STRONG STABILITY OF CONVEXITY WITH RESPECT TO THE PERIMETER
ALESSIO FIGALLI, YI RU-YA ZHANG

ABSTRACT. Let E C R™, n > 2, be a set of finite perimeter with |E| = |B|, where B denotes the unit ball.
When n = 2, since convexification decreases perimeter (in the class of open connected sets), it is easy to
prove the existence of a convex set F, with |E| = |F|, such that

P(E) — P(F) > ¢c|EAF|,  ¢>0.

Here we prove that, when n > 3, there exists a convex set F, with |E| = |F|, such that

P(E) — P(F) > c(n) f(|[EAF]),  ¢(n)>0,  f(t)= UOtTﬂ for t < 1.

Moreover, one can choose F' to be a small C%-deformation of the unit ball. Furthermore, this estimate is
essentially sharp as we can show that the inequality above fails for f(t) = t¢.

Interestingly, the proof of our result relies on a new stability estimate for Alexandrov’s Theorem on
constant mean curvature sets.

1. INTRODUCTION

In shape analysis, perimeter has been frequently used to measure the convexity of a set. For instance,
since for any open connected set E C R? the convex hull cov(FE) is the set with minimal perimeter among
those containing F, one can use the closeness of the ratio

P(cov(E))
P(E)
to 1 in order to measure the convexity of E; see e.g. [24] and the references therein. Moreover, via this

planar property one can explicitly calculate the difference between the perimeters of the sets and obtain
a quantitative inequality:

P(E P E E)\E
( 1) — (cov( )1) >/ [eov( )1\ ’1 vV E c R? open, connected, and bounded. (1.1)
[Elz [eov(E)|2 |cov(E)|z|E|2
In particular, this implies that, for |E| = |B| =,
1
P(E) — P(F) > —— |EAF], 1.2
(E) - P(F) = 5= |EAF (1.2

where F' is obtained dilating cov(E) so that |F| = |E|, see Appendix A.

Date: July 4, 2023.

2000 Mathematics Subject Classification. 49Q10, 49Q20.

Key words and phrases. convex geometry, perimeter, stability.

The first author have received funding from the European Research Council under the Grant Agreement No. 721675
“Regularity and Stability in Partial Differential Equations (RSPDE)”. The second author is funded by the Chinese Academy
of Science, NSFC grant No. 12288201, and CAS Project for Young Scientists in Basic Research, Grant No. YSBR-031.

1



2 ALESSIO FIGALLI, YI RU-YA ZHANG

Unfortunately, when n > 3, convexity of a set is not related anymore to the perimeter of its convex
hull. Indeed, there are many open connected sets £ C R” for which

P(cov(E)) > P(E)

(a standard example is a dumbbell-type set with a long handle). Still, it is reasonable to ask if an
inequality similar to (1.1) holds in higher dimension with a convex set different from cov(E). Namely,
given a set £ C R™ with |E| = |B| (here and in the sequel, B denotes the unit ball), we would like to
find a set F' in the collection € of convex sets with |E| = |F'| so that

P(E) - P(F) > c(n) f |EAF))

where ¢(n) > 0, f > 0 is an increasing function, and EAF := (FUF)\ (ENF). In addition, one would
like to optimize the asymptotic behavior of f near the origin.

When the collection % is the class of volume-constrained minimizers for the perimeter, i.e., the class
of balls, such an inequality is called the stability of isoperimetric inequality. The sharp behavior of f was
a long-standing open problem that was eventually settled by Fusco, Maggi, and Pratelli in [13]: they
proved that, for any set of finite perimeter £ C R™ with |E| = | B|, one has

2
P(E)— P(B) > ¢(n) (;relﬁ%r}l |[EA(z + B)|> . (1.3)

In other words, f(t) = t* with a = 2, and the result is sharp in the sense that such an inequality is false
for o < 2.

This sharp result was extended to the general Wulff inequality in [7], which involves a generalization
of Euclidean perimeter in the anisotropic case, and the sharp stability with power f(t) =t%, a = 2, was
proven. Afterward, some other stronger distances were also considered, see e.g. Fusco and Julin [12] and
Neumayer [22].

Still in this direction, strong stability for a special class of perimeters given by crystalline norms was
shown by the authors [8]. There we considered the perimeter Pg for which the volume-constrained
minimizer is given by a convex polyhedron K and we proved that, for any set of finite perimeter £ C R"
close to K with |E| = |K|,

Pg(E) — Pg(K') > c(n,K)( min |EAK'|>,
K'€%(K)
where %' (K) consists of polyhedra whose faces are parallel to the ones of K. Note that in this case,
similarly to (1.1), one has f(t) = t* with a = 1.

In this paper we focus on the classical Euclidean perimeter and investigate the analogue of (1.1) in
arbitrary dimension. Our main result in this direction is Theorem 1.1 below, which shows the strong
stability of convexity with respect to the perimeter. We note that the result is true for n > 2, although
its interest is mainly in the case n > 3.

Before stating our theorem, let us introduce the following notation: For every continuous function
v: S"1 = R with [|[v]| fec(gn-1) < 1, we define the open set
B+v={yeR": y=tw(l+v(w)) forsomewe sTlo<t< 1}. (1.4)

Also, we shall write x 4+ (B 4 v) to denote the translation of the set B + v by a vector z € R". Now we
state our first main result.
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Theorem 1.1. Let E C R"™ be a set of finite perimeter with |E| = |B|. Define, for A > 0,
G ={F=x+ (B+v):veC*S" ), [vllc2@gn-1y <A, # € R", |[F| = |B|}.

Then there exist (small) dimensional constants X = X(n) > 0 and ¢(n) > 0 such that the following holds:
For each 0 < A < X we can find a uniformly convexr set F' € 6 satisfying

P(E) — P(F) > c(m)\f(|EAF]), (L5)
where . om0 < f <]
Tootl wnen < < e

f6) = { ‘%l ! when t > 1 (1.6)

Remark 1.2. Estimate (1.5) degenerates as A\ — 0. This is expected since the collection 6y only consists
of translations of the unit ball and, in that case, the sharp result is provided by (1.3).

Remark 1.3. Even if the set E' in Theorem 1.1 belongs to %), it is not necessarily true (at least with the
methods used in this paper) that F' = E. Namely, F' cannot be regarded a projection of E on the class
of (smooth uniformly) convex sets. This is different from the results in [8].

Remark 1.4. As discussed in Section 3.2 the choice of the function f is essentially sharp for n > 3, since
inequality (1.5) is false with f(t) = t¢.

To prove Theorem 1.1, we will need a stability result for Alexandrov’s Theorem in the class of sets
that are Lipschitz-close to a sphere. Let us recall some recent results in this direction.

After a series of very general and fundamental results [3, 15, 5] that deal with bubbling phenomena,
several authors tried to understand the stability of Alexandrov’s Theorem in the absence of bubbling.

The first fundamental results in this directions are contained in [15, Theorems 1.8 and 1.10], where
Krummel and Maggi consider the setting of sets that are Lipschitz-close to a sphere (as in the current
paper) and proved sharp stability estimates in terms of the L2-oscillations of the mean curvature.

Later, Ciraolo and Vezzoni [4] proved that when OF is a connected closed hypersurface of class C? with
small oscillation in the mean curvature Hpg, then there exist two concentric balls By, (x¢) and By, (xo)
such that

By, (xz¢) C E C By (x0), re —1i < C (irelg)éf}{aE(x) — ;Ielé%ﬂ{aE(xO . (1.7)

This result is obtained by a refined use of the moving plane method, and the constant C' depends on the
C? norm of OE (more precisely, on a uniform interior-ball condition).

After this, Magnanini and Poggesi [20] were able to replace the L*-oscillation of Hpg in (1.7) with an
L2-oscillation, but at the price of a non-sharp power when n > 3 (see also [18, 19] for stability estimates
with an L'-oscillation).

In this paper we prove a sharp stability result for Alexandrov’s Theorem in the class of sets that are
Lipschitz-close to a sphere. This result is similar to [15, Theorem 1.10] (see also [21, Theorem 1.3]).
However, our proof provides a control on the difference between an arbitrary constant p and n — 1 when
measuring the oscillations of the mean curvature around p. This difference, although small at first sight,
is essential for our application.

It is interesting to notice that Theorem 1.6 implies stability estimates for Alexandrov’s Theorem that
improve the results mentioned above (see Corollary 1.8 and Remark 1.9 below). The experts probably
knew these consequences (as they also follow from [15, Theorem 1.10]), but we could not find them in
the literature, so we decided to present them here for the convenience of the reader.

To state the result, we first define the class of nearly spherical sets (recall the notation introduced in

(1.4)).
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Definition 1.5. Let o > 0 be a small constant. A set E C R™ is said o-nearly spherical if E = B+ u
for some function u: S*™t — R satisfying l|ul[yp1.00(gn-1) < 0.

We also recall that W~12(S"~1) denotes the dual space of W12(S"~1), where
HUH%/Vl,Q(Sn—1) = ||U||%2(Sn—1) + ||D7-U”%2(§n—1),

Here and in the sequel, D, denotes the tangential gradient on the unit sphere.
Now we can state our stability result of Alexandrov’s Theorem for nearly spherical sets.

Theorem 1.6. There exists o0 = o(n) > 0 such that the following holds: let H = B + w be a o-nearly
spherical set such that
0 :/ rdz,
H

and let Hyg denote the (distributional) mean curvature of OH. Assume that Hop € LY (OH), and define
S(w) == Hon (w(l + w(w))) for A" ae. we ST (1.8)
Then, for any p € R,
Jeollwrzgenn) + i — (0 = D] < C)IS = pllw—r2sn) (1.9)
for some dimensional constant C'(n) > 0. In particular
HAB| < C(n) inf 1S = w1260 (1.10)

Now, assume in addition that ||w|cie < M for some o, M > 0, and that Hoyg € LP(OH) for some
pE [2”_2 oo} with p > 1. Then

n+1°
. 2n — 2 .
[wllw2pgn-1) < Cn, p, o, M) Inf 1Hor = pllerom — Vp € |- o0 ) withp> 1, (1.11)
| D2w|| grro(sn-1y < C(n, o, M) inf 1Hom — pllLeeom)- (1.12)

Remark 1.7. The assumption Hyy € L*(0H) is only used to define S in (1.8). However this is not strictly
need, since for a nearly spherical set H it is possible to define S € W~12(S"~1) distributionally using
formula (2.1). So, by approximation, (1.9) and (1.10) hold for any o-nearly spherical set with S defined
as in (2.1), without needing any assumption on Hyp.

A direct consequence of Theorem 1.6 is the following corollary, which improves the stability results for
the Alexandrov’s Theorem contained in [4, 18, 19, 20].

Corollary 1.8. Let p € (n — 1,00]. There exists a constant n = n(n,p) > 0, depending only on n and p,
such that the following holds: Let E C R™ satisfy |EAB| < n and assume that the mean curvature Hyp
of OF belongs to LP(OF). Then there exist two concentric balls By,(zo) and By (xo) such that

By, (xo) CEC Bre($0)7 Te = Ti < C(n,p) ;ILIelIfRi ”:HaE - /~L||LP(BE')7

for some constant C(n,p) depending only on p and n.
Moreover, E — xg = B + w is a nearly spherical set diffeomorphic to a sphere, with

wlc1gn-1y < C(n,p) ;TEI]% |Hor — pllrroE)-
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Remark 1.9. Corollary 1.8 can be combined with results contained in the literature to obtain new sharp
stability estimates for the Alexandrov’s Theorem. For instance, it follows from [5] that if

[Hor — (n = |lr20p) < 1

then F is L'-close to a finite union of unit spheres. Hence, if E satisfies some additional assumptions that
prevent bubbling (e.g., either assuming that P(E) < 2P(B;), or E satisfies an interior cone condition),
then we know that E is L'-close to a single sphere. Thus, if Hgg is close to a constant in LP for some
p > n—1, Corollary 1.8 can be applied to obtain a sharp stability estimate. In particular, this allows us
to improve the results obtained in [4, 18, 19, 20].

It is worth observing that our method is robust, and can likely be extended to the setting of general
smooth elliptic integrand considered in [5]. Also, it may be used to improve the convergence results in
[6] for liquid drops of small mass lying at equilibrium under the action of a potential energy.

The paper is organized as follows. In Section 2 we prove our stability results for the Alexandrov’s
Theorem, namely Theorem 1.6 and Corollary 1.8. Then, in Section 3 we prove a version of Theorem 1.1
in the nearly spherical case, i.e., Proposition 3.1, and we comment on the optimality of the result. Finally,
the proof of Theorem 1.1 is presented in Section 4. In the appendix we prove (1.1) and (1.2).

Notation. We often write positive constants as C(-) and c(-), with the parentheses including all the
parameters on which the constant depends, and simply write C' or c¢ if the constant is absolute. Usually
C(+) denotes a constant larger than 1, and ¢(-) for a constant less than 1. The constant C(-) may vary
between appearances, even within a chain of inequalities.

The Euclidean ball centered at x with radius r is denoted by B, (x), and the unit ball centered at the
origin is simply denoted by B. We denote by S"~! the unit sphere, and by #"~! the (n — 1)-dimensional
Hausdorff measure. We recall that D, denotes the tangential gradient on the unit sphere.

Acknowledgments. The authors are thankful to Francesco Maggi for useful comments on a preliminary
version of this paper.

2. STABILITY ESTIMATES FOR ALEXANDROV’S THEOREM

In this section we prove our stability results for Alexandrov’s Theorem, namely Theorem 1.6 and
Corollary 1.8.

2.1. Proof of Theorem 1.6. To simplify the calculation, we define £ := log(1 + w) and note that
OH = {S”_l Sw eg(w)w}. Then the mean curvature of OH satisfies the following identity in the weak

sense:
el = —m—4— = —div, | ————= ), (2.1)
VIHIDER T\ 1+ [DrEP

where S(w) = Hop (ef(“)w) is the mean curvature read on the sphere; see [16, Formula (4)]' for more

details. Note that, since & € W1°°(S"~1) by assumption, it follows from (2.1) that S € W—12(Sn1).
Let 1 € R be an arbitrary constant, and set R := S — . Then, in the current notation, (2.1) becomes

n—1 di < D¢

v s
Vir e T\ D

INote that our definition of mean curvature equals to (n—1)H in [16]. Also, the dimension n in [16] corresponds to n — 1
in our setting.

) — pe® — Re® = 0. (2.2)
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Hence, testing this equation against e~ we obtain

D1 1)) — D e ( 1 _g_> > n—1
IS" (1 — (n 1))_/Sn1< m@ +(n—1) WE 1)+ R)dx"".

Thus, since ||€||yy1.00 < o and

/ Rdm™ 1
Snfl
we get,

= (0= 1)] < C0) (IDr& 03 a(n 1) + | Rllw-r29e )

1
+‘(j(n) jgnl “iffijjijoi —1

< C) (ID5€l32(gn1) + IEl32(en-1) + [ Rllw-r2gen) ) + C(n)

< tlwr2@n-n [ Rllw-12(s0-1) = C()[| Rllw-1.2(5n-1),

e tdA" 1+ C(n)

/ (€~ 1) dam!
S§n—1

/ Edam!
S§n—1

)

where we used that e=¢ — 1 = —£ 4+ O(€2). Also, since |H| = |B|, we have

/Snlgd,%ﬂ”—l < <";1+0(a)> /Sn1 2 dm,

see [11, Step 1, Theorem 3.1].2 Hence, we have proved that

1= = )] < C) (IEl3 101y + [ Rllw-120n ). (2.3)

Testing now (2.2) against £, and using again that ||£]|y1.00 < o, thanks to (2.3) we get
‘DT§‘2 13 ) -1
T — 1) (ef = 1)¢ ) doe
/Snl(w/1+|D7-§|2 ( )( )
1
= EfRAA™ '+ (n—1 / (1—>gd%"—1+ p—(n—1 / cef dom!
L. o (-5 (i=tn=1) [

< €€ fyyr2ggn 1 | Rllw-12(n-1) + C0) 11 Dot Zaggnory
+ C() (1€l 12 gn-1) + I Rllw-r28n1) ) 1€l 21 gnny
< C()[€llwrzn—1) | Bllw-12(sn-1) + C(n)o[|€[[Frr.2gn-1)-
On the other hand, since (eé — 1)5 = ¢2 + 0(€3), we can bound the first term above from below as

DR e .
/s< 1+ |D.€2 (n=1)( 1)€>d=%”
>\/1-02 IDEP2dA™ " — ((n— 1) + C(n)o) / & g,

S§n—1 n—1

2In [11] the author shows that

/ wdA" "t < (”*HO(J))/ w? dAm L
Sn_l 2 S"_l

However, since & = log(1 + w) = w + O(w?), we can replace w with €.
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Hence, combining the two inequalities above, we conclude that

(1-Clmo) [

D& dA" ! — (n— 1+ C(n)o) / gdam
S§n—1

S§n—1
< C()[|€llwrz@gn-1)l|Rllw-12gn-1).  (2.4)

We now observe that, since H and B have the same volume and the same barycenter, if {Yp,...,Y,}
denote the eigenfunctions corresponding to the first two eigenvalues of the Laplace-Beltrami operator on
the sphere, then

Y;&dam !
Sn—1
see e.g. [11, Step 1, Theorem 3.1].3 This implies that, for ¢ < 1, the Poincaré constant for ¢ is strictly
larger than n — 1 + ¢ for some ¢ = {(n) > 0, namely

/ \DT§|2d%”_lz(n—1+§)/ e2dam1L.
Sn—l

S§n—1

< C(n)o||€llrzsn-1 fori=0,...,n,

Thus, combining this inequality with (2.4) we finally obtain

I1€1F1.2(gn-1y < C)IElwr2gn—1) | Rllw—12sn-1),
or equivalently
€l < C)I Rl 21, (2.5)
Since & := log(1l + w) and R = S — p with p arbitrary, (2.5) and (2.3) imply (1.9).
Finally, since

|HAB| = /S » (1 +w)" = 1] d#m™ ! < C(n)|lwlL1gn-1y < C()||w|| p2gn-1y,

(1.10) follows from (1.9).
To prove higher regularity, we rewrite (2.1) as

Drw 14w
divT< = )—l—(n—l)(l— >—|—,uw:(n—1)—,u—(1—|—w)R.
V(1 +w)? +[Drwf? V(@ +w)? +[Drwf?
. 1 2 . D
Since 1 — \/ﬁ = fo W dt, setting z = 77> we get

B 1+w _/1 (1 + w)|Dywl|? g (/1 (1+w)D,w dt) Dow
VI +w)?+[Drw?  Jo (1+w)?+tDrw|?)3/2 o ((1+w)2+t|Dyw|?)3/2 T

Also, computing the divergence, we have

div < D w > _ (1+w)?+ |Drw|?)Arw — D2w[D;w, D-w] — (1 + w)|D,w/?
"V +w)?+[Dwp (1 +w)? + | Dywf2)*?
_ (1 +w)? + ]Dwa|2)ATw — D2w[D,w, Dyw) B (14+w)D;w Dow
(1 + w)? + | Dywf2)*” (1 +w)? + D)
Hence, w solves a uniformly elliptic equation of the form
A(w, Dyw) : D?w + b(w, Dyw) - Dyw + pw = (n — 1) — p— (1 + w)R, (2.6)

3As already noted before, in [11] these properties are shown for w in place of £, but since £ = w + O(wQ)7 we can replace
w with &.
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where the coefficients are smooth in the range of w (recall that ||w]||y1. < o < 1) and given by
(A+s)2+[z)d-2® 2
((1+ )2+ [22)*?

A(s, z) =

! (1+s)z (1+3s)z
b(s, ) == (n — 1)/ 2 2372 4P 2 2\3/2"
o ((1+s)2+1|2%) ((L+5)2+12%)
These considerations are particularly useful when ||w||y1,0 < o < 1 also satisfies ||w||g1.« < M for some

a,M > 0. Indeed, in this case w solves a uniformly elliptic equations with Holder coefficients. So it
follows from Calderon-Zygmund Theory that

lllwas @y < Cpse M) (€l + (0= 1) = o= (1 + W) Rl o) ¥p e (1,00),

ID2€ ] sasony < Clnya, M) (€l p ey + (= 1) = o = (14 w)Rl| o sy ).
Recalling (2.5), we conclude from Sobolev’s embedding? that

[wllwzp@n-1y < C(n, p,a, M)(I|R| Lo (sn-1y + | Rllw-1.25n-1y)
< C(n,p,a, M)|R] Vp € (1,00),

max{p, o2 } (Sn—1)

| Dwl| parogn-1y < C(n, o, M)||R|| oo (gn-1).

Note now that, since w is uniformly Lipschitz, integrations over S*~! or over OH are equivalent up to
dimensional multiplicative constants. Hence, the estimates above imply (1.11) and (1.12), concluding the
proof of the theorem. O

2.2. Proof of Corollary 1.8. Since E is n-close in L! to a ball and its mean curvature belongs to L?
with p > n — 1, the regularity theory for almost-minimal hypersurfaces (see for instance [23, Chapter 5])
implies that ' = B +u is a nearly spherical set for some function u satisfying ||u[|c1.e(gn-1y = 0,(1) with
a = a(n) > 0, where 0,(1) denotes a dimensional constant that goes to 0 as n — 0. In particular, if 7 is
small enough we can find a translation zg, with |zo| = 0, (1), such that H := E — ¢ is a nearly spherical
set of the form B + w with barycenter at the origin, where |[w||c1,0(gn-1) < 0y(1).

Thus, if n = n(n, p) is sufficiently small, we can apply (1.11) and Sobolev’s embedding to deduce that

[wllcrgn-1)y < C(n,p)|[wllw2pn-1) < C(n,p) Pltfel]% 1Hom — pllLrom)-

Since Bl*HU}HLoo(sn—u CHC Bl+||w||L00(Sn—1)’ this concludes the proof. O

3. NEARLY SPHERICAL CASE

In this section we first prove Theorem 1.1 in the case when E is a o-nearly spherical set (recall
Definition 1.5). Then we show that our choice of f is essentially optimal by proving that, for n > 3, f
cannot be chosen to be linear near the origin.

2n—2

4Since WH2(S" 1) € L=3 (S"'), we have the dual inclusion Lo (S™H cwt(sh).
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3.1. A version of Theorem 1.1 in the nearly spherical case. We have the following proposition,
that corresponds to Theorem 1.1 in the nearly spherical case.

Proposition 3.1. Let f be defined as in (1.6). There exist small dimensional constants a(n) > 0 and
A(n) > 0, and a dimensional constant C(n) > 1, such that the following holds: Let o € (0,5(n)),
A€ (0,\(n)), and let E be a o-nearly spherical set with |E| = |B|. Then one can find a point xo € R"
and a uniformly convex set of class C? of the form

F =29+ (B +v),
with [|[v||c1gn-1y < é(n)uoiga‘, ||D72_U||CO(S7L71) < C(n)\, and |F| = |E|, such that
P(E) — P(F) > A f(|[EAF)). (3.1)

Proof. As before, we write the tangential gradient of u as D,u. Before starting the proof, we observe

that
1—logt —2+logt

/
t pr—
F® log?t t(logt)3
e Step 1: Solve a suitable variational problem. Given A > 0 small (the smallness to be fixed later),
consider the variational problem

min { P(G) + 2Af(|[EAG]) : |G| = |B|}, (3.3)

and define ¢ to be the minimal value in the problem above. We claim that a minimizer exists.
Indeed, let G be a minimizing sequence for (3.3). Thanks to the uniform boundedness of P(Gj), up

to a subsequence we know that G; — G in Li (R™).

Set § := % € [0,1]. If 6 = 0 (i.e., |Goo| = |E| = |B|), then it follows immediately by the lower

semicontinuity of the perimeter that G is a minimizer. Otherwise, we apply [9, Lemma 2.2] to write
Gj = H;j U Rj, where H; and R; are disjoint sets such that

|H]AGOO| — 0, Rj — 0 locally, P(H]) + P(R]) - P(G]) — 0.
Hence |R;| — |E| = 6| B|, and it follows from the semicontinuity of the perimeter and the isoperimetric

inequality that
n|B| + 2\ f (|[EAG | + 6|E|) < n|B] ((1 —§)m=D/n 4 5<"—1>/”) + 2N (|EAG| + 0] B])

€ (0,2/logt|™") and f"(t) = >0 for t € (0,1/e). (3.2)

< P(Goo) + 1| B8 D" 4 2N f(|EAGs| + 6| E))

< liminf P(H;) +n| BV Ry | 0" 4 20 (IBAH; |+ [Byl) (3.4

< n}ggfp(ﬂj) + P(R;) + 2\ f(|[EAH;| + |R;|)

= hjxgzgfp(cj) + 2X\f(|[EAG;]) = ¢,
which shows in particular that

P(Goo) +n|B[s=D/" L o) f(|IEAG | + 8| E]) < ¥, (3.5)
On the other hand, using B as competitor, since E is o-nearly spherical we get
( < n|B|+2X\f(|EAB|) < n|B|+ 2XAf(C(n)o).
Combining the inequality above with (3.4) we deduce that
F(IBAG| +|E|) < f(C(n)o),
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from which it follows (since f is strictly increasing on [0, 1/e]) that
|[EAG| + d|E] < C(n)o. (3.6)
In particular, this implies that § < C(n)o < 1.

Recalling that § > 0, we consider WGC’O as competitor. Then, since F is nearly spherical we get

(< P((l_lé)l/nGoo> 4 2>\f<’EA(1_15)1/nGOO‘>
e 5)1(n_1)/n P(Goo) + 27 f (115|(1 - 5)1/"EAGOO\> (3.7)
< WP(GOO) +oAf (115 (1IBAG|+ C(n)5)> .

Hence, combining (3.5) and (3.7), since f is 2-Lipschitz we get
nlBIS I < (e 1) P(Goe) + 20 ( s (|EAG] + O(n)d)
—\ (1 = §)n=D/n 1-9
—2Mf(|EAG]) < C(n)g,
a contradiction if o > 0 (and therefore 6 > 0) is sufficiently small. This proves that 6 = 0 and therefore

G o 1s a minimizer.
Note that, as a consequence of (3.6) applied with 6 = 0 we deduce that, for any minimizer G,

|EAGo| < C(n)o < 1. (3.8)

o Step 2: Construct the set F'. Let H denote a minimizer of the variational problem (3.3) and note that,
for any set G C R" with |G| = |E|, since f is 2-Lipschitz (see (3.2)) we have
P(H) < P(G) + 2X\(f(|EAG]) — f(|[EAH])) < P(G) + 4\|GAH|.
Also, by (3.8) applied with Go, = H, we have
|[EAH| < C(n)o < 1. (3.9)

In particular, since E is o-nearly spherical it follows that |[HAB| < C(n)o. Thus, by the theory regu-
larity for almost-minimizers close to a ball (see for instance [17, Theorem 26.3]), H = B + w for some
w1, (gn-1y = 05(1) With a = a(n) > 0, where 0,(1) denotes a dimensional constant that goes to 0 as
o — 0. Moreover OH satisfies the Euler-Lagrange equation

Hou +20f'(|[EAH|) (g —15) =p  on dH, (3.10)
where Hyy denotes the mean curvature, and p > 0 is a Lagrange multiplier associated to the volume
constraint.

Let

),
ro=— [ xzdx,
H| Ju

denote the barycenter of H. As H is nearly spherical, then |zg| = 0,(1). Hence, the set Hy, := H — x9
is nearly spherical, has barycenter at the origin, and satisfies (thanks to (3.10))

[Hor,, — ul <277 (EAH])  on OH,,.



STRONG STABILITY OF CONVEXITY 11

Also, [[wz, [|cre(gn-1) = 05(1) < 1 for o sufficiently small. Thus, if we write Hy, = B +wz,, we can apply
(1.11) and (1.12) to deduce that

[wag|lw2n(gn-1) + | D2wa || prron-1y < C(n) ,iIelﬂfa |Hom — pllzoeomy < C)AF (IEAH]).  (3.11)

In particular, Sobolev’s inequality, (3.2), and (3.9), imply

[wag lor.agn-1) < C(n)||we, lw2ngn-1y < C)Af'(IEAH]) < C(n) : (3.12)

|log o
while John-Nirenberg’s Lemma (see for instance [14, Chapter 7]) yields
| D wag || Lasn—1) < C(n)ql|Diway || prron-1) < Cn)Agf' (JEAH]) Vg€ [1,00). (3.13)
We now define w, as the solution to the heat equation
OcWe = Agn—1w, Wo = Wy -

Then, denoting by p. the heat kernel on the unit sphere, we have

wie) = [ e 8 ),

and pe > 0 satisfies

1-n
1pe(, )| poogn-1y) < Cln)e =, lpe(, )l prgn-1y = 1. (3.14)
In particular, recalling (3.12),
A
[wellctagn-1y < Jwzg | gr.agn-1y < C(n)i‘ Togo]

Also, it follows from Holder’s inequality, (3.13), and (3.14), that
1D ey < swp [ (D2 wpele,) d )
IES"_I Snfl

< C)Aqf'(|[EAH|)e = (3.15)

< HDgwonLQ(SH—l) sup ||pe(z, ')HLq%l(S"—l) =

zesSn—1
for all ¢ > 1. By minimizing the last term in (3.15) with respect to ¢, which is attained when
c(n)|loge| < ¢ < C(n)|logel,
we get
| DZwel| oo (sn-1) < C(n)A|logelf'(|EAH]).
Hence, choosing ¢ := |[EAH|% we eventually arrive at
| Dwel| oo (gn-1y < C(n)A | log |[EAH|| f'(|[EAH]) < C(n)A, (3.16)

where the last inequality follows from (3.2). Moreover, using Poincaré inequality, it follows from (3.11)
and the theory of the heat flow® that

[way — well p2(gn-1) < C(n)e?| Dyway || p2gn-1y < C(AEAHP f'(|EAH]), (3.17)
5The integration against the heat kernel p. locally corresponds to integrating w., against a convolution kernel of size

€'/2, therefore

Wy — wel| p2gn-1) < C(n)e"? | Drwag || L2 (sn1)-
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and from (3.16)
| Drwzy — Drwe||p2(gn-1y < C(n)61/2||Dwa0HLz(an) < C(n)NEAHP. (3.18)

Now, let F/ = B + w, denote the (C’ (n)‘loi)g‘ﬂ)nearly spherical set defined by w,.. As a consequence of

(3.16), the set F’ is uniformly convex provided that A is small enough (the smallness depending only the
dimension). Also, thanks to (3.17),

PAH = [ 10 4+00" = (w0147 < Ol = weyllpieny
< O(n)|we = wag | 2sn-1) < CRAEAHP f/(|EAH]). (3.19)
Since |Hy,| = |H| = |E|, this implies that
|[F'| = |E|| < |F'AHg,| < C(n)AEAH|® f'(|[EAH])

namely E and F’ have almost the same volume. Hence, if we define

B 1/n
P = <’|F,|‘) ) F:PF/+1'07

then
p—11 < CNEAHP (|EAH]), (3.20)
and F' = B + v is a uniformly convex (C (n)‘lo%d)-nearly spherical set of class C?. Furthermore, it
follows from (3.16) that || D2v]|c2 < C(n)A.
e Step 3: Estimate the difference of norms. We first use E as a competitor in (3.3) to get
P(E)— P(H) > 2\f(|EAH]). (3.21)

Also, recalling the formula for the perimeter of a nearly spherical set G = B + u, namely (see e.g. [11,
Step 1, Theorem 3.1])

P(G) = / (1+ u)”_2\/(1 4 u)2(=1) 4 (1 4 u)2(=2)| D w2 d™ (3.22)
Sn—1
it follows from (3.17) and (3.18) that

|P(H,,) — P(F')| < C(n) /

(|Dwa0 — Dywe| + |wgy — we|) A"t < CNEAH].  (3.23)
Snfl

Moreover, (3.20) implies that
P(F) - P(F')| < |p"' = 1|P(F') < C)NEAHP f/(IEAH) P(F'),
s0 (3.23) yields
|P(H) — P(F)| < C()ANEAHPf'(|EAH|)P(F') + C(n)A\|EAH|* < C(n)A\|[EAH .
Hence, combining this bound with (3.21), we conclude that

P(E) — P(F) = P(E) — P(H) + P(H) — P(F) > 2\ (f(\EAH]) - C’(n)|EAH|3>. (3.24)
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Also, since f is 2-Lipschitz and f(t) > ct? for t < 1, (3.19) and (3.20) yield, for o < 1,
FUEAF|) < f(IEAH|) + 2| Ho AF'| + 2|F'A(pF")| < f(IEAH|) + C(n)| EAH

< (1+ cwipa) sipam) < G

(f(BAH]) - Cn)|EAH?)

<2(f(|BAH|) - C()|EAHP).
Hence, combining this bound with (3.24) we finally get
P(E) - P(F) > A (|EAF]).
as desired. ]

3.2. On the sharpness of the function f. In this section we show that one cannot choose f(t) =t in
(3.1), and therefore also in (1.5), when n > 3.

To prove this fact, we begin by recalling that the boundedness of the Laplacian of a function does
not imply the boundedness of its Hessian (in other words, (—Agn-1)~! is not a bounded operator from
L>®(S"1) onto W2°(S"~1)). Hence, for any 6 < 1 we can find a function vg : S*~! — R such that

HU@HWI,OO(Sn—l) S ].7 ||ASn—1U@||Loo(Sn—l) S ]., ||D72_'U0HL00(SW,—1) — 973
In particular, if we define uy := vy, it follows that
gl oo g1y < 67, | Agn-1tg|| oo (gn-1y < 67, | D2ug| oo (gn-1) = 67" (3.25)

Furthermore, up to adding to uy a constant of size at most C(n)#?, we can ensure that

/snlﬂ +ug)" = n|BJ.

Let Ey be the (C(n)0?)-nearly spherical set defined by ug, and note that |Ep| = |B|. Also, since the
Hessian of ug is large while its Laplacian is small, Ey is not convex for 6 < 1.6

Consider now G = B + w a #-nearly spherical set satisfying |G| = |Ep|. If we define the function
F:(~1,00) x R" ! 5 R as

|22
(1+5)*

Fs,2) = (L+8)" 1 [1+

recalling (3.22) we have
P(Es) = P(G) = [ (9 Druo) = T, D)) e

S§n—1

Now, since

F(s,2) = (1+s)"1 <1 +

z|? n—1)(n— 4|2
2(1‘+|5)2> +0(l2]*) =1+ (n - 1)s+(1)2(2)s2+2‘+0(|3|3+ 123),

(3.26)

6To see this one can note that, if Ai(z) < ... < A,_1(z) denote the eigenvalues of D2ug, then

n—1

This implies that An—1(z) ~ 6~ for 6 > 1, hence B + ug is not convex.

<0, fax (@) =07
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we see that F is convex in a neighborhood of the origin (recall that n > 3). Hence, if 6 is sufficiently
small, it follows by convexity that

P(Ey) — P(G) < /

(859’(UQ, Drug)(ug —w) + D, F(ug, Drug) - (Drug — Dﬂu)) dm1
Sn—1

_ / (0.3 (ug, Drg) — dliv (DT (g, D)) ) (g — ) drt™ .
Sn—l

Now, since J is smooth near the origin, 9;9(0,0) = 0 (see (3.26)), and |[ug||yy1, o0 (gn-1) < C(n)6?, we get
’&;?(U(;,DTU(;)‘ = ’({)sff(ue,DTue) — 0,5(0,0)| < C(n)[lugllwr, 0o (gn-1y < C(n)6?.
Also,
|divr (D.F(ug, Dyug))| < |D2,F(ug, Drug) - Dyug| + | D2,F (ug, Drug) : Diug|.
The first term in the right hand side above can be bounded by C(n)lug|ly1, 00 (gn-1) < C(n)6?. For the
second term, since D2, F(s,z) = Id + O(|s| + |z|) (see (3.26)), it follows from (3.25) that

|D§Zi}'(u¢9,DTu¢9) : Dzue‘ < |Agn-1ug| + C(n) (Jug| + ]DTue|)|D3u¢9| < 0%+ C(n)h < C(n)b.
Hence, in conclusion, we proved that

P(Eg) — P(G) < C(n)8 /

N

lug — w| dA#"!
—1
< C(n)0 [(1+up)™ — (1 +w)"| ds"! < C(n)|EyAG|. (3.27)
S§n—1

On the other hand, if 6 is sufficiently small, we can apply Proposition 3.1 with A < A(n), o = C(n)6?,
and E = Ey, to find a (C(n)6?)-nearly spherical set convex set Fy such that

P(Ey) — P(Fy) > M (|EgAFy)).
Applying (3.27) with G = Fy we conclude that
C(n)0|EgAFy| > \f(|EgAFy]).

In particular, if one could choose f(t) = ¢, taking 6 < % we would deduce that |EpAFy| = 0. This
implies that Fjy is convex, a contradiction.

4. GENERAL CASE

Proof of Theorem 1.1. Recall that f(t) is 2-Lipschitz (see (3.2)). In particular f(t) < 2t.
Let 0 < A < A(n), where A(n) is the one in Proposition 3.1. Suppose that the conclusion of the
theorem fails. Then there exists a sequence of sets of finite perimeter Ejy, with |Ey| = |B|, such that

0 < P(Ey) — P(G) < yAf(|ELAG])  for all G € 6) (4.1)

where v = y(n) > 0 is a small dimensional constant to be fixed later. Taking G = B + z in (4.1) with
x € R™ arbitrary, and using the stability result for the isoperimetric inequality from [13, 7], we have

inf [BLAB + ) < O(n)(P(E) - P(G))
< C(n)yA inf FUERA(B + 1)) < 2C(n)yA inf [EA(B +z)l,
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from which it follows that

ian |ERA(B +x)| <2C(n)yA.
zeR™

In particular, up to a translation, we can assume that
|ExAB| < 2C(n)yA. (4.2)

Consider the minimizer of
min{P(F) + f(|E,AF|): |Ey| = |F|}.

Assuming vy to be sufficiently small so that |EyAB| < 1 (see (4.2)), the existence of such a minimizer F},
follows from Step 1 in the proof of Proposition 3.1. Also, arguing as at the beginning of Step 2 in the
proof of Proposition 3.1, we deduce that F}, is an almost-minimizer that is L' close to a ball. Hence, the
regularity theory for almost-minimizers (see for instance [17, Theorem 26.3]) implies that Fy, = B + wy,

for some [Jwg|[c1,0(gn-1) — 0 as YA — 0.

A
2C (n)
the existence of a convex set Gy, € € (namely, Gy = z + (B + vx) with [[vg[|c2(gn-1) < A) such that

In particular, if v is sufficiently small, we can apply Proposition 3.1 with in place of A\ to deduce

P(Fy) - P(Gy) > %fwf(wkaau). (4.3)

On the other hand, taking G = G}, in (4.1) and using Ej as a competitor against the minimality of F,
we get

P(Fy) + [(|ExAF,|) < P(Eg) < P(Gi) + YA f (| ERAGK]). (4.4)
Hence, combining (4.3) and (4.4), we conclude that
A
) (|FrAGK|) + f (| ExAFg|) < AN (|ERAGK]). (4.5)

Note now that f is convex on (0,1/e) (see (3.2)) and f(t/2) > Lf(¢) for t > 0 small. Hence, since
‘FkAGk‘ + ’EkAFk’ + ’EkAGk‘ < 1, we get

> L F(EAC).

F(IFRAG|) + f(|ExAFL]) > 2f (W)

Combining this inequality with (4.5) we finally get

1 A
- i 77,1 < >\,
2“““{2c<n> } =7

a contradiction if v = v(n) > 0 is chosen sufficiently small. O

APPENDIX A. STRONG STABILITY IN 2D

The goal of this short appendix is to prove (1.1) and (1.2). The proof is elementary and goes as follows.
First of all it is well-known that, in two dimensions, convexification decreases the perimeter of every open
connected bounded set. More precisely, if cov(E) denotes the convex hull of E, then P(cov(E)) < P(FE).
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Hence, thanks to the inclusion E C cov(E) we get
P(E) P(cov(E)) - P(cov(E)) P(cov(E)))
- - 1
2

Bz eov(B)z Bz [cov(E)|
— P(COV(E)) R |COZ( )‘ - ’E‘l 5
[cov(E)|3|EJ2 (Jcov(E)|2 + |E|?)
, Pleov(E)) Jeov(B)| ~ |E| .~ leov(E)\ E|
" Jeov(E)|2 2|cov(E)|2|E|2 lcov(B)|2|E|2

where the last inequality follows from the two-dimensional isoperimetric inequality applied to cov(E).
This proves (1.1).
Now suppose that |E| = |B| = 7, and assume (up to a translation) that 0 € E. Then, we define

1/2
F =0cov(E), 0 := <|c0|vl§|E)]) .
Note that |F| = |E| and F' C cov(E) (here we use that 0 € E C cov(E) and that 6 < 1), therefore
|cov(E) \ F| = [cov(E)| — |F| = [cov(E)| — |E[ = [cov(E) \ E].
Hence, if |cov(E)| < 2,
|[EAF| < |cov(E) \ E|+ |cov(E) \ F| = 2|cov(E) \ E|
< 2(v/7)eov(E)|2 (P(E) — P(F)) < 2V2(P(E) — P(F)).
On the other hand, if |cov(E)| > 27, then
7T|COV(E) \ E| N 7T27T -7

P(E)—-P(F) > > |[EAF|,
lcov(E)|2 Vo 2\f
as |[EAF| < 2. This proves that, in both cases,
1
P(E) — P(F) > ——|EAF|,
(B) = P(F) > S |EAF]
as desired. ]
REFERENCES

[1] L. Brasco, G. De Philippis, B. Velichkov, Faber-Krahn inequalities in sharp quantitative form, Duke Math. J. 164
(2015), 1777-1831.

[2] E.A. Carlen, F. Maggi, Stability for the Brunn-Minkowski and Riesz rearrangement inequalities, with applications to
Gaussian concentration and finite range non-local isoperimetry. Can. J. Math., 69 (2017), pp. 1036-1063

[3] G. Ciraolo, F. Maggi, On the shape of compact hypersurfaces with almost-constant mean curvature. Comm. Pure Appl.
Math. 70 (2017), no. 4, 665-716.

[4] G. Ciraolo, L. Vezzoni, A sharp quantitative version of Alexandrov’s theorem via the method of moving planes. J. Eur.
Math. Soc. (JEMS) 20 (2018), no. 2, 261-299.

[5] M. G. Delgadino, F. Maggi, C. Mihaila, R. Neumayer, Bubbling with L*-almost constant mean curvature and an
Alezandrov-type theorem for crystals. Arch. Ration. Mech. Anal. 230 (2018), no. 3, 1131-1177.

[6] A. Figalli, F. Maggi, On the shape of liquid drops and crystals in the small mass regime. Arch. Ration. Mech. Anal.
201 (2011), no. 1, 143-207.

[7] A. Figalli, F. Maggi, and A. Pratelli, A mass transportation approach to quantitative isoperimetric inequalities, Invent.
Math., 182 (2010), pp. 167-211.



8]
[9]
(10]
(11]
(12]
(13]

(14]
(15]

[16]
(17]

(18]
(19]
[20]
(21]

22]
23]

(24]

STRONG STABILITY OF CONVEXITY 17

A. Figalli,Y. R.-Y. Zhang, Strong stability for the Wulff inequality with a crystalline norm. Comm. Pure Appl. Math.
75 (2022), no. 2, 422-446.

R. L. Frank, H. Lieb, A compactness lemma and its application to the existence of minimizers for the liquid drop model.
SIAM J. Math. Anal. 47 (2015), no. 6, 4436-4450.

B. Fuglede, Stability in the isoperimetric problem for convex or nearly spherical domains in R™. Trans. Amer. Math.
Soc. 314 (1989), no. 2, 619-638.

N. Fusco, The stability of the isoperimetric inequality. Vector-valued partial differential equations and applications,
73-123, Lecture Notes in Math., 2179, Fond. CIME/CIME Found. Subser., Springer, Cham, 2017.

N. Fusco and V. Julin, A strong form of the quantitative isoperimetric inequality, Calc. Var. Partial Differential Equa-
tions, 50 (2014), pp. 925-937

N. Fusco, F. Maggi, A. Pratelli, The sharp quantitative isoperimetric inequality. Ann. of Math. (2) 168 (2008), no. 3,
941-980.

L. Grafakos, Modern Fourier analysis. Third edition. Graduate Texts in Mathematics, 250. Springer, New York, 2014.
B. Krummel, F. Maggi, Isoperimetry with upper mean curvature bounds and sharp stability estimates. Calc. Var. Partial
Differential Equations 56 (2017), no. 2, Paper No. 53, 43 pp.

R. Lépez, A note on radial graphs with constant mean curvature. Manuscripta Math. 110 (2003), no. 1, 45-54.

F. Maggi, Sets of finite perimeter and geometric variational problems. An introduction to geometric measure theory.
Cambridge Studies in Advanced Mathematics, 135. Cambridge University Press, Cambridge, 2012.

R. Magnanini, G. Poggesi, On the stability for Alexandrov’s soap bubble theorem. J. Anal. Math. 139 (2019), no. 1,
179-205.

R. Magnanini, G. Poggesi, Nearly optimal stability for Serrin’s problem and the soap bubble theorem. Calc. Var. Partial
Differential Equations 59 (2020), no. 1, Paper No. 35, 23 pp.

R. Magnanini, G. Poggesi, Serrin’s problem and Alexandrov’s soap bubble theorem: enhanced stability via integral
identities. Indiana Univ. Math. J. 69 (2020), no. 4, 1181-1205.

M. Morini, M. Ponsiglione, E. Spadaro, Long time behavior of discrete volume preserving mean curvature flows. J. Reine
Angew. Math. 784 (2022), 27-51.

R. Neumayer, A strong form of the quantitative Wulff inequality. STAM J. Math. Anal. 48 (2016), no. 3, 1727-1772.
L. Simon, Lectures on geometric measure theory. Proceedings of the Centre for Mathematical Analysis, Australian
National University, 3. Australian National University, Centre for Mathematical Analysis, Canberra, 1983.

J. Zunic and P. L. Rosin, A new convezity measure for polygons, in IEEE Transactions on Pattern Analysis and Machine
Intelligence, vol. 26, no. 7, pp. 923-934, July 2004.

ETH ZURICH, DEPARTMENT OF MATHEMATICS, RAMISTRASSE 101, 8092, ZURICH, SWITZERLAND
Email address: alessio.figalli@math.ethz.ch

ACADEMY OF MATHEMATICS AND SYSTEMS SCIENCE, THE CHINESE ACADEMY OF SCIENCES, BEIJING 100190, CHINA
Email address: yzhang@amss.ac.cn



