recalling that W, (r) = ®,(r) — n, this shows that r — (®,(r) — n)e’" is increasing, and thus
the conclusion. g

6. BLOW UP PROFILES AND REGULARITY OF THE FREE BOUNDARY

We are now going to study the blow up profiles of v and the regularity of the free boundary.
As in the previous section, with no loss of generality we will assume that (0, 0) is a free boundary
point and that v(z,0) > 0 for every z € By, where 7 is given by Proposition 5.1.

We define, for every r € (0,7g), the function v, : By — R as

wn) =g (F’;i’"))%, (61)

where F}, is as in Proposition 5.1. Note that

/ v2dH" =1 for every r < Ty. (6.2)
0B1

Next proposition shows which are the possible values of ®,(0%).

Proposition 6.1. Let the assumptions of Theorem 1.1 be satisfied, suppose that (0,0) is a free
boundary point for u, and that u(x,0) > 0 in B . Let v be given by (1.5), and let ®, be as in
Proposition 5.1. Then, either ®,(0%) =n + 3, or ®,(07) > n + 4.

We first prove the proposition above in the case

... d
lim inf —; < +4o0.
r—0t+t T
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Proof of Proposition 6.1 when liminf,_,y+ d,./r? < +o0.
We will show that in this case we always have ®,(0") > n + 4. Indeed, by assumption there
exists C' > 0 such that
d? _F v(r)
7.74 T opntd

<C for every r € (0,1).

We then have two possibilities (see also the second part of the proof of [9, Lemma 6.1]).

Case 1: there exists a sequence (7;);jen with r; — 0 such that

FU(T’]‘) < 7’?+4

for j sufficiently large.
Then, ®,(r;j) =n + 4 for j sufficiently large, and therefore ®,(0") =n + 4.

Case 2: for r sufficiently small
T < Fy(r) < Orn

Then,
(n+4)logr <log F,(r) <logC + (n+ 4)logr. (6.3)
Suppose now, by contradiction, that there exists n > 0 such that
®,(r) <n+4—mn for r sufficiently small,

and let (1) en be a strictly decreasing sequence with r; — 0. Then, thanks to (6.3), for every
k,l € N with k < [ we have

(n+4)logry <log F,,(rr) and logFy(r;) <logC + (n+4)logm.
Therefore, by the definition of ®,,

Tk ]
(n+4)(logry —logr) —log C < log F,(ry) — log Fy,(r;) = / . log F,(r) dr
T
Tk @
:/ 247 dr < (n+4—mn)(logry — logm),
T r
which is impossible if we choose log r; — logr; — co. U

In the next proposition we consider the case

.o d
liminf = = +o00.
r—0+ 12

Proposition 6.2. Let the assumptions of Theorem 1.1 be satisfied, suppose that (0,0) is a free
boundary point for u, and that u(x,0) > 0 in Bf . Let v be given by (1.5), and let F,, and ®, be
as in Proposition 5.1. Define v, as in (6.1), and assume that

.. .d
liminf — = 400.
r—0+ 12

Then, there exists a sequence (ry,)ren with v, — 0, and a homogeneous function ve, € W12(By)
with homogeneity degree 1/2(®,(07) —n), such that

U, — Voo weakly in W1’2(Bl),

and
Ur, = Voo in CT7 on compact subsets of By N {y > 0}, (6.4)
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for any v € (0,1/2). Moreover, v satisfies the classical Signorini problem in By and is even
with respect to y:

(Ave =0 in B1 \ {y = 0},
Voo = 0 on BY,
OyUoo <0 on BY, (6.5)
Voo OyUoo = 0 on BT,
Voo (T, —Y) = Voo(T,y)  in Bj.

Finally, it holds that ®,(0") = n + 3 and that, up to a multiplicative constant and to a change
of variables, we have

3
Voo (,y) = p*/% cos 59, (6.6)
where p? = 22 + y? and tanf = y/z,,.

Proof of Proposition 6.2 and conclusion of proof of Proposition 6.1.

Since d,/r? — oo, for r sufficiently small we have F,(r) > r"** Then, thanks to Proposi-
tion 5.1 and by (5.10), for r < 7y we have
/ v, dH"
0By

/ v? dH"
0B,
Therefore, by (5.9) and the definition of vy,

/ v, dH" %/ |Vo|? dz
0B, = or 2B = Vo, dz,

/ 2 dH" / v2 dH"® By
OB, 9B,

for r sufficiently small. Consider now a sequence 7, — 0. By the previous inequality and thanks
to (6.2), the sequence (v, )ren is bounded in W12(By). Thus, up to subsequences,

@U(FO)eC(FO*T) > P, (r)=2r + n.

B, (70)eC T —n > 2

Uy, — Voo weakly in WH2(By),

for some vy, € WY2(B;). Thanks to the uniform C%'/? regularity for solutions, we also have
that (6.4) holds. Let us show that v,0yvs = 0 on B}, since the other conditions in (6.5) are a
direct consequence of (6.4). Recalling the definition of v,,, from the identity

v(raz,0) [Oyv(rz,0) — ¢ (2v(rz,0)) + ¢'(07)] =0  for every x € BY
it follows that, for every k € N,

vr (,0) | Oyor, (2,0) — C%(g'(?drwrk (2,0)) —g'(07))| =0. (6.7)

Thanks to (6.4), since

g (2, 2,0)) = o (0°)] < 2rgen (2,0) 9”1 50 for every z € BY.
Tk

taking the limit in (6.7) we obtain

Voo Oyl = 0 in BY.
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To show that v is homogeneous, let us first prove that ®,_ is constant for r sufficiently small.
Indeed, let r < s < 1. A direct calculation shows that

Dy, (1) = Dy, (8) = Pu(rr) — Puy(rs) for every k € N.
Thanks to (6.4), taking the limit as k — oo we obtain
(bvoo (’r‘) - ©voo (8) = 07

where we used the existence of the limit lim,_,q+ ®,(r), which follows from Proposition 5.1. Since
Voo satisfies the Signorini problem (6.5), from [6, Lemma 1] it follows that v, is homogeneous
and that

®,(07) = 2u +n,
where p is the homogeneity degree of vo,. Therefore,
®,(07) —n
—
Arguing as in [9, Lemma 6.6], one gets that F,(r) < Cr?**™. Since d,/r? — oo, this implies
p < 2, and one concludes as in [6, Section 4] that u = 3/2 and that the function v, is given by
(6.6). O

7. C1® REGULARITY OF THE FREE BOUNDARY FOR 1 = 3/2.

We now study the regularity of the free boundary in the special case in which ®,(0") = n+3.
Note that, by the argument in the previous section, this corresponds to the case

d
lim inf —; = +oo.
r—0t T
We start by proving the C! regularity.
Lemma 7.1. Let the assumptions of Theorem 1.1 be satisfied, suppose that (0,0) is a free
boundary point for u, and that u(z,0) > 0 in BL . Let v be given by (1.5), and let ®, be as in
Proposition 5.1. Assume that ®,(07) = n + 3, and choose a coordinate system in R™ such that
(6.6) holds true. Then, for every ¢ > 0 there exists p = p(c) > 0 with the following property:
For every T € S*"N{y = 0} with T - e, > ¢ we have
0-v(z) >0, for every z € Bp. (7.1)
In addition, near the origin the free boundary of v is the graph of a C' function
T = f(T1,. .. Tn_1).

Before giving the proof of Lemma 7.1 we make some useful observation on the tangential
derivatives of the functions v,, introduced in the previous section.

Let us fix ¢ > 0 and e € S"N{y = 0} with e- e, = 0. Choose now a > ¢ and b € R such that
a®? + %> = 1, and define hy, : By :— R as the sequence of functions given by

hi == O-vp, for every k € N, (7.2)
where 7 := ae,+be. For any n € (0,1/(8n)), thanks to (6.6) and (6.4), there exist kg = ko(a, b,n)
and ¢y = cg(a, b,n) such that the following properties are satisfied for k > ko:
(i) Ahg =01in By {ly| > 0};

(ii) hr > 0in Bysz N {[y| > n};

(iii) R > co in Byz N {|yl > g };
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(iv) b = —Cnt/2 in By,
where property (iv) follows from the optimal regularity and (ii). Let us show that we also have
(v) dyhy < Cn''? on BYy 0 {hy # 0}
To this aim, first of all observe that Bg/g
such that v, (z,0) = 0, then

hk<m70) = (aTUTk)(xvo) =

N{hy #0} C By3 N {vy, # 0}. Indeed, if x € By is

Tk (9,0)(ry,0) = 0,
dy,
by nonnegativity of v and optimal regularity.
Let now x € B}, be such that hy(z,0) # 0. Then we have v, (z,0) > 0 and, for k sufficiently

large,

2/3

(0,he) ,0) = -
Tk

where we used (iv). We now consider a version of [6, Lemma 5] which is useful for our purposes.

8; {g'(20(rz,0)) — g'(01)} = 2r4g” (2v(rg, 0)) by, < O/,

Lemma 7.2. Let 0 < n < 1/(8n), let C,co > 0, and let o : [0,1] — [0,00) be a continuous
function with o(0) = 0. Suppose that h : By :— R satisfies the following assumptions:

(i) Ah =0 in By N{ly| > 0};
(ii) h >0 in By N{ly| > n};
(iii) o > co in ByN{ly| > & };
(iv) h > —o(n) in By,
(v) 9yh < o(n) on BY n{h #0}.
Then, there exists no = no(n, co, o) such that if n < no we have h > 0 in By .

Proof. Suppose, by contradiction, that there exists Z = (Z,%) € By /o such that h(z) < 0 (note
that, by (iii), this implies ¥ < 1/(8n)). We define
1 1
= (z,y) eR"™M iz —F| <=, 0< Jy| < — ¢,
Q= {(m) R o3l < 3 0<lyl < -
and
P(x,y) = |:I" _T|2 - ny27
and we set
w(z) := h(z) + 0P(z) — o(n)y,
where § > 0 will be chosen later. Note that w is harmonic in @ and
w(z) = h(Z) — 65° — o(n)y < 0.
Therefore, there exists a minimum point 2 = (&, 9) € 0Q such that

minw(z) = w(2) <0.
Z€Q

We have the following possibilities.
Case 1. 2 € 9QN{y > 1/(8n)}. Thanks to (iii), for n and § sufficiently small we have
6 o)

which is impossible.
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Case 2. 2€9QN{n <y < 1/(8n)}. Using property (ii) we obtain that for n sufficiently

small . . )
. a(n
> - | - —

w(z) 20 (9 64n> >0,

8n
Case 3. 2 € 9QN{(z,y) eR"™ |z —7| = %,0 < y < n}. Thanks to property (iv), for n
sufficiently small

which is impossible.

1

w(z) > —a(n) +6 <; - m72> —na(n) =6 <9 - n772> — (1 +n)a(n) >0,

which is impossible.
Case 4. z € 90Q N{y = 0}. In this case, if Z € {h = 0} we obtain
w(2) = 6P(2) = 6|2 —Z|*> > 0,
which is impossible. On the other hand, if Z € {h # 0}, using Hopf Lemma and property (v)
0 < Oyw(z) = Oyh(2) —o(n) <0,
which is impossible. O
We are now ready to prove that the free boundary is C.

Proof of Lemma 7.1. Applying Lemma 7.2 to the functions hj introduced in (7.2) we obtain
(7.1). As a consequence, for every L > 0 there exists 7 = (L) > 0 such that (recall that K, is
defined in (1.3))

OK,N B ={(x1,...,2n) € BE 1z = fr(x1,...,2n-1)},

for a suitable Lipschitz continuous function f; with Lipschitz constant L.

Consider now a point Z € 0K, N BL and define the function vz (z,y) := v(z — &, y). Note that
we can repeat the same argument (frequency formula and blow-up procedure) with v; in place
of v. Also, observe that since the function & ~ ®,_(r)e®" is continuous for r > 0 fixed, the
function & — @, (0") is upper-semicontinuous (being the infimum over r € (0,7() of continuous
functions, cf. Proposition 5.1). Hence, since ®,,.(07) € {n+3}U[n+4,00) (by Proposition 6.1)
and by assumption ®,,(07) = ®,(0") = n + 3, we deduce that there exists # > 0 such that
®,.(07) =n+ 3 for all z € 9K, N BY.

This implies that the previous argument can be repeated at every point in 0K, N B, and it
follows that for any L > 0 there exists 7(L) > 0 such that 0K, N By (2) has Lipschitz constant
L for any point & € 0K, N BZ. Since L > 0 can be made arbitrarily small and the radius
7(L) > 0 is independent of #, this implies that the free boundary is C'! in a neighborhood of the
origin. (Il

Lemma 7.3. Let the assumptions of Theorem 1.1 be satisfied, suppose that (0,0) is a free
boundary point for u, and that u(x,0) > 0 in B . Let v be given by (1.5), and let ®, be as in
Proposition 5.1. Assume that ®,(0%) = n + 3. Then the free boundary is CH® near (0,0), for
some a € (0,1).
Proof. We start by observing that the function h(z,y) := 0., v(z,y) satisfies

Oyh(z,0) = 2¢"(2v(x,0))h(z,0) if v(z,0) > 0.
Therefore, by [10],

(A%h(-,O))(x) = 2¢"(2v(x,0))h(z,0) + dyh(z,0) — Oyh(x,0) if v(z,0) > 0, (7.3)
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where h is the harmonic extension of h(-,0) to R™ x (0,00). Note that h — h is smooth near
{y = 0}, since it is harmonic in R™ x (0, A) with zero boundary condition on {y = 0}. For every
0<r<l,set

hy(x) := dLh(mc, 0), x € BY,

T

where d, is given by (6.1). From (7.3) it follows that, if v(rz,0) > 0,

7"2

dy

Since v and h are bounded, we have

29" (2v(r, 0))h(rz,0) + Oyh(rz,0) — Oyh(rz,0)] =: F(x).

2
,
| < Co-(1+ "),
:

for some positive constant C'. Note also that, for r sufficiently small, h, > 0 in B} thanks to
(7.1). Therefore, using the fact that h, = b} in B} we obtain

(A3h} (L 0))(@) > (A%, (-, 0))(x) = F(z)  if v(ra,0) > 0.

Moreover, by definition of h, we have h,(z,0) = (0., v;)(x,0), where v, is defined in (6.1).
Therefore, thanks to (6.4),

hy = Oy, Vs uniformly in Bg/g,
as r — 0. Recalling (6.6), it follows that for r small enough

sup ' = sup h, > 1.

Bl Bl
Let now i € {1,...,n— 1}, 7; := 9”7\;%"" We can repeat the same argument used for h for the

function h;(z,y) := 0,v(x,y), obtaining that the function = h;fr(:n,O) = (r/d,)h] (rz,0)
satisfies
1
{(A2hZT(-,O))(x) > Fiy(x) for every x € B} with v(rz,0) > 0,

hi (2,0) =0 for every x € B} with v(rz,0) =0,
with )
-
Fl<Co(4lg'l=), swphi, 1
r 12

Since r2/d, — 0, for r sufficiently small we can apply [23, Theorem 1.6] to the nonnegative
functions A (-,0) and hifr(-, 0). We then obtain that the ratio hir/h;f is 0% in By )y, for some
a € (0,1). Since equalities h;fr = h;,r and h} = h, hold true in B}y, it follows that hi/h is
of class C*® is a neighborhood of the origin. Let now f be the function given by Lemma 7.1.
Since

h; 1 1 0yv(z,0)

=4 A
h V2 /2 0,v(x,0)

Vf=-— (8’“” ...,8“—1”),

Oy v D, U

this implies that f is C® in a neighborhood of the origin. ]

and
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