SECOND ORDER STABILITY FOR THE MONGE-AMPERE EQUATION
AND STRONG SOBOLEV CONVERGENCE OF OPTIMAL TRANSPORT MAPS

GUIDO DE PHILIPPIS AND ALESSIO FIGALLI

ABSTRACT. The aim of this note is to show that Alexandrov solutions of the Monge-Ampére equation,
with right hand side bounded away from zero and infinity, converge strongly in Wlicl if their right hand
side converge strongly in L& .. As a corollary we deduce strong I/VIL’C1 stability of optimal transport
maps.

1. INTRODUCTION

Let Q C R™ be a bounded convex domain. Recently [3] the authors showed that convex Alexandrov
solutions of
(1.1) det D?>u = f in Q

u=20 on 0,

with 0 < A < f < A, are I/Vlicl(Q) More precisely, they were able to prove uniform interior L log L-
estimates for D?u. This result has also been improved in [4, 8], where it is actually shown that
u € T/VI(QDJ(Q) for some v = y(n, A\, A) > 1: more precisely, for any Q' CC Q,

(1.2) / |D?u|” < C(n, A\, A, Q,Q).
Ql

A question which naturally arises in view of the previous results is the following: choose a sequence
of functions f with A < fr < A which converges to f strongly in LIIOC(Q), and denoted by up and u
the solutions of (1.1) corresponding to f and f respectively. By the convexity of uj and u, and the
uniqueness of solutions to (1.1), it is immediate to deduce that uy — u uniformly, and Vuy — Vu in
LP (Q) for any p < co. What can be said about the strong convergence of D?u;,? Due to the highly

loc
nonlinear character of the Monge-Ampere equation, this question is nontrivial. (Note that weak VVlicl
convergence is immediate by compactness, even under the weaker assumption that fi converge to f
weakly in L} _(9).)

The aim of this short note is to prove that actually strong convergence holds. In fact our main

result is the following:

Theorem 1.1. Let Qi C R™ be a family of convex domains, and let ug : Qr — R be convexr Alexandrov
solutions of

2 _ B
(1.3) {detD ur = fr in Qy

up =0 on 0L,
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with 0 < A < fi, < A. Assume that €, converge to some convex domain ) in the Hausdorff distance,

and frxq, converge to f in Llloc(Q). Then, if u denotes the unique Alexandrov solution of

det D?u = f mn
u=0 on 0X,

for any ' CC Q we have
(1.4) lur — ullwz1(y — 0 as k — oo.

(Obviously, since the functions uy, are uniformly bounded in W27 (Q), this gives strong convergence
in W27 (Q) for any v <~.)

As a consequence of the previous theorem we can prove the following stability result for optimal
transport maps:

Theorem 1.2. Let 21,y C R™ be two bounded domains with Qg convex, and let fi, gr be a family of
probability densities such that 0 < A < fi, g < A inside Q1 and Qo respectively. Assume that fi, — f
in LY(Q) and gx — g in L' (), and let Ty : Q1 — Qo (resp. T : Q1 — Qg) be the (unique) optimal
transport map for the quadratic cost sending fi onto gx (resp. f onto g). Then T — T in I/Vli’gl(Ql)
for some ~' > 1.

We point out that, in order to prove (1.4) and the local W ! stability of optimal transport maps, the
interior L log L-estimates from [3] are sufficient. Indeed, the W?27-estimates are used just to improve

the convergence from W' to W27 with 4/ < 7.

loc loc
The paper is organized as follows: in the next section we collect some notation and preliminary

results. Then in Section 3 we prove Theorem 1.1, and in Section 4 we prove Theorem 1.2.
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2. NOTATION AND PRELIMINARIES

Given a convex function u : 2 — R, we define its Monge-Ampére measure as
pu(E) = |0u(E)| VE C 2 Borel
(see [7, Theorem 1.1.13]), where
ou(E) := U ou(z).
el
Here Ou(z) is the subdifferential of u at x, and |F'| denotes the Lebesgue measure of a set F. In case

ue obl

loc?

by the Area Formula [5, Paragraph 3.3] the following representation holds:
pu = det D*udx.

The main property of Monge-Ampére measure we are going to use is the following (see [7, Lemma
1.2.2 and Lemma 1.2.3)):
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Proposition 2.1. Let up : 2 — R be a sequence of convex functions converging locally uniformly
to u. Then the associated Monge-Ampére measures fi,, converges to [, in duality with the space of
continuous functions compactly supported in 2. In particular

tu(A) < likrgggf fhuy, (A)

for any open set A C (.

Given a Radon measure v on R™ and a bounded convex domain €2 C R", we say that a convex
function v :  — R is an Alexandrov solution of the Monge-Ampere equation

det D’u=v inQ
if 1, (F) = v(E) for every Borel set £ C Q.

If v: Q — R is a continuous function, we define its convezr envelope inside € as
(2.1) Iy(z) :=sup{l(z) : £ <wvin Q, ¢ affine}.
In case € is a convex domain and v € C?(), it is easily seen that
(2.2) D?v(z) >0 for every x € {fv =T,} NQ
in the sense of symmetric matrices. Moreover the following inequality between measures holds in 2:
(2.3) pr, < det D2’U1{U:Fv} dz,

(here 1 is the characteristic function of a set E).!

We recall that a continuous function v is said to be twice differentiable at x if there exists a (unique)
vector Vu(z) and a (unique) symmetric matrix V2v(zx) such that

1
v(y) = v(@) + Vo(@) - (y = 2) + 5 V(@)ly — 2,y — 2] + o(ly — 2]).
In case v is twice differentiable at some point x¢ € {v = TI',}, then it is immediate to check that

(2.5) V2u(zg) > 0.

By Alexandrov Theorem, any convex function is twice differentiable almost everywhere (see for in-
stance [5, Paragraph 6.4]). In particular, (2.5) holds almost everywhere on {v = I',} whenever v is

ITo see this, let us first recall that by [7, Lemma 6.6.2], if zg € @\ {I'y, = v} and a € 9T'y(x0), then the convex set
{reQ:Ty(x)=a-(z—z0)+Tv(z0)}
is nonempty and contains more than one point. In particular
O, (Q\{Ty =v}) C{p € R" : there exist z,y € Q,  # y and p € Iy (z) Ny (y)}.

This last set is contained in the set of nondifferentiability of the convex conjugate of I',, so it has zero Lebesgue measure
(see [7, Lemma 1.1.12]), hence

(2.4) |OT, (2 \ {Tw = v})| = 0.

Moreover, since v € C*(Q), for any = € {T', = v} N Q it holds T, (x) = {Vv(x)}. Thus, using (2.4) and (2.2), for any
open set A CC 2 we have

pr, (A) = lal"v(Aﬁ {T, = v})‘ = ‘Vv(Aﬂ {T', = v})’

g/ |detD2v|:/ det D%,
An{Ty=v} AN{ly,=v}

as desired. (The inequality above follows from the Area Formula in [5, Paragraph 3.3.2] applied to the C* map Vv.)
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the difference of two convex functions.

Finally we recall that, in case v € VV120C1 , then the pointwise Hessian of v coincides almost everywhere
with its distributional Hessian [5, Sections 6.3 and 6.4]. Since in the sequel we are going to deal with

2,1
W

0. convex functions, we will use D?u to denote both the pointwise and the distributional Hessian.

3. PROOF OF THEOREM 1.1
We are going to use the following result:

Lemma 3.1. Let Q C R™ be a bounded convexr domain, and let u,v : Q — R be two continuous strictly
convex functions such that p, = fdx and p, = gdz, with f,g € LL (). Then

loc
(3.1) pr, ., < (fl/n o gl/")nl{u—uzl‘u_ﬂ} dx.
Proof. In case u,v are of class C? inside €, by (2.2) we have
0 < D*u(z) — D?v(x) for every x € {u —v =T4_,},

so using the monotonicity and the concavity of the function det'/™ on the cone of non-negative sym-
metric matrices we get

0 < det(D*u — D*v) < ((det D2u)1/n — (det D?v) 1/n>n on {u—v="Tyu},

which combined with (2.3) gives the desired result.

Now, for the general case, we consider a sequence of smooth uniformly convex domains ), increasing
to 2, two sequences of smooth functions f; and g, converging respectively to f and ¢ in L%OC(Q), and
we solve

det D?uy, = f in Q det D?v, = gi, in Q
Uk = U * Pk on 0, Vp = U * g on 08,
where py is a smooth sequence of convolution kernels. In this way both uy, and vy are smooth on €, [6,

Theorem 17.23], and [Ju, — ul| o (o) + ||k — V]| Lo () — 0 as k — 00.? Hence, also L'y, —y, converges
locally uniformly to I';,_,,. Moreover, it follows easily from the definition of contact set that

(3.2) lim sup Lug—vp=Tuy 0} < Luv=ry_,}-

k—o0

We now observe that the previous step applied to ui and vy gives

BTy —op, < (( det Dzuk)l/n — (det DQUk)l/n> 1{uk_vk:Fuk7vk} dx,

Thus, letting £ — oo and taking in account Proposition 2.1 and (3.2), we obtain (3.1). O

Proof of Theorem 1.1. The Ll  convergence of u (resp. Vug) to u (resp. Vu) is easy and standard,

loc
so we focus on the convergence of the second derivatives.

2Indeed, first of all it is easy to see that uy (resp. vg) converges uniformly to u (resp. v) both on 9 and in any
compact subdomain of Q. Then, using for instance a contradiction argument, one exploits the convexity of uy (resp. vi)
and Q, and the uniform continuity of u (resp. v), to show that the convergence is actually uniform on the whole Q.
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Without loss of generality we can assume that ' is convex, and that Q' CC Qy (since Q — Q in
the Hausdorff distance, this is always true for k sufficiently large). Fix ¢ € (0,1), let I'y_(1_.y,, be
the convex envelope of u — (1 — €)uy, inside Q' (see (2.1)), and define

p= e e ule) — (1 - Jure) = Tusgroy, ()

Since uy — u locally uniformly, I, _(;_.),, converges uniformly to I, = eu (as u is convex) inside .
Hence, by applying Proposition 2.1 and (3.1) to v and (1 — &)uy, inside €', we get that

e" [ f=pr., ()
Q/

< lilgn inf pp ()

u—(l—e)uy

gnmm{/ (ﬂm-41—@ﬁmy3
nAs

k—oo

We now observe that, since f; converges to f in L (), we have

/Q'mAe <f1/n - (- e)f;/n>n - /Q/mAe )= // )(fl/n —(- g)f’i/n)n —etf

as k — oo. Hence, combining the two estimates above, we immediately get

f <lim inf/ 1,
o k—oo Jornas

— 0

or equivalently
lim sup/ f=0.
k—oo JO\AS
Since f > X inside Q (as a consequence of the fact that fi > A inside ), this gives
(3.3) kli)rgo |\ A5 =0 Ve e (0,1).

We now recall that, by the results in [1, 3, 4, 8], both w and (1 — &)uy, are strictly convex and belong
to W2(Q'). Hence we can apply (2.5) to deduce that

D?u— (1 —¢)D%uj, >0 a.e. on Aj.
In particular, by (3.3),
|\ {D?u> (1 —e)D?u}| -0  as k — oo.
By a similar argument (exchanging the roles of u and uy)
|\ {D%uy, > (1 — )D*u}| — 0 as k — oo.
Hence, if we call By, := {m €Q: (1-¢)D%*up < D*u < %_EDzuk}, it holds

lim [\ Bf|=0  Vee (01).
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Moveover, by (1.2) applied to both uy, and u, we have?

|D?*u — D?uy,| = / |D?u — D?uy| + / |D?u — D?uy|
o NB; O\B;

£
<

o [ 1Dl DR = DP9 B
=

g
< '\ Bi|'*"V7 ).
oS+ B

Hence, letting first k¥ — oo and then sending € — 0, we obtain the desired result. g

4. PROOF OF THEOREM 1.2

In order to prove Theorem 1.2, we will need the following lemma (note that for the next result we
do not need to assume the convexity of the target domain):

Lemma 4.1. Let Q1,0 C R" be two bounded domains, and let fir,gr be a family of probability
densities such that 0 < X\ < fr, gr < A inside Q1 and Qg respectively. Assume that fr — f in L'(Q1)
and g, — g in LY(Q2), and let Ty, : Q1 — Qo (resp. T : Q1 — Q) be the (unique) optimal transport
map for the quadratic cost sending fi onto gx (resp. f onto g). Then

fr /
—
geoTy goT

m Ll (Ql)

Proof. By stability of optimal transport maps (see for instance [9, Corollary 5.23]) and the fact that
fr > A (and so f > X), we know that T — T in measure (with respect to Lebesgue) inside (2.

We claim that go Ty — go T in L'(Q4). Indeed this is obvious if ¢ is uniformly continous (by the
convergence in measure of Ty, to T'). In the general case we choose g, € C(€2) such that ||g—gyl11(0,) <

n and we observe that (recall that fi, f > A, gk, < A, and that by definition of transport maps we
have Ty fr. = g, Ty f = g)

2
/QOTk—gOT|§/ fgnOTk—gnOTPr/ fgnOTk—QOTk’fJF/ |gnOT—9°T’£
Ql Ql Ql )\ Ql )\

gk g
=/ |9n°Tk_gn°T|+/ Ign—glAJr/ Ign—glx
1951 Q2 Q2

A
s/ 900 T — gy 0 T| +25 1.
951

Thus

A
limsup/ lgoT, —goT| <2—n,
o A

k—oo

and the claim follows by the arbitrariness of 7.

31f instead of (1.2) we only had uniform Llog L a-priori estimates, in place of Holder inequality we could apply the
elementary inequality ¢ < dtlog(2 + t) + €'/ with t = |D?*u — D?uy| inside Q' \ B, and we would let first k — oo and
then send 9, — 0.
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Since

k
/ngoTk—goTlé/ ngoTk—goTkIJj\Jr/ lgo Ty —goT|
(951 (951 951

gk
—/ ‘gk_9’>\+/ lgo Ty —goT)|
QQ Q1

A
< |rgk—g||L1<92>+/ goTh—goTl,

Q

from the claim above we immediately deduce that also g, o T, — go T in L'().
Finally, since g, g > A and f <A,
w7
Q1

/ fe f ‘</
o lgkoTy goT| ™ Jo,

1
< Xka = fllzyn + A/Q

1 1
ggoTy goT

e —f

gk o Ty,

lgg o T, — g o T|

geoTpgoT

1

A

1 A
< e = fllizvon + 53 llgr 0 Te = g 0 Tll 1),
from which the desired result follows. O

Proof of Theorem 1.2. Since T} are uniformly bounded in W17 (Q}) for any Q) CC €, it suffices to
prove that Ty, — T in I/Vlicl(Ql)

Fix zp € Q; and r > 0 such that B,(xg) C Q1. By compactness, it suffices to show that there is an
open neighborhood Uy, of z¢ such that U,, C B,(xo) and

/ T = T| + |VT) — VT| = 0.

0

It is well-known [2] that T} (resp. T') can be written as Vuy (resp. Vu) for some strictly convex
function uy : By(x0) — R (resp. u : By(z9) — R). Moreveor, up to subtract a constant to uj (which
will not change the transport map Tj), one may assume that ug(zo) = u(xg) for all k € N.

Since the functions T, = Vuy are bounded (as they take values in the bounded set €29), by classical
stability of optimal maps (see for instance [9, Corollary 5.23]) we get that Vu, — Vu in L}, (B, (o))
(Actually, if one uses [2], Vuy are locally uniformly Hélder maps, so they converge locally uniformly
to Vu.) Hence, to conclude the proof we only need to prove the convergence of D?uy, to D?u in a
neighborhood of x.

To this aim, we observe that, by strict convexity of u, we can find a linear function ¢(z) =a-z+b
such that the open convex set Z := {z : u(z) < u(zo)+ £(z)} is non-empty and compactly supported
inside B, /2(wo). Hence, by the uniform convergence of uy, to u (which follows from the Lll0 . convergence
of the gradients, the convexity of u; and u, and the fact that ug(xg) = u(xo)), and the fact that Vu
is transversal to £ on 0Z, we get that Zy := {z : ug(2) < ug(zo) + £(z)} are non-empty convex sets
which converge in the Hausdorff distance to Z.

Moreover, by [2] the maps vy, := up — ¢ solve in the Alexandrov sense

gkoTk

det D%vy, = L in Zj,
v =0 on 07,
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(here we used that the Monge-Ampere measures associated to vy and uy are the same). Therefore,
thanks to Lemma 4.1, we can apply Theorem 1.1 to deduce that D?uj, — D?u in any relatively
compact subset of Z, which concludes the proof. O
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