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ABSTRACT. Given n > 2 and 1 < p < n, we consider the critical p-Laplacian equation Apu +
u?" "' = 0, which corresponds to critical points of the Sobolev inequality. Exploiting the
moving planes method, it has been recently shown that positive solutions in the whole space
are classified. Since the moving plane method strongly relies on the symmetries of the equation
and the domain, in this paper we provide a new approach to this Liouville-type problem that
allows us to give a complete classification of solutions in an anisotropic setting. More precisely,
we characterize solutions to the critical p-Laplacian equation induced by a smooth norm inside
any convex cone. In addition, using optimal transport, we prove a general class of (weighted)
anisotropic Sobolev inequalities inside arbitrary convex cones.

1. INTRODUCTION

Given n > 2 and 1 < p < n, we consider the critical p-Laplacian equation in R™, namely
Apu+u" "t =0, (1.1)
where
Pt = np
n—p
is the critical exponent for the Sobolev embedding. The classification of positive solutions to

(1.1)) in R™ started in the seminal papers [24] and [10] for p = 2 and it has been the object of
several studies. Recently, in [45] and [37], positive solutions to (|1.1)) in R™ belonging to the class

DLP(R™) = {u e LP'(RY) : Vu e LP(R”)} (1.2)

have been completely characterized. In particular, it is proved that a positive solution u €
DLP(R") to (L.1) must be of the form u(x) = Uy 4, (z), where

n—p
p—1

SR il G /M) B

_p _pP_
AP=T 4 |z — x| P T

for some A > 0 and xg € R™. The approach used to achieve this classification needs a careful
application of the method of moving planes, and it requires asymptotic estimates of v and Vu
both from above and below.

When p = 2 it is well-known that is related to Yamabe problem, and the classification
result gives a complete classification of metrics on R™ which are conformal to the standard one
(see [2, [30] 36} 44, [49] and the survey [26]).
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For 1 < p < n, the study of solutions to ((1.1)) is also related to critical points of the Sobolev
inequality. Sobolev inequalities have been studied for more general norms as well as in convex
cones (see [0 9L 20, 2], 28] 29]), where they take the form

ull o (2) < SealH(VU)|Lo(s) (1.4)
where H is a normﬂ and X is a convex open cone in R" given by
Y={tr : z€w, te(0,+00)} (1.5)

for some open domain w C S"~1.

As far as we know, the sharp version of is not available in literature and for this reason
we provide a proof in Appendix [A] by suitably adapting the optimal transportation proof of the
Sobolev inequality [I6] to the case of cones. It is interesting to observe that our proof applies
also to the case of weighted Sobolev inequalities for the class of weights considered in [9], thus
generalizing [9, Theorem 1.3] to the full range of exponents p € (1,n).

Hence, as shown in Appendix [A] the extremals of are of the form

n—p
ISR . el »
—1 A 4

AP ne <p—1)

)\1”1%1 + I:I()(x — .7}0)1”%1

u(z) = ngo(a:) =

for some \ > 0 (see also [3] [16], 29, [41] and the references therein), where

Ho(¢) == Ho(—() (1.7)

and Hy denotes the dual norm associated to H, namely

Ho(¢):= sup (- V(ER".
H(g)=1

Moreover, if ¥ = R™ then xy may be any point of R”; if ¥ = R¥ x C with k € {1,...,n—1} and
C does not contain a line, then zo € R*¥ x {O}; otherwise, 29 = O (from now on, O denotes the
origin).

The aim of this paper is to provide a complete classification result for critical anisotropic
p-Laplace equations in convex cones. More precisely, we consider the problem

div(a(Vu))+u” 1 =0 in¥
u>0 in X
a(Vu)-v=20 on 0%
u € DYP(T),

(1.8)

where v is the outward normal to 0%,
a(€) = H"H(OVH(E)  VEER™, (1.9)
and the space DMP(X) is defined as in (1.2) (with R™ replaced by ¥). We will sometimes write
Afu = div (a(Vu)),
where Af is called the Finsler p-Laplacian (or anisotropic p-Laplacian) operator. It is clear

that when we consider the case ¥ = R"™ no boundary conditions are given.

1By abuse of notation, we say that H : R® — R is a norm if H is convex, positively one-homogeneous (namely,
H(¢) = LH () for all £ > 0), and H(¢) > 0 for all £ € S"~ . Note that we do not require H to be symmetric, so
it may happen that H(§) # H(-¢).
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We observe that if u € DP(X) is a positive critical point for the Sobolev functional
Js H(Vu)Pdx
u) ==
(fs b )

then u satisfies (1.8). The main goal of this paper is to classify the critical points for (1.10)), i.e.
the classification of the solutions to (|1.8)).

(1.10)

Theorem 1.1. Letn > 2, 1 < p < n , let ¥ be a convex cone in R" and write ¥ = R* x C,
where k € {0,...,n} and C C R"* is a convex cone which does not contain a line. Let H be a
norm of R"™ such that H? is of class C*(R™\ {O}) and it is uniformly convex and C*' in R",
namely there exist constants 0 < A < A such that

Nd < H(E) D*H(¢) + VH(§) @ VH(§) < AId V¢ eR™\ {0} (1.11)

(note that D*(H?) = 2H D?*H +2VH @ VH).
Let u be a solution to (L.8). Then u(z) = U/{{xo (x) for some A >0 and xo € X, where foo
s given by . Moreover,
(i) if k =n then ¥ = R"™ and xo may be a generic point in R™;
(ii) if k € {1,...,n — 1} then 2o € R* x {O};
(7i1) if k =0 then zy = O.

As already mentioned, case (i) in Theorem has been already proved in [10} 17, 37, [45]
when ¥ = R” and H is the Euclidean norm. In that case, thanks to the symmetry of the
problem, the authors can apply the method of moving planes. In the Euclidean case and for
p = 2, the classification of solutions in convex cones was proved in [29, Theorem 2.4] by using
the Kelvin transform and inspired by [23] and [30].

For p € (1,n) the Kelvin transform and the method of moving planes are not helpful neither
for anisotropic problems nor inside cones for a general p € (1,n). In this paper we provide a
new approach to the characterization of solutions to critical p—Laplacian equations, which is
based on integral identities rather than moving planes. This approach takes inspiration from
[40], where the authors prove non-existence results generalizing the ones in [23] to p € (1,n).

We believe that our approach can be used in other challenging settings where the moving
plane method fails. For instance, one may apply it in classification results of blow-up limits of
solutions to critical geometric equations.

Strategy of the proof and structure of the paper. The strategy of the proof can be ex-
plained as follows. First, using that u € D?(X) we show that u is bounded (see Subsection.
Then, in Subsectionwe prove that u satisfies certain decay estimates at infinity (in particular
it behaves as the fundamental solution both from above and below), so that one has optimal
upper bounds on H(Vu) in terms of the fundamental solution. We notice that, differently from
[37], we do not need asymptotic lower bounds on Vu; instead, we use a Caccioppoli-type inequal-
ity to prove some asymptotic estimates on certain integrals involving higher order derivatives

(see Subsection [2.3]).

Then, in Section [3| we consider the auxiliary function v = w 7r. We find the elliptic
equation satisfied by v and then, thanks to the asymptotic estimates on u, we show that v and
Vv satisfy explicit growth conditions at infinity. By using integral identities, the convexity of
¥, and some suitable inequalities, we are able to prove that Va(Vv) is a multiple of the identity
matrix, from which the symmetry result follows.

In Appendix [A| we prove the sharp version of for general norms and cones, and even
in a weighted setting.

Although most of the paper will focus on the case in which . is a convex cone with nonempty
boundary, our approach perfectly works also when ¥ = R". However, since the whole space case
is simpler to be proven, we prefer to focus the exposition to the case when 3 has boundary.
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We conclude this introduction by giving a remark on two classical rigidity problems in
geometric analysis and PDEs. As it is well-known, there is a parallel between Alexandrov Soap
Bubble Theorem [I] and Serrin’s type overdetermined problems [39]. Indeed, both Alexandrov
and Serrin used the method of moving planes for proving the symmetry results. It was later
shown that both the results of Alexandrov and Serrin can be proved by using an integral approach
(see [34], 35, 47) and also [0, [7, 8, [14] 31, 48] where analogous problems are studied in an
anisotropic setting and in convex cones). Our approach, as well as the one in [29] for p = 2,
suggests that also the classification of solutions to critical points of Sobolev inequality can be
considered in this parallel between Alexandrov’s and Serrin’s rigidity problems.
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by European Research Council under the Grant Agreement No 721675. Part of this manuscript
was written while A.R. was visiting the Department of Mathematics of the ETH in Ziirich, which
is acknowledged for the hospitality.

2. PRELIMINARY RESULTS

In this section we collect some results that are well established when > = R™ and H is the
Euclidean norm. Since we are dealing with problem and some modifications are needed,
we report here their counterpart when ¥ is a convex cone and H a general norm, and provide
a sketch of the proofs emphasizing the main differences.

In the whole paper we denote by B, (z) the usual Euclidean ball, and by B, the ball B,.(O)
centered at the origin.

2.1. Boundeness of solutions. In the following lemma we prove that solutions to ([1.8) are
bounded. The result holds for more general Neumann problems, in particular for problems with
a differential operator modelled on the p-Laplace operator.

Lemma 2.1. Let ¥ C R"™ be a convex cone as in (1.5)) and let u € DYP(X) be a solution to

div(a(Vu))+u” =0 in3
u>0 in X (2.1)
a(Vu) -v=20 on 0%,

where a : R™ — R™ is a continuous vector field such that the following holds: there exist a > 0
and 0 < s < 1/2 such that

p— 1 [t p=2
a(©)l <a(lgP+57"7  and &-a(§) = — / (Plef* +57) 2 lefdt, (2:2)
0
for every £ € R™. Then there exists § > 0 with the following property: let p > 0 be such that
HUHLP*(Bp(zo)) S 1) \V/LUO € Rn
Then

ullzoe(=nBr 2@y < OR 7 llullLrmnBr@)) YR <p,

where C' depends only on n, a, p and the Sobolev constant of 3.
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Proof. We closely follow [32, Theorem E.0.20] and [38, Theorem 1] and we only give a sketch of
the proof. We first prove that u € Lqp (%) for any ¢ < p*/p. Given [ > 0 and 1 < ¢ < &
define

a if u <
Py =" s (23)
g (u—=10)+17 fu>lI,
and
() = yle=Dr+l ifu<li

") (@ = D)p + DI DP(y — 1) 4 1@DPHL iy > ]

Let n € C§°(R™) and use
§=1"G(u)

as a test-function in (2.1)); then an integration by parts gives

/ a(Vu) - V(nPG(u)) dz = / P PG (u) dx (2.4)

b p)

We aim at proving that

c/ PG (u)|VulP dx S/ nplG(u)]a(Vu)‘Vn]dx—i—/up*177pG(u)dx
) b b

(2.5)
+ sp/ G (u) dr
b
holds for 0 < s < 1/2. We distinguish between the cases 1 <p <2 and 2 <p < n.
If p > 2, then (2.2) implies
§-a(§) > —=I¢7,
© 2 g
and from (12.4)) we get
]. *
a/ PG (u)|VulP do < p/ P G (u)|a(Vu) - V| dz + / " PG (u) dx
) pX X
which implies ([2.5)).
If 1 < p < 2 then ([2.5)) is obtained by using a more careful argument. We claim that
1
1
| @16k +)F a5 (e - o). (26)

To prove this we consider two cases. If s > |¢| then the left-hand side of (2.6) is negative, and
so the result is clearly true. Otherwise, if s < |{| then

£l +s* <20EfF fort e [0,1],
and therefore
1 p—2
| (@R + ) e > / (216" el dt = 2" e > L el

that again implies ([2.6)).
Thanks to ( . -, and ( ., we obtain

— / PG (u)|Vul|P dz < p / LG (u)|a(Vu) - V| dx + / P TP G (u) dx
2a [y, by by

Sp
+/an/(u)dx
2 Jx

and the proof of (2.5)) is complete.
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Note now that, by Young’s inequality and (2.2)), for any € € (0,1) we have
" Ya(Vu) - Vil < er 1wt a(Vu) [T + e Pul =YVl
< Coer Tu™ (|Vul? + )P + e PuP ™t |WnlP,

where Cy depends only on « and p. Thanks to this inequality and recalling (2.5)), since G(u) <
uG'(u) (note that G is convex and G(0) = 0), for any € € (0,1) we obtain

c/ PG (w)|Vul? d < C’oeppl/
b

G (u)|VulP dz + (Co + 1)sp/ PG (u) dx
2

)
—i—e_p/EG(u)up_l]Vn]pdx—i—/Zup*_lan(u)dac.

Hence, choosing € small enough so that Coe% = ¢/2, we deduce that
c’/ PG (u)|VulP do < sp/ PG’ (u) dz +/ G (u)uP~ VP dz + / P PG (u) dx
b b b b

where ¢ > 0 depends only on n, a, and p. Using now that G’(u) > c[F']P and that u?~'G(u) <
C[F(u)]P, we obtain

é/ |V(77F(u))|pd$§sp/an'(u)d:E+/ |V77|pr(u)d:U+/npup*_pr(u)d:U.
) % % %

Hence, thanks to the Sobolev inequality (|1.4]) we get

P
E(/ FP" (u)nP” d:v)p gsp/an’(u)der/ ]Vn|pr(u)dx+/npup*_pr(u)dx, (2.7)
% I P P

where ¢ > 0 depends only on n, a, p and the Sobolev constant for X.
Now, choose § = (¢/2)%/P"~P) 5o that for any R < p it holds

*_ C
HuHIzP*(pBR(xO)) < 5 Vo € R"™

Then, if we choose 7 such that supp(n) C B(zg, R), it follows from Holder’s inequality that we
can reabsorb the last term in (2.7]), and we get

. z
¢ </ FP" (u)n?” dw) T < sp/ G (u) dx +/ |Vn|PFP(u) dz .
2 \Us SNBg(w0) SNBg(z0)

Hence, taking the limit as | — oo in the definition of F' and G, by monotone convergence we

conclude
L*

p
/ nP ud?" dx < sp/ wl VP gy 4 HVano/ u? dz .
SNBr(zo) ENBr(zo) ENBr(zo)

Since gp < p* it follows that the right hand side is finite, hence by the inequality above and the

arbitrariness of zy we conclude that u € L%, (%)).
Thanks to this information, we can rewrite the equation satisfied by u as follows:

—div (a(Vu)) = f(z)uP~! + g(z)

f(x):{o* ifu<1

uP 7P ifu>1,

)0 ifu>1
g9(x) =1 p

[N\CH oY

where

and

fu<l.
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Since u € quf: we get that f € L" with r > % and g € L>. Hence, as in the proof of [38,
Theorem 1], a classical Moser iteration argument yields the result. O

Remark 2.2. As observed in the proof of [32] Theorem E.0.20], the Moser iteration argument
can also be used to show that u is uniformly C%? up to the boundary.

2.2. Asymptotic bounds on ©v and Vu. The main goal of this subsection is to prove Proposi-
tion below. Proposition is a generalization of [45, Theorem 1.1] to the conical-anisotropic
setting. The proof of Proposition follows the one given in [45], although the lack of smooth-
ness of X creates some nontrivial extra difficulties.

Proposition 2.3. Let 1 < p < n and let u be a solution to (1.8). Then there exist two positive
constants Cy and C1 such that

Co <u(x) < L and |Vu(z)| < Lﬂ_l, (2.8)

p

14 |z|o=1 Tl faft L fafe
for all x € X.
Before giving the proof of Proposition we first introduce a useful definition.

Definition 2.4. Given L > 0, we say that a convex cone C is L-Lipschitz if for any point x € 0C
there exist r, > 0 and a unit vector v, such that

B, (x + Lryv,) C C.
Note that, by convexity of C, also the convex hull of By, (x + Lvy) U {x} is contained in C.

In the spirit of [45, Lemma 2.3], we now prove a general lower bound on the LP" norms
of solutions to our equation in convex cones, with a bound depending only on the Lipschitz
constant (see also [29]).

Lemma 2.5 (Lower bound on the mass). Let u be a nontrivial solution to

div (a(Vu)) +uP ~1 =0 inC

u>0 in C

2.9
a(Vu) -v=20 on OC (29)
u € DYP(C),

where C is a L-Lipschitz convex cone and a(§) is as in (L.9). Then there exists a constant ko > 0,
depending only on n, p, L, and ming.—1 H, such that

[ull Lo ¢y = o

Proof. As in [45, Lemma 2.3|, the proof is based on the Sobolev inequality in C, and on the
integral identity that one obtains by multiplying by w and integrating in C. However in
this case a bit more carefulness is needed, especially to quantify the dependencies.

First of all, up to a translation, we can assume that C has vertex at O. Then, since C is
L-Lipschitz, there exist 7o > 0 and a unit vector vy such that B,,(Lrovp) C C. Therefore, since
C is a convex cone, this implies that the cone

CrL = U B, (Lrvy)
r>0

is contained inside C.
We now want to estimate the Sobolev constant of C. To this aim we define the following
constant:

1/p

Vol|Pd .

Sy, :=inf (fQ| id w) — : Q is convex, B ﬂCLCQCBl,gOECl(Q),QOIaB A, =00
(fQ|<P\p*dx)l/p s
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Since the set of convex domains  C By containing By N Cy, are uniformly Lipschitz, standard
arguments in the calculus of variations show that Sy, is positive.

We now notice that, given any function ¢» € C}(C), there exists A > 0 large such that
() := ¥ (A\x) satisfies 1) € C1(C) and Urlop,ne, =0 (since 9B, NCr c dB; NC). Hence, we
can bound

(fc |V pdx) e . (fc |Vipy pdx)l/p
(o ol de) 7 (fo ol da) 7 =

Since ¢ € CL(C) is arbitrary, it follows by approximation that

1/p 1/p*
(/ vay%m) > S. </ ywyp*dx> Vi € DIP(C).
C C

Applying this inequality to v and defining cy := minj¢—y H(§), we get

p/p”
/H(Vu)pdx > c%/ \Vu|Pdz > (cpSrL)? </ up*d:z> .
C c c

On the other hand, multiplying (2.9) by w and integrating in C, we get

/H(Vu)pdx:/up*dx.
C C

Combining the last two equations yield the desired lower bound. O

Remark 2.6. An alternative proof of Lemma [2.5| can be obtained by computing the optimal
Sobolev constant of C (using Appendix A) and noticing that this constant is bounded below in
terms only of n, p, Hy, and the volume of C N By. In particular, whenever C is L-Lipschitz then
C; C C and ICNBy| > ]é . N Bi|, and one concludes that the Sobolev constant of C is controlled

by (actually, it is larger than or equal to) the one of Cr.

We shall also need a doubling-type property on u which is proved in [33, Lemma 5.1] (see
also [45, Lemma 3.1]). Below we state a version of this doubling property which is suitable for
our setting.

Note that, by convexity, there exists a constant Ly > 0 such that ¥ is Ly-Lipschitz. Then
we let kg > 0 be the constant provided by Lemma [2.5 with L = Ly.

Lemma 2.7 (Doubling property [33]). Let u be a solution to (2.9), let Ly be the Lipschitz
constant of 3, and let kg > 0 be the constant provided by Lemma with L = Ly.
Let k € (0,ko), r >0, and r' € (0,7) be fized, and set

/
o r+r
2
Then for any x € X\ By and a > 0 such that the distance d between x and ¥ N B, satisfies
d(z, %N B,«u)u(;c)n%z’ > 2a, (2.10)
there exists a point yo € X\ By such that
d(yo, £ N Buru(a) ™5 > 2, (o) < ulyo) (2.11)
and
u(y) < 2Tpu(y0) for all y € ¥N Br(yo), (2.12)

P

where 7 = au(yy) "*.
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Proof of Proposition [2.3. We divide the proof of Proposition [2.3] into three steps. In Step 1
we give a preliminary decay estimate on u (which is not sharp). In Step 2 we prove that
u € LP~1%°(X) for a suitable p. Finally, in Step 3 we prove (2.8)).

e Step 1: Let u be a solution of (1.8), and for k € (0, ko) define

ri(u) == inf{r >0 : |[ul[p 5\ 5,) <k} (2.13)
Then, for any fixred k € (0, ko) and r > ri(u), there exists a constant Ko such that
lu(z)| < KoHo(z) 7 forall z €S\ B,. (2.14)

In order to prove the assertion, it suffices to show the existence of a constant K; such that
d(z, SN By )u(z)™s < K; forallz € £\ By, (2.15)

where 1 = (r +1')/2 and r’ € (0,r) is fixed. We prove (2.15)) by contradiction.
Suppose there exists a sequence of points {z4}aeny C X\ B, such that

(T, © N By )u(za) ™7 > 2. (2.16)

Since By» C By, it follows from (2.16) and Lemma that there exists a sequence of points
{Ya}aen C X\ By» such that

Ay, X N B Yu(ye) ™7 > 20, u(2a) < ulya) , (2.17)

and
u(y) < 2%u(ya) for all y € ¥ N Br(ya) - (2.18)
We observe that, since u is bounded, the sequences {z, }aen and {yq faen are both divergent as
o — 00. B
For any o € N and y € 3, we define

1

Ua(y) = u(ya) " ulmg'y + ya) (2.19)

where m, := u(ya)";fp. From ([1.8)) we obtain
A, =af ™" in %,
1, (0) =1, (2.20)
a(Vig) -v=20 on 0%, ,
where
Yo = ma(X—va) ={y €R" : m 'y +y, € X}
is a convex cone.

It is immediate to check that the cones Y, are Ly-Lipschitz. Furthermore, if we set pq :=
w(ya) L, (2.18) and (2.19) yield that

Ua(—YaMma) = au(O) #0 and Uq(y) < 25" for all Yy € XyNBy. (2.21)
At this point we consider the ratio
Mq
Qo ' = 7T -
|Yal

Observe that (by (2.17)) go — 0 as a — 0.
Since |yo| — 400, the ratio between —y,m, and the scaling factor m, goes to infinity.
Hence, one of the following two cases may occur as o — 00 :
(i) the sequence of cones {¥,}aen converges to R™ (this happens if the distance between
MaYa and 0%, goes to infinity);
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(77) the sequence of cones {¥, }oen converges to a Ly-Lipschitz convex cone C, not necessarily
centered at the origin (this happens if the distance between m,y, and 9%, remains
bounded).

We now look in both cases at the behaviour of the functions {uq}acn. We consider the two
cases separately.

- Case (i): fix a ball Bg. Then there exists @ € N such that ¥, N Bp = By, for every a > @;
moreover i, (for every o > @) is a solution of in Bg. From (L.11)), (2.21)), and [19], there

exist a constant C' > 0 and a real number 6 € (0, 1) such that
aallorosy,,) < C (2.22)

for any o > @. Since R > 0 is arbitrary, Ascoli-Arzela Theorem and a diagonal argument imply
that {4 }aen converges (up to subsequence) in CiL (R™) to some function @i. By construction
we have that o, € DVP(R), liee(O) = 1, and s is a weak solution of

— Al = @2,""  in R". (2.23)

- Case (i7): consider a ball Br. Then for every compact set K CC BrNC there exists @ € N
such that K C ¥, N Bpg for every a > @. As in Case (i), for every a > @ the function 4, is a
solution of (2.20)) in K, and there exist a constant C' > 0 and a real number 6 € (0, 1) such that

[tallcrogy < C (2.24)

for any a > @ and K’ cC K. In addition, it follows by Remark that the functions 4, are
uniformly C% inside BRNC for any R > 0. Hence, again Ascoli-Arzela Theorem and a diagonal
argument imply that {iq }aen converges (up to subsequence) in CY(BrNC) N CL.(BrNC) to
some function o, for any R > 0. Taking the limit in the weak formulation of the equation, we

obtain that e, € D'P(C), iee(O) = 1, and s, is a weak solution of

~ ~p*¥—1 .
o 5 =
We now notice that, in both cases, for any p > 0 we have
H@aHLP*(EamBP) = HUHLP*(EOBpma(ya))' (2.26)
Also, by (2.17), since ri(u) < r” we get
Bpme (Ya) N Byyy =0 (2.27)
for a large. Thus, from , , and by definition of 7 (u), we obtain
tall Lo (sanp,) < K (2.28)
for a large. Thus, taking the limit in as a — oo and then as p — oo, yields
[|too|| Lo (mny < k01 [tioo|[Lp* () < K, (2.29)

in Case (i) or Case (i), respectively. Since k < ko with kg > 0 as in Lemma it follows by

(2.23]) (resp. (2.25))) and (2.29) that @, = 0 in Case (i) (resp. Case (ii)), a contradiction to the
fact that ., (O) = 1. This completes the proof of the assertion of Step 1.

e Step 2: Let u be a solution of (2.9). Then u € LP~1°(X) for p := p(nni__;).
Recall that, given a set Q and r > 1, one defines the space L™°(Q2) as the set of all

measurable functions v : 2 — R such that

[[v[|Lree (@) = sup {hmeas ({|u] > h})l/r} < 00. (2.30)
h>0

Using the Sobolev inequality in cones, the proof of this step can be easily adapted from the case
of R™ (see [45, Lemma 2.2]) and for this reason is omitted.
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e Step 3: Proof of .

The proof of this step closely follows the proof of [45], Theorem 1.1], which in turn uses
[43, Theorem 1.3] and [38, Theorem 5]. Even if [43, Theorem 1.3] and [38, Theorem 5| are
stated in a local setting, thanks to the homogeneous Neumann boundary condition they can be
easily extended to our setting. For this reason we only give a sketch of the proof, following the
argument of [45, Theorem 1.1].

Let k£ and r be as in Step 1. For any R > 0 and y € 3, we define

ur(y) == Rv u(Ry). (2.31)
From ({1.8)) we obtain
~Aup = R a0 inm, (2.32)
Also, writing ugfl =P, PPt and using , we have
Rl V< KE PP in T\ By, (2.33)
provided that R > r. Thus, it follows from , , and [43, Theorem 1.3], that for any
€ > 0 it holds

[url| oo (sn(Ba\B2)) < Cellurl|Lo-1+e(zn(Bs\B1)) (2.34)

for some constant C. > 0. We fix g9 = 9(n, p) such that 0 < g9 < p — p, where p is as in Step
2. Since

[url| Lr—1+<0 (zn(Bs\By)) < CollurlLo—1.00(5n(Bs\BY)) »

for Cy = Cy(n,p), recalling Step 2 we obtain that

l[ur|| Lo (sn(Ba\B2)) < C1 (2.35)

for some constant C;. Hence, by (2.32), , and elliptic regularity theory for p-Laplacian
type equations [19 42], we get

||VUR||L°o(zm(B7/2\B5/2)) <O (2.36)

for some constant Cs. Here we notice that, even if is proved in [19, Section 3] in a local
setting (see also [I1], where the authors prove global Lipschitz regularity in convex domains
for the case when H coincides with the Euclidean norm), the argument easily extends to our
setting by an approximation argument. Indeed, as in the proof of Proposition below, one can
work in regularized domains and, because of the presence of the boundary, with respect to [19,
Section 3] it appears an extra boundary term. However, this can be dropped since the second
fundamental form of O is nonnegative definite (compare with — below, or with [1T]
Proof of Theorem 1.2, Step 1]).

Finally, for any = € R™\ Bs,, applying (2.35)) and (2.36) with R = |z|/3 we obtain
w(@) < Calz|71  and  |[Vu(z)| < Csla|r1 (2.37)

for some constant C3. Since u and Vu are uniformly bounded in Bs,., (2.8)) follows. Finally, to
prove the lower bound in (2.8]) one argues as in [45], pages 159-160]. O

2.3. Asymptotic estimates on higher order derivatives. By using a Caccioppoli-type
inequality, in this subsection we prove Proposition below which will be useful in the proof of
Theorem In particular it will avoid the use of an asymptotic lower bound on |Vu|, which is
crucial in [37].
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Proposition 2.8. Let ¥ be a convex cone, and let u be a solution to (L.8]) with a(-) given by

(1.9), where H satisfies the assumptions of Theorem . Then a(Vu) € VV&)’CQ(E), and for any
v € R the following asymptotic estimate holds:

/ IV (a(Vu))[?u) de < 0(1 n r—””%) V> 1, (2.38)
B.N%

where C' is a positive constant independent of r.

Proof. The estimate is obtained by using a Caccioppoli-type inequality. We argue by
approximation, following the approach in [4, [12].

We approximate ¥ by a sequence of convex cones {3} such that ¥ C ¥ and 03 \ {O} is
smooth. Also, we fix a point T € NgXg, and for k fixed we let u; be the solution o

div (a(Vug)) +uP 1 =0 in %y

up(Z) = u(x) (2.39)
a(Vug) -v=20 on 0% .

Set
at(2) == (a* ¢y)(2) for z € R, (2.40)

where {¢} is a family of radially symmetric smooth mollifiers. Standard properties of convolu-
tion and the fact a(-) is continuous imply a’ — a uniformly on compact subset of R™. From [22,
Lemma 2.4] we have that a’ satisfies the first condition in (2.2)) with s replaced by s;, where
s¢ — 0 as £ — oco. In addition, since

1 _
(o7 + )7 |¢? < Va'(2)¢ €, for every €2 € R,

for some & > 0, we obtain that a’ satisfies also the second condition in (2.2).
Let uy ¢ be a solution of

{div (@ (Vugy)) +uP "1 =0 in %

2.41
aé(VuM) v=20 on 0%y, ( )

(this solution can be constructed analogously to wuy).

We notice that ug, ¢ is unique up to an additive constant. Also, because u is locally bounded,
the functions wuy ¢ are Cllo’g (Zp\{O}Hn Cloo’f (X)), uniformly in ¢. In particular, assuming without
loss of generality that uy ¢(Z) = w(Z) for some fixed point z € ¥, as £ — oo one sees that uy ¢

converges in C’lloC to the unique solution u of

div (a(Vig)) +u? 1 =0 in %y
ug(z) = u(x) (2.42)
a(Viug) -v=0 on 0%y .

Since wuy is also a solution of the problem above, it follows by uniqueness that up = ug and

therefore uy, ¢ converges to uy as ¢ — oo. Analogously, u, — u as k — oo.
Given R > 1 large, we define

Q:= XN Bg, Fk70 =X NOBR, Fk,l = 0X, N Bpr.
2The function uy can be found by considering first the minimizer vi, g of the minimization problem
1 *_
min{/ [fH(Vu)p—up vl dz : v=0o0n ZkﬂaBR},
v sxNBgr LP
then setting ur,r(x) = vi,r(x) + u(Z) — vi,r(Z), and finally taking the limit of ux,r as R — oo (note that

the functions uy, r are uniformly C*? in every compact subset of ¥, and uniformly Hélder continuous up to the
boundary).
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Note that, since w is uniformly positive inside ¥ (see Proposition , for k large enough
(depending on R) also uy, is uniformly positive inside €, and hence for ¢ large enough we have
that wuy is also uniformly positive inside ;. In the sequel we shall always assume that k
and ¢ are sufficiently large so that this positivity property holds. We now fix k and deal with
the functions wuy . To simplify the notation, we shall drop the dependency on k£ and we write
ug, 2,0, 0, ' instead of ug ¢, Xp, Qk, Ik 0, Ik 1, Tespectively.

The idea is to prove a Caccioppoli-type inequality for wy and then let ¢ — oo. Since uy

solves a non-degenerate equation, we have that u, € C!' N I/V12OC2 () and furthermore we have

at(Vuy) € WI%)CQ(E) In addition, since X is smooth outside the origin, uy is of class C? in Q

away from I'y U {O}.
Multiply (2.41) by ¢ € C2°(Br \ By/g) and integrate over § to get

/div (af(vug))zpdx——/up*lwdx,
Q

Q
that together with the divergence theorem gives

—/ a*(Vug) - Vop dz + Yat(Vug) -vdo = —/ P "l d (2.43)
Q o9 Q
Since
Yat(Vug) -vde = | a*(Vuy) -vdo + | a*(Vuy) - vdo,
o9 I To

from the fact that ¢ € C2°(Bg \ By g) and from the boundary condition in ([2.41)), we obtain
that the second term in (2.43)) vanishes; hence ([2.43|) becomes

—/ ot (Vug) - Vip da = —/ u? "N de . (2.44)
Q

Q
Let p € C2°(Br \ By/g), and for § > 0 small define the set
Qs :={z € Q : dist(z,00) >} .

Since © Nsupp(y) is smooth, for  small enough we see that €5 \ Qo5 is of class C* inside the
support of . In particular, every point z € (s \ Q25) Nsupp(y) can be written as

z=y—|zr—yly)
where y = y(x) € 0 is the projection of x on 95 and v(y) is the outward normal to Qs at
y. Moreover the set (€25 \ Qa5) Nsupp(p) can be parametrized on 9§25 by a C! function g (see

[25, Formula 14.98]).
Let (5 : Q — [0,1] be a cut-off function such that (s = 1 in Qys, (s = 0 in 2\ Q5, and

Ves(z) = —%V(y(x)) inside Q5 \ Qs

Using ¢ = O (pCs) in (2.44]) with m € {1,...,n} and integrating by parts, we get

) ( / O (Vug) Gs0isp da + / amaf(Vuwsoaicadx) = / O (w1 (s da,
i=1 /8 Q Q

l L

where we use the notation a’ = (ai,...,ay) to denote the components of the vector field al.

Observe that, from the definition of (5, we have

lim 8maf(Vuz)C58¢g0d:U:/Gmaf(Vw)&-gpda@.
0—0 Jq Q

Also, if we set
(@) = Omai (Vue(x))p(x)
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by the coarea formula we have

/ Jics dx — —% vi(y(x)) fda
Q5\Qas

Q5\ Q26

20
IR s / — tu(y))|det(Dg)|do(y)
0Ng

- / ds [ Fly— sou(y))vi(y)|det(Dg)ldo(y)
1 0gs
Since f € C°, we can pass to the limit and obtain

lim | Opat(Vug)pdiCs do = —/ Omat(Vug)prido .
0—0 Jo 90

Hence, we proved that

Z </ 8maf(VW)8ig0dx—/ 8maf(VW)gpyido> :/&n(up*_l)cpdac. (2.45)
— \Ja o0 Q

Now, let

Q= {x € Qs : dist(z,0Qs) > t}.
We notice that, if z € (Q5\ Q25) Nsupp(p) with z = y — tv(y), then z € 9 and the outward
normal to 9} at x coincides with the outward normal to 9§25 at y. Hence, by writing v(x) in
place of v(y), we have

Omat (Vug(z))p(@)vi(z) = o(2)0m(a’ (Vue(z)) - v(z))
— p(@)al (Vue(2))Omvi() .

Now, we take a cut-off function 77 € C(?O(BR \ By/gr), and for m € {1,...,n} we set ¢ =
at, (Vug)u)n? where v € R, and in we obtain

3maf(VW(ﬂf))<P(x)Vz’(x) (VW( ))ug (@)1 ()0 (a' (Vug(2)) - v(2))

(2.46)

) ' (2.47)
g (Vg (@) uj (@) (2)af (Vg (x)) Opnvi() -
We notice that 0,,v;(z) is the second fundamental form IT,, of 8(23 at x:
Z Onnvi(@)ai (Vue(x))ap, (Vue(z)) = 1 (a' (Vue(2)), o (Vug(2)))
i,m=1
Since the cone ¥ is convex then II% is non-negative definite, which implies that
Z Omvi(x)at (Vug(x))ab, (Vug(z)) > 0. (2.48)
i,m=1
Hence ([2.47)) becomes
D Omaf (Vug(@))p(@)vi(x) < D an, (Vun(@)u] (@)n* (@) (a' (Vue(z) - v(@)) ,  (2.49)
i,m=1 i,m=1

and so, with the choice ¢ = af,(Vus)un?, we obtain

Z/ Omal (Vug)prido < Z / u)n? at (Vug)d, (Z(Vw)-y) dx

i,m=1 ,m=1

= Z/ u7n2 a“(Vuy) - V(ag(Vug) v)de =0,
o0
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where the last equality follows from the condition a’(Vuy)-v = 0 on 0. Indeed, this condition
implies that a’(Vuy) is a tangent vector-field and that the tangential derivative of a‘(Vuy) - v

vanishes on 0X.
Hence, recalling (2.45)), we proved that
Z / Omal (Vuue)d (af;b(VW)uan) dr <n / IV (" =) |0 (V) [u)p? da (2.50)
Q

i,m=1

Inequality (2.50|) can be used in place of Equation (4.11) in [4, Proof of Theorem 4.1], and by
arguing as in [4] we obtain

/ |V(a£(Vw))|2n2uZ de <
Q
ol ol *
C/ !V(GZ(VW))HGE(VW)\UWQ|V("7ue2)|dl‘+0/g\V(up e (Vue) [u)n? dz

From Hoélder and Young inequalities, for any € € (0,1) we can bound

ol O
CAJV@QVWDWQVWWWﬂVWWﬁwm
< Ce/ \V(aZ(Vw))\QUQUZ da:+f/ \ag(Vw)mV(nué%)\Qdm
9] Q

so choosing € small enough such that Ce = 1/2, we obtain

/|v (Vur)) |n2ugdxgc/ |af(vw)|2\wnu§)\2dz+c/ v
Q Q

Recall that here n € C2°(Br \ By r). However, by approximation the same property holds for
Clloc nd

uP" 1| \ae(Vw)\uan dz.

any n € C°(R™).
Now, we recall that we were writing u, in place of uy¢. Then, since ug, — u in

a’ — a locally uniformly, we can let £ — oo to deduce that

/ IV (a(Vur)) PPy, da < C/ \G(Vuk)\QW(WUE)!Q de +C | |V(u” " Y||a(Vug) luln® d.
Q Q Q
' ' ' (2.51)

In particular, taking v = 0, (2.51]) proves that a(Vug) € I/Vlic2 (Xk), and {a(Vuy) }ren is uniformly

, taki =0, (2.
bounded in VVI}DS Hence, letting k — oo in (2.51)) we obtain
P D)ja(Vu) [u'n? dz.

/\V(a(Vu))]ZnQQﬂ de < c/ ]a(Vu)\QIV(nu;)IQda:—i—C/ v
Q Q Q
Finally, the asymptotic estimate (2.38)) follows from ([2.8)). O

3. PROOF OF THEOREM [I.1]

As already mentioned in the introduction, we consider the auxiliary function
V= (3.1)
where u is a solution of . A straightforward computation shows that v > 0 satisfies the

following problem
H, _ :
{Apv—f(v,Vv) in X (3.2)

a(Vo) - v=0 on 0%,

where Afv = div (a(Vv)) with
a(§) = A" (VH(¢), (33)
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and where we set

1 ~
f(v,Vv) = (n ]j p)p % + n(pp— D HP(UVU) : (3.4)
with
H(¢) = H(—¢) forall £ € R". (3.5)
1,0

It is clear that v inherits some properties from u. In particular v € C|)., and it follows from

Proposition [2.3] that there exist constants Cp, C1 > 0 such that
Colz| 71 < w(z) < Cyfz| 77 (3.6)

oc’?

and .
|Vo(x)| < Cyl|x| »—1T (3.7)

for |z| sufficiently large. Higher regularity results for v are summarized in the following lemma.

Lemma 3.1. Let v be given by (3.1). Then, for every o € R, the asymptotic estimate

/ IV (a(Vv))|?v? do < C’(l + rn+%> Vr>1 (3.8)
e

holds.
Proof. We notice that

a(Vo) :-( P )p_lu—"i”p”a(vu)

n—p
and
PP apen) n(p—1) pa-n
V(a(Vo)) = — <nf p) [u " V(a(Vu)) — ff’_p)u " Vu ®a(Va)| |
so it follows from Proposition [2.§| that
a(Vv) € W2 (5). (3.9)
Finally, the asymptotic estimate follows from and . O

3.1. An integral inequality. In this subsection, by using the convexity of the cone, we show
that v satisfies an integral inequality.

We recall that the second symmetric function S*(M) of a n x n matrix M = (m;;) is the
sum of all the principal minors of A of order two, and we have

SA(M) = 5 3 8% (Mymy. (310)
i,J

where
SE](M) = —myj; + (Sith‘ (M) .

As proved in [I3, Lemma 3.2], given two symmetric matrices B,C € R"*" with B positive

semidefinite, and by setting M = BC', we have the following Newton’s type inequality:

n—1

S2(M) < tr (M)?. (3.11)

n
Moreover, if tr (M) # 0 and equality holds in (3.11)), then

M:tr(nM)

Id,

and B is positive definite. As we will describe later, we will apply to the matrix M =
Via(Vv)].

We start from the following differential identity (see [6]). We use the Einstein convention
of summation over repeated indices.
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Lemma 3.2. Let v be a positive function of class C® and let V : R® — Rt be of class C3(R")
and such that V(Vv)div (VV (Vv)) can be continuously extended to zero at Vv = 0. Let

W = V[VgV(Vv)] = V&é'j (Vv)vij . (3.12)
Then, for any v € R we have
207 S*(W) = div (01 S5 (W) Ve, (V) — 07182 (W) Ve, (Vo)v; (3.13)

and
div (U'YS (W)Ve, (Vo) +~v(p — l)v'y_lV(Vv)ng (Vv))
— 20782 (W) 4 (7 — D(p — D02V (Vo) Ve, (Voo

. (3.14)
T ((p = DV (Vv) + Vg, (Vo)vy) tr(W)
+07” ! ( p— Vf VU)V& (VU)UU + ‘/gggl(vv)vli‘/gi(vv)vj) :
In particular, if
ar
V() = p(f) forp>1and & eR", (3.15)
and H is a norm then
207 S*(W) =div (v755(W)Ve, (Vo) + y(p — D" 'V (Vo) VeV (Vo)) 3.16)
3.16

— (v = Dp(p — D072V (Vo) — 7(2p — DTV (Vo) Al

where AHU = div (a(Vv)) and a(-) is given by (3.3). Observe that, in this particular case,
W(2) = V[a(Vo(2)))

Proof. See [0, Lemma 4.1]. O

The idea is to apply the above lemma to the function v solving (3.2) and integrate the
identity above on X. Due to the lack of regularity of v, Lemma cannot be applied directly
but we can still prove its integral counterpart.

Lemma 3.3. Let v be given by (3.1), let V be as in (3.15), and W as in (3.12). Then, for any
p € CX(Y), we have

/ <2v752(W) +y(y = Dp(p = 1)o7 2V3(Vo) +4(2p - 1)@”’1V(V0)A5[1}) v
) (3.17)
— [ s OV (V) + oo = 107V (T0)Ve (V)

Proof. We argue by approximation. So, first we extend v as 0 outside X, and then for € > 0 we
define v® = v % p® and V€ =V % p°, where p° is a standard mollifier. Also, we set a° = VV¢ and
We = (w§;)i j=1,..n where w; = 9;(a; (Vv©)).
Since V € CY(R™) then 4 = a; * p° for i = 1,...,n, where a is given by . Also, since
a(Vo) € VVI})E( ), then &f(VU ) = @;(Vv) and w§; — wjj in L (2).
Moreover, since Ho(VH(€)) = 1 for any ¢ € ]R” \ {0} we have that Hy(a(£)) = HP~1(€),
which implies that pV (&) = ﬁ”il( (€)). Since HJ™ T locally Lipschitz and a(Vv) € W,22(2)

loc
then V(Vv) € VV1 2( %) and we have that 9,,(VE(V?)) = 0., (V(Vv)) in LY (Z). Now we write
- for the approx1mat1ng functions v*® V‘5 and W¢, we multlply by ¢ € C°(X) and integrate
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over Y. Since ¢ has compact support inside ¥, it follows from the divergence theorem that

/E (2(°)7S2 (W) + (v = D p = D) (v ) 2VE(Vor) Ve (Voo)of) ¢

+ /E (0L ((p — DVE(V0F) + VE(VoF)of) tr (W)

(3.18)
AP (0= DVE(ToVE (V07)0fy + Vi (V0o VE (90)5) o
= - /z ;i ()7 S WAVE (V%) +7(p — 1) (0°) T VE(V)VE (Vo)) .
Since Vi (Ve )Ufj = 0y, (V*(Vv?)), recalling (3.16)) we conclude easily by letting € — 0. O

Now we extend Lemma to a generic cut-off function in R™. Here, the convexity of %
plays a crucial role.

Lemma 3.4. Let v be given by (3.1), let V' be as in (3.15), and W as in (3.12). Consider a
non-negative cut-off function n € C°(R™). Then

/ (2U752(W) + (v = Dp(p — D 2VE(Vo) 4+ ~(2p — 1)v7‘1V(W)Afv) U
) (3.19)
> [ (07 SHOVIVe(T0) +2(p = DoV (T0)Ve, (Vo)

Proof. As in the proof of Proposition this proof requires a regularization argument consid-
ering the solutions of the approximating problems

div (@*(Vugy)) = f(v, Vo) in 5y
de(VvM) v=20 on 0%y, ,

where a‘ are defined as in (2.40)) with a replaced by @ and f(v, Vo) is given by (3.4). Note that,
since v € CLY($\ {O}), the functions vg,e are of class CIQO’S in X \ {O}, and this allows one

loc
to perform all the desired computations on the functions vy ¢, and then let ¢ and % to infinity.

Since this approximation argument is very similar to the one in the proof of Proposition [2.8
to simplify the notation and emphasize the main ideas we shall work directly with v, assuming

that v is of class Cfo’f in ¥\ {O} in order to justify all the computations.
Set

F = 27S*(W) 4 7(y — Dp(p — o' 2V3(Vo) + 7(2p — D"V (Vo) Ay (3.20)
and L = (Ly,...,L,) with
Lj = 0"SE(W)Ve, (Vo) +7(p = DoV (Vo) Vg, (Vo)

for j = 1,...,n. Then we apply Lemma with ¢ = 75, where n € C°(R") is a cut-off
function as in the statement, and (5 € C$°(X) is a cut-off function of the distance from 0% that
converges to 1 inside ¥ as § — 0. In this way, as in the proof of , letting 6 — 0 the term
involving V(s gives rise to a boundary term: more precisely, we obtain

/Fn:—/Vn-L—i—/ nL-vdo . (3.21)
b b %

Now, to conclude the proof, we need to show that the last integral in (3.21)) is non-negative;
indeed, for x € 0¥ \ {O}, by using the explicit expression of L and of SZQJ(W) we get

L(z) v(x) =
v (@)a(Vo(x)) - v(z) [tr (W) (z) +v(p — Do~ (2)V(Vo(e))] (3.22)
— 07 (2)0i(a;(Vo(2)))ai(Vo(z))ve(z)
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where we used that wj;(x) = 0;a;(Vu(z)) and Vg, = a;.
We notice now that 0;v(x) is the second fundamental form of 0¥ at x, which is non-negative
definite by the convexity of ¥. Hence

Oive(x)aj(Vo(z))a;(Vo(z)) > 0. (3.23)
From and we get
L(z) - v(z) = v (2)a(Vo(@)) - v(y) [tr (W)(@) +5(p — Do~ (2)V(Vo(2))]
— 0l (2)V(a(Vo(@)) - v(y)) - a(Vo(z)).
Now, since a(Vv) - v = 0 on 9%, the first term on the right-hand side vanishes. Moreover, since
the tangential derivative of a(Vv) - v vanishes on 0¥ and a(Vv) is a tangential vector-field, also

the second term vanishes. This proves that L-v > 0 on 9% \ {O}, that together with ({ -
(recall that n > 0) concludes the proof.

Proposition 3.5. Let v be given by (3.1)), let V' be as in (3.15)), and W as in (3.12). Then
/ (ws%vv) Fy(y = Dp(p — D"~ 2V2(Vo) +~(2p — 1)m—1V(vv)Afv) >0 (3.24)
b

n(p—1)
=

Proof. From (3.2 , and (3.7) we know that |AH v] < Cin X, and from Newton’s inequality
(3.11)) we also have ]5’2( ) <C (recall that tr (W) = Af ).

Now, let n be a non—negative radial Cut—off function such that n = 1 in Bg, n = 0 outside
Bag, and |Vn| < &. Thanks to ( and (3.7), we can take the limit as R — oo in the left-hand
side of - to obtaln the left- hand side of - Hence, in order to prove it is enough
to show that

for any v < —

lim i (VS5 (W)Ve, (Vo) +(p — 1)o7V (Vo) Vg, (Vo)) =0, (3.25)

R—o0 ER

where we set for simplicity
ER =N (BQR \ BR)
Since |512](W)\ < |W/, using Holder’s inequality we get

[ s mve o < i, ([ @wvenr)’
Er R Er

Observe that (3.8]) yields

W72z, < CR™.
Also, from ) and . we have

/ VYV (Vo) < CRiT T2,
Er

_n(p=1)
p

Hence, since by assumption v < , this proves that

lim v S5 (W)Ve, (Vo) = 0.

R—o0 ER

Analogously, using (3.6) and (3.7)), the second term in (3.25|) can be bounded as

/E 0"V (T0)Ve, (V)| < CRITH (3.26)
R

which also goes to zero as R — oo since v < —@. This proves (3.25) and hence (3.24). O
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3.2. Conclusion. We multiply (3.2)) by v=" and integrate over ¥. By using the divergence
theorem, the boundary condition in (3.2)), and the decay estimates (3.6 and (3.7, we get

p—1
( P > /v_"_l - n/ v HP (V) = 0. (3.27)
n—p ) pJs

Now we use Newton’s inequality applied to W in (3.24). More precisely, since tr (W) = A}? v,
we have

n—1, g

25%(W) < —(4, v)?, (3.28)
and from we obtain
—1 ~ N
/ <n - v”(Afv)Z +(y = Dpp — DT 2V3(Vo) +~(2p — 1)v“’1V(Vv)Afv) >0 (3.29)
by

for any v < —n(pT_l). Since p < n we can choose v =1 —n in (3.29)), and using (3.2)), (3.4)), and

(3.15)), we obtain
p—1
( p > / v—n—l _ n/ ,U—n—lHP(Vv) >0. (3‘30)
n—p b pJs

Recalling ([3.27)), this implies that the equality case must hold in (3.30)). Hence the equality case
must hold in (3.28)) a.e., which implies that

W(z) = AMz)Id for ae. z€ X, (3.31)

for some function A : ¥ — R, where [ is the identity matrix.
Now we show that the function A is constant. Since

M) = %tr (W) = %Afv(x} _ %f(v,Vv)

(see (3.2))), and since v € Cllo’f(E), we get that \ € C'IOO’S(E). Moreover, elliptic regularity theory

yields that v € CIZO’S(E N {Vwv # 0}), which implies that A € 0110’2(2 N{Vv # 0}). From (3.31])
we have that

Ou(a5 (Vu(x))) = M)y (3:32)
for i,5 € {1,...,n}, which implies that a(Vv) € C2’9(E N{Vuv # 0}).

loc

Then, given i € {1,...,n}, choosing j # ¢ and using we obtain
9iMx) = 0;(0;(a;(V(2)))) = 9;(8i(a;(Vu(2)))) =0

for any x € ¥ N {Vv # 0}, which implies that \ is constant on each connected component of
YN {Vv # 0}. Since A is continuous in ¥ and {Vv = 0} has no interior points (this follows
easily from (3.2))), we deduce that A is constant. In particular, recalling (3.31)), we get

Via(Vo(x))] =W(z) =1 in Y.

Hence a(Vv(z)) = Mz — x¢) for some zo € X, and from the boundary condition in we
obtain that zo € . This implies that v(z) = ¢; + coHo(z — wo)iﬂ%l, or equivalently (recalling
B.1) u(z) = UL, (z) for some p > 0. Finally, it is clear that:
- if ¥ = R" and zp may be a generic point in R™;
-if k€ {1,...,n — 1} then o € R¥ x {O};
-if k=0 then 2o = O.

This completes the proof of Theorem
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APPENDIX A. SHARP ANISOTROPIC SOBOLEV INEQUALITIES WITH WEIGHT IN CONVEX
CONES

In this appendix we prove a sharp version of the anisotropic Sobolev inequality in cones by
suitably adapting the optimal transportation proof of the Sobolev inequality in [16, Theorem
2]. As we shall see, the proof not only applies to the case of arbitrary norms, but it also allows
us to cover a large class of weights. In particular, our result extends the weighted isoperimetric
inequalities from [9, Theorem 1.3] to the full Sobolev range p € (1,n) (note that the case p =1
can be recovered letting p — 17).

Theorem A.1. Letp € (1,n). Let ¥ be a convex cone and H a norm in R™. Let w € C°(X) be

positive in X, homogeneous of degree a > 0, and such that w'/® is concave in case a > 0. Then
for any f € D'P(X) we have

p/B
(Lir@ruwa)” <cstupato [ @@ u@a 1)
p) p)
where ( )
pn—+a
=—" A2
R (4.2)
Moreover, inequality (A.1)) is sharp and the equality is attained if and only if f =U )\H g’c‘;, where
1 n+a—p
Ap—1 H P
U){'La (l’) = . c(i"apa a, 7w)p (A?))
»ZO — _p_
Ap—1 H0($ — 330)1’—1

with A > 0 and Hy given by .
Furthermore, writing ¥ = R* x C with k € {0,...,n} and with C C R"* @ convex cone that
does not contain a line, then:
(i) if k =n then ¥ = R"™ and xo may be a generic point in R"™;
(i) if k € {1,...,n — 1} then 29 € R* x {O};
(#i1) if k =0 then zo = O.

Proof. We aim at proving that for any nonnegative f,g € L?(X) with 1fllesy = llgllLe(s) and
such that Vf € LP(X), we have that

~ 1/p , 1/p
/g”wdazﬁ </ Hp(Vf)wdx) (/ HY gﬁwd$> ) (A.4)
b n—+a » b

with equality if f =g = Uf;g. The value of y will be specified later. As shown in [16], inequality

(A.4) implies the Sobolev inequality (A.1)).

Let F' and G be probability densities on ¥ and let 1" : 3 — X be the optimal transport map
(see e.g. [46])E| It is well known that, by the transport condition T4 F = G, one has

F
|det(DT)| = 7—

3 As explained in [20] (see also [21]), the argument that follows can be made rigorous using the fine properties
of BV functions (we note that T belongs to BV, being the gradient of a convex function). However, to emphasize
the main ideas, we shall write the whole argument when T : ¥ — ¥ is a C'' diffeomorphism, and we invite the
interested reader to look at the proof of [20, Theorem 2.2] to understand how to adapt the argument using only
that T' € BViec(2; X).

Alternatively, arguing by approximation, one can assume that w is strictly positive in ¥ \ {0}, and that f and
g are both strictly positive and smooth inside 3. Then, if T : ¥ — ¥ denotes the optimal transport map from
fPw to gPw, [I5, Theorem 1 and Remark 4] ensure that T : ¥ — ¥ is a diffeomorphism. This allows one to
perform the proof of avoiding the use of the fine properties of BV functions.
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(see for instance [18| Section 3]). Then, if we choose
F=ffw and G=¢’w,
the Jacobian equation for T' becomes

woTl 1B

[det(DT)| = = = 5

We observe that, since
Ty(fPw) = ¢w,
then for any 0 < v < 8 we have

B—~
T) 5
/g'ywd:c:/(g'y_BoT)fﬁwda::/ [|det(DT)\wo flwdx. (A.5)
b) b b w
We choose v such that
By __1 . 7:p(nJra—l)
B n+a n+a—p

Since T' = V¢ for some convex function ¢, then DT is symmetric and nonnegative definite. In
particular det(DT) > 0, and it follows from Young and the arithmetic-geometric inequalities
that

IN

1
T na T 1/a
| det(DT)| L2 ]+ " det(DT)V" 4+ 2 <w° )

| w

n-+a n-+a w
T 1/a
< diV(T)+a<wo >
n-+a w

Also, from the concavity of w'/® we have that

1/a .
a<w0T> va T

w

w

(see [9, Lemma 5.1]), hence

woT]we 1
e <
w

[| det(DT)

(div (T) + V“"T) .

(A.6)

T n+a
(If a = 0 then w is just constant and (A.6|) corresponds to the arithmetic-geometric inequality.)

Noticing that

Vu- T _ ldiv (Tw),
w

div (T) +
combining (A.5) and (A.6) we have
1
/ g wdxr < / div (Tw) f7 dx
) ntals

1
-7 /wf”‘lT-Vfdm—i— wf'T -vdo.
n-—+a » n—+a )

w

Here we notice that, since T'(x) € ¥ for any = € ¥, the convexity of ¥ implies that T- v < 0 on
0X.. Thus we obtain

/g”wdacg—fy/fy_lT-Vfwdxg 4 /fV_lﬁo(T)H(Vf)wdzc,
» n—+a » »

n-+a
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where the last inequality follows from the definition of the dual norm Hy of H, and since
Hy(z) = Ho(—x). Finally, setting p’ = p%l, it follows by Holder’s inequality that

N 1/ o, 1/p’
/ fﬂy_lfffo(T)H(Vf)wdx < (/ fp(’Y_l)_ij(Vf)wdx> ’ (/ Hg (T) fﬁw d:E) ’
by by by

1/p L, 1/p
:</ Hp(Vf)wda:> (/ Hggﬁwdx> ,
> b

where we used the transport condition 7% ( fPw) = gPw and the identity

7—1—£:0.

/

Hence, by this chain of inequalities we get .

In order to prove the sharpness of our Sobolev inequality we choose f = g = Uﬁl O“ . In
this particular case the transport map reduces to the identity map T(x) = Vp(z) = = and
det(DT) = 1. Also the homogeneity of w implies that Vw - = aw. This implies that all the
inequalities in the previous computations become equalities and we obtain .

Finally, to prove the characterization of the minimizers one can argue as in [21, Appendix
A] and [16], Section 4]. More precisely, choose g = Uf & and let f be a minimizer. As noticed in
the proof of [I6, Theorem 5|, one can assume that f > 0.

First one shows that the support of f is indecomposable (this is a measure-theoretic notion
of the concept that {f > 0} is connected, see 21, Appendix A] for a definition and more details).
Indeed, otherwise one could write f = f; 4+ fo where f; and f» have disjoint supports. Then

/Z HP(V f)w(z)de = /E HP(V £ )w(a)dz + /E HP(V fo)w(z)da

and then by applying (A.1)) and the fact that f is a minimizer, we would get

( /E fﬁw(:c)dx>p/ﬂ > ( /E flﬂw(x)dx>p/6+ < /E ffw(x)d:v)p/ﬁ.

[ Futate = [ ffu@de+ [ gt

(because f; and fy have disjoint support), by concavity of the function t — tP/B we conclude
that either f; or fo vanishes.

Once this is proved, one can then argue as in the proof of [16, Proposition 6] to deduce
(from the fact that all the inequalities in the proof given above must be equalities) that 7" must
be of the form T'(z) = A\(x — () for some A > 0 and xg € 3, from which the result follows easily.
Finally, properties (i) — (i7) — (¢i¢) on the location of xg follow for instance from the fact that T’
has to map X onto X. O

Since
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