SHARP GRADIENT STABILITY FOR THE SOBOLEV INEQUALITY

ALESSIO FIGALLI, YI RU-YA ZHANG

ABSTRACT. We prove a sharp quantitative version of the p-Sobolev inequality for any 1 < p < n, with
a control on the strongest possible distance from the class of optimal functions. Surprisingly, the sharp
exponent is constant for p < 2, while it depends on p for p > 2.

1. INTRODUCTION

Motivated by important applications to problems in the calculus of variations and evolution PDEs,
recently, there has been a growing interest in understanding quantitative stability for functional and
geometric inequalities. For instance, there have been several works investigating the stability of Sobolev
and Sobolev-type inequalities [3, 2, 9, 29, 10, 31, 8, 25, 37, 6, 26, 35, 36|, isoperimetric inequalities
[30, 24, 11, 22, 27], and the Brunn-Minkowski inequality [23, 18, 19, 32, 33], with a variety of applications
[20, 7, 12, 14, 21, 15]. The interested reader may also look at [17, 28, 4] for further bibliography, also
related to the stability of other inequalities.

Following this line of research, in this paper we shall investigate the stability of minimizers to the
classical Sobolev inequality.

1.1. The Sobolev inequality. The question of quantitative stability for the Sobolev inequality was
first raised by Brezis and Lieb [5]. Before describing the problem and the state of the art, we first
introduce some useful definitions. ‘

Given n > 2 and 1 < p < n, denote by WHP(R") the closure of C2°(R"™) with respect to the norm

1
p
lalhirgeny = ([ 1D )"

The Sobolev inequality guarantees the existence of a positive constant S = S(n,p) such that
[ Dul|pogny = Sllull Lo @ny,

where p* = %. We call the largest constant S satisfying this property the optimal Sobolev constant.
Let M be the (n + 2)-dimensional manifold of all functions of the form

a

Vab,ao (T) = —,  a€R\{0},b>0 20 €R".
(1+ bl — wol"7) 7

As shown in [1, 39, 13], M coincides with the space of all weak solutions to the equation
—p* *_2 .
—Apv = SpHvHipf(Rn)]v]p v in R" (1.1)
that do not change sign. Here, S is the optimal Sobolev constant and
—~ Ay = div(|Dv[P~2Dv).
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It is also proven that M coincides with the set of all the extremal functions in the Sobolev inequality;
in particular,
Dol r@ny = Sllvll Lo gny Vv €M

1.2. The stability question: the generalized Brezis-Lieb’s problem. To formulate our stability
problem, we introduce the notion of p-Sobolev deficit:
Du n .
§(u) = 1Dullrny gy, WP (R™), (1.2)
Hu”LP*(R”)
Note that 6 > 0, and it vanishes only on M.

In [5], Brezis and Lieb asked whether, for p = 2, the deficit can be estimated from below by some
appropriate distance between u and M, together with a suitable decay. This problem was settled few
years later by Bianchi and Egnell [3]: they showed the existence of a constant ¢ = ¢(n) > 0 such that

<”D'LL — DUHLQ(R")

0(u) > c inf
@ [ Dull 2 mmy

veEM

2
) Yu e WH2(RM).

This estimate is optimal both in terms of the strength of the distance from M, and in terms of the
exponent 2 appearing in the right hand side.

After this work, it became immediately of interest understanding whether Brezis-Lieb’s question
could be solved also for general values of p. Unfortunately, Bianchi-Egnell’s method heavily depended
on the Hilbert structure of W1 2(R"), so new ideas and techniques were needed.

Almost 20 years later, in [10], Cianchi, Fusco, Maggi, and Pratelli proved a stability version for every
p € (1,n) with distance given by

U — V|| 7p* rny \ & .
inf (HHL”(R)> Vu e WHP(RM), (1.3)
veM | [lul| o gy

together with the explicit decay exponent o = Qoppp 1= {p* (3 +4p — 3””——"1)] 2. Although most likely
the result was not sharp, this was the first stability result valid for the full range of p. In addition, their
proof introduced in this problem a beautiful combination of techniques coming from symmetrization
theory and optimal transport.

These technique were further developed by Figalli, Maggi, and Pratelli in [25] to provide a sharp
stability result —both in terms of the notion of distance and of the decay exponent— in the special
case p = 1 (for this case, see also the earlier results [9, 28, 29]).

Still, until few years ago, it remained a major open problem whether the p-Sobolev deficit could
control the closeness to M at the level of the gradients (i.e., the strongest distance that one may hope
to control with §(u)), as in the case of Bianchi and Egnell.

A first answer to this question was given by Figalli and Neumayer in [26] in the case p > 2, where
they developed in W'?(R") a suitable analogue of the strategy in [3] to prove the existence of a constant
¢ = ¢(n,p) > 0 such that

5(u) > ¢ inf <

Vu e WHP(RM), (1.4)
vEM

|D(u — U)||Lp(Rn)>°‘
[ Dull Lprny
where o = paryr With ery» as above. The appearance of the exponent ag ., comes from the fact
that, in one of the steps in the proof, the authors need to rely on the result in [10].
Very recently, in [36], Neumayer extended (1.4) to the full range 1 < p < n. While her proof is much
simpler than the one in [26], it relies heavily on the result in [10] and her strategy cannot give the sharp
exponent in (1.4), even if one could prove (1.3) with a sharp exponent. In particular, her approach

provides the same exponent as the one in [26] when p > 2, while it gives (1.4) with & = £~y when

p—1
p € (1,2).
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Despite all these developments, the stability exponent appearing in all these previous results was far
from optimal. The aim of this paper is to give a final answer to this problem by proving (1.4) for all
1 < p < n with a sharp exponent.

Here is our theorem:

Theorem 1.1. Let 1 < p < n, and define 6(-) as in (1.2). There exists a constant ¢ = ¢(n,p) > 0
such that (1.4) holds with o = max{2, p}.

Remark 1.2. The decay exponent a@ = max{2, p} is sharp, as we now explain.
Fix v = vy,1,0 € M and consider first u; := v(A;x), where A; € R"*" denotes the diagonal matrix

1
Ai:diag<1,...,1,1+,>.
i

It is not difficult to check that J(u;) behaves as i~2, while the right hand side of (1.4) behaves as i~,
hence (1.4) cannot hold with a < 2.

On the other hand, fix ¢ € C2°(B;) a nontrivial function, and consider now @; := v + ¢(x; + -), where
x; € R™ is a sequence of points converging towards co. One can check that

D%l 75 ny = 1DV oy + 1PN oy + 70
and
14185y = N0l gy 1218 gy + i

with [ri1| + |ri2] < C(v(a;) + [Dv(x;)]) < Co(z;) — 0 as i — co. Hence, choosing a sequence €; — 0
such that v(x;) < €; < 1, the functions @; := v + €;p(x; + -) satisfy

”‘DUZHLP Rn - HDUHIZP(RTL +€pHD(p”Lp Rn +0(6€)
and
167 e gy = 1012 e oy + € 2 (Rn)+o<e%” ).

Thanks to these facts, one easily deduces that 6(d;) behaves as €/, while the right hand side of (1.4)
behaves as €. Thus (1.4) cannot hold with a < p.

1.3. Strategy of the proof. As in [26], the beginning of the proof follows [3].

More precisely, given u close to M, one chooses v € M close to u and set ¢ : m and
€ := ||[Vu — V| p(rn), so that u can be written as v + ep. Then one expands §(u) in ¢, and aims to

use this expansion to control Vi in LP.
When p = 2, as shown in [3], the expansion of §(u) gives

3(v + ep) = €Qu[p] + o(*| Dl 2 (),
where Q,[-] is a quadratic form depending on v. In addition, if ¢ is orthogonal to T, M in the weighted
space L%(R";v% ~2), spectral analysis shows that Q,[p] controls ||D90||%2 from above, thus
3(v+ep) > ce’|| Do 2o gany + o(€* Dol|72(m))-
Hence the result follows for ¢ < 1, provided orthogonality can be ensured. In the case p = 2, this can
be easily guaranteed by choosing v which minimizes
M3 v [[Vu— Vol 2@y,
completing the proof.

For p > 2, in [26] the authors tried to mimic the strategy of [3]. More precisely, the expansion of
0(u) gives
(v + ep) = €Qule] + o(*[ D1 Fo(ren))
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where @[] is a quadratic form depending on v and p. Again, if ¢ is orthogonal to T, M in the weighted
space L?(R"™;vP"~2), spectral analysis shows that @, [¢] controls the weighted norm || Dy||2, (Rn:| Dofp-2)
from above, thus
o(v+ep) > C€2HDSO||%2(RH;|DU|17—2) + 0(62“D<P”%Z)(Rn))‘

Unfortunately, now this argument is not sufficient, since for p > 2 the LP norm of Dy may not be
controllable by its weighted L? norm. Furthermore, finding the correct orthogonality condition in this
non-Hilbertian context requires new ideas. All this creates a series of challenges that were overcome in
[26] by relying also on the LP" stability result of [10], as explained in detail in [26, Section 2].

In this paper, to handle the general case 1 < p < n and prove a stability estimate with sharp exponent,
we need to face several new difficulties. The idea is again to expand the deficit §(v + ep). However, the
argument in [26] shows that, for p # 2, a standard Taylor expansion creates error terms that cannot
be controlled. Even worse, a second order expansion of the deficit naturally leads to a quadratic form
consisting of a weighted W12 and a weighted L? norm. However, when p < 2, the WP norm is weaker
than any weighted W12 norm, so we cannot expand the deficit at order 2 (this was the main reason
why [26] could only deal with the case p > 2). In addition, when p < =% (equivalently p* < 2), the

LP" norm is not sufficient to control any weighted L? norms, and this creates even further challenges.
For all these reasons, our arguments are different in the three regimes p € (1 2), and
p E [2,n).

To briefly explain the main ideas in the proof, let us focus on the case p € (1, nQ—f:Z} (note that this
set is nonempty only for n > 3). As mentioned above, a first problem consists in understanding how
to expand the deficit. With no loss of generality, we can assume that v > 0.

Our first new tool is provided by the following inequalities: for any x > 0 there exists C; > 0 such
that, for e sufficiently small,

7n2+2] pE (n+2’

||Dv—|—eDcp||Lp(Rn _/ ]Dv|1’dx+ep/ |Dv|P~2Dv - Do da:
R™ R™
2p(1 — Du| — |Dv|\?
+ € p(2 ’%) (/ |D’U|p_2‘D(,0|2+ (p_ 2)|wp—2( u| | U‘) d$>
Rn €

p p
”'U + 6(lOHLP* (Rn) S HUHLP* (Rn)

" o (PP —1) | pr (v+ Cilep)? |
+|]v||Lp (&) <ep/an pdr+e€ <2 + p S el lp|*dx |,

where w = w(Dwv, Du) is obtained by taking a suitable combination of Dv and Du (depending on their
respective sizes) as in Lemma 2.1.
Combining these inequalities and using (1.1), one gets

Ctm ot = LA [ ppipgpt 22 (P72 o)

2
2 —p* p(p*—1)  pr (v+ Cileg))”" |
— € Hv”ipf(ﬂ{n)sp <2 + p*) /n ’1}27—{— |6%p’2 |S0| d$7 (15)

so the result would be proved if we could show that, under some suitable orthogonality relation between

21;? ’?Rf;p} for ¢ <« 1. Unfortunately this is false for

and

v and ¢, the right hand side above controls |[eDy||
p < 2, since

& Dul2|Dg” + (p — 2)[wP2(|Dul - [Dv])* ~ e Dol |Dg|  for |Dv| < €[ Dy
(cp. (2.2)), and in general this weighted W' norm of ¢ is not enough to control the last term in (1.5).
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Hence, our second goal consists in showing that we can improve the expansion of ||Dv + eDol[}, (R")

(see Lemma 2.1), so that we can add the extra term
co/ min{e’| D[P, €| Dv[P~?|Dy|*} dx (1.6)
R’ﬂ

to the right hand side of (1.5). With this extra term at our disposal, we now want to use the right

hand side of (1.5) to control HeDcszf(Xﬂg’)p}.

The main idea behind the proof of this fact consists of two steps:

(a) show that the result is true if one replaces the two integrands in the right hand side of (1.5) by
their limit as ¢ — 0;
(b) prove that the result holds also for e sufficiently small.

The argument for Step (a) is relatively standard (although delicate), and it boils down to proving
a compact embedding and performing a Sturm-Liouville analysis with singular weights, see Proposi-
tions 3.2 and 3.6 and Appendix B.

On the other hand, Step (b) turns out to be highly challenging. A key difficulty comes from the fact
that the integrand appearing in the last term of (1.5) behaves like vP" ~2|p|? when |p| < £, and like
e?"~2|p|P" otherwise. Analogously, the integrand inside the extra term (1.6) behaves like €2| Dv|P~2|D¢|?
when |Dy| < \Liv\’ and like €?| Dp|P otherwise. These substantial changes of behavior, and the fact that
a change in size of the gradients does not necessarily correspond to a change in size of the functions,
make the proofs of several estimates (in particular the ones in Lemma 3.4 and Proposition 3.8) very
involved.

Finally, once all these difficulties have been solved, in Section 4 we introduce a new minimization
principle to select v so to guarantee orthogonality and conclude the proof.

1.4. Structure of the paper. In Section 2, we prove a series of new vectorial inequalities that play
a crucial role in the expansion of the deficit. In Section 3, we prove the compactness and spectral gaps
estimates required for the proof of Theorem 1.1, which is then postponed to Section 4. Finally, we
collect some technical estimates in two appendices.

Notation. In our estimates we often write positive constants as C(-) and ¢(-), with the parentheses
including all the parameters on which the constant depends. Usually we use C to denote a constant
larger than 1, and ¢ for a constant less than 1. We simply write C' or ¢ if the constant is absolute. The
constant C'(-) may vary between appearances, even within a chain of inequalities. The notation a ~ b

indicates that both inequalities a < Cb and b < Ca hold. We denote the closure of a set A C R™ by A.
Finally, the Euclidean ball centered at x with radius r is denoted by B(x,r).

Acknowledgments. The second author would like to thank Herbert Koch for several discussions about
this problem during his stay at the Hausdorff Center for Mathematics in Bonn. Both authors are
grateful to Federico Glaudo and Robin Neumayer for useful comments on a preliminary version of this
manuscript. Both authors are supported by the European Research Council under the Grant Agreement
No. 721675 “Regularity and Stability in Partial Differential Equations (RSPDE).”

2. SHARP VECTOR INEQUALITIES IN EUCLIDEAN SPACES

We start with the following sharp inequalities on vectors, which improve the ones in [26, Section 3.2].
The basic idea behind these inequalities is the following: to apply the strategy described in Section 1.3,
for fixed € R™ we would like to find a non-negative quadratic expression in y that controls |z + y|P —
|z|P + p|z|P~2z - y from below, and that for |y| < 1 behaves like the Hessian of z + |z|P at x (this is
needed in order to exploit later Proposition 3.6). Unfortunately this is impossible, so we introduce a
weight |w| = |w(x,z+y)| that depends on the sizes of |z| and |z + y| and modulates the quadratic-type
expression appearing in the right hand side of our estimates. Analogously, in Lemma 2.4(i) we need to
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consider a weighted expression in front of |b|? in order to obtain a sufficiently precise expansion. We
note that, as explained in Section 1.3, the extra term (the one multiplied by ¢g) appearing in Lemma 2.1
will be crucial to prove our main theorem.

Lemma 2.1. Let x,y € R™. Then, for any k > 0, there exists a constant co = co(p, k) > 0 such that
the following holds:
(i) For 1 <p <2,

_ 11—k _ _ 2
|z 4+ yP > |zP + plzP~ 2z -y + — (p\:ﬂlp ly)* + p(p — 2)|wlP* (|| — |z + y|) )

+ comin {|y[?, |z[P~2[y[?},

where
1

|z+y| p—2 :
w=w(r,r+y): = ((2—p>|x+y|+<p—1>\:v|) w df o] <fr+y|
z if lv+y| < |z|

(ii) For p > 2,1

_ -k - - 2
4yl = Jol? + plal 2oy + — (Pl 2y + p(p = 2) w2 (o] = o +y))*) + colyl,

where
x if 2| < |z +y|
1

w=w(z,z +y) = (p:\-;'m)ﬁ(ﬁy) if o +y <z

Remark 2.2. Note that the constant ¢y appearing in the statement above is said to depend on p and
K, but not on the dimension n. The reason is that, to prove the inequality, one can always restrict to
the 2-dimensional plane generated by x and y, therefore the dimension n of the ambient space plays no
role.

Remark 2.3. One may be tempted to define directly the weight @ := |w|P~2 with w as above, and then
use W in place of |w[P~2 everywhere. However our notation has the advantage that w — x as y — 0.
Not only this emphasizes better the similarities with a Taylor expansion, but it will also be convenient
in the proof of Proposition 3.8.

Proof. We split the proof in several steps.

e Proof of (i): the case 1 < p < 2. By approximation we can assume that |z| # 0.

- Step (i)-1: we show that

1 1 _ 1 _ 2
o+ ylP > (1 - 2p> o + Sple P2 le + y* + Sp(p = 2wl (o] |2+ y])" (2.1)

To prove this, we set z = x + y and distinguish two cases.

In the case |z| < |z| we set ¢ := % Then (2.1) is equivalent to proving that

1 1 1
h(t) :=t° — <1 - 2p> - Eth - Qp(p— 2)(1 —t)? >0, Vo<t<l

For this, it suffices to notice that h(1) = h'(1) = 0, and that
WA)=p((p-1DP2-1+(2-p)) >0 VOo<t<l1
as 1 < p < 2. So (2.1) holds for |z| < |z|.

ISince for p = 2 the coefficient p(p — 2) vanishes, the exact definition of w is irrelevant in this case.
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On the other hand, in the case |z| > |z| we set t := % and we claim that
h(t) :=1-— <1—1p> tp—lptp_2—lp(p—2) ! P2t —1)2>0 VOo<t<Ll
2 2 2 2-p)+@-1t - -

Since h(1) =0 and
W) =gplp —2) [P 70 1201~ )22~ p) + (p— D]

H2 =) (=122 = p) + (- DT+ (0= DI - 1)*[(2 - p) + (p— DI 7]

5 SRR B 2t p—2)1-t) (-1t -1)

=5p(p = 2)(t = 1)* [Hl C Pt 2-p+tm_Di (2—p)+m_1)02
1 tr—2 1

=T TV I g S0 oSSt

we deduce that h(t) > h(1) = 0, concluding the proof of (2.1).
- Step (i)-2: we prove that, for any x # 0, the function
_ - 2
G(x,y) = plalP2y* +p(p — 2)JwlP>(jz| - |z +y])

satisfies the lower bound

T _
G(z,y) > c(p) ‘x||+| m |x|P 2]y|2, for some c(p) > 0. (2.2)

Indeed, when |z 4 y| < |z|, by the triangle inequality and the fact that 1 < p < 2 we get

_ 2 _ _
Ga,y) =l Iy = 2 = p) (2l = |+ 91)*) = plal=2(Jyl2 = 2 = p)Iy?) = p(p — Dlal 2y,
which implies (2.2). On the other hand, when |z + y| > |z| > 0 we have
_ |z + y| —2
wP™? = z|P=.
R e RV
Therefore, using again the triangle inequality we obtain
G(z,y) = p (|~ ly1* + (p — 2)|w P2 |y]?)
(p— 1)|=|
2-plz+yl+ -1

_ _ p—1)|x
— plafP2ly? > a2y (p— Dzl

2—p)lyl+ |z’
and (2.2) follows.
- Step (i)-3: conclusion. As a consequence of (2.2), we know that G(z,y) > 0 and it vanishes only if

y = 0 (by assumption x # 0). Thanks to this fact and recalling (2.1), we get the following: for any
k> 0 and x # 0, the inequality
1—k

_ — 2
5 (PlaP 2y + p(p — 2wl 2(2] — |z +])*)

holds, and equality is attained if and only if y = 0.
We now prove the inequality in the statement of the lemma by contradiction: If the inequality is
false, there exist sequences x; and y; such that

2+ y[P > |z’ + plafP Pz -y +

_ 11—k _ _ 2
i + yilP < |ail? + plag]P Qxi-yﬁT (plxi\p 2lyil* 4+ p(p — 2)|wil P72 (J&i| — |i + wil) )

1 -
+;m1n{|yi|p, |i|” Q\yi‘2}7 (2.3)
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where w; corresponds to z; and x; + y;. By homogeneity (rescaling both z; and y; by the same factor
ﬁ) we may assume that |z;| = 1, and up to passing to a subsequence we can assume that z; — Z as
1 — 00.

Note that, when |y;| is large enough, the left hand side in (2.3) behaves like |y;|P while the right hand
side is bounded by C(p)|yi| + %|y:[P. This implies that the sequence y; is uniformly bounded, and up
to a subsequence y; converges to y. Hence, taking the limit in (2.3) we deduce that

o _ S L A 21 1= —\2
2+ 9 < |l + plal 2 5+~ (pla 25 + pp - 2) [P (|| - |2 +51)°) .
which is possible only if § = 0. This means that y; — 0. However, for |z| = 1 and |y| < 1, it follows
from a Taylor expansion that
_ 11—k _ _ 2 K
24yl = (2P + plel 22y + 7 (plal 2yl + pp — Dl (|a] — |2 +y)) )] > Syl

which is incompatible with (2.3) when ¢ > 1. This leads to a contradiction and proves the lemma for
1l<p<?

e Proof of (ii): the case p > 2. By approximation we can assume that |z + y| # 0 and |x| # 0.
- Step (ii)-1: we show that

_ 1 _ _ 2
2+ ylP 2 fal? + plalP 2wy + 5 (el 2l + 0o = DlwP 2 (lal — e +4))?) . (24)
Setting z = x + y, this is equivalent to proving that
1 1 _ 1 _ 2
o2 (1= 50 bl o+ golel? 21+ + 5000~ 2ol (el = 121)”.
Set f(z) := |z|P and

1 1 _ 1 _ 2
o) = (1= 30 ) ol + GoleP 212 + 5olo ~ Dl (i - |21)”.

In the case |z| > |z| we note that f = g and Df = Dg on 0B(0, |z|). Also,

z oz z oz
D*f(2) - =pe = VP2 > plp = D]alP> = D?g(2) - = V2| > Ja.
2| 2] 2| 2]
Hence, integrating the Hessian of f — g along the segment [%z,z], we obtain that f(z) > g(z) for
2] = [z
On the other hand, in the case |z| < |z|, our aim is to prove that

1 1 1
22 (1= 50 ) lab + golel?21eP + 5000 = 2 a1l - 1)
Setting t := %, this is equivalent to saying that
1 1 1 t—1)>2
h(t) :==1— <1—2p> tr — 2ptp2—2p(p—2)( - ) >0  vt>1.

Since p > 2, a direct computation shows that, for ¢ > 1,

)=~ (1= 50) o = 3000202 o~ D7 e - 1)+ ol — 20t e~ 1

=p(p—2) [P =73 =27t — 1) + 2 (¢t — 1)?]
pp =2 [P ) =2 (- )] = gplp—2)

= = —1)(t+1) >0.

N~ N~
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This implies that h(t) > h(1) = 0 for ¢ > 1, concluding the proof of (2.4).
- Step (ii)-2: conclusion. Thanks to Step (ii)-1 we deduce that, for any x > 0 and x # 0, the inequality

1 _ 2
@+ yl? = Jal? + plo 22 -y + — (plalP 2yl + p(p — 2w (2| - |2+ y))*)
becomes an equality if and only if y = 0 (note that, since p > 2, the last term above is trivially positive

for y # 0). So, if the statement of the lemma does not hold, we can find sequences x; and y; such that

_ 1—k _ _ 2 1
|25+ Yl < |wfP + pla P2 -y + 5 (p|33z'|p 2lyil® + p(p — 2)|wil P72 (|| — |ai + i) ) + ;|yz‘|p,

where w; corresponds to z; and x; + y;. As before, by homogeneity we may assume that |z;| = 1, and
that ; — = as ¢ — oo. Also, for |y;| > 1, the left hand side above behaves like |y;|P while the right

hand side is bounded by (1 — n)@]yﬁ + 2|y;|P. Hence, since £ > 0 and p > 2, we deduce that
cannot go to oo. This implies that y; are uniformly bounded, and as in the previous case we deduce
that the only possibility is that y; — 0. However, since

_ 1—-k _ _ 2 K
24y = (2P + plel 22y + = (plal 2yl + pp — D2 (|a] - o+ y)) )] Il
for |x| =1 and |y| < 1, this leads to a contradiction when 7 is sufficiently large. O

We end this section with the following simple lemma.

Lemma 2.4. (i) Let 1 < p < =&, For any k > 0 there exists C1 = C1(p*, k) > 0 such that, for every
a,b € R with a # 0, we have
. ' . (- 1) (lal + Ca b))
pIP" < P | |pF—2 b p (p b2.
a0 < o+ plap2a+ (P ) DL

(ii) Let % < p<mn. For any k > 0 there exists C; = C1(p*, k) > 0 such that, for every a,b € R with
a # 0, we have

la+bP" <

* * * * —]_ * *
+ p*lafP" 2ab + (p(p) —l-fi) lal?”" 26> 4 C1|b]P".

2

Proof. Note that (ii) follows from [26, Lemma 3.2], so we only need to show (i). Observe that in this
case p* < 2.

Setting t := 2, our statement is equivalent to proving that
: Pt —1) L+ Cafth?” s
14+t —1—p"t— t° <0 2.5
Lt pro- (P ) G B e < (25)

for any t € R and some C; > 0.
First of all, by a Taylor expansion,

p*(p* —1)

5 It1? + o(|t|*) V|t < 1.

1 +tP" =14 p't+

1
Also, by the concavity of ¢ — t»* we have

1
P

1+—|75|2 (1+[t]*)» VIt < 1.

Therefore there exists tg = to(p*) > 0 small such that, for any C; > 1%’

. . p*(p* —1 1+ Cy|t)h)?”
L+t —1—pt< <(2)+/<c> (1+]t’]2|)|t|2 Yt € [—to, to).
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On the other hand, for |t| > tp we can rewrite (2.5) as
1

T4+t —1—pt\ "
(14 o2y Lt DIV gt <en (2.6
<p*(p;‘fl) 1 /1) 1t[2

Since the left-hand side of (2.6) is bounded as |t| — 400, the existence of a constant C; < +oo such
that (2.6) holds on R\ (—t¢, o) follows by compactness. O

3. SPECTRAL GAPS

Let v = vg 2, € M. The goal of this section is to study some embedding/compacteness theorems
and spectral gaps for weighted Sobolev/Orlicz-type spaces, where the weights depend on v. Throughout
this section we assume that ag > 0, b = 1, and ¢ = 0, that is

ao
,U(x) = n—p °

(1425 T) 7

Also, we assume that ag > 0 is such that 1 < [|v][ - < 2.
Given 2 C R™, ¢ > 1, and a non-negative locally integrable function gy : R® — R, we define the
Banach space L(£; gg) as the space of measurable functions ¢ : Q — R whose norm

1
q
el Lago; go) = (/ﬂ ¢l go(x) dw)

(R™\ {0}) non-negative, we denote by C!;(R") the space of compactly

is finite. Also, given g1 € Li..

supported functions of class C'! that are constant in a neighborhood of the origin, and we define
WL4(R™; g1) as the closure of Ccl’o(]R") with respect to the norm

1
q
Iellinagensgn = ( [ 1061710 o)

Remark 3.1. It is important for us to consider weights that are not necessarily integrable at the origin,
~2

since |Dv[P~2 ~ |gc]£f1 ¢ LY(By) for p < Z—ﬁ This is why, when defining weighted Sobolev spaces, we

consider the space Ccl,o (R™), so that gradients vanish near 0. Of course, replacing C}(R") by C’C{O(R”)

n+2

plays no role in the case p > 777.

3.1. Compact embedding. The following embedding theorem generalizes [26, Corollary 6.2].
Proposition 3.2. Let 1 < p < n. The space W'2(R"™; | Dv|P~2) compactly embeds into L*(R™;vP"~2).
To prove this result, we first show an intermediate estimate that will be useful also later.

Lemma 3.3. Let 1 < p <n, and ¢ € WH2(R™; |Dv[P~2) N L2(R™;v""~2). Then

[ o et de < Clup) [ Do D da, (3.1)
n Rn
Also, there ezists 9 = ¥(n,p) > 0 such that, for any p € (0, 1), we have
[ s < Clupy” [ |DepiDgf do (32)
B(0,p) Rn

and
/ I C(”’p;/ |Du|P~2|Dy|? da. (3.3)
R™\B(0,p-1) |log p|* Jgn
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Proof. To prove (3.1), we can assume by approximation that ¢ € C’lo(R”) (see Remark 3.1).
We note that, thanks to Fubini’s theorem and using polar coordinates,

/ vP "2 p|? dx < C(n, p) / 1+7“Pp1)
n Sn— 1
p n(p—2)_2 o0
np/ / Y 4re-1)" / lo(t0)|| D (t0)| dt dr do
Sn— 1
1 n(p—2)
np/ / /|<pt9 [|Dp(t8)|r"~ (1+7“P )"
Sn— 1

n(p
C(n,p / / o(t0)|| D (t0) ¢ (1 + t7-1) "5 2 dt d.
Sn— 1

Thus, by Cauchy-Schwarz inequality we get

0o 1/2
* 777’( _2)7
/vp2!¢l2d:c§0(n,p)</ / D (t0) 4" (1 + ¢771) 5 2dtd0> :
R” sn=1.Jo

> 1/2
n(p—2)
. </S 1/ tn—l(l"_tﬁ)_%—Q“o(te)‘Q dtd9> ’

and since the last term in the right hand side coincides with [|¢[|p2gn,p-2) (up to a multiplicative

n(p—2)

“2|o(r0)|? dr do

2 drdtdf

constant), we conclude that

* o p_n(p=2)_
/ o 2 deC(n,p)/ / yDgo(tH)\Qt"“(lthpfl) T2 a4t de
R Sn—l 0

o (3.4)

< Cn,p) / Do(@) Pla2(1 + 2] 721) 5 2 da
R’I’L

‘We now observe that

1
j2|* ~ 2|7 T | Do < C(n,p) |DvP™  when |z] € (0,1],
and
n(p—2)
221+ J2771) "7 2~ |2 5T [ DoP2 < C(n,p) [DolP™> when 2] € (1, 00),

o (3.1) follows from (3.4).

To prove (3.2), we apply (3.1) and the Sobolev inequality with radial weights (see e.g. [34, Section
2.1]). More precisely, since |Dv|P=2 > ¢(n, p)|x| inside B(0, 1),

/ Do 2Dyl dz > e(n, p) / (" 2|l + | DoP-2| D l?) da
R R

) | (!w\2+\wHDw\2)dﬂc2</ \sorqu),
B(0,1) B(0,1)

) )

where ¢ = q(n) > 2. Thus, by Hélder inequality, for any p € (0,1) we get

/ 0P 2o da < C(n,p)/ o da
B(0,p) B(0,p)

2
2 q 2
< Cln,p)p"(70) ( /B . )rsorzdw)q < Cln,p)p"(70) /R DolP2| Dl de,
5P "

as desired.
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To prove (3.3), we define

0 for |z| < p~1/2
1 —|1 — —
Xp(x) = % forp 1/2§|x‘§p 1
for p1 < [z

and we apply (3.4) to the function ¢, := x,¢:

* * _pP _n( 72>_
/ o 2| dy < / o2, Pz < C(n,p)/ 921+ |275) 522 Do 2 da
R\ B(0,p-1) Rn Rn

_n(p—2)

< C(n,p) / 2 P(1+ [2)7T) 22 Dl da
Rn

_p__np=2)_
+ Cn,p) / 2P+ |27) 52 Dy, 20 da
Rn

n(p

—2)
< C(n.p) / 2?1+ o))" 2 Dl da
R7\B(0,p~1/2)

_n(p=2) _9
P

4 C(n, p)|log |2 / (1 + [2]757) 2 du

B(0,p~1)\B(0,p71/2)

<Cupp™ [ |DuP~2|Dgf? d
R\ B(0,p~1)

+ C(n,p)|log p| > / v[P" 2 da
B(0,p~1)\B(0,p~1/2)

< Clnp)liog i [ 1DuP 2Dyl o
where the last inequality follows from (3.1). O

Proof of Proposition 3.2. Let ¢; be a sequence of functions in W12(R"; | Dv|P~2) with uniformly bounded
norm. It follows by (3.1) that their L?(R™; vP"~2) norm is uniformly bounded as well.

Since both | Dv[P~2 and vP =2 are locally bounded away from zero and infinity in R\ {0}, by Rellich-
Kondrachov Theorem and a diagonal argument we deduce that, up to a subsequence, ; converges to
some function ¢ both weakly in W12(R™; | Dv|P~2)NL*(R"; vP"~2) and strongly in L2 _(R™\ {0}; v?"~2).

Also, (3.2) and (3.3) imply that, for any p € (0,1),

/ WP 2| dw < C(n,p)p”, / 0P 2| dw < C(n’pg-
R™\ B(0,p) R"\B(0,p—1) | log pl

We conclude the proof considering the compact set K, := B(0,p~1) \ B(0, p) and applying the strong
convergence of ¢; inside K, together with the arbitrariness of p (that can be chosen arbitrarily small).

O
As we shall see, the previous result allows us to deal with the case p > n2—]:2 However, when
1<p< f—fz, we will need a much more delicate compactness result that we now present.
Lemma 3.4. Let 1 <p < f—fz, and let ¢; be a sequence of functions in Wl’p(R") satisfying
—2
[ (el + alD6i) D6 do < 1. (3.5)
Rn

where ¢; € (0,1) is a sequence of positive numbers converging to 0. Then, up to a subsequence, ¢;
converges weakly in WHP(R™) to some function ¢ € WIP(R?)NL%(R";vP ~2). Also, given any constant
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C1 > 0 it holds®

(v+ Clﬁi@')p* 2 / *_92 .12 .
|| dx — P d — 0. 3.6
/n A [ R i o (3.6)

Proof. Up to replacing ¢; by |¢;|, we can assume that ¢; > 0. Note that p < p* < 2 under our
assumption.
Observe that, by Holder inequality,

P y

3 -5
/ |D¢i]pdx§</ (|Dv|—|—ei]ngi\)p2|D¢,;]2d:v> </ (‘DU’-FEi‘D@'Dpdx)
R~ Rn R~

-
<) [ (Dol +alpaly Dok i) (1+d [ popa)

that combined with (3.5) gives

([ 1paprae)” < cup [ (Dul+els)” D6 de < Ol (3.7)
R~ Rn

Thus, up to a subsequence, ¢; converges weakly in lep(]R") and also a.e. to some function ¢ €
WLP(R™). Hence, to conclude the proof, we need to show that ¢ € L?(R™;vP"~2) and the validity of
(3.6).

We first prove these facts under the assumption that €;¢; < (v, with { = {(n,p,C1) € (0,1) a small
constant to be determined. Later, we will remove this assumption.

e Step 1: proof of (3.6) when €;¢; < Cv. Since €;¢; is bounded by (v < v, we have that (1 + %) <2,
thus

A \P 2
/ <v+e@¢i>p*21¢z~\2dw§/ “pq(”%) i dz:
R R™ v

b\ P2
S 2p*p/ ,Up*72 (1 + Ellvgbl) ‘¢Z|2 dl‘

Recall that
n n 1
v (L4 2|7 % and Dol ~ (14 |z]70) P 2|1, (3.8)

where the constants depend only on p and n. Moreover, the following Hardy-Poincaré inequality
holds [38]%: For any p > 1 and v > 1, and any compactly supported function ¢ € WP(R™), one has

O T (R

By approximation, we can apply this inequality with

p—

2-p) (2 -1 aNER
7:1+( p)(” > and 5:<1+6’¢’> || .
p—1 v

2As already noticed in the introduction, the expression appearing in the left hand side of (3.6) behaves like vp*72|¢i\2
when |¢i| < £, and like € ~2|¢;|P" otherwise. Analogously, the expression in (3.5) behaves like |Dv[?~2|D¢;|> when

|D¢;| < If:‘7 and like eﬁ'iQ\quiP” otherwise. These substantial changes of behavior, and the fact that the change in size
of the gradients does not necessarily correspond to a change in size of the functions, make the proof particularly delicate.

3More precisely, the case v > 1 is stated in [38, Theorem 3.1], while the case v = 1 follows from the classical Hardy
inequality (see for instace [38, Theorem 4.1]).
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Thus, since vP 2 ~ [(1 + ]w\Fﬁl) ] , we get

A\ P2
| wraor P s < coup [ o2 (14 92) o a

p—2

€Qi\ P, 2
S C(n7p)H <1 + Z¢Z> |¢i|p . p_\p—1
v whp (R”;UP**2(1+\Z|PTI) )

< C(n,p)/ PP 2 (1 + mﬁ)pil : (3.9)
. ) N\ P A\ P2
: [(1 + 62?’) || <€Z¢1|DU| €Z|IZ¢’|> + (1 + 62?’) |¢i|2_p|D¢i|p] dz

, 1D\ P
<Clmp) [ o (1 el ) o (4 S22 ooy as,

where, in the last inequality, we used that 0 < Elvﬁ <(<1.

We now apply (C.2) to the last integrand in (3.9) with € = €;,7 = |z|,a = |¢i|, b = | D¢;|. In this way,
thanks to (3.9) and since v + €;¢; < 2v, we deduce that for any ey > 0 there exists ( = ((eg) € (0,1)
such that

/ Up*2’¢i2d$§22p*/R (v+fi¢i)p*72’¢i‘2dm

< )| (14 ¢’) i

< C(%P)Go/

Thus, fixing €y small enough so that C(n,p)ey < 1, it follows from (3.5) and the inequality above that

[tk |(1+52) " o]

< C(n,p) /Rn(’DW + Gi’D@\)piQ’D(ZﬁiPdﬂf <C(n,p). (3.10)

p

Wi.p (R";’UP**2 (1+|m|%)p71)

v 72| ¢y |* dz + C/(eo, TL,P)/ (| Dv| + Ei\D¢i|)p72\D¢i|2 dr.
R”l

n

WlP(anP**Q(I—H:ﬂP 1) 1)

p72

In particular, the sequence (1 + qd’i) ]qﬁ,]P is uniformly bounded in I/Vl P(R™) c LY

1OC(R"). Since
(1 + 617‘1”) ~ 1, this implies that ]d)z\P € Lloc( ). Combining this higher integrability estimate with
the a.e. convergence of ¢; to ¢, by dominated convergence we deduce that, for any R > 1,
C
/ %’@\26&7 — / P 2p)de asi— oo (3.11)
B(O,R) VTt |€ii
(recall that €; — 0).
Also, since 1 < p < 2” it follows that n > 3, and therefore

— 2n — 2 —2
—npA2=2p o n=2%
p—1 p—1
This allows us to apply Lemma A.1 to ¢; with
np —2n + 2p

p—1

)
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and similarly to (3.9) we obtain (recall (3.8))

Cre )P
/ ('U;‘ 1€Z¢%)2 |¢/L‘2 dl’
rR\B(0,R) V>t |€idi

“9 avi\" % s
< C(n,p, C1) P 1+ —— ) il da
R"\B(0,R) v

—np+2n—2p +p

< C(n,p,Cy) / o] 5

R"\B(O,R)
€ 9 61¢1|DU| Ei\D¢i| P AT »
L ” |¢1’ +(1+— |pi|“P| D" | da
v v
np+2n—2p . . p
|x\¢“° o (24 S22 priDo | a

Then, applying (C.1) to the last term above with € = €;,r = |z|,a = |¢;|,b = |D¢;|, we obtain that for
any €; > 0 there exists ( = ((¢;) € (0,1) such that

(v+ Credi)’ | o / ‘91, 2
2 |¢i|*dx < C(n,p, C1)e / vP T2 @ de
/R”\B(O Ry V2 +lagil? i ( )% R\ B(0,R) i

<Cup.Cy) [

R\ B(0,R)

+ C(egs n, s Cl)Rppl/ (IDv] + €| Dei)" % | Deif? da
R\ B(0,R)

+ Cleiqﬁi)p* 2
< C(n,p,Ch)e / —(U o;|” dx
( Vo R"\B(0,R) v? + |€z‘¢z‘\2 id

ey n,p, Cl)Rppl/ (IDv] + &:|Déil)?~*| Dy da.
R\ B(0,R)

Thus, by fixing ¢, so that C(n,p, C1)ey < %, it follows that

+ Cie; ip* __r_ — __r_
/ WECEGON” |2 iy < O, p, CY R / (IDv] + 6 Di))? 2| Dénf? da < C(n, p) R 7T,
R\B(O,R) V° T |€idi] Rn

Combining this bound with (3.10) and (3.11), by the arbitrariness of R we conclude that ¢ € L?(R™; vP"~2)
and that (3.6) holds. This concludes the proof under the assumption that €;¢; < (v with ¢ =
¢(n,p,C1) > 0 sufficiently small.

e Step 2: proof of (3.6) in the general case. Throughout this part, we assume that ¢ = {(n,p,C1) >0
is a small constant so that Step 1 applies.
Observe that, by (1.1), (v is a supersolution for the operator

L[] == ~div (1Dl +Dul)"*De + (p — 2)(1De] + | Dul)* | Dy |DY)
namely L,[Cv] > 0. Therefore, multiplying L,[(v] > 0 by (e;¢; — (v), and integrating by parts, we get
/ (IDv] + ¢|Dv))"*¢Dv - D(eigsi — Cv)+ da
R
+(p—2) / (IDv] + ¢IDo])" 2 Dol Do - Dlesds — (o) da = 0. (3.12)
Rn

Also, by the convexity of
R™ 5 z = Fy(z) := (t + |2])P72|2[%, t >0,
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we have
Fi(2) + DF(2) - (' — 2) < Fy(#) V2,2 e R", t>0.
Hence, applying this inequality with ¢t = |Dv|, z = (Dv, and 2’ = ¢;D¢;, it follows by (3.12) that

c(n,p)ei_2/ |Dv|P dx < 6;2/ (|Dv| + C\Dv])p_2C2|Dv|2dx
{eigi>Cuv} {eipi>Cv}
< [ (D] + Do)l ds
{eipi>Cv}
+ 6{2/ (1Dv] + ¢|Dv])"*¢Dv - D(eiti — Cv)+ da (3.13)
{eipi>Cv}
+e 2 (p—2) / (|IDv| + ¢|Dv))""*¢?| Dv|Dv - D(esgpi — () 4 d
{eipi>Cv

—2
{eipi>Cv}

We now write ¢; = ¢;1 + ¢; 2, where

¢i1 = min {dm iv} ; Gio = ¢i — Gi-

(2

Note that, as a consequence of (3.5) and (3.13),
/ (|DU’ + €¢|D¢i,1‘)p72|D¢i71|2 dzr + / (‘DU’ + €i|D¢i,2‘)p72|D¢i’2|2 dx
R™ Rn

< C(n,p)/ (|Dv| + €i|D¢i\)p_2|D¢i\2dx <C(n,p). (3.14)
R”
Hence, it follows by the analogue of (3.7) that
[ 1Doulds+ [ Dol do < Clap). (3.15)
R Rn

In particular we deduce that ¢;2 — 0 in WP(R™) (as [{e;¢; > Cv} N B(0, R)| — 0 for any R > 1) and
that, up to a subsequence, both ¢; and ¢;1 converge weakly in wtrp (R™) and also a.e. to the same
function ¢ € WHP(R™).

Let n = n(n,p) > 0 be a small exponent to be fixed. We analyze two cases.
- Case 1. If

p*
/ |pia|P da > 61»77/ <¢i - CU) dx = Gin/ |$i 2
{eipi>Cu} {eigi>Cv} €/ {eipi>Cv}

since ¢ is also the limit of ¢; 1, we can apply Step 1 to ¢; 1 to deduce that ¢ € L*(R™; 0P ~2) and
(v+Creidi)? | 1o / (v+ Creigi)?
/n v? + |€; ;|2 9 do = (1+ O(c]) e U2+ |€iia)?

which proves (3.6).

.
P dx,

*
651l do — / P 2|92 da,
Rn

- Case 2. Assume now that
| ard<en [ el (3.16)
{eipi>Cv} {eipi>(v}
We claim that

e:f*_2/ gialP” dz = O(e)). (3.17)
]Rn
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To prove this, denote A; := {€;¢; > (v} and define

D D
Ei = @D@ﬂ<'”}mm, {m@ﬂ>'f@mAb

’L 7

Then, since |Dv| + €;|D¢; 2| < 2|Dv| inside Ej, it follows by Holder inequality that

/ ‘D(bi’Q’p dx :/ ’D(ﬁ@g’p dx +/ ’D¢Z’72’p dzx
R . F;

5 1-5
(/ | Dv|P~ 2|D¢122dm> </ ]Dv|pdx> +/ | Dy o|P da
E; F

1_,
( )" % Dby o)? dm> [Dof? dm) / | D ofP da

<C(n, )(/ (|Dv| + €|Dei o)™ 2\D¢Z22dx>2 (/ Dv|de> : +/F‘ |D¢p; 5P da.

Also, using (3.8) and (3.16) together with Hélder inequality (note that, since 1 < p < n2f2, we have
n > 3) we get

l/ uwpdxchmpy/<1+tmﬁw—ﬂﬂ#5dx
E;

(3.18)

i

Pt 17% p n %
<) ([ (@il ool ) ) ([ it i)
E; Rn

. iz (3.19)
< C(n,p) (/ (El@) ((1 + |x|p%1)_n+1\$|p%1> e dac)
A; \ QU
1—2 1—2
ru»Gf/|@W¢Q <Cnp (¢ [ foal @)
where we used that ( ) > n (since p < - 2 < 2) and that
(1 P |5T) T < C(n,p)
Therefore, introducing the notation
Nig = / (|Dv] + Ei‘D¢i,2’)p_2|D¢i,2|2d$7
E;
by Sobolev inequality, (3.18), and (3.19), we deduce that
p*
* * * p
e 2/]R |2 dz < C(n, p)el 2 (/ | Dgial? d$>
7p)p* p*
P
< C(n,p)é’ ™ [ (/ | Do|? dx) + (/ |Déi [P dx) ] (3.20)

(2-p)(n—2) p)(n 2)

) )

where in the last inequality we used (3.15) and the fact that % >1

< Clnp)e *[%(f"
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Suppose first that

(2—p)(n—2)

p* . « 2(n—p)
/F’Dqﬁi,ﬂpdﬂﬂ > N;3 (51; n/A |bi2|” da:)

Then, since |Dv| < €;|Dé¢; 2| ~ €;|D¢;| inside F; (recall that ¢ < 1), (3.5) and (3.20) yield
Ef*2/ |6i 2P dw < C(nap)‘ff*z/ |DéialP dzx
R F;

= C(”ap)ﬁf*_p/ (€i|D¢i,2|)p_2|D¢i72|2d$ (3.21)

F;
- -2
< C(n,p)e; p/ (IDv| + €i| Dy o] )" 7| D 2| dox,
F;
which proves (3.17) choosing n < p* — p (recall (3.14)).

Consider instead the case
(2—p)(n—2)

p % P**W p* 2(n—p)
|DqZ>z olP dx < N, 2 | €& |pi2lP dx ,
A

and set § := 202 o thay (3.20) yields

2(n—p)
*_ " L _
€ 2/ |Gi ol da < C(n,p)e” > N3 (7, 77/ | 2"
RTL
_ 2 _
= Cln NG (47 [ ol )’
Since 6 < 1, recalling the definition of N; o and (3.14), this gives

*

p*—2+(2-1)0 ﬁ

e / gioP” dz < C(n,p)e; *° </,3_(‘D”’+Ei\D¢i,2\)p2|D¢i’2|2dx> (3.22)

-2

< C(”,P)G?/ (IDv| + €| Dy 2])" 7| Dy 2| dex,
E;

where the last inequality follows by choosing 7 > 0 sufficiently small (notice that p* — 2 + 26 > 0 and

Q(fiie) > 1). This proves (3.17) also in this case.

Now, combining (3.16) and (3.17), we finally get

(v+ Creig)’” | o / (v+ Creighin)?P” 2
——— || dx — : i1 d
/n v? + leigil? 9if" da w2+ l€igin]? 1911]" do
pF—2 (U + C’le)p* 9
< iolP d —_— dr | = o(1).
Clonpn€o) (72 [ ol dr vt [ Lo B0 o ar) = o)
Thanks to this estimate, and since ¢ is also the limit of ¢; 1, applying Step 1 to ¢;1 we conclude the
proof of the lemma. O

An important consequence of the proof of Lemma 3.4 is the following Orlicz-type Poincaré inequality:

Corollary 3.5. Let 1 < p < n+2 There exists g = €g(n,p) > 0 small such that the following holds:
For any € € (0,¢0) and any ¢ € WIP(R™) N WL2(R™; |Dv|P~2) with

[ (Dol + ol Do ds <1,
Rn
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we have

[ 0oy HoP do < Cup) [ (1Do] +DoI)" | Dof? do (3.23)
n R’I’L

Proof. As in the proof of Lemma 3.4, it suffices to consider the case ¢ > 0. Also, let ¢ € (0,1) be the
small constant provided in the proof of Lemma 3.4 with C = 1.
Write ¢ = ¢1 + ¢2, where

R O e

Since €1 < (v we have v ~ v + €¢1, so (3.23) for ¢ follows from the analogue of (3.10).
For ¢9 we discuss two cases.

It *
P
/ 61" da > / <¢ - C“) do = / ol da,
{e¢>Cu} {e¢p>Cv} €/ 4+ {ep>Cv}

/ " 2|golV" dz < C(n,p) /

R

then
vP "2y | da.

Thus, applying (3.23) to ¢1, we conclude that
[ s oy 2lofar < Conp) [ oo o
n ]R’n
<C(np) [ (Do) +Dar))" | Do do
R"

<Clnp) [ (Dol +Do)"Dof do

where the last step follows from the analogue of (3.14).

On the other hand, when
[ gewars [ el an
{ep>Cv} {ep>Cv}

we can repeat the proofs of (3.21) and (3.22) with 7 = 0 to deduce the validity of (3.23) for ¢s.
Thus, by (3.14) for ¢, and (3.23) for ¢; and ¢, we eventually obtain

/ (v + e 26| dx < C(n, p) / =2y di + C(n, p) / & 2ol do
Rn Rn Rn
< C(n,p) / (IDv| + €[Dé1|)?~*| Da|? d + C(n, p) / (IDv| + €[ Dgso] )P % | Dpo? da
R™ R”

<Cnp) [ (Dol +lDo)"2Dof o
which concludes the proof of the corollary. O
3.2. Spectral gap. Let v = vg4,,1,0 be as in the previous section, and recall that
Ty M := span {v, Opv, Oy, v, ..., Oy, v},
which is a subspace of L?(R";vP ~2).
Consider the linearized p-Laplacian operator

Lylp] := —div (|Dv|p_2Dcp + (p — 2)|Dv|P~4(Dv - Dy)Dv)
on the space L(R";vP"~2), and observe that this operator has a discrete spectrum for any 1 < p < n,
thanks to Proposition 3.2.
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In [26, Proposition 3.1] it is proved that, for p > 2, T;, M generates the first and the second eigenspaces
corresponding to £,. As shown in Appendix B, thanks to Proposition 3.2 and a modification of the
arguments in [26, Section 6.2], this fact holds in the full range 1 < p < n.

As a consequence, functions orthogonal to T, M enjoy a quantitative improvement in the Poincaré
inequality induced by £,. More precisely, the following holds:

Proposition 3.6. Given 1 < p < n, and any function ¢ € L2(R";v7’*_2) orthogonal to T, M, there
exists a constant X\ = \(n,p) > 0 so that

[ D0l 2Dl + (9= 2)1 Do Do Dl da = (07 = D)7+ 20) ol iy [ 07l da,

where S = S(n,p) is the optimal Sobolev constant.

In our proof, it will be important to give a meaning to the notion of “orthogonality to T,M” for
functions which are not necessarily in L?(R™; v?" ~2).

Definition 3.7. Observe that, for any ¢ € T,M, it holds vP" ~2¢ € L7 (R") = (L¥ (R”))/. Hence, by
abuse of notation, for any function 1) € LP" (R™) we say that v is orthogonal to T,M in L*(R";vP ~2)
if

/ P2 pde =0 VE e T,M.

Note that, by Holder inequality, LP"(R™) C L?(R™;vP ~2) if p* > 2. Hence, the notion of orthogo-
nality introduced above is relevant only when p* < 2 (equivalently, p < 7) We also observe that, by
Sobolev embedding, the previous remark gives a meaning to the orthogonahty to T, M for functions in
Whp(R™).

The main result of this section is the following spectral gap-type estimate.

Proposition 3.8. Let S = S(n,p) be the optimal Sobolev constant, and let X = X(n,p) > 0 be as in
Proposition 3.6. For any vy > 0 and Cy > 0 there exists § = 6(n,p, 70, C1) > 0 such that the following
holds:

Let ¢ € WYP(R™) be orthogonal to T,M in L*(R"™;vP"~2), with

H‘PHWIP (Rm) = <.

Then:

(i) when 1 < p < ngfw we have

—_ — 2 . —
/R |DolP2 D + (p = 2)|[wP~*(ID(v + @)| = [Dv])” + yo min{ [ Dy|?, [Dv[P~*| Dy|? } dx

(v + Cilg])?”

2
dx,
2 1 |2 |l

p—lSp—i-)\vpn/
> (7 = 08+ Nl |

where w : R™ — R™ is defined in analogy to Lemma 2.1:

1
ID(v+0)| = .
w= ((2—p)\D(v+tp)\i(p—1)|Dv|> " Dv if [Dv] < [D(v + )|
Dv if |D(v + ¢)| < |Dv

(ii) when n+2 < p <2, we have
. . 2 : .
/R |DolP2|Dg* + (p = 2)lwP~*(ID(v + @)| = [Dv])” + o min{| Dy|?, [DvP~*| Dy|? } dx

> (" = DS + )0l gy [ 072Ul
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where w : R™ — R™ is defined in analogy to Lemma 2.1:

1
| D(v+¢)| p—2 .
w = ((2—p)\D(v+w)\i<p—1>|Dvl>p Dv if |Dv| < [D(v + ¢)|

Dv if |D(v + )| < |Dv

(iii) when p > 2, we have

100 21D+ (=2l 2 (1D ()|~ 1D0l) do = (57 = DS+ Wl ey [ 07l da,
where w : R™ — R™ is defined in analogy to Lemma 2.1:
Dv if |Dv| < |D(v+ )|
W= (D) |7 :
(Bt) " Do +¢) if ID(+ )| < Dol
Proof. We can assume that |[v][;,=gn)y = 1, as the general case follows by a scaling. Also, as in the

proof of Lemma 3.4, it suffices to consider the case ¢ > 0.
We argue by contradiction in all three cases.

o The casel < p < n2f2 Suppose the inequality does not hold. Then there exists a sequence 0 Z ¢; — 0

in WHP(R™), with ¢; orthogonal to T,M, such that
/ [DoP2| Dy ” + (p = 2)wi P> (1D (v + ¢4)| = [Do])” + 50 min{| Dgif?, | DofP~?| Dipy|*} dr
R’ﬂ

(v+Crp)” | 5
< ((p*—=1)SP+ A ————— i dz, (3.24
(0 =057 +3) [ St of e, (320

where w; corresponds to ¢; as in the statement.
Let

p—2 2 2
€ = </ (\Dv\ + ’DQOZD ‘DQDZ’ da:) ,
R?’L
and set ¢; := £-. Since p < 2 it holds
[ (el + Do) IDgiP s < [ Dol D= [ 1DgpPds >0,
R R R®

and hence ¢; — 0.
For any R > 1, set

Ri:={2|Dv| > [Depil},  8i:={2|Dv| < |Dyil},
Ri,r = (B(0,R) \ B(0,1/R)) N Ry, Sir = (B(0,R)\ B(0,1/R))N8§;

Since the integrand in the left hand side of (3.24) is nonnegative (see (2.2)), we deduce that

Dv + Dg;| — | Dv|\ 2
’Dv|p2‘D¢i’2+(p—2)|wz“p2<| v+ %\ | vl)

/B(O,R)\B(O,l/R)
v+ C1(,01

REERTSCE |@i|* dx (3.25)
n 7

+ 7o min{el ™ 2|D@q|P, | DulP~2| Dy pde < ((p*—1)S” + ) /



22 ALESSIO FIGALLI, YI RU-YA ZHANG

for any R > 1. Also, by (2.2),

|Dv + Dy;| — | Dv|\?
€;
| Dv|
> c(p)——F—
) [Bul + 1D
Thus, combining this bound with (3.25), we get
c(p) / |Dv|P~2|D;|? dz 4 o / 72 D@;|P da

Rir Si,R

DUP2Dg:? + (p — 2?2 (

|Dv[P2|Dg;i|* > c(p)|DvlP~2|Dg;*  on Ry k.

<

|Dv + Dypy| — ymy>2

€

DUP2Dg:? + (p — 2?2 (
/Bw,R)\B(o,l/R) (3.26)
+yomin{e’ 2| Dg;|P, |Dv[P2|D@;[?} du

Cipi)?" | .
(U+ 190) ‘902|2d$

< ((p*—1)SP+ 1) /

re U2+ 5]
In particular, this implies that

_ —2
1:6i24n(\pv+yp¢i|)P Dgif? d

<o) [ [ ipopippias [ ef‘QrDsairpdx]

7

(v+Cro)” o
< C(n.p, _ysp ) [ RO 52 g (327
< Clnp) (7 = )5 +3) [ P (320

Furthermore, thanks to Corollary 3.5, for i large enough (so that ¢; < ¢p) we have

(v+Cipi)?" | o / s_9 . 19
WY < 1P .
/]R ’U2 + ‘SOZ|2 ‘SOZ| dx — C(’I’L,p, Cl) Rn(v + |(pl‘) |907,| dr

2
<Clnp.Cy) [ (Dol + D) IDp P de < Clnp, ). (328)
Rn
Hence, combining (3.26) with (3.28), by the definition of 8; r we get
ei2/ |Dv|P dz < 6?2/ |D@i|P dx < C'(n,p,Ch),
8i.rR Si.rR

and since |Dv| is uniformly bounded away from zero inside B(0, R) \ B(0,1/R), we conclude that
I8i,r| 0 asi—o0, VR>1. (3.29)

Now, according to Lemma 3.4, we have that ¢; converges weakly in whtrp (R™) to some function ¢ €
WLP(R™) N L2(R™, vP"~2), and
C 3 p* *
/ 7(?}; 1%)2 @il da — / o 2@, (3.30)
R 0%+ |l R"
Also, using again (3.26) and (3.28),
| Dol iDgi e < Clnp. Co)
Rir
therefore (3.29) and the weak convergence of ¢; to ¢ in W'?(R™) imply that, up to a subsequence,
Dgix, = DéXpo.r\B01/R) 0 LPR"R"), VR>1
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In particular, ¢ € VV&)?(R” \ {0}). In addition, letting i — oo in (3.27) and (3.28), and using (3.30),
we deduce that

0 < e(n,p,70) < 1Ml p2(n -2y < C(n,p, C1). (3.31)
Let us write

Gi=¢+ ¢,  with ¢ =@ — §,
so that
$i =0 in WH(R™) and Dyyixg, =0 in Lipo(R™\ {0}, R").

We now look at the left hand side of (3.25).

The strong WP (R") convergence of ¢; to 0 implies that, up to a subsequence, |w;| — |Dv| a.e.
Also, we can rewrite

<‘DU+D<,02-|—|DU|>2_ <[/1 Du + tDg; dt} DA'>2
€ N o |Dv+tDyp;| pi
1 2
Dv + tDyp; } R )
= P qt| - (D + D) ) .
(L poimag] - e+ pw
Hence, if we set

1 1
Dv + tDey; . [ / Dv + tDe; ]
= ZUTERL . Do, = TR il Dy,
fix [/0 |Dv + tDyj| ] 14 fiz2 o |Dv+tDy;] Wi

% — % a.e., it follows from Lebesgue’s dominated convergence theorem that
7

fin

since

]D | - D¢ strongly in L (R™ \ {0}), fioxx, — 0 weakly in L2 (R™\ {0}).
Thus, we can control the first two terms of the left hand side of (3.25) from below as follows:
ois _y (|Dv+ Dgi| — | Dv|\?
/ ‘Dv‘p Q‘D(Pi‘Q‘i‘(p—Q)’wi‘p 2(’ 901| | ‘)
Ri,r

€

= / Do (ID@P2 + 2D - D) + (p = Dl (f21 + 21 fiz)
ik (3.32)
p—2 2 p—2 2
+ [ DD + (o= Dl 1
Ri,r
> / DUP2(1DG + 2D0; - D@) + (p = Dl (f2y + 2fi fia)
Ri,r
where the last inequality follows from the nonnegativity of |Dv[P~2|D1;|? + (p — 2)|w;[P~2 f12,2 (thanks
to (2.2) and the fact that f32 < |Dyy)?).
Then, combining the convergences

Duixe, =0, fir— - Dg. fioxe =0 in (B {0))

|w;| = |Dv| a.e., | (B(0,R)\ B(0,1/R)) \ Rir| — 0,
with the fact that
|wilP~2 < C(p)|DolP~2,
by Lebesgue’s dominated convergence theorem we deduce that the last term in (3.32) converges to
Dv
| Dol

2
Do D@ + (p — 2)| DofP2 ( -D@) d.

/B(O,R)\B(O,I /R)
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Recalling (3.25) and (3.30), since R > 1 is arbitrary and the integrand is nonnegative, this proves that

Dv
| Do

2
-D@) dxg((p*—l)SP+A)/ P 2@ Pdx. (3.33)

n

[ 1ol 204+ o= 2002

On the other hand, ¢ being the weak limit of ¢; in W1P(R™), it follows that ¢; — ¢ in LP" (R™). Hence,
thanks to Definition 3.7, the orthogonality of ¢; (and so of ¢;) implies that also ¢ is orthogonal to
T,M. Since ¢ € L*(R™; v ~2), (3.31) and (3.33) contradict Proposition 3.6, concluding the proof.

e The case nQ—fQ < p < 2. The proof is very similar to the previous case, except for some small changes
and a couple of different estimates.

If the statement fails, then there exists a sequence 0 # @; — 0 in W'P(R"), with ¢; orthogonal to
T,M, such that

— — 2 . —
/R |DolP=2[Depif? + (p — 2)|wil? 2 (| D(v + )| — [Dvl)” + 5o min{ | Dy P, | DvlP~2| Dl } d

< ((p* —1)SP + A)/ WP 2|2 dz, (3.34)
Rn

where w; corresponds to ¢; as in the statement.

As in the case p < Tf—fZ, we define
1
_9 2 . ;
€ = (/ (|Dv| + |D<pi])p |Dcpi\2 da:> , i = %,
R i

and we split B(0,R) \ B(0,1/R) = R; rUS8; R.

Then, the analogues of (3.26) and (3.27) hold also in this case, with the only difference that the last
term in both equations now becomes ((p* — 1)S? + ) [, vP" ~2(4;[* dz.

We now observe that, thanks to Holder inequality, we have

D
. -2 . 2
/ |Dw\pdxs</R (IDo] + 1Der])” |Dsoi|2dx) (/R (Dv|+|D<pi|)pda:)

17% 17% p(2—p) 17%
— </R (]Dv] + |D<pi\)pda;> < C(p) [(/R |Dv|pdaj> +e </R \D@i]pdx> ],

from which it follows that

b
1-3

/n |Dg;|P dx < C(n,p). (3.35)

Thus, up to a subsequence, ¢; — ¢ weakly in WP(R") and strongly in L _(R") (note that now p* > 2).
In addition, Hélder and Sobolev inequalities, together with (3.35), yield
2

>k * 171)% * p
/ oP 2| @i P dx < </ vP d:1:> (/ |&i [P d:1:>
R™\B(0,p) R™\B(0, p) R™\B(0, p)
-2 2
< </ P da:) ! </ \D¢i|pdx>p Vp>0.
R™\B(0, p) R™

Combining this bound with (3.35) and the strong convergence of ¢; to ¢ in L (R"), we conclude that
@i — ¢ strongly in L2(R"; vP ~2).
In particular, letting i« — oo in the analogue of (3.27), we obtain

0< C(n7p) S H@HL2(R";UP**2)'
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Similarly, the analogue of (3.26) implies that
ISi gl — 0 and / |Dv|P~2| D> dx < C(n,p) VR >1.
Rir
So, it follows from the weak convergence of ¢; to ¢ in Wwte (R™) that, up to a subsequence,
Dgixx, n — DéXBo.r)BO1/R) 0 L*(R", R"),  VR>L1
Thanks to this bound, we can split

O = @+ i, with ;== @; — @,

and the very same argument as in the case p < nz—JfQ allows us to deduce that

|Dv + De;| — |Dv|>2

€

lim inf |Dv[P~2|Ds|* + (p — 2)|w; P2 <

1— 00 :Ri R

Dv

>
| Dl

2
/ Dol DGP + (p — 2)| Dl ( -D@) d.
B(0,R)\B(0,1/R)

Recalling (3.34), since R > 1 is arbitrary and the integrands above are nonnegative, this proves
that (3.33) holds, a contradiction to Proposition 3.6 since ¢ is orthogonal to T, M (being the strong
L2(R™; vP" ~2)-limit of ;).
e The case p > 2. The argument is similar to the case 1 < p < 2, but simpler.

If the statement of the lemma fails, then there exists a sequence 0 # ¢; — 0 in WP (R™), with ¢;
orthogonal to T, M, such that

_ _ 2 X .
/R |Do[P~2|Depil* + (p— 2) [wi P> (| D(v + i) — [ Do) " dx < ((p —1)5”+>\)/R o il d, (3.36)

where w; corresponds to ¢; as in the statement.
Let

& = iz @pup—2),  $i=

Note that, since p > 2, it follows by Holder inequality that

-3
/ | Dv|P~2|Dypy|? da: < </ ]Dv|pdac) (/ | Dg; |P dw) — 0,
R™ R" R"
hence ¢; — 0.

Since 1 = HcﬁiHleQ(Rn,‘DU'p,g), Proposition 3.2 implies that, up to a subsequence, ¢; — ¢ weakly in
WL2(R™; | Du[P~2) and strongly in L2(R™;v?"~2). Also, since p > 2, it follows from (3.36) that

loc
1 :/ D2\ Dl < (0 — 1)Sp+)\)/ o7 =202 da,
Rn Rn

so we deduce that
1@l L2 ®n o —2) = e(n, p) > 0.
In addition, since the integrand in the left hand side of (3.36) is nonnegative, we get

Dv + Dy;| — |Dv|\ 2
|Dv + f\ !v!> d

€

/ DoP2Dg:? + (p — 2?2 (
B(O,R)\B(O,I/R)

< ((p" —=1)SP+ ) / W 2@ dz (3.37)

n

for any R > 1.
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Note now that, because
0 <c¢(R) <|Dv| <C(R) inside B(0,R) \ B(0,1/R) VR >1,
writing
@i = @ + P, with ¢; == @i — ¢
we have ‘
v =0 in WgZ(R™\ {0}).
Then we look at the left hand side of (3.37), and exactly as in the case nQ—fz < p < 2 we deduce that

Dv + Dy;| — |Du|\?
1iminf \Dv\p*2|D<ﬁi\2+(p—2)]wi|p*2 (’ v+ 801| | U‘)
=0 JB(0,R)\B(0,1/R) €;
Dv 2
> / |Dv|P2|D@|? + (p — 2)|Dv|P~2 ( . D@) dz. (3.38)
B(0,R)\B(0,1/R) | Dv|
Recalling (3.37) and since R > 1 is arbitrary, this proves that (3.33) holds, which contradicts Proposition
3.6 due to the orthogonality of ¢ to T, M. O

4. PROOF OF THEOREM 1.1

Thanks to the preliminary estimates performed in the previous sections, we can now follow the
compactness strategy of [3, 26].

By scaling, we can assume ||ul| p*gny = 1. Also, since the right hand side of (1.4) is trivially bounded
by 2, it suffices to prove the result for 6(u) < 1.

It follows by concentration-compactess that for any é > 0 there exists a constant 5=146 (n,p, €) such
that the following holds: if

| Dull pmny — S <0,
then there exists & € M which minimizes the right-hand side of (1.4), ¢ satisfies 2 < |||+ < %, and
|Du — Do|[prny < €. Also, up to a translation and a rescaling that preserve the LP"-norm, we can
assume that 0 = v,1,0 with a > 0.

As explained in the introduction, the basic idea would be to expand u around ©. Unfortunately,
with our choice of ¥ we do not have the desired orthogonality needed to use the spectral properties
proved in the previous section. Hence, we need the following result (recall Definition 3.7 for the notion
of orthogonality when a function is in L?" (R™)):

Lemma 4.1. Let |ulpp*gny = 1, and assume that |[Du — Do||rp@n) < € with © = vq,1,0 € M. There
exist € = €' (n,p) > 0 and a modulus of continuity w : RT — R such that the following holds: If € < ¢
then there exists v € M such that u — v is orthogonal to T,M and |Du — Dv||pp@n) < w(€).

Proof. Given u as in the statement, we consider the minimization of the functional

1 * 1 x
M>3v— Fyv] = */ [P dr — — / [P v udz. (4.1)
p* Jre P =1 Jgn
Assume first that u = 0 € M. We claim that the minimizer of (4.1) is unique and coincides with w.
To prove this we note that, by Holder inequality,

1 p*—1
]. * 1 * p* * * ]_ *
Fulv] > */ o[ dr — — (/ |ulP dm)p </ |v|P dm) > —**/ uP dx, (4.2)
D Rn P — 1 R n D (p - 1) Rn

where the second inequality follows from the fact that the function

1 . 1
0,400) > s+— —sP —
(0 +0) 35 oo =

AgP 1
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is uniquely minimized at s = A. Noticing that the last term in (4.2) coincides with JF,[u], and that
equality holds in both inequalities of (4.2) if and only if v = u, the claim follows.

Now, if u is close to 0 = v4,1,0 in Wi (R™)-norm, it follows by compactness that the minimum of
the function

R x (0,+00) x R" 3 (a,b, z9) — Fy[va,b.z)
is attained at some values (a',b', () close to (a,1,0), hence |[Dvg oy — D9l pprny < 1. Thus, since
by assumption u and ¢ are WP (R")-close, we deduce that
||DU — DUa’,b’,m&”[P(R") -0 as ||Du — D@”Lp(Rn) — O,

which proves the existence of a modulus of continuity w as in the statement.
Finally, it is immediate to check that if v € M is close to vg1,0 and minimizes F,, then

d *
0= p7 t_D’J"u[U + ] = / P 726 (v — u) dx V¢ e T, M.
This concludes the proof. [l

Thanks to Lemma 4.1, given u as at the beginning of the section with 0(u) sufficiently small, we
can find v € M close to u such that v — v is orthogonal to T, M. More precisely, v can be written
as u = v + ep, where € < w(é) with é < ¢, [[Dy|[zp@ny = 1, and ¢ is orthogonal to T,M (see
Definition 3.7). Furthermore, up to a further small translation and rescaling, we can assume that
U = V91,0 With 2 < [[v[| 1+ < 2 so that all the statements in Section 3 hold.

Observe that, for §(u) small,

(u) = |1Dull ey — 8 > el ) (11Dl gy — 57). (43)

In the following argument several parameters will appear, and these parameters depend on each other.
To simplify the notation we shall not explicit their dependence on n and p, but we emphasize how the
parameters depend on each other, at least until they have been fixed.

o The case 1 <p < nQ—f:Z Let k > 0 be a small constant to be fixed later. By Lemma 2.1 we have
1Dul?, gy = /R \Duv + eDl? dz

2/ Dv]pda:—i—ep/ |Dv|P~2Dv - Dy da:
n Rn

25(1 — Dul| — |Dv|\?
+ 67)(2”)</ |DuP~2| D2 + (p — Q)Iw‘p_2<\u||v|> dm)
R €

+c0(n)/ min{e?| Dgl?, 2| DofP~2Dg|?} da,
Rn

where w corresponds to u and v as in Lemma 2.1. On the other hand, by Lemma 2.4 and the concavity
p
of t — tr*,

r_
%

" P
1= |[ulll v mny = </ |v + ep|P dac)
@) =\ o,

p - o (P =1) | pr (v+ Ci(R)leg))”" | o
< ||v\|1£p*(Rn) + HUHJpr(Rn) <ep/Rn v Tlodr + € <2 + p*> /n T+ Jegl? lpl“dx ) .

Since, by (1.1),
ep/ |Dv|P~2Dv - Do dx = HUHI;;*?(*RTL)SPEPA P "L d,
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and || Dvl[p(gn) = S||v[|r* gn), We then immediately conclude that

C(n,p)d(u) = | Dullgpny = S”lll - gny

ep(l —k _ o (| Du| — |Dv|\?
> LE=I ([ Dol + (- el (22 ) )

+co(/-$)/R min{e?| Del?, | Do~ Dg[?} du
2111 P—D" plp*—1)  pk (v+ Ci(K)leg))?"
B e

Now, for §(u) < & = (e, k,70) small enough, Proposition 3.8 allows us to reabsorb the last term
above: more precisely, we have

C(n,p)d(u)

1-k) @ =1+ % ~ o (|Du| — |Dv]\?
> e ( i p p—2 2 _ p—2
> pe (05 e ) (L 1o 1pel + (o= 2p-2 (P2 ) )

p[(p* —-1)+ p% I-i]
_ : p p 2 p—2 2
+ (co(ﬁ) 702(]9* ) 2)\ST’> /R" mln{e |Dpl?; €| Dv|P~%|De| }d:z,

and choosing first K = k(n,p) > 0 small enough so that

1-r) =1+ 2k .
22— 1) +2AS P
and then vy = yo(n, p) > 0 small enough so that
Pl 1)+ 5n]
2 = %0 —1) + 2057’

we eventually arrive at
C(n,p)d(u) > 620/ min{e’| Dyp|?, 62]Dv|p72\Dg0]2} dx. (4.4)
RTL

Observe that, since p < 2, it follows by Holder inequality that

:
</ |De|? dx) < </ | Dv|P d:c> / | Dv|P~2|Dyl|? dx
{elDel<|Dv[} {elDel<|Dv[} {elDel<| D[}
<Cmp) [ Do\ Dy da.
{elDel<| D[}

Hence, since || D rprn) = 1, we get

/ min{ep’D<,0|p, 62|Dv‘p_2|DQp|2} dr
R

:/ 6p\Dg0]pd:c—|—/ 2| Dv|P~2| Dyl da:
{elDep|>|Dvl} {elDe|<|Dvl}

2
> / ep\Dgolpdx—i—c(/ ep]Dg0|pdac>p > c(/ ep|D<p|pd:c>p , (4.5)
{elDg|>| Do} {elDg|<|Dv[} "

where ¢ = ¢(n,p) > 0.
Combining (4.4) and (4.5), we conclude the proof of (1.4) with a = 2.
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e The case nQ—fQ < p < 2. The proof is very similar to the previous case, with very small changes.
By Lemma 2.1 we have

/ | Dul? dz — / |Dv|P dx — ep/ |Dv|P~2Dv - Dy dx
R" R7 R"

2p(1 — Du| — |Dv|\*
> SLEE ([ pop2ipe + - ol (PP ) )
Rn

+co(/-£)/ min{e?| Do, | DolP~2| |} da,
Rn

where w corresponds to v and v as in Lemma 2.1, while by Lemma 2.4

*

* * * —1 * * *
Lo <ivar [ o e (PO ) [ ppae s e [ 1ol
n n n R”l

Hence, arguing as in the case 1 < p < nQ—fQ, it follows from (1.1), Proposition 3.8, and (4.5) that, by

choosing first k£ > 0 and then 7y > 0 small enough, for §(u) sufficiently small we have

».C

P * *
/ |Du|pdx—/ |Dv|pdx20</ ep]Dg0|pd1:> — e 1*;0/ lplP dex.
R™ R~ R P Jre

Since p* > 2 and 1 = || Dg||1o®n) = S|¢|l 1p* (rn), the result follows by the Sobolev inequality, provided
€ is sufficiently small.

e The case p > 2. By Lemma 2.1 we have
/ |Du|pd;v—/ |Dv|pdm—ep/ |Dv|P~2Dv - Dy dz:
n n R
2p(1 — Du| — |Dv|\?
> ep(l — k) (/ |Du[P=2|Dy|? + (p — 2)|w[P~2 <‘“|‘U‘> dx) + GPCO(H)/ \Dy|P da,
2 Rn € Rn
where w corresponds to v and v as in Lemma 2.1, while by Lemma 2.4

* * * *—1 * * *
Lo e <ivar [ o tpanr e (T k) [ oo s s e [ e dn
n n n ]Rn

2n

Hence, arguing again as in the case p < =5,

x > 0 small enough,

it follows from (1.1) and Proposition 3.8 that, by choosing

«C *
/ | Du|P dz — / |Dv|P do > epco/ |Do|P dx — €” 71*]? lpP da.
R~ R~ R D" Jre

Since 1 = [[D¢|zprn) = S|+ (mny, this implies (1.4) with o = p when € is sufficiently small,
concluding the proof of Theorem 1.1. O

APPENDIX A. A HARDY-POINCARE INEQUALITY

Lemma A.1. Let o« <n and let u € Wl’p(R”; |x]_°‘). Then, for any R > 1, we have

/ lu|P|lz|~* dz < C(n,p, a)/ ‘DU|P‘x|—a+p dz.
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Proof. Since R > 1 and « < n, thanks to Fubini’s Theorem and using polar coordinates we get

/ P do
R"\B(0,R)

< C’(n,p)/ / lu(r8)[Pr—t" "1 dr df

C(n,p / / / w(t0) [P~ Du|(t0)r— "L dt dr df
Sn—1

C(n,p) / / / 1 (20) P~ Du|(t0)r==+"" d dit o
Sn— 1
Cln,p,o / / ()P~ Dul (40)1=+" dt df

p—1

C(n,p, < / / u(tO)Pt—otn= 1dtd9> o
Sn— 1
~ 1
< / / |Du]p(t9)ta+"1+pdtd9>p
sn-1 JR

p—1

gC(n,p,co( / ru<x>rp|xr°‘dx) ’ ( / rDu|p<w>|x“+pdx)"
R\ B(0,R) R\ B(0,R)

where we applied Holder inequality in the penultimate step. This implies the lemma. [l

APPENDIX B. SPECTRAL ANALYSIS

In this appendix we discuss the spectral properties of the operator
Ly]p] := —div (|]Dv[P"2Dy + (p — 2)| Dv[P~*(Dv - D) Dv)

on the space L2(R";vP"~2). As shown in this Proposition 3.2, this operator has a discrete spectrum for
any 1 <p <n.

Note that eigenfunctions belong to the closure of C’IO(R”) with respect to the W1H2(R"™;|Dv[P~2)
norm (see the beginning of Section 3, in particular Remark 3.1), and eigenfunctions corresponding to
different eigenvalues are orthogonal in L?(R";vP" ~2).

One easily verifies that v is an eigenfunction of £, with eigenvalue (p — 1)SP, and that dyv and 0y, v
are eigenfunctions with eigenvalue (p* — 1)SP. Furthermore, since v > 0, it follows that (p —1)SP? is the
first eigenvalue, which is simple.

To prove that T, M generates the first and the second eigenspaces corresponding to £,, we must show
that (p* —1)SP? is the second eigenvalue and verify that there are no other eigenfunctions corresponding
to this eigenvalue. As in the proof of [26, Proposition 3.1], both of these facts follow from separation
of variables and Sturm-Liouville theory.

Indeed, given an eigenfunction of the form ¢(z) = Y(0)f(r), where Y : S* ! - Rand f: R — R,
the eigenvalue problem corresponds to the following system:

0=Agn1Y(0) + puY(0) on S"1, (B.1)
0= /2y EO Doy ey

+p =D = 2P [P +0wp —f

The eigenvalues and eigenfunctions of (B.1) are the spherical harmonics, and the eigenvalues are well-
known and nonnegative. In particular, as noted in the proof of [26, Proposition 3.1], what matters for
us is that 1 =0 and pg =n — 1.

on [0, 00). (B.2)
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Multiplying by the integrating factor #"~!, the ordinary differential equation (B.2) takes the form of
the Sturm-Liouville eigenvalue problem

Lf+af =0 on [0,00), (B.3)
where
Lf =[P - Qf
with
P(r)= (- WP Q)= w2 w(r) = o A (B.4)
and the eigenfunctions belong to the closure of C}o([R"])Hilbert space

H = {g :[0,00) 5 R : g € L*([0,00);w), ¢ € LQ[O,oo);P)}, (B.5)

Remark B.1. It is clear that eigenfunctions of L are smooth on (0, 00). It is interesting to observe that
they are actually continuous up to the origin.

—2
Indeed, since | Dv|P~2 ~ |x|Zf1 € LY(By) forp > g—ﬁ, as in [26] one can easily check that the operator £,
is degenerate elliptic with ellipticity matrix that defines an As-Muckenhoupt weight. This implies that
its eigenfunctions are locally Holder continuous [16], hence eigenfunctions of L are Holder continuous
near the origin.

—2

On the other hand, we note that P(r) ~ rp 1t > ] on [0,1] for p < 2 In particular, since

eigenfunctions of L belong to H (see (B.5)), it follows by Sobolev’s embedding that

1 1
o> [ PlfParze [IfPa = fec™p),
0 0
that is, eigenfunctions of L are Holder continuous on [0, 1] for p < ”T*l

Since "TH > Z—ﬁ, this shows that eigenfunction of L are continuous on [0, 00) for any 1 < p < n.

Remark B.2. As noted above, eigenfunctions of £,, corresponding to different eigenvalues are orthogonal

L?(R™;vP"~2). This implies that if f; and f» are two eigenfunctions of L corresponding to different
eigenvalues, then

/Oowflfng:O.
0

As shown in the proof of [26, Proposition 3.1], to conclude the argument it suffices to prove the
validity of the following:

Lemma B.3. Consider the Sturm-Liouville problem (B.3).

(1) If f1 and fa are two eigenfunctions corresponding to the same eigenvalue o, then f1 = cfa for
some c € R.
(2) The i-th eigenfunction of L has i — 1 interior zeros.

Proof. We begin by noticing that [26, Lemma 6.6] applies verbatim in our situation, and it shows that
eigenfunctions of L satisfy the following decay estimates:

1f(r)| < Cr?, |f'(r)] < Cr=P71 for r > 1, forany 0 << % (B.6)

We can now prove the two desired properties.

e Proof of (1). Given fi, fa two eigenfunctions for the same eigenvalue «, as shown in the proof of [26,
Lemma 6.4] it holds

(PW) =0 on (0,00), with W := fif5 — fafi. (B.7)
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We claim that PW = 0. Indeed, since P(r) ~ ro1 for 1> 1, thanks to (B.6) with 8 = i((;f:f)) it holds

[P fifo| + P f3f1] SCT%_Qﬁ_l = Cr 2D — 0 as r — 00. (B.8)
This implies that (PW)(r) — 0 as r — 00, so the claim follows from (B.7).
Once the claim is proven, the proof of (1) follows as in [26, Lemma 6.4].

e Proof of (2). Suppose that fi; and fs are eigenfunctions of L corresponding to eigenvalues ay and oo
respectively, with a1 < as.
Assume first that f; has two consecutive zero at r1 and ro, with ro € (r1,00]. Thanks to (B.6) we
can apply the argument in the proof [26, Lemma 6.4] to show that fo must have a zero inside (ry,r2).
Assume now that ry is the first interior zero of fi, and suppose by contradiction that fo has no zero
in (0,71). Assuming with no loss of generality that both f; and f, are non-negative on [0, 7], thanks
to Remark B.2, [26, Equation (6.16)], and (B.8), we get

0> (a1 — a2) /Oh wfifodr = —(aq — ag) /oo wfifadr = PW(r1) — lim (PW)(r) = PW(r1).

o] T—00

Thus 0 > (PW)(r1) = P(r1) f{(r1) f2(r1), a contradiction since P > 0, fi(r1) <0, and fa(r1) > 0.
We can now conclude the proof of (2) as in [26, Lemma 6.4]. O

APPENDIX C. A NUMERICAL INEQUALITY

Lemma C.1. Let 1 < p < f—fQ Given €y > 0, there exists ¢ = ((eg) small enough so that the following

inequality holds for any nonnegative numbers €, r, a, b satisfying € € (0,1) and ea < C(l + 7‘17%1)1_%:
(1+4771) (1-5) =D p-1 [cﬂcprﬁ (14771) P 4Pt (147r71)" P 4 a“‘*pbp}

<eo(l+ rﬁ) (1_%>(7’*_2)a2 + C(eg,m,p)(1 + r)fﬁ ((1 + rﬁ)_%rp%l + eb)p_2 v (C.1)

< 50(1 + r%)(17%>(p*72)a2 + C(eo,n, p) ((1 + rﬁ)fgrp%l + eb)p b2, (C.2)

Proof. Note that (C.2) immediately follows from (C.1), so it suffices to prove (C.1). We distinguish
several cases.

e Case 1: 0 < r < 1. In this case, up to changing the values of ¢y and ¢ by a universal constant, (C.1)
is equivalent to

aQCPM% + a2 + a> PP < ega’ + C(ep,n,p) (7”1’%1 + €b)p72b2. (C.3)

Note that:
-if eb < ()

L 2.p €0 42
r»=T then a”€’b? < Fa”;
a’ePbP < 4C%eP720P < Cleg, n, p) (rpfll + eb)p_2b2.
Similarly:
1
-if b < (%0)5 a then a2 PP < %oaz;
1
Sif (D)ra<b< ¢~1r7-T then
—92 1 o
a2—pbp < 0(607n7p)b2 < C(EO,?’L,]))T%(}Q < C(€0an>p) (rﬁ + Eb)p sz;
-ifb > e lpimT then, since ea < ¢(1+ rp%l)l_% < 2¢,

a?7PHP < 427PCETPP TP < Oeg, m, p) (rp%l + eb)p_262.
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Thus, choosing ¢? < %, (C.3) holds in all cases.
e Case 2: r > 1. In this case, (C.1) is equivalent to

pet 0D g2ep L SR pp ppp 2 pppy it (P24

<erri® g2 4 C(eo, n7p)riﬁ (Tﬁ + Gb)p_2b2‘ (C.4)
Again:

P=n (v _9_ €0 P=n(p¥_
rpfl(p 2 p)+pa2€Pbp S §/rnp—l (p 2)a2’

—n
1

1 1-n P 1-n p=n
-if b > (%O)P rr=1e~ ! we apply the inequality ea < Q(l + Tpgl)l r < 2{1"2*1 to conclude

Piet PRI < gy 22 < Clegym,p)r T (17 4 eb) R
On the othell" hand:
-ifb < (%0)5 ar—! then
.

DTk € P (k.
a2 PPy -1 PTAEP < 50“,_1(17 2)a2;

1 1-n
Sif ($)7 arh <b<elra then
a2 PYPrr1 PP C (e, n,p)bQT%(P*—Q)-&-Z
1-n 1—n B
= C(eo,n, p)r~ 7 1rit P22 < Oeg,m, p)r 71 (ro1 + eb)? 0%
1-n o b
-if b> e 1r»=1 then we apply the inequality ea < ¢(1 + 7«%)1 < 204271 to get

—n % 1-n _
> PPyt O IR < 920 (2P 2P < O, m, p)r T (T 4 €b)? b

This proves (C.4) whenever ¢ < ¢, concluding the proof of (C.1). O
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