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ABSTRACT. Despite significant recent advances in the regularity theory for obstacle problems with
integro-differential operators, some fundamental questions remained open. On the one hand, there
was a lack of understanding of parabolic problems with critical scaling, such as the obstacle problem
for 0; + v/—A. No regularity result for free boundaries was known for parabolic problems with such
scaling. On the other hand, optimal regularity estimates for solutions (to both parabolic and elliptic
problems) relied strongly on monotonicity formulas and, therefore, were known only in some specific
cases. In this paper, we present a novel and unified approach to answer these open questions and, at
the same time, to treat very general operators, recovering as particular cases most previously known
regularity results on nonlocal obstacle problems.

1. INTRODUCTION AND RESULTS

Free boundary problems appear in several areas of pure and applied mathematics, and have been a
central line of research in elliptic and parabolic PDE’s during the last fifty years. The most important
and challenging question in this context is to understand the regularity of free boundaries. The
development of the regularity theory for free boundaries started in the late seventies with the works
of Caffarelli [Caf77], and since then several ideas and techniques have been developed; see for example
the books [Fri82] [CS05, [PSUI2, [FR22].

During the last decade, starting with the works [ACS08, [Sil07, [CSS08], an abundance of new results
has been obtained, understanding for the first time thin and nonlocal free boundary problems.

The motivation for studying such type of problems comes from elasticity (the classical Signorini
problem); probability and finance (optimal stopping for jump processes, pricing of options); control
problems (boundary heat control); fluid dynamics in biology (osmosis, semipermeable membranes);
or interacting energies in physical, biological, and material sciences. We refer to the classical book of
Duvaut and Lions [DL76], as well as to [PS06, Mer76l, [CT04] and [CDMI6), [Ser18], for a description
of these models.

The above-mentioned works [ACS08|, [Sil07, [CSS08] established for the first time:

- the optimal regularity of solutions, and

- regularity of free boundaries near regular points
both in the thin obstacle problem, and in the obstacle problem for the fractional Laplacian. After these
results, new methods and techniques have been introduced in [GP09, [CE13 [KPS15, IDS16, DGPT17,
CRS17, [IN17, [ACM18| [FS18, BFR18, [ACM19, [CSV20, [AbR20, [CSV20bl [FJ21) Kuk21l [SY23], [RT24),
Kuk22|, studying various questions such as singular free boundary points, higher regularity of free
boundaries, more general nonlocal operators, and the parabolic versions of these problems. However,
despite such significant developments in the last years, some central questions remained open.

On the one hand, there was a lack of understanding of parabolic problems with critical scaling,
such as the obstacle problem for 9; + v/—A: no regularity result for free boundaries was known for
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any parabolic problem with such scaling. We note that the case 9, + v —A is particularly interest-
ing, because the problem is equivalent to a thin obstacle problem in ]RZL_H with dynamic boundary
conditions, i.e.,

Ot = Ogu on {xpp1 = 0} N{u > ¢},

Free boundary problems with dynamic boundary conditions are discussed in [DL76] and [ERV17] (see
also [ACT10,[ACM18, [ACM19]), and no regularity result for free boundaries was known for any problem
of this type. The main difficulty comes from the critical scaling of the equation, since the equation and
free boundary have the same “hyperbolic” scaling in time and space. Because of the traveling wave
solutions constructed in [CE13], the structure of the free boundary in such a setting was expected to
be much more complicated and rich than in previously known parabolic obstacle problems.

On the other hand, a second important open question was to establish optimal reqularity esti-
mates for solutions to nonlocal (parabolic and elliptic) obstacle problems. Indeed, optimal regularity
estimates relied strongly on monotonicity formulas, and therefore were only known in very specific
situations. In the elliptic setting, they were only known for the fractional Laplacian, but not for
more general nonlocal operatorsﬂ In the parabolic setting, for the fractional Laplacian the optimal
regularity of solutions in space was established in [CE13], but even in such case the optimal regularity
in time (or in space-time) was open. It is important to notice that the results in [CRS17, BFRI1S)]
establish regularity results for free boundaries in these problems, but these are qualitative results, and
do not yield in any case optimal regularity estimates for solutions. Furthermore, still in the parabolic
setting, all known resultﬁ are for the fractional Laplacian, and used monotonicity formulas [CF13] or
the extension problem for the fractional Laplacian [BFR18]. Extending these results to more general
nonlocal operators was an open problem, too.

The aim of this paper is to develop a unified approach to the regularity theory of such problems
that allow us to answer all these open questions at the same time. Note that, in addition to giving
an answer to the open problems mentioned above, we can also recover, as particular cases, all the
previously known regularity results on nonlocal obstacle problems from [ACS08|, [CSS08|, [CF13],[CRS17,
BFRI18| [FRIS].

We consider nonlocal operators of the form

Lu(z) = p.v. /n (u(z +y) — u(z))K(y) dy, (1.1)

with
A

K(y) = K(-y) and W < K(y) < W

(1.2)
The constants 0 < A < A are called ellipticity constants, and s € (0,1). This is the most typical and
natural class of operators of order 2s; see [BL02l [CS09, Ros16]. (Notice that some of the results of
the paper hold for more general classes of operators, as considered in Definition )

1.1. Main result. Given L of the form ([1.1)-(1.2), and given an obstacle ¢ in R", we consider the
parabolic obstacle problem

min{ut — Lu, u— go} =0 in R" x (0,7),

u(0) =¢ in R™ (1.3)

1The results in [CRS17] establish the regularity of free boundaries and local C*** estimates near regular points, but
not a global nor uniform C'T* estimate for solutions.

2The only known result in this direction is the recent work [RT24], in which the second author and Torres-Latorre
studied the supercritical case s < % Such case turns out to be completely different, since the time derivative 9; dominates;
see Remark below.
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The solution u(x, t) of (|1.3) can be constructed as the smallest supersolution lying above the obstacle ;
see [CF13, RT24]. We will always assume

lellcawny < Co. (1.4)
Throughout the paper, we will denote
Q, := B, x (—r%,r?).

To understand the regularity of solutions and to the free boundary for ((1.4), we shall first prove a
very general result about almost-convex solutions to the obstacle problem with zero obstacle and a
small right hand side. This result reads as follows:

Theorem 1.1 (Quantitative estimate). Let s € [%, 1), £ asin (1.1)-(1.2)), with K homogeneous. Fix
0 >0, and given n > 0 small, assume that u € Lip(R™ x (—1/n,1/n)) satisfies:

e u is nonnegative, monotone, and almost-convex:
u>0, dwu>0, and D?g,tu > —nld in Qi/p,

with  (0,0) € 9{u > 0}.

e u solves the obstacle problem with zero obstacle and a small right hand side:

Ou—Lu=f in {u>0yNQy, and Ju—Lu>f in Qy,

with V| +[0:f] < 1.

e u has a controlled growth at infinity:

R||Vul oo (@uniit<1/ny) + B2 N0sull e (@ungij<1/mpy < B*° forall R>1.
Then, there exists a 1D solution of the form

k(z-e+vt) T if s=1
uo(x,t) = . ' ) (1.5)
k(x-e) " if s> 3,
with k >0, e € S 1, v>0, and v = y(L,v,e) > %, such that
|u — uol|Lip(o,) < €(n),

where (n) is a modulus of continuz’tﬂ depending only on n, s, §, A\, A.
Moreover, for any given ko > 0 there exist e, > 0 such that if e(n) < &5 and Kk > ko > 0, then the
free boundary 0{u > 0} is a CL7 graph in Q13 for some T > 0, and we have the bound

[Vu| + |0u| < C(|z]* + [t]°)
for (z,t) € Q1. The constants eo, C, and T, depend only on n, s, 6, A\, A, and ko.
While the previous theorem holds for s € [%, 1), in the elliptic setting, i.e.
min{—Lu, u— ¢} =0 in R, (1.6)
the analogous result is valid for all s € (0,1); see Theorem

3That is, e : (0,00) — (0,00) is nondecreasing function with limy0e(n) = 0.
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Remark 1.2 (On the assumption s > %) Notice that, in the parabolic setting, the case s < % needs to
be excluded if we look for a unified theory for both elliptic and parabolic nonlocal obstacle problems.
Indeed, the case s < % turns out to be completely different, both in terms of the results and the
methods to study it. It was proved very recently in [RT24] that, when s < %, non-stationary solutions
are automatically C! in space and time, independently of the parameter s. Moreover, the proof of
such result is independent from the ones in the stationary setting (and from the case s > %), since it
uses very strongly the fact that 0; is the dominating term in the equation.

1.2. Regularity of free boundaries. Iterating our main result above and combining it with the
explicit 1D profiles in the case £L =+ —A, we get the following.

Corollary 1.3 (Regularity of the free boundary, s = %) Let L = v/—A, ¢ an obstacle satisfying
(1.4), and u the solution to (1.3). Then, at each free boundary point (z.,t,) € 0{u > ¢} we have the
following dichotomy:

(i) either
0 < crt™@ote) < qup  (u— ) < CrlT@ete) for some (o, to) € [3,1),
Qr(xo,to)
(ii) or 0< sup (u—¢) <Cr® for all € > 0.
Qr(iﬂo,to)

In addition, the set of points (x.,15) satisfying (i) is an open subset of the free boundary and it is a
CY submanifold in space-time of codimension 1.
Moreover, if we denote by v = (v, 1) the normal vectmﬁ to the free boundary at (zo,t,), then the
exponent y(xo,ts) is given by
11
Y(xo,to) 1= 3 + = arctan(v, ),
where vo = v/ |vg| > 0 is the speed of the free boundary at (xo,ts).

As said above, this is the first result concerning the regularity of the free boundary for a critical
operator such as 9; + v/—A. Prior to our result, the “subcritical” case s > % was understood in
[BERI8], while the “supercritical” case s < & was treated in [RT24] (cf. Remark .

In the case s > %, our new approach allows us to extend the results in [BFRI§| to much more

general kernels, and the results of [CRS17] to the parabolic setting.

Corollary 1.4 (Regularity of the free boundary, s > %) Let L be of the form (1.1)-(1.2) with K
homogeneouﬂ ¢ be an obstacle satisfying (L.4)), and u be the solution to (1.3)). Then, at each free
boundary point (xo,t,) € d{u > ¢} we have the following dichotomy:

(i) either
0<cr'™ < sup (u—g)<Crits,
Qr(x07to)
(i) or 0< sup (u—¢) <O for all € > 0.
Q'r'(l‘mto)

In addition, the set of points (x.,t,) satisfying (i) is an open subset of the free boundary and it is C1
in space-time.

“More precisely, v is the normal vector to d{u > ¢} pointing towards {u > ¢}. Notice that since u; > 0 then we
always have vy > 0.

5The assumption of the kernel K being homogeneous is needed in order to ensure that 1D solutions are homogeneous;
see [RS16, [CRS17).
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This result reads exactly as the one in [BFRIS8] for the fractional Laplacian (—A)*, s > 1. Still, as
we will see next, the results of the present paper are quantitative in nature (thanks to Theorem ,
while the ones in [BER18] (as well as [CRS17]) were qualitative. Thanks to this fact, we can establish
several new regularity estimates for solutions, both in the parabolic and elliptic setting.

1.3. Optimal regularity estimates. We present here some consequences of our main result, Theo-
rem and its elliptic counterpart (see Theorem below), in terms of optimal regularity estimates
for solutions. In the elliptic case, we answer an open question left in [CRS17]:

Corollary 1.5 (C'*3 elliptic estimates). Let £ be of the form (1.1)-(1.2) with K homogeneous, ¢ be
an obstacle satisfying (1.4)), and u be the solution to (1.6). Then u € C1T5(R™) and

HVUHCS(R”) S CCO,
with C' depending only onn, s, \, and A.

In the parabolic critical case 9; + v—A, we establish the optimal C3/ 2_regularity of solutions in
space-time, answering a question left open in [CF13].

Corollary 1.6 ( 3/2 estimates for s = %) Let L be of the form (1.1)-(1.2) with K homogeneous, ¢

x,t

be an obstacle satisfying (1.4)), and u be the solution to (1.3). Then, u € Ci’(tQ(R” x (0,T)) and for
any [t1,t2] C (0,T] we have

IVullcrr2@n sty 1)) T 100l 2@ ity 1)) < CCo,
with C' depending only onn, s, A\, A, and t1.

In case s > %, the results in [CF13] imply that solutions u are C'** in space and C55 ¢ in time,
for all € > 0. Here, we improve the regularity in time to the optimal scaling. Notice that our results
hold for the general class of kernels considered in [CRS17], but they are new even for the fractional
Laplacian.

Corollary 1.7 (Further regularity in time, s > 1/2). Let £ be of the form (1.1)-(1.2) with K homo-
geneous, ¢ be an obstacle satisfying (1.4), and u be the solution to (|1.3)).

e If s € (3, \/5271) then u € C';’J{S(R” x (0,T)) and for any [t1,t2] C (0,T] we have

[Vullos mnx iy 1)) + 1080l os mr x iy 227) < CCo,
with C' depending only onn, s, A\, A, and t1.
1

o Ifse [\/52_1, 1) then u € CLT5NC: " (R™ x (0,T)) for any € > 0, and for any [t1,ts] C (0,7
we have

8 <’ Cou
I tUHCt%*l*E(Rnx[tl,tzD -

with C. depending only onn, s, \, A, ¢, and t;.

The regularity estimate for s < @ is clearly optimal (in view of the description of solutions in

Theorem , and we expect the regularity estimate for s > @ to be almost-optimal.

We thus find a new threshold at which the regularity of solutions changes and, curiously, this
threshold is at exactly the golden ratio

s = Y31 ~ 0.61803.

The reason for this is that, when looking at the regularity of solutions in ¢, the “worst points” for
s < 2(v/5—1) (case (i) above) are the regular ones, while for s > 3(v/5 — 1) (case (ii) above) the
“worst regularity” happens at singular points.
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1.4. Nonsymmetric operators. The new quantitative methods developed in this paper are very
flexible. For instance, the symmetry assumption on the kernels in is not needed for some of our
results to hold, and we can establish new regularity results for solutions and free boundaries in the
non-symmetric case.
As a model case, we consider the elliptic problem for the fractional Laplacian with critical drift
1

(s = 5) and establish the optimal regularity of solutions, thus answering an open question from

[FRIS].

Corollary 1.8. Let L=+/—A+b-V with b € R", ¢ an obstacle satisfying (1.4), and u the solution

to (1.3). Then u € C*(R™), with
1 1
Mi=g5 = arctan |b| and [ull g1t mny < CCo,

with C depending only on n and |b|.

Notice that v, € (O,%) and v, — % as b — 0. The expression of v, comes from an explicit
computation of 1D solutions; see [FR18, [DRSV22| for more details.
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der the Grant Agreement No 721675. XR has been supported by the European Research Council
(ERC) under the Grant Agreement No 801867, by the AEI project PID2021-125021NA-I00 (Spain),
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and by the SpanishAEI through the Maria de Maeztu Program for Centers and Units of Excellence
in R&D CEX2020-001084-M. JS has been supported by Swiss NSF Ambizione Grant PZ00P2 180042
and by the European Research Council (ERC) under the Grant Agreement No 948029.

1.6. Organization of the paper. The paper is organized as follows. In Section [2] we prove all our
results in the elliptic setting, deducing in particular Corollaries and In Section [3] we establish
a new parabolic boundary Harnack inequality, which plays a crucial role in the proof of our main
results in the parabolic setting. In Section [4] we prove Theorem Finally, in Section [5| we deduce

Corollaries and

2. THE ELLIPTIC CASE

In this section we prove the analogue of Theorem in the stationary case. We start from this
case because, in this setting, the arguments are simpler and are valid for every s € (0,1). In addition,
the proofs are shorter, since we can rely on several known results from [CRS17, [RS19].

Actually, thanks to the recent (elliptic) results from [DRSV22], we can establish our results also for
non-symmetric operators. The general class of operators that we consider in the elliptic case is the
following.

Definition 2.1. Throughout this Section, we consider operators £ of the form

Lu(x) = /n (U(CC +y) — u(x))K(y) dy if se (0, %),

Lule) = pv. [ (ule+9) ~u(@) K@)y + b Vale) it 5=}

R"

Lu(x) = / (u(x +vy) —u(x) — Vu(z) - y)K(y) dy if se (%, 1),
with b € R™ satisfying |b] < A, and

A A
|y s < K(y) < 2
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If s = % we must add the standard “zero-moment assumption” | Ror\B, yK(y)dy = 0 for all r > 0, so
that the principal value integral defining £ is well-defined.

We refer to [DRSV22] for some basic interior and boundary regularity estimates for such class of
operators. This is basically the most general scale-invariant class of linear operators of order 2s for
which we have both interior and boundary Harnack.

2.1. Main elliptic result. The main result of this section is the following quantitative estimate.

Theorem 2.2. Let s € (0,1), £ as in Definition[2.1, and as € (0,5) N (0,1 —s).
Let n > 0 and suppose that u € Lip(R™) satisfies:

e u is nonnegative and almost-convex in a large ball:
w>0 and D*u>-—nld in By, with 0€0d{u>0}.
e u solves the obstacle problem with a small Tight hand side:
Lu=f in {u>0}NBy, and Lu<f in By, with [Vf]<n.

e u has a controlled growth at infinity:

[Vl poo By < R¥TO for all R>1.
Then:
(i) There exist e € S"1 and a nonnegative convex 1D solution u.(x) = U(x - €), satisfying
L(Vu,) =0 in {z-e>0}
Uo =0 in {z-e<0} (2.1)
Vol oo(pyy < R*TY  forall R>1,
such that

v — ol Lip(By) < €(n),

where €(n) is a modulus of continuity depending only on n, s, a., A\, and A.

(ii) Moreover, given ko > 0 exists € > 0 such that if |[us||Lip(B,) = Ko > 0 and £(n) < &0, then the
free boundary 0{u > 0} is a CY7 graph in By s, for some T > 0.

(iii) If in addition the kernel K of the operator L is homogeneous, then uo is homogeneous of degree
v=v(L,e) € (0,25) N (2s — 1,1) and we have the expansion

lu—uo| < Clz|™™ ™ and |Vu— Vu,| < Clz["™™ for =€ By.

Furthermore, if K is symmetric, then v = s for all e € S*~ 1.

Here, the constants C, ., and T depend only on n, s, oo, A, A, and ke.

Part (i) of this quantitative result is basically equivalent to showing that all blow-ups are 1D (at
nondegenerate points). Part (ii) is essentially the regularity of the free boundary near regular points,
and is somewhat independent from (i). Still, such combined quantitative versions can be iterated and
will give us some more information, as we will show later.

Remark 2.3. Once e € S"! is fixed, the 1D profile u, is uniquely determined, up to a multiplicative
constant (see Proposition [2.7]). Moreover, when the kernel K is homogeneous then u, can be computed
explicitly, and if K is in addition symmetric then uo(z) = c(z - €)%, as in [CRS1T].
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2.2. Proof of the main elliptic result. To prove the result we will need several ingredients. The
first one is the (elliptic) boundary Harnack for such class of operators.

Theorem 2.4 ([RS19, [DRSV22]). Let s € (0,1) and L as in Definition[2.1 Let Q@ C R™ be a Lipschitz
graph in B, with 0 € ). Then, there exist positive constants 1, C, and T depending only onn, s, A,
A, and the Lipschitz norm of 082 in By, such that the following holds.

Let vy, v9 be weak (or viscosity) solutions of

|L’vi‘§77 in QN By, v =0 in Q°N DBy,
satisfying
v; >0 m R” and / Mdazzl.
re 1+ 2|0 F2s

Then, there exists T > 0 such that

u <C
CT(QNBy2)

V2
We will also need the following:

Lemma 2.5. Let s € (0,1), £ as in Deﬁmtion and e € S*~1. Then, there exists § > 0 such that

$(w) = exp (— |z -7
satisfies
Lo <C in R™

The constants C and 6 depend only on n, s, and the ellipticity constants.

Proof. We prove it for e = e,,. Let M_, , be the extremal operator associated to our class of operators,
ie, M_, yw := inf; Lw, where the infimum is taken among all operators £ as in Definition
(with fixed s, A\, A). Then, the operator M_, , is scale invariant of order 2s, and in particular
My Alzal? = cglan|P~2 for B € (0,25) (see [RSI6, Section 2]). Moreover, it is easy to see that
cg — +oo as f — 2s, and in addition cg > 0 for s > % (by convexity). Hence, since cg is continuous
with respect to 3, for any s € (0, 1) there is § > 0 such that s <1 —6 < 2s and ¢;_¢ > 0.

This implies that for any operator £ as in Definition [2.1| we have

Llzn|"™ > ciglza/' 2 >0  in R,

with ¢;_g > 0. In particular, since the function ¢(x) + |z,|'~? is of class C2(1=%) ¢ C?%9 for some
6 > 0, we conclude that the function ¢ satisfies Lo < C in R", as wanted. O

As a consequence of the previous supersolution, we find:

Lemma 2.6. Let s € (0,1), £ as in Deﬁnition e €S andT C {z-e = 0}. Assume that
w € Lipy,.(R™) is a viscosity solution of

Lw=0 in R"\T.
Then Lw =0 in R™.

Proof. For any € > 0 we consider the function w. := w — €¢, where ¢ is given by Lemma [2.5

Assume now that a test function n € C? touches w, from above at x, € R™. Since w is Lipschitz,
then by definition of ¢ we have that w. has a “downwards cusp” on {z -e = 0}, and therefore
xo & {x-e =0}. Thus Ln(z,) = Lw(z,) — eLp(xs) > —Ce. Since this holds for every test function
n € C?, we deduce that Lw. > —Ce in R™ in the viscosity sense. Since w = Sup.~ W, we conclude
that Lw > 0 in R™.

Repeating the same argument with —w instead of w, we find Lw = 0 in R", as desired. U
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Thanks to the previous results, we can prove the classification of blow-ups.

Proposition 2.7. Let s € (0,1), £ as in Definition[2.1, and as € (0,s) N (0,1 —s).
Let u, € Lip(R"™) be a function satisfying:
® U, is nonnegative and conver in R™:
Uo >0 and D*u>0 in R", with  us(0) = |Vus(0)] = 0.
o for any given h € R", u, solves
L(Dpuo) >0 in {uo > 0},
where

Dito() = 2etlpele=h).

® U, has a controlled growth at infinity:
Vol poo(pyy < R*F*  forall R>1. (2.2)

Then uo is a 1D function, i.e., there exists e € S*™1 such that uo(z) = U(z - e).
Moreover, for each e € S*™!, the function uo is unique (up to multiplicative constant) and, if the
kernel K of the operator L is homogeneous, then us is homogeneous, too.

Remark 2.8. In the sequel, we will implicitly use the following simple observation: if u is a locally
Lipschitz function satisfying £(Dpu) > 0 inside {u > 0} for all h € R™, then

L(Vu)=0 in {u>0}.
Indeed, given k € {1,...,n} we can choose h = eej to obtain
L(Ogu) = €£r51+ L(Dee,u) >0 and  L(Oku) = EE%E L(Dee,u) <0 in {u>0}.
The same observation applies also to the parabolic case.

In the proof of Proposition (and also later on in the paper) we will need the following simple
barrier.

Lemma 2.9. Let s € (0,1) and L as in Definition . Given 1 > 0 there exists 8 > 0 such that

o (1557

LO < —c<0 inCyN By,

{gez-n(1-(g-9")}

The constants ¢ and 6 depend only on n, s, the ellipticity constants, and 7.

with e € S*™1, satisfies

where Cy, is the cone

Proof. 1t is a variation (with almost identical proof) of Lemma 4.1 in [RS17]. See [AuR20, Lemma 4.1]
for more details. O

Remark 2.10. Notice that, given any w € (0,1) (small), the inclusion
¢, C {%'€§—1+w}

holds provided 1 = n(w) is taken sufficiently large.
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Proof of Proposition . We follow and simplify the ideas in [CRS17, Section 4].

First, notice that the set {u, = 0} is closed and convex. Then, we separate the proof into two cases:

Case 1. Assume that the convex set {u, = 0} contains a closed convex cone ¥ > 0 with nonempty
interior. Then, we can find n independent directions e; € S* !, i = 1,...,n, such that —e; € ¥ C
{uo = 0}, and by convexity of u, we deduce that

U 1= Og;Uo > 0 in R™

Moreover, since u, Z 0, at least one of them is not identically zero, say v, # 0.

We first claim that v; are continuous functions. Indeed, since {u, = 0} is a convex set containing
the cone 3, all the points of its boundary can be touched by the vertex of a translation of the cone X
which is contained in {u, = 0}.

Hence, given any vector h € R™ \ {0}, the function (Djuo)+ is a continuous subsolution vanishing
on {u, = 0} and with growth as in . Now, given R > 2, let yp € C2°(Bag) be a smooth cut-off
function such that g = 1 in Bsg/y, and consider the bounded function (Dpus)41r. Thanks to the
growth assumption it follows that £((Dpuo)+1r) > —Cr in R™. Hence, using a large multiple of
the supersolution in Lemma as barrier (see Remark we deduce that, for all z € 0{u, > 0}NBg
and r € (0,1), we have

sup (Dpto )4 = sup (Dpuo)4tpp < Crrt.
By (2) By (2)

Since h is arbitrary, letting h — 0 we obtain (u. is smooth in the interior of {u, > 0})

sup |Vauo| < Clhrr? for all z € 0{uo >0} N Bpr, r e (0,1).
B (2)

Noticing that the gradient of u is smooth in the interior of {u, > 0} (all partial derivatives satisfy a
translation invariant elliptic equation), we conclude that Vu, is continuous, as claimed.

Hence, recalling , we can apply the boundary Harnack (Theorem above) to the functions
vi(2Rz) to deduce that [v;/v,]cr B,y < CR™T, with C independent of R > 1. Then, letting R — oo,
we conclude the existence of constants x; € R such that

Vi = KiUp, for i=1,...,n—1.

This means that u, is a 1D function, as desired.

Moreover, assuming that both u. 1 (z) = Uy (e x) and uo2(x) = Ua(e- ) satisfy all the assumptions
of u., then applying boundary Harnack to Octo,1 and deuo 2 we deduce that Oeto,1 = KOeUo2 for some
constant k € R. This proves that u, is unique, up to multiplicative constant.

Case 2. Assume that the convex set {u, = 0} does not contain any convex cone with nonempty
interior. Then, exactly as in [CRSI7] (see Lemma below, written in the parabolic setting, for a
detailed argument), we can find a sequence R,, — oo such that

Uo(Rpx)
R || Vol Loo(Bg,.)

U (T) :=

satisfies
IVumll o By = 1, [Vtmll oo () < 2R for R > 1, L(Dpty,) =0 in {u,, > 0}.

By convexity, the nonnegative functions w,, converge (up to a subsequence) locally uniformly to a
nonnegative function us, that satisfies

Voo || oo (By) = 1 and Voo || 1o (B < 2R°T° forall R > 1.
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Also, since by assumption the convex set {u, = 0} does not contain any cone with nonempty interior,
its “blow-down” sequence {u,, > 0} = ﬁ{uo = 0} converges to a convex set I' that is contained in a
hyperplane. In particular
E(Dhuoo) =0 in R” \ F,
and since Dpuoo € Lipjy.(R™) it follows by Lemma 2.6 that £(Djuse) = 0 in R™. Hence, letting h — 0,
we conclude that
L(Vus) =0 in R".

Thanks to the growth assumption , it follows by Liouville Theorem that us(z) = a - x + b.
However, this contradicts the fact that us > 0 and ||Vuc||eo(p,) > 1. Thus, Case 2 cannot happen,
and the proposition is proved. O

Once we have the classification of blow-ups, we can show the almost-optimal regularity of solutions.
However, we first need the following;:

Lemma 2.11. Let s € (0,1), £ as in Definition and e € S""1. Then there exists v €
(0, min{2s,1}), depending only on n, s, and the ellipticity constants, such that
L(z-e)] <0 in {z-e>0}.
Moreover, when the kernel of the operator L is even and homogeneous, we may take v = s.
Proof. When the kernel of the operator £ is even and homogeneous, the result is proved in [RSI10,

Section 2]. Hence, it suffices to prove the result in the case of general operators as in Definition
After a rotation, we may assume e = e,. Let M_, , be the extremal operator associated to our

class of operators, i.e., M_, yw := inf;, Lw, where the infimum is taken among all operators £ as in
Definition (with fixed s, A, A). Then, the operator M_, , is scale invariant of order 2s, and in

. — v o Y—2s
particular M_y \(zn)} = ¢y

in {z, > 0} for v € [0,2s). Moreover, it is immediate to check

that ¢o < 0, and therefore we have ¢, < 0 for v > 0 small; see [RS16] Section 2]. Also, since (z,,)7 is

convex for v > 1, it follows that ¢, > 0 for v > 1. Hence, we proved that £(9Un)']r < c,Y:L‘Z_% < 0in

{zy, > 0} for some v € (0, min{2s,1}), as desired. O
We also need the following:

Lemma 2.12. Assume wy € L>°(By) satisfy

lwillLoes,)
sup |lw| oo (B,) < 00 and Sup sup ———= =00
k

k re(0,1) Tk

for some > 0. Then, there are subsequences wy,, and rm — 0 such that |Jwy,, || LB, y > Tm and
for which the rescaled functions
O (1) = Wk, (me)
Wk, 2o (B,
satisfy
[ (z)] <2(1+[z[*)  in By,

Proof. For every m € N, let k,, € N and r,, € (%, 1) be such that
_ 1 _ 1 _
Tl Wil oo (B,.,,) 2 58P sup 17 lwyllpee(p,) 2 5sup sup 17 Hlwgllpe(s,).
k rg(#@) k re(rm,l)
Note that, since supy, [|wg|| z(p,) < oo but

sup sup 7 Hf|wg| pe(p,) — 0 as m — 0o,
k re(i,l)
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necessarily r,, — 0 as m — oo. Also, by construction of r,, and k,,, we have
_ 1 _
"ot lw,, | oo (B, ) = 3" Hllwgl|pee(p,y forall r>rp, k€N

In particular, for any R € (1,7,,!) we have

HwkaLw(Ber)

|Dmll Loo(BR) = < 2RM.

Wk, | oo (B, )

Since |||z (B,) = 1, the result follows. O
We can now establish the almost-optimal regularity of solutions.

Corollary 2.13. Let s € (0,1) and L as in Definition [2.1 Let o € (0,5) N (0,1 — 5), v €
(0, min{2s,1}) given by Lemma and u € Lipy,.(R™), with

[Vl poo By < R¥TO forall R>1,
satisfy
u>0and D*u>~Id in By, Lu=fin{u>0}NB, and Lu<finDB, with|Vfl<1.

Then, for any € > 0 we have
IVullgo-<(p,) < Ce,

with C. depending only on n, s, €, and the ellipticity constants.

Proof. Let u:=~ —e. Since v € (0, min{2s, 1}), up to enlarging a, we can assume that s + oo > p.
We will prove the existence of a constant C' > 0 such that, at every free boundary point =, € d{u >
0} N By, we have
|[Vu(x)| < Clz — zo|*.
This, combined with interior regularity estimates (see for instance [CS09, DRSV22]), yields the desired
result.
Assume by contradiction that such estimate fails. Then, we can find sequences uy, Li, and fg,
satisfying the assumptions, with 0 € 9{ug > 0}, such that
IVukllpes,)
Sup sup ————= = 0
k re(0,1) Tk
Note that, by the uniform semiconvexity estimate D?uy, > —Id in Bs, the functions uy are uniformly
Lipschitz inside By. Hence, thanks to Lemma there exists sequences k,, and r,, — 0 such that
VU, |l Lo (B,, ) = Tm and the functions

i Uk (rma) Vg, (rm)

Um () 1=

, Vi, (x) := ,
T || Vuk,, | Lo (B,,,) Vg, I (B,, )
satisfy ||Viim | re(p,) =1 and

|V, (x)] < 2(1 + |x|*) in By,

Moreover, we also have

D%y, > =1y, "1d — 0 in By, (2:3)
Vit || oo () < FEr%e RSO < RSTe forall R >l

(recall that s + a, > p) and
Liylim = fon i0 {tim > 0} N Byyy,o LayTim < fon 0 By, with [V fin| <77 — 0.
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In particular, the last two conditions imply that Ly, (Dpti,) > 0 in {@;, > 0} N By, , where
~ _ Um(x)—Um(x—h)
Hence, thanks to (2.3)), up to a subsequence the functions ,, will converge locally uniformly in R™ to
a limiting convex function @, satisfying
HVfLOHLm(BQ) 2 1, HV&OHLoo(BR) S 3RM for all R Z 1.

Moreover, using for instance [DRSV22, Lemma 3.2] to take the limit in the equations, we see that u,
will satisfy the hypotheses of Proposition and therefore it must be a 1D function, say u.(z) =
Uz -e).

Hence, if we consider the 1D function w := U’ > 0, we see that

Lw=01in (0,00) and w =0in (—o0,0), for some 1D operator £ as in Definition [2.1]

Also, since w(t) < C(14t,)H, for any § > 0 small we see that w(t) < §(ty)” for t > C5~/%. Recalling
that £(t4)” > 0 in (0,00) (see Lemma [2.11)), we can apply the comparison principle in [DRSV22,
Lemma 4.1] to deduce that w < §(¢4)” on the whole R. Since 6 > 0 is arbitrary, this implies that
w < 0, and hence w = 0 in R. However, this means that U = 0 in R and therefore @, = 0 in R", a
contradiction. O

The next step consists in showing that the free boundary is C7 near nondegenerate points. To
prove this result, we need the following result:

Lemma 2.14. Let s € (0,1), £ as in Definition[2.1, oo € (0, ), and co > 0. Then there exist R, > 1
large and e, > 0 small, depending only on n, s, X\, A, co, and oo, such that the following holds.
Assume that E C R™ is closed, and v € C(R") satisfies (in the viscosity sense)

Lv<e in Bg \FE, v=0 in Bgr,NE,
v > o >0 v>—¢, in Bg and v(x)] < |z|*T¥ in R™\ Bp..
+ ) o) o
Br,

Then v > 0 in Bg, /2.
Proof. The proof is the same as that of [CRS17, Lemma 6.2]. O
We can now show the C'b7 regularity of free boundaries.

Lemma 2.15. Let s, L, oo, and u, be as in Theorem [2.2. There, for any given ko > 0, there exist
R, > 1 large and €5 > 0 small for which the following holds.

Let uo(z) = Uz - €), e € S, be a nonnegative, convex, 1D solution of [2.1). Assume that
[tollLip(Br) = Ko > 0 and [[u — uollLip(By,) < €0- Then the free boundary {u > 0} is a CV7 graph in
By/y. The constants Ro,eo and the bounds on the CY™ norm depend only on n, s, ao, A\, A, and ko.

Proof. By assumption, for any direction ¢’ € S*~! such that ¢’ - e > & we have

|0t — Opruo| < € in Bpg,.
Also,
Oulo >0 in R" and Oertlo > C1ko In {z-€> %}
Thus, if &, is sufficiently small, we have that v := dou and E := {u = 0} satisfy:
|Cv|<n in Bpg, \E, v=0 in Br NE,

v >k, in {z-e>3}NBg, v>—¢, in Bp,, and |v(z)| < |z[*T* in R™\ Bg,.
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Hence, choosing R, large enough, it follows from Lemma that v > 0 in Bp, 9, i.e.,

1

Oeu >0 in Bg, for all ¢ € S"7! such that ¢/ - e > 3

This means that the free boundary 0{u > 0} is a Lipschitz graph in Bp_ /2, with Lipschitz constant

bounded by 1, which allows us to apply Theorem to the functions (Ogu)4 and (Jeu)+ to deduce
that

Choosing e = e, and ¢’ = e, +¢; for i = 1,...,n — 1, we conclude that the free boundary d{u > 0} is
a CY7 graph in By 3, as wanted. O

66/ u

< (.
Oaul ¢

C7(By/2)

Finally, we need the following expansion for solutions to elliptic equations in C'™ domain (recall
Proposition for the uniqueness of 1D solutions).

Lemma 2.16. Let s, L, ao, and u, be as in Theorem [2.3. Suppose in addition that the kernel K of
the operator L is homogeneous.

Assume that O{u > 0} is a C*7 graph in By )9, with v(0) = e, and let u, be the unique nonnegative,
convex 1D solution satisfying . Then uo is homogeneous of degree 14+, with v € (0,2s)N(2s—1,1)
depending only on L and e. Moreover

|Vu — Vuo| < Clz|"*™  for ze B4,
with C and 7" > 0 depending only on n, s, o, X\, A, T, and the CY™ norm of the graph.

Proof. The uniqueness and homogeneity of u, follow from Proposition while the explicit expres-
sion of v is proved in [DRSV22, Corollary 4.6]. The expansion for Vu then follows from [DRSV22]
Theorem 1.2]. O

Combining the previous results, we can finally prove Theorem

Proof of Theorem[2.4. Let us first prove that, given any R, > 1 and ¢ > 0, for n > 0 small enough,
we have that

[ = wol|Lip(Br,) < € (2.4)

for some nonnegative, convex, 1D function u, satisfying (2.1)).
Indeed, assuming by contradiction that this is false, we can find sequences iy — 0, operators Ly,
and solutions uy, such that u; satisfy the hypotheses of the statement but

lur — Uol|Lip(BR,) = € (2.5)

for any e € S"~! and any solution u, of (2.1)). But then, by Corollary and [DRSV22 Lemma 3.2],
up to a subsequence the functions wu;, converges in C'' norm in compact sets to a limiting function weg
that satisfies the same conditions with n = 0. Then, Proposition implies that us is a 1D function
satisfying , which means that we can take u, = Uy in , a contradiction. Hence, is
proved.

Thanks to , the CV7 regularity of the free boundary follows from Lemma while the
expansion for Vu (and hence u) at 0 follow from Lemma (taking 7 smaller, if necessary). O
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2.3. Iteration and optimal regularity of solutions. We now show how to use Theorem to
establish optimal regularity estimates for solutions, namely Corollary We will actually prove a
finer result, which gives a uniform estimate of order 1 + s + a, at all free boundary points.

Corollary 2.17. Let L be an operator of the form (1.1)-(1.2) with K homogeneous, and let a, €

(0,5)N (0,1 —s). Let ¢ be an obstacle satisfying (L.4), and u be the solution to ((1.6]).
Then, for every free boundary point xo € {u > @}, there exist coc > 0 and e € S"™* such that

u(z) — (x) — co((:): —To) - e)fs

with C' depending only onn, s, X\, A, and ..

Moreover, if co > 0, then the free boundary is a C* graph in a ball By, (xo), with Cp3° > ¢, and
C depending only on n, s, A, A, and «..

Finally, we have u € C1**(R") and

< CColz — xo|1+5+0‘° for x € By(z,),

IVulles@ny < CCo,
with C depending only on n, s, A\, and A.
Remark 2.18. The result above provides a uniform estimate at all free boundary points, which in turn
yields a quantitative (and sharp) relation between the constant ¢, (quantitative nondegeneracy) and

the radius of the ball where the free boundary is smooth (quantitative regularity of the free boundary).
Furthermore, the above expansion for u can be used to prove in addition that

1w = ) /d" [l cas mny + [V (u = 9)/d*[| oo rny < CCo,
where d is the distance to the free boundary. We leave the details to the interested reader.
Proof of Corollary[2.17. Dividing the solution and the obstacle by a constant, if necessary, and up to

a translation, we may assume C, = 1 and x, = 0. Moreover, exactly as in [CRS17], we may consider
u — u — @, so that u now satisfies:

u>0, D?*u>-Cild in R" IVl peogny < C1,  u(0) = [Vu(0)| =0,
Lu=f in {u>0} and Lu<f in R" with |Vf|<C.
We now want to apply Theorem iteratively in order to get the desired estimate.

Consider kK, > 0 to be chosen later, and let e, > 0 be the constant given by Theorem Forn >0
small, define the functions

(2.6)

n  u(27F2)
wi(x) = ama

Since 1 + s 4+ o, < 2 and s + ao < 2s, it follows that all functions wy, satisfy
wp >0 and D?wp > —nld  in R", with wg(0) = |[Vuwg(0)] = 0,
Lwg = fr, in {wp >0} and Lwip < fr in R", with |[Vfi|<n.

k=0,1,2,...

(2.7)

Moreover, when k = 0 we have ||Vwl|poogny < 1.
In other words, all the assumptions of Theorem possibly except for the growth control on
|Vwg|| oo (Bg) (that holds at least for k = 0), are satisfied by wy. We then have two possibilities:

Case 1. Assume that functions wy, satisfy
[Vwillpoe(pp) < BT for R > 1, for all k> 0.

Then, we have
IVull oo (s,_y) = Cro 1 (27F) 4 [ V|| oo,y < C27F)7H,
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and therefore
|Vu(z)| < Clz|*T* for z € B.
This, in turn, implies that
lu(x)| < Clz|'T5T*  for x € By,
as wanted.
Case 2. If we are not in Case 1, then there is a maximal number k, € N such that
IVwg||oo(py) < BT for R > 1, for all & < k. (2.8)
In particular, in terms of u, this implies that
lu(z)| < C|a|ttetee for all z € By \ By—o. (2.9)
We now observe that, thanks to (2.8)), choosing 7 sufficiently small Theorem implies that
”ka - U’O”Lip(Bl) S €= min{‘gO? 1/6}7
where 1 is a multiple of (z - €)1"*, that is
|Vuo(x)| = k(- €)i, for some 0<k<2.
We consider two subcases:
(i) If k < é, then by triangle inequality
1 e
IVwko |z (5y) < [ Vtollzom,) +6 < 5+e <5 <2777
Since Vwy,41(z) = 2°7% Vwy, (), this implies that

Vw11l 1o (By) < 1.
Since
IVwit1llzoeBr) = 277 [Vwr, | Loo (B 0) < BT for R >2,

then wyg,_ 41 still satisfies the growth condition (2.8), a contradiction to the definition of k..
(i) If instead & > 3, it follows from Theorem hat the free boundary d{wy, > 0} is a Cb™ graph
in By and

|Vwg, (z) — Vuo(x)| < Cla|**7 for all x € Bj. (2.10)
Furthermore, as in [CRS17], we can apply the boundary Harnack estimate in C' domains from [RS17]
to deduce that the regularity of the free boundary can be improved to C1®. Hence, applying the
corresponding estimates in C** domains from [RS17], we finally obtain that holds with 7 = a.
This, in turn, implies

‘wko (z) — (- e)_l‘_“} < Clz|tretee for all z € By,

and rescaling back to u we find

Cik
1+s 1+s+a . 1 —ask
u(x) —co(x - € < Clx ° for all x € By, with ¢, = ————-27 %, 2.11
and that the free boundary d{u > 0} is C%® in a ball of radius 27%. Note that, since
C
|CO(IL' . 6)_1:‘8| < Co’x|1+s — ;’i2faoko‘x|1+3 < C‘x|1+s+ac for ‘JZ| > 2*]607
n(l+s)

it follows from ([2.9) and (2.11)) that
lu(z) — co(w - e)fs‘ < Clx|trstee for all x € By,

proving the result also in Case 2(ii).
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Finally, to conclude the proof, it suffices to observe that in all cases we have
|IVu(z)| < C|x|® for z € By,
and this implies the uniform C'*¢ estimate for w. O

We now show that the same argument as above can be adapted to the case of non-symmetric
operators. In this case we establish directly the optimal regularity of solutions, without passing
through the expansion for u in terms of u,. We recall that, when £ is as in Definition with K
homogeneous, then it has a Fourier symbol A(£) + iB(§) associated to it. We refer to [DRSV22,
(2.6)-(2.7)] for the explicit expression of A and B5.

Corollary 2.19. Let s € (0,1) and L as in Deﬁnition with K homogeneous. Let ¢ be an obstacle
satisfying (1.4), and u be the solution of (1.6)). Let A(§) + iB(§) be the Fourier symbol of L, and
define

ecSn—1 T A(e)
Then u € C1T£(R™) with

) 1 (B(e))
Vo= min Yo, where Vi,e = 8 — — arctan .

[ull g4z gy < CC,
with C' depending only onn, s, \, and A.
Proof of Corollary[2.19. As in the proof of Corollary we may assume Co =1 and 0 € d{u > 0}.

Also we may consider u +— u — ¢ so that (2.6)) holds.
We now want to apply Theorem iteratively in order to prove

lu(x)| < Cla|tTe for z e By.

Notice that, in the current setting, for any e € S"~! the solution u, to ([2.1]) is a multiple of (a:-e)ifw’e,
where the explicit expression for v, . is given by [DRSV22l, Corollary 4.6]. In particular, by definition
of vz, we have vz . > vy, for all e € Sn—1

Let K > 0 to be chosen later, and let > 0 be the constant given by Theorem We define the
functions i

_ n u2"z)
'wk($) T a (Q—k)l—i-’m )

for k =0,1,2,...,. Notice that, since 7, < min{1, 2s}, the functions wy, satisfy (2.7]). Moreover, when
k = 0 we have ”VwQHLoo(Rn) <1

Now, as in the proof of Corollary we consider two cases: if

|Vwg || (By) < R7* for all k>0,
then in terms of u this implies that |Vu(z)| < C|x|7¢ in By, hence

lu(x)| < Cla|t+e for z e By,
as desired.
Alternatively, assume there is a maximal number k, € N such that

[Vwi| oo (B < R for all k < k. (2.12)
In particular, in terms of wu, this implies that
lu(z)| < Clz|+7e for all z € By \ By—#o. (2.13)
Also, by Theorem choosing n sufficiently small we find
Wi, — tollLipm,) < € < 1, Vuo(z)| = A(z - €)%, 0<A<2.
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We then have two possibilities:
(i) If A< %, then by triangle inequality

1 _
IVwg, |l zoe(Br) < [IVuolloo () +6 < 5 +e < 5 <27,

which implies ||Vwg, 11/ z(B,) < 1. Hence wy, 41 satisfies the growth condition (2.12)), contradicting
the definition of k..

(ii) If A > I, then by Theorem [2.2 we have that the free boundary d{wy, > 0} is a C1" graph in By
and

Vg, (z) — Vuo ()| < Cla[Y6<"  for x € By.
In particular [Vwy, (x)| < C|z|7¢ in Bj, that rescaled back yields

|[Vu(x)| < C|z|7* for x € By k.

Recalling (2.13)), this concludes the proof. O
Thanks to the previous result, we finally deduce the validity of Corollaries [1.5] and
Proof of Corollaries and[1.8 Both results are particular cases of Corollary O

3. A PARABOLIC BOUNDARY HARNACK INEQUALITY

In this section we prove a parabolic boundary Harnack inequality in Lipschitz (and also more
general) domains. More precisely, we consider domains satisfying the following definition:

Definition 3.1. We say that a domain 2 C R™ x (—o0, 0) satisfies the interior cone condition at (0, 0)
with opening @ and speed w if for some direction e € S"~! there is a “traveling cone” of the form:

Y ={|x - e] > cos x|} — wte,
with opening angle 6 € (0,7/2) and speed w > 0, such that (X; N By) x {t} C Qall t <0 (i.e., for all
te(—1/w,0)).
We say that € satisfies the interior cone condition with opening 6 and speed w in Q C R™ x R if,
for all (x,t,) € 2N Q, the translation ) — (z., t,) satisfies the previous condition.

A key result in this paper is the following parabolic boundary Harnack.

Theorem 3.2. For any givenn > 1, s € [, 1), and positive constants A < A (ellipticity), 0 € (0,7/2)
and w > 0 (opening and speed of traveling cone), to > 0, and v, € (0,2s), there exist positive constants
R, e, a €(0,1), and C, such that the following statement holds.

Suppose that L is as in — and let A C R™ x [—2t,,0] be a closed set such that A° N Qq
satisfies the interior cone condition (with opening 6 and speed w). Let v;, i = 1,2, be two viscosity
solutions of

|(0r — L)vi| <& in A°N (Bg x (—2t,,0)), v; =0 in AN (Bg x (—2t,0)),

satisfying
v; > —e in Bg X (—2t,,0), lvg(x,1)] < Co(1 4 |z|)**77  in R™ x (—2t,,0), vi(en,0) = 1.
Then, setting Q1 := By X (—t,,0), we have
v; >0 in A°NQ, |:U1:| + |:1)2:| <C.
V2]ca(aen@y) LVl ca(aenqy)

To prove it, we will need several ingredients. The main step will be the following.
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Proposition 3.3. For any givenn > 1, s € [%, 1), and positive constants X < A (ellipticity), vo €
(0,2s), Cs, and t., there exist positive constants R, €, and C' such that the following statement holds.
Suppose that L is as in (L.1)-(1.2) and let A C R™ x R be a closed set satisfying
Bss(en) X (—2t5,0) C A€
for some 6 > 0. Let p > R, and let v;, i = 1,2, be two viscosity solutions of
|(0r — L)vi| <p™° in A°N (B, x (—2t,,0)), v; =0 in AN (B, x (—2t,0))
satisfying

25—70 2s—70
2 2

v; > —e(1+ |z%) in B, x (—2t,,0), lvi(x, 1) < (1 + |z|?)
and v;(en,0) = co > 0. Then
1
~ <
c S

in (R™\ B,) x (—2t,,0),

v; in Q% := Bs(en) X (—5t/4,0), 0<v; <C in@Q
and

0<1)1§C’U2, 0<7}2§C'U1 m Ql,
where Q1 := By X (—to,0).

To prove Proposition [3.3] we need the following auxiliary results:

Lemma 3.4 (Supersolution). Let s € [%, 1), £ as in (1.1)-(1.2), and 7. € (0,2s). Given R > 1, there
exists a solution S of
(0 — £)S' =R in Br x (—1,0)
satisfying
Sl<$7t) <CR™ in BR/4 X (_170)7 Sl($>t) > c’x|28_’YOX]R”\BR($)¢
for some positive constants ¢, C' depending only on n, s, A, A, and ..
Proof. We take S1(z,t) := h(z,t) + R77°(t + 1), where h solves
(0y —L)h =0 in R" x (—1,0)
with initial condition A(z, —1) = \m|25_%XRn\BR/2 in R™. Since the heat kernel H of the operator £
satisfies . =
t

1. H&Y (3.1)

C t2s +t—1|z|n+28
(see for instance [BLO2, KKK21]), for x € Bg/4 and t € (—1,0) we obtain

ly|?s7e

h(z,t) = / H(x — y,t)\y]%*%dy <C —————dy < CtR™ ",
R™\Bp 2 R\Bp ), t Hy[n+2s

therefore S*(z,t) < CR™ inside Bryas-
The lower bound follows from a similar argument, concluding the proof. U

We will also need the following result from |[CD14] Corollary 4.3].
Proposition 3.5 (half Harnack, [CD14]). Let s € [3,1) and £ as in ([LI)-(T.2). Let to > 0, and let

w be a viscosity supersolution of

(O — L)w > —e  in By x (—2t,,0), with w>0 in R™

—3t0/2 "
inf wZ—s—i—c/ dt/ dmL’)Q,
Bix(—to,0) —2t, U o o s

for some ¢ > 0 depending only onn, s, X\, A, and t,.

Then
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We also need the following:

Lemma 3.6. Let s € [%, 1) and L as in (1.1)-(1.2). Given to > 0, there exists C > 0 depending only
onn, s, A\, A, and to, such that the following holds.
Let p>1, ACR" xR be a closed set, and w a viscosity solution of
(O —L)w=0  inA°N (B, x (—2t,0))
w=0 in (AN B,) U (R™\ B,)) x (—2t,0).
Then

wt(z, —t1)
sup w < C/ — L dz for all —t1 € [—2t,, —3t,/2].
oot Y S Jo U falyr | /2

Proof. Observe that (9; — L)wt < 0 in R"™ x (—2t,,0). As a consequence we obtain

wh(z, —t; +1) < / wh(y,—t1)H(z — y,t)dy for t € [~t1,0].

n

Using the heat kernel bounds ([3.1)) we obtain

sup w(z,t) < sup / wt(y, —t1)H(z —y,t —t1)dy < C w
(@HEBX(—te0)  (w)€Bax(—to,0) JRY ’ ’ = e (LYt
where we used that, for t € (—t,,0) and ¢; € [3t5/2,2t5], we have t,/2 < t; —t < 2t,. The lemma
follows. O

We can now give the:
Proof of Proposition[3.3. We divide the proof into three steps.
- Step 1. Fix ¢ > 0 small to be chosen later and let R = R, := ¢ 2/%. We claim that if p > R. and

i € {1,2}, then
—3to/2 1)7’_(1: t)
infv; > —Ce + c/ dt/ doe —+—" "~ 3.2
5 O TP e (32

for some constants ¢ > 0 small and C' > 0 large (recall Q* := Bs(e,) x (—5t./4,0) C A°).
Indeed, it suffices to apply Proposition (rescalled) to the function
wia ) = i, 1) + o1+ [af) 3o/,
which is nonnegativeﬂ in all of R x (—2t,,0), to get
~3t/2 ¢
inwa—E-i—c/ dt/ da:%.
Q" ~at, no (L faf)rtee
This implies that
—3to/2 v~(a; t)
infv->—05+c/ dt/ dr ——"
QT 2t O D e
Also, noticing that

25—70
2

vi—vf| <e(l+]z*) 72 in Byx(—2t,0),  |v;—v]| < (1+]z[?)

25—70
2

in (R"\ B,) x (—2t.,0),
we easily get that

—3t0/2 (.t —3t0/2 .t
[ [ aeg s [ [ < ce
—2t, re (14 |z))” —2t, no (L zf)ntes

SNotice (1 + [a[2)2770/2) > eRI*/?(1 + [2[2) 5 @*779) = (14 |2|2) 2@ ) for |2| > Ro.
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so (3.2)) follows.

- Step 2. We prove that

1< sup v; < Cl(inf v; + 5) < 2C4. (3.3)
Bax(—3t0/2,0) o

To this aim, choose t; € (3t,/2,2t,) such that
—3t0/2 ot £ +ip ¢
/ dt / dp D) St [, v h) (3.4)
21, no (T fa]) 2 Jre (14 z])

and decompose
main+ error

,U’L — /UZ 7 )
where vlmai“ is the solution of
(0 — L)o@ =0 in (B, \ A) x (—t1,0)
pmain — in (AU (R™\ B,)) x (—t1,0)
U;na‘in = v; in Bp X {—tl}
and v{™" satisfies
(@ — Lyosror| < = in (B, \ 4) x (~11,0)
Vo) < Co(1 + |z[)2*77%  in (AU (R™\ B,)) x (—t1,0)
g = () in B, x {—t:1}.

Note that, since v; = 0 inside (A U (R™\ B,)) x (—t1,0), then also v{™" vanished inside this set.
Hence, choosing as barrier a rescaling of the function S provided by Lemma if p> R, = eV
we get
sup ‘vfrr°r| < Ce.
Bax(—3t0/2,0)

On the other hand, by Lemma [3.6) we have

+
. v (x, —t
sup pren < O dx %
Bax(—3t0/2,0) re (14 ]2])

Combining this with and , we conclude that
—3t0/2 ot (b ‘

32x(s—1:1£/2,0) Vs /—2to dt/n o (1 J: |(90D”)+25 = Cl(lgfvi *e).
Recalling that v;(en,0) = 1 and € € (0,1), we obtain (3.3]).
- Step 3. Finally, we want to prove that

v1 < Cvg in Q1 = By x (—t,,0)
Let n € C°(Bs/y x (—2t5,0]) be nonnegative cutoff function with n =1 in By x [~t,,0], and define
w(x,t) :=v1(z,t)xB, () + (2C1 + 1)(n(x,t) — 1),
where C1 is the constant in (3.3). Since vy (z,t) < 2C; in By x (—3t,/2,0), we have
w(z, t) <=1 in (B x (=§,0) UR™ x {=5t.}.

In addition,

(O —Lw< (=L +C<e+C<C  inA°N(Bs x (—2t,0)).
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Let &(z,t) = &(z) := XBj(en) (). Since (9 — L)E(z,t) < —c < 0 for (x,t) € (B \ Bs(en)) x R, for Cy

large enough we have
(0= L)(w+Co€) <=1 in (B1\ Bs(en)) x R.

Furthermore, by (3.3) we see that infg« v; > ﬁ provided ¢ is sufficiently small. In particular, we can
choose C5 large enough so that

w + C2§ < C3v2 in Q* = Bs(en) x (—2to,0)
Combining all these estimates together, this proves that
V(z,t) := Csva(t, x)x B, (x)—w(z,t)—C2(x,t) >0 in ((B§/2UB(;(en)) X (—5t6,0))U(R"x {—2t,}),
provided ¢ is sufficiently small. Hence, since
(0 — L) (C3’UQ —w — Cgf) >1—Cse in (B3/2 \ B(;(en)) X (—%to, 0),
it follows that
(O — L)YV >1—Cse — Cg‘(@t - L) (UQXBS) >1—Cye in (33/2 \ Bg(en)) X (—%to, 0).
Taking e small so that 1 — Cye > 0, it follows from the maximum principle that
Cyvg —w—CE>0 in Byjy ¥ (—gto,O).

In particular,
nn=w<w+C{<C3vz  in @,
as desired.
Finally, notice that the exact same argument with w(z,t) = n(x,t) — 1 (i.e., replacing both v; by 0
and 2C4 by 1 in the previous argument) shows that ve > 0 in @1, and then vy > 0 in @1 \ A by the
strong maximum principle (since, by assumption, vy is nonzero). O

We now construct a subsolution to prove a nondegeneracy property in moving Lipschitz domains.

Lemma 3.7 (Subsolution supported in a traveling cone). Let s € [%,1) and £ as in (L.I)-(T.2). Given
Wo >0, e, €S" L and 6, € (0,7), there are positive constants v and ¢, depending only on n, s, \, A,
Wo, and 0., such that the following statement holds.

Consider the traveling cone

3= {:U eR" : (e, I»%I) < 00} — woteo
such that:

)
60};

and fix a smooth 1-homogeneous function ¢ : Xy — (0, 00
- (x) = dist(z, R™ \ Xg) for all x € {1%60 < /(eo, ﬁ> <
_v¢‘€o>0 ZHE()

Then the “traveling wave” ¢ = @. given by ¢(z,t) := (Y(z + cuoteo))isf7 satisfies

(O —L)p < —c<0 (3.5)
i By X (—1,0).
Proof. By translation invariance in ¢ we just need to show (3.5 in Bjy,, x {0}. Then, by scaling,
it is enough to prove (3.5) just in B; x {0} (up to changing ¢ and the ellipticity constants). Since
(O —L)p < —c < 0in (B1\ Xp) x {0} (note that ¢ > 0 vanishes at those points and £ is nonlocal),

it suffices to prove (3.5) for (z,0) € (¥¢ N By) x {0}.
We claim that it suffices to show that

(0y — L)p(26,0) < =1 for all z, € ¥ with ¥(z5) = M := max ).
B,
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Indeed, given (z,0) € (3o N By) x {0} we have ¢(z) € (0, M], hence —by homogeneity— there is
To € ¥oN{Yp = M} and r € (0,1) such that x = rz,. Therefore, defining ¢(x,t) = @(rz,rt) and
noticing that (again by homogeneity of 1/ and using the definition of ) @(z,t) = r2Vp(z,t) we
obtain
(0 = L)p(,0) = 7728y — L)p(wo,0) == 177210y — ¥ L)p(,0) > r7(8; — L)p(x,0),
where we used 0y > 0 (since e, - Vi) > 0) and 2s > 1. Thus
(0 = L)p(x,0) < 777(9 — L)p(0,0),

and therefore it suffices to show (9; — L)¢(x,,0) < —1, as claimed.

To show that (0; — £)¢(xs,0) < —1 for v > 0 small enough, it is useful to think of the following
dichotomy (although they are treated almost identically):
- either z, belongs to a compact subset of Y;
- or |z,| is very large and therefore, since ¢ (z,) = M, z,belongs to the cone {1—9090 < Z(eo, ﬁ) < 0.}
where ¢ = dist(-,R™\ Xp). In particular, dist(x,, R™ \ Xo) = M.
In both cases it is simple to show that there exists po = po(fo, M) > 0 such that

000, 0)| + |9z + - O)leamy <€ in B = {Ja] < po},

with C independent of z, and . In addition, keeping again in mind the previous dichotomy, in both
cases we have

o 70
min / L—:Qy)dy%—f—oo as v{0.
voe{p=M} Jpm\pr |y

Then the lemma follows from the following simple bound, choosing -y sufficiently small:

(O — L)p(w0,0) < |9pp(20,0)] — /Rn(@(ﬂso +4,0) + (o — y,0) — 2p(z5,0)) K (y)

A A A
§0+0/ e dy—l—/ 2(,0$O,Ody—/ (0 +y,0)—dy.
B’| | |y|r s R™\ B’ ( )\l/|”+2S R™\ B’ ( )|y’”+28

We can now prove our parabolic boundary Harnack.

Proof of Theorem[3.2 First we note that v; and ve play symmetric roles in the theorem. Also, as a
consequence of Proposition [3.3] v; > 0 in A°N Q1 provided € > 0 is small enough. Our goal will be
to prove that, in parabolic cylinders centered at (0,0), the quotient vy /ve decays geometrically. More
precisely, setting

Q. == B, N (—r%*t,,0)

we shall prove that
V1

0SCAcnQ, (m) < r for r € (0,7), (3.6)

provided that R is chosen large enough, and ¢, o/, and 7 are small positive constants. Since (0,0)
can be replaced by any other point in AN Q1, will hold at every point in A° N Q1 with uniform
constants, implying the theorem.

To prove we use the subsolution ¢ from Lemma and we then rescale and iterate Proposition
along a sequence of geometric scales, as explained next. We split the argument into three steps.

- Step 1. We first show that
vi(ren,0) > c1r?s7 for r € (0,1/2), (3.7)

where ¢; and y are positive constants.
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Recall that, by assumption, A€ satisfies the interior cone property at (0,0), where e,, 0, and w refer
to the traveling cone’s direction, opening, and speed, respectively. Assume without loss of generality
that w > % and e, = e,. Setting Cs := Up>0XB,4(ren)> for 6 > 0 small (comparable with ¢) we have
that (Ba N (Cs — ecwt)) x {t} C A€ for all ¢t € [—2t,,1,].

Let ¢ be a subsolution as in Lemma with ¢(0,t) supported in the (spatial) cone Cs and
traveling in the —e, direction at speed w, = w. Recall that the subsolutions ¢(-,0) is a spatially
(2s — v)-homogeneous function, and that ¢(-,t) =0 in B for t < —t..

Now let n € C2°(B3/2) be a nonnegative spatial cut-off function such that 7 = 1 in By, and define

w(,t) = (p(z, t)xp, (2) + (n(z) — 1)(1%6;X<p( 0))) 4 + CaxBy 4 (en) ()-
For Cs large enough, we have
(O —L)w=1  in (Bs\ Bsplen)) x (—o,0).

On the other hand, by construction, w = 0 on Bj/y x {to} and inside (R" \ Bg/y) x [~t,,0] . Also,
by Proposition we have & < v; in Q" = Bj(en) x (—5to/4,0). Using that (9 — L)v; < €
in By x (—t5,0) \ A and that the support of w is contained in the complement of A, applying the
maximum principle to w and C'Cav;, if € < C%CZ we obtain

w(z,t) < Cv;(x) for (z,t) € By x (—t,,0).

Evaluating at (rej,,0), this proves (3.7)).
From now on, fixed v as in (3.7)), we assume without loss of generality that v, < 7E|

- Step 2. We now show that there exists C' > 0 such that, for all » > 0 small and R < 1/r, we have

supv; < Cvi(re,, 0)R*77. (3.8)
Bryr
Indeed, consider the functions
e 728
_ vi (T, 725t)
vi(z,t) == ———~.
i@ ?) vi(7en,0)
Since 7, < 7, combining the assumption |v;(z,t)| < Co(1 + |2|)?*77 with (3.7) it follows that, if
7 € (0,1), then the functions v;(z,t) satisfy the assumptions of Proposition with p = 771 R and
with uniform constants (i.e., not degenerating as 7 goes to Zero)ﬁ Hence, applying Proposition we
deduce that % < ; in Q* and 0 < v; < C’ in Q7. This allows us to repeat the subsolution argument
of Step 1 with v; replaced by v;, so to obtain

i(en/R,0) > c17i(en,0)(1/R)* ™7 for all R > 1. (3.9)
Choosing R such that Rr = 7, this yields
SUPQp, Vi - / /- '’ 25—y — C’ 95—~ Vi (ren,0)
—=Rr - , < C" = C'; 0) < —R*7y; R,0) = —R*7T ———=
vi(Ten, 0) Sélll)vl B vilen, 0) < c1 vilen/ R, 0) c1 vi(7en,0)’

proving (3.8]).

- Step 3. We obtain the geometrically improving “sandwich-type” estimates

m]"Ul S V2 S Mj’Ul in Qp—j, j Z 1 (310)

"Note that if the assumptions of the theorem are satisfied for some ., then they are also satisfied with v, smaller.

8Notice that here we are using 2s > 1: indeed, the set where v; vanishes is the rescaling of the set A, namely
{(z/7,t/7%%) : (x,t) € A}. Such a set satisfies the interior cone with opening angle and speed independent 7 € (0, 1) if
and only if 2s > 1.
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where
0< M;—mj=C3(1—n) (3.11)
for some positive constants ¢, C5 (both large) and 7 (small).

Indeed, thanks to Proposition both (3.10)) and (3.11)) are satisfied for j = 1 (provided p > 2),
for some positive constants My, mq1, and C3. We now proceed by induction: assume that and
hold for 1 < j < k, and let us prove that they also hold for 7 = k + 1.

We first show the validity of in Q,-«-1. We consider two cases:

- if

(vy — mgv1)(p ¥ ten, 0) > (Myvr — v2)(p " ten,0) (3.12)
then we prove that (3.10]) holds j = k + 1 for my_1 = my +n(1 —n)*¥ and My, = My;
- if
(vg — myv1)(p~ ¥ ey, 0) < (Myvr — v2)(p % Len, 0) (3.13)
then we prove that (3.10]) holds j = k 4 1 for myy1 = my and Mgy = My —n(1 —n)F.
Assume that we are in the first case. We begin by noticing that, as a consequence of (3.12f), we
have
(va — mgv1)(p ¥ ten, 0) + (v2 — mpv1)(p " ey, 0)
> (va — my1)(p " ten, 0) + (Myvr — v2) (0" ten, 0) = (My — mi)vr(p™ " en, 0),
that is,
1
(v2 = myo1)(p~* e, 0) > S (Mg, — mp)vi(p~" e, 0).
2

Hence, since v, € (0,~), then (3.11]) and (3.7)) yield

(vg — mgv1)(p™* ' en, 0) > %C?’(l — )y pmFHEs=) > (k)25 (3.14)
provided that p is chosen large enough. Also, using again ,
vl(p_k_len,()) > Clp—(’ﬂ+1)(28—7) > p—(k’+1)(28—%)' (3.15)
Let us consider the functions
v (p—(k+1)$7 p—Qs(k+1)t) (vy — mk’ul)(pf(’”l)w, p—2s(k+1)t)

01(z,t) = Og(z,t) =

)

vi(pFlen,0) (v2 — myv1)(p~+ ey, 0)
and show that they satisfy the assumptions of Proposition (with ¢o = 1) if n > 0 is small enough.

Indeed we already argued in Step 2 that, since 2s > 1, parabolic rescaling preserves the interior
cone condition. Also, by construction and by (3.8]) we have 9;(e,,0) = 1 and

B1(2) < O+ [2))* 77 < (L+[a)® % in (BR"\ B,) x (~2ts,0),

provided p is chosen large enough (here we use again v, < ).
We want now to obtain a similar bound for ve(x,t), and this is slightly more subtle. We note that,

thanks to (3.12]), we have
(vg — mgv1)(p~ ¥ ten, 0) > (Mg, — mg)vi(p ¥ ten,0)
Also, by induction hypothesis, m;v; < vo < Mjv in Qp—j for all 7 < k. Thus
|’Ug — mkU1| S (Mj — mk)vl § (Mj — mj)vl = (1 — n)j_k(Mk — mk)vl in prj.

Now, given (w,t), select the maximal j such that (z,t) € Q,-;. Hence, we obtain

o] + 172\ °
(v — myv1)(z,t) < Coy(x,t) (Mg — my) (1 + )
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where 6 = §(n) | 0 as n | 0. Hence, using again (3.8, we obtain

(v2 = i) (o, p20H)g)_ Cog(p= )z, p 220+ 8) (1 4 [ 4 J1]/2)°
(v2 —myv1)(p~F ey, 0) - vi(p~F ey, 0)
<CA+ |z < (14|27 in (R™\ B,) x (—2t,0),
where we choose § < v — 7, and p large enough to absorb the constant C' in the last inequality.
Finally, as a consequence of the inductive hypothesis —mamely that (3.10]) holds for j = k— the
functions 0; and 09 are both nonnegative in B, x (—2t,,0).

Having verified that ¥; and ¥y satisfy the assumptions of Proposition we conclude that %171 < U9
in @1, that is

172(%, t) =

1 vl(p—(kJrl)x7 p—2s(k+1)t) _ (vy — mkv1)<pf(k+1)m,p—2s(k+1)t)
C v1(p~F ey, 0) - (vg — mgv1)(p~F ey, 0)
(Uz _ 77,Lkv1)(p—(k:—&-1)$7 p—25(k+1)t) O
= (M — m)ui(p ey, 0) v
or equivalently
%(Mk —myg)v1 < vg — MUy in Q,-k-1,
as desired.
This proves the validity of the inductive step in the case (3.12). The case can be proved

similarly and is left to the interested reader. O

4. MAIN PARABOLIC RESULT
The goal of this Section is to prove Theorem The proof will require several steps.

4.1. Classification of blow-ups for s = % Our first main goal will be to classify blow-ups in the

critical case s = % For this, the new parabolic boundary Harnack from Theorem will be crucial
to establish the following:

Proposition 4.1. Let s = 3 and £ as in (L.1)-(L.2)), with K homogeneous.
Let ¥ C R™ x R_ be any closed convex cone with nonempty interior, and with vertex at (0,0). Let
wy,wg € C(R™ x R_) be positive solutions of

ow; — Lw; =0 in X°, with w; =0 n 2.
Then wi = kwe in R™ x R_ for some constant k.

Proof. The result follows from the parabolic boundary Harnack we that we proved in Theorem
Indeed, by convexity the set 3¢ C R x R_ satisfies the interior cone conditionﬂ Thus, for every R > 1

we can apply Theorem to the functions w;(2Rz, 2Rt)/0g), with C}(%i) := w;(2Rey, 0), to deduce
that "
C
[wl] <CRTR (4.1)
W2 | cr(Qrnze) Ch
with C independent of R > 1. Moreover, by Proposition [3.3] we also know that
w2 w1 .
2 < —~0 in Qg
CR CR

9He]re7 it is very important that our boundary Harnack is not only for Lipschitz domains, but for general domains
satisfying the interior cone condition. For example, it might happen that X is a very degenerate cone for ¢t = 0, but the
boundary Harnack still holds.
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and therefore, evaluating this inequality at some arbitrary point in Q1 NX¢, we deduce that C’I(,%l) / C](D?) is

uniformly bounded with respect to R > 1. Thus, letting R — oo in (4.1)), we deduce that [%} —

0. Since both functions vanish outside ¢, we conclude that
W] = KWo in R"xR_
for some k € R. O

We now prove a collection of technical lemmas (still for the case s = %) that will be needed later.

Lemma 4.2. Let s = 1 and £ as in ([TI)-(1.2), with K homogeneous. Let e € S*™! and v € [0, vo]
for some constant vo > 0. Then, there exists 0 > 0 such that

Y(z,t) i=exp(— |z e+ Vt|1_€)
satisfies

oy — Ly > —C in R"xR.

The constants C' and 6 depend only on n, s, v, and the ellipticity constants.

Proof. We prove it for e = e,,. Let M} , be the extremal operator associated to our class of operators,
ie., My yw:=infz Lw, where the infimum is taken among all operators £ as in Definition (with
fixed s = %, A, A). Then, the operator 0; — M, , is scale invariant of order 1, and

(Or — My )]z + vt|? = —(cg — vsign(az, +vt)) |z, + vt/P !

for B € (0,1). Moreover, it is easy to see that cg — +o00 as § — 1, uniformly in v € [0, v,]. Hence,
there exists 6 > 0 small such that ¢;_g > 1+ v,. This implies that, for any operator £ as in Definition
2.1 we have

(O — L)|xy + vt < —Ja, +vt]7? <0 in R"

In particular, since v is bounded and the difference between 1 (xz, t) and —|z,, +vt|'~? is of class C1-1/2
for 0 < 6 < 1/4, then the function ¢ satisfies (9 — L)1) > —C in R™, as wanted. O

We next show the following.

Lemma 4.3. Let s = % and L as in (1.1)-(1.2), with K homogeneous. Let e € S*~! v > 0, and
Fc{z-e+vt=0} CR" X (—00,0). Assume w € Lip},.(R"™ x (=T,0)) is a viscosity solution of

dw—Lw<0 in (R"x(=T,0))\T.
Then Oyw — Lw < 0 in R™ x (=T,0).
Proof. Let ¢(x,t) be given by Lemma and for any € > 0 consider the function w, := w — 1.
Assume now that a test function n € C? touches w. from above at (x.,t,) € R" x (=T,0). Since

w is Lipschitz, it follows from the definition of ¢ (which has a Hélder cusp along {z - e + vt = 0})
that the point (x,, ;) cannot belong to the set {x - e+ vt = 0}. Hence, thanks to our assumption and

Lemma [42]
(0r — LIN(20,t0) = (0 — L)w(xo, to) — (0 — L)Y (0, t5) < Ce.

This implies that (0 — L)w. < Ce in R™ x (=T,0) in the viscosity sense. Since w = sup,.qws, we
conclude that (9, — L)w < 0 in R™ x (=T,0) in the viscosity sense. O

We will also need the following 1D computation.
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Lemma 4.4. Let s = § and £ as in ([LI)-(L.2), with K homogeneous. Let e € S"~!, v > 0, and
assume that the function

o (x,t) = (- e+ vt) T
solves Opuo — Luo =0 in {z - e+ vt > 0}, for some v € (0,1). Then the exponent ~y is given by

(L, e,v) = % + %arctan (A:e)> : (4.2)

where A(§) is the Fourier symbol of the operator —L.

Proof. Notice that for such function u, we have dyuo(z,0) = v(e - Vuo)(x,0), hence the function
w(x) = uo(z,0) solves —Lw + ve - Vw = 0 in {z - e > 0}. Since the Fourier symbol of the operator
—L+ve-V is given by A(&)+ve-&, the value of the exponent v follows from [DRSV22, Corollary 4.6]. O

We will also use the following;:
Lemma 4.5. Let s, > 0, and let w € Lipy,.(Qs) be such that
R||Vw| e (gp) + R*||0w| e (op) < CR* forall R > 1.
Then there is a sequence R,, — 0o for which the rescaled functions
w(Rmx, R%t)
Rin|[Vwllpec(op,,) + Basll0ww| Lo (gp,,)

Wy (x,t) 1=

satz’sfﬂ

R||NWm| o (0p) + R¥|04tim| o (0p) < 2R forall R>1.
Proof. For R > 1 consider the quantity
Vw oo + 2s aw oo
sp plIVw| Lo g,) + P2 10kw| e (0,) =
p>R pH
By definition of 6, for all all m € N there is R, > m such that

O(R) :=

Rl V| 1 (0g,,) + B0l 1o (0g,,)
R,
Then, since @ is nonincreasing, such sequence R, satisfies
Ry R|IVwl oo (0p,, ) + (BmR)** | 0w] oo
B[Vl (gpg,,) + BillOwwl L= (op,,)
< (R R)*0(R,R)
© 3Rno(m)

as wanted. O

> %Q(m).

QRmR)

R|[ V@ ro(0r) + B> 0¢@ml| oo (0p) =

< 2RM forall R >1,

We can now prove the following classification result for blow-ups, which is new even in the special

case of Oy + v —A.

Proposition 4.6. Let s = 1 and £ as in (L.I)-(L.2), with K homogeneous.
Let u, € Lip),.(R™ x R) be a function satisfying:

e u, 1S nonnegative, monotone, and conver:
uo >0, O >0, and Df,’tuo >0 m R" xR,
with  (0,0) € d{u, > 0}.

10Notice that, by construction, the functions W, satisfy ||Vm| re(g,) + ||0tWm|| Le(0,) = 1.
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® U, solves
(0 — L)(Dpru0) <0 in {uo >0}
for all h € R™ and T € R, where

o(x,t)—uo(x—h,t—
Do, 1) = *EUGEGERT)

® u, has a controlled growth at infinity: there exists 6 > 0 such that
Vol zoo(op) + 10kttol oo (0py < RY™° forall R>1.

Then, up to a translation,
Uo(,t) = k(- e+ vt) {7
for some e € S"1, v >0, k € [0,1], and with v € [$,1) given by (£2).

Proof. First, notice that the set {uo = 0} > 0 is a convex subset of R" x R. Then, we consider a
“blow-down” us, of our function ue, as follows.
By Lemma we can find a sequence R, — oo such that
Uo(Rmx, Rnt)
U (x) := 7
ml| Vo || oo (@, ) + BmllOstio|| Lo (@p, )

satisfies
IVuml|zoe(@1) + 10t Lo (@r) = 1,
IV Umll poo () + 10sumll oo (o) < 2RV forall R>1,
and (0; — L)(Dp rtm) = 0 in {uy, > 0} = ﬁ{uo > 0}. Moreover, by convexity, the nondegeneracy of
the gradient implies
[l Lo (@) = 1-

Also, still by convexity, the functions u,, converge (up to a subsequence) locally uniformly in R™ x R
to a function us(x,t) that satisfies

Huoo||Loo(Q2) > 1 and ||vuoo||L0°(QR) + ||3tuoo\|Loo(QR) < 2R1_6 forall R > 1.

Moreover, the “blow-down” sequence ﬁ{uo = 0} converges to a closed convex cone ¥ = {us = 0}
with vertex at the origin. Furthermore, since Ouso > 0, then ¥ satisfies a monotonicity property in
time, too.

We now separate the proof into two cases:

Case 1. Assume that the convex cone ¥ has nonempty interior. Then there exist n + 1 independent
directions w; € S*, i =1,...,n + 1, such that —w; € 3. Thus, by convexity of s,

Vi 1= O, Uoo > 0 in R™xR.
Moreover, at least one of them is not identically zero, say v, # 0.

We first claim that the functions v; are continuous functions. Indeed, fix ¢, < 0 and let K, := {x €
R™ : w(z,ts) = 0}. Since dyuo, > 0 and u, > 0, the zero set (as a subset of space-time) {u, = 0}
contains the cylinder K, x (—o00,t,]. Also, the functions (D, ruo)+ are continuous subsolutions that
vanish on K, x (—o0,t,]. Hence, by standard barrier argumentsﬂ for every R > 0 we obtain

(Dn,ouo)+(x,t) < C"dg(o () for |[z] < Rand t <t, <0

where df, is the distance to the convex set Ko, and the constants C’ and € > 0 possibly depend on
R and t,. Since the partial derivatives of u, are smooth inside {u, > 0} (they satisfy a parabolic

Hyor instance, one may use a constant-in-time barrier obtained by truncating the elliptic homogeneous supersolution
from Lemma see e.g. the proof of Theorem 4.1 in [AuR20] for a very similar argument.
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translation invariant equation, recall Remark [2.8), letting |h| — 0 and h/|h| — =w;, thanks to
the arbitrariness of R and t, we deduce that the functions v; vanish continuously on the boundary
O{uo > 0}, and the claim follows.

Second, since v, is not identically zero, we can apply Proposition to deduce that

Vi = KiUp, in R"x (—00,0], for i=1,...n.

This means that us is a 1D function for ¢ < 0, i.e., us(x,t) = U(x - e + vt) in R” x (—o0,0].
Therefore, given (h,7) € R™ x R parallel to the hyperplane {z - e + vt = 0}, consider the function
w = (h,7) - (Vs Otting). Then dyw — Lw = 0 in R™ x (0,00) (cp. Remark and w = 0 in
R™ x {t = 0}. By uniqueness of solutions to such initial value problem, we deduce that w = 0 in
R™ x R. Since (h,7) € R™ x R is an arbitrary vector tangent to {x - e + vt = 0}, this proves that
Uso(x,t) =U(x-e+vt) in R” X R and {us =0} D {x-e+ vt <0}.

As a consequence, since 0 € d{u, > 0}, it follows by convexity that {u, = 0} D {u, = 0} for every
m > 1, therefore

{tuo = 0} D {um =0} = {uce =0} D {z-e+vt <0}

Hence {u, =0} D {x - e+ vt = 0}, and by the convexity of u, we deduce that u, is a 1D function for
the form uo(x,t) = Us(x - € + vt) (see [FR22, Lemma 5.28]).
Finally, thanks to Lemma {4.4] we find that uo(x,t) = k(z - e + vt)f” with 7 € [3,1), as desired.

Case 2. Assume that the cone ¥ has empty interior. Since by convexity it is contained in a hyperplane
I' C R™ x R, it follows that

(0r — L)(Dprtuoe) <0 in (R"xR)\T.
Hence, since D, rtos € Lipjo (R” X R), Lemma [4.3)implies (0; — £)(Dp rtiso) < 0 in R x R, and hence
(at — L)(nytuoo) =0 in R"xR

(cp. Remark [2.8). Thanks to the growth control on V, ;us, the Liouville theorem for nonlocal
parabolic equations implies that us, is affine. However, this contradicts the fact that us(0) = 0,
uo > 0, and || || (0,) = 1. Thus, Case 2 cannot happen and the proposition is proved. O

4.2. Classification of blow-ups for s > % We next establish the classification of blow-ups for

5> % In this case, the scaling is subcritical.
We first need the following (simpler) version of Lemma

Lemma 4.7. Let s € (3,1) and £ as in (L.I)-(12), with K homogeneous. Let e € S*~', and
Fc{z-e=0} CR". Assume w € Lip;,.(R™ x R) is a viscosity solution of

Ow —Lw =0 in (R"\T) xR.
Then Oyw — Lw =0 in R™ x R.
Proof. The proof is analogous to the one of Lemma [2.6 U

The classification of blow-ups for s > % is contained in the following result.

Proposition 4.8. Let s € (3,1) and £ as in (L.1)-(1.2), with K homogeneous.
Let u, € Lip(R™ X (—00,0)) be a function satisfying:
e u, is nonnegative, monotone, and convex:

uo >0, O >0, and D;tuo >0 in R" x (—00,0),

with (0,0) € 0{uo > 0}.
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® U, solves
(0 — L)(Dprus) <0 in {uo >0}
for all h € R™ and 7 € R, where

Uo (xzt)fuo (xfhvtf‘r)
[hl+I7

Dy, ruo(z,t) =
® u, has a controlled growth at infinity: there exists § > 0 such that
R||Vol| oo (B (—R2s r2s)) + B || 0tto || oo (B (—R2s R2ey) < R0 forall R>1.

Then, up to a translation,

for some e € S"7! and k € [0, 1].

This result was known only for the fractional Laplacian [BFR18], and the proof in such a case used
crucially in some steps the extension property for the fractional Laplacian, as well as the regularity of
solutions obtained in [CF13]. Here, instead, we establish the result by combining ideas from [BFR18]
with the ones used in the proof of Proposition [4.6]

Proof of Proposition[{.8 First, the set {uo = 0} 3 (0,0) is a convex subset of R” x R.
If such set contains the whole line {z; = ... = z, = 0}, then it follows by convexity (see, e.g. [FR22,
Lemma 5.28]) that the function u, is independent of ¢, so the result is a consequence of Proposition
Otherwise, if the convex set {u, = 0} does not contain the line {z1 = ... = z, = 0}, then there
exist v, M > 0 such that

{to =0} C{z-e+vt < M}. (4.3)

Let us now consider the blow-down sequence ., given by Lemma [4.5, with R,, — co. Such a sequence
satisfies the same assumptions as u.. Also, it follows from (4.3]) that

{@m = 0} = {(,1) : uo(Rmx, Rigt) = 0} C {Ry, *x- e+ vt < MR, >}.

By convexity of the functions ,,, up to a subsequence we have that @, — us locally uniformly in
R"™ x R, where uq, satisfies the same assumptions as u, and, in addition,

{use =0} C {t <0}.

Furthermore, by the construction of 4,, in Lemma we deduce that [|uc| re(g,) > 1. We now
separate the proof into two cases:

Case 1. Assume first that u, is not identically zero for ¢ < 0. In this case, since the set {us =
0} N {t < 0} is the blow-down (with a parabolic scaling) of a convex set, it follows that {u., = 0} is
a cone of the form ¥ x R_, where ¥ C R" is a convex cone with vertex at the origin. Therefore we
can apply the boundary Harnack Theorem [3.2] which exactly as in the proof of Proposition yields
Uso(z,t) = U(x - €) for t < 0.

Thus, we proved that dyus, = 0 for ¢t < 0. Also, since uy, never vanishes for positive times,

(&g — E)(@tuoo) =0 in R™ x R+

(cp. Remark . Hence, by uniqueness of solutions to the initial value problem, we deduce Ostiso = 0
in R™ x R, a contradiction to the fact that us, > 0 for ¢ > 0.

Case 2. Assume that us = 0 for all ¢ < 0. Then dyus = 0 for ¢ < 0, and we conclude as at the end
of Case 1. O
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4.3. Almost-optimal regularity estimates. Once we have the classification of blow-ups we can
show the almost-optimal regularity of solutions. For this, we first need the following result, which is
a simple variant of Lemma [2.12

Lemma 4.9. Let s, ju > 0, and let Q, := B, x (—72%,72%). Let wy, € Lip(Q1) be a sequence of functions
such that

Sup [Vwg Lo (y) + [[0rwr |l Lo (0,) < o0 (4.4)
but
[ Vwill Lo @,y + 7251 0iwi || oo (0,
sup sup = 0
k re(0,1) rh

Then, there are subsequences wg,, and rmym — 0 such that
1- 25—
T IV Wk, 200 (@,,) + 7 H 100w, 220 (g,,) = 1
and for which the rescaled functions

Wk, (Tm, r%ft)

W (x, 1) :=
) = e e + % B lomor )

satisfgﬂ

m

R||NWm| o (0p) + R N|0ml| (0 < 2R*  forall Re (1,1,').
Proof. For every m € N let k,,, and 7,,, > % be such that
P MV Wi ll2o0 (0,0 + 7o 10w, 200, 2

1 ~ _
> 5 Sup sup (r I Vwkl oo g,y + > 0wk Lo (0,))
k 7‘6(%,1)

1 _ _
> —sup sup (r'H||[Vwgl oo, + 200wl L (0,)) -
k re(rm,l)
As in the proof of Lemma it follows from (4.4) that r,,, — 0 as m — oo. Also, by construction

of r,, and kyy,

o M IV Wk, oo, ) + T Ml 0swi, [l (o) =
1, _
25 (r' [ Vwkll Lo,y + 7100wkl o (0,))

for all r € (7, 1) and for all k. Thus, for any R € (1,7,,!) we have
R[NV (@p) + B||0Bml| L= (@) =
rm Bl Vw, 1= (0n,,) + (rmB)** 00wk, 1 (0p,,)

_ < 2RH,
||V, || 2o (,,,) + T2 10wk, | L= (a,,,)

and we are done. O

We can now establish the almost-optimal regularity of solutions. We first recall the notion of the
parabolic Holder seminorm: given 8 € (0,1),

— su |’UJ(1‘,t> B UJ(y,T)J ) (45)
(z.1),(ym)EK |2 — Y|P + |t — 7|25

Hwncgar(;()

12Notice that, by construction, the functions W, satisfy ||Vm| re(g,) + ||0tWm|| Le(0,) = 1.
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Corollary 4.10. Let s € [3,1) and £ as in (LI)-(L2), with K homogeneous. Let § > 0, and let
u € Lipy,.(R™ x (—2,2)), with

R|[Vul oo (@pngii<2y) + B 105l oe(@pngi<ay < B*° forall R>1, (4.6)
satisfy u > 0, Oyu > 0, and Dg’tu > —Id in Qy, du—Lu= f in{u>0}NQy and uy — Lu > f in Qa,
with [V f| +10:f| < 1. Then, for any € > 0 we have
||u”(j;;r5*5(gl) = HVUHcg;E(Ql) + ”atuHCé;S*S(Qﬂ <,

with C' depending only on n, s, €, and the ellipticity constants.
Proof. Let p:= 14+s—e. Up to reducing ¢, we can assume that 1 —0 > s (in particular, 1—6 > u—1).
- Step 1. We first prove that, at every free boundary point (z,,%,) € 9{u > 0} N Q;, we have

IVl Lo (0 (ao,te)) + 106l Lo (01w 1)) < CTH, (4.7)

for r € (0,1), with C' depending only on n, s, €, A, and A.

The proof is very similar to the one of Corollary Indeed, assume by contradiction that
fails. Then, we can find sequences uy, Lk, and fi, satisfying the assumptions, with 0 € 9{ux > 0},
and such that
I Vugl oo @,y + 2 110curl| Lo,y

sup sup
k re(0,1) rh

Also, the uniform semiconvexity assumption D%tuk > —Id implies that the functions uy are uniformly
Lipschitz in Q1. Hence, thanks to Lemma there exist sequences k,, and r,, — 0 such that the
functions @y, (2, t) satisfy || Viml ree(0,) + [|0¢m|l o (g,) = 1 and

R|| Vi || oo (0p) + B2 0stim|| o (05) < CRY forall Re (1,7,}).

Moreover
D2 i > =15 "1d — 0 in Qyyy,
(0r — Ly, )am = fm in {um >0} N Q2> (0 — Lk, )Um > fm in Q2 /rns
IV m| STi?7# =0, and  [Oufi| < — 0.

These last two conditions imply that (9 — Ly, )(Dhriim) < ra 2> # = 0 in {dy, > 0} N Q1/r,,» where

"l'm (I,t) 7"1777, (xfhvtf‘r)

D7 (@, 1) = GEE

Hence, by semi-convexity, a subsequence of the functions ., will converge locally uniformly in R™ x R
to a limiting convex function u, satisfying

R||Vio|| o (0p) + B*®||Oilo|| (0 < CR*  forall Re>1.

Using Lemma [4.13| we see that @, satisfies the hypotheses of Proposition 4.6 or [4.8] so it follows from
the classification of blow-ups and the growth assumption above that @, = 0.
On the other hand, by convexity we see that ||Vl zec(0,) + |04l Lo (0,) > 1, a contradiction that

proves (4.7)).

- Step 2. We now combine (4.7)) with interior regularity estimates to establish the result. While in
the elliptic case this is rather standard, here the argument is slightly more delicate and we provided
all details.
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Let (z1,t1) be any point in {u > 0} N Q1, and let > 0 be largest number for which Q,(x1,t1) C
{u > 0}. Let (zo,t,) € O{u > 0} N 0Q,(x1,t1). Then, since (0, — L)(Vu) = Vf in Q,, by interior
regularity estimates for nonlocal parabolic equations (see for instance [CD14]) we have

rIDzulle (@, st i < € <T2S|Vf oo +sup RHSIIVullLoo@m(xl,tl)n{t|<2}>>v

and analogous estimates hold for Vd;u and dyu. By (4.7), it follows that for R € (1,77!) we have
IVl oo (0, p(a1,10)) < CrR)F,
that combined with (4.6)) gives (without loss of generality, we can assume that € < §)

-2 -1
Zﬁ%Re IVull Lo (@ (ert)nfie<2y) < -

Since ||V f||z~ < 1, this yields
HD:%‘U'HLOO(QT/Q(J:LU)) < Cri=2.

Moreover, with the exact same argument (using the regularity estimates forVo,u and dyu), we find

< Ot

IVOulloe(, ja(ar iy < Cr* 72 and [|9wull L, ja(arn))

Since these bounds hold at all points (z1,t1) € {u > 0} N 9y, we conclude that
Hqucga;l(gl) + Hatu”c'ga;%(gl) <C,
as wanted. g

4.4. Regularity of the free boundary. The next step is to show that the free boundary is C*7
near nondegenerate points. Recall that Qr = Br x (—R?$, R?%).

Proposition 4.11. Let s, L, §, u, uo, and r be as in Theorem [1.1], and let po > 1. Assume that
K> ko >0 and

v = usl|Lip(Qr,) <€
with € > 0 small enough. Then, if R, is large enough, the free boundary d{u > 0} is a C17 graph in
Qp,, with constants depending only onn, s, 6, \, A, po, and Ko.

Proof. By assumption, we have
|0y — Dyuo| + |Vu — Vue| < e in Qg,.
In particular, for any direction e’ € S"~! such that ¢’ - e > § we have
|0ertt — Opruo| < € in Qg,,
Ooie >0 in RTLH and Oguo > c1k in {x-e+vt> %}

Recall also that v < v,, with v, depending only on J, A, and A.
Thus, if € is small, we have that v := dou and E := {u = 0} N Qp, satisfy

0w — Lv| <n in Qpr, \E, v=0 in FE,
v>ck >0 in {az-e—f—vtz%}ﬂQRo, v>—¢ in Qpg,,
and
o) <l P+ 10F i R\ Q.
This means that, given any p, > 1, if 5 is small enough we can apply Proposition to the (same)
functions v;(z,t) := v(pox, p>°t), i = 1,2, to deduce that v > 0 in Q. /2- That is,

8elu Z 0 in QPO/Q
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for all ¢/ € S*~! such that ¢’ - e > % Since we also have d;u > 0, this means that the free boundary
0{u > 0} is a Lipschitz graph in Q,_ /.

Finally, taking p, > 1 large enough, we can apply the boundary Harnack (Theorem to the
functions Jyu and J.u, and to dyu and J.u, to deduce that

’ Oertl H@tu <C
aeu CT(Q1/2) aeu CT(QI/Q) o
This yields that the free boundary d{u > 0} is a C'7 graph in Q; /2, as wanted. O

Finally, we will need the following bound for solutions to parabolic equations in C*7 domains.

Lemma 4.12. Let s, L, §, and u, be as in Theorem . Assume that O{u > 0} is a C17 graph in
Q1/2. Then

Vu| +0pu] < C(|z* +[t]*)  for (z,t) € Qi
with C depending only on n, s, §, X\, A, 7, and the C*™ norm of the graph.

Proof. Notice that all derivatives of u are solutions to a linear equation inside the domain = {u > 0},
and they vanish in Q°.

Since (2 is monotone nondecreasing in time, we can use a supersolution for cylindrical (i.e., constant
in time) domains to prove the bound for t+ < 0. In case of C%! domains this was done in [FRIT,
Lemma 4.3], and the exact same argument works in C%" domains by using [RS17, Proposition 1.1].

Once we have the bound for ¢ < 0, since the domain is C1'™ (in particular Lipschitz), we can use
the same argument at any boundary point to deduce the validity of the desired estimate inside Q, s,
as wanted. O

4.5. Proof of the main result. Combining the previous results, we are essentially ready to prove
our main parabolic theorem. We just need a simple stability result contained in the next lemma.

Lemma 4.13. Let s € (0,1), and let A and A be fized positive constants. Let {Ly}r>1 be any sequence
of operators of the form -. Then, a subsequence of {Ly} converges weakly to an operator L
of the same form.

Moreover, let (uy) and (fx) be sequences of functions satisfying, in the weak sense,

Gtuk — Ekuk = fk in QX (tl,tQ)
for a given bounded domain 2 C R™, and suppose that:

(1) ug — w uniformly in compact sets of R™ x (t1,t2);
(2) fx — f uniformly in Q x (t1,t2);
(3) |ug(z,t)] < M (1+ |z[*7) for all z € R™ and t € (t1,12), for some M, e > 0.
Then u satisfies
ou—Lu=f inQx (t1,t2)

in the weak sense.

Proof. The proof is very similar to that of [FR17, Lemma 3.1] and [DRSV22] Lemma 3.2], so we leave
the details to the interested reader. g

Proof of Theorem[1.1. We first prove that, given R, > 1 and £ > 0, for > 0 small enough we have

[ = vollLip(Qr,) < & (4.8)
for some u, as in Theorem
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Indeed, assume by contradiction that there is no n > 0 for which (4.8) holds. Then, we have a
sequence 7, — 0, and sequences of operators L and solutions uyg, such that

|ur — vollLip(Qn,) = €

for any e € S"~! and any u, as in Theorem Then, by Corollary and Lemma up to a
subsequence the functions uy converges in C}.. to a limiting solution u, with operator £ as in -
, that satisfies the assumptions of the theorem with = 0. However, by Proposition (if s = %)
or Proposition (if s > %), it follows that u is a 1D function satisfying . This means that we
can take u, = u in , a contradiction. Hence, is proved.

Thanks to , the CY7 regularity of the free boundary follows from Lemma and the bounds

for Vu and 9;u at 0 follow from Lemma [4.12 O

5. OPTIMAL REGULARITY OF SOLUTIONS

We now prove Corollaries [I.3] and as well as the optimal regularity estimates from Corollaries
[L.6l and [L.7

Proof of Corollaries and[1.]] We begin by replacing u with u — ¢, so that u now satisfies
u>0, u>0 and D2u>-CiCld in R"x(-1,1),
ou—Lu= f(x) in {u>0} and O—Lu>f in R"x(-1,1), with |Vf]<CC,,
||vu||L°°(R"><(—1,1)) + ||atuHL°°(]R"><(—1,1)) < (.
(Note that the semiconvexity of solutions follows from [BER18, Lemma 2.1} or [RT24] Proposition 2.4].)
We will prove at the same time Corollaries[T.3]and and in addition that, for every free boundary

point (z,,1,), we have
V| < O(jz — 2o + |t — to[minde 12_35})
|8tu\ < C(|l’ _ xo|min{872—25—5} + |t . to‘min{s’ 273275})’

with C' depending only on n, s, > 0, and the ellipticity constants.

Dividing by a constant if necessary, and up to a translation, we may assume C, = 1 and (z,,t,) =
(0,0). We now want to apply Theorem iteratively in order to get the desired estimate.

Let k > 0 to be chosen later, and let 7 > 0 be the constant given by Theorem We fix ko € N
and define the functions

(5.1)

' n w(27Fx,272k)
wi (2, 1) = 2keCy  (27F)20

Note that, if k£ is large enough, then wy satisfies
w, >0, Owy>0 and D2, >-nld  in R™ x (—22% 2%F)
Owy, — Lwg, = fr, in {wg > 0} and Oywg — Lwg, > fr in R"™ x (—22Sk, 22Sk),
with |V fx| < n. Moreover,

, ke N.

HVU}]% HLOO(R’VLX(_22SICQ’2251€0)) + HaﬂUkO HLOO(RTLX(_QQSIC072251CO)) S 1.

In other words, for k > ko > 1, all the assumptions of Theorem except possibly for the growth
control on Vwy and 9wy, (which holds at least for k = ko), are satisfied by wy.
We then have two possibilities:

Case 1. Assume that the functions wy satisfy

R||Vwl poo(ap) + B 10wk peop < B*° forall R>1, k> k.
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Then
IVl e, ) = 2 Cin™ (279 0| V| o) < C27F),
and
10vull oo (0, 1) = 2kocln—1(2—k)2—2s—5vakHLm(Ql) < O(27k)223,
Therefore

2—2s5—46

[Vl < C(la' ™ +[) and [0l < C (o770 + 15,
SO follows. Moreover, this implies
u(w,t) < C(jz> 4+ [t|=)  for (x,t) € Oy,
and thus we have a non-regular point ((ii) in Corollaries or [L.4)).
Case 2. If we are not in Case 1, then there is a maximal number k; > k. such that
R||Vwl (o) + B|10wwk| pe(0p < R*° forall R>1, ko <k < k. (5.2)
Then, by Theorem we find

|wk, = tollLip(oy) <€
Moreover, u, is a multiple of (z - e+ vt Y with [|ue Li < 1, and therefore we have
+ p(Q1)
(Vo (2, t)| + |Opuo(x, t)| = Az - € + vt)7, with 0 <A<,
We claim that A > % Indeed, if not, then by triangle inequality
IV why || o 1) + 100wny [ Loo(01) < IIVto |l Loo(0y) + Okttol| Lo (0yy +6 < 5 +¢ < 3
Since Vwg, +1(z) = 217V, (£) and dywy, +1(z) = 2272790,wy, (%), this implies that
2\ Vwk, 411|100 (05) + 221 0pwpy 11l 1< (0,) < 1.
Since
R|Vwyy 11 poo(op) + B 10wk, 41| 1~ (05) =
= 227 LR/ V| = (0 + (B2 |00tk | 0 | < B2 for R2>2,

then wy, +1 still satisfies the growth condition (5.2)), a contradiction to the definition of k;.
Thanks to the claim (i.e., A > %) we can apply Theorem to deduce that the free boundary
o{wy, > 0} is a C17 graph in Q1, and
|Vwy, | + 0w, | < C(|x|s + \t\s) for (x,t) € Q.
Since
u(x,t) = CoRO~ 2wy, (Rx, R*t),
with R = 21, we deduce that
[Vul < CR*(|Raf* + [R*1°) < CR*Y(Raf® + [R¥4" 5 < O jaf + it 570),
for all (Rz, R*t) € Q;. Similarly, we get
|atu| < CR6+2S_2(‘RQZ|S + ‘R2St‘5)’
and (5.1)) follows.

Finally, since the free boundary d{u > 0} is C»" in a neighborhood of the origin, and thanks to a
standard barrier argument (see Lemma for the construction of the sub- and supersolutions in the

critical case s = 1) we deduce that

0<er” <supu < Cr
Qr
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for r > 0 small, where 7, := ’y(ﬁ —t|) is given by (4.2)), and v = (v, 14) is the inward unit normal

Tl T
to the free boundary. This means that we have a regular point ((i) in Corollaries or [L.4), and we
are done. O

Finally, we prove the optimal regularity of solutions.
Proof of Corollary[1.6, As in the previous proof, we replace u with u — ¢. Since s = %, then (5.1])

holds at every free boundary point. Hence, combining it with interior regularity estimates for linear
parabolic equations, the desired C /t estimate follows. U

Notice that the previous proof does not work when s > % Indeed, the reason for this is the parabolic
scaling: even if we had (5.1)) at every free boundary point, then by interior regularity estimates we

would only get that derivatives of u are C3,. (i.e., C3 and C’t1 / 2, recall , which is not the optimal

par
regularity in ¢ when s > % Because of this, some extra ideas are needed.

Proof of Corollary[1.7]. As before, we replace u with u — ¢. Let p := min{s,1/s — 1 — ¢}, with £ > 0.
We want to prove that dyu € C'(R™ X [t1, ta]).

For this, let p = p(t1) > 0 be such that Qa,(x1,t1) C R™ x (0,7] for any x; € R". We consider a
cutoff function ¢ € C°(Qa,(x1,t1)) with ¢ = 1 in Q,(x1,t1). By the semiconvexity of solutions we
know that dyu > —C. Thus

0< / (u + ) = / (ubuth + C) < Ch,
Qa2p(x1,t1) Q2p(z1,t1)

and thus

/ |Opu| < Co,
Qp(z1,t1)

with Cy independent of x1. Then, we define

Opu(z,t + h) — Ou(x,t)
t
wiat) = G =

/ ] < Cs,
Qp2(z1,t1)

as long as |h| < p/2. In particular, this yields

ta+p*°
/ / W Dl g < oy (5.3)
t n

/ (e, t + C) de,

and notice that

1+ |IE|"+2S
On the other hand, thanks to we have that w is uniformly bounded on the contact set, namely
0 t+h
lw(z, t)| = W <Cs for (z,1) € {u=0} (5.4)

Furthermore, since w satisfies
(0 — L)w| < Cp in {u>0},
the function @ := max{w, C5} satisfies
(O — L)w < Cy in R" x(0,7).
In other words w is a subsolution, so it follows from and [RT24, Lemma A.3] that

sup w < C(Cy+ Cr) =:Cs.
le[tl,tz}
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Applying the same argument with any ball By(z) instead of By, recalling the definition of w we deduce
that

‘(%u(m,t +h) — &yu(:c,t)! < Cg|h|*,
which gives the desired regularity in t.

When s < @ we can repeat the exact same argument used above for any spacial second derivative

Oeeu with € € S", and we obtain C1** regularity in all directions.
Instead, when s > ‘/52*1, we combine (5.1) with interior regularity estimates to get

Vulleg

par

@ ta)) + 10 cmints 2202 gy, 1) < ©

where C’gar is defined in (4.5]). O

APPENDIX A. BARRIERS IN MOVING DOMAINS

The aim of this appendix is to construct sub- and supersolutions for linear parabolic equations in
moving domains in case s = % We start with the following simple result.

Lemma A.1. Let Q@ C R™ x R be a bounded CY™ domain with (0,0) € 99Q, and let d(z,t) =
dist((z,t), Q). Let p be a regularized distance function, satisfying

Cqld < p < Cqd, ol e < Co, |D?p| < Cod®t and  |D?p| < Cqd®™2,

Let L be any operator of the form (1.1)-(1.2), with s = %, let v = (vg, 1) be the inward unit normal
to 09, let vz, = ’y( ’\%I’ hﬂ’—;‘) be given by (4.2), and let Yo == vz ,(0)-
Then, for any € > 0, we have
(0 — L)(p7°7°) > cod? 7% >0 in {0 <d(z,t) <6} N Qs
and
(O — L)(p7°TE) < —cpd* 7% < 0 in {0 < d(z,t) <6} N Qs
The constants co > 0 and d > 0 depend only on 2, €, and the ellipticity constants.

Proof. The proof is a minor modification of the one in [DRSV22l Proposition 4.8]. U

We will also need the following:

Proposition A.2 (Approximate solution). Let Q C R" xR be a bounded CY™ domain with (0,0) € 0.
Letd, p, L, v, vz, and 7y be as in Proposition .

Let D(x,t) be a function that coincides with vz ;) on 0Q and satisfies | DT (x,t)| < Cd™? inside
Q. Assume in addition that T' > v, —&/2 in_Q N Q.

Let ¢ be a function that coincides with p' in a neighborhood of 09, and such that ||¢||cre—-s < C.
Then

|(0r — L)p(x, )] < CA°HT5725 for (x,t) € €, (A1)

as long as the exponent above is negative.
The constants C depend only on €, €1, and the ellipticity constants.

Proof. The proof is a minor modification of the one in [DRSV22l Proposition 4.10]. O

As a consequence of the previous Lemmas, we can now construct exact sub- and supersolutions in
moving C7 domains.
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Lemma A.3 (Sub- and Supersolutions). Let @ C R™ x R be a bounded C*7 domain, let d(x,t) =
dist((z,t),Q°), and let L, v, ¥o, and T be as in Proposition .
Then there exist 0o > 0 and two functions ®1, ®o satisfying

(0, — L)1 < -1 in Qs,, (0 — L)Yy >1 in Qs,,

and ) B
cld" <, <0d” in Q.
In particular, we have
C~ e <sup®; < Cre

r

for r >0 small.
Proof. Tt suffices to take
O = M¢p— prote and Py := Mo+ proTe,
with M > 0 large enough, € > 0 small enough, and ¢, p given by Lemmas and O
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