The optimal partial transport problem

Alessio Figalli*

Abstract

Given two densities f and g, we consider the problem of transporting a fraction m €
[0, min{|| f]l 1, lgllz1 }] of the mass of f onto g minimizing a transportation cost. If the cost
per unit of mass is given by |z — y|?, we will see that uniqueness of solutions holds for
m € [||f A gllpr, min{||f|lz1, |gllz1}]. This extends the result of Caffarelli and McCann in
[8], where the authors consider two densities with disjoint supports. The free boundaries of
the active regions are shown to be (n — 1)-rectifiable (provided the supports of f and g have
Lipschitz boundaries), and under some weak regularity assumptions on the geometry of the
supports they are also locally semiconvex. Moreover, assuming f and g supported on two
bounded strictly convex sets 2, A C R", and bounded away from zero and infinity on their
respective supports, CIOO’S‘ regularity of the optimal transport map and local C! regularity of
the free boundaries away from QN A are shown. Finally, the optimal transport map extends
to a global homeomorphism between the active regions.

1 Introduction

In a recent paper [8], Caffarelli and McCann studied the following variant of the Monge-
Kantorovich problem: let f,g € L'*(R") be two nonnegative functions, and denote by T'<(f, g)
the set of nonnegative finite Borel measures on R™ x R™ whose first and second marginals are
dominated by f and g respectively, i.e.

WAxR) < [ fayde, @ x )< [ o) dy
A A
for all A C R™ Borel. Denoting by .#(7) the mass of v (ie. (V) := [gn,pn d7), fix a
certain amount m € [0, min{|| f||.1, |lg||z1}] which represents the mass one wants to transport,
and consider the following partial transport problem:

minimize C(y) := / 2 — y|? dy(z,y)
Rn7xR™
among all v € I'<(f, g) with .# () = m.

Using weak topologies, one can easily prove existence of minimizers for any fixed amount of
mass m € [0, min{||f||z1,|lg||r1}] (see Section 2). We denote by I'°(m) the set of such minimizers.
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In general one cannot expect uniqueness of minimizers. Indeed, if m < fR" f A g (where (f A
g)(x) := min{f(x), g(x)}), any ~ supported on the diagonal {z = y} with marginals dominated
by f A g is a minimizer with zero cost. To ensure uniqueness, in [8] the authors assume f and
g to have disjoint supports. Under this assumption they are able to prove (as in the classical
Monge-Kantorovich problem) that there exists a (unique) convex function v such that the unique
minimizer is concentrated on the graph of Vi) (see [8, Section 2]). This ¢ is also shown to solve
in a weak sense a Monge-Ampere double obstacle problem (see [8, Section 4]).

Moreover, strengthening the disjointness assumption into the hypothesis on the existence of
a hyperplane separating the supports of the two measures, the authors prove a semiconvexity
result on the free boundaries (see [8, Sections 5]!). Furthermore, under some classical regularity
assumptions on the measures and on their supports, local C1® regularity of ¢ (which is equivalent
to local C%¢ regularity of the transport map) and on the free boundaries of the active regions
is shown (see [8, Sections 6-7]).

The aim of this paper is to understand what happens if we remove the disjointness assump-
tion. In Section 2 we will see that, although minimizers are non-unique for m < fRn fAg (butin
this case the set of minimizers can be trivially described), uniqueness holds for any m > fR" fAg.
Moreover, exactly as in [8], the unique minimizer is concentrated on the graph of the gradient
of a convex function. In Remark 2.11 we will also see that our argument for the uniqueness of
minimizers extends to more general cost functions on R™, and also to the case where f and g are
two densities on a Riemannian manifold with c(z,y) = d(z,y)?, d(x,y) being the Riemannian
distance.

Then, in Section 3 we will prove that the marginals of the minimizers always dominate the
common mass f A g (that is all the common mass is both source and target). This property,
which has an interest in its own, will also play a crucial role in the regularity results of Section 4.
Indeed, thanks to this domination property, in Paragraph 4.1 we can prove a local semiconvexity
result on the free boundaries, which reduces to the Caffarelli-McCann result in the disjoint case
(see Propositions 4.4 and 4.5 for a precise statement).

Paragraph 4.2 is devoted to the regularity properties of the transport map and the free
boundary. First, as in [8], we will prove local C%® regularity of the transport map (see Theorem
4.8). On the other hand we will see that in our case something completely different happens:
usually, assuming C* regularity on the density of f and g (together with some convexity as-
sumption on their supports), one can show that the transport map is C* too. In our case we
will show that C’IOO’CO‘ regularity is in some sense optimal: we can find two C'*° densities on R,
supported on two bounded intervals and bounded away from zero on their supports, such that
the transport map is not C! (see Remark 4.9).

Regarding the regularity of the free boundaries, we will prove a local C'! regularity away from
supp(f) Nsupp(g) (see Theorem 4.11 for a precise statement). Furthermore, as in [8, Section
6], we will see that the transport map extends to a global homeomorphism between the active
regions (see Theorem 4.10).

Finally we will show how one can adapt the proofs in [8, Section 6] to deduce properties like

n [8] the authors speak about the semiconcavity of the free boundary, but this is equivalent to semiconvexity
up to a change of coordinates.



the path-connectedness of the active regions, or the fact that free boundary never maps to free
boundary. In Remark 4.15 we also discuss a possible improvement of the C’llOC regularity of the

free boundaries away from supp(f) Nsupp(g) into a Cﬁ)’? regularity.

1.1 Preliminaries on measure theory and convex functions

We first recall some definitions which will play an important role in the paper:

Definition 1.1 (Push-forward) Let X, Y be complete separable metric spaces, p a finite
Borel measure on X, and F': X — Y a Borel map. The push-forward Fyp is the measure on Y
defined by Fup(B) = p(F~1(B)) for any Borel set B C Y.

Definition 1.2 (Marginals) Let X, Y be complete separable metric spaces, and let v be a
finite Borel measure on X x Y. We say that u and v are, respectively, the first and the second
marginals of ~y if

/X nle) ey = /X ha () du(z), /X haly) drtay) = /Y ha(y) du(y),

for all bounded continuous functions hy : X — R, hy : Y — R.

Definition 1.3 (Minumum and maximum of measures) Let X be a complete separable
metric spaces, i, be two finite Borel measure on X. We define y A v and p Vv by

pAv(B) :=inf{pu(B1) +v(Bz) : BiN By =0, B UBy = B, By, By Borel} VB C X Borel,

wVv(B):= sup{,u(Bl) +v(Bg) : BiNBy =1, BiUBy = B, By, By Borel} V B C X Borel.
Moreover, we say that u < v if u(B) < v(B) for all B C X Borel.

It is not difficult to check that u A v and p V v are still finite Borel measures. Moreover the
equality u Av+ Vv = pu+ v holds. Indeed, given a Borel set B, assume for simplicity that we
have pu Av(B) = pu(B1) + v(B2) for some partition By, By of B. Then, given any other partition
B, B} of B, we have

f(B2) +v(B1) = u(B) —(B1) +v(B) —v(B2) > u(B) — u(B3) +v(B) —v(By) = u(By) +v(B3),

that is pVv(B) = pu(B2) +v(By), which gives uAv(B) + p Vv (B) = pu(B) +v(B) as wanted (in
the general case when the infimum is not attained, it suffices to consider B; and Bs such that
uwAv(B) > pu(By) + v(Bz) — € for some € > 0 arbitrarily small).

Let us also recall the so-called Disintegration Theorem (see for instance [4, Theorem 5.3.1],
[10, ITI-70]). We state it in a particular case, which is however sufficient for our purpose:

Theorem 1.4 (Disintegration of measures) Let X, Y be complete separable metric spaces,
and let v be a finite Borel measure on X XY . Denote by u and v the marginals of v on the first



and second factor respectively. Then there exists two measurable families of probability measures
(Vx):CEX and (’Yy)yey such that

v(dz, dy) = vz(dy) @ du(x) = vy (dz) @ dv(y),

/}(wa(x,y)dv(:ﬂ,y)Z/X</ch(:c,y) d’)/ac(y)> d,u(ac):/y(/x Sp(;[j7y)dfyy(x)> dv(y)

for all bounded continuous functions ¢ : X XY — R.

i.e.

We now recall some classical definitions on convex functions:

Definition 1.5 (Subdifferential and Legendre transform) Let ¢ : R” — RU {400} be a
convex function. If ¢(z) is finite, the subdifferential of ¢ at x is defined as
06(x) = {p ER™ : §(2) — §(z) > (p, s — 1) ¥z ER).
Moreover, for A C R", we define 0¢(A) := Uyea00(x).
The Legendre transform ¢* : R™ — R U {400} of ¢ is the convex function defined as

¢*(y) == sup (y,z) — ¢(x).

zeR™

It is well-known that a convex function and its Legendre transform are related by the following
properties:

y€0p(z) = €I (y),
o(x) + " (y) > (x,y) Va,y € R"® with equality if and only if y € 0¢(x).

Since convex functions are locally Lipschitz in the interior of their domain, by Rademacher’s
Theorem they are differentiable a.e. Indeed, a stronger result holds (see for instance [2] or [17,
Chapter 14, First Appendix]):

Theorem 1.6 (Alexandrov) Let A C R™ be an open set, ¢ : A — R be a convez function.
Then ¢ is twice differentiable (Lebesque) a.e., that is for almost every x € A there exists a linear
map V2¢(x) : R® — R™ such that

B +v) = 6(a) + (Vo(x),v) + 5(V26(x) - v,0) +o(f) Vo eR"

Moreover Vé(x) is differentiable a.e. in A, and its differential coincides with V2¢(x).



1.2 Notation
In this paper, we will repeatedly adopt the following notation and conventions:

- If p is a (Borel) measure on R"™ with density h with respect to the Lebesgue measure .£",
we often use h in place of u = h.Z". For example, we write Fiuh in place of Fiu(hZ").

- If vy e T'<(f, g), we denote by f, and g, the densities of the first and the second marginal
of ~y respectively (observe that the constraint v € I'<(f, g) implies that both marginals are
absolutely continuous with respect to the Lebesgue measure).

- If hy, hg : R™ — R are Borel functions, we will often consider the Borel set {h; > ha}. We
remark that if hy, he are defined up to a set of (Lebesgue) measure zero, then {h; > ha}
is well-defined up to a set of measure zero.

- If B; and By are two Borel set (possibly defined up to a set of measure zero), we say that

By « B, if the inclusion By C By holds up to a set of measure zero.

2 Properties of minimizers

As we already said in the introduction, we consider f, g € L'(R"™) two nonnegative Borel function,
and we denote by I'<(f,g) the set of nonnegative finite Borel measures on R"” x R™ whose
first and second marginals are dominated by f and g respectively. We will always assume
for simplicity that both f and g are compactly supported, although many results holds under
more general assumptions (for example if f and g have finite second moments). Let mpyax 1=
min{||f]|z1, lg|lz1 }- We fix m € [0, mmax|, and we consider the minimization problem

C(m) := min C(v), 2.1
(m) Y€l <(f.9), # (v)=m ™ 1)

where (V) = [guy g dv is the mass of 7, and C(y) := [pu,pn [t — y[*dy is the cost of 7.
Since the set

L(m):={yel(f,9), #(y) =m}

is non-empty and weakly* compact, it is simple to prove by the direct method of the calculus of
variations existence of minimizers (see [17, Chapter 4] or [8, Lemma 2.2]). Let I'°(m) C I'(m)
denotes the set of minimizers. We want to understand their structure.

Let us define mmin := [ f A g.

We observe that for m < myp;,, given any density 0 < h < fAg with mass m (i.e. fRn h =m),
the plan v := (Id x Id)4h is optimal, since its cost is zero. Moreover, since all minimizers have
zero cost, they are clearly of this form. Thus the set of minimizers is not a singleton except for
M = Mmpin, in which case the unique minimizer is given by (Id x Id)4(f A g).

We now want to study the case m > muyin.

The main difference between our strategy and the one developed in [8] is the following: in
[8, Section 2] the authors introduce a Lagrange multiplier for the mass constraint, add a point
at infinity which acts as a tariff-free reservoir, and study the relations given by classical duality



theorems. In this way they are able to deduce existence and uniqueness of minimizers when the
supports of f and g are disjoint. Our strategy is instead to attack directly the minimization
problem by studying the convexity properties of the function m — C(m), and then looking at
the consequences that follow from them. In this way we will prove that there exists a unique
minimizer which is concentrated on the graph of the gradient of a convex function. In particular,
if f and ¢ have disjoint support, we recover the uniqueness result in [8].

The proof of our result is divided in two steps:

1. The function m +— C(m) is convex on [0,Mmax]. Moreover, if mg is a point of strict
convexity for C(m), then I'°(my) is a singleton.

2. The function m — C(m) is strictly convex on (Mmyin, Mmax]-

Combining the above steps, we immediately deduce the uniqueness of minimizers for m > mmpjiy.

We remark that the proof of the second step will require an analysis of the structure of
minimizers, that will be obtained applying in a careful way Brenier’s Theorem (see Theorem
2.3).

2.1 Step 1: properties of C(m)

Here we show some elementary properties of the function m +— C(m).

Lemma 2.1 (Convexity of C(m)) The function m — C(m) is identically zero on [0, Mmin],
and it is convex on [0, Mmax].

Proof.  The fact that C(m) = 0 for m € [0, mmin| follows from the observation that any -y
supported on the diagonal with marginals dominated by f A g is a minimizer with zero cost.

The convexity of C(m) is a simple consequence of the linearity of the functional and the
convexity of the constraints: if 71 € I'°(mq) and 2 € I'°(myg), for any A € [0,1] we have
M1+ (1= A)y2 € T(Amy + (1 — A\)mg). Therefore we obtain

C(Ama + (1= \ma) < CO1 + (1= A)2)
=AC(1) + (1 =NC(y2) =AC(m1) + (1 =N)C(m2)  VYAel0,1].

O

Proposition 2.2 (Strict convexity implies uniqueness) Let 1,7y € ['°(myg) (possibly 1 =
Y2), and define y— == 1 \y2, Y+ 1= 11VY2. If we denote m_ = M (y1/\v2) and my = A (11Vy2),
then C(m) is affine on [m—_, m4].

In particular, if C(m) its strictly convex at mg, then m_ = my and I'°(myg) is a singleton.

Proof. As y_ 4+ 4+ = y1 + 72 (recall the discussion after Definition 1.3), and v_,v4+ € I'<(f, g)
thanks to Theorem 2.6 below, we have

C(m-)+C(my) < C(y-) + Clyy) = Cln) + C(72) = 2C(mo),



that is
C(my) +C(m-)

<C .

5 < C(mo)
Since % = mg and C(m) is convex, we deduce that C'(m) is affine on [m_, m]. Therefore,
if C'(m) its strictly convex at mg, then m_ = m_, which implies 7 = 4. Thus v; = 72, and
by the arbitrariness of v1,v2 € I'°(mg) we deduce that I'°(mg) is a singleton. O

2.2 Graph property of minimizers
We will need the following result for the classical Monge-Kantorovich problem (see [5, 6, 14, 15]):

Theorem 2.3 Let f',g' € L'(R") be nonnegative compactly supported functions such that
fR" = fRn g, and consider the Monge-Kantorovich problem:

minimize / |z — y|2 dy(z,y)
R" xR

among all -y which have f' and g’ as first and second marginals, respectively. Then there exists a
unique optimal v°. Moreover there exists a globally Lipschitz convex function ¢ : R™ — R such
that Vip(z) € supp(g’) for a.e. x € R", and

70 = (Id x V) f = (V§* x Id)ug,

where V* denotes the Legendre transform of 1. This implies in particular

V' (Vy(z) =z fl-ae,  VH(V*(y)) =y ¢-ae (22)
Finally v solves the Monge-Ampére equation

det(VZ)(z) = g%J;(J()x)) f-a.e. (2.3)

Conversely, if ¢ : R™ — R is a convex function such that Vpyuf' = ¢', then (Id x V)u f' solves
the Monge-Kantorovich problem.

Let us first prove the following key result, which shows that solutions of the partial optimal
transport problem are solutions of an optimal transport problem:

Proposition 2.4 (Minimizers solve an optimal transport problem) Let m € [0, myax],
v €T°(m), and consider the Monge-Kantorovich problem:

minimize C () = / |z —y|? dy(z,y)
R7xR"™

among all v which have f+ (g —gy) and g+ (f — f5) as first and second marginals, respectively.
Then the unique minimizer is given by

¥+ Id x 1) ((f = f5) + (9= 97))- (24)



Remark 2.5 Although using Theorem 2.3 the above proposition could be proved in a simpler
way, we prefer to give a proof independent of it to show that the minimizing property of the
plan defined by (2.4) holds true whenever ¢(z,y) is a nonnegative cost function.

Proof. Let ~ have marginals f = f + (g — g5) and g = g + (f — f5). The idea is to prove that,
since [ f = m+ [pa(f — f5), 7 has to send at least an amount m of the mass of f onto g.
In particular there exists y— < such that .#(y-) > m and y_ € I'<(f, g). From this fact the
result will follow easily. Let us therefore prove the existence of v_.

We consider the disintegration of v with respect to its first and second marginals respectively,
that is

Y(d, dy) = 72 (dy) @ f(x) dw =, (dz) ® g(y) dy
(see Theorem 1.4). Then we define
v (dz, dy) = v.(dy) ® f(z)dz,

and we denote by f’ and ¢’ its marginals. It is clear that f' = f, ¢’ < g+ (f — f5). Since
M) = Jgn f=m+ [ga(f — f5), it is not difficult to see that

/ g Ng=>m;
indeed

/ng’/\QZ/ng’A(ng(f—fﬁ))—/Rng'A(f—fa)Z/Hg’—/n(f—f,—y):m.

Thus we immediately get that

V- (dz, dy) := v, (dz) @ (¢ A g)(y) dy

is the desired subplan.

Now, since v— € I'<(f,g) and #(y-) > m, we get C(y-) > C(m). As C(y) > C(y-) and
~v was arbitrary, we have proved that the infimum in the Monge-Kantorovich problem is greater
or equal than C'(m). On the other hand, if we consider the plan 4 defined by Equation (2.4),
then C'(¥) = C(¥) = C(m). Thus 7 is a minimizer. O

Thanks to the above proposition, we can prove the following:

Theorem 2.6 (Graph structure of minimizers) Let m € [0, mmax|. There exists a globally
Lipschitz convex function v such that Vi(x) € {g > 0} for a.e. x € R", and all v € I'°(m) are
concentrated on the graph of V1. Moreover Vi is injective f-a.e., and for any v € T'°(m)

Vi(x)=a  forae ze{f, < f}U{gy <g}, (2.5)

and
fy(z) = gy(2) fora.e. x € {f, < f}u{g, <g}. (2.6)



Remark 2.7 The key point of the above statement is that the function 1 is the same for all
minimizers. Since we will prove later that for m € [muyin, Mmax] there exists a unique minimizer,
while for m € [0, mpin] the minimizers are all concentrated on the graph of the identity map,
the fact that v is independent of the minimizer is not interesting in itself. However we preferred
to state the theorem in this form, because we believe that the strategy of the proof is interesting
and could be used in other situations in which uniqueness of minimizers fails.

Proof. 1t is simple to see that I'°(m) is compact with respect to the weak™ topology of measures.
In particular I'°(m) is separable, and we can find a dense countable subset (7,)22; C I'°(m).
Denote by 7 :=> >, Q%Vn- Since the minimization problem (2.1) is linear and the constraints
are convex, v € I'°(m). The idea now is that, if we prove that 7 is concentrated on a graph,
then all v € I'°(m) have to be concentrated on such a graph.

To prove the graph property of ¥ we apply Proposition 2.4: we know that the plan

Fi=7 4+ (1d x 1) ((f — f5) + (9 — 97)), (2.7)

solves the Monge-Kantorovich problem:
minimize C(vy) = / |z — y|? dy(z,y)
R® xRR"™

among all v which have f+ (g —g5) and g+ (f — f5) as first and second marginals, respectively.
By Theorem 2.3 we deduce that ¥ is concentrated on the graph of the gradient of a convex
function ¥, that is

7= (Id x V) (f + (9 - 95)), (2.8)
and by (2.2) we deduce that V1 is injective f-a.e. Combining (2.8) with (2.7) we deduce that ¥
is both concentrated on the graph of Id and on the graph of V¢ for a.e. x € {f5 < f}U{gy < g},
which implies

Vip(z) =z for a.e. z € {f5 < f}U{gy < g}. (2.9)
Fix now any v € I'°(m), and let us prove that Vi (x) = z for a.e. z € {f, < f} (the case

z € {gy < g} being analogous). By (2.9) we know that Vi(z) = & for a.e. z € |J,({fy, <
f}U{gy, <g}). Thus it suffices to prove that, for any k € N,

(11> 1% Ol &)

n=1

First of all we observe that, thanks to the density of (v,)52; in I'°(m), the set (£, )52 is dense
in {fy : v € I'?(m)} with respect to the the weak* topology of measures. On the other hand,
since fy < f for all v € I'°(m), the density of (f,,)>2; holds also with respect to the the weak
topology of L. Therefore, if by contradiction there exists a Borel set A, with |A| > 0, such that
Ac{f—fy>z2tand AN{f—fy, > 5¢} =0 for all n > 1, we would obtain

1 1
— o> < >
Jr-tzqgan [ r-po<gal vz

9



which contradicts the density of (f,)3%, in {fy, : v € I'°(m)} in the weak topology of L'. This

n=1
proves (2.5). Observing that Vi f, = g, applying (2.3) with f' = f, and ¢’ = g¢,, we get
S ()
det(V3)(z) = —L2 fr-a.e.

It is a standard measure theory result that, if Z is a density point for the set {Vi(z) = =}, and
V(x) is differentiable at z, then V2 (Z) = I,,, where I,, denotes the identity matrix on R™ (see
[3, Proposition 3.73(c)]). By this fact and (2.5), (2.6) follows easily. O

We now use the above theorem to show a domination property of minimizers which has an
interest in itself, and which will play a crucial role in the regularity of the free boundary of the
active regions.

Proposition 2.8 (Common mass is both source and target) Letmg € [mmin, Mmax), ¥ €
I'°(m). Then fy, > fANg, gy > f ANg (that is, all the common mass is both source and target for
every minimizer).

Proof. For mg = mmun the result is clear since, as we already said, the unique minimizer is
given by (Id x Id)x(f A g). So we can assume mg > Mmyin.

Applying Theorem 2.6 we know that we can write v = (Id x V)4 fy, with V1) invertible
fy-a.e. We observe that, since {f, < f Ag} C {f, < f} and {gy < f A g} C {9y < g}, by (2.5)
we get

Vi(x) =z for a.e. z € {f, < fAg}U{gy < fAg}

Moreover, by (2.6), fy(z) = g,(x) for a.e. x € {f, < fAg}U{gy, < fAg}. Thus either both f,
and g, are greater or equal of f Ag, or {f, < fAg} ={g9y < fAg}#0and f, = g, on that set.

Suppose by contradiction that h := [f A g — fy]+ = [f A g — g4]+ is not identically zero. Let
myp, > 0 denote the mass of h, and consider the plan vy, = (Id x Id)4h. Since fyi, = fy+ fy, =
fy+H[fAg—= il < fand gyt = gy + 9y, = gy T [fAG—9y]+ < g, we have v+, € I<(f, 9).
Observing that C'(y,) = 0, we get

C(mo +mp) < C(y+n) = C(y) = C(my).

As C(m) is convex and increasing, it has to be constant on the interval [0, my 4+ my], and since

C(0) =0, C(m) = 0 on [0, my + mp]. This is impossible if my > Mpyin, since it would imply

that a mass mg + my > mui, should stay at rest. This contradiction gives the desired result.
O

2.3 Step 2: strict convexity of C(m)

In order to prove the strict convexity property, we first need to show that a linear part in the
graph of C'(m) would imply a monotonicity result on minimizers.

Lemma 2.9 Let mpyin < m1 < ma < Mmax, and assume that C(m) is linear on [my,ma|. Fix
v1 € I'°(my). Then there exists v € I'°(mg) such that 1 < ys.

10



Proof. Let 2 € I'°(myg), and assume 71 £ 2. We will modify v, into 72 so that 42 € I'°(ms)
and 71 < Fa.

Let us consider Since C(m) is linear on [my, mg|, we immediately get “2& €
FO(%). In particular we can apply Theorem 2.6 to deduce the existemce of a convex
function v such that both ~; and 9 are concentrated on the graph of V¢. We now define

Y- =m Ay =Idx V)x(fy, A fye), and we write

Yit72
5

Y1 =7-+1, Y2 =v-+ 72,

with 1 = (Id X V) ([fy1 — fral+)s 72 = Id X V) ([f52 — fru]+)- Let A € (0,1) be such that
M (Ny2) = A (F1). Since the function V1) is injective f-a.e., it is simple to see that

Y-+ +7 el<(f.9)

(indeed, its marginals are dominated by f,, V f,, and g, V g, respectively). Thanks to the
optimality of v; and 2 we have

Cn)=Clr-+M)<Clr-+ ), Cr)=Cl-+7) <Clh-+n+ 1 -A)),
which implies C(71) = C(M2), and therefore C(y— + 42) = C(v= + 71 + (1 — A)72). Since
Al +(1 _>\)’72 =7- +;Y1 +(1_)‘)’72 S’Y* +’71 +;>/2 € FS(f?.g)a

we see that 42 := 1 + (1 — A\)¥2 € I'°(my) is the desired minimizer. O

Theorem 2.10 (Strict convexity of C(m)) The function m +— C(m) is strictly convex on

[mmin’ mmax] .

Proof. Assume by contradiction that there exist mmpmin < m1 < ma < Mpmax such that that
C(m) is linear on [m1, mg|. Thanks to Lemma 2.9 we can find v; € I'(m;) and v2 € I'°(myg)
such that v < 9. Let us define f= fro = fr1s § = gyo — G4,- We are now interested in the
minimization problem
C(m):= min C (). (2.10)
YL <(f.9), A (v)=m

Let m :=mg —m1 = [z f= Jgn 9, and define 5 := 45 — 1. Since 1 + Ay € T°(my1 + Am) for
A € [0,1], this easily implies that

C(\j) = C(xm),
i.e. \¥ is optimal in the minimization problem (2.10) for all A € [0,1]. We now want to prove
that this is impossible. Fix any A € (0,1), and as in the proof of Theorem 2.6 consider the
Monge-Kantorovich problem:

minimize C(y) = / |z —y|* dvy(z,y)
R” xR™
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among all v which have Af 4+ (1—X)§ and A+ (1—\)f as first and second marginals respectively
1—

A
(observe that (1 —X)g =g — gx3, ( )\)f =f— fx3)- By Proposition 2.4

=M+ (Id x Id) & (1 = M)[f + ),

solves the Monge-Kantorovich problem. Thus, applying Theorem 2.3, we deduce that «) is
concentrated on the graph of the gradient of a globally Lipschitz convex function 4. In particular,
since A € (0, 1), 4 is concentrated on the graph of Vi and

Vi(z) ==z for a.e. z € {f + g > 0}.

This clearly implies f = § and 4 = (Id x Id)4f. Therefore 0 = C(3) = C(mz) — C(my), and
so C(m) is constant on [mq1,mg]. Since mj > Mmuyin, as in the proof of Proposition 2.8 this is
impossible. O

Remark 2.11 (Extension to more general cost functions) We observe that all the above
arguments do not really use that the cost is quadratic: all we need is
(1) e¢(x,y) >0 and c(z,y) = 0 only for x = y;

(2) whenever both the source and the target measure are compactly supported and absolutely
continuous with respect to the Lebesgue measure, the Monge-Kantorovich problem with
cost ¢(z,y) has a unique solution which is concentrated on the graph of a function T

(2’) T is injective a.e. on the support of the source measure;
(27) T is differentiable a.e. on the support of the source measure.

Let us remark that condition (2’) was used in the proof of Lemma 2.9, while (2”) is needed for
deducing (2.6) from (2.5).
Some simple assumptions on the cost function which ensure the validity of (2)-(2’)-(2”) are:

(a) c € C*(R™ x R™);

(b) the map y — Vye(x,y) is injective for all x € R™;
(b’) the map x — Vyc(z,y) is injective for all y € R™;
(c) det(Vgyc) # 0 for all z,y € R™.

To understand why (a)-(b)-(c) imply (2)-(2”), we recall that (a)-(b) ensure that the existence
of an optimal transport map 7. Moreover this map is implicitly defined by the identity

Vee(z,T(x)) = Vo(z),
where ¢(x) is given by
¢(x) = inf C(.%', y) - Cy7

y€supp(v)
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with y — C, locally bounded (see [17, Chapter 10]). By (a) we know that ¢ is locally semicon-
cave, which implies that its gradient (which exists a.e.) is differentiable a.e. Since by (a)-(b)-(c)
the map (z,p) — (z,[Vec(z,-)] 'p) is a smooth diffeomorphism, we obtain that also T is dif-
ferentiable a.e. Finally, (a)-(b’) give the existence of an optimal transport map also for the
Monge-Kantorovich problem with cost é(x,y) := ¢(y,x). From this fact (2’) follows easily.

If c(x,y) = d(x,y)? with d(x,y) a Riemannian distance on a manifold, although c¢(x, %) does
not satisfies the above assumptions, existence and uniqueness of the optimal transport map is
still true [16, 12], and the Jacobian identity det(VT) = goiT holds almost everywhere [9, 13]
(although in the non-compact case, one has to define the gradient of 7" in an appropriate weak
sense). So our existence and uniqueness result for the partial transport problem applies also to
this case.

3 Properties of the active regions

Let us denote by Q and A the Borel sets {f > 0} and {g > 0} respectively. We have {f A g >
0} =QnNA.

For m € [Mmin, Mmax] We denote by vp, = (Id X Vb)) frn = (Vb5 x 1d) 49y, the unique
minimizer of the minimization problem (2.1), where f,,, and g,, denote the two marginals of 7.
We define the active source and the active target as

F,, := set of density points of {f,, > 0}, Gy, = set of density points of {g,, > 0}.

We want to study the regularity properties of these sets. First of all, by Proposition 2.8, we
have
a.e. a.e.
F, DO QNA, Gm DO QNA,

which will be a key fact to prove the regularity of the boundary of the free regions. We now
prove an interior ball condition, which is the analogous in our formalism of [8, Corollary 2.4].

Proposition 3.1 (Structure of the active regions) There exists a set 'y, C R™ x R™ on
which v, 1s concentrated such that

Fpo@nau | {zeQ:p-gP<lz—g},
(%,9)€lm

Gm = (@MU | {yer:z—yP<|z-gP}.
(Z,9)€lm

Proof.  Let us recall that v, = (Id X V)4 frn = (Vb5 x Id)29m. We denote by Dy, and

Dy the sets where 1, and 1}, are respectively differentiable. We recall that the gradient of a

convex function is continuous on its domain of definition. We define

L i= (Id X V) (Fr 0 Dy, ) 0 (Vi x 1d) (G N Dy )
= {(z,y) : y = Vim(z) with € F, N Dy,, and @ = Vi, (y) with y € Gp, N Dy }.

(3.1)
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Since Dy, and Dy have full measure for f,, and g,, respectively, it is clear that v, is concen-
trated on I',.

We will prove the thesis only for F;,, (the case of G, being analogous). Since Dy, has full
measure for f,,, the result will follow from the inclusions

Fu Dy, C(@nAU ) {ze:je-gP<lz-7P}C Fn (3.2)
(Z,9)€lm

Let us first prove the left inclusion. Let x € Fy,, N Dy, \ Q@ N A. Then obviously Vi),,(z) # .
Define v, := Vb, (z) — x # 0. Since z is a density point for the set {f,, > 0}, there exists a
sequence of points (z) such that

1
(zk, Vo (zk)) € Ty, Ty — T and (x — z,vg) > §|x — zp||vs]

(the idea is that we want = — z “almost parallel” to v, ). Thanks to the choice of xy it is simple
to check that, since Vo, () — Vb, (), we have

|z — Vm(zp)? < |2k — Vb (x1)|? for k large enough.

Since F, © ), this implies the desired inclusion.

We now have to prove the right inclusion in (3.2). The heuristic idea is simple: if a point
x € Q is such that |z — 7|2 < |z — g|? but ¢ F,, then we can replace (Z,7) with (z,7) to
obtain a measure on R” x R™ with the same mass than -, but which pays less, and this would
contradict the optimality of 7,,. Here is the rigorous argument: let us consider the set

E= |J {zc:l-gP<lz-gP}\QnA
(Z,9)€lm

First of all, since the set I'y, is separable, we can find a dense countable subset ((:Uk, yk)) €

I}, so that

keN

E = U{er e =yl < e —welP P\ QN A
keN

a.e

Assume by contradiction that E ;(_ F,,. This implies that there exist £ € N and a Borel set A
with |A| > 0 such that

Ac{zeQ:|v—yl> <l|op —wl*} \QNA, ANFE,, =0.
Fix ¢ > 0. First of all, since
Ac=An{zeQ: -yl <|op —w|*—c} = A
as e — 0 (i.e. xa. — xa in L' as ¢ — 0), by monotone convergence there exists ¢ > 0 small

such that |A;| > 0. Fix n > 0 small (the smallness will depend on &, as we will see below). Since
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Yk = Vo (zk), Vb, is continuous at zk, and zj is a density point for F,,, we can find a small
ball Bs(xy) such that

3

o=V (@)]* = lze—ysl* =5, [Vem(@)=Vm(ze)|* <0 Vo € By(zy)NFnNDy,. (33)

Therefore, for n = n(e) small enough,

o=yl < (Ve mP e +n) <loe—wl~5 Vo€ Aoy € Vom(Boloe) N Fu Dy,).

(3.4)
Up to choosing § smaller, we can assume [ A > Bs(2x) fm > 0. Thus, if we consider the
density gs := V¥m 4 (fmXB;(xy)), We can replace the plan

Vs = (Id X vwm)#(meB(;(xk))
with any plan 44 such that f5, < fxa. and g5, = g5. In this way, since .# (y5) = .#(v5), thanks
to (3.3) and (3.4) we get
€

CGs) < (Jow = el = ) A (i) < (low =l = 5 ) #(3) < C (%)

Since Y, — vs + Y5 € I'(m), the above inequality would contradict the optimality of 7,,. Thus
FE C F,, and also the second inclusion is proved. O

Remark 3.2 (The case of general cost) The above result can be generalized to the cost
functions considered in Remark 2.11, obtaining that

Fn = @nMU | {zeQ:cx,9) <cz,9)},
(Z,9)€lm

Gm = (QNANU | {weh: @9 <@ 9)},
(a_i,g)EFm

with ')y, defined as (Id x T)(F,, N\ D7) N (T~ x1d)(G,, N Dp-1), where T is the optimal transport
map, and D7 and Dy—1 denote the set of continuity points for 7" and T~ respectively.

Remark 3.3 (Equality everywhere) Let us define

Un:=(QNA)U U Bz —4(),
(jvg)erm

(Z,9)€lm

By the proof of above proposition it is not difficult to deduce that, if 2 and A are open sets,
then
FpnN Dy, CU,NQCFy,

15



(and analogously for G,,). Since Fp, N Dy, is of full Lebesgue measure inside Fy,, and U, is
open, recalling the definition of F},, one easily obtains F,, = U,, N €2, that is the equality is
true everywhere and not only up to set of measure zero (and analogously G, = V;, N A). In
particular, the inclusions F,, D 2N A and G,,, D 2N A hold.

Remark 3.4 (Monotone expansion of the active regions) Thanks to the uniqueness of
minimizers for m € [Mmyin, Mmax), we can apply [8, Theorem 3.4] to show the monotone expansion
of the active regions. More precisely one obtains

fm1 < fmz and Im1 < Gmo for mmin < m1 < ma < Mipax,
so that in particular

Fn, CF,, and G, CGpny, for mmin < myp < mo < Mmax.

4 Regularity results

By the duality theory developed in [8], as for m > mpy, there exists a unique optimal transport
map Vi, one could prove that 1, is the unique Brenier solution to a Monge-Ampere obstacle
problem? (see [8, Section 4]). However we prefer here to not make the link with the Monge-
Ampere obstacle problem (which would require to use the duality theory in [8, Section 2| in
order to construct the obstacles), and instead we concentrate directly on the regularity of the
maps ¥, and of the free boundaries of the active regions F,,, and G,,.

Since for m < Muyin the map 1y, is trivial (just take ¥y, (z) = |2|?/2 so that Vi, (z) = =
everywhere), from now on we will consider only the case m > muyiy.

4.1 Partial semiconvexity of the free boundary

We will assume Q = {f > 0} and A = {g > 0} to be open and bounded sets. We define the free
boundaries of F;,, and Gy, as 0F,, N and dG,, N A respectively. Thanks to Remark 3.3, they
respectively coincide with

U, N2 and OV NA.

Therefore, to prove regularity results on the free boundaries, we need to study the regularity
properties of the sets OU,,, and 3V, inside €2 and A, respectively.

Definition 4.1 Let F and F' be open sets. We say that OF N F is locally semiconvex if, for
each x € OE N F, there exists a ball B,(x) C F such that E N B,(x) can be written in some
system of coordinates as the graph of a semiconvex function, and E N B,(x) is contained in the
epigraph of such a function.

In [8, Section 5] the authors prove the semiconvexity of the free boundaries of the active
regions assuming the existence of a hyperplane which separates the supports of f and g. Their

?In [8] the authors adopt the terminology of weak* solution, instead of Brenier solution.
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proof is based on an analogue of Proposition 3.1. Indeed the existence of a separating hyperplane,
together with the fact that in their case |z — V¢(x)] > 6 > 0, allows to write Uy, N as the
epigraph of a function v : R®™! — R such that, for each point z = (2/,u(z’)) € U, N Q,
there exists a ball of radius > § which touches the graph of u at x from below. Thanks to this
property, they can show the semiconvexity of the free boundary. In particular they deduce that
the Lebesgue measure of dU,, and 0U,, is zero, and so f,,, and ¢,, give no mass to dU,, and
OV, respectively (this property is crucial to apply Caffarelli’s regularity theory in this context,
see [8, Theorem 6.3] and the proof of Theorem 4.8 in the next paragraph).

Remark 4.2 The assumption of the existence of a separating hyperplane plays an important
role in the semiconvexity property. Indeed assume that g is supported on the ball By(0) =
{lx| < 1}, and f has a connected support which contains the points z4 := (2,0,...,0) and
x_:=(=2,0,...,0). It could be possible that the maps V1 send the points z; and x_ into two
(distinct) points y; and y_ such that |z — y4| = |[x— —y_| = 2. In this case the active target
region Vj,, contains A := By(0) N (Ba(z4+) U By(z-)), and so dVj, could be not a graph near
the origin (and so it would not be locally semiconvex). However it is still possible to prove that
OVy, is (n — 1)-rectifiable, so that in particular it has zero Lebesgue measure (see Proposition
4.4 below).

In our case everything becomes a priori much difficult for two reasons: first of all, since we do
not want to assume the supports of f and g to be disjoint, of course we cannot have a separating
hyperplane. Furthermore, as we do not have any lower bound on the quantity |x — Vi(z)|, the
condition of having a ball touching from inside at each point of the boundary becomes a priori
useless.

We will solve these problems in two ways, depending on which of the two following results
we want to prove:

(a) The free boundaries have zero Lebesgue measure (resp. are (n—1)-rectifiable, i.e. countable
union of Lipschitz hypersurfaces).

(b) Each free boundary can be written as the union of a locally semiconvex hypersurface
together with a closed subset of a Lipschitz hypersurface.

The idea behind both results is the following: by what we already proved, the active regions
contain 2 N A (Proposition 3.1). Therefore, since |x — Vi)(z)| can be 0 only for x € QN A, at
the points where radius of the ball touching from inside goes to 0 we will use the information
that the set Q2N A is touching 0U,, from inside.

This observation is more or less sufficient to prove (a). On the other hand, by Remark 4.2, it
is clear that to prove (b) we need some geometric assumption on the supports f and g. To deal
with this problem, we will assume that there exists an open convex set C' such that A C C and
Q\ A C R™"\ C. This hypothesis, which generalizes the assumption of a separating hyperplane,
is satisfied for instance if A is convex, since it suffices to take C' = A.

We will need the following:
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Lemma 4.3 Let A be a bounded Borel subset of R™, and define

E .= U Br(m)(x)a

T€EA

where x — r(z) € (0,+00) is a Borel function. Assume that there exist 6, R > 0 such that
d <r(x) <R forallz € A. Then OF is a (n — 1)-rectifiable set, and in particular has zero
Lebesgue measure.

Proof. First of all, let ' C R™ x R denotes the graph of x +— r(x). Then

E= |J Bi().

(z,r)el

Denoting by T the closure of T, it is simple to check that

E= |J Bi(). (4.1)

(z,r)€T

Indeed, if y € U, ,)er Br(z), then there exist (z,r) € T such that y € B, (). Since the ball
B,.(z) is open, it is clear that if (zx,r(xy)) is a sequence of points in I' that converges to (z,r),
then y € B, (,,)(71) for k large enough. This proves (4.1).

Let now y € OF. This implies that for all £ > 0 the following holds:

ly—x| >r—e V(z,r) €T

and there exists (wc,r:) € T such that |y — z.| < 7. +e. Since T is compact (recall that A is
bounded and r € [§, R] for all (x,7) € T'), it is simple to deduce that there exists (zg,79) € T
such that |y — xg| = 79, that is y € 9B, (xg). As ro > §, we have proved that at each point
y € OF we can find a ball of radius ¢ touching OF at y from the interior. This condition, called
Interior Ball Property, implies that OF is (n — 1)-rectifiable?.

On the other hand we remark that, to prove just that JF has zero Lebesgue measure, it
suffices to show that 0F has no density points. Indeed we recall that, given a Borel set A, it is
a well-known fact that a.e. point x € A is a density point (see for instance [11, Paragraph 1.7.1,
Corollary 3]). To see that OF has no density points it suffices to observe that if y € OF then
y € 0B)y_g () for some ball By, _,(x) C E, and so

lim " (aE N Br(y)) < lim z" (Br(y) \ B|yfx|(x)) _ 1
r=0 Z(B.(y)) T r0 Z"(By(y)) 2
O
3Using [1, Lemma 2.1] one can prove for instance a stronger result: let {v1,..., v, } be a subset of the unit

sphere of R™ such that, for each vector p € R™ with unit norm, there exists i € {1,...,k,} with (v;,p) > 1/2.
Then, if to any z € OF we associate a unit vector p, € R™ such that Bs(z — dp.) C F, we can decompose OF as
the union of A;, with A; := {x € OE : (v;,p.) > 1/2}, and thanks to [1, Lemma 2.1] one can show that each A;
is locally semiconvex.
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We can now prove (a).

Proposition 4.4 (No mass on the free boundary) Assume Q N A open, with £" (a(Q N
A)) =0. Let (QNA). :={z € R : dist(z, QN A) < e}, and assume that for any e > 0

dist(Q\ (2N A)z, A\ Q) =:6(g) > 0. (4.2)
Then " (OUm) = 0, and in particular both f,, and g, give no mass to OUy,. Moreover, if
I(Q2N A) is Lipschitz, then OUp, is (n — 1)-rectifiable.
Proof. Decompose the boundary of U, as
oU,, = dUE, U UL,
where
oUE, = U, \ O(QNA), UL := U, NAQNA).

Obviously QU?, has measure zero. Since by definition U,, > QN A, and QN A is open, we easily
get OU,, N (2N A) =0, that is 9U,, cannot enter inside Q2 N A. Therefore we can write OU, as
the increasing union of the sets

B :=0U; \ (QNA)..

Consider the open set

E. = U Biz—g(9),
(Z,5)Elm, ZE(QNA) <

where I'), is the set defined in (3.1). Thanks to (4.2), we can apply Lemma 4.3 to deduce that
" (8E5) = 0. Observing that
U\ (N A): C OE:,

we obtain that £™(B¢) = 0 for all e > 0, and so £"(9Ug,) =0
Suppose now that d(2 N A) is Lipschitz. Then OUY, is clearly (n — 1)-rectifiable. Moreover,
by Lemma 4.3, also OF. is (n — 1)-rectifiable for all € > 0. From this we conclude easily. O

Let us now prove (b).

Proposition 4.5 (Local semiconvexity away from the intersection of the supports) Assume
Q open, and suppose there exists an open conver set C such that A C C and Q\ A C R"\ C.
We decompose the boundary of Uy, inside ) as

Uy, N Q= (OUS, NQ) U (UL, NQ),

where

oUE, = dU,, \ OC,  dUL, := dU,, N aC.

Then OUY, is locally semiconvex inside €.
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Proof. By the definition of C, one can easily check that QA = QN C. In particular Q N A is
open. Therefore, since by Remark 3.3 we have U,, N2 = F,,, D QNA =QNC, we easily obtain
(0U,, N Q)N C = 0, that is the free boundary cannot enter inside C. Thus we can write Uf, as
the increasing union of the sets

Bj :=0U;, N{x € R" : dist(z,C) > 1/¢}.
Let us write C as the intersection of a countable set of halfspaces:

CzﬂHk, Hk:{$€Rn2 <$,7)k><0}.
k

We see that each set Bj can be written as

Bf = Bfr, By =0UL N {z eR" : dist(z, Hy) > 1/0}.
k

We now remark that, since for any k& € N the set Q N {dist(z, Hx) > 1/¢} is separated from A
by a hyperplane, by the same proof in [8, Section 5] we deduce that Bj, N2 is contained in a
semiconvex graph. This easily implies that the set OU, N (2 is locally semiconvex. ]

Remark 4.6 If we exchange the role of 2 and A in the above propositions, the above regularity
properties hold for dV,,, in place of OU,,.

4.2 Regularity of the transport map and of the free boundary

By the results of Section 2, we know that the optimal plan ~,, is induced by a convex function
Y via Y = (Id X Vb ) fm. Since Vb, g frn = gm, we will say that vy, is a Brenier solution
to the Monge-Ampere equation

I (Vi (x))

We recall that the function 1), was constructed applying Theorem 2.3 to the Monge-Kantorovich
problem:

det (V) (x) = on F,, Vi (Fy) C G (4.3)

minimize C(y) = / |z — y|? dy(z,y)
R xR"™

among all v which have f+ (g —gm) and g+ (f — fin) as first and second marginals, respectively
(see Proposition 2.4). In particular Vi), is unique f-a.e. Therefore, if f is strictly positive on
an open connected set 2 C R”, then ¥, is unique on 2 up to additive constants.

We now want to deduce regularity properties on v, and 0F,,. Exchanging the role of f and
g, all results on ¢, and F},, will be true also for ¢}, and G,,. We recall that, thanks to Remark
33, Fn=U,NnQ G, =V, NA.

Assumption 1: we assume that f and g are supported on two bounded open sets Q and A
respectively. Moreover we assume that f and g are bounded away from zero and infinity on
and A respectively.
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In order to prove regularity results on transport maps arising from the Monge-Kantorovich
problem it is well known that one needs to assume at least convexity of the target domain (see
[7]), but even assuming A to be convex one cannot expect G, N A to be convex. However we
can adapt the strategy used in [8, Section 6] in order to prove local Ch* regularity of v,,. On
the other hand in our case, even assuming f and g to be C**°, we cannot expect ¥, to be C'*®
in the interior of €2, while this is the case if {2 and A are disjoint (see Remark 4.9 below).

The idea to prove interior regularity for v, is to apply Caffarelli’s regularity theory. To this
aim we have to prove, as in [8, Section 6], that v, solves a Monge-Ampeére equation with convex
target domain. Let us recall the interior regularity result of Caffarelli [7]:

Theorem 4.7 Let f and g be nonnegative densities supported on two bounded open sets €2 and
A respectively. Assume A convex, and that f and g are bounded away from zero and infinity on
Q and A respectively. If ¢ : R" — (—o0,+0o0] is a convex function such that Viyuf = g, then
there exists o > 0 such that 1) € Cl’a(Q). Moreover 1 is strictly convezr on (2.

loc

Let us therefore assume A convex. Since Vi), solves the Monge-Kantorovich problem from

Jm+(f = fm) +(g—9m) 10 gm+(f — fn) +(9—9gm), and Vi, (v) = x for v € {f > frn}U{g > g},
we have

Vwm#(fm + (g - gm)) =9 (4'4)

This implies (see Theorem 2.3) that Vi), solves a Monge-Kantorovich problem where the target
measure g is bounded from away from zero and infinity on the bounded open convex set A. Since,
under Assumption 1, fy, + (g — gm ) is bounded from above, in order to apply Caffarelli’s interior
regularity theory we need to prove the existence of an open bounded set on which this density
is concentrated, and to show that it is bounded away from zero on this set. We observe that

V¢m($) =T and fm(x) - gm(x) = (f /\g)(x>

for a.e. z € {f — frn, > 0} U{g — gm > 0} (see Theorem 2.6). Thus

Jm=9m=1fNg HO0< fin<for0<gm<g.

This easily implies that
fm+(g_gm):f or fm+(g_gm):g if fm=/for fm=[fAg,

fm+(g_gm):g if frn = gm =0.

Therefore
B [ forg inU,NQ,
S+ (9= gm) = { p in A\ 77, (4.5)
Thus fm, + (g — gm) is bounded away from zero on the domain (U,, N ) U (A \ V,,,), and this
domain has full mass since dV,,, has zero Lebesgue measure (see Proposition 4.4 and Remark

4.6). Combining this with Theorem 4.7, we obtain:
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Theorem 4.8 (Interior C'1* regularity) Suppose that Assumption 1 holds, and that A is
convex. If 1y, is a Brenier solution to (4.3), then iy, € CI{)’S‘(Um N Q) and is strictly convex on
UnNQ.

Remark 4.9 (Smooth densities need not to have a smooth solution) In [8], the authors
show that, if f and g are C'°° with disjoint supports, and if the support of g is convex, then
Yy, € C°. This property strongly relies on the fact that the supports are disjoint. Indeed, even
if we assume f (resp. g) to be C* we cannot expect f,, (resp. gm,) to be continuous on its
support. In particular we cannot expect for higher regularity results. Consider for instance the
following 1-dimensional example: let h > 0 be a even function on R of class C'*® with support
contained in [—1, 1]. Define

f(@) = Xj—aq (@) + Rz +2),  9(x) = X—aq(2) + h(z - 2)

(where x4 denotes the indicator function of a set A). If m = my,, = 8, then all the common
mass stay at rest. If now m = 8 + ¢ with 0 < ¢ < f_ll h, then the following happens: let
d = d(e) € (0,2) be such that f:11+6 h = fll—é h = ¢, and let Ts denote the optimal transport
map (for the classical Monge-Kantorovich problem) which sends f X[-1-6,1+5) N0 gX[—1-5,1+4]-
Then it is not difficult to see that

x if v € [—4,—-1-9],
ol (z) =< Ts(x) ifxe[-1-4,1+4],
x if x € [1+46,4],

fm = X[=a,4)(%) + Bz + 2)X[=1-5,—1](T), Im = X[-4,4)(7) + M@ = 2)X[1,146] (7).
Therefore, although f and g are C* on their supports (which are smooth and convex), f,, and
gm are not continuous. Since

po Im o a),

gm © Yy,
and 1)/ is continuous on [—4, 4] (so that ¢/ (=1 —¢§) = —1 — §), we get that

zﬂ(lflrln—é")_ ;:Z(:E) =1

lim ¢/ (z)= lim Jn () :f(_l_é):1+h(1—6)>1,

z—(—1-6)*t m z—(—1-6)* gm(fl/};n(x)) g(_l - 5)

and so ¥, is not C2.

We now want to prove global C! regularity of 1,, up to the free boundary. Moreover we will
prove, following the lines of the proof of [8, Theorem 6.3], that the free boundary is locally a C'*
hypersurface away from 2 N A, and the transport map displaces along it in the perpendicular
direction. To this aim, we will need to assume strict convexity of the domains:
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Assumption 2: Q) and A are strictly convex.

We remark that Assumption 2 implies in particular that 2 is connected. Thus ¢, is uniquely
defined on €2 up to additive constants, and it makes sense to speak about the Brenier solution

o (4.3).

Theorem 4.10 (Global C' regularity) Suppose that Assumptions 1 and 2 hold. Let vy, b
the Brenier solution to (4.3). Then there exists iy, € C(R™) ﬂCllog‘(U NQ) such that 1, = wm

on U, NQ, V’L;m(l') =z on A\ V,,, and Vzﬂm(R") = X. Moreover Vb, : Uy, N2 — Vi N A s

a homeomorphism.

Proof. Since the assumptions on f and g are symmetric, by Proposition 2.4 we deduce that V1,
is the unique optimal transport map for the Monge-Kantorovich problem from g, + (f — fm) to
f. By Theorem 4.8 applied to 9, we know that ¢y, € C’llof(V N A) and is strictly convex on

VimnNA. Since Q and A are both convex, we can apply Proposition 4.5 (with C' = ) to deduce that
(OVy \ O2) N A is locally semiconvex. Moreover, as Vi, (y) = y for a.e. y € A\ V,, C {9 > gm},
we obtain ¢, (y) = ‘y| + C on each connected component of the open set A\ V;,,. Thus it is
not difficult to see that Yy, is strictly convex on the full domain A, and thanks to the strict
convexity of A ¥ is strictly convex also on A. Let us consider the strictly convex function

b = vr on A,
™7 4oo on RT\ A,

and define v, := ¢*,. Exactly as in [8, Theorem 6.3], the strict convexity of ¢,, implies that
@m e CY(R™). Furthermore, since y € Y, (z) if and only if 2 € A (y), we deduce that
81/Jm(]R") C A, which implies that ¢, is globally Lipschitz. Finally, as ¢, > ¥, with equality
on A, we deduce that

U () < Y () Vo € R" with equality if Oy, (z) N A # 0.

Since by (4.4) and (4.5) Vi), (x) € A for a.e. z € (U, NQ)U (A\ V), we deduce that 1, gives
the desired extension of 9,. This implies in particular that V), : U,, N Q — A extends to a
continuous map from U, N Q to V,, N A. Indeed the extension cannot takes values outside V;,
since f, does not vanish on Uy, N Q and V¢4 frm = gm is supported on Vi, NA.

By the symmetry of the assumptions on f and g, the above argument implies that also
Vk t Vin N A — Q extends to a continuous map from V,, N A to U, NQ. Since by (2.2)
Vil (Vo (z)) = z a.e. inside U, NQ, and Vi, (V! (y)) = y a.e. inside V,,, N A, by continuity
both equalities hold everywhere inside U, N Q and V,,, N A respectively. Thus Vi, : U,, NQ —
Vin N A is a homeomorphism with inverse given by V) . Since both maps extend continuously
up to the boundary, we deduce that V’([Jm Uy N — VN A is a homeomorphism. O

We can now prove the C! regularity of the free boundary away from Q N A.

Theorem 4.11 (Free boundary is C! away from Q2N A) Suppose that Assumptions 1 and
2 hold. Let 0U,,NQ) = (8Ufn N Q) U (8U7bn N Q) be the decomposition provided by Proposition 4.5
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with C = A, and let ¥, be the C extensions of Y provided by Theorem 4.10. Then OUy, N
is locally a O surface, and for all x € OUE, NQ the vector Vi, (x) — x is different from 0, and
gives the direction of the inward normal to Up,.

Proof. Let us recall that
Un = (Q N A) U U B\i—m(ﬂ),
(z,9)€l'm
where I';,, was defined in (3.1). Since by Theorem 4.8 Vi, : Uy, NQ — V;,, N A and Vi), -
Vi N A — U, NQ are both continuous, we can write

Un=(QNA)U U Blo- V()| (V¥ ().

z€UmnNQ

Moreover, since vaZ}m : Upn NQ — V,, N A continuously extends Vi), (see Theorem 4.10), as in
the proof of Lemma 4.3 we obtain that

Un=(QNA)U U B, vi. (wm( ).
x€UnNQ

Let us fix z € OUS, N Q. First of all, since z is at a positive distance from A, it is clear that
V@m(z) — 2z # 0, and that B|z—V1Zm(z)| (Vzﬁm(z)) C Up, touches OUE, N Q) at z. Moreover, with
the same notation as in the proof of Proposition 4.5, there exists ¢, k € N such that z € BZk Nne,
and Bj, N (1 is the semiconvex graph of a function wuyy : R" ! — R, with U, is contained in
the epigraph of ug . These two facts together imply that, if z = (2/,us,(2’)) and 2’ is a point
where uyy, is differentiable, then the vectors (—V'ugx(2'),1) and Vb, (2) — 2 are parallel (here
V' denotes the gradient with respect to the first n — 1 coordinates). Writing Vzﬁm(z) — z with
respect to the system of coordinates induces by wuy j, that is

VYZJm(Z) —z= (V,@Z}m(z) - Z/a anlljm(Z) - Zn)a
we obtain that, if 2’ is a point of differentiability for g ;, then Onthm (2)—2n = Onthym (2, wrk(2'))—
urk(2") # 0 and the gradient of uyy is given by
V'thy (2, wr(2')) — 2/
Ontm (2", uek(2')) — wen(2)

V'u&k(z') = —

From this and the uniform continuity of V,,, we deduce that 2/ — V' uy k(2') is uniformly
continuous on its domain of definition. Thus V’ ug 1, has a unique continuous extension, and the
function wyy, is C'. This easily implies the thesis. O

Following the strategy used in the proof of [8, Corollary 6.7], we can prove the path-
connectedness of the active regions (observe that with respect to the proof in [8] we cannot
use [8, Corollary 2.4], so we need to slightly change the argument, although the strategy of the
proof is the same).
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Corollary 4.12 (Path-connectedness of the active region) Suppose that Assumptions 1
and 2 hold, and let 1, be the C' extensions of 1y, provided by Theorem 4.10. Then U, N is
path-connected.

Proof. Fix xo,x1 € U, NS, and let x; := (1 — t)z¢ + tz1 the segment joining them. Let us
assume that the segment x; is not entirely contained in U,, N (otherwise the thesis is trivially
true), and let [¢',¢"] C [0, 1] be a maximal subinterval such that z; & U, N for all ¢t € [/, "].
As in the proof of [8, Corollary 6.7], we will construct a path in U, N Q which connects xy to
apr. Iterating this construction on all intervals [¢', "], the path connectedness follows.

Since all x; belongs to the strictly convex set Q for ¢ € [0,1], both zy and s necessarily
lie on the free boundary AU, N Q. We will prove that the segment ys := (1 — §)Vtby () +
svwm(xtu) lies in V,,, N A. Then the homeomorphism V), will give the desired path [t/,#"] 3

t — VQ/J (y ?, t/ ).
Let z5 := (1 — 8)xy + sz reparameterize the segment between zy and x4, By construction

we know that z5 & Uy, N Q2 for all s € (0,1). Assume by contradiction that there exists § € (0,1)
such that ys € V;,, N A. We observe that, by the strict convexity of | - |2,

|25 — ysl* < (1= 8)[ey — Vi (zn)? + 8|z — V(@)
Without loss of generality we can assume |zy — Vb, (2y)| < |20 — Vb (24)|. Thus we have
|25 = ysl® < e = Vi (ap)]?

The idea is to remove some mass near (xy, Viby, (2y) and to add it to (zs, ys) to contradict the
optimality of v, = (Id x Vz/;m)#fm.

We first prove that for any ¢’ > 0 the set By (zp) N (Um N Q) has positive mass with respect
to fm. Observe that two possibilities arise: either zy € (OU,, N Q) \ A, or zp € (2N A). Since
Upn D QN A and (0U,, NQ) \ A is locally a C! hypersurface, it is simple to see that in both cases
xp belongs to the support of f,.

Thanks to this fact, if we fix € > 0 small enough, we can find 0, d,, 0’ > 0 small such that

Bs, (z5) N Uy NQ =0, Bs, (z5) N By (zy) = 0, B(;y (ys) NV, NA =10,

[ - 9= [ fn=e
B, (2s) Bs,, (ys) Bsi (x4r)

lz —y|? < |z’ — Vi (z)] Va € Bs,(2s), y € Bs,(ys), *' € By (xp).
Thus it is not difficult to check that, if we define

and

= (Id x Vtpn) (1 - XBy (z,)) fm) + %(fXB(;z (2)) @ (QXB(;y(@))

then 4 € I'(m), and C(¥) < C(vym) = C(m). This contradiction gives the desired result. O
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As in [8, Lemma 6.8], we can also prove that Vm does not map dU,, N2 on dV,, N A:

Proposition 4.13 (Free boundary never maps to free boundary) Suppose that Assump-
tions 1 and 2 hold, and let 1, be the C' extensions of 1y, provided by Theorem 4.10. Then

(a) if & € OU,, NQ, then Vb, (z) & OV N A;
(b) if x € AU, NOQ, then Vb, (x) & Vi, NA.

Proof. We first prove (a). Let & € AU, N, and assume by contradiction that Vi, (x) €
Vi N AL First of all we observe that, since 9V, N(QNA) = ), then 9V;, N ANQ = (). Therefore
Vi (z) — x # 0, and we have

B (x) C Vi,

|V (2)—a
with Blviﬂm(w)—wl(x) touching V, at Vb, (z). We can now use the argument in the proof of
[8, Lemma 6.8] to deduce a contradiction. Indeed, let us define z, = = + (Vb (z) — ) (so
that xg = x). Since B\m—vi;m(x)\ (Vz/Jm(J:)) C Uy, we have that z, € U, N for r small enough.

Let y, := Vb (2,) (so that yo = Viby,(2)). Since Vi, is a homeomorphism from T, N onto
Vin N A, we have y, # y for r > 0. Moreover, by the monotonicity of the gradient of a convex
function,

0 < (yr — yo,zr — z0) = 7(Yr — Y0, Yo — Z0)-

This implies that y, lies in the halfspace {y € R™ : (y — yo,yo — zo) > 0} for all » > 0, and
Yo is the (unique) closest point to .. Thus yo € By, _4,|(z) for r > 0 small. Since any point
§ € Vim N A sufficiently close to yo must also belongs to By, _, (%) N A, this fact contradicts
yo=1vy € OV, NA.

To prove (b) observe that, by the symmetry of Assumptions 1 and 2 and by (a), the inverse
V’l/;;l of Vi, satisfies that, if y € dV,, N A, then Viﬁfn(y) ¢ OU,, N Q. This implies that, if
Vipy(x) € OVyy N A, then z & OU,, N Q. Since OU,, N Q = U, NQ = (8U,, N Q) U (8U,, N IN),
(b) follows from (a). O

Thanks to the above proposition, one can show that inactive region maps to target boundary.

Corollary 4.14 (Ingctive region maps to target boundary) Suppose that Assumptions 1
and 2 hold, and let ¢, be the Cl extensions of Py, provided by Theorem 4.10. If x € Q\ Uy,
then Vb, (x) € OA.

Proof. If & € dU,, N, by Proposition 4.13 we have Vi),(z) & 9V, N A. Since Vi, :
Upn NQ — V,, N A is a homeomorphism which maps the boundary on the boundary, this implies
that Vi, (z) € d(UnmNA)\ (OV;nNA) C dA. Thus it remains to consider the case z € Q\Up, N 82,
and the proof is exactly the same as in [8, Corollary 6.9]. O

Remark 4.15 In [8, Sections 7] Caffarelli and McCann prove that the free boundary is locally
C1@ (and not only locally C'). A key fact to achieve this result is that the free boundary never
maps to the free boundary, so that if x € OU,, N ) one can exploit the convexity of V;, N A near
V(/;m(ac) to ensure that the Monge-Ampere measure associated to Vd;,*n has a doubling property
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(see the discussion at the beginning of [8, Sections 7]). It seems therefore plausible that one
could adapt their proof in our situation, improving the C’llOC regularity of the free boundaries

away from QN A into a C’llo’f regularity.
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