REGULARITY OF CODIMENSION-1 MINIMIZING CURRENTS
UNDER MINIMAL ASSUMPTIONS ON THE INTEGRAND

ALESSIO FIGALLI

ABSTRACT. In this paper we investigate the regularity theory of codimension-1 integer rec-
tifiable currents that (almost)-minimize parametric elliptic functionals. While in the non-
parametric case it follows by De Giorgi-Nash Theorem that C*' regularity of the integrand
is enough to prove C'1® regularity of minimizers, the present regularity theory for parametric
functionals assume the integrand to be at least of class C2. In this paper we fill this gap by
proving that C*! regularity is enough to show that flat almost-minimizing currents are C*.
As a corollary, we also show that the singular set has codimension greater than 2.

Besides the result “per se”, of particular interest we believe to be the approach used here:
instead of showing that the standard excess function decays geometrically around every point,
we construct a new excess with respect to graphs minimizing the non-parametric functional and
we prove that if this excess is sufficiently small at some radius R, then it is identically zero at
scale R/2. This implies that our current coincides with a minimizing graph there, hence it is of
class C1.

1. INTRODUCTION

The regularity theory of (almost)-minimizing currents is a classical topic in geometric measure
theory that has always received a lot of attention (see for instance [8, 16, 4, 2, 5, 19, 7, 18, 6, 10]
and the references therein). The aim of this paper is to focus on the case of codimension-1
integer rectifiable currents that almost minimize parametric elliptic functionals.

The starting point of our investigation is the following observation: let us consider a n-
dimensional rectifiable current T = T ||T| in R™*! that minimizes a variational integral F of
the form

F(T) := /f(?) d|T|. (1.1)

Assuming that F is elliptic and of class C?, it is well-known that if T is sufficiently flat inside
a ball then T is a C%® hypersurface inside a smaller ball (see for instance [7]). However, if we
assume a priori that T is the graph of Lipschitz some function u, then the functional F takes
the form

/F(Vu) dx

for some (locally) uniformly convex function F': R” — R, and by De Giorgi-Nash Theorem it is
enough to assume that I is of class C1'! to obtain that u € C1°.

The gap between these two results comes from the fact that, when showing regularity of
currents, the strategy of the proof goes as follow: exploiting the fact that T is sufficiently flat
inside a ball, one first shows that a large part of T' can be covered by a Lipschitz graph, and then
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one proves that this Lipschitz graph almost solves the linearized version of the Euler-Lagrange
equation for T.

To explain this better, let us think that 7' is already the graph of a function w. Then, by
minimality, v solves the Euler-Lagrange equation

Fpipj (Vu)&ju = 0,

and since u is small in L* one expects that Vu must also be small in a large fraction of points.
Hence Fj,p, (Vu) = Fp,;,(0) in a lot of points, and one would like to say that there is a smooth
function v, very close to u, that solves the linear equation

Fpipj (0)8,‘]‘21 =0.

However, for this last step it is crucial the second derivatives of F' to be at least continuous,
which explains the original assumption F € C?.

It is worth pointing out that this C? assumption also appear in several PDE results where one
wants to find a “good” limiting equation and use it to get regularity for the original function
(see for instance [1, 3, 17, 11]). To our knowledge, the paper [12] is the only one in this setting
where the C? assumption is weakened to C!, but the strategy there crucially uses the fact
that one is working with graphs and, in addition, it heavily depends on some specific structural
properties of the integrand.

In this paper we finally fill the gap between the parametric and non-parametric setting,
proving that O regularity of F is enough to obtain regularity results for integral currents.
Actually, as we shall see, it is enough to assume that F is C™! and elliptic only at directions
that are close to the “vertical one”. This simple observation makes our result flexible enough to
be used in situations when ellipticity and regularity of F are available only in some directions.
Also, in this respect, our result can be seen as the natural generalization to currents of Savin’s
regularity result for flat solutions to fully non-linear equations [17], under minimal assumptions
on F.

We shall also see how a minor variant of our argument provides the same regularity result
when the currents are only almost-minimizing, and as a corollary we deduce that if F is C'!
and elliptic in every direction then almost-minimizing currents are regular hypersurfaces outside
a singular set of codimension 2 + v, for some universal v > 0.

The paper is structured as follows: in the next section we introduce the notation needed to
state our results, and show how our main Theorems 2.1-2.2 implies the estimate on the size of
the singular set. Then in Section 3 we collect some preliminary results that are used in Section
4 to prove Theorem 2.1. Finally, in Section 5 we show how our approach can be extended to
almost-minimizing currents.

Acknowledgments. AF has been partially supported by NSF Grant DMS-1262411 and NSF
Grant DMS-1361122.

2. NOTATION AND STATEMENT OF THE RESULTS

For the basic definition and properties of integral currents, we refer to the seminal paper [15]
and the book [13, Sections 4.1.1-4.1.9, 4.1.24-4.1.28, 4.1.30].
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We set the following list of notation:
- points in R"*! will be denoted by z = (%), with € R” and y € R.

- €e1,...,6en,ens1 denote the canonical basis of R"*!, and dz',...,ds", dy the dual basis.
- A, (R™*1) is the space of n-vectors in R**1 A*(R"*1) the space of n-covectors in R* 1,
and we set

eo:=erA...Nep € Ay R™M), da™ :=dz' AL A da”,
€ :=epr1NetN...Nej_1Ne1N...Nep, Vi€E {1,...,71}.
- Cgr denotes the vertical cylinder around the origin of radius R, that is
Cr := Br x R, BR:BR(O)CRn.

- p:R™1 — R” denotes the canonical projection.
- Given a function h : R™ — R, we denote by T}, the n-current associated to its graph,
that is

(Th, ) = /n<¢(H($)), AnVH(x))dx, Vi e CF (Rn—I—l; A;(Rnﬁ-l))’

where
oOH OH

H(z) := (z,h(z)) € R*, AV H(x) = %(CL‘) Ao A F

(z) € An(R”H).
Notice that

oh .
AVH(z) = ey + %(ﬂc) é; + O(|Vh(z)|?). (2.1)
- Given a Borel set A C R™, [A] denotes the n-current in R™ obtained by integration over
A, that is
IALode") = [ oa)de VYo e CXRY.

We consider an integrand F : A,(R"*!) — R, of class C' outside the origin, satisfying the
following properties: there are positive constants Ag, 0p, such that!

FO&) =AF(E)  YA>0, &€ AR (2.2)
FE)>1 Ve AR, ¢ =1; (23)
F(n)— (dF(€),m) >0 VéEme AR, e[ =nl=1;  (24)

Flm) — {dF(€).m) > &~ nf
VEm € A(R™), [€] = Il =1, [€ — eo < 00; (2.5)

INotice that, by differentiating the homogeneity condition (2.2) with respect to A and setting A = 1, we get
F(&) = (dF(€),6)  VEe A (R™).

Hence (2.4) corresponds to the convexity of F, while (2.5) is a uniform convexity assumption for F at n-vectors
¢ sufficiently close to eg. Also, (2.7) asserts that F is C1'! only at directions sufficiently close to eg.
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o (F(©) + a7 (@) < A (2.6)
=1

F(n) — (dF(&),m) < Aol —nf’
VEn € AR, €] =[n[ =1, [§ —eol <00 (2.7)
Given a function F as above, we can define a functional on n-dimensional rectifiable currents
F as in (1.1). Notice that when F(§) = |£| the functional F(T") coincides with the mass of the
current M(T).
In the whole paper we shall use the notation a < b whenever a < C'b for some constant C
depending only on F and the dimension (such a constant will be called universal).
We say that a rectifiable current 7' is F-minimal inside an open set O C R**! if
F(T) <F(T+ X)

for all rectifiable n-currents X with X = ) and supp(X) C O.
To state our main result we shall introduce a notion of excess with respect to graphs. More
precisely, given r > 0 and a C! function u : B, — R, we define

&) = [ [T =T,

where
() o VUG
| An VU (p(2))]

Theorem 2.1. Let F : A,(R*"™) — R satisfy (2.2)-(2.7), and let T to be a n-dimensional
integer rectifiable current in Cr such that:

(H1) 0 € supp(T), supp(T) C Cg is compact, supp(0T) C ICg;

(H2) T is F-minimal in Cg;

(H3) py(Tcy) = [Brl-
There exist 6 > 0 and a function u: Br/, — R of class C'9 such that if

5(T7 R’ O) < ¢o

for z€Cp, Uz) = (z,u(z)). (2.8)

then
E(T,R/2,u) =0,
that is, T' coincides inside Cg o with the n-current associated to the graph of u.

In order to estimate the singular sets of minimizing currents, it will actually be useful to
extend the theorem above to almost-minimizing currents. Of course we could have proved The-
orem 2.1 above directly in the context of almost-minimizing currents. However, as we already
mentioned in the abstract, we believe that the proof of Theorem 2.1 has its own interest, and
this is why we have decided to present our results in this way.

Given a non-decreasing function w : RT — R with w(0T) = 0, a rectifiable current T is
(F,w)-minimal inside an open set O C R**+1 if

F(T) <F(T+ X) +w(rM(X)



REGULARITY OF CODIMENSION-1 MINIMIZING CURRENTS FOR C'! INTEGRANDS 5

for all rectifiable n-currents X with 0X = @) such that supp(X) C O and diam(supp(X)) < r.
The following result extends our main Theorem 2.1 to the case of almost-minimizing currents:

Theorem 2.2. Let F : A,(R"1) — R satisfy (2.2)-(2.7), and let T to be a n-dimensional
integer rectifiable current in Cr such that:

(H1) 0 € supp(T), supp(T) C Cg is compact, supp(0T) C ICg;

(H2) T is (F,w)-minimal in Cg;

(H3) p#(TL n) = [[BR]]

Also, set Q(R fR Mt " dr and assume that Q1) < 0.
There exzst r e (0, 1/8) and €9 = eo(r) > 0 such that, if

R+ &(T,R,0) < &,

then T coincides inside Cro with the n-current associated to the graph of a C! function f :
Bgrjs — R. In addition ||f||cl(BR/2) — 0 as ey — 0.

Remark 2.3. The modulus of continuity of V f in the above theorem depends on w via (5.1).
In particular, if w decays geometrically (that is, w(R) < R? for some 8 > 0) then V£ is Holder
continuous in Bp/s.

Remark 2.4. Theorem 2.2 applies also to integrands depending on the variable z € R"H, that
is F = F(z,€). Indeed, assuming

sup [|F(z,€) — F(,€)| <a(z—72|) Vz,2 e R,

1€l1=1

any (F,w)-minimal current T is (Fp,w + C w)-minimal for Fy(&) := F(0,&) and some universal

17”®(74)al7'<oo.

constant C' > 1, hence our main theorem applies provided fo

As mentioned before, Theorem 2.2 allows us to get a bound for the singular sets of minimizing
currents provided the C™! and uniformly convexity assumptions on F are true at every point.
Notice that this corresponds to take gp = 2 in (2.5) and (2.7), as the inequality | — eg| < 2 is
always satisfied for |&] = 1.

To state the corollary we need to introduce the singular set: we first define the unoriented
spherical excess

E(T.27) = inf T —¢[aT).
Br(z)

where %,.(z) C R"*! denotes the ball centered at z € R™*! of radius r.

Although our e-regularity Theorem 2.1 is stated using a cylindrical excess £ instead of &,
it is a classical fact that the result is still true with & in place of £ (maybe, up to reduce the
constant €p). So we assume that ¢ is still a regularity scale for & and we define

Sing(T) := {z € supp(7) : liminf &(T, z,1) > 50},
r—0+
The next result gives a bound on the size of the singular set.

Corollary 2.5. Let F : A (R"™) — R satisfy (2.2)-(2.7) with oo = 2, and let T to be a
n-dimensional multiplicity-1 rectifiable current rectifiable current in Cgr such that:

- supp(T) C Cg is compact, supp(0T) C ICg;
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- T is (F,w)-minimal in Cg.

Set Q(R) := fOR Y i(r) dr and assume that Q(1) < co. Then Sing(T) N Cr/y is relatively closed
inside supp(T), (supp(T) \ Sing(T)) N Crys is a C* hypersurface, and

A" 27V (Sing(T) N Crja) =0
for some universal v > 0.

Proof. As we shall see, this proof is basically a minor modification of the argument that was
first used in [19] and has been recently revised in [9] to estimate the size of the singular set for
C?! integrands. Here we briefly discuss why the proof still works in our setting, referring to the
recent paper [9] for more details.

The fact that Sing(7') NCp/, is relatively closed inside supp(7’) and that (supp(7’) \ Sing(T))N
Cprya is a C™9 hypersurface follows by Theorem 2.2 and the definition of Sing(T'), so the only
point is to prove that "2~ (Sing(T) N Cr/2) = 0.

We begin by noticing that it is enough to prove that

A" (Sing(T) NCry2) = 0. (2.9)

Indeed, a general argument due to Almgren (and written by White in [21, Lemma 5.1]) asserts
that every time that one has a family of compact sets K satisfying suitable scaling and closure
properties (in our case, this is the class of singular sets of all (F,w)-minimal currents as F
varies among all the integrands satisfying (2.2)-(2.7) with gp = 2), then the set of s such that
H°(K) =0 for all K € K is open. So we are left with proving (2.9).

By a blow-up argument it is enough to prove the result when w = 0 (equivalently, 7" minimizes
F). The main idea to prove (2.9) is to define the families

G :={F : (2.2)-(2.7) hold with gy = 2},

Y. :={F €% : (2.9) holds for any T as in the statement of the corollary},

and show that ¥, is both open and closed inside ¢ for the local uniform convergence of the in-
tegrands F. Indeed, noticing that the isotropic integrand F (&) = |€| (corresponding to the area
functional) belongs to ¢, [14], it follows that ¥, is nonempty and so this openness-closedness
property combined with the connectedness of ¢ (notice that ¢ is convex) would imply that
Y, = 9, concluding the proof. Hence we are left with proving that ¥, is both open and closed
inside ¥.

As shown in the proof of [9, Proposition 1.7], the fact that ¢, is open is an easy consequence
of the upper-semicontinuity of singular sets, which in our setting follows from the e-regularity
Theorem 2.1.

Concerning the closedness, the main point is to prove that the validity of (2.9) is equiva-
lent to the fact that the second fundamental form Ilp of the hypersurfaces corresponding to
supp(T) \ Sing(T") belongs to L? in the interior of Cr. More precisely, one wants to show the
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following:?

Claim: (2.9) is equivalent to

/ p[*dem < © (2.11)
Cry2N(supp(T)\Sing(T))

where C' > 0 is a universal constant.

Indeed, assuming the validity of the claim, one argues as follows (see the proof of [9, Propo-
sition 1.8] for more details): if Fj is a sequence of integrands in %, converging to F, given T’
minimal for F one can approximate it with a sequence of currents T} that are almost-minimal
for F,. Since Fj, € ¥, it follows that J#" 2 (Sing(Tk) N CR/Q) = 0 and, thanks to the claim, one
gets

/ 1Ly, |*de™ < C.
Cry2N(supp(Tk)\Sing(Tk))

Hence, by the lower semicontinuity of the L? norm of the second fundamental form?

/ 1 doem < C,
CryaN(supp(T)\Sing (7))

and applying the converse implication of the claim one deduces that ./#"2 (Sing(T) NCgr /2) =0,
proving that F € ¥, as desired. Hence we are left with proving the claim.

As shown in [9, Lemma 2.5], the fact that (2.9) implies (2.11) is a simple consequence of
[9, Equation (A.13)] combined with a covering argument relying on capacity estimates. In [9]
the authors assume that F € C? but actually their proof still works if F € C%!. Indeed,
although [9, Equation (A.13)] is a consequence of the second variation formula for minimizers
of C? functionals, the constant appearing there only depend on the L> norm of D?>F. So, if
F is merely C™! it is enough to approximate T' with a family of almost minimizers with C?
integrands (see for instance the beginning of the proof of [9, Proposition 1.8]) and then pass to
the limit into [9, Equation (A.13)]. In this way one proves that (2.9) implies (2.11).

2Notice that, at regular points, T coincides (in some suitable system of coordinates) with the graph of a co
function u that by minimality solves the Euler-Lagrange equation 9;(Fjp,(Vu)) = 0 for some F' : R™ — R locally
uniformly convex and C''. Differentiating the Euler-Lagrange equation we obtain that

0 (aijaj(aeu)) =0 Vee Snil,

where the coefficients ai; := Fy,,;(Vu) are bounded and uniformly elliptic. So, by Caccioppoli inequality, we
deduce that d.u € W2 for all e € S"~*, which yields u € C*° N W*2. Since
|HT’2 = DijuOpmu g g™ (2.10)

where g;; := 8;; +0;u 0;u and g*/ denotes the inverse matrix, it follows that IIz € LE . (supp(T) \ Sing(T)). Hence
the claim asserts that the validity of (2.9) is equivalent to a global L? bound on IIr.

3As shown in the proof of [9, Lemma 2.4] it is enough to prove the lower semicontinuity when 7T}, are represented
by the graphs of some functions ux € C' N W?>? that converge in C' and weakly in W22 to some function u
representing T (see also footnote 2). Recalling (2.10), the lower semicontinuity follows by the fact that |HTk |2 is

a convex function of the Hessian of uy (so it is lower semicontinuous under weak convergence).
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The converse implication is based again on a covering argument together with the fact that
if the L? norm of |II7| is sufficiently small then the point is regular (see [9, Lemmas 2.6 and
2.7]). The validity of this latter fact in our setting is again a consequence of our e-regularity
Theorem 2.1 together with a simple contradiction argument (see the proof of [9, Lemma 2.6] for
more details). With respect to the proof in [9, Lemma 2.6] we also need to rule out that a finite
union of transversal hyperplanes can minimize an elliptic integrand, a fact proved in [19, Part
I, Theorem 1.3] This proves the claim and completes the proof. ]

3. PRELIMINARY RESULTS

In all this section, (H1)-(H2)-(H3) denote the hypotheses stated in Theorem 2.1.
We begin by stating some basic properties of minimizing currents.
First, as shown for instance in [7, Lemma 4], the following lower density estimate holds:

Lemma 3.1. Assume (H1)-(H2) hold. Then, if zy € supp(T), we have
1T (Br(20)) Z 7" ¥Vr < R —|z]. (3.1)

By a classical argument, the above density estimate combined the assumption that 0 €
supp(7T') provides a universal L>°-bound on T'.

Lemma 3.2. Assume (H1) holds and let u : Br — R be a C' function with ||[Vu| e (g, < 1.
There exists a small constant €1 > 0 such that if £ := E(T, R,u) < &1 and T satisfies (3.1), then

supp(T|c,, ) C {ly — u(x)| < EV* "R}, (3.2)
where R = (1 - 51/2”) R.
Proof. Let ® : Cp — Cgr be the map

Since ® is bi-Lipschitz it is easy to check that the current ®4 T still satisfies the density estimate
(3.1). In addition

E(T,R,u) ~ E(P4T, R,0),
hence the result follows by applying the classical L> bound (see for instance [7, Lemma 5]) to
the current @471 O

Applying the classical Lipschitz Approximation Lemma (see for instance [2, Lemma 8.12], [7,
Lemma 3], [18, Lemma 3]) to the current ®47" defined in the proof above, we also deduce the
following result:

Lemma 3.3 (Lipschitz Approximation Lemma). Assume that (H1) and (H3) hold, u : Bp — R
is a C' function with ||[Vul|pe(p,y < 1, € := E(T, R,u) < ey (1 as in Lemma 3.2), T satisfies
(3.1), and set R := (1 — 51/2”) R. Then, for any v € (0,1] there exists a function g, : Bpr — R
and a compact set K C Brs such that:

(a) Lip(gy) <7, 94l Loe(By) < EY*R.
(b) The currents T' and Tyq, agree over K, that is T|p-1xc )= Tu+g, lp-1(x,), and the
following estimates hold:

ER"
‘BR/ \ IC’Y} 5 72 (33)
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and
ER"

72
We now show that the current 7T is close in L' to T, utg,» With an estimate which is superlinear
in the excess.

1T (Cr \ P~ (K5)) S

(3.4)

Lemma 3.4. With the same notation as in Lemma 5.3, it holds
E1+1/4n pn+l

y—u(x)—g,()|d|T|| £ ———
/CR/| (2) — gy (@) d| T >

Proof. We notice that, as a consequence of (3.2) and Lemma 3.3(a),
sup{|y — u(x) — g(2)| : = € B, (x,y) € supp(T)} S EY/*"R.
Hence, recalling (3.4), we get

/ Iy — u(z) — g5()| d|T| = / ly — u(@) — g5(x)|d|IT|
Ca Cr\P ()
gl+1/4n pn+l

SEYMR|T| (Cr \ P71 (K,)) S -

v
O

The next result shows that, if we minimize a functional with small C1"-boundary data, then
global regularity holds under the assumption that the integrand is C'*! and elliptic only in a
neighborhood of the origin.

Lemma 3.5. Let v, 6, p be positive constants, let F : R™ — R be a convex function of class C*
inside B, and satisfying D*F(p) > v Id for |p| < p. Let u: By — R minimize

/ F(Vu(z)) dz, ulop, =g
By

with g € CY1(OBy) for somen € [6/2,6]. Then there exists a small constant k > 0, independent
of m, such that the following hold provided ||g|lc1.nop,) < k*

1) There exists an exponent a € (0,1), independent of 0,1, k, such that
n
IVl coas, ) S IVull2(s,)-
2) There exist an exponent 5 € (0,1), independent of §,n, k, such that
n
lullerey S Ngllcrm@mpyy, ¢ = min{n, a, B}

Proof. Notice that, to prove the above statements, we can assume that F' € C*!(R") and that
D?*F(p) > % Id for all p € R".

Indeed, consider an integrand F' which is uniformly elliptic, of class C1!, and coincides
with F' for [p| < p/2, and assume that we can prove the above statements for u minimizing
1) B, F(Vu(x)) dz. Then it follows from (2) that, provided k is chosen sufficiently small,

p
[Vull Lo (Byy < lullercsy < Collgllcrnanp,) < Cok < 3
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therefore F(Vu) = F(Vu). This implies that u solves the Euler-Lagrange equation associated
to F and so, by the convexity of F, u is the unique minimizer of [ B (Vu(:n)) dx, proving the
desired result. Hence we are left with showing the lemma when F is globally C'! and uniformly
convex.

In this case we start by differentiating the Euler-Lagrange equation

9i (Fp,(Vu)dju) =0 (3.5)
to deduce that
0i (Fpip,(Vu)0;(0eu)) =0 VeeS",
so it follows by De Giorgi-Nash’s Theorem that u € Cllo’ca(Bl /2) for some universal exponent
a > 0, with
IVullcoas, ) S IVullr2(s,)-
This proves point (1).

To show point (2), we notice that (3.5) can be rewritten as a linear uniformly elliptic equation
with measurable coeflicients

Fpip; (V) O = 0.
Hence the global regularity follows in a standard way combining the interior C® regularity
provided by De Giorgi-Nash’s Theorem (see the above discussion) with the C1#-boundary esti-

mates for linear equations (see for instance [20, Theorem 1.1], where the result is proved in the
more general context of fully nonlinear equations). O

4. PROOF OF THEOREM 2.1

We begin by noticing that, up to perform the dilation (z,y) — (z/R,y/R), we can assume
that R =1 and that

T is F-minimal in C;. (4.1)
Let a and B be as in Lemma 3.5, and set
1 ) 2
0 := mi — f:=1—- M:=——. 4.2
mm{a,ﬂ, m}, ’, — (12)

We define the series of radii
pji=1/2+277,  j>1,

and we assume, for any j = 1,..., k we are given functions u; : B,, — R such that [[u;| ;1.; (B,.) <
. P
1277 where
1,
R p— - 1 y
5 =10 M;e, ji>1, (4.3)
P

and g > 0 is a small constants to be fixed later. Notice that, thanks to the definition of M,
d; € (6/2,6) for all j > 1.
Then we set vy := Z?Zl u; and assume that v, minimizes

J

F(Vu)de, F(p):= f(eo + ZpiéZ) Vp=(p1,...,pn) € R, (4.4)

Pk
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and that i
E(T, prvg) < ey %

where ¢ is a universally small constant (to be fixed later).

Claim: There exists a function ugyq : By, ., — R such that ”Uk+1||01,5k+1( < p 2= (kD)

Pk+1

Vg1 = Uk + Upq1 manimizes (4.4) in By, ,, and

E(T, prr1s vis1) < E(T, pr,op) /2.

BPk;+1 )

Notice that the claim implies the theorem. Indeed, thanks to our assumption, we can pick
u1 = 0 and apply iteratively the claim above to deduce that

5 k
E(T, pr,vk) < 5(()1+ /2) 7 HUkHC’l"Sk(Bpk) <pu Vk>1,

so, by letting k — oo,
oo
E(T,1/2,v00) =0, oo := Y _u; € CH2(Byp),
i=1
as desired. Hence our goal will be to prove the claim.

To make the proof easier to follow, we shall split the argument in several steps. Our proof is
partly inspired by the arguments in [18].

Step 1: The Lipschitz approximations and some preliminary estimates. Set & =
E(T, px,vi), let § > 0 be as in (4.2), and define g : By —Rto be the function g, provided by
Lemma 3.3 with

u = vy, R := py, yi=EX, O = (1 - 5,1/4n> Pk
Also, let ¢ € C2°(R™) be a convolution kernel with support in By and set
~ R 1 T
gs == G5 * bg,,  bg(x) 1= & ¢(5k)-
Then, thanks to Lemma 3.3(a)-(b) and by standard properties of convolution we have
V3o, o) < V3]s, < €, 5
- . 142
g5 — 96||Loo(Bp;€_5k) < ik |\V96||Loo(3%) < ?f ; (4.5)
HV%HCM(BP;;%) <& HVQJHLOO(B%) <&
In addition .
I7le) = 1Bil = 5 [ [T =~ eo diT| < (1.0},
1

hence
IT(C) < [Bi] +€ S 1. (4.6)
Notice that, provided gg is sufficiently small, we can ensure that

(bh—&) = (e —&b) 2 & (4.7)
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Step 2: Finding a good slice to construct a comparison for 7. Given o € (0,1) we
define the (n — 1)-current

(T,0) = 9(Tc,)-
Combining Lemma 3.4 and (4.6) with the Coarea Formula

1 1
dx| g, = /0 Ao, do, | Tle > /0 (T, oY) do

(see for instance [13, Sections 2.9.19, 3.2.22, 4.2.1]), we deduce the existence of o € (pr — &L, p}, — k)
such that

/6 . ly — vr(x) — gs(@)| (T, 0| S ET 0 M((T,0)) S &7, (4.8)

where M((T', o)) denotes the mass of the (n — 1)-current (T, o).

Now, our goal is to find a “good” comparison for 7" by gluing the slice (T, o) to the graph
of a function w minimizing F inside C, with boundary condition gs. More precisely, let u €
C%(B,,R) minimize (4.4) with boundary conditions u = v}, + §s on 0B,.* Recalling that by
assumption |lv||o1s, < pand 8 € (6/2,0), it follows from (4.5), (2.5), and (2.7) that, provided

u< g, &y, is sufficiently small, (4.9)
we can apply Lemma 3.5 to deduce that
lulleron (i, Suté. (4.10)

Since vy, is also a minimizer, it follows by the maximum principle and Lemma 3.3(a) that

~ 1/4
lu = vgll oo,y < 1Fs] L 08,y < EF

hence by interpolation we get
1 (¢ 1H%k4

— (1
|u — Uk”olv‘sk+1(]30) S 51: ( o ) <&

Noticing that 6(1+6/2) > 1 (see (4.2)) and recalling that dx — 61 = 1,05 and & < 5(()1+5/2)k,

this gives

Ju=oilorngs,) S5 <p2t vk (411)
provided gq is sufficiently small. We now define the “comparison” current S as
S:=Tulc,
and observe that S = ?HSH with
?(z) _ MaVW(p(2)) Vz€Cy, W(z):=(z,u()+vg(x)). (4.12)

A VW (p(2))]

4By the homogeneity and ellipticity assumptions (2.2) and (2.4) on F, the function F' is convex so existence
of a minimizer u is standard.
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Step 3: Show that S provides a good approximation of T in terms of the excess.
First, by the homogeneity condition (2.2) it follows that F (?) = (dF (?), ?), which gives

F(Tle,) - F(Sle,) = | F(T)al] - /C F(S)d|s|

o o

_ / (F(T) - @F(3), 7)) i) (4.13)
+/ (@F(8), T)d|T| - /C (@F(3). ) dIs].
Noticing that (thanks to (4.12), (2.1), and (4.10))
S —eol S IVul S €+, (4.14)
assuming & and p small enough we can use the uniform ellipticity assumption (2.5) to get
/ (f(?) . <df(§),?>) d|T| > ;/ 7 =S [a|7). (4.15)
Co Co

To control the last term in (4.13) we consider the map
H(t,z,y) == (v, (1= )y +tu(@)),  Vte[01],z€ By yeR,

and define the (n 4 1)-current
X = Hy([0,1] x Te,).

In this way we see that
0X = (T - S)|c, -2, Y= Hy([0,1] x (T,0)) C 8Cs, (4.16)
and because of (4.5), (4.8), and the fact that u = vy + g5 on 0B, it holds
M(%) < /aC ly — vk(@) — gs(2)| dI{T, o) S /a ly — vk(@) — gs(2)| d|(T, o)

o

+ /a . 195(x) — Gs()| d|(T, 0")|| S EFH* 2 4 gl+0. (a7)

We now notice that dF is 0-homogeneous (since F is 1-homogeneous), therefore (see (4.12))
dF(8) = dF(AndU).

Also, because u minimizes F' (see (4.4)), the Euler-Lagrange equation for u corresponds to saying
that dF(A,dU) is a closed n-form, hence

(OX, dF (ApdU)) = 0,
and by (4.16) and (4.17) we get
(T = 8)|c,, dF(S))] = [(2,dF(§))| < &F/4n=50 4 glto, (4.18)

Combining (4.13), (4.15), and (4.18), we conclude that there exists a universal constant C; such
that

;/ S - TP < ¢ (&4 4 %0) 4+ F(T|c,) — F(Sle,). (4.19)
Co
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To estimate the last term we simply observe that, since 9(T'|¢,) = 9(S + X), the minimality
condition (4.1) together with (4.17) implies that

F(Tle,) —F(Sle,) = F(Tle,) — F(Sle,+%) + F(2) S &7/ + %, (4.20)
Combining this bound with (4.19) finally yields

E(T,o,vr +u) < / |? _ ?\2 d|T|| S g5 gltd — g gl+d,
Co

k
where at the last step we used the definition of § (see (4.2)). In particular, since & < €él+5/ 2)

we deduce that 5,?“6 < 5,1+5/2 and

o> pr—E > pe— 27" = prya,

hence
146/2
S(Ta pk-‘rlau) < €k+ / :
Recalling (4.11), this proves the claim with ugy; := u — v and concludes the proof of the
theorem.

O

5. PROOF OF THEOREM 2.2

The proof of the e-regularity theorem for almost-minimizing currents follows the one of The-
orem 2.1, with some minor modifications. More precisely, choose py, := Rr* for some 7 € (0,1)
to be fixed later. We claim that there exists a sequence of linear functions ¢; : R™ — R such
that, for all k£ > 0,

« w(pk)
Epr1 < r& + Tt (5.1)
and
Ep+w
Vili1 = Ve |* < krmrgpk)? (5.2)
where

Ep = E(T, pr, )

and « > 0 is given by Lemma 3.5(1). As we shall explain at the end of the section, this claim
implies the result.

We set £y = 0 so that & = (T, R,0) < ep, and we show how to construct ¢;1 once ¢ is
given. However, before doing that, we first notice that applying iteratively (5.1) and using that
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w is non-decreasing, one obtains
T
Ja k—j
o 2 T w(RE)
=0
k
< T(k+1)a(€0 + ,rkoz Z T(j_k)aw(R Tk_j)
=0

5k+1 S T(k+1)ago+

ko ki1
[e% (0% " dt (o3

S rlFtbagy 4 ok Z /kj w(Rt) ira T 80 (R)

=T

! dt e dt
= rhe (50 + w(R)) + r’“"/ w(RY) s + r’“"‘/ wW(RY) oo

rk/2 k

k k boodt k k/2 Pt
(6} (6} (63
< vt (£ + w(B)) + rw(R) /k/ (R )/Tk el
< rhagy + Tka/Qw(R) +w(R rk/Z).
This implies that & — 0 as £k — oo, and in addition & can be made arbitrary small for all
k > 1 provided g is small enough.
Then, inserting this estimate into (5.2) one deduces that

k k
V| < IV = VG| S D (/& +w(Rr)
j=0 j=0
k
< 32 (VB + IVl R) + o Rril2))

J=0

1
< VE + \/w(R)+/0 \/w(Rt)%,

which can also be made arbitrary small provided we choose gy sufficiently small. In particular
we can ensure that at every step |V/{;| < § with x as in Lemma 3.5, which allows us to apply
Lemma 3.5 (compare with Step 2 in the proof of Theorem 2.1). We now begin the proof of

(5.1)-(5.2).

Up to perform the dilation (x,y) — (z/pk, y/pr) we can assume that pr, = 1 and that
T is (F,wy)-minimal in C; with wg(t) := w(pgt). (5.3)

Then, arguing exactly as in the proof of Theorem 2.1 with ¢ in place of v we arrive at the
validity of (4.19)-(4.20) with the only difference that now 7' is not F-minimal but (F,wg)-
minimal, therefore

F(Tlc,) ~F(Sle,) S & + 6% +wi(o).
Hence, recalling the definition of d (see (4.2)) we obtain

ET, o)< | |T = S d|T) <260 + wi(o). (5.4)
Co‘
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We now want to relate £(T, o, u) with E(T, 7, fi11), where r € (0,0/4) has to be suitably chosen
and l11(z) := Vu(0) - z. This part of the argument is pretty standard.

Let r € (0,0/4) to be fixed later. We have

L\?—?(O)]QdHTHgQ/C y?—?fdnmm/ EEEOR
<2/C \?_?}2d||TH+2(sup\? S0 M(Tle,,).

(5.5)

Observing that
1 -
M(T'¢,,) = V14 [VE|* |Bar| = 2/c T = T d|7)| < &
2r

where
— AnV Ly

Ly:= m, Li(z) := (x,ﬁk(x)),

we get
M(Tl.czr) S+

%
Moreover it follows by (2.1) that S = vu + O(|Vu|?) and |V(u — £)| < ‘? — Ly|. Hence,
noticing that the C%% seminorms of Vu and V(u — £,) are equal, Lemma 3.5(1) and (H3) give

up| S~ S 0)[* £ Vo, ) = PV~ )l s,,)
SV = )7 s,y S / S~ Ty de < r%‘/ 'S — T a)7.
Combining these last two estimates with (5.5), we get
| F-SoParis [ T -SPami+eeee) [ [F-TaPar)
< [ 1T -3Pa
Cor
+202 (1" 4 ) /C ([T =SP+|T = L] i)
< /C T = S P d|T]| + r2 (" + &) &,
that together with (5.3) and (5.4) ;ives

sr [, 1T - S0Py 5 (6 4 2o+ 208, (56)

pn— 2a rn

Since

5 }7 T d|]T\|<—
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adding this inequality with (5.6) and using the bound M(T'|¢,,) > | Bar|, we obtain

Vu(0) - Va2 < [S(0) - Tul Lt:(pk)'

r

Hence, if we set {1 1(z) := Vu(0) - x (so that ?k.}rl = ?(O)) we deduce that

£
Epp1 < Cl<[5;‘§+r2a+ e }é‘k+ w(p’“)>

n—2a rn

Ex +w(pr)
rn
where C1, Cy > 0 are universal constants. We are now ready to select all the constants involved

in this proof and complete the argument. First, we choose r € (0,1/8) such that

i

Vil — VE|* < Cy

(07
oy < % Cyr < 1.

Then, recalling that £ can be made arbitrary small for all £ > 1 provided gg is small enough
(see the iteration argument described at the beginning of the proof), we take g sufficiently small

so that
4 [52 + i} <

rn—2o¢

2
Since with these choices Cor < 1 we deduce that (5.1)-(5.2) hold, as desired.

,r,Oé

vk > 1.

By (5.1)-(5.2), the iteration argument described at the beginning of the proof shows that T’
is C! at the origin. Then, since the same argument can be repeated replacing 0 by any other
points z € supp(T') N Cg/2, we deduce that T coincides with a C' graph inside Cp /2, concluding
the proof.

O
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