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ABSTRACT. We consider the equation
ve = Lsv — W/ (v) + 0c(t,x) in (0,+00) X R,

where Ls is an integro-differential operator of order 2s, with s € (0,1), W is
a periodic potential, and o, is a small external stress. The solution v repre-
sents the atomic dislocation in the Peierls—-Nabarro model for crystals, and we
specifically consider the case s € (0,1/2), which takes into account a strongly
nonlocal elastic term.

We study the evolution of such dislocation function for macroscopic space
and time scales, namely we introduce the function

¢ o t T
ve(t,x) :=v e D)

We show that, for small €, the function v. approaches the sum of step functions.
From the physical point of view, this shows that the dislocations have the
tendency to concentrate at single points of the crystal, where the size of the
slip coincides with the natural periodicity of the medium. We also show that
the motion of these dislocation points is governed by an interior repulsive
potential that is superposed to an elastic reaction to the external stress.
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1. INTRODUCTION

In this paper we deal with an integro-differential equation of fractional order
derived from the classical Peierls—Nabarro model for crystal dislocations. Specifi-
cally we will focus on the case in which the fractional order of the equation is low,
which corresponds to a situation in which the long-range elastic interactions give
the highest contribute to the energy. In this framework, we will describe the evo-
lution of the atom dislocation function by showing that, for sufficiently long times
and at a macroscopic scale, the dislocation function approaches the superposition
of a finite number of dislocations. These individual dislocations have size equal
to the characteristic period of the crystal and they occur at some specific points,
which in turn evolve according to a repulsive potential and reacting elastically to
the external stress.

More precisely, we consider the problem

(1.1) vy = Lsv— W' (v) +o0-(t,z) in (0,+00) x R,

where s € (0,1), Ly is the so-called fractional Laplacian, and W is a l-periodic
potential. More explicitly, given ¢ € C2(R) N L*°(R) and z € R, we define

Lop(z) = 1 /}R oz + ) +|<§|(i2—s y) — 20(x) .

2

We refer to [11, 3] for a basic introduction to the fractional Laplace operator. As
for the potential, we assume that

W e C3*(R), forsome0<a<l,
W(x+1)=W(z) foranyzeR,

(1.2) W(k)=0 for any k € Z,
W>0 mR\Z,
W (0) > 0.

As customary, € > 0 is a small scale parameter, and o plays the role of an exterior
stress acting on the material. We suppose that

o.(t,x) = o (e' 1?5t cx),

where o is a bounded uniformly continuous function such that, for some « € (0, 1)
and M > 0, it holds

||0w||L°°([O,+oo)X]R,) + HUtHL”([O,Jroo)x]R) <M,

1.3
(13) lox(t,z + h) — oy (t,x)] < M|h|¥, for every z,h € R and t € [0, +00).

The problem in (1.1) arises in the classical Peierls-Nabarro model for atomic
dislocation in crystals, see e.g. [8] and references therein. In this paper, our main
focus is on the fractional parameter range s € (0,1/2), which corresponds to a
strongly nonlocal elastic term, in which the energy contributions coming from far
cannot be neglected and, in fact, may become predominant. We refer to [6] for the
case s = 1/2 and to [4] for the case s € (1/2,1). See also [7] for a related problem
with s = 1/2 and a different scaling property.

We define
t T
Ve (t, @) == (EHQS» 5)
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and we look at the equation satisfied by the rescaled function v, that is, recalling
(1.1),

1 1 .

(1.4) (ve)y = - (stg - EW (ve) + U(lf,x)) in (0,4+00) x R,
v:(0,-) =0 in R.
Following [9, 1], we introduce the basic layer solution u € C**(R) (here o = a(s) €
(0,1)), that is, the solution of the problem
(1.5) Liuw—W'(u)=0 inR,

’ >0, u(—o0)=0, u(0)=1/2, u(+c0)=1.
The name of layer solution is motivated by the fact that u approaches the limits 0
and 1 at +00. More quantitatively, there exists a constant C' > 1 such that
(1.6) lu(z) = H(z)| < Clz|* and  |u'(z)| < Clz|” 29,

where H is the Heaviside function, see Theorem 2 in [9].
As a preliminary result, we will prove a finer asymptotic estimate on the decay
of the layer solution:

Theorem 1.1. Let s € (0,1/2) and u be the solution of (1.5). There exist con-

stants C > 0 and U > 2s such that
1 T C
u(e) — H(z) + W 0) 2] < P for any z € R,

with ¥ depending only on s.

To state our next result, we recall that the semi-continuous envelopes of u are
defined as

w*(t,r) ;== limsup wu(t',z’)
t',z")—(t,x)
and
ue(t,z) ;= liminf wu(t, z
(t,2):= JHminf u(, ).
Moreover, given ¢ < 2§ < ... < 2%;, we consider the solution (xi(t))izl y to
the system
—x;
tz)+ Yy —T ) in (0, +00),
(1.7) ( Z o
where

(18) —(/ <u'>2)1 .

For the existence and uniqueness of such solution see Section 8 in [5]. We consider
as initial condition in (1.4) the state obtained by superposing N copies of the
transition layers, centered at :v(l), ..., 2%, that is

(1.9) W(z) = —0(0, ) +Z (x_gU)
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where
(1.10) B:=W"(0)>0.
The main result obtained in this framework is the following;:

Theorem 1.2. Let s € (0,1/2), assume that (1.2), (1.3) and (1.9) hold, and let

N
vo(t,z) = ZH(f —zi(t)),

where H is the Heaviside function and (z;(t))i=1,.. N is the solution to (1.7).
Then, for every e > 0 there exists a unique viscosity solution v. to (1.4). Fur-
thermore, as € — 0, the solution v. exhibits the following asymptotic behavior:
limsup ve(t,2") < (vo)*(t, )

(', a2’y —(t,x)
e—0

and
liminf v (¢, 2") > (vo)«(t, )

2!y (t,2)
e—0

for any t € [0,4+00) and x € R.

When s = 1/2 the result above was proved in [6], where it was also raised the
question about what happens for other values of the parameter s.

In [4], the result was extended to the case s € (1/2,1). So the main purpose of
this paper was to obtain the result for the remaining range of s € (0,1/2). From the
physical point of view, this range of parameters is important since it corresponds
to the case of a strong nonlocal elastic effect: notice indeed that the lower the
value of s the stronger become the energy contributions coming from far. We refer
to [6, 4] for a more exhaustive set of physical motivations and heuristic asymptotics
of the model we study.

We also remark that, differently from [6], we do not make use of any harmonic
extension results, that are specific for the fractional powers of the Laplacian, and
so our proof is feasible for more general types of integro-differential equations.

The cornerstone to prove Theorem 1.1 (and hence Theorem 1.2) is given by the
following decay estimate at infinity, which we think has also independent interest:

Theorem 1.3. Let s € (0,1/2), and let v € L=°(R) N C?(R) such that
(1.11) 1in1:1 v(x) =0.

T—>ITO0

Suppose that there exists a function ¢ € L= (R) such thatc(x) > 6 > 0 foranyz € R
and for some 6 > 0, and

(].].2) —st—l—cvzg,

where g is a function that satisfies the following estimate
c

(1.13) lg(x)] < for any z € R,

14 |z|4s
for some constant C > 0. -

Then, there exist 9 € (2s,1 + 2s] depending only on s, and a constant C > 0
depending on C, 0, ||c|| L), and s, such that

C

< -

for any x € R.
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In our setting, we will use Theorem 1.3 in the proof of Theorem 1.1 (there, the
function v in the statement of Theorem 1.3 will be embodied by the difference
between the solution u of problem (1.5) and a suitable heteroclinic solution of a
model problem, so that in this case condition (1.11) is automatically satisfied).

The explicit value of the exponent ¢ that appears in the statement of Theorem
1.3 will be given in formula (5.4), but such explicit value will not play any role in
this paper (the only relevant feature for us is that ¢ > 2s). We think that it is
an interesting open problem to determine the optimal value of the exponent 1 in a
general setting.

Theorem 1.3 may be seen as the strongly nonlocal version of Corollary 5.13
in [6] and Corollary 7.1 in [4], where similar decay estimates (with different ex-
ponents) where obtained when s = 1/2 and s € (1/2,1), respectively. However,
the techniques in [6, 4] are not sufficient to obtain the desired decay estimates
when s € (0,1/2), so the proof of Theorem 1.3 here will rely on completely differ-
ent methods. Roughly speaking, we use suitable test functions in order to obtain
an integral decay estimates (this will be accomplished in Proposition 5.1) and then
we use barriers and sliding arguments to infer from it a pointwise estimate. Re-
markably, differently from the classical case where pointwise estimates follow from
integral ones using a suitable version of the weak Harnack inequality (see e.g. Theo-
rem 4.8(2) in [2]), in our case, to the best of our knowledge, the fractional analog of
this weak Harnack inequality is not known. To overcome this difficulty, some care-
ful estimates on the fractional Laplacian of a function below a barrier are employed
(these estimates will be obtained in Corollary 4.2).

The rest of the paper is organized as follows. The proof of Theorem 1.3 is con-
tained in Sections 2—6. More precisely, we collect some preliminary elementary
estimates in Section 2. Then, in Sections 3 and 4, we estimate the fractional Lapla-
cian of a function below a barrier by taking into account the contribution in a
neighborhood of a given point and the contribution coming from infinity. An inte-
gral decay estimate is given in Section 5 and the proof of Theorem 1.3 is completed
in Section 6.

With this we have the basic technical tools to prove Theorem 1.1 in Section 7.
Then, Sections 8-10 are devoted to the proof of Theorem 1.2. Namely, Section 8
collects some uniform bounds that are used in Section 9 to construct the solution of
a corrector equation and prove its regularity. With this, the proof of Theorem 1.2
is completed in Section 10.

2. AN AUXILIARY SUMMATION LEMMA

Here we present some technical summation estimates, to be used in the forth-
coming Section 4. For the sake of generality, we prove the results in Sections 2-5 in
R™, for any s € (0,1) and n > 1.

Lemma 2.1. Let s € (0,1), zg € R"™ such that |xo| > 3, and ¥ € (0,n+ 2s]. Then

1 C
< ,
2 A TR S O Jal)?
|zo+k|<|zol/2

for some C > 0 depending on n, s and 9.
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Proof. If |xg + k| < |xo|/2 then |k| = |zo| — |xo + k| = |z0|/2, therefore

CAINDS : <o Y 1
. k€Z™\{0} |k|n+28 (1 + |$0 + k‘)ﬁ h |$0‘n+25 kezn\{0} (1 + |(£0 + k|)19 .
|zo+k|[<|zol/2 lxo+kI<|zgl/2
Moreover,
|zo| n—1 d
/ piﬁp:Z(n,ﬁ,ajo),
1 p

where
(n—9) " ag"? —1) ifn>9,
Z(n,9,xzq) = log |zo| ifn="2,
(9 —n)"H1 - |zo|"™?) ifn <.

In any case

Z(nv 797 xO) < Cn, 9

2.2 < )
( ) |m0|n+2$ |x0|19

for some constant ¢,y > 0 only depending on n and ©. Therefore

(14 |zo + k)P Blay) (~20) (1+ |z + z0|)?

kezn\ {0}
= w 1 /"EO pn_l dp
n— —_—
o (L+p)?

lxo+k|<|zgl/2

1 [zo|l n—1 d
< Wpo1 / Pn_ldp+/ P 9 P
0 1 P
1
= wWp_1 [ +Z(n,19,a?0)} .
n
This and (2.1) give that
Z 1 < Cl (1+Z(’I’L7'l97330))
N e (R PRI 2ol %
lwo+kI<lwgl /2
for some C7 > 0. Then, the desired result follows from (2.2). O

Corollary 2.2. Let s € (0,1), g € R™ such that |xo| > 3, and ¥ € (0,n + 2s].
Then

1 C
> <
n+2s 9 9
heZmN {0} |K| (1 + |z + K|) (14 [2o])

for some C > 0 depending on n, s and 9.

Proof. Notice that

> : < T W ST
I k«ff\z\\w}\/g k|25 (1 + |xo + k|)19 b (1+ ‘x0|/2)19 keZm\ {0} |k|m+2s b (1+ ‘xODﬁ7
ro Z1zo

for some Cy > 0, and so the result follows from Lemma 2.1. O
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3. FRACTIONAL LAPLACE COMPUTATIONS I — INTEGRAL ESTIMATES AT A POINT

Here we estimate the local contribution of the fractional Laplacian of a function
touched by above by a polynomial barrier. By local, we mean here the contribution
coming from a neighborhood of a given point. The contribution coming from far
will then be studied in Section 4.

Though the main focus of this paper is the fractional parameter range s € (0,1/2)
the results presented hold true for any s € (0, 1). For this, it is convenient to recall
the notation on singular integrals in the principal value sense, that is

= BT PR e G
n |y|m+2s PNO SR\ B, |y|m+2s

As a matter of fact, when s € (0,1/2) the above notation may be dropped since the
integrand is indeed Lebesgue summable and no cancellations are needed to make
the integral convergent near the origin.

With this notation, we can estimate the contribution in a given ball according
to the following result:

Lemma 3.1. Let s € (0,1), 9 >0, ¢ € (0,1), and
1
(L+ |z

For any fived M > 0 let Fp(x) := MFy(x). Suppose that u € L*(R™) N C?(R")
satisfies

Fl(SU) =

(3.1) Fu(zo) + e =u(xg) for some point o € R,
Fuy(z) + e 2 ulz) for every x € R”,
Co
3.3 / u(()|d € ——
59 N (A

for some Cy > 0.
Then there exists My > 0, depending only on n, s, ||ul|pe®rny, ¥, and Cy, such
that if M > My then

PV / u(zo +y) ;u(iﬂo) <_ M | By -
B |y|t2s 10 (1 + |zol)

Proof. First of all we observe that, without loss of generality, we can suppose that
(3.4) |zo| > 3.

Indeed, if |xg| < 3 we deduce from (3.1) that

M M
— < ——— = Fy(xo) = ulag) — e < ||ul| poo(mn
49 (1 |{L‘0|)19 M( 0) ( 0) ” ||L (R™)

that gives an upper bound on M which would be violated by choosing M, large
enough.
From (3.4), we have that

(3.5) for any y € By, [vo + 9l > lwol — Iyl > |aol /2.
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Now we define

M
D1 = {y S Bl s.t. |U(l'0 +y)| 2 2(1—’—|$0|)19},
M
Then, by (3.3),
Co / M |D,|
g 2 | W@t y)ldy > -
(1+|zo)? = Jp, 2(1+ |xol)?
Hence
2C
(36) i< %
and, as a consequence, if M is large enough,
9|B
(37) 1Ds] 11|~ D] > 121

Now we define

((1 n |xo)2>1/(n+2)
To = )

M
D3 = Dl n BTO,
D4 = D1 \ B""o'

If y € D3 we use (3.1), (3.2) and a Taylor expansion of Fj to obtain that

u(@o+y) —ulao) < M(Fi(wo+y) - Fixo)
< MVFEF(z) y+ M sup |D*Fy(zo +&)| |y

£€By
Notice that
29 9 (¥ +1)
10, ., Fi(x)] <
o (L4 |z)o+ [z~ (L [2])o+2

and so, by (3.4) and (3.5),

&
sup |D?Fy(zo + < —
fEBPl| 1( 0 5)‘ (1+|I’0|)19+2

for some C; > 0. Therefore, for any y € Ds,

C1 M |y|?
(1 + |wo])?+2
and so, since the odd term vanishes in the principal value integral,

u(zo +y) — u(xo) 1M / 9 3
P.V. / dy < [>T dy
Ds ly|+2e (1 +[xol)?*2 Jp,

Cl M 2—n—2s
(3.8) < W/B Yl dy

CQ MT%izs
(14 Jao )72

u(zo +y) — u(zog) < MVFy(z0) -y +

0



DISLOCATION DYNAMICS IN CRYSTALS 9
Moreover, by (3.1), (3.2), and (3.5), we have that, if y € Dy,

u(zo +y) — u(wo) < Fu (2o +y) — Fu(2o)
|y|n+23 = |y|n+23

Far(zo +y)
‘y|n+25
M
o2 (1 + [ + y)?
29 M
o2 (1 |zol)?

Accordingly, making use of (3.6), we conclude that

py. [ o) e, o 2MID
Ds ly[n+2s 12 (1 + [ao])?
29 M |D,|
ro T2 (L |zo|)?
C
g n+2s - 9
o (1 [zol)

(3.9) <

for some C5 > 0. Thus, by (3.8) and (3.9), we obtain

PV u(zg +y) — ulxo) dy < Cy MTS*QS Cs
(3.10) o |y|"+2s (L+ |wol)?+2 g2 (1 + |wo|)?
Cy MP

< - -
(1 + Jao|)?+28
for a suitable Cy > 0, where

n+ 2s

(3.11) B = )

€ (0,1).

This completes the estimate of the contribution in D;. Now we estimate the con-
tribution in Ds. For this, we notice that, if y € Dy, then

M

w(@o +y) —ul@o) = ulTo +y) — G0 TE S T A wl)?
and therefore
bl 2+ [zo)? Jp, I+
M
12 ST mon? Uy, ¢
(3.12) 2 (1 4 |ao|)? /Dz Y
9M | By |

S 20(1+ |zo)?”
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thanks to (3.7). By collecting the estimates in (3.10) and (3.12), we obtain that

u(zo + y) — u(xo) Cy MP 9M | B |
S v S e v TR P
= _M <1 _ Cs )
20 (1 + |zo)? M1=P (14 |zo|)?8
_ 9M By (1 G )
S 20 (1 4 |mol)? JVERE
for some C5 > 0. So, since § € (0,1) due to (3.11), for M large we obtain the
desired result. O

4. FRACTIONAL LAPLACE COMPUTATIONS II — INTEGRAL ESTIMATES AT
INFINITY

This is the counterpart of Section 3, since here we study the contribution com-
ing from infinity of the fractional Laplacian of a function touched by above by a
polynomial barrier (since the singularity of the integral only occur at the origin, we
do not need to use the principal value notation for such contribution).

Lemma 4.1. Let s € (0,1), 9 € (0,n+ 2s], € € (0,1), and
_
(1+ =)

For any fived M > 0 let Fy(x) := MFy(x). Suppose that u € L*(R™) N C?(R")
satisfies

Fi(x) :=

(4.1) Fy(xo) + € =u(zg) for some point zg € R”,
(4.2) Fy(x) +e > u(z) for every x € R™,
Co
(4.3) / lu(Q)|d¢ < ——— for every x € R"
B (x) (1 + [=])?

for some Cy > 0.

Then there exists My > 0, depending only on n, s, ||ul|pemny, ¥, and Cy, such
that if M > My then

/ u(wo +y) — u(xo) Y < M |B|
R\ By |y|n+2s =20 (14 |zo])?

Proof. We notice that
u(zo +y) —u(ro) = w(wo +y) — Fr(wo) — e <ulwo+y) —e < (U(xo +y) — 5)+-

Also, the cube centered at zero with side 1/4/n lies inside the unit ball, namely Q1/ym C
B;. Therefore

+
u(zg +y) — ulx u(ro+y) —¢
(4.4) / (w0 n)+2s (o) dyg/ ( n+2s ) dy.
R”\B; |y R™\Qy, 7 |yl

Now we cover R"™ \ @y, with cubes of side 1/(8n\/n) centered at points of a
sublattice Z (roughly speaking, this sublattice is just a scaling of Z" by a fac-
tor 1/(8n+/n), outside Q;, /). In this way,

1

4.5 if k € Z, then |k| > ——.
(45) itk € 2, then [k > 5



DISLOCATION DYNAMICS IN CRYSTALS

11

Therefore

(4.6)

ithe ZandyeQ (k) then [y] > k| — [y — k| > L L _ LS 1Kl
Yy 1/(8n+/n) Yy Yy — = 9 4\/ﬁ sn = 9

Moreover,

it k€ Z and y € Qy(snym) (k) then

1 1
Lt [wo+yl > 1+ |zo + k| =y = k| > 1+ [wo + k| — = > 5(1+|gc0+k|)
Now we observe that, from (4.4),

+
(330+y)—u$0 / (u(zo +y) —¢)
48 / dy.
( ) ]R"\Bl |y|n+25 Z |y|n+25 Y

kez Y Qu/nym (K

We define
VM
VM
Then, from (4.3),
Co /
0 u(Q)[ d¢
EarrEaT A AL
> / [u(¢)] d¢
Q1/(snvm) (Totk)
> / |u(zo + y)| dy
D1 (k)
_ VEID)]
(L4 |z + K|)?
and so
Co
Di(k)| < ——=.
Di(b) <

Consequently, using (4.2), (4.6) and (4.7), we see that
+
u(xg +y) — ¢ F
L SERy T
D (k) |y D (k) |y

= Jouy (o Jzo + y])? s Y
1M
4.9) ) /w) A5 oo + R TR
_ G MDy(k)
(L [zo + K])? [k[*+25
< CoCi VM
S T+ [wo + K7 [R[F257

dy
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for a suitable C; > 0. Now we use again (4.6) to estimate the contribution in Dy (k)
in the following computation:

u't (zo +y) VM
n+2s dy < n+2s v, dy
Dak) Yl Dy ([K]/2)7%2 (1 + |zo + KI)

22 Q1 3nym) | VM
X |/{3|n+25 (1 + |$0 “!‘]{3‘)19

Using (4.9) and (4.10), and the fact that

(4.10)

(u(zo +9) — &) " <ut(z0 +),
we conclude that

/ (u(xo +y) — E)+ dy < CovVM
Q1) (smum () |y|t2s S (14 |xo + K|)? |k|nt2s”

for a suitable Cy > 0. So we plug this estimate into (4.8) and we deduce that

/ u(wo +y) — u(wo) dy < Cs \/MZ 1
R™\B1 keZ (

Miss T+ g + KI)? K]

Thus we estimate the latter series using Corollary 2.2 (notice that Z may be seen
as a scaled version of Z™ \ {0}, due to (4.5), and z( stays away from 0, as pointed
out in (3.4), so the assumptions of Corollary 2.2 are satisfied, up to scaling): we
obtain that

/ u(zo +y) — u(xo) dy < C3 VM
R"\ B,

y ~N 9

ly|+2e (1+ |2ol)?
for a suitable C5 > 0, hence the claim plainly follows if M is large enough. ([l
Combining the estimates of Lemmata 3.1 and 4.1 we obtain that the negative

local contribution cannot be compensated by the contribution at infinity. More
explicitly, we have:

Corollary 4.2. Let s € (0,1), ¥ € (0,n+ 2s], € € (0,1), and
o
(1 +z[)?

For any fized M > 0 let Fy(x) := MFy(z). Suppose that u € L=(R™) N C?*(R™)
satisfies

Fi(x) :=

Fp(zo) + € = u(zg) for some point xg € R",
Fy(x) +e > u(x) for every x € R”

Co
u(Q)|d¢ £ ——— for every x € R"
o 01 <

for some Cy > 0.
Then there exists Mo > 0, depending only on n, s, ||ul|pe(grny, ¥, and Cy, such
that if M > My then

(4.11) Lsu(azo):P.V./ uo+y) —ulzo) , o MI|B]

=20 (14 |zo))?

I+

n
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5. DECAY ESTIMATES IN AVERAGE

Here we obtain some precise information on the decay at infinity of the solution
of a nonlocal equation with decaying nonlinearity:

Proposition 5.1. Let s € (0,1), u € L= (R") N C?(R") satisfy

(5.1) —Lsu+cu=g inR",
where c(x) € (co, cg'), for some cy € (0,1) and
C
(5.2) 9(2)| € m—=a
(1 + |z[)=
for some C >0 and o > 0.
Then, for any x € R"™,
Cy
(3 [ i<
By (x) |‘T|ﬂL9

where C, > 0 is a suitable constant and

min{n + 2s — (n — 2a)™", 2a}

(5.4) 9=

2
Proof. We use that u satisfies (5.1) in the weak sense, that is, for any test function v,
/ / )(¢(x)*w(y))dxdy+/ cm/;dz:/ g da.
n JRe |x — y|nt2s n n

Choosing ¥ = ugp? we get

[/ (u(@) - u(y)) (u(@)¢*(@) — uly)$())

dr dy+ 2024 :/ 2 da.
|33—y|"+2$ x dy /]Rncuga x Rngugp x

Notice that we can write

(<> <>>(<>%m—u@w%w)

= (ulx wy)( (@) = u(®)e*(@) + uly)e* (@) — uly)¢*(v))
- (ue <yﬂ@ w>%m+mww%w—www
= (ulz) — u()) ¢* (@) + uly) (u(z) — u()) () + ) (p(z) - ¢1))
Hence (5.5) becomes
/n/n |x_y|nJ)rzf (=) dz dy
—u(y)) (¢(x) + o)) (v(z) = ¢(y))
(5.6) +/n/n =y dx dy

Jr/ cu2g02dx:/ gup? de.

Now we estimate the second term in (5.6). For this, we use that 2ab < a® + b2 with

@ = 3 (u(x) — u(y)) ($(@) + o)) and b= () (p(x) — oly))
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to obtain that

/ / u(y) (u(x) —uly)) (e(z) + o) (e(z) —e(y)) d dy

dx dy

|z — y|nt2s
< // s ?jnizl*w dxdy—I—/n/n |x_ |n+;i(y)):dxdy
) /n/ |x)i(|n+(25) ) 4z dy +/n/n |z_ (1) — oly)

// |x_y|3lzé dz dy +// |x_y|n+ffy)) dz dy.

Using this and (5.6) we obtain
(5.7)

co/ u??dx </ cu’p? dz
2,2
o (z
= JLmere [ [ R

[ o)~ e)ote) + oole) = o) g

|z —y|nt2s

</ qup?® dz + 1,

—¢(y))*
I —/n/n |x— |n+25 dx dy.
On the other hand
[ augtds = [ 21w ge)(arug) da
n IRn

1 c
— g2p® + = / u?¢? dx.
200 R™ 2 n

By plugging this into (5.7) and reabsorbing one term on the left hand side we obtain

where

1
(5.8) &« w2 dr < — G?p?dr + 1.
2 R 2C0 R"
Our goal is now twofold: to estimate f]R" g%¢? dx and to reabsorb I on the left hand
side. For this, we choose

1
p(x) = (1+ 2|z — o|2)N
where x¢ € R" is fixed,
(5.9) N=" 228,
and 0 < ¢ < 1/N. Notice that ¢ € L*(R™) N L>=(R™). We set
(5.10) R :=|zo|/2 > 10,

and we claim that

(5.11) / g*o*dr < C.R™,
Rn
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for some C. > 0 and

v = min{n + 25 — (n — 2a)7", 2a}.
Notice that
(5.12) 9 =7/2,

see (5.4).
To prove the claim, we first observe that if x € B then

|z — 20| = |zo| — |2| =2 2R — R =R,

SO

1 1
o(z) < < .
(1+e2R2)N ~ 22NRaN

Accordingly, using also (5.2) and (5.9), we obtain

1
2 2 2
g dz <7/ g-dx
/BR SR [

< 1 / c d
< x
eNRAN [ (1 + |a)2e

5.13
519 c [ re] T
B Br\B: |7

< €4NR4N
< C.R™N (1 +U(R) R<“*2a>+)

< 2C€£(R) an72s+(n72a)+ ’

for some C. > 0, where

__JlogR if 20 =n,
UR) = { 1 otherwise.

Moreover, if x € Br(zo) then
|z| = |zo| — | — 20| 22R— R=R

and so, from (5.2), we have

lg(z)| < m S Ra

As a consequence

/ 2 2 c? 2
gipTdr < a/ - dx
Br(zo) R? Br(zo)

(5.14) < c? / o du
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for some C. > 0 (up to renaming it). Now, if z € R"™\ (Bgr(zo) U Bgr) then |z| > R
and so, from (5.2) and (5.9),

02

< —/ <p2 dx
R2% JRo\ (Bp(20)UBR)

/ g*p? dx
IR,"\(BR(CE())UBR)
<& / LI
1 X Do AN 4N
(5.15) R g\ B(a) ST — o] N
< CERn—Qa—4N
_ CER72Q72S.

Then (5.11) follows from (5.13), (5.14) and (5.15).
Now we claim that, for any &' > 0, we can choose ¢ sufficiently small (in the
definition of ¢) so that

/ (p(x) —®)*

(5.16) g S o3 (y),

holds.
To prove this, we first observe that

22Nz — xo
(1+e2|z — xo)2)NHL

In particular we have that |Vy| < 2eN and therefore, for any r > 0,

/ (p(@) — ) / 4€2N2lx—yl2dx+/ 4
no|m =yt Bo(y) |T—y|"T? R\ B,.(y) [T — y["T2

< 0(627’2728-%7"728),

< 2eNy(x).

(5.17) Ve(z)| =

for some C' > 0. Accordingly, if we choose r := 1//2, we obtain

(p(@) = )? "
/n EEEE R

Hence if 3 is such that |y — zo| < e=*/4N)/|loge| then we have that

_ loge|~N
1 N 2 _ |
| 0g5| 12 (y) (1+€2|y7z0‘2)2N
y [loge] ™
(1+ (e=5/4N) /| loge[)2) "
- |log e[~
Z 2N
(2(e=+/4N) /| log 2])2)
= 272NgS|logePN
> 20C¢€°
_ 2
> / (p(z) — )" , 7
N PRI

provided that ¢ is small enough, and this shows that (5.16) holds true if €|y — zo| <
e=%/(4N) /|1oge|. So we may and do suppose that

(5.18) ely — xo| = 7%/ N) /| loge|.
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Notice that, in this case, €|y — x| > 1 if £ is small enough and so

1 1 1
5.19) ©%(y) = > = ;
( ) ¢ () (1+e2|ly —xo|2)2N 7 (2e2|y — 20[2)2N ~ 4Nent2s|y — gq|nt2s

thanks to (5.9). Now we set

57(n+3s)/(n+25)
e 2| log¢|

and we study the contributions in B,_(xg) and in B,_(y).
For this, we point out that, by (5.9) and (5.18),

e—(4N+s)/(4N) g~ (n+3s)/(n+2s)

5.20 _ > _ o
( ) ly — ol Tog | Moge]| r
Therefore, if x € B,_(z() we have that

o=yl > fe0 — yl ~ e — 2ol > fay — ] ~ o > 220

hence, using (5.19), we see that

_ 2 n+142s
/ (p(@) — )" </ 4 de
BTs(wO) B,

|z — y|nt2s . (wo) |0 — [t

n
TE

SCr—03
(5.21) |wo — y[" 2
: 6—n(n+35)/(n+25)

<4Ne n+2s, 2
2| loge|™ Y

A Ogs(n+4s)/(n+25)
= W ™ (y)-

Now we estimate the contribution in B, (y). For this, we take z € B,_(y) and
&=tz + (1 —t)y with t € [0,1] such that

lp(x) — (W) < V(&) |z —yl.

Notice that, in this case,

€=yl =tlz -yl <re < @
thanks to (5.20), and therefore
-z
6ol > Iy — ol — [ — 9] > L2
Using this and (5.17) we obtain that
IVe(©) < 2eNe(§)
_ 2eN
(14 €28 — o)™
92N+1_
<
(1+22€%|¢ — o)V
22N+1€N

(I+ely — mo[2)N
22N+1€N§0(y).
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As a consequence

_ 2 42N+2 2N2 2
/ (ple) fgz) dr < / - n+2f—(2y) dx
By () |z — y B, (y) |z -y ’

(5.22) = CelrI ¢ (y)
0525(n71+35)/(n+25)
9225 |Jog £|2—25

It remains to estimate the contribution in R™\ (B,_(z¢) U B;_(y)). For this we will
use the following estimate: fixed p € R™ we have that

0= (y).

(5.23) / da = % — 925 g2s(n+3s)/ (n+2s) |10g€|25.
R™\B,, (p) |7 — P25 12
Moreover
ly—zol _ly—altlr—wl 1 1
x —xol |z —yl = |z —wmollr—yl |z —zo| [z -yl

and therefore

|y - IO‘n+2S < 2n+2s 1 + 1
|£C _ x0|n+2s |$ _ y|n+2s |.’L' _ x0|n+2s |$ _ y|n+2s

Hence, if we integrate over R" \ (B,_(zo) U B,_(y)) and we use (5.23) we obtain
that

/ ‘y _ x0|n+2s
R\ (B, (20)UB;. (1)) |z — |25 | — y["F2e

5.24
( ) < 2n+2s / dl’ ¥ +/ df,U 5
R\B,_ (z0) |T — To|"T2* R\B,_ (y) [T —y["2*

< 0623(n+33)/(n+2$) | IOgE‘Zs,

dxr

up to renaming constants. Moreover, exploiting (5.9) and (5.19) we see that

2( ) B 1 o 1 4N |y _ x0|n+25
P T A 22 — o) 2972 S ends[g — go|nt2s S [z — go|nt2s 7 (¥).

Therefore
/ ¢*(x)
R\ (Br. (20)UB,. () |7 — Y™+
_ n+2s
(525) < 4N‘p2(y) / |yn+2st| n+2s dx
R\ (Br (20)UB. () [T = o["?* [ — ]|

< AN O e2(+39)/(n429) | 00 |25 S2(y),
thanks to (5.24). Furthermore, by (5.23) we have that
/ LAC) N / )
(5.26) JR\ (B, (00)UB,, (v) |7 —y["T2° R\B,,(y) [T — Y™
< 225052s(n+38)/(n+25) ‘ 10g€|25 4102 (y)

Now we use that

(p(2) = 0))? < (Jp(@)| + le@))? < 4% (@) + ¢ (1)),
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so that by (5.25) and (5.26) we obtain

_ 2

(527) / ((p(:ﬂ) fj_zZ) dz < 0525(n+35)/(n+2s) |10g€|2s <,02(y),
(B (@o)uB. ) 1T~V

up to renaming constants once again. In view of (5.21), (5.22) and (5.27), the proof

of (5.16) is finished.

As a consequence of (5.16) we obtain that

I< 6’/ u?(y)® (y) dy = 6’/ u?@? dz.
So we take e so small that & < ¢p/4, we plug the estimate above into (5.8) and we
reabsorb one term into the left hand side (this fixes ¢ now once and for all): we
conclude that
o 2 2

de < —
4 ]Rnusa I\QCQ R

g2 p? de.
Hence, from (5.11),

Co 2 92 Ce _
— de < —R™.
4 /W,“ 7S 9

Now we use that ¢ > 1/2 in By(zg) to deduce from this that

][ u?dx < CR™,
Bl(zo)

for some C > 0. Then, by the Hélder inequality, (5.10) and (5.12), for any zo € R"
such that |zo| > 20 we have that

][ udxé,/][ w2dr < VOR~ =\/5R_19:219\/5|x0|_19.
Bl(ibo) Bl(mg)

Since u is bounded, a similar estimate holds for |zg| < 20 as well, by possibly
changing the constants (also in dependence of ||u||z(p,,)). This proves (5.3) and
concludes the proof of Proposition 5.1. O

Remark 5.2. In the sequel, we will only use Proposition 5.1 for the proof of The-
orem 1.3 when n = 1 and s € (0,1/2). Though the statement of Proposition 5.1
remains valid for the whole parameter range s € (0,1), in general the exponent
found in (5.4) would not be sufficiently accurate (indeed, we think it is an interesting
open problem to find a sharp value for the exponent ¢ in general).

The sensitivity of the decay estimates on the fractional parameter s is the main
reason for which different methods are needed to prove Theorem 1.3 when s €
(0,1/2) and s € [1/2,1): in a sense, when s € (0,1/2), the integral contributions
coming from far are predominant and they strongly affect the available bounds on
the asymptotic behaviour of the solution at infinity.

6. PROOF OF THEOREM 1.3

Let v be as in Theorem 1.3. We prove that
My

(6.1) v(z) < A+ ?
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for any x € R, where My > 0 is a universal constant (the bound from below
follows by exchanging v with —v). To this goal, fixed any € > 0, we use (1.11) to
find R. > 0 such that

(6.2) |v(x)| < e/2 for all |z| > R..
We claim that
M
6.3 oM
(6.3) v(x) G ¢

for any = € R, as long as
M = ||v]|pee(ry (1 + R.)".
To check this, we distinguish two cases. If |z| < R., then

lo(x)] (1+ R.)? M M
A+’ SO+’ < @+

proving (6.3) in this case. Conversely if |z| > R., then v(z) < € and so (6.3) holds
true in this case too.

Hence, we can take the smallest M := M., > 0 for which (6.3) is satisfied.
If M. = 0 for a sequence of € N\, 0 then (6.3) gives that v(z) < ¢ and so, in the
limit, v < 0, which proves (6.1). Thus, without loss of generality, we can suppose
that M. > 0. In this case, by (6.2) and a simple compactness argument, there
exists . € R for which

v(z) <

19+s,

M,
g TE

(6.4) v(@e) = m

Our goal is to show that
(6.5) M. < My

for a suitable My > 0 independent of €. For this, we observe that, by (6.3), (6.4)
and Proposition 5.1 (with a := 4s), we have that the hypotheses of Corollary 4.2
are satisfied (by taking u := v and zo := z.). Therefore, by (4.11), if M. were too
large we would have that
_ ME |Bl|

20 (1 + |z])?”

On the other hand, by (6.4), (1.12), and (1.13), we have

(6.6) Lov(ze) <

Lov(x:) = Lsv(ze) — cv(ze) + ¢ <(1+]w;€)19 + 5)
P st(xe) - Cv(xa)
= —g(ze)
(6.7) _L
T (et
S
T (T fze])?

(recall that ¥ < a = 4s, see (5.4)). Hence (6.7) and (6.6) show that M, is universally
bounded, proving (6.5).
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From (6.5) we deduce that

()< M o Mo,
v(x) < €S €
(1 +z[)? (1 +z[)?
for any = € R, and so, by letting € \, 0, we obtain (6.1). This concludes® the proof
of Theorem 1.3.

7. PROOF OF THEOREM 1.1

The proof of Theorem 1.1 is now analogous to the one of Proposition 7.2 in [4],
up to the following modifications, needed in the case s € (0,1/2):

e the exponent 1 4 2s in formulas (7.9) and the previous one in [4] must
be replaced by ¥ (the rest of the argument remains unchanged, since ¥ €
(25,1 +25]),

e the use of Corollary 7.1 of [4] is replaced here by Theorem 1.3.

8. L°° BOUNDS

The goal of this section is to state some uniform regularity estimates that will
be needed in the subsequent Section 9.
We introduce the norm

2
(8.1) ||f||H5(]R" : \// /n |l,y|n+21| dx dy

and we provide an auxiliary estimate:

Lemma 8.1. Let s € (0,1). There exists a constant C = C(n,s) > 0 such that, if
f e H*(R"™), then

n+2s 2 2
(8.2) 1 llz2 ey < ClFI s 1N )
Also, if f >0 then
(83) 1128y < ClF g ey S > 0H/™

Proof. We start by proving (8.2), which is a variation of the classical Nash inequal-
ity. Without loss of generality, we suppose that f € L'(R"™), otherwise the right
hand side of (8.2) is infinite and there is nothing to prove. Given p > 0, we have

R 2s
s [ ifraes [ SR < o

Here we have used the notation of the norm || - ||gs =), as introduced in (8.1)
and its equivalent in Fourier spaces (see e.g. Proposition 3.4 in [3]). On the other
hand, [f(&)| < || f|lz1 ) for any & € R™, and so by integrating over B, we obtain

/B FEOP de < |Bi] 7711 oy

P

IWe remark that 9, as defined in (5.4), satisfies

g ] 4s if s € (0,1/6],
T 4 if s € (1/6,1/2).

In any case, since s € (0,1/2), we have that

2s <9 <1+ 2s.
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By adding this to (8.4) we obtain
172 mny = 17 1Z72n) < Co™ 2 f 3r: @y + 1Bl 0" 11171 oy -
0
Since this estimate is valid for any p > 0, we now choose
2/(n+2s)

p = (Ifllmg ey /I fllpreey)

to obtain
2n n+25 4s n+2&
1By < (€ IBal) LI ) | £ 2,

which gives (8.2).
Now we prove (8.3) by using (8.2) and the Hélder inequality: we have

1A < OIS g 135 e
2
Ol gy [ 22wy [ > 0312

CIl s oy 1172 ey 1S > O},
which implies (8.3). O

N

We can now prove a uniform pointwise estimate using a De Giorgi-type argument.
For the sake of generality, we prove it for any s € (0,1) and any n > 1 (though we
only need it here for n =1 and s € (0,1/2)).

Theorem 8.2. Let s € (0,1) and let ¢ € H5(R™) be a weak solution to
—Lyp=Xp+b inR",
with by A € L>®(R™). Then ¢ € L*°(R™) and
/o @ny < C
where the constant C > 0 depends only onn, s, ||| 12(rn), [|All Lo (mn), and [|b|| o (rn)-

Proof. First, for any 0 < § << 1 (we will choose later a suitable §, see formula
(8.15) below), we consider the function ¢ defined as

)
o(x) = ﬂ, for any z € R™.

[0l 22 Ry

By construction,
[l L2y = 6,

and
(8.5) —Ls¢ = Ao+ b/ L2 (mn).-
In order to prove the theorem, it will suffice to prove that
(8.6) [l @n) <1,
since this implies that

|\1/J||L2 R" 191l 2mn

[llz ey € =52 ] ey <

and ¢ is fixed.
Now, for any integer k € IN, we consider the function wy, defined as follows

wi(x) == (¢p(x) — (1 —27F)*,  for any z € R™.
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By construction, w, € H*(R™) and

(8.7) wit1(z) <wg(z) ae. in R™.

The following inclusion

(8.8) {wit1 >0} C {wg > 27*FDY

holds true for all £ € IN. Indeed, if x € {w;Hl > 0}7 then

0 < wppi(z) =d(x) —1427%1
hence
p(z) — (1 —27F) > 27F o7kl = 9=k=1
and so wy,(z) > 27%~1 thus proving (8.8). Moreover, we have the inequality
(8.9) o(z) < 2" wy(z)  for any z € {wiy1 > 0}
Indeed, if x € {wkH > 0} then

wi () > w1 (z) = d(x) — (1 — 2751,
which together with (8.8) implies
o(z) < wplx)+ (1 =271 = wp(x) + (28 —1)27F1
< wg(e) + 28 = Dwy(2) = 25wy (2).

This proves (8.9).
Also, we remark that for any v € H*(R"™) we have

(8.10) (07 (@) = v (¥)) (v(2) = v(y) = v (2) —vF (Y,

for all z,y € R™. In order to check this, let assume that v(z) > v(y). There is no
loss of generality in such assumption, since the roles of x and y can be interchanged.
Then, one can reduce to the case when = € {v > 0} and y € {v < 0}, as otherwise
the inequality in (8.10) plainly follows. Finally, we notice that in such a case (8.10)
becomes

(v(@) = v(y))v(@) > v(z)*
which does hold since v(y) < 0 and v(z) > 0. This proves (8.10).
We now prove (8.6) by a standard iterative argument based on estimating the
decay of the quantity

Uy = [wp]|72gn)-
First, in view of (8.10) with v := ¢ — (1 —27%~1), we have
2 _ w1 () — wita (y)
||wk+1||Hg(1Rn) = /n/n |z — y|nt2s dx dy
< / / (o(x) — (y)) (wrs1(2) — wit1(y)) dx dy.
n Jrn |x — y|7t2s

Thus, plugging wi11 as a test function in (8.5), we obtain
0 b(x)

(A(mw(x) * 191 L2 (mn)

ol < | ) wrn()an

{wk+1>0}
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Notice that if € {wg1 > 0} then ¢(x) > 0, and therefore, using (8.9) and (8.7),

we get
(8.11)
6sup |b|
) sup || 6(2) w1 (2) + — () | do
{wii1>0} \ R” 1] L2 (mn)
5sup 5]
</ sup A 25wy () w1 (2) + — 2w (2)
{wk+1>0} Rn ||rlwb||l/2 Rn
d sup |b]
S/ sup |A| 20 wi () 4+ — 2wy (z) | da
{wig1>0} | R” 191l 2
0 sup |b|
<sup|)\|2k+1Uk+ R7 v {wk41 > 0} U,f,
R 191l £2(rm)

where we have also used the Holder inequality.
Also, by (8.8) and Chebychev’s inequality, one has

(8.12) {wrs1 > 0} < [{wy, > 27D} < 226D,

so that (8.11) becomes

) sup|b\

(8.13) lwirill gy < sup || + 2k,

\|¢||L2(1Rn
On the other hand, using (8.3) (with f := w41 here) we have

(8.14)

Uk+1 < CHwk+1HHs(1Rn

where the constant ¢ > 0 only depends on n and s.
Combining (8.13) with (8.14) and using (8.12), we get

o SUP d 2s
Uk+1 <ec Sup |>\‘ + m 2k+1Uk (22(k+1 ) n U n
d sup |b] .
= ¢ | sup |A‘ + R" 2(1+%)(k+1)U2+T
R 19 L2 (mm)
i d sup |b]
< |14c(sup A+ —2—— || 2045 )(k'H)U
R" 1912 (rm)
[ 4 sup |b| h ,
< 14c[sup A+ —2 | | 205 U,i+7
R" 191l L2(rm)

_ Okt
= chgte

dz
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for some constant C' > 1 depending on supgn ||, supgas [b], [|¢]|L2(rn), 1, and s.
Hence, an estimate of the form

Uk4+1 < C’k+1U,i+a for any k € IN,

holds for suitable C' > 1 and o > 0.
Now we perform our choice of §, that is we assume that

(8.15) 52 = ﬁ
We set

(8.16) 7= #
Since C' > 1 and o > 0, we have that

(8.17) n € (0,1).
We claim that

(8.18) Up < 8%

We show (8.18) by induction. Indeed, we notice that
Uo = [lwoll72mny = 107 172 (rn) < 101720y = 6%

which is (8.18) for &k = 0. Now, suppose that (8.18) is true for k and let us prove it
for k + 1:

Uk+1 < C«k—i—lU;wLoz < C«k+1(62nk)1+a _ 5277}’@(6«77(1)1@05204 _ 5277k+17
where we have used (8.15) and (8.16). Then, by (8.17) and (8.18) we have that
(8.19) lim Uy = 0.

k— o0

Noticing that
0<we = (¢—(1—27")" <|g| € L*(R")
and
wp = (p—1)1 ae inR" ask — +oo,

by the Dominated Convergence Theorem we get
(8.20) Jm Uy = [[(¢ = 1|72 mn-

Hence, from (8.19) and (8.20) we have that (¢—1)* = 0 almost everywhere in R",
and so ¢ < 1 almost everywhere in R™. By replacing ¢ with —¢ we get (8.6), which
concludes the proof. O

9. THE CORRECTOR EQUATION

Now we consider the equation

{ Lsp = W"(u)p = o' + 5 (W"(u) = W"(0)) in R,
Y € H*(R),

where u is the solution of (1.5) and

(9.1)

/]R(u’(gc))2 dx

(9.2) n= W)
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For a detailed heuristic motivation of such an equation see Section 3.1 of [6].
Theorem 9.1. There exists a unique solution ¥ € H*(R) to (9.1). Furthermore
(9.3) Y e CL*(R)NL®(R) for some o € (0,1), and 19| Loo (ry < +00.

loc

Proof. The proof is analogous to the one of Theorem 5.2 in [4], where the result
was obtained for s € (1/2,1), except for the modifications listed below.

The proof of Theorem 5.2 in [4] uses the condition s € (1/2,1) only twice,
namely before formula (5.26) and at the end of Section 5. In the first occasion,
such condition was used to obtain that

a weak solution of Lsvg = W (u)vg is C?*+*(R) N L>=°(R)

9.4
(94) and, in particular, it is a classical solution.

In the second occasion, the condition on s was used to obtain (9.3). In both the
cases, the condition s € (1/2,1) permitted to obtain the desired results as an easy
consequence of the fractional Morrey-Sobolev embedding (see e.g. Theorem 8.2
in [3]), and this embedding is not available in the present case.

Hence, we prove (9.3) and (9.4) directly from the regularity theory developed in
Section 8, thus obtaining that Theorem 9.1 also holds when s € (0,1/2).

To prove (9.4), we first use Theorem 8.2 to obtain that vy € L*°(R). Hence, from
Proposition 5 in [10] we deduce that vg € C*(R) for any 0 < a < 2s. In particular
vo 1Is a viscosity solution, and since W (u)vy € C*(R), by Proposition 2.8 in [12]
we deduce that vg € C*+25(R). Thus vy is a classical solution, proving (9.4).

To show (9.3), we use Theorem 8.2 and Proposition 5 in [10] to obtain that ¢ is
a viscosity solution to (9.1) such that

(9.5) ¥ € L=®(R) N C*(R)

for any 0 < ar < 2s.
Now, we define the incremental quotient of ¢ as

ey = M=)
From (9.1) we have that 1)}, satisfies
(9-6)  Lston(z) = W"(u(z + b)) (@) + W (u(@))(z) + up () + nW (u(x))

where, for any = € R,

for any z,h € R.

o) = L V@

and . .
e o= WO 1) = W)
From (1.2), (9.5), and Lemma 6 in [9], we have that
W"(u) € L*(R) and W, (u)y + uj, +nW;! (u) € L®(R),

and so we can apply Theorem 8.2 to the solution of (9.6) to obtain that ¢, € L*°(R).
Using Proposition 5 in [10], this gives that ¢, € C*(R) for any « < 2s.
So we have proved that, for any z,y,h € R,
[Yn(@)| < C1 and  |¢n(x) — ¥n(y)] < Colz —y|,

for some positive constants Cy,Cy. Letting h N\, 0 we obtain that ¢’ € L®(R) N
C*(R), concluding the proof of (9.3). O
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Remark 9.2. Thanks to (9.1) and (9.3), we have that v € H*(R) is uniformly
continuous, and this implies that

(9.7) lim (xz) =0.

rx—+o0
10. PROOF OF THEOREM 1.2

The proof is now conceptually similar to the one given in Section 8 of [4],
but some quantitative estimates of Proposition 8.4 there need to be modified
when s € (0,1/2). For the facility of the reader, we provide the details of the
proof of Proposition 8.4 of [4] in our case (this will be done in Proposition 10.1 here
below).

To this goal, we recall some of the notation of [6, 4] needed for our purposes.
We take an auxiliary parameter ¢ > 0 and define (Z;(t));=1,....~ to be the solution
of the system

. T — T ,
Ti=v|—0—0t,Ti)+ ) s————"5 | in(0,400),
(101) ( ) ;28|$2_$] 142s ( )
We refer to [5] for the existence and uniqueness theory for the solution of the above
system of ordinary differential equations. Moreover, we set
(10.2)  &(t) := 7:(2)
_d+o

(10.3) &7:= 5 where 8 = W”(0) was introduced in (1.10),
al z—Ti(t) z—Ti(t)
(10:4) t.0) = 5(00) + 3 {“ <> v () } ’
where u is given in Theorem 1.1 and ¢ in Theorem 9.1. We set
—zi(t — Tt
(10.5) 4= <ww<>> g (rsv()> 7
€ €
where H is the Heaviside function,
xr —T;(t
€
and
1
(10.6) I. =) + = (W'(ve) — e**Lyve — €%°0) .
With this notation we have that (see Lemma 8.3 in [4]), for every ip € {1,...,N},
, . ~ B ~ o
(10.7) I. = e + (85 — o) + O(iy,) (n Cio + G5+ Y 52)
i#ig

where the error e% is given by

(10.8) €2 =0E>)+ Y OW)+ Y. Olw)+ Y, O(f;)

1<i<N 1<i<N 1<i<N
i#ig i#ig i#ig

Now we can state the following result, which replaces Proposition 8.4 in [4]:
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Proposition 10.1. Let T. be as defined in (10.4). There exists dg > 0 such that,
for any 0 < § < &g and T > 0, we have

1 1
(ﬁs)t 2 g <LS'U5 — ETSW/(EE) -+ U) n (O,T) X ]PL,

for e > 0 sufficiently small.
Proof. Recalling the definition of I, in (10.6), our goal is to show that

(10.9) IL.>0

for € small enough. For this, we make a preliminary observation: recalling the defi-
nition of @; in (10.5) and using Theorem 1.1, we obtain that, for any i € {1,..., N},

g2s x — (1) Ce?
10.10 i — < — .
(10.10) U S 0) e~ m O | S e mOP

Since ¥ > 2s, we can choose v such that

¥ — 2s

10.11
(10.11) 0<y< 3

Now we divide the proof of (10.9) by dealing with two separate cases.
Case 1: Suppose that there exists ig € {1,..., N} such that

(10.12) |z — T, (1)) <&
Therefore, since the T;’s are well-separated, for ¢ sufficiently small we have that
(10.13) |z —Z;(t)] = k>0, forany ¢ i,

where « is a constant independent of e.
Hence, thanks to (10.10) and (10.13),

Uy 1 x —7;(t) o 1 9—2
il < <C 5.
; <625 T2 W0) —wi(t)ll“S)‘ e¥ L2 lr—m())” )
1F£10 1710

Therefore, from (10.7), we deduce that

(10.14)

_ ~ ~ . U
I.=el+p36—0+ O(um)(mm DY €2>
i#ig

o - ~ - ~ 1 T _f’b(t) 9—2s
= € + ﬁo— o+ O(ulo) (nclo to 2SW”(O) 2’; ‘x —l‘i(t)|1+23> + O(E )
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Now, we Taylor expand the function % for z in a neighborhood of the
point Z;, (t), and we use (10.12) to get

(10.15)
x— :vl :vl T;(t)
Z | |1+2s Z EN 0 ()12
i#ig T

2 - m()P

24 2s
< ’Y
S e
< Cé,

> (W - +25)<5W) (o~ (0)

where ¢ is a suitable point lying on the segment joining x to T;,(¢) (and hence
|¢ —Z;(t)| > +/2 thanks to (10.12)). Therefore, using (10.15) in (10.14), we have
(10.16)

1 Ti, z;
[ = 6 +ﬁ0’ —U+O(Uzo)(nczo +0— QSW”( Z |1'z ( )( ) ( )(|1)+2s>
+ 0772 + 0(e).

Now, we compute the term in parenthesis

. From the definitions of 7, ¢;, and &
given in (9.2), (10.2), and (10.3) respectively, and recalling (1.8), we obtain

. 5_ 1 T4 () — T (2)
VT 0] 2 Trr) - i<t>|1+2s

I ) 0 o(t,x)

_ »’% t) = Ti(t)
~ S T W) T W) stN Z [T, (¢
(10.17)

SOl
1 (T PN § @-o(t) %(t)
— (s omm - £ Y )

25 2 [ () — (0172

o(t,x) —o(t,Ti, (1))
+ W”(O) :

Recalling (10.1), we have that

xm( )
0

xz 1)
R

and so the term in parenthesis in (10.17) vanishes. Therefore (10.17) becomes

! T(t) —Tlt) _ olt) —olt, (1)
VR0 2 )~ m O w(0)
Ola (1)
= 0@,

thanks to (1.3) and (10.12). Hence (10.16) reads

(10.18) I. =€ + 86 — 0+ 0(7) + O(V72%) + O(e7).



30 S. DIPIERRO, A. FIGALLI, AND E. VALDINOCI

Also, in the light of (10.3), we see that
(10.19) B6—a=35>0.
Now, we claim that

(10.20) the error el (that was defined in (10.8)) tends to zero as € — 0.

For this, we notice that i; = ¢ (@)7 with i # i, tends to zero because of the

behavior of the corrector at infinity (recall (9.7) and (10.13)). Moreover, thanks
to (1.6) and (10.13) we have that, for i # i,

(@)* _ O(e™)

523 525

and

thus proving (10.20).
Hence, from (10.18), (10.19) and (10.20) we obtain that for e sufficiently small

which implies (10.9) in this case.

Case 2: Suppose that |x —Z;(t)| > &7 for every i € {1,..., N}. In this case, we can
fix 4o arbitrarily, say i := 1 for concreteness. We use (10.10) to obtain

112' 1 £C—fl(t) C&fﬁ 1
<
Z(e%*w"(m |x—xi<t>|1+28)‘ S = L Tmp

i#ig

Therefore, by formula (10.7) and the definition of & in (10.3) we have
(10.21)
i - . 1 z —Ti(t) 9—25—0
I. = e 4+ 6 + Oy, <nci0 +5— 257 0) ; P xi(t)|1+23> +O(e .
1F10

Now we observe that, for any 7 # i,

1 1
< < = 0(e72).
O

r —T4()

10.22
( 0 ) |£L'—fi(t)|1+28

Notice that this term is divergent as e tends to zero. Therefore, from (10.22) we
conclude that

1 . —2vs
QSW”(O) ; |1. —Ti(ﬁ)|l+2s - 0(5 )7
1FL0

7752'04—5'—

since the other terms are bounded. By plugging this into (10.21) we obtain
(10.23) I. = € + 6+ O(ity,) - O(e ") + O(e"7777),
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Now we observe that for every i € {1,..., N},

(10.24) o <$_Z;@)) N (:U_Z;@))
=0 (p=zam) =0 (&) =0 ().

As a consequence

(1)
€2s

(10.25)

=0 (525(1*27)) and  O(i;,)-O(e™2*) =0 (523(1*27)) .

We observe that, since ¥ < 4s (see (5.4) and recall that o = 4s), from (10.11) we
have

20 —2s)  4s—

(10.26) 1-2y>1-=—— === >0

Also, notice that, thanks again to (10.11),

(10.27) 9 — 25— 49 > 0.

By inserting (10.25) into (10.23) and recalling (10.26) and (10.27) we get
(10.28) I. =€ + 5+ 0(),

for some o > 0. Now we check that

(10.29) the error term e tends to zero as € — 0.

For this, we remark that, in this case,
2 -T0)]

—1
= = E’Y
3 3

)
which diverges for small ¢, since v < 1. Therefore, for x fixed as in the assumption
of Case 2, we have that

xr—T; t
RS T
as ¢ — 0, due to the infinitesimal behavior of ¢ at infinity (see (9.7)). Using
this, (10.24), (10.25) and the definition of the error term given in (10.8), we ob-
tain (10.29).
Hence, by using (10.29) inside (10.28) and recalling that § > 0, we conclude that
]

IE>§>0

for € sufficiently smooth, thus proving (10.9) in this case too. [l
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