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ABSTRACT. Combining rearrangement techniques with Gromov’s proof (via optimal mass
transportation) of the 1-Sobolev inequality, we prove a sharp quantitative version of the
anisotropic Sobolev inequality on BV (R™). As a corollary of this result, we also deduce
a sharp stability estimate for the anisotropic 1-log-Sobolev inequality.
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1. INTRODUCTION

1.1. Overview. We present here a sharp stability theorem for the anisotropic Sobolev
inequality on functions of bounded variation. Previous contributions to this problem,
although providing sharp decay rates, were limited to the isotropic case. In this paper, by
a combination of optimal mass transportation methods and rearrangement techniques, we
are able to address the anisotropic case, still with sharp decay rates. Further interesting
improvements are also obtained: first, the new stability estimates come with explicit
constants, a feature of possible interest for numerical applications which was missing so
far; second, in the spirit of the celebrated result by Bianchi and Egnell [BE] for the Sobolev
inequality on W12(R"), the distance from the class of optimal functions is also controlled
(in a suitable form) at the level of gradients. Finally, by a simple argument, this analysis
is extended to the anisotropic 1-log-Sobolev inequality.

1.2. The anisotropic Sobolev inequality and the Wulff inequality. The anisotropic
Sobolev inequality is a natural extension of the standard Sobolev inequality on BV (R™),
which is obtained by measuring gradients through the gauge function of a convex set,
rather than by the Euclidean norm. Precisely, given an open, bounded convex set K in
R™ (n > 2), containing the origin, if we define the gauge function of K as

|z||« =sup{z-y:y€ K}, xeR",

then we have the following anisotropic Sobolev inequality
/R = VI @l do 2 al K gy Y S € CER).

Here, n’ = n/(n — 1) and |K| denotes the Lebesgue measure of K. By an approximation
argument the inequality holds true on BV (R™), in the form

TVi(f) = K[| fllw @ny» ¥ f € BV(R™), (1.1)

where TV (f) denotes the anisotropic total variation of f,

TVk(f) = Sup{ Z | = Df(Ep)|« : {Enr}ren is a Borel partition of R" }
heN

zsup{ f(x)div T(:E)dx:TGC’Cl(R";K)} .
R?’L



An important particular case of (1.1) is obtained when E is a set of finite perimeter in
R™ with |E| < co. In this case we have 1z € BV(R"), and TVk(1g) agrees with the
K-anisotropic perimeter Pg(F) of E, namely,

TVk(1g) = / e« dH" ! =: Px(E).
o*E

(Here vg denotes the (measure theoretic) outer unit normal to F, and 0*E is the reduced
boundary of E.) Correspondingly, the anisotropic Sobolev inequality reduces to the Wulff
inequality

Pg(E) > n|K [V B[V, (1.2)

which in turn agrees with the Euclidean isoperimetric inequality in the case K = B.

1.3. Equality cases and stability theorems. Equality holds in (1.2) if and only if F
is equivalent (with respect to Lebesgue measure) to xo + r K for some zp € R"™ and r > 0.
Sharp quantitative versions of (1.2) have been obtained in [FMP1] concerning the case
K = B, and in [FiMP] for the general anisotropic case (see also [CL] for an alternative
approach to the isotropic case). In particular, in [FiMP] it is proved that, if E is a set of
finite perimeter with |E| = 1, then there exists zp € R" such that

EA(zo + 719 K)|\? 1
Px(E) > n|K|V" {1 | S 1.3
where one can take

181n"

Co(n) = (1.4)

(2 _ 21/n’)3/2 ’
(in the Euclidean case K = B, the factor n” may be replaced by n3). In the case of the
anisotropic Sobolev inequality, optimal functions are precisely multiples of characteristic
functions of (rescaled and/or translated copies of) K. However, one has to be careful
when the sign changes: indeed, the equality TV (1x) = TVx(—1k) holds if and only if
K = —K. If K is not symmetric with respect to the origin, then it turns out that the
“prototype” negative optimal function is —1_, and not —1x (indeed, it is immediate to
check that TVk(1x) = TVk(—1_k), and so —1_g is optimal in (1.1)). With this caveat
in mind, one sees that the family of (non-zero) optimal functions in (1.1) is

ga,xo,r:alxo-l—arKy a#O,xoe}Rn,r>O.

We are now in the position to look for a quantitative improvement of (1.1), in the spirit
of (1.3). Let us agree to work, for the sake of simplicity and without loss of generality, in
the class M of those elements f € BV (R™) such that |f|" dz is a probability measure,
i.e.

Mo = {f envE): [ 111 - 1} .

Correspondingly, let {gu 20 a0 2ok be the class of those optimal functions in (1.1) which
belong to My, that is

/ |/g\a,mo|n/ =1, /g\a,mo = Ya,x0,7(a) *
Finally, let us introduce the “distance” (see Remark 1.4 and Lemma 2.2),
a9 = [ 119" +afg).  fgeBVE, (15)

where

do(f,g) = inf { |- D(f - g)].(R*\ E

) +/ \f\n/ + ]g\"/ : F is a Borel set in R"} )
E



Notice that, up to multiplicative factors depending on K only, we could have replaced the
anisotropic total variation term || — D(f — g)[«(R"™ \ E) with the standard total variation
|ID(f — ¢)|(R™\ E). However, with our definition, we can get a stability estimate with a
constant depending on the dimension only. Our main result takes then the following form.

Theorem 1.1. If f € My, then there exists a # 0 and o € R™ such that
A(f, Gao) \
TVi(f) > n|K|Y/m {1+ [ —222el 1.6

C1(n) = 1800 (n + Co(n)) vn, (1.7)
and Cy(n) is given by (1.4).

Remark 1.2. Introducing the scale and translation invariant Sobolev deficit functional,

TVk(f)
6 =
(f) B Y f1| o gy

inequality (1.6) takes the form
C1(n) &f)zhﬁ{ﬂﬁgwmﬁ:Hﬂbwwﬂ:qmwmﬂummﬂ},VfEJMO. (1.9)

Of course, the restriction [p, |f | =1 in Theorem 1.1 is easily dropped by applying (1.6)
to f/Ifll o gy

Remark 1.3 (Previous contributions). Theorem 1.1 was proved in [FMP2] in the isotropic
case K = B, with a non-explicit constant in place of C(n) and with [, |f—a,z0 " in place
of d(f,Ga,z,)- In [Ci], Cianchi presented an argument that, starting from a quantitative
version of the Wulff inequality, produces a quantitative version of the anisotropic Sobolev
inequality, where the distance between f and a suitable g, », is measured in some Lorentz
space instead that in L. This method produces however a non-sharp decay rate, meaning
that the sharp power 2 appearing on the right-hand side of (1.6) has to be replaced by the
larger power 1+ 2n’ € (3,5].

where

~1, feBVRY), (1.8)

Remark 1.4 (Sharpness of the distance). In [BE], Bianchi and Egnell proved the existence
of a (non-explicit) constant C'(n) with the property that, for every f € WH2(R?), f # 0,
there exist a # 0, g € R™, and r > 0 such that

1
VIR = 800221 e oy + i [ 1V = Vil

where 2* = 2n/(n —2), S(n,2) is the sharp constant in the Sobolev inequality, and where
a
T) = r eR™.
= T e =Py
The strong feature of this result, especially in comparison with the stability theorems
from [FMP2] and [Ci] for the Sobolev inequality on BV (R"), is that the distance from
the set of optimal functions is measured by a Lebesgue norm of the gradients. However,
it is not clear what should be the correct “gradient distance” one can try to control in
a quantitative version of (1.1). A naive candidate distance could be of course the total
variation of f — g, 4,, but it is easy to construct a sequence { fj, }neny C My such that

l. == 1 f D _Aaw Rn ’
hLH;oé(fh) 0, IH;OG;AO{DO .- [D(fr — Ga,z) [(R™) >0

see Figure 1.1. Analogously, one cannot expect to control the L' norm of the absolutely
continuous part of D f, since arguing by approximation and using the lower semicontinuity
of the total variation, one would actually be able to control the full total variation of D f,
which (as we just observed) is impossible.



FIGURE 1.1. In the case K = B, consider a sequence of ellipsoids {Ep}hen
converging to a ball B, with |Ej| = |B,| =1 and H""1(0E, N dB) = 0 for every
h € N, and such that 1, — 1p, in L'(R™). It is clear that 6(1g,) — 0, while
|D(1g, — 1p,)|(R™) = P(Ey) + P(B,) — 2P(B,). However, choosing as test
sets C: in the definition of do(1g,,15) the complements of e-neighborhoods of
OE, U OB, we easily see that dy(1g,,15) =0 and d(1g,,15) = |ELAB| — 0.

However, as Theorem 1.1 shows, it is possible to control do(f, gu,z,), which amounts to
bound the total variation of f — g4, limited to a subset of R™ whose complement has
small measure with respect to both |f|" dz and [gg z,|" dz.

Let us observe that, although dg gives no extra informations when f is the characteristic
function of a set of finite perimeter (see Lemma 2.5), it provides stronger informations when
Df has some absolutely continuous part: for instance, if f is C' and has small deficit,
then not only f is close in L™ to some optimizer Ja,zo, but also V£ is small in L' strictly
inside zg + ar(a)K.

1.4. Strategy of proof and organization of the paper. The proof of the above result
is based on a careful combination of rearrangements techniques applied to Gromov’s proof
(via optimal transportation) of the anisotropic Sobolev inequality. More precisely, as
shown in the proof of Theorem 1.1, we can reduce to the case of a smooth non-negative
function f. This case is then adressed in Theorem 2.7. The core in the proof of this
latter results is Step I, where we show that a function with small deficit must be close (in
a precise quantitative way) to a characteristic function of an isoperimetric set zo + rK.
Once this result is established, we conclude with the help of (1.3).

The paper is organized as follows: in Section 2 we introduce some notation and prelim-
inary results, and we show some basic properties of the “distance” d introduced in (1.5).
Then we prove Theorem 1.1 for smooth nonnegative functions (see Theorem 2.7), and we
show how the general result of Theorem 1.1 can be deduced from Theorem 2.7. Finally, in
Section 3 we observe how Theorem 1.1 implies a stability result for a family of anisotropic
1-log-Sobolev inequalities.

2. STABILITY FOR THE ANISTROPIC SOBOLEV INEQUALITY ON BV FUNCTIONS

2.1. Notation and preliminaries. We start with some notation and preliminary re-
marks which reveal useful in the sequel.

2.1.1. Functions of bounded variation. We shall work with the space BV (R") of the func-
tions of bounded variation in R", referring to the monograph [AFP] for all the needed
background. In particular, given f € BV (R"™), Df shall denote the distributional gradi-
ent of f, which is required to define a R"-valued Radon measure on R™ with finite total
variation |Df|, and

Df =Vfdx + D°f,



shall be the Radon-Nykodim decomposition of D f with respect to the Lebesgue measure.
Concerning this decomposition, we shall need the following natural property of regular-
ization by convolution, the proof of which we were not able to track in the literature.

Lemma 2.1. Let f € BV(R"™), and set fi = f*pg, where {pg }ren is a sequence of smooth
compactly supported convolution kernels. Then

im [ |Vfi—Vf=o0,
k—o0 R\ A
whenever A is an open set such that |D* f| is concentrated on A.

Proof. A truncation argument allows to reduce to the case when f has compact support
contained in a closed ball Bg, R > 0. Correspondingly, we may assume A to be bounded.
If we now consider the compact set = Br N (R™\ A), then we want to prove that

lim / Vfo—Vf=0. (2.1)
k—oo Jxc
Since 1xVf € L*(R™), by standard convolution estimates we have

lim |(IcVf) *pp — 1V f| =0,

k—oo Jrn

and thus (2.1) is equivalent to show that

k—o00

lim / Vi — eV f) * pi| = 0. (22)
K
Since D*f = D?fL A, we find that
Vi — (V) *pr = (Df)* pr. — (I V f) * pi
= (V) *pr+ (D°f) % pr — (1cV f) * pi,
=(1aVf)xpp+ (D°fLA)*pr = (DfLA)*py,
so that

/Ika—(lchf)*pklz/ I(DfLA)*,ok|§/ (IDf|LA) % pg da .
K K K

Since (|Df|L A) x pr, weakly* converges to the measure |Df|L A and K is compact, by the
standard upper semicontinuity of weak* convergence of Radon measures we obtain

limsup/ (IDfILA) * prdx < (IDFILA)(K) =0,
k—oo JK

where the last equality follows from K N A = (. This concludes the proof of (2.2), as
required. O

2.1.2. Anisotropic total variation. We will work with a fixed open, bounded and convex
set K in R", containing the origin. We associate to K two convex and positively 1-

homogeneous functions, || - || and || - ||, by setting for each x € R,
|z|| =inf{A>0:x"'ze K}, |z||« =sup{z-y:ye K} .
In this way, K = {x € R" : ||z|| < 1}, and the Cauchy-Schwartz type-inequality
-y <zl lylls,  Va,yeR",
holds true. Moreover, if K = B, the Euclidean unit ball, then ||z|| = ||z|/« = |z| for every

x € R™, where, here and in the following, | - | denotes the Euclidean norm. With this



notation at hand, the anisotropic total variation of a R"-valued Radon measure p defined
on R™ is defined by the formula

||« (E) = Sup{ Z le(Ep)|l« : {Ep}ren is a Borel partition of E} .
heN

Correspondingly, the anisotropic total variation TVi(f) of f € BV (R™) is given by
TVi(f) = I = Df[«(R"),

where D f denotes the distributional gradient of f. Since K is a bounded open set con-
taining the origin, there exist constants ag,bx > 0 such that

aglv| < ||v|l« < bkl VveR". (2.3)
In particular f € BV(R") if and only if TVx(f) < oo, as
ax|Df|(E) < || - Df||l.(E) < bx|Df|(E),  VECR".

By standard density arguments we see that
TVk(f) = sup{ f(z)divT(z)dz : T € CHR™, K)} .
Rn

Moreover,
TVi(f) = [ 1= Vi@l VfeC'®Y), (24

so that TVp(f) = [[Df||L1(rn;rny- Similarly, if E is a set of finite perimeter with reduced
boundary 0*F and measure theoretic outer unit normal vg, then we have

TVic(1s) = [ el dr™(a).

so that TVp(1g) = P(FE), the distributional perimeter of E. The anisotropic total varia-
tion of 1 is sometimes called the anisotropic perimeter of E with respect to K, see for
instance [FiMP, Section 1.2]. Recalling the definition of deficit introduced in (1.8), given
a set of finite perimeter E with |E| < oo we shall write for simplicity

IE) =461g).
Note that 6(1g) = d(alg) for every a # 0, since the notion of deficit is scale invariant.

2.2. Some properties of the “distance” d. In this short section, we list some simple
but important properties of the function d. In the following lemma we start investigating
the behavior of d with respect to the axioms of a distance.

Lemma 2.2. For any n > 2, one has
d(f,g) >0, and d(f,g) =0 if and only if f =g,
U iy, 1) < df,0) < X d(g, )
K aK
a(f.h) < 4(d(f.g) + d(g, 1))

for every f,g,h € BV (R").

Proof. We only have to check the validity of the “extended” triangle inequality, the first
two properties being easily verified. Let f,g,h € BV(R™), and notice that

/Rn |f —h|" <om ! </R" If—gl” —I—/Rn lg — h|”’> . (2.5)



Next, consider two Borel sets F; and E5 in R™. We have
| =D(f = h)[«(R™\ (E1 U Ep)) < (26)
| =D(f = 9)l«(R" \ E1) + || = D(g = B)[[«(R" \ E2), ’

and moreover

/ I = / Fi / T
FE1UE> E4 EQ\El
< [ i e (/ g+ [ |g|"’).
E1 R™ E2

[ s [ (/ g+ [ \gr"’). (2.8)
FE1UFE> FE> Rn Eq

By adding up (2.5), (2.6), (2.7) and (2.8), and by taking into account that 2"~ < 2 if
we use E1 U Fs as a test set in the definition of dy(f, k), then we find

” _D(f_g)H*(Rn\El) n’ n/ n’
it < =P B gz [ g2 [

— D(g— h)|+(R*\ E . . .
’I’L|K| Es Rn E:

+2/ u-m”+2/ lg—h["".
Rn R

Minimizing with respect to E7 and F separately, we find

a(f.h) < 4(d(f.g) + d(g, 1))
as desired. ]

(2.7)

Similarly,

The following two lemmas are essential in reducing the proof of Theorem 1.1 to the case
when f is smooth and compactly supported.

Lemma 2.3. Let f,g € BV(R"), and set fi = f * pg, where {pi}ren is a sequence of
smooth compactly supported convolution kernels. Then d(f,g) — d(f,g) for k — oc.

Proof. Since f;, — f in L™ (R™), we only have to prove that do(fi,g) — do(f,g) when
k — oo. Let us consider the Radon-Nykodim decompositions Df = V f dx+D? f and Dg =
Vgdz + D*g, and let F' be a Borel set on which both |D*f| and |D*g| are concentrated,
with |F| = 0. Then, given € > 0, we can consider an open set A. C R" such that F' C A,
and

/A 1FI™ + g™ da < e. (2.9)
Since |D? f| and |D?g| are both concentrated on A, for every Borel set E C R", we have
|- DG =9l @\ EUA) = [ = (Vi = Vg da.
"\(EUA:)

Thus, if we restrict the competition class in the definition of dy(f, g) to the Borel sets of
the form E U A, taking also (2.9) into account we find that

1 i !
do(f,g) < e+ inf 7/ —(Vf—Vyg *dx+/ 1™ +lg|™ » .
o(f,9) Ecw{nw/n o |7 (T = Vo)l [ 41



We now remark that

/ | = (Vf = Vg)l. du
"\ (BUA:)
s/ H —<ka—v9>|r*da:+/ | = (Vo= V)|l da
R\ (EUA:) R\ (EUA,)

<= DU\ B)+ [ 1= (V= T,

and

fn/ S f n! + f_f n! n !
L0 < (Ufelley + 17 = il o)

Hence, setting ay, = | f — fll v (gn), We conclude that

1
d < —_ — (Ve =V)lld
o) <t e [ 1= (V= V)lleds

(2.10)
. | = D(fx — g)ll«(R" \ E) n y
+E1£[£"{ n|K|/n + (ka”Ln’(E) +ak) + E\Q’ :
Since o — 0 thanks to Lemma 2.1, and since || - ||« is comparable to the Euclidean norm

by (2.3), letting first kK — oo, and then & — 0T we obtain

If we repeat the above argument exchanging the roles of f and fi, in place of (2.10) we
get

1
d < _ — -V «d
o) < 2 = / IR\ AIRE

+ur JIEPEDREE) () + [ 1},

ECRn n|K|t/n

which yields
do(f,g) > limsupdo(f,9g) -

This concludes the proof. o O
Lemma 2.4. If f € BV(R") N C*(R"), then
i d(L, £ Gaor) = d(f>Gaor) (2.11)
for every a # 0, zg € R™ and r > 0. Moreover,
3(f) = Jim 3(1p, f). (2.12)
Proof. First of all, we claim that
Jim . |f|dH™ ' =0. (2.13)

Indeed, by a simple computation in polar coordinates using the Fundamental Theorem of
Calculus, one can easily check that, for any 0 < Ry < R < 00,

[ [ gparet)< [ (19 e- i)
9B, 9Bk, Bry\Br, Ry
Since |f| and |V f| are both integrable, this implies that the function

R~ |fl dH"
OBR



is uniformly continuous on [1,00). Observing that

L[ inaetar= [ i<,
OBRr R™
(2.13) follows easily.

Using (2.13), and taking also into account that |f|” € L'(R") and that || — V.f|. €
L'(R™), we conclude that

/ |~ Vfl = lim =V, (2.14)
E R—oo JENBR
Ll =g [ (215)
FE — 00 ENBgr
0= lim |fldH™ T, (2.16)

R—oo ENOBR

uniformly with respect to £ C R™. Let us now set for the sake of brevity Kg = xg+ ar K.
Since

D(lBR f— ga,xo,r) = 1BR Vfdx— f VBr Hn_l LOBRr + avK, Hn_l L 0Ky,
D(f - ga,xo,r) = vf dx + avg, Hn_l I_OKO ,
by (2.14), (2.15) and (2.16) we find that

| = D1y f = Gawor) |+(E) +n| K| / 18, fI" + |9awor!”
R\ E
= / | = V£l +/ Il = vBgll- dH™" + |al [V || dH !
ENBgr ENdBr ENdK,

Sl K[ 1 gl
R\ E
as R — oo converges, uniformly with respect to £ C R™, to

/ =V £l + \a’/ HVKOH*dH"‘“rn!K\I/n// 1™ + (G0 ™
E ENdKy R\ E

— || = D(f — gowo)lls () + n|K|Y" / 17+ gl
R"\E

By the arbitrariness of F we immediately deduce the validity of (2.11). Finally, (2.12)
follows by

D(lBR f) = 1BR Vfdx - fVBR dH"_ll_é)BR,
and by (2.14), (2.15) and (2.16). ]

We now prove that, on pairs of characteristic functions, d agrees with the L!-distance
between the corresponding sets.

Lemma 2.5. If E and F are sets of locally finite perimeter in R™, then
d(alE,blp):/ ‘alE—blplnl,
R?’L

for every a,b € R.

Proof. We just have to prove that dy(alg,blrp) = 0. To do this, we use as a test set
G =R"\ (0*EFUO*F). In this way we find

IDGLy — alp)[.(C) < la] / gl dH " 4 b / |~ vpll.dimt =0,
GNo*F



while at the same time, since |R™ \ G| = 0,

/ lalp™ +|b1p[” =0.
RP\G

O
We conclude this section showing the following simple lemma.
Lemma 2.6. If f € BV(R") and [z, If]" =1, then
nE d(f, Gagr) < I df.Guza) €8 i d(f, Gaan.r)- (2.17)

Proof. The first inequality in (2.17) being trivial, we focus on the second one. Pick any
a+#0, zg € R” and r > 0, and correspondingly let b # 0 be such that [b]" |zg + ar K| = 1,
choosing b > 0 (resp. b < 0) if a > 0 (resp. a < 0). Then we have

~ /
Hgb,xo - ga,xo,rHLn’(Rn) = |Cl — b||$0 + ar K|1/n

= ‘Halmo-i-aTKHLn’(Rn) - ||b ]‘-'EO‘FIIT‘KHLn’(Rn)

Halxo-lrarK”Ln’(Rn) - HfHLn’(Rn)
1/n’ )

= ‘Ha 1x0+arKHLn’(Rn) — 1‘ =
<|f- ga,wO,rHLn’(Rn) <d(f, ga,zo,r)

Thus by Lemma 2.2 and by Lemma 2.5 we find that
d(f7 gb,x()) S 4 (d(f7 ga,mo,r) + d(ga,xo,h /g\b,xo))
= (4 Gor) + [ [y~ Gzl < 8US G)-

The conclusion follows by the arbitrariness of a, x¢ and r. O

2.3. Proof of Theorem 1.1 for smooth nonnegative functions. We can now enter in
the proof of Theorem 1.1. We start dealing with the case of compactly supported, smooth,
positive functions. The general case shall then follow by an approximation argument based
on Lemma 2.3 and Lemma 2.4.

Theorem 2.7. If f € CH(R™), f >0, [pn " =1 and 5(f) < (8n)2, then

ét}cf(’) d(f, Gam) < 256 (n + Co(n))\/O(f). (2.18)
Proof. The proof of this theorem is divided into several steps. The main one is to show
that 6(f) controls the total variation of f on a suitable set {f > ¢;}, and that f has small
L™ -norm in its complement {f < t;}, see Figure 2.1. Then, we will do a “reduction to
sets” argument: we will find a new level set to € (t1/2,11) such that #1155,y and ol s~}
are d-close and, moreover, the Sobolev deficit of f controls the deficit of {f > to}. Finally,
we will use the main result of [FiMP] to show that {f > to} is close to a suitable translated
and scaled copy of K. A simple application of Lemma 2.2 will then show that d(f, ga,z,)
is controlled by +/d(f) for suitable values of xy and a.
Notice that, by a simple approximation argument, without loss of generality we can
assume that

Hx: f(a) >0, Vf(x):OH ~0. (2.19)



FIGURE 2.1. The key step in the proof of Theorem 2.7. The smooth nonnegative
function f is close to a characteristic function, in the sense that there exists a heigth
t1 such that the total variation of f on {f > t1} is small, as well as its L™ -norm
on {f < t1}. After this step, it remains to prove that {f > ¢1} is close to zg +r K
for some values of zg € R™ and r > 0.

Step I: There exists t1 > 0 such that

/ | = Vf(@)odz < 2n|K " /5(7) . (2.20)
{f>t1}

/ " dx < n/o(f), (2.21)
{f<t1}
d(f, t1l{p>0y) < 4n/o(f). (2:22)

Let us first give a brief description of the argument. The starting point consists in apply-

ing a “Gromov-type argument” to the Brenier map T between the probability densities
f(z)"dr and |K| '1xdy. More precisely, T € BV (R™ K) is the gradient of a convex
function and satisfies the push-forward condition

1 n'
= /K h(y)dy = /R (T (@) ()" d,

for every Borel function h : R™ — [0, co]. By the change of variables y = T'(x) and through
a localization argument, we deduce that

det VT'(z) = | K| f(z)™ (2.23)

(note that |det VT'| = det VT as VT is the Hessian of a convex function). In particular,
(2.23) can be rewritten as

n(det VT(x))l/nf(:E) = n|K|Y"f(z)"

Integrating over R™ and applying the arithmetic-geometric mean inequality, one finds that

n|K|1/":/Rnn|K|1/"f(x)"/dx:/Rnn(detVT(x))l/nf(x)d:E§ RndivT(x)f(:n)dm

~ [ 7@ (-Vi@yds < [ [T@I - VH@l.de < TV,

where we used (2.4) and the fact that || T(z)|| < 1 a.e. in R™. This argument proves (1.1),
and provides a bound on the isoperimetric deficit in terms of T', namely

WK = [ (1= IT@I) = V@) do. (2.24)

We are going to prove (2.20)—(2.21) starting from this bound, while (2.22) will eventually
follow from (2.20) and (2.21).



Indeed, what (2.24) suggests is that the total variation of f is controlled by /d(f) on
the region {1 =T > wé(f)}, while, at the same time, the mass charged by " dz on the
the complementary region {||T'|| > 1 — +/6(f)} should be controlled by \/4(f), being this

region mapped by 7T into a /d(f)-layer of OK. Of course, one should expect here some
difficulties regarding the regularity of these sets. A key idea is that it does not matter to
apply the above remarks directly to f, but rather it suffices to work with its anisotropic
radially symmetric decreasing rearrangement f*. We shall later recover the information
on f via the Coarea Formula.

This said, let us go into the details of the proof of Step I. Let us define f* : R™ — [0, 00)
by

f@)=suwp{t=0:|{f >t} = |K||2l"}, eR".

Then {f* >t} = r(t)K for every ¢t > 0, where r(t) > 0 is so that

{f >t =Hf>t}, Vvi>0. (2.25)
It is well known that f* € WHL(R"), and that there exists u € AC),.([0, R]) such that
v <0 and f*(z) = u(||z]]) (here R > 0 is determined by the relation |{f > 0}| = R"|K]).
By (2.25), we have [p, f" = [p.(f*)" = 1. Furthermore,

TVi(F) = [ = Vi@l = [ Pet(s > e > [T alK g > o
2 ”’K‘l/n“f”m’(w) = n|K[V",

where in the last inequality we have also applied an elementary inequality on decreasing
functions (see, e.g. [LY, Proof of (5.3.3)]). Since the first inequality is in fact an equality
if we replace f by f*, it follows that §(f*) < 4(f), and in particular

Al KY7S(F) > TVie(F) — TVic(f*) = n| K[V /0 TS > e, (2.26)

where we have used that
Pe({f > t}) = n|K[""{f >t} = Pe({f > t}) — Pc({f* > 1})
=n|K|MM6({f > thu®)'™

and we have set u(t) = [{f > t}| for the sake of brevity.

We now perform Gromov’s argument to derive the inequalities (2.20)—(2.21). More
precisely, let g = |[K|~/" 1. When 6(f*) is small we expect f* to be close to g (up to
a homothety). For this reason we parameterize ¢" with respect to ( f*)”’ by the function

7 : 10, R] — [0, 1] defined as
/ ()" =/ g’
rK T(r)K

7(r)" =n|K| /0?“ u(s)" s" ds, (2.27)

or, equivalently,

(we remark that the Brenier map between f*(z)"dz and |K|~'1x(y)dy is given by
T*(x) = 7(||z|))z/||=|]). Clearly 7 € C*((0,R);(0,1)), with 7(R) = 1, 7(0) =0, 7 > 0 on
(0, R), and

() ()" = | K u(r)™ et



Hence, by Young inequality,
n' _ n'/n o n T(T) L’ U(T)
) =y ) = e ()
< (T, ) Ly )

n o K [1/n = 1 K [1/n”

which combined with (2.27) gives

R R
= 7(R)" = /0 nlKu(r)” rm=tdr < |K|Y™ /0 ()Y u(r)dr

Integrating by parts, and recalling that 7(0) = w(R) = 0 and that 0 < 7 < 1, we get
R R
i < nlK] [l e < nl] [t = [ = 5 @)ds
0 0 Rn
=TVk(f*),
and so,
R
K| [0 =D (e < TV~ alK Y = K (29
0

(observe that this is just (2.24) for the function f* in place of f). We now show how to
combine (2.26) and (2.28) to prove the theorem. Let us consider the set

J=A{rel0,R]:1—7(r) >+d(f)}.
As §(f) < 1 and 7 is increasing, we have that J = [0,r1], where r; € (0, R) is such that
7(r1) =1 —/6(f). By (2.28) and the definition of J we easily infer that

/ =V < al K (2.29)

Moreover, as 1 — (1 — )" < ne for every € € [0,1] and minding (2.27), we have
! 1 !
[ =] [ eyt is = 1= ()" < 005
R\ri K 0

Set now t; = wu(ry), so that {f* > ¢;} = r1 K thanks to (2.19). Thus, (2.21) follows
immediately by Fubini Theorem since [{f > t}| = [{f* > t}|.

Let us now consider (2.20). We start by noticing that, by the Coarea Formula and
keeping in mind (2.19) and (2.29),

[o=vil= [ ptts >
{f>t1}

t1

= [T (Pelts >t - Pl > p)de+ [ Pels > i

t1 t1

:/OO <PK({f>t})—PK({f* >t}))dt—|—/ | — V.

t1 {f*>t1}

S/ltoo (PK({f>t})_PK({f*>t}))dt+n‘K’1/nm.

1

(2.30)

By the isoperimetric inequality Px({f > t}) — Px({f* > t}) > 0, thus by (2.26) we have

TP > 1)) - Pr({f > t))dt < /0 TP > 1)) - Pr({f* > t)dt

t1
= TVic(f) = TV (f*) < nlK|V"8(f).
Inserting this last inequality into (2.30), we conclude the validity of (2.20).



Let us finally prove (2.22). We first claim that

/Rn |f _tll{f>t1}’nl < 2n4/0(f) .

Indeed, by the anisotropic Sobolev inequality (1.1) applied to max{f — t1,0}, and thanks

(2.31)

to (2.20)—(2.21), we have that

/ F = tilgsryl” :/ " +/ F-nr
R RP\{f>t1} {f>t1}

1= v\ o
Sn%&ﬁ+<ﬂbﬁKwn ) < na/8(f) + 278 (f) 2

< 2n4/(f) .

Notice that in the last inequality we have used that for every n > 3 one has 2 < n, while

for n = 2 one has 40(f) < 24/0(f) since by assumption §(f) < 1/4. At the same time, if
we plug the choice E' = {f < t1} in the definition of do(f,1 1{f>¢,1), and notice that

H—DU—thmWNU>hD=Ab”M—VMJ%

then by (2.20)—(2.21) we immediately find
dO(fatl 1{f>t1}) < 2n V 5(.](.) .

Combining this estimate with (2.31), we conclude the proof of (2.22), and thus of Step I.

Step II: There exists ty € (t1/2,t1) such that
' [{to < f < t1}] < 4n/3(F), (2.32)
(2.33)

S({f > to}) <44(f).

First of all, using the triangle inequality, recalling (2.31) and that fRn f" =1, and thanks

to the assumption /d(f) < (8n)~!, we obtain

t{f >t} =t lgpsey e = 1F g = I = tilgpsenyll o
> 1 - (@A) > % (2.34)
Let us now consider the set
I= {t € (t/2.t) : 6({f >tV >3 > 25(f)/t1} .

By (2.26) we have H!(I) < t1/2, so that there exists tg € (t1/2,t1) \ I. Consequently,

by (2.34) we find that
26() > Bl > )78 > t0}) = (> 1)a((f > to)) > 2L Tod)

hence (2.33) is established. To prove (2.32) it is enough to estimate, also thanks to (2.21),

{%1 <f< tl}( < 2" /{kal} <270 /5(f) < 4nn/5(f) -

9

' {to < <t} <t

Step II1: Conclusion.
We are now ready to conclude the proof of the Theorem. First, we claim that there exist

xo € R™ and r > 0 such that

A(fy Gty o) < 32 (n+ Co(n)) Vo(f), (2.35)



where Cy(n) is defined as in (1.4). To show this, observe that thanks to [FiMP, Theorem
1.1], there exist zp € R™ and r > 0 such that

{f > to}A(zo + 7 K)| < Co(n)[{f > to}[\/o({f > to})- (2.36)

Let us notice that
¢ 1/n’ 1/n’
1 n'
{f > —} < 2(/ f > <2,
2 {F>t1/2}

so that t7'|{f > to}| < 2" < 4. Hence, by (2.36) and (2.33) we find that
1 1{f > to}A(wo + 7 K)| < 4Co(n)V/S({f > to}) < 8 Co(n)v/3(f).
Thus, by applying Lemma 2.2 and Lemma 2.5, and by (2.22) and (2.32), we get
ACf, 911 0.r) < A(AU 11 (o)) + At (o) O 00 )
< 16n\/3(f) + 47 [{f > t1 }A(zo + TK)‘
< 160/3(7) + 487 ([{f > to} Ao + )| + [{to < F < t:}])

< 32(n+ Co(n)) Vo(f),
thus (2.35) follows. It is now sufficient to apply Lemma 2.6 to get

inf d(f, ) < 256 (n + Co(n)) V/3(f).,

that is, (2.18). O

/ t
tl{f >t} <25

2.4. Proof of Theorem 1.1. We come now to the proof of Theorem 1.1, which follows
from Theorem 2.7 by a standard argument, cf. [FMP2].

Proof of Theorem 1.1. We divide for simplicity the proof in three steps.

Step I: Deficit uniformly bounded from below.
In this first step, we consider the situation when

50F) > —

> —.

— 8n

Take any a # 0 and zg € R™. Using F = R" as a test set it is immediate to observe that
do(f,Gazo) < 2, and then by the triangular inequality

d(f, Ga,zo) S/ |f = Gawo|” +2<2V +2<6.

Consequently, we find

inf d(f,Guz,) <6 <481n/3(f),

a,To

which a stronger estimate than (1.9).
Step II: Nonnegative functions with small deficit.
We address now the case

fEBV®Y,  f>0 /n\f\"’zl 5<f><@. (2.37)

Thanks to Lemma 2.3, up to regularize f with a sequence of smooth compactly supported
convolution kernels {p }reny and then let & — oo, we can directly assume that f € C*°(R").
Analogously, by Lemma 2.4, we can now trade the smoothness of f for the compactness of
its support, that is to say, we may reduce to the case that spt(f) is compact and that (2.37)
holds true. Then, by a further application of Lemma 2.3, we regain the smoothness of f,



without loosing the compactness of its support. Summarizing, it suffices to consider the
case

feczmy.  gzo [ U=t ) < g

As this is exactly the situation covered in Theorem 2.7, we have finally proved that,
whenever f satisfies (2.37), then

én:cf) d(f, /g\a,mo) < 256 (n + CO(”)) 5(f) :

In turn, also this inequality is stronger than (1.9).

Step III: Generic functions with small deficit.
We finally drop the sign condition. Thus, we now have

f e BV(R"), l/Jﬂ”:l 5U)<@%F' (2.38)

By Lemma 2.3 we may further assume that f € C*°(R"), so to have DfL{f = 0} = 0.
Moreover, up to switch between f(z) and — f(—z), we may directly consider the case that

,1
s:/ m<=.
{f<0} 2

Let f* = max{f,0} and f~ = max{—f,0}. By the Sobolev inequality,
TVi(f) = TV(f ) + TVi(f7) 2 n|K [V (s + (1 - 9)"/").
In particular, from the elementary concavity inequality (see [FiMP, Figure 7))

S (=) 1> (22U s e f0,1/2),

we get
5(F) = (2= 2" Y1f = £l gy - (2.39)
We now notice that, since
1
e>2, 1/2 <log(2) <1, em§1+<1—g>x Vo e [-1,0],
we have log(2)
, - 1\ log(2 1
_ol/n’ _ _ o log(2)/n) - _Z >
22 2(1 e )_2<1 e) e (2.40)

Hence, by the triangle inequality and the fact that || f|| L' (jn) = 1, we conclude that
1= 200(f) < 1| por oy < 1
Since TV (f1) < TVk(f), we deduce that

N TVEk(f) . mtl
§(f7) < n|K[/n (1 —2nd(f)) 1= 1 —2n6(f) o).
By (2.38) we have

1—2nd(f) S7C (1/32n) =63 (2.41)

so that in conclusion, for the sake of writing a neat estimate, we may say that
64
() < g3 @n+1)8(f) < 3nd(f).
Set now
£+

B Hf+HLn’(Rn) ’

fo



so that §(f;") = §(fT). Evidently, f; satisfies the assumptions (2.37) considered in Step IL.
Therefore, there exist a > 0 and g € R"™ such that

d(fe"\Gazg) < 256 (n + Co(n)) \/5(fF) < 256 (n + Co(n)) V3n /5(f)
< 448 (n + Co(n)) Vn\/o(f).

So, we are left to estimate d(f, f). To this end, let us first notice that, by (2.39) and (2.40),

(2.42)

1 = 15 ey < (17 = F¥ gt oy + |1 gy = 1]) 205 = FH oy < 403(5)

Since, by the small deficit assumption in (2.38), we have (4nd(f))" < 4né(f) < /3(f)/2,
we conclude that

atr ) < 0y ar ). (243)

We now use as test set in the definition (1.5) of do(f, f") the Borel set E = {f < 0}. First
of all we notice that, by definition and thanks to (2.39) and (2.40)

’ ’ 5
[yt =0, [l <zs < L0 (2.44)
Moreover, since DfL{f = 0} = 0, we have
DfA{r>0p

D(f— fi)=Df - <1—;>Dfl—{f>0}+Dfl—{f<0}-
TRA P

L0 o gy

Taking into account that | — Df||,(R™\ E) < TVk(f) = n|K[Y™(1 4 §(f)) < 2n|K |/,
we find that

L= DU LBy,
n’K‘l/n -

1

- Hf+”Ln’(Rn)

If = f+”L”'(R")

Iz eny (2.45)

<and() & <snal) < 2Vam.

<2

where we have applied again (2.39), (2.40), (2.41), and the small deficit assumption
in (2.38). Hence, by (2.43), (2.44) and (2.45), we see that

d(f, fo) <2o(f).
Combining this last estimate with Lemma 2.2 and (2.42) we conclude that
A(f, Gazo) < 40 5) + AU Gaswo) ) < 1800 (n + Co(m) v/ v/3(1),

from which (1.6) and (1.7) immediately follow. O

3. FROM SOBOLEV TO LOG-SOBOLEV

We finally remark that Theorem 1.1 immediately gives a stability result for (a family
of ) anisotropic 1-log-Sobolev inequalities. Let us recall that if n > 2 and « € (0,7n'), then
for every f € BV(R™) we have

an' TVic(f) | ( 71 > T |
"/_04Og<n|K|1/"HfHLa(Rn) 2/Rn B\ rdr) T lfmae G




which, for K = B and o = 1 amounts to the classical 1-log-Sobolev inequality on R™.
The family of inequalities (3.1) follows immediately from the anisotropic Sobolev inequal-
ity (1.1) by the following argument:

|f]” > |f]” a 7 IS
1 de = 1 . d
L. "g(fw FIde ) Jou LI ™ 7= e Og<(fRn rfradx)%>fw fmda ™

n'—a+a
(Jensen) < ,a log (/ 7 W e dx)
n —oa n
R (fRn |f|0£ dm) «

an/ ”f”Ln’(Rn)
=———log |
n —a £ Lo (mmy

an' TVk(f)
Sobolev) < —— log .
(Sebolev) < o —a <an\1/n|rfuLa<Rn>

A quick inspection of this chain of inequalities shows that, if we set

TVik(f)
ors,a(f) =
£s,a(f) KPP F p (eny

e ey exp n—a(n—l)/ log( / > ’g’ dr | |
11l v ey n Rn [fllLe @y ) 111 e @y

5LS,a(f) > 5(f) .
Observe that the formula defining d154(f) makes sense also for a = n/, and reduces to
anisotropic Sobolev inequality (1.1) (since drg,/(f) = 0(f)). Moreover, if E is a set of
finite perimeter and measure, then a simple calculation ensures

(5[,5’7@(15;) = 5(1E)7 Vo e (O,Tl/] . (32)

In particular, 055, (f) = 0 if and only if f = aly 4erkx for some a # 0, o € R and
r > 0. It is now easy to infer from Theorem 1.1 the following sharp quantitative versions
of these inequalities (the sharpness follows from (3.2) combined with the sharpness of the
quantitative anisotropic isoperimetric inequality proved in [FiMP)):

Theorem 3.1. If f € BV(R"), with HfHLn/(Rn) =1, then

then we have

Ci(n)y/0rs,a(f) > inf d(f, Gax) Vae (0,n],

a,To

with C1(n) as in Theorem 1.1.
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