RIGIDITY AND STABILITY OF CAFFARELLI’'S LOG-CONCAVE
PERTURBATION THEOREM

GUIDO DE PHILIPPIS AND ALESSIO FIGALLI

To Nicola Fusco, for his 60th birthday, con affetto e ammirazione.

ABSTRACT. In this note we establish some rigidity and stability results for Caffarelli’s log-concave
perturbation theorem. As an application we show that if a 1-log-concave measure has almost the
same Poincaré constant as the Gaussian measure, then it almost splits off a Gaussian factor.

1. INTRODUCTION

Let v, denote the centered Gaussian measure in R" i.e., v, = (2%)_"/26_”‘2/26[3:, and let p be
a probability measure on R". By a classical theorem of Brenier [2], there exists a convex function
¢ : R" — R such that T'= V¢ : R" — R" transports ~y, onto u, i.e., Ty, = p, or equivalently

/ hoT dvy, = / hdu for all continuous and bounded functions h € Cy(R").

In the sequel we will refer to T' as the Brenier map from ~, to p.
In [4, 5] Caffarelli proved that if x4 is “more log-concave” than ~,, then T is 1-Lipschitz, that is,
all the eigenvalues of D2 are bounded from above by 1. Here is the exact statement:

Theorem 1.1 (Caffarelli). Let v, be the Gaussian measure in R™, and let = e~V dx be a proba-
bility measure satisfying D*V > 1d,,. Consider the Brenier map T = YV from ~y, to u. Then T is
1-Lipschitz. Equivalently, 0 < D?p(x) < 1d,, for a.e. x.

This theorem allows one to show that optimal constants in several functional inequalities are
extremized by the Gaussian measure. More precisely, let F, G, H, L, J be continuous functions on
R and assume that F, G, H, J are nonnegative, and that H and J are increasing. For ¢ € R, let

H( [ I(Vuldu)
F(fG(u) du) .

(1.1) Ap, 0) = inf{ u € Lip(R") ,/L(u) du = E}.

Then
(1.2) Ans €) < A(p, £).

Indeed, given a function v admissible in the variational formulation for u, we set v := w o T and
note that, since Ty, = p,

/K(v)dfyn:/K(uoT)dfyn:/K(u)d,u for K =G, L.

In particular, this implies that v is admissible in the variational formulation for ~,. Also, thanks
to Caffarelli’s Theorem,
Vo] < |Vu|oT |VT| < |Vu|oT,
1
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therefore
H(/J(|vv|)d%) < H(/J(Nu\)onryn) :H(/J(|Vu])d,u>.

Thanks to these formulas, (1.2) follows easily.

Note that the classical Poincaré and Log-Sobolev inequalities fall in the above general framework.
For instance, choosing H(t) = F(t) = L(t) =t, £ = 0, and J(t) = F(t) = [t|P with p > 1, we deduce
that

J [Vul? dy

(1.3) inf{ TaPdn

: uELip(R”),/udu:O}

A [Tl dy e, |
>infd —————— : uwe LipR"), [ udy, =0.
{  lulP dyy, &

Two questions that naturally arise from the above considerations are:

- Rigidity: What can be said about u when A(u, £) = X(yp, £)?
- Stability: What can be said about p when A(u, ) ~ A(yn, £)?

Looking at the above proof, these two questions can usually be reduced to the study of the corre-
sponding ones concerning the optimal map 7" in Theorem 1.1 (here |A| denotes the operator norm
of a matrix A):

- Rigidity: What can be said about u when |VT'(z)| =1 for a.e. x ?
- Stability: What can be said about p when |VT'(z)| ~ 1 (in suitable sense)?

Our first main result state that if |VT'(z)| = 1 for a.e. x then p “splits off” a Gaussian factor.
More precisely, it splits off as many Gaussian factors as the number of eigenvalues of VI = D%y
that are equal to 1. In the following statement and in the sequel, given p € R¥ we denote by Yo,k

the Gaussian measure in R* with barycenter p, that is, Yok = (27r)*k/26*|9”*7’|2/2dx.

Theorem 1.2 (Rigidity). Let ~y, be the Gaussian measure in R™, and let u = e~" dx be a probability
measure with D*V > 1d,,. Consider the Brenier map T = V¢ from v, to u, and let

0 < M(D%p(x)) < -+ < M(DPp()) < 1

be the eigenvalues of the matriz D*o(x). If Mp—pi1(D?*p(z)) = 1 for a.e. x then p = ) ®
e W@ da! where W : R"* — R satisfies D*W > Id,,_y.

Our second main result is a quantitative version of the above theorem. Before stating it let us
recall that, given two probability measures p, v € P(R™), the 1-Wasserstein distance between them
is defined as

Wi (p,v) := inf { / |zt —y|do(z,y) : o€ P(R" xR") such that (pry)so = u, (pry)so = 1/},

where pry (resp. pry) is the projection of R x R™ onto the first (resp. second) factor. Our stability
result is formulated in terms of the Wj-distance between probability measure as this distance
natural comes out from our strategy of proof. Our result could also be proved with other notions
of distances meterizing the weak topology (for instance, any Wasserstein distance W),), as well as
stronger notion of distances (such as the total variation), but we shall not investigate this here.



3

Theorem 1.3 (Stability). Let v, be the Gaussian measure in R"and let ;. = e~V dx be a probability
measure with D>V >1d,,. Consider the Brenier map T = Vo from v, to u, and let

0 < Ai(D%()) < -+ < Aa(DPp(w)) <1
be the eigenvalues of D*¢(z). Let ¢ € (0,1) and assume that

(1.4) 1-e< /)\n_k+1(D2g0(x)) dyn(z) <1.

Then there exists a probability measure v = v, & e W@ de! ) with W : R"* — R satisying
D?>W > 1d,,_, such that

1
1.5 1% S —FF.
( ) 1(/,,L77/) ~ ‘10g€’1/4*

In the above statement, and in the rest of the note, we are employing the following notation:
X <YP- if X <C(n,a)Y® for all a < S.

Analogously,
X > VP if C(n,a)X >Y* for all a < .

Remark 1.4. We do not expect the stability estimate in the previous theorem to be sharp. In
particular, in dimension 1 an elementary argument (but completely specific to the one dimensional
case) gives a linear control in €. Indeed, assuming (up to translating p) that

(1.6) / =0,

set 9 (z) := 22/2 — p(x). Then, since ¢ = (x — T)' > 0, our assumption can be rewritten as

/I z—T)|dy = /w”dvl<e

Also, since T»y1 = 1, (1.6) yields
/T(l’)d’}/l =0= /:ndm.

Hence, by the L'-Poincaré inequality for the Gaussian measure we obtain

10y y1) /|x—y|d0’T:By /|£B— |d’yl<0/|:1:— Y|dy < Ce,
where o7 := (Id XT") 1.

As explained above, Theorems 1.2 and 1.3 can be applied to study the structure of 1-log-concave
measures (i.e., measures of the form e~Vdz with D?V > Id,) that almost achieve equality in
(1.2). To simplify the presentation and emphasize the main ideas, we limit ourselves to a particular
instance of (1.1), namely the optimal constant in the L2-Poincaré inequality for u:

_ |Vul? du . om
A“::mf{fﬁﬂ‘du: uELlp(R),/udu:0 .
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It is well-known that A,, = 1 and that {u;(x) = z;}1<i<n are the corresponding minimizers. In
particular it follows by (1.3) that, for every 1-log-concave measure y,

(1.7) /u2 dp < /\Vu|2 dp for all u € Lip(R") with /ud,u =0.
As a consequence of Theorems 1.2 and 1.3 we have:

Theorem 1.5. Let u = e~Vdx be a probability measure with D>V > 1d,,, and assume there exist
k functions {u;}1<i<x € WH2(R™, ), k < n, such that

/uid,u:O, /u?d,uzl, /Vui-Vujd,u:O Vi # j,
and
/|m12du< 1 4e

or some £ > 0. Then there ezists a probability measure v = v, 1 @ e~V @) da!  with W : R* % 5 R
p 4 p,
satisfying D*W > 1d,,_y, such that

1

Wilp,v) < ——F—.

1(/1 )N ‘10g8’1/47
In particular, if there exist n orthogonal functions {u;}i1<i<n that attain the equality in (1.7) then
M= Ynp-

We conclude this introduction recalling that the rigidity version of the above theorem (i.e., the
case ¢ = 0) has already been proved by Cheng and Zho in [6, Theorem 2] with completely different
techniques.

2. PROOF OF THEOREM 1.2

To prove Theorem 1.2, we first recall the following classical estimate due to Alexandrov (see for
instance [8, Theorem 2.2.4 and Example 2.1.2(1)] for a proof):

Lemma 2.1. Let Q be an open bounded convex set, and let u :  — R be a CY' convex function
such that u =0 on 0. Then there exists a dimensional constant C,, > 0 such that

lu(z)|™ < C, diam(Q)" ! dist(z, 09Q) / det D?u Ve
Q

Proof of Theorem 1.2. Set v(x) := |z|>/2 — ¢(z) and note that, as a consequence of Theorem 1.1,
Y :R™ = Ris a Cb! convex function with 0 < D%y < Id. Also, our assumption implies that

(2.1) M(D*)(x)) = ... = M(D*Pp(z)) =0 for ae. z € RL

We are going to show that ¢ depends only on n — k variables. As we shall show later, this will
immediately imply the desired conclusion. In order to prove the above claim, we note it is enough
to prove it for k = 1, since then one can argue recursively on R"~! and so on.

Note that (2.1) implies that

(2.2) det D%y = 0.

Up to translate pu we can subtract a linear function to ¢ and assume without loss of generality that

P(x) = ¥(0) = 0.
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Consider the convex set ¥ := {¢p = 0}. We claim that ¥ contains a line. Indeed, if not, this
set would contain an exposed point Z. Up to a rotation, we can assume that & = ae; with a > 0.
Also, since T is an exposed point,

YC{zr1 <a} and Xn{z;=a}={z}.

Hence, by convexity of 3, the set ¥ N {x; > —1} is compact.
Consider the affine function

ly(x) == n(z1 + 1), 1 > 0 small,

and define ¥, := {¢) < ¢,}. Note that, as n — 0, the sets ¥, converge in the Hausdorff distance
to the compact set ¥ N {x; > —1}. In particular, this implies that ¥, is bounded for n sufficiently
small.

We now apply Lemma 2.1 to the convex function ¢ — ¢, inside %,, and it follows by (2.2) that
(note that D?¢,, = 0)

[(x) — Ly(x)]" < Oy, (diam(En))n/ det D*) =0  VzeX,
2y
In particular this implies that ¢(0) = ¢,(0) = n, a contradiction to the fact that ¢(0) = 0.
Hence, we proved that {¢) = 0} contains a line, say Re;. Consider now a point x € R™. Then,
by convexity of 1,

Y(z) + Vip(z) - (se1 —x) < Y(se1) =0 VseER,
and by letting s — 400 we deduce that 019 (x) = Vi)(x)-e; = 0. Since x was arbitrary, this means
that 011 = 0, hence ¥(x) = ¢(0,2'), 2’ € R* 1.
Going back to ¢, this proves that

T(x) = (z1,2" = V(')

and because p = Ty, we immediately deduce that p = v ® p1 where p1 := (Idp—1 —V9) 4 yn—-1.

Finally, to deduce that pu; = e~"dz’ with D?2W > Id,,—1 we observe that p; = (7')4p where
7/ : R™ — R™"1 is the projection given by 7’(x1,2’) := 2’. Hence, the result is a consequence of the
fact that 1-log-concavity is preserved when taking marginals, see [1, Theorem 4.3] or [9, Theorem
3.8]. 0

3. PROOF OF THEOREM 1.3

To prove Theorem 1.3, we first recall a basic properties of convex sets (see for instance [3, Lemma
2] for a proof).

Lemma 3.1. Given S an open bounded convex set in R™ with barycenter at 0, let £ denote an
ellipsoid of minimal volume with center 0 and containing S. Then there exists a dimensional
constant Kk, > 0 such that k,€ C S.

Thanks to this result, we can prove the following simple geometric lemma:

Lemma 3.2. Let k,, be as in Lemma 3.1, set ¢, := K, /2, and consider S C R™ an open convez
set with barycenter at 0. Assume that S C Br and 0S NOBgr # (). Then there exists a unit vector
v e S such that ¢, Rv € S.
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Proof. By scaling we can assume that R = 1. B
Let v € S N JBy, and consider the ellipsoid £ provided by Lemma 3.1. Since v € £ and & is
symmetric with respect to the origin, also —v € £. Hence

+e,v € € C k€ C S,
as desired. O

In order to complete the proof of Theorem 1.3 we recall the following geometric result, see |3,
Lemma 1].

Lemma 3.3. Let ¢ : R" - RU{+o0} be a nonnegative convex function with ¥(0) = 0. Assume
that i is finite in a neighbourhood of 0 and that the graph of ¥ does not contains lines. Then there
exists p € R™ such that the open conver set

Sy ={x:¢Y(z)<p-z+1}
is nonempty, bounded, and with barycenter at 0.

Proof of Theorem 1.3. As in the proof of Theorem 1.2 we set v := |x|?/2 — ¢. Then, inequality
(1.4) gives

(3.1) / (D)) oy < .

Up to subtract a linear function (i.e., substituting  with one of its translation, which does not affect
the conlclusion of the theorem) we can assume that ¢ (x) > ¥(0) = 0, therefore V¢ (0) = V(0) = 0.
Since (V) gyn = p and [|[D?p|s < 1, these conditions imply that

/\a:|du /|w )] dyaa /rw 0)] dyaa /|a:|dvn <o,

In particular
Wi(p,y) < Wi(g, 60) + Wi(do,7) < Ch.

This proves that (1.5) holds true with v = ~,, and with a constant C' ~ |logeg|"/* whenever £ > &.
Hence, when showing the validity of (1.5), we can safely assume that ¢ < g¢9(n) < 1. Furthermore,
we can assume that the graph of ¢ does not contain lines (otherwise, by the proof of Theorem
1.2, we would deduce that u splits a Gaussian factor, and we could simply repeat the argument in
Rnfl)_

Thus we can apply Lemma 3.3 to deduce the existence of a slope p € R" such that

Si={zeR":¢Y(z)<p-xz+1}

is nonempty, bounded, and with barycenter at 0. Applying Lemma 2.1 to the convex function
Y(x) := (x) —p-x — 1 inside the set S1, we get (note that D% = D?1))

(3.2) 1< (f Héilnd;)n < C,, (diam(5)))" /S1 det D%y

Consider now the smallest radius R > 0 such that S; C Bpr (note that R < 400 since S is
bounded). Since 7, > cne B2 in B and Ni(D%*¢) <1foralli=1,...,n, (3.1) implies that

1/4

/ det D% < Cpef/2e.
Br



Hence, using (3.2), since diam(S7) < 2R we get
1< CpR"ef /2

which yields

(3.3) R > |loge|'/?+.
Now, up to a rotation and by Lemma 3.2, we can assume that
+c, Re1 € 5.

Consider 1 < p < RY? to be chosen. Since S; C Bg and ¢ > 0 we get that |p| < 1/R, therefore
¥ < 2on Sy C Br. Hence

22 9(2) 2 ¥() +(Vi(2), 2 —2) 2 (VY(z),2 —2)  Vz2€ S5, 2€B,
Thus, since |Vi| < p in B, (by ||D277ZJHLOO(Rn) < 1 and |V#(0)| = 0), choosing z = +c, Re; we get
Cpnp?
R

(3.4) O] <

inside B,,.

Consider now 77 € [—1,1] (to be fixed later) and define v (2') = ¢ (z1,2') with 2/ € R*~L.
Integrating (3.4) with respect to x1 inside B, /5, we get

3
o — | < Cn% inside B, .
Thus, using the interpolation inequality
VY — VTPlH%oo(BM) < Gl = il LB, ) 1D = D*1| 1 (5,,)
and recalling that || D?¢]|fec(mn) < 1 (hence || D?¢1]|poegn-1y < 1), we get
32
[V — V| < Cnm inside B, /4.
If K = 1 we stop here, otherwise we notice that (3.1) implies that
[t [ detD2piton ) dva@) < [ ane) [ da@)ena) b <<,
R R7- R R
where we used that!
A (D] oy xrn—1) < Aa(D?*)
and that (since 0 < D%y < 1d,,)

det Dg/x/¢(l’1, l’l) S )\1 (D2¢|{0}XR”_1) .
Hence, by Fubini’s Theorem, there exists Z; € [—1, 1] such that ¢ (2') = ¥(Z1, ") satisfies

/ det D*ty dryn—1(z) < Cpe.
R'nfl

IThis inequality follows from the general fact that, given A € R™*"™ symmetric matrix and W C R a k-dimensional

vector space,
. Av-wv . Av-wv
Mldly) =g Top S xR T = k()
W' k-dim
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This allows us to repeat the argument above in R"~! with

Pi(a’) =1 (a’) — Vartpr (0) - 2’ — 491(0)

in place of 9, and up to a rotation we deduce that
3/2
R1/2
where o (") := 1)1 (Z2,2"), where Ty € [—1,1] is arbitrary. By triangle inequality, this yields

IV, — Vipo| < Cp, inside B, /4.

3/2
IV + p/ — Vapo| < c]‘;w inside B,4,

where p' = —(0, V4(%1,0)). Note that, since |71] < 1, Vi(0) = 0, and ||D?*¥|| < 1, we have
|p| < 1. Tterating this argument & times, we conclude that

IVep + 5 — V| < Cp g 1//2 inside B,
where 5 = (p,p”) € RF x R** = R” with |p| < C,,,
Uk(y) =@, Try),  yERMH
and Z; € [—1,1]. Recalling that Vi = x — V4, we have proved that
T(x) = Vo(x) = (21 +p1,... 2, + pr, S(y) + ") + Q(z),
where @ := — (V¢ — Vi, + p) satisfies

3/2
p
1Qlz=(B,) < Cnprry and  |Q(@)] < Cu(l + 2])

(in the second bound we used that T'(0) = Ve(0) = 0, |p| < C,, and T is 1-Lipschitz). Hence, if
we set v := (S + p”) g Vn—k, we have

3/2
p* P /2
< = —r
Wi (g, ypp @ v /IQ\ dm < Cnpi + Ch o, |z| dyn = Cy, i + Cnp'e
so, by choosing p := (log R)1/2, we get
1
Wi (,U Tpk @ ) RI/Q*

Consider now 7, : R* — R™ and 7,,_, : R” — R™* the orthogonal projection onto the first k& and
the last n — k coordinates, respectively. Define 1 := (mg)x(e™Vdz), g :== (fn—k)x(e”Vdz), and
note that these are 1-log-concave measures in R*¥ and R"~* respectively (see [1, Theorem 4.3] or [9,
Theorem 3.8]). In particular us = e~ with D?W > Id,,_;. Moreover, since W, decreases under
orthogonal projection,

1
Wi (p2,v) = Wi((Tni) bt (Fn-i)z(pk @ 1)) < Wilp, 1pp @ 1) S R/

thus
Wi (ks e @ p2) < Wilps Yp ke @ V) + Wi(vpk @ vy Yk @ p12)
1

< Wl(ﬂa’}/p,k ® ) + Wl(V Mg) Rl/Q,
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where we used the elementary fact that Wi(vpr ® v, vpr ® p2) < Wi(v, p2). Recalling (3.3), this
proves that

W Y < 11 11/4
1()“ Vp,k) ®M2) ~ |10g5|1/4_

concluding the proof. O

4. PROOF OF THEOREM 1.5

Proof of Theorem 1.5. As in the proof of Theorem 1.3, it is enough to prove the result when
e<egy K 1.

Let {u;}1<i<k be as in the statement, and set v; := u; o T', where T' = V¢ : R” — R" is the
Brenier map from -y, to pu. Note that since Tuv,, = p,

/vidfyn:/uion’yn:/uid,uzo.

Also, since |VT| <1 and by our assumption on u;,
[1vupan < [1vuPordn = [([vufd

<(+o) [ddn=(+e) [ < e [19uP i,
where the last inequality follows from the Poincaré inequality for -, applied to v;. Since
[P <1
this proves that
(4.1) 0< /(\Vul|2 ol — ]Vﬁuﬁ) dyn < 5/ |V dp < e(1 + ¢).

Moreover, by Theorem 1.1, VI' = D?p is a symmetric matrix satisfying 0 < VT < Id,,, therefore
(Id —VT)? < 1d —(VT)2. Hence, since Vv; = VT - Vu; o T, it follows by (4.1) that

/ |Vu; o T — V|2 dy, = / |(Id,, =V'T) - Vu; o T|? dyy,
= /(Idn —(VT))?[Vu; o T, Vu; o T] dvy,
< / (Id,, —(VT)*)[Vu; o T, Vu; o T] dyy,

— [(Ivui o7~ [FuP) oo < 2,

where, given a matrix A and a vector v, we have used the notation Afv, v] for Av-v. In particular,
recalling the orthogonality constraint [ Vu; - Vu; du = 0, we deduce that

(4.3) /Vvl- -V, dy, = O(Ve).

In addition, if we set
_ Vu;oT(x)
filw) := |Vu; o T(z)|
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then, using again that |VT| < 1,

(4.4) /!V(ui o T);2(1 —|VT- fi]2> dy < /\vuiﬁ o T(1 VT f#) dyp < 2.
Now, for j € N, let H; : R — R be the one dimensional Hermite polynomial of degree j:
j J
Hj(t) _ (_l)j e152/2 i 67t2/2
Vi dt

see [7, Section 9.2]. It is well known (see for instance [7, Theorem 9.7]) that for J = (ji,...,j,) € N”
the functions

Hy(@y,. o) = Hy (21)Hj (22) - -+ - Hj, (xn)
form a Hilbert basis of L?(R", ;). Hence, since af = J vi dy, = 0, we can write
V; = Z Ozf]HJ.
JeN\{0}

By elementary computations (see for instance [7, Proposition 9.3]), we get
i\ 2 i\ 2
1:/v§dfyn: Z (o), /|Vv1] dy, = Z 1J|(e)",

JEN\{0} JeNm\{0}

where |J| = 3" _, jm. Hence, combining the above equations with the bound [ |Vv;|2dy, < (1+¢),

we obtain
S ).

o> [IVoPdn - [an= > (9= 1(ah)>

JENM | J|>2 JENn | J]|>2

N |

Recalling that the first Hermite polynomials are just linear functions (since H;(t) = t), using the
notation

ol = aY with J =e¢; e N"

we deduce that

v) =Y abwj+z(x),  with  [l2|fe@n ., = 0.

In particular, if we define the vector

n
Vi = Zaéej e R",
Jj=1

and we recall that [ |Vv;|?dy, = 1+ O(c) and the almost orthogonality relation (4.3), we infer
that |[V;| =1+ O(e) and |V; - V|| = O(y/e) for all i A1 € {1,...,k}.

Hence, up to a rotation, we can assume that |V; —e;| = O(y/€) for all i = 1,...,k, and (4.2)
yields

(4.5) /\V(uioT) —ei*dy, < Ce.
Since 0 < 1— |VT - f;|* < 1, it follows by (4.4) and (4.5) that

(4.6) /(1 v f,~\2) dyn < 2/(]V(ui oT)[2 + |V(u; 0 T) — ei|2> (1 v f,~\2) dyn < Ce.
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Set w; := Vu; oT so that f; i We note that, since all the eigenvalues of VI' = D?p are

= il

bounded by 1, given § < 1 the following holds: whenever
VT -w; —e;| <0 and VT - fil>1-0
then |w;| = 1+ O(9). In particular,
VT - fi —e;| < C6.

Hence, if § < §y where &g is a small geometric constant, this implies that the vectors f; are a basis
of R¥, and

VT |span(fr,....50) = (1= Cod) Idy,

for some dimensional constant Cy. Defining ¢ (z) := |z|?/2 — ¢(x), this proves that

(47) {m : i[m(m-m(m—em (1-IVT(@)- fi@)])| < 5} < {o Aok (D2(x) < Cod)

i=1
for all 0 < 0 < dp. Hence, by the layer-cake formula, (4.5), and (4.6),

)
/ Mt (D*0) v = Co [ (Do (D%6) > Cos)) s
{An—k+1(D%P)<Cobo} 0

(4.8) < Cy /060 %({i[\w(m) cwi(x) — e + (1 VT (=) - fi(x)\)} > s}) ds

i=1
k
<Coy [(IVT w4 (1= 9T ) ) dua < CVE,
i=1
On the other hand, it follows by (4.7) that

{z An,kH(D?q/;( )) > Cod}

c U H VT (2) - wi(z) — e] > 2‘;} U {x : (1 — VT () - fi(x)\) > 2‘;}]

Thus, (4.5), (4.6), and Chebishev’s inequality yield

(4.9) Y ({An-ri1(D*P) > Codo}) < Z%<{|VT‘“’Z el|>§k}>

k
6 €
+Z%<{1 — VT f;| > 22}) <O
=1 0

Hence, since dp is a small but fixed geometric constant, combining (4.8) and (4.9), and recalling
that A\,_r41(D?¥) < 1, we obtain

/ Moyt (DH) dy < CVVE.

This implies that (1.4) holds with C'y/£ in place of &, and the result follows by Theorem 1.3. O
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