THE SINGULAR SET IN THE STEFAN PROBLEM
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ABSTRACT. In this paper we analyze the singular set in the Stefan problem and prove the following results:
e The singular set has parabolic Hausdorff dimension at most n — 1.
e The solution admits a C°°-expansion at all singular points, up to a set of parabolic Hausdorff dimension
at most n — 2.
e In R?, the free boundary is smooth for almost every time ¢, and the set of singular times S C R has
Hausdorff dimension at most 1/2.
These results provide us with a refined understanding of the Stefan problem’s singularities and answer some
long-standing open questions in the field.

1. INTRODUCTION

The Stefan problem, dating back to the XIXth century [St, [LC|, aims to describe phase transitions, such
as ice melting to water, and it is among the most classical and well-known free boundary problems. In its
simplest formulation, this problem consists in finding the evolution of the temperature 6(z,t) of the water
when a block of ice is submerged inside. Then, the function # > 0 satisfies 0;:0 — Af = 0 in the region
{6 > 0}, while the evolution of the free boundary 0{6 > 0} (the interphase ice/water) is dictated by the
Stefan condition ;0 = |V.0|?> on 9{6 > 0}.

Let x4 denotes the characteristic function of a set A. After the transformation u(zx,t) := fot O(x,7)dr,
one can note that {u > 0} = {# > 0}. Also, as explained in [Duv73, Bai74] (see also [Figl8al), the Stefan
problem becomes locally equivalent to the so-called “parabolic obstacle problem”:

Opu — Au = —X{u>0}
u>0
Ou>0
Ou >0 in{u> 0}

in Qx(0,7) C R" xR. (1.1)

The regularity of the free boundary for the Stefan problem was developed in the groundbreaking paper
[Caf77]. The main result therein establishes that the free boundary (i.e., the interface 0{u > 0}) is C* in
space and time, outside some closed set ¥ C Q x (0,T) of singular points at which the contact set {u = 0}
has zero density.

1.1. The singular set. The fine understanding of singularities is a central research topic in several areas
related to nonlinear PDEs and Geometric Analysis. A major question in such context is to establish estimates
for the size of the singular set — see [Sim68| [CKN82| [Whi00l [Alm00] for some famous examples.

For the Stefan problem , a variant of the techniques used in the study of the elliptic obstacle problem
yields the following result: for every ¢, let ¥; denote the singular points at time ¢ (so that ¥ = Use(o,1) 2t X
{t}). Then ¥; C R™ is locally contained in a (n — 1)-dimensional C* manifoldlﬂ This is optimal in space,
in the sense that the singular set could be (n — 1)-dimensional for a fixed time ¢ = t3. However, it is not
clear what the optimal size of the singular set in time should be; see [LM15] for some partial results in this
direction.
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IThis follows from the uniqueness of blow-ups, proved in [Bla06].
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The first natural question in this direction is to estimate the parabolic Hausdorff dimensiorﬂ of the singular
set X, denoted dimy,a(X). Here, by refining our understanding of singular points, we establish the following:

Theorem 1.1. Let Q@ C R™ be an open set, let u € L=(Q x (0,T)) solve the Stefan problem (1.1), and let
X CQx(0,T) be the set of singular points. Then

dimpa(X) <n — 1.

As mentioned above, the singular set could be (n — 1)-dimensional in space for a fixed time ¢ = ty. Hence
our result gives the optimal bound for the parabolic Hausdorff dimension of 3. Also, since the time axis has
parabolic Hausdorff dimension 2, Theorem implies that, in R?, the free boundary is smooth for almost
every time ¢ € (0,7). Therefore, it is natural to ask ourselves if a similar result holds in the physical space
R3 and, more in general, “how often” singular points may appear.

In [Caf78|, Caffarelli showed that any C'' curve contained inside ¥ cannot evolve with time (i.e., it must be
contained in a fixed time slice {t = #¢}). However, apart from this result, nothing else was known concerning
this question. Here, we prove the following estimate on the size of singular times in the physical space R3:

Theorem 1.2. Let Q C R3, let u € L=°(Q x (0,T)) solve the Stefan problem (1.1)), and let
S:={te(0,T) : I(z,t) € X} (1.2)
denote the set of “singular times”. Then,

dimy(S) <

DN | =

In particular, for almost every time t € (0,T), the free boundary is a (n — 1)-dimensional submanifold of R™

of class C*°.

This is the first result on the size of the set of singular times for the Stefan problem. In particular, prior
to this result, it was not even known if solutions to the Stefan problem could have singularities for all
times t € (0,7) (not even when n = 2).

We do not know if the dimensional bound 1/2 is sharp for the Stefan problem in R3, but this bound is
definitely critica]ﬂ, and we would not be surprised if our bound turned out to be optimal.

Our Theorem [I.2] above follows from more general result valid in arbitrary dimension R™. As explained
in more detail below, we prove that the singular set is C°°, outside a small subset of parabolic dimension at
most n — 2.

Theorem 1.3. Let Q C R", and let u € L>=(Q x (0,T)) solve the Stefan problem (1.1)). Then there exists
3% C ¥ such that

dimpa, (X \ %) <n — 2, dimy, ({t € (0,T) : 3(z,t) € B°}) =0,

and ¥ C Q x (0,T) can be covered by countably many (n — 1)-dimensional submanifolds in R"*! of
class C= [}

In a sense, this result says that the singular set can be split into two separate pieces: one which is very
smooth and extremely rare in time (the set 3°°), and one which is small (of dimension at most n — 2).
As a consequence, we also deduce the following corollary in 2 dimensions:

2The parabolic Hausdorff dimension is, by definition, the Hausdorff dimension associated with the “parabolic distance”
dpar ((z1,t1), (22, t2)) = \/|z1 — 222 + [t1 — t2|. Notice that, if we denote by dimy(E) the standard Hausdorff dimension of a
set E C R"™ = R" x R, then dimy(F) < dimpa,(E). On the other hand, the time axis has parabolic Hausdorff dimension 2,
while it has standard Hausdorff dimension 1.

3The reader familiar with fluid equations may note that 1/2 is the same bound currently known for the dimension of singular
times in the Navier-Stokes equation; see the classical result of Caffarelli, Kohn, and Nirenberg [CKN82]. We do not see any
connection between the fact that the numbers are the same. Actually, while for Navier-Stokes many people would like to prove
that singular points do not exist, in the Stefan problem singular points exist and can be rather large. Also, given the analysis
performed in our paper, the estimate 1/2 is sharp in many points (see Remark .

4Here, the submanifolds that cover £ are of class C° as subset of R"*! with the usual Euclidean distance, not with respect
the parabolic distance. So, our statement is much stronger than the previously known results (for instance, [LM15] proved ct
regularity of ¥ with respect to the parabolic distance, which implies only ct/? regularity in time).
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Corollary 1.4. Let Q C R2, and let u € L>®(Q x (0,T)) solve the Stefan problem (L.1)). Let S be as in
(11.2). Then

In the next section, we briefly explain the general strategy behind the proofs of our results.

1.2. Ideas of the proof. To prove Theorems and we need to introduce a variety of new ideas
with respect to the existing literature, combining tools from geometric measure theory (GMT), PDE esti-
mates, dimension reduction-type arguments, and new monotonicity formulas. Let us give a quick overview
of the main steps in the proofs.

Let (zo,t,) be a singular point. It is well known that

w(o + T, to + 1) = pag, o () + o(|z[* + [¢]), (1.3)

where p2 4, 1, (z) is a quadratic polynomial of the form %JJTAQB, with A > 0 and tr(A) = 1. In particular,
the set of singular points can be descomposed as ¥ = Ufn_:lozm, where

S = {(@o, to) € X ¢ dim({p2,zo,1, = 0}) = m}, m=0,...,n—1

Moreover, for each m, the set ¥,,N{t = t,} can be covered by a C! manifold of dimension m. Unfortunately,
the previous expansion implies only C''/2 regularity in time for the covering manifolds. In particular, because
of this, implies a non-sharp bound on the parabolic Hausdorff dimension of »,,.

To prove Theorem our strategy is to refine in the time variable, by developing a parabolic
version of [FS17]. This is the content of the first part of the paper. A key tool for this is a truncated version
of the parabolic frequency function

r2 f{t:_TQ} |Vw|?G dx

¢(T7 w) = f{t:_rz} w2de 9

where G is the time-reversed heat kernel. We will see that (a truncated version of) ¢(r,w) is essentially
monotone in 7 for

w=u(To + -, to + ) — D220 t0-
Thanks to this fact, assuming with no loss of generality that (x,,%,) = (0,0), we can prove that
(u — pa)(rx, 7°t)
|u—p2l|r

along subsequences, where ¢ is a parabolically homogeneous function.
We then show the following:

— q(x,t) asr — 0 (1.4)

(i) If (0,0) € X,,, with m < n — 2, then the function ¢ is a quadratic caloric polynomial. This means
that the expansion cannot be improved at these points! Hence, to get an improved dimensional
bound on ¥, we employ a barrier argument in the spirit of [FRS20]. More precisely, since m < n—2,
we can exploit the fact that X,, has zero capacity to build a refined barrier and show that

dimpar (X,) < m, 0<m<n—2.

(ii) If (0,0) € ¥,,—1, then ¢ is a homogeneous solution of the parabolic thin obstacle problem. We denote
by E;ﬁl the subset at which the homogeneity is less than 3.

(a) If (0,0) € Z:El, we show that d,q #Z 0 and that ¢ is convex in all directions that are tangential
to {p2 = 0}. This allows us to perform a dimension reduction that, combined with a barrier
argument, implies

dimpa, (53,) <n — 2.

(b) If (0,0) € £,,_1 \ ©3, we show that ¢ is always 3-homogeneous, hence
(o + o + ) = oo + Olz]* +[t*/?), (1.5)
and the same barrier argument as in (ii)-(a) implies that

dimpa, (Zn-1 \ Z2)) <n — 1.
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Combining these estimates, Theorem follows.

We wish to remark that, although these proofs require a series of delicate new estimates, the strategy
behind this first result is a generalization of the ideas in [FS17, [FRS20] to the parabolic setting. However,
to prove Theorems and completely new ideas are needed.

Indeed, in the elliptic setting one can show that, outside a small set of dimension n — 2, the “second
blow-up” ¢ is a cubic harmonic polynomial and the frequency function is still (almost) monotone for the
function w = u — pa — ¢. This fact was crucially used in [FRS20] and it allowed us to prove that, in the
elliptic setting, an expansion of the form

u = pz + p3 + pa + o(|z]°~F) with ps and ps harmonic polynomials,

holds up to a set of dimension n — 2.

Unfortunately, these methods completely break down in the parabolic setting, as the “second blow-up”
q(z,t) is mever a cubic caloric polynomial: indeed, as we shall see, at most points of ¥, 1\ =3, (that
we shall denote as X*, see Definition m) q is typically of the form t|x, |+ %\:Un]?’ and frequency formula’s
method employed in the elliptic setting breaks downﬂ Thus, if we want to improve , we need to develop
completely new methods.

One of the main difficulties in the present paper is actually to pass from a cubic expansion (1.5) to an
expansion of order 3 + 3 for some 8 > 0. More precisely, the goal is to prove that

u(z,t) =y, + alan|(t + i) + p3* (z, 1) + O (2] + [1]'/?)**7), (1.6)

for some a > 0 and pgdd an odd cubic caloric polynomial. One of our key results here (which is probably
the most delicate part of the whole paper) is that, up to a change of coordinates, holds up to an
(n — 2)-dimensional set.

This is a new paradigm of dimension reduction, where we do not have a frequency or similar powerful
monotonicity formula. Our strategy is the following: first, in Section we prove a monotonicity-type
formula of order 5/2 (so, weaker than the natural one, which should be of order at least 3). This weak
formula plays a crucial role in Section [II were we show the following dichotomy: roughly speaking, given
a scale r, either ¥* looks at most (n — 2)-dimensional at such a scale, or the size of u — ps — g decays at a
fast rate (more than 3) at such a scale, see Proposition With this result at our hand, we can perform
a delicate GMT covering argument to prove the validity of outside an an (n — 2)-dimensional set, see
Section

Once we have proven , we need to push the expansion to higher order. For this, we develop a
barrier argument to show that the set {u > 0} splits into two separate connected components inside the set
QF = {|z|**P < —t}.

Note that, under the parabolic scaling (x,t) — (rz,7t), the set Q7 converges to R x (—00,0) as r — 0.
In other words, we have “broken the parabolic scaling”. This means that we may expect the solution u
to behave, inside QF, as two (almost) independent solutions of the Stefan problem inside each connected
component of {u > 0}. In other words, u should behave as the sum of two solutions of the Stefan problem
for which (0,0) is a regular point!

The last step, which is carried out in the third part of the paper, is to prove a C'°° regularity result near
reqular points, which is robust enough to be applied in our setting. More precisely, we want to show that if
@ is a solution of the Stefan problem such that {@# = 0} is sufficiently close to {z,, < 0} inside Q7 then we
have a C* expansion for @ at (0,0). We then apply this result to our solution u restricted to each connected
component of {u > 0} N Q7 and we obtain a C*®-type regularity for u.

As a corollary of this C*° expansion we are able to prove that, outside a (n — 2)-dimensional set, if (o, )
and (x1,t1) are singular points then

lto — t1| = o(|zo — x1|¥)  for every k > 1.

5This issue is already present in dimension 1, and it can be understood as follows: since u ~ %xi + tlzn| + é|xn|3, in a
parabolic cylinder €, := B, x [—r2,0] the set {u = 0} has volume r" ™3 (roughly, it behaves as the set €. N {|z»| < [t|}). This
error becomes critical when considering a frequency formula of order at least 3, and a completely different strategy needs to be
found.
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This implies Theorem and finally Theorem [I.2) and Corollary [1.4] follow as immediate consequences.

Remark 1.5. In view of our proof strategy, the dimensional bound 1/2 in Theorem for the set of singular
times in R? is critical in at least two ways.

On the one hand, in the lower strata >, with m < n — 2, both and the bound dimp,,(X,,) < m are
optimal. In particular, in R3, the projection of ¥1 on the ¢ axis has dimension at most 1/2, and it looks
unlikely to us that one can improve this bound.

On the other hand, the dimension bound 1/2 is also critical when we look at 9. Indeed, the set of points
at which does not hold has parabolic dimension at most n —2(= 1). So, also for this set, its projection
on the t axis is expected to have dimension 1/2. Whether this bound can be improved is very unclear to us,
and if possible, it would require a completely new understanding of this type of points.

1.3. Organization of the paper. In Section [2| we introduce some notation that will be used throughout
the paper. Then, in Section [3] we first recall some classic results on the Stefan problem and then establish
some new basic properties of solutions. In Sections[4] and [5| we introduce some new parabolic functionals and
monotonicity formulas of Weiss and Almgren-type. This allows us, in Section[6] to consider the second blow-
up at singular points (see ), and then prove in Section [7| that this blow-up is 3-homogeneous at “most”
singular points. In Section 8 we construct some appropriate barriers, adapted to each type of singular point,
which allow us to prove Theorem We then study cubic blow-ups in Section [9} As explained before, a
key and difficult part in the proof of our results is to pass from the cubic blow-ups to an estimate of order
3+ 3, with 8 > 0 (see ) This is accomplished in Sections and Finally, we show in Section
that this implies a C*° estimate at “most” singular points, and in Section [14] we finally give the proof of
Theorem and its consequences.
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2. NOTATION USED THROUGHOUT THE PAPER

In this section we introduce the notation and the mathematical objects that will be used consistently
throughout the paper. In particular, the letters G and ( always refer in the sequel to the Gaussian and the
spatial cut-off introduced below, and — since they appear often in the paper — we will not recall this every
time.

2.1. Operators. We define the following useful operators that will be used in all the paper.
H:= (A - 0;) (that is, Hf := Af — 0,f)
Z = (x-V +2to) (that is, Zf :=x -V f+2t0.f).

2.2. Gaussian kernel. We introduce the “reversed heat kernel” in R" x (—o0,0):

_ 1 |z
G(f,t) = W exp <4t> .

2.3. A bilinear form. Given r € (0,1], we denote by (, ), the following bilinear form defined for pairs of
functions f,g: R" x (—1,0) — R*:

(Fog)r = /R (- g)e ) Gl ) do

In the special case r = 1, we sometimes use the notation (, ) := (, );
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2.4. Functionals D and H. Throughout the paper we shall use the following dimensionless quantities
defined for all functions w : R x (—1,0) — R sufficiently regular (in our application, w will be at least C'1+!
in space and C%! in time):

D(r,w) := 2r(Vw, Vw), = 27“2/ \Vuwl|*G, H(r,w) = (w,w), = / w?G.
{t=—r2} {t=—r2}

2.5. Parabolic rescaling. We introduce here a useful notation for parabolic rescaling and normalization.
Given a function w : R™ x (—1,0) — R, for » > 0 we define w, and @, as

Wy B w(r',TQ-)
H(l,w)2:  H(rw)?

Note that H(1,w,) = 1. Also, the following commutation properties of the parabolic rescaling with H and
Z hold:

wy(z,t) := w(re, r’t) and Wy (x) = (2.1)

H(f,) = r*(8f), and Z(f;) = (Zf),.
Furthermore,

(f,9)r = (fr,9r), where (, ) = (, )1.

2.6. Homogeneous functions. We say that a function f(x,t) is (parabolically) A-homogeneous whenever
f(ra,r?t) = r* f(x,t) for all » > 0. Equivalently, f is A-homogeneous whenever Zf = \f.

2.7. Spatial cut-off. Throughout the paper, we will save the letter ( to denote a spatial cut-off as follows:

This cut-off function will be crucial, since the functionals D and H that appear in monotonicity formulae
need functions defined in the whole space. Hence, we shall multiply our solution and its derivatives (which
are defined only in a bounded domain) by ¢ in order to define functions defined in the whole space (of course,
by doing so we will introduce errors in the equation but these will be exponentially small).

2.8. Parabolic cylinders. Given r > 0, we define the parabolic cylinder %, as
%, .= B, x (—12,0).
2.9. Spatial projection and projection onto time axis. We use the notation 7, : R® x R — R™ and
7 : R™ x R — R to refer to the canonical projections:
me(x,t) =z and m(x, t) :==1. (2.3)

3. CLASSICAL AND NEW FACTS ABOUT SOLUTIONS TO THE STEFAN PROBLEM

It is well known, by the results of Caffarelli [Caf77], that solutions to the Stefan problem are C''! in space
and C%! in time. So, we consider here u € Cp' N C'tO’I(Bl x (—1,1)) a solution of the parabolic obstacle
problem

Hu = X{u>0}
u>0 in By x (—1,1). (3.1)
O >0 in {u >0}
Note that, since u is nonnegative, (3.1)) implies that u is nondecreasing in time inside By x (—1,1).
By Caffarelli [Caf77], any solution w of (3.1)) with (0,0) € 9{u = 0} satisfies
sup |D2u| 4 [0pu| < Clu( - ;0)[[ oo (By) and sup u(-,0) > cr?® Vr e (0,1), (3.2)
By /2%x(—1/2,0) B (0)
where C, ¢ are positive dimensional constants.
Notice that, if u is a solution of (3.1]), then
urole = 2y (ze + 1 to + 17 )

is also a solution (in the corresponding rescaled and translated domain).
The classical theory defines the following two type of points on the free boundary 0{u > 0}:
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e Regular points: (zo,t,) € O{u > 0} is a regular point if

1 2
: To,lo,T _ = .
}m%u (t,z) = 5 (max{0, e - z})

for some e € S,
e Singular points: xo € 0{u > 0} is a singular point if
lim u* " (¢, ) —
Tl_I}I(l)u ( ,.Z') p271701to (.’IJ),

where ps 4, ¢, is a convex quadratic 2-homogeneous polynomial which does not depend on time.

The convergence in both cases is locally uniformly in compact sets of R x R.
When (o, t,) = (0,0) is a singular point, we simplify the notation by writing ps instead of ps g . Through-
out the paper we will denote

Y := {singular points in By x (—1,1)} C d{u > 0}.

The following result follows from [Caf77], from [KN77] for the higher regularity near regular points, and
from [Bla06] for the uniqueness of blow-up at singular points:

Theorem 3.1. Let u € Cy'' N CYN(By x (=1,1)) solve (3.)). Then, every free boundary point is either

regular or singular. Moreover, the set of reqular points is relatively open inside the free boundary, and it is
a C* (n — 1)-dimensional manifold inside By x (—1,1).

As a consequence of the parabolic Monneau-type monotonicity formula proved in [Bla06l [LM15], we have
the following result for the singular set.

Proposition 3.2. Let u € Cy' NCYM (By x (=1,1)) solve (3.1), and let . C By x (—1,1) denote the set of
singular points. Then, 7,(X) C By can be locally covered by a (n — 1)-dimensional C' manifold.

Proof. This follows from the more general result of C'! regularity in space and C%'/2 in time given in [LM15]
Theorem 1.9]. O

We will also need the following estimate, whose proof is contained in [Caf77, [CET79).
Proposition 3.3. Let u € Cy' NCY (B x (—1,1)) solve (3-1), and let (0,0) be a free boundary point. Then
|0u| + (D*u)_ < C|logr|™  in B, x (—r?,r?),
where C,e > 0 depend only on n.

After this summary of some well-known properties, we now prove some new results that will be crucial
in our analysis. We begin with the following local semiconvexity property in time.

Proposition 3.4. Let u € Cy'' N CYN(By x (—1,1)) solve 3.1)). Then,
attu > -C m Bl/2 X (—%, %),
where C' depends only on n and ||ul||pe.

To prove the proposition above, we need the parabolic version of the standard L' to L}Ueak estimate of
Calderén and Zygmund for elliptic PDE [Jon64]:

Theorem 3.5. Let w: €1 — R be any solution of Hw = f in €, with f € L*. Then
2u139|{|D2w| +10ww| > 03 NG| < O fllia) +llwloia)),
>

for some constant C' depending only on n.

We will also need the following result (see e.g. [Wa92, Theorem 4.16]):
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Lemma 3.6. Let w: %1 — R satisfy Hw > 0. Then, for any € € (0,1) we have

1

supwﬁC(/ (w+)s> ,
C1/2 1

We can now prove the desired semiconvexity in time:

for some C. depending only on n and €.

Proof of Proposition[3.4]. Fix ri,79 such that 1/2 < r1 < r9 < 1, and for r» € (0,1) define the domains
Q. := By x (—r,r). For h € R and given a function w, we define the discrete time derivative as o, yw(x,t) :=
At (w(z,t + h) — w(z)).

Now, consider v/ := 0¢,nOru for h > 0. By Proposition the function v” is continuous. Also, by ,
v" > 0 on {u = 0}. Notice in addition that Hv" = 0 in {u > 0}. Indeed, inside the open set {u > 0} we
have H(0;u) = 0 and hence

H(00 pu)( -, ) =0,

where we used the monotonicity property of u.
This implies that (v")_ is subcaloric, and using Lemma we get

ess supgw(vh)_ < saup 9‘{(vh)_ >0tNQ,, | = Czup 0|{|0yw| > 6} N |,  where b := &; pu.
>0 >0
Note that the function w satisfies Hi = s p,(x{u>0}) = 0 and @ > 0, since u and {u > 0} are nondecreasing
in time. Moreover, by the parabolic Calderén-Zygmund type estimate (Theorem , we have
sup 0[{]0vb] > 63 1 Q| < CIHD[| 110, + [D]lL1(0,,))-
>

Now, fix £ = £(z,t) a smooth nonnegative cut-off, compactly supported in €; and such that { =1 in Q,,.
For h < (1 — rq), we have

I8l < [ Ho¢= [ @)= [ s B¢+ a) < Clulia
(951 (951 91
and similarly

Il < / be = / 5yt € = / w1 < Cllull o).
(951 (951 (951

Hence, combining all these estimates together, we have shown that
esssupg, ,(v")— < Clluli(a,).
Letting h | 0, we conclude the proof. O
We will also need the following relation between the derivatives of w.

Proposition 3.7. Let u € Cp' N CYH (B x (—1,1)) solve (31). Then there exists a constant C' > 0 such
that
(D*u)- < Cdwu in Byjp x (—1/2,1/2).

Proof. Given (zo,t5) € Byjp x (—1/2,1/2), and fixed e € S"~1, we consider

2
T—T t—t
Wy to i= O+ €1 <7| 4n°| — (=) 5 o) _ u) — 2(Deett) —,

where ¢; and ¢y are small positive constants to be chosen. Note that w,, ;, is nonnegative on d0{u > 0}, and
that Hw,, ¢, <0 in {u > 0}.

Let © := By /4(zo) X (to —1/4,t5) and denote by Jpa,(2 its parabolic boundary. Since dyu > 0 in {u > 0},
it follows by the first bound in that

Weo to > cl(ﬁ — 0092) —cCy  in Ope, 2N ({u =0} + (B, x (0, p2)))

where C depends only on n and ||ul| e, and {u = 0} + (B, x (0, p*)) denotes the Minkowski sum of sets.
Hence, choosing ¢ > 0 sufficiently small and ¢; > C'Cyca, we will have wg, ¢, > 0 on this piece of boundary.
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On the other hand, since by assumption dyu > 0 in {u > 0}, we have
Weoto > Opu — Ce1 +c2) > ¢, — Cler +c2) in 2\ ({u =0} + (B, x (O,pQ))),

where ¢, > 0 is a constant (depending on u).
Hence, choosing ¢; and ¢y sufficiently small so that ¢, — C(c1 + c2) > 0 and ¢; > CCpea, it follows by the
maximum principle that

Weoto > 0 in €1

In particular, evaluating at (z,,t,) we obtain
Ou(Zo,to) — cru(o, to) — c2(Oeett) — (0, ts) > 0.

Since u(wo,t,) > 0, and both (zo,t) € By X (— .3) and e € S"7! can be chosen arbitrarily, the lemma
follows. O

Finally, we shall also need the following result.

Lemma 3.8. Let u € Cyp' ﬂC?’l(Bl x (—=1,1)) solve (3.1). There exists a dimensional constant 5 > 0 such
that the following holds: Assume that

}u —_ %(:L’ . 6)2’ S Eo and aeeu Z —&o

for some e € S*"1. Then

866U20 m B1/2>< (—%,%)

Proof. We may assume e = e,,. Write z = (2/,z,,) € R""! xR, and set v"(2/, z, t) := b2 (u(a’, 3, + h, t) +
u(2, xn — h,t) — 2u(a’, z,,t)). We note that

Ho" <0 in {u> 0} and " >0 in {u=0}.
Now, fix (7o,to) € By x (=1/2,1/2) and consider the function

wh, g, ="+ 256n e, (g2l = (5 — ) inside Uy, g, 1= {lo = wo < 1/4,-1/4 <t~ t, < 0},

Note that ws, +, is supercaloric in Uy, ¢, N {u > 0}. Therefore, if we show that —for e, small— wxo ¢ 1s
nonnegative on dparUs, t, U Uz, t, N {u = 0}), then it will follow by the maximum principle that w? , >0
inside Uy, +,, and in particular

vh(xo,to) > wh (2o, t0) > 0.

Since (zo,t0) € Byjg X (—1/2,1/2) is arbitrary, and v" — Opnu as h | 0, the lemma will follow. So, we are
left with proving that wg, t, > 0 on OperUsg, ¢, U (Uz, 1, N {u = 0})
Since v" > 0 on {u = 0}, it follows that w? ;, >0 on Uy, 4, N{u = 0}). Hence, it only remains to show

To,lo

that ww t = 0on apaaro o —provided €, is chosen sufficiently small. Note that, on Op.,Us, 1., we have

M (t=to) t“) > 64n Let us divide the parabolic boundary in two pieces: the piece (I) where {u <

and (II) Where {u>

12871}

128“} On the piece (I), by the assumption d,,u > —&, we obtain

S o/ —ah2 (t—to) 1 1
Wao it = V" + 25608 < o) _“> = 260+ 200n o (647@ “ 1280 ) 70

To estimate wif +, on the piece (IT) we note that, since |u -5 ‘ < &, it follows that

1 1
{u> 128n T80 © { ”|>10nl/2}’ {u>0}> {|$n| >20nl/2}’ lullzoe @,y ) < 1,

provided &, is taken sufficiently small. Thus, using standard interior regularity for the heat equation and

interpolatiorﬁ we obtain that [9,,(u — 122)| < Cpe, inside {]a:n] > In particular v" > 3 in

lOnl/2

6Note that u — 127 is caloric inside {\a:n| > W} and it has small L° norm.
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{\xn\ > 10”%/2} for e, sufficiently small. Therefore, recalling that |u| < 1 inside Uy, +,, it follows that
S o —al 2 (t—to) 1
wy, 1, = V" +256n¢, oy — 3 U > 5 Cheo >0 on (II),
provided we choose €, small. O

4. PARABOLIC FUNCTIONALS AND USEFUL FORMULAE

In this section we establish formulae which are valid for arbitrary functions R™ x (—1,1) — R having

ol n Cg’l regularity. Later on we will apply these formulae for example to w(z,t) = (u — p2)(x,t)((x).
Recall that Z, G, H, D, and (, were defined in Section

Lemma 4.1. Let f € Cy' N Cf’l. Then

<fa1>7“ = <Zf7 1>

r=1

4
dr
Proof. Recall that
.= [ g6 zry=[ 276 Z—s-Vined,
{t=—r2} {t=—1}
Also, thanks to the scaling property G(rz,r*t)r" = G(x,t), we have

/ f(z,t)G(z, t)dx = / flraz,rt)G(rz, rt)r™ do = / f(rz, r?t)G(z,t) dz.
{t=—r2} {t=—1} {t=—1}

Then, the result follows by differentiating with respect to r the expression above, and evaluating at r = 1. [

Lemma 4.2. Let f,g € crtn Cto’l. Then

2Vf,Vg) =(Zf,g) - 2(Hf,g) = (f, Zg) — 2(f,Hyg). (4.1)
Proof. Noting that VG = —§G and Z = -V — 2-0; on {t = —1}, using integration by parts we obtain
2(Vf,Vg) = 2/ Vf-VgG= 2/ fdiv(VgG)
{t=—1} {t=—1}
:—2/ (ngG+ng-VG):—/ (2ngG—fx~VgG)
{t=—1} {t=—1}

:—/ f(ZAg—Z&gg—(—28tg+:n-Vg))G:—/ f(2Hg — Zg)G
{t=—1} {t=—1}
= _2<fa Hg> + <f> Zg>
By symmetry, also the other identity 2(V f,Vg) = —2(Hf, g) + (Z f, g) holds. O

Lemma 4.3. Let w € Cy'' N C'. Then
H'(1,w) = 2(w, Zw) = 2D(1,w) + 4(w, Hw).

Proof. The first equality is an immediate application of Lemma with f = w?. To prove the second

equality, we use (4.1)). O
Remark 4.4. As a consequence of Lemma [4.3] we obtain the following identity:
D(1,w) = (w, Zw) — 2(w, Hw). (4.2)

Lemma 4.5. Let w € C3™' N Cto’l. Then
D'(1,w) = 2(Zw, Zw) — 4{Zw, Hw).
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Proof. Using Lemmawith f = |Vw|? we obtain

d d
—D =—| 2(r? Vwl*’G ) =Y 4(Zow,d; 2D(1,
dr (r, w) ey dr|._ (T /{t:_ﬂ} Vel ) XZ: (Z0u0, 0w) +2D(1,w)
= Z4<Z@iw + dyw, dw) = Z4<8iZw, oiw) = 4(VZw, Vw)
= 2(Zw, Zw) — 4(Zw,Hw),
where the last equality follows from Lemma O

We now introduce the frequency functions

. Dlrw) % _ D(r,w) +~r*
o(r,w) := Hirw) and ¢ (r,w) = Hirw) 115
Lemma 4.6. Let w € Cp' NCY'. Then
idﬂ(r,w) > 2 ((Zw, Zw)r{w, w)r — (w, Zw);) + (27“2<w,Hw)r)2 + E7(r, w),
dr r (H(r,w) _|_7,2'y)

where
E7(r,w) = 2r2(w, Hw>r(D(r, w) + 77’27) — 27“2<Zw, Hw)T(H(r, w) + r27).

Proof. By scaling it is enough to compute, for a > 0,

d D(r,w) + y(ar)®
L gra here  ¢7(r, w) = .
dr¢ (r;w) 1 where - ¢7%(r, w) H(r,w) + (ar)?
By Lemmas and and by , we have
d
Ay = a (D(r,w) + v(ar)®") = 2{Zw, Zw) — 4(Zw, Hw) + 2v*a*7,
T lr=1
D(17 w) + ’YaQ’y = <w> Z’UJ) - 2<wa Hw> + ’7(127,
d
Ag = . (H(r,w) + (ar)%) = 2(w, Zw) + 2'ya27,
r=1
H(1,w) + (ar)*" = (w,w) + a*.
Therefore,
d u A (H(1,w) + a®7) — Ay (D(1,w) + vya®Y
4] e il ) (00 )
dr,_y (H(1,w) + a®")
X2+ 2(w, Hw) ((Zw, w) + 7va®7) — 2(Zw, Hw) ((w, w) 4 a®7)
(H(1,w) + a2’7)2 ’
where

X2 = ((Zw, Zw) ++2a®) ((w, w) + a®) = ((w, Zw) + ~va*")?

> (Zw, Zw) (w, w) — (w, Zw)* > 0.
Using again , this gives
d T (Zw, Zw)(w, w) — (w, Zw)?) + 4({w, Hw))
dr r:1¢ ( ) ) >2 (H(l,w) +a27)2
2(w, Hw) (D (1, w) + va®?) — 2(Zw, Hw) (H (1, w) + a*7)
(H(1,w) +a2’7)2 .

2

+2

Applying the previous equality with w replaced by w, = w(r-,r%-) and a replaced by r, the lemma
follows. 0
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5. MONOTONICITY FORMULAE FOR THE STEFAN PROBLEM

Let P denote the set of nonnegative 2-homogeneous polynomials in the x variable —i.e. p = p(x)— which
satisfy Ap = 1. In particular, such polynomials always satisfy the same equation as the parabolic obstacle
problem.

Remark 5.1. Let p € P. Then, since Hu = x{,~0) and Hp = Ap = 1, we have
(u —p)H(u — p) = pXfu=0} = 0,  Z(u—p)H(u —p) = ZpX{u=0} = 2P X{u=0} > 0.

Note that the solution w(z,t) that we are considering is defined only for x € B;. However the formulae
given in Section [4] are for function w defined for all x all of R™. Morally, we would like to apply the formulae
in Section 4| with w replaced by u — p. Since this is not possible, we will instead use make use of the cut-off
function ¢ in and set w := (u — p)¢, with w = 0 outside By /2. However, such w is not a exact solution
and errors coming from this truncation need to be taken into account.

Note that if u is a solution of the parabolic obstacle problem in ¢ = B; x (—1,0) and p € P, then by
Remark [5.1] we have

(€ Z(u—p), CH(u = p))r = 2(¢ (u—p),(H(u = p))r > 0. (5.1)

The following lemma will be useful to control truncation errors, which are exponentially small as r | 0.

Lemma 5.2. Let v € Ca’' N CY(4). Then, for all v € (0,1/2) we have
€ HCO)) — (G, CH), | 4] (Z(C0), B(Go))y — (€ 20, CBiuh| < OMZ exp (—ggh ).

where

M, = sup [v| + |Vu| + |0rv| + |Av],
By/2x(=1/2,0)

and C' depends only on C.
Proof. We note that, since ( = ((z),

H(¢v) = (Hv+ ACv+2V(- Vv and Z(Cv) =CZv+ (z- V).
Thus

Cv(HvG—i—/ Cv(Alv+2Vv-V()G,

v, H(Cv)), =
Comco), = [ .

CvH((v) G =
{t=—r2) /{

t=—r2}

and similarly

(Z(Co), B(Cv))y = / Z(¢o) H(Cv) G

{t=—r2}
:/ CZUCHDG—i—/ (¢ Zv(ACv +2Vv - V() + (z- V() vHp) G.
{t=—r2} {t=—r2}
Since A¢, V¢, and Z( vanish in By 4, and
1 2 1
G(x,—r7) (i) exp( 47«2) <Gy, exp< (87,)2> for x| > 7,
the lemma follows. O

We next prove the following Weiss’ type monotonicity formula (as well as a useful consequence of it).

Lemma 5.3 (Weiss’-type formula). Let v : By x (—1,1) = [0,00) be a bounded solution of (3.1), and (0,0)
a singular point. Given p € P, set w := (u — p)C. Let

Wi(r,w) == r~ A (D(r,w) — AH (r,w)).
Then:

"From now on, given a function v : ¥1 — R, the product (v will always be seen as a function defined in all R™ x (—1,0),
where we extended the product by 0 outside of Bj.
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(a) For all A > 2

d
%WA(r,w) > 22N Zw — M, Zw — Mw)? — Ce_%, Vr e (0, %),

where C' > 0 depends only on n, |[u(-,0)|r~(B,), and \.
(b) Moreover, Wo(0%,w) =0 and

D(r,w) —2H(r,w) > —Ce™r,  ¥re(0,1), (5.2)
where C > 0 depend only on n and |[u(-,0)|| e (B,)-

Proof. As we shall see, (b) is a rather direct consequence of (a). We begin with the first part.
e Proof of (a). To compute W} (r,w) we use Lemmas and as well as (4.2) (rescaled), to obtain

2
Wi (r,w) = 7“%/\ (D'(r, w) — )\H'(r,w)) — %D(T, w) + 2?H(r,w)>

_ 2 (Zw, Zw), — 2r*(Zw, Hw), — AMw, Zw), — AD(r,w) + \*H (r, w))

P21
= i ((Zw Zw) — 27‘2<Zw,Hw>r — Mw, Zw), — A\({(w, Zw), — 2r2<w,Hw>r) + )\2<w, w}r)
2
= 2A+1 ((ZU} - )\’UJ, Zw — )\w>r + 2T2{A<’Uj, Hw> - T2<Z’w, Hw)})
,

Set W := u — po, so that w = (w. Using (5.1)) (see also Remark with p = po, and by Lemma applied
to w, we have

Mw, Hw), — (Zw, Hw), = M¢w, H(C)), — (Z(¢w), H(CW)),
> \C, ¢ Hi), — (¢ Z0, Hib), — C; (Mm)ze‘ﬁ = (A= 2)(C, ( Hid), — Ce™r,

where My is defined as in (5.2). Recalling (3.2)) and that the cut-off ¢ is fixed, it follows that My (and
therefore also the constant C' above) depends only on n and |[u(-,0)||(p,)- Since A > 2, e >

—Ce_%, and ((w,( HW), > 0 (see Remark , the conclusion follows.

e Proof of (b). Since (0,0) is a singular point we have that w,(x) = (u — p)(rz, r*) = (p2 — p)(rz) + o(r?),
and therefore

W2 (0, )—lrlﬁ)lwﬂ wy) = Wa(1,p2 —p) = 0.
As a consequence, (|5.2)) follows by integrating (a) with A = 2 between 0 and r. O

We can now prove our approximate frequency formula.

Proposition 5.4 (Frequency formula). Let u : By x (—1,1) — [0,00) be a bounded solution of (3.1]), and
(0,0) a singular point. Given p € P, set w := (u — p)C. Then, for all v € (2,00) we have

- C’e_%, Vr e (0,1),

d 2 (Zw, Zw), (w,w), — (w, Zw)2) + (2r2<w,Hw>T)2

%gﬁ(r, w) 2 (H(r, w) + 7~2V)2

and
1

r?(w, Hw), > —Ce r, VYre (0,1), (5.3)
where C > 0 depends only on n, [[u(-,0)| r~(p,), and 7.

Proof. First, notice that ( . ) follows from and Lemma.
For the first inequality, since —r~4e™r P> C’e =, thanks to Lemmalt suffices to show that E7(r,w) >
—Ce r. In particular, it is enough to prove that

(w, Hw), (D(r,w) + yr*") — (Zw, Hw), (H (r,w) + r*7) > —Cer.
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On the one hand, by Lemma for v > 2 and r sufficiently small we have
0< %D(r,w) + %7“27 — H(r,w) —2r?7 < C.
Thus, using and Lemma (as in the proof of Lemma we obtain
(w, Hw), (D(r,w) +yr®Y — 2H (r,w) — 2r*7) > —Ce v,
On the other hand, we similarly have 0 < H(r,w) + r?Y < C, so by using and Lemma we obtain
(2(w, Hw), — (Zw, Hw),) (H (r,w) + ?"27) > _Ce™*.
This finishes the proof. [l

We now begin to discuss a series of consequences from the previous bounds. The first observation is that,
as an immediate consequence of ([5.2)), the following holds:

Lemma 5.5. Let u: By x (—1,1) — [0,00) be a bounded solution of (3.1), and (0,0) is a singular point.
Given p € P, set w := (u — p)¢. Then, for all v > 2, it holds ¢” (0", w) > 2.

We also have the following:
Lemma 5.6. Let u: By x(—1,1) — [0,00) be a bounded solution of (3.1)), and (0,0) a singular point. Given

p € P, set w:= (u—p)C, and let v > 2.
(a) We have
d H(r,w) +r?
b
(b) Assume ¢”(0,w) = A, and that there exist § > 0 and R € (0,1) such that ¢"(r,w) < A+ 3 for all

r € (0,R). Then
2\ 2 2446
. R SH(R,u))+R < ¢ R ’
r H(r,w) +r2Y

where ¢, Cs > 0 depend only on n, ||u||re=, v, A, and (only in the case of Cs) 9.
Proof. Tt is a minor modification of the proof of [FRS20, Lemma 4.1]. We define
2r2 (w, Hw),
H(r,w) +r27’

1
> —Ce 2r.

F(r):=

and use that, by Proposition [5.4]

\)

dirqb“’(r, w) > *(F(’F))Q — C’e_%.

<

In particular, thanks to Lemma [5.5} it follows that
¢ (r,w) >2— Cer. (5.4)
In particular, from Lemma [£.3] we have
d%(H(r, w) +r?7) _2D(r,w) + r® + 2r(w, Hw),
(H(r,w) + r?7) r H(r,w) +r2Y

2 C 4
> Z¢(r,w) — —e 7 >~ — Ce 2,
T T T

= 2 (r,w) + 2 F(r)
" " (5.5)

where the first inequality follows from Proposition while the second one from ([5.4)).
Then, (a) is a direct consequence of ((5.5). On the other hand, thanks to (5.3)), (b) follows exactly as in the
proof of [FRS20, Lemma 4.1(b)], that is, integrating the first line of (5.5 and using the Cauchy-Schwartz

inequality to control ‘ fTR %F (p)dp‘. O

It is well known (see [Bla06]) that the singular set ¥ can be split into the following sets:
Sm = {(2o, to) singular point with dim({p2z,4, =0}) =m}, 0<m<n-1. (5.6)

Recall that, as an immediate consequence of [LM15, Theorem 1.9], we have the following.
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Proposition 5.7. Let u € C3™' N C?’I(Bl x (—=1,1)) solve (3.1). Then my(X,,) C By can be locally covered
by an m-dimensional C* manifold.

We next show the following:

Lemma 5.8. Let u: By x (—1,1) — [0,00) be a bounded solution of (3.1), and (0,0) € ¥,,. Given p € P,
set w:= (u— p2)C.

(a) If0 <m <n-—2, then ¢7(0",w) =2 for all v > 2.

(b) If m=n—1, then $"(07,w) < 3 for all v > 3.

Proof. As we shall see, the proofs of the two results are very similar.

e Proof of (a). By Lemma [5.6(b) it is enough to show that if (0,0) € ,,, with m < n — 2, then for each
e > 0 we have s )
|u(-, =r%) — p2
lim inf 2=
1171}&)n e >

0. (5.7)

We will use a subsolution to show that, since (0,0) is a singular point ant d;u > 0 outside of the contact set
{u = 0}, then

Owu(x,t) dx > c.re Vte (—r?0). (5.8)
OB,
Then using that both u and d;u are nonnegative, (5.7 follows immediately by integrating (5.8)) with respect
to .
To show ((5.8)), set L := {p2 = 0} and define the “parabolic cone”

Cs = {(az,t) xRt <0, dist(z, L) > 6(|z| + |t|1/2)}.

Note that, since r~2u, — pas — 0 locally uniformly in R™ x R, for all § > 0 there exists 5 > 0 such that
Csj2 N Crs C{u >0}

(recall that ¢, = By, x (—r%,0)). We now consider the following eigenvalue problem and make the following

claim:

Claim: For any € > 0 there exists 0 such that the following holds: There exist N € (0,€) and a positive
N-homogenous function ® : R" x (—00,0) — (0,+00) (i.e., ®(rz,7t) = rN®(x,t) for all v > 0) satisfying
H® =0 in Cs and ® =0 on JCs.

To prove this, we look for ® of the form ®(z,t) = tV/2¢(x/t'/?), where ¢ : R® — R solves the following

eigenvalue problem for the Ornstein-Uhlenbeck operator in Cs := {z, > 6(|z| + 1) }:

Lovp+3Ep=0 inCs
¢(x) =0 on dC;s,
where

Lovd(w) = Aé() = 5 - Vo(w) = el idiv(e /v g) (5.9)

is the Ornstein-Uhlenbeck operator.

Note that, as § — 0, the first eigenvalue Ns small is very close to the first eigenvalue Ny of Loy in the
limiting domain R™\ L. Also, since dim(L) < n — 2, L has zero harmonic capacity. Therefore, it follows by
the Raleigh quotient characterization

No ' [|Vo[? e lzl?/4

— = inf —

2 geci®m\L) [ ¢Zel=l?/4
that Ng = 0, hence N can be made arbitrarily small provided we choose § small enough. This proves the
claim.

(5.10)

‘We now note that
Cs N Opar€rs CC {u > 0},
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and that Jyu is positive and supercaloric inside {u > 0}. Hence, we can use ® as lower barrier to show that
ou > c® in €,,,
for some ¢ > 0, and (/5.8)) follows.

e Proof of (b). This part is similar to the argument used for (a). However in this case, since dim(L) =n—1,
L is a set of positive harmonic capacity and therefore Ny > 0. By Talenti’s rearrangement (with Gaussian
weights), one can easily show that the infimum in is attained by the function |z,|, and thus Ny = 1.
Therefore, in this case we can find a N-homogeneous function ® as above, but with N < 1 + €. Using this
® as lower barrier for d;u, we conclude that

u(-, %) — pa
][ Ou|(z,t) de > cor' T N lim inf fBT| ( ) ! .
0By

710 r3te

(cp. (5-8)-(5.7)), which leads to (07, u — p2) < 3. 0
Choosing v > 3, as a direct consequence of Lemmas [5.8] and [5.6] we obtain the following:

Corollary 5.9. Let v : By x (—1,1) — [0,00) be a bounded solution of (3.1), and (0,0) a singular point.
Then, for any 6 > 0,

H(r,(u—p2)¢) > r3td asr | 0.

Moreover, the limit lim,. o <Z>(r, (u — pg)() exists and equals ¢ (r, (u — p2)C) for any v > 3. Finally, given
K > 1, there exists C'x > 1 such that the following holds:

1 H(r, (u—p2)C) —1
Cr S Tl (a o SOk Yre©1) € [KTK]

6. THE 2ND BLOW-UP

After the preliminary results from the previous sections, we now start investigating the structure of “2nd
blow-ups” at singular points, namely, blow-ups of u — ps.

The following lemma gives estimates for the difference of two solutions. Note that both u and po satisfy
the same equation Hv = x(,50). Although we will first apply the following lemma to u and pa, we give
a more general version (for difference of approximate solutions) which will be very useful later on in the
paper. Recall that €, = B, x (—2,0).

Lemma 6.1. Let u; : 65 — R, i = 1,2, solve

Hu;, = X{ui>0}(1 +ei(x,t)) in G
Uj > 0 (6.1)
atui 2 07

with |e;(z,t)| < & < 15, and denote w = uy — ua. Then

lwlizees) < Clwlirae) +£) (6.2)

and
1

< y \Vwl|? + |wHw| + |8tw\2> i < O(llwllr2e) + &), (6.3)
where C' is a dimensional con;;ant.
Proof. We first prove (6.2)). On the one hand, we note that inside {u; = 0} it holds
Hw =1+¢; —Hug > 1 -2 — (1 + &2)X{up>0} = —25, w=—uy <0,

therefore w; = max(0,w) satisfies Hwy > —2¢& in %». Since (uz — u1)+ = w_, by symmetry we also have
Hw_ > —2&. Thus,
(A —0)|w| > —2¢ in 62,
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so the parabolic Harnack inequality yields

wp ol <Col [ ful+2) < Cullwllanzon +9)
BQX(_2,0)

Bl><(—1,0)
which proves (6.2)).
We next prove ([6.3)). Notice that w Hw > —2&|w|, since
—\ul—u2|(|61|—l—|82])Z—2§|u1—u2\ if up >0, ug >0
1 -0)>0 if up >0 =0
(ur — ug) H(uy — ug) = sl e —0) 2 L
—UQ(O—I—&“Q)ZO 1fu1:0, ug >0
0 ifu1:0, UQZO.
Similarly 0;w Hw > —2&|0yw|, since
—lﬁt(ul — UQ)‘(|51| + ’€2|) > —2E|8t(u1 — U2)| if uy > 0, us >0
0 1 —0)>0 if 0 =0
—8ﬂt2(0—1—€2)20 ifur =0, uo >0
0 ifule, UQZO.
On the one hand, choosing
i1 =17(x) € C°(Bs/3) mnonnegative and such that 77 = 1 in Byys, (6.4)

we obtain

4 w?h + 2/ (wHw + |Vw|*)7 = / A(w?)i = / w? AR < C w?.
dt JByx {1} Box{t} Box{t} Bax{t} Bssx{t}

Integrating in ¢ the last inequality, and recalling that w Hw > —2&|w|, using (6.4])) we obtain

0
/ </ (JwHw| + |Vw|2)> dt <C, sup / (|w|2 + &lwl).
—3/2 B4/3><{t} te(—S/Q,O) B5/3X{t}

Now from the L* estimate in Step 1 (plus a standard covering argument, to obtain a control in €3/, instead
of 1), we obtain that

_ N2
sup / (Jw]2 + 2lw]) < Cu(llwll2() +2)°,
t€(—3/2,0) J Bs /3% {t}

and therefore

0
/ </ (JwHw| + |Vw|2)) dt < Cp (1wl r245) +5‘)2. (6.5)
By sx{t}

—3/2

On the other hand, choosing now 7 = n(z) € C°(Byy3) such that 7 = 1 in By, and using Hw(dw) >
—2¢|0yw|, for any M > 0 we have

d
2/ (Opw)*n*+— \Vw|*n* = 2/ (Dpw)?n? —|—/ 2Vw - (Voyw)n?
Bax{t} dt JByx iy Bax{t} Bax{t}

- / (2(8tw — Aw)(Bpw)y? — 4dwVw - Vi n)
BQX{t}

2
< / (4210r0ln? + 20 w2Vl + — (Brw)*n?)
Box{t} M

Since 4£|0yw| < C&% + %\8,510\2, choosing M = 4 and using that 7 is supported in By/3, we obtain

d
/ (Oyw)*n? + — |Vw|*n* < C’n(/ |Vw|? + €2>.
By x{t} dt By x{t} By/sx{t}
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Multiplying this inequality by a nonnegative smooth function ¢ € C2°((—3/2,0]) such that ¥|;_; gy = 1, and
integrating over [—3/2,0], we get

/ﬂ (O < /O " < /B l(atw)2n2>¢(t) dt
< /03/2 </B2X{t} \Vw!2772>w’(t) dt+Cn[/03/2 (/34/3 va|2>¢(t) dtﬂ—ﬂ
<, [/03/2 (/34/3 |vw|2> dt + 52}

Combining this bound with (6.5]), the result follows. O
As a consequence, we find:

Corollary 6.2. Let u: By x (—1,1) — [0,00) be a bounded solution of (3.1), (0,0) a singular point, and let
w :=u — py. Then, for allr € (0,1),

| wrll oo (1) + 10w ]| oo (1) + VWil 20y + IVOwr]| 12(41) < CllwellL2(4)-
Also, for all e € {ps = 0} NS, we have
IVOewr || r2(4) < Cllwrlz2(4,)-
The constant C depends only on n and ||u||fee.
Proof. We apply Lemma with u; = r2u,, us = ps, and € = 0, to obtain
|wrll oo (5y) + 10vwr || 2y + [[Vwr |l 2y < Cllwe|22(4)-

Now, to prove the L* bound on dyw, we observe that d;(u —p2) = dyu > 0 and HO;(u — p2) = O¢X{u>0y = 0.
Hence 0,w, is nonnegative and subcaloric, and therefore the weak Harnack inequality implies that

HathHLOO(%Im) < CnuaterLl(%’l) < CnHathHLZ(%)-
Also, since (Oyw,) H(Opw,) > 0, similarly to (6.5)) (replacing w by 0w, ) we obtain
VO] r2%, ) < CllOwwe | r2@) < CllOwr Lo @) < Cllwrllr2()-

By a covering argument we can replace ¢}/, by 61, the first part of the corollary follows.
Finally, given e € {p2 = 0}, since 9,p2 = 0 we obtain that dew, = 0 on {u = 0} and that HO.w, = 0 in
{u > 0}. This yields d.w,HO,w, = 0, and arguing as before we obtain

IVOewr |27, ) < CllOewrlz2@) < ClIVwrlz2@s) < Cllwrllz2(s,)-
Again by a covering argument we can replace €2 by 41, which concludes the proof. O

The next lemma will be very useful in the sequel. We recall that ¢ denotes the cut-off function defined in

Section 2171

Lemma 6.3. Let u: By x (—1,1) — [0,00) be a bounded solution of (3.1), (0,0) a singular point, and let
w:=u — py. Then, for all r € (0,1) we have

1
SH(wO)Y < [lwnl xgeyy < OHGrw )P,
for some constant C > 1 depending only on n and ||u||pee.

To prove Lemma[6.3] we will use the following simple consequence of the Gaussian log-Sobolev inequality.

Lemma 6.4. Let f: R™ — R satisfy

f2dm =1 and / IV f|2dm < 4,
Rn Rn
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where dm = G(z,—1)dz = Wexp (—%) dx is the Gaussian measure. Then, for some dimensional

R, > 0, we have
/ frdm >
Bg,

Proof. Given ) large (to be fixed later), choose R, so that

/\/ dm <
n\BRo

f2dm —|—/ f2X{f2§)\}dm —|—/ f2X{f2>)\}dm =1.
BRO IR”L\BRO IRn\BRo

Suppose now, by contradiction, that [ Br f?dm < 1/2. Since

1
2xq dmg)\/ dm < =,
/R"\BRO (P<A) R”\Bpg, 4

1
RH\BRO

Recall the Gaussian log-Sobolev inequality:

F%log F2dm < / IVF|?dm + ( / F2dm> 10g< / F2dm>.
R'n Rn n n

To reach a contradiction, we apply this inequality to F := |f|X{‘f|>el/2}. Indeed, since |VF| < |Vf],
log(F?) > 1, F?2 < e+ f2, and F = f inside {f% > \}, we get

log)\/ fQX{f2>/\}dm§/ leog(F2)X{f2>A}dm§/ F?log F%dm
RH\BRO Rn\BRo

N | —

=

By assumption

we have

n

< /Rn IVF|*dm + (/TLFQdm> log</nF2dm>
g/n]Vf\Qdm—k <e+/Rn f2dm> log<e+/nf2dm>

<4+ (e+1)log(e+1).
Combining this bound with , we get
log A <16+ 4(e+ 1) log(e + 1),
a contradiction if A is chosen large enough. g

We can now prove Lemma |6.3

Proof of Lemma[6.3. We divide the proof into three steps.
e Step 1. We first show that

1
o, w2 < w2y, ) (6.7)
where R, is the dimensional constant from Lemma
Let w, := % Since ¢(r, w¢) < 4 for r small, we have

/ (0,)°G =1 and / IV, |2G < 4.
{t=—1} {t=—1}

Then, using Lemma [6.4] we obtain
/ (@G >
{la]<Ro, t=—1)

DN |
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Replacing r by 6/2r with 6 € (1,4), by scaling we obtain

/ (,)2G > .
{lz|<2Ro, t=—6} 2

Hence, after integrating with respect to 6 € (1,4), we find

1

0.)2G > —.
(wT)G—C

/{x|§2Ro, —4<t<—1}
Since {|z| < 2R,, —4 <t < —1} C %aR,, (6.7) follows.

e Step 2. We now prove that, for any given M > 1, there exists a constant C'p; > 1, depending only on n
and M, so that the following holds for all r € (0, %):

lwpll 25y > CarH (r,w¢)'? = |warll L2y = Mllwrllp2(4)- (6.8)
To prove this, note that the L> estimate from Corollary gives
[wel| oo (1) < Collwrll2(4)s
where C; is dimensional. Therefore, whenever [wa,||r2(4) < M||wr||12(4,), we have
[we || Loogy) < Collwrll 2y = 2" Collwar |l r2(gy) < 272 CoM ||wel| z2(,)-

In particular, for any 7 > 0 small, we have

/ w? Z/ Wy = Tlwp || Foe (i) 2 (1= 722 HACIMP) w724
{zeBy,—1<t<—7} {z€B1,—1<t<0}

Choosing 7 := (22"*°C2M?)~! and using that G > ¢, > 0 inside {z € By, —1 <t < —7}, we get

1 1
SlwrlZ2 () 5/ w? < 01/ w?GgCg/ H(6%r, w¢)do.
2 {z€B1,—1<t<—7} {z€B1,—1<t<—7} T

Since the last term can be bounded by C3H (r, w() (thanks to Corollary , this proves the contrapositive
of with Cyr = (2C3)Y/2.
e Step 3. We now conclude the proof of the lemma combining Steps 1 and 2.

First, rescaled yields

1
EH(Co"", w2 < |wrll 2y,

where ¢, = ﬁ, that combined with H (cor, w¢)'/? > FH(r, w¢)'/? (see Corollary gives

1
S w0 < |2

This proves the first inequality in the statement.
To prove the second inequality, assume by contradiction that ||wy||p2(4) > CamH (7, w( Y2 with Cyy > 1

as in and M large enough to be chosen. Then, by ,
lwarll 2y > Mwell p2igy) > MCarH(r,wl)2.

Let N > 1 be a large constant to be fixed. Since H (r,w¢)/? > C;YH(2r, w¢)Y/? (by Corollary, choosing
M = NCj4 we obtain

[warll L2y = NCayH (2r,w)'2.,
1s allows us to apply again with the same and with r replaced by 2r, and we obtain
This all | in (6.8)) (with th M d with laced by 2 d btai
|lwarll 2y = M warllp2(gy) > MNCy H(2r,w¢)Y? > MNCyCy H (4r, w¢)? = N?Cyp H (4r, w() Y2,
Iterating this argument ¢ times, this yields

lwae, |2y = N*CarH (27, w¢)'?
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Choosing ¢ such that 3 < 2 < 1 and using that at scales of order 1 both quantities ||wye,|| 12(¢,) and

H (2%, w¢)'/? are comparable to 1, we obtain
C > N‘Cy > N¥,
a contradiction if IV is chosen large enough. O

The following Lipschitz estimate for the rescaled difference u — py will be useful in the sequel. We recall
that w, has been defined in (2.1]), while X,,_; is defined as in ([5.6).

Lemma 6.5. Let u: By x (—1,1) — [0,00) be a bounded solution of (3.1), and (0,0) € ¥,,_1. Then, given
R>1, forallre (O, WIR) and e € S 1 N {p2 = 0}, we have

s;p ((aeewr)— + [Opwy | + lvwr’) < CH“’THH(%)?
1

for some constant C' depending only on n, |[u(-,0)| r~(m,), and R.
Proof. Given a function f:R™ — R, a vector e € S*~ ! and h € (0, 1), let

52, = LU RO ) FIC —he, ) —2f ICoth) =1
eh’ 12 ; ]

Note that, for e € {p = 0} NS"~!, we have 5g7hp = 0. Thus, since Hu = 1 outside of {u = 0} and Hu < 1
in By x (—1,0) we have

and Opnf =

Hu( - +he, ) —I—Hu( - —he, ) — 2Hu
2

H((Sg’hw) = <0 in {u > 0}.

Similarly,
H(5t7hw) <0 and H((St,_hw) <0 in {u > 0}.
On the other hand, since u > 0, we have
5z7hw = 52,}#( -)>0 and & t1pw =76 4pu(-) >0 inside {u = 0}.
As a consequence, the negative part of the second order incremental quotient (52,}1“’7")— is subcaloric, and
so is its limit (92,w,)_ (recall that u € C3"' N CP' | and thus (5,237;1107*)— — (02,w,)— and a.e. as h — 0).

Similarly, both (d;w,)— and (—d;w,)_ are subcaloric, and thus so is |Opw;|.
Therefore, by weak Harnack inequality (see Lemma , for any € > 0 we have

1/e
sup(|atwr+<a§ewr>)§0n</ <|atwr|+|aeewr|>€) .
Ca/3 s /4

Also, by standard interpolation inequalities, the L norm with € < 1 can be controlled by the weak L' norm,
namely

1/e
</ (|Opwy| + |8eewr)€) < C(n, R) sup 9’{(|8tw7«| + |Oecwr|) > 0} N ‘55/4|.
G54 6>0

Furthermore, by the parabolic Calderén-Zygmund theory (see Theorem , the right hand side above is
controlled by

[Hwe|| L1, ) + llwell g )
In addition, since Hw, < 0 in 653, the norm ||Hw, |11, /3) is controlled by the L' norm of w, inside %5:

indeed, if x is a smooth nonnegative cut-off function that is equal to 1 in €53 and vanishes outside %2, then
integration by parts gives

I8l < - [ xBur == [ (At axw, <Cu [ ul < oz
G G G

This proves that

;UP (\3,511)7«] + (8gewr)—) < Collwr]|L2()- (6.9)
4/3
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Finally, since {pa = 0} is (n—1)-dimensional (recall (0,0) € ¥,,_1), as a consequence of and (A—0,)w, <
0 we deduce that

derewy < Cllwy|lf2() in €y3, where e € {p= 0} with |e/| = 1.

The above semiconcavity estimate, combined with the semiconvexity bound in , implies the desired
uniform bound on [|[Vwy || fec () O

As a consequence of the previous lemma, we get the following result (recall that, as a consequence of
Lemma [5.8| and Corollary we know that ¢(0%, w() € [2,3]).

Proposition 6.6. Let u : By x (—=1,1) — [0,00) be a bounded solution of (3.1)), (0,0) € ¥,_1, and set
w:=u— py and N> .= (0T, w() € [2,3]. Then

{u(-,t) =0} N B, C {x : dist(z, {py = 0}) < Cr**""~1 (6.10)
for all v € (0,1/2) and t > —r2. In addition, the constant C depends only on n and ||u( - ;0)[[ oo (By)-
Proof. As a consequence of Lemmas and we obtain

[Vu = Vpal Lo (B, x{=r}) < ot

Thus, on {u = 0} N (B, x {—r?}) we have |Vpa(z)| = ‘dist(:c, {p2 = 0})’ < CrA™=1. Since {u = 0} shrinks
with time, we obtain (6.10)). O

Using the previous results, we can now prove the following;:

Proposition 6.7. Let u : By x (—1,1) — [0,00) be a solution of (3.1), and (0,0) be a singular point. Let
w:=u— pz, m:=dim({py = 0}) € {0,1,2,...n — 1}, A2" .= (0, w(), and define

- (u—po)r
" H(T,(u—pg)()'

Then, for every sequence 11, | 0 there is a subsequence ry, such that

(6.11)

Wr,,, = q and Vi, — Vg in L2 (R™ x (=00, 0])

as { — oo, where ¢ # 0 is a \>™-homogeneous function. Moreover, for any e unit vector tangent to {p> = 0},
the following “growth estimates” hold:

=

5 mn
sup (|[W|]+ R%|0W|) + (][ R2|VW 2 + RYVOW|? + R6|V6tW|2> < CsRN"H0 (6.12)
Cr Cr

with W = w,, (for all R satisfying 1 < R < r,;}l) and for W =q (for all R >1).
In addition, we have: '

(a) If0 < m < n —2 then \*" =2, and —in some appropriate coordinates—

1 n n m
p2(z) = 3 Z [hi and q(z,t) = At +v Z R lejl'?, (6.13)
i=m+1 i=m+1 j=1
where p; >0, v and A are nonnegative, and A —2(n — m)v + 2 Z;n:l v; = 0.
(b) If m=n—1 then w,,, — q in CP (R"™ x (—00,0]), A2 € 2+ o, 3] for some dimensional constant
ao, > 0, and q solves the parabolic thin obstacle problem

Hg <0 and gHq=0 in R™ x (—00,0)

Hg=0 in R™ x (—00,0) \ {p2 =0}
q=>0 on {p2 =0}

Oq >0 in R™ x (—00,0).

(6.14)
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Proof. Given 7, | 0, by the H' space-time estimates of Corollary we obtain (up to subsequence)
Wy, —q and  (V,0)0,, — (V,0)q in L}, (R" x (—o0,0]),

(R™)). Moreover, since ¢(rg, w¢) < C we have f{t:q} ’V({UZ)W‘QG < C,
from which (by lower semicontinuity) it follows that [ (=1} Vq|?G < C.

Furthermore, by Lemma (b) applied with v = 4, Lemma combined with Corollary implies the
validity of the “growth estimates” for W = w,,, for all R satisfying 1 < R < r,;l. Taking the limit
as k — 00, since all the seminorms in the estimates are lower semicontinuous, we obtain that holds
also W = ¢ (for all R > 1). It is also easy to see, using the monotonicity of the frequency in Proposition
that ¢ is A>*?-homogeneous.

Let us show that, in addition, ¢ satisfies

/ (p2 —p)gGdzx >0 for all peP. (6.15)
{t=—1}

for some ¢ € L? ((—00,0], H}

loc loc

Indeed, for any fixed p € P, Lemma [5.6{a) gives
1 8 —c/r : 1
U (1, (w=p)0) +7%) + O™/ = lim — (H (r, (u = p)C)),
and therefore
/ (r_gur — p)CT)2G +Crt > / (p2 — p)zG.
{t=—1} {t==1}
This allows us to proceed exactly as in the proof of [FS17, Lemma 2.11] (with obvious modifications), and

(6.15)) follows.

Now in order to conclude the proof, we consider two cases.

(a) If m < n—2 then w,, € HL_ it is caloric outside of an infinitesimal neighborhood of {ps = 0} x (—oc, 0).
Since dim({p2 = 0}) < n — 2 which has zero capacity, we deduce that Hg = 0 in all of R x (—00,0). Also,
by Lemma [5.8(a) we know that A\?"¢ = 2. Then, using that d;¢ > 0 and (6.15)), we easily conclude that ¢

must be of the form (6.13]).

(b) If m = n — 1, then by Lemma (b) we have A\2"¢ € [2,3]. Moreover, using the Lipschitz estimate
in Lemma we deduce that (up to subsequence) w,, — ¢ locally uniformly in R™ x (—o00,0). Clearly
0rq > 0 (since Oy, > 0). Moreover, ¢ is a solution of because Hw,, < 0 implies Hw,, —* Hg <0
as measures, and thus w,, Hw,, > 0 implies ¢gHq > 0. Also, Hg < 0 is supported on {ps = 0} where ¢ > 0
(since on {py = 0} we have w,, = u,, > 0).

Now, we notice that there are no 2-homogeneous solutions ¢ to and satisfying (see [FS17,
Proposition 2.10] for a very similar argument), and therefore it must be A2"¢ > 2. Finally, the fact that

A2nd > 2 1 o, can be proved either by compactness, or using [Shi20, Proposition 9] to deduce that there are
no A-homogeneous solutions to (6.14]) for X € (2,2 + «o). O

7. THE SET ¥33,
Let us define the sets
53 = {(@oyto) € Syt 1+ G(0T,u(zo + - to + ) = P2gorts) < 3} (7.1)
and
Y =, \ 258, (7.2)

In this section we investigate the structure of the possible blow-ups ¢ at points of Z:El. We start proving
the following .

Lemma 7.1. Let (0,0) € E;ﬁl with py = %x% Let w, be defined by (6.11) and suppose that w,, — q in

Wlif(R" X (—00,0]), for some sequence 1y | 0. Then:

(i) q is A>@-homogeneous, where \>"¢ € (2,3), and f{t:_l} PG =1;
(ii) q satisfies the growth estimates in (6.12);
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(iii) q is a solution of (6.14);
(IV) 8tq 5_'5 O,’
(V) Oeeq > 0 in R™ for all e € {z, = 0} and Ouq > 0 in R™.

In the proof of Lemma (iv) we will use the following result, which gives a classification of all convex
solutions to the Signorini problem. (Notice that, previously, this was only known for homogeneities A < 2.)

Lemma 7.2. Let ¢ = q(x) be a A\-homogeneous solution of the elliptic Signorini problem, namely
Aqg<0and gAq=01inR", Aq=0 on {x, #0}, ¢>0 on {x, =0}.

Assume in addition that q is convex with respect to all directions parallel to {x, = 0}. Then, either A = 3/2,
or q is a harmonic polynomial and A is an integer.

Proof. Since g is homogeneous and convex with respect to the first n — 1 variables, this implies that the set
K :={q¢ =0} C {z, =0} is convex. Now, if K has empty interior as a subset of {z,, = 0}, then it will be
contained in a (n — 2)-dimensional subspace, so it follows form a standard capacity argument that ¢ must
be harmonic in all of R™. Hence, ¢ is a homogenous harmonic polynomial and A will be an even integer.
On the other hand, if K = {x,, = 0}, then ¢ would be an odd harmonic polynomial and A will be an odd
integer.

Consider now the case when K # {z,, = 0} has non-empty interior inside {x,, = 0}. Up to replacing
q(2',x,) by q(2',2,) + q(2', —x,,), we may assume that ¢ is even. Pick a direction e € S"~' N {z,, = 0} such
that —e € int(K). Then, for any point 2/ € R"~! we have (2/,0) — et € K for t > 0 large enough. We claim
that this implies that d.¢ > 0 in all R™. Indeed, if it was J.q(z) < 0 at some point z = (2, z,,) with z, > 0
then, by convexity of ¢ in the direction e = (¢/,0), we would have

q(z' — s€',2,) > q(2, 2n) — 0eq(Z', 2,)s  for all s > 0.

Hence, q(2' — s0€/, z,) > 0 for s = s, sufficiently large. However, since (z — so€¢’,0) € K, then (recall that ¢
is even)

q(z — 8,¢,0) =0 and 9,q(z — s.€/,07) <0.

Since Ag < 0 and 9;;q > 0 for all i <n — 1 we have that ¢ is concave in the variable x,,, a contradiction.
Once we have shown that d.¢ > 0 in all R™ for all e € —int(K), we can use the argument from [CRS17,
RS17] in order to classify blow-ups. Indeed, we look at two different directions in the monotonicity cone, e
and €/, and observe that d.q|sn-1 and J./q|gn-1 are both positive harmonic functions in the same cone, and
they both vanishing on the boundary. Therefore, by uniqueness of positive harmonic functions in cones, one
must be a multiple of the other. This argument, applied to n — 1 independent directions of the monotonicity
cone, leads to the fact that ¢ depends only on two euclidean variables, namely, x,, and a linear combination

of 1,...,2n—1. One then reduces the classification problem to the well-known situation of R?, in which
all homogeneous solutions are explicit and the only convex ones have homogeneity 3/2. This concludes the
proof. O

We can now prove Lemma [7.1]

Proof of Lemma[7d] Note that (i)-(iii) follow from Proposition [6.7]
To show (iv), we recall that, by Proposition we have

(D*u)_ < C dyu.
Hence, if e € {z,, = 0},
(Oee(u —p2)) _ = (Decu)— < COu = C & (u— p2),
and, as a consequence,
(OeeWy)— < C Oy,  and thus (9eeq)— < C 04q. (7.3)

Assume now by contradiction that d;g = 0. Then ¢ = g(x) is convex with respect to all directions in
{z,, = 0}. However, using Lemma we obtain a contradiction with the fact that, by assumption, q is
homogeneous of degree A € (2, 3).
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We now prove (v). By differentiating (6.14)) with respect to ¢, and using that ¢ is homogeneous and 9.q
is continuous [DGPT13], it follows that ¢; := drg(x, —1) solves

Lover = Ap1 in R™\ ({xn =0}N{g= O}), w1 =0 on{z, =0}n{qg=0}, (7.4)
where A\ := Azn;_Q, and Loy is as in (5.9). Let dm = G(z,—1)dz be the Gaussian measure. Since

belongs to H'(R™, dm) (as a consequence of the estimates in (6.12])), then (; must be the first eigenfunction
of Lou, and A; the first eigenvalue.
Also, as shown in the beginning of the proof of Lemma the function (8e€(u — p2))7 > 0 is subcaloric.

Therefore, f, := (OeeWy)— satisfies f. Hf, > 0, and we obtain (cp. )

igvmﬂuif I

Since f, < C 9y, (by (7.3)), the estimates in (6.12)) yield

1 1
<R2 ]{g |V<8eewr)—’2> < C( ]{5’ fatﬁ)r|2> ’ < C(;R)‘Qndﬂsfz (7.5)
R 253

Set 1 := ( Oecq(, —1))7. Then, 1 is a (A*"? — 2)-homogeneous nonnegative subsolution of (7.4)). Also, since

Wy, — q in L2, it follows by that 1 belongs to H'(R"™, dm). By uniqueness of the first eigenfunction
and its characterization via the Rayleigh quotient, it follows that 1 is a nonnegative multiple of .

We claim that ¢ = 0. Indeed, since ¢; is the first eigenfuction, it is positive everywhere (except on
the boundary). Hence, if by contradiction ¢ is not zero everywhere, then we get (decq(x,—1))_ > 0 in

R"™\ ({zn = 0} N {g(z,—1) = 0}), and in particular d.cq < 0 on {z, = 0} \ {g(z, —1) = 0}. However, since
q=|Vql=0on {z, =0}Nd{q(z,—1) = 0}, this contradicts the fact that ¢ > 0 on {z,, = 0}. Hence ¢ =0,
or equivalently d..q > 0, as desired.

Finally, to show that d;q > 0, we recall that, thanks to Proposition [3.4] we have

Ot (u — p2) = Opu > —C.
After scaling, we obtain

e

1/2
H{(r, (u=ps)Q)"
and letting » — 0 the result follows. O

attﬁ}r > —C = 0(1) as T J/ 0,

We can now prove a “dimension reduction” lemma for the set $=3,. We say that a set of points {y; }ics
has rank at most m if, for any finite subset {y;, }1<j<n, it holds span(y;,, ..., yiy) < m.

Lemma 7.3. Let (0,0) € $3, with py = % 2 let W, be defined as in (6.11)), and suppose that Wy, — q

in LIQOC(R” X (—00,0]), for some sequence Ty, i 0 Suppose in addition that (3;§C ),t(J))jg are sequences of

singular points with t,g) > 0 such that y(]) =k yoo % 0. Then y ) ¢ {z,, = 0}, and the set {yoo }
has rank at most n — 2.

Before giving the proof of Lemma [7.3] we need a couple of auxiliary lemmas.

Lemma 7.4. Let u: By x (=1,1) — [0,00) be a bounded solution of (3.1)). Then:
(a) The singular set is closed —more precisely ¥.N B, is closed for any o < 1. Moreover,
XN EQ > (xlm tk) — (xocn too) = P2,z tr 7 P2,200,tos
(b) The function
Y3 (To,to) = d(0T, u(xo + - ,t0) — D220 to)

1S upper semi-continuous.
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Proof of Lemma[74. (a) In [Caf77], Caffarelli proved that the regular set is relatively open inside the free
boundary, hence the singular set is closed. Moreover, it follows from Lemma a) that p2 2, 1, — P2.200,teo
whenever (2, tr) — (oo, too) (cp. [Figl8b, Theorem 8.1]).

(b) Fixed ~ > 3, this follows from the (almost) monotonicity of the frequency ¢? and Corollary g

Lemma 7.5. Let u : By x (—1,1) — [0,00) be a bounded solution of (3.1), (xk,tx) € X, and assume that
(wg,tx) — (0,0) € X . Also, assume that t, > —C'|zg|? for some C' > 0. Then

dist <|i—i‘, {p2 = 0}) —0 as k — oo.

Proof. Let ry := |xg|, yx := x /7K, and si := tk/r,% . We know that U := r,;2urk converges locally uniformly
to p2 as k — oco. Moreover, since Uy has a singular point at (yg, sg) and Uy is increasing in time, it follows
that Uk(yg,s) = 0 for all s < sg. In particular, thanks to our assumption, Uk (yg, —C’) = 0. This implies
that, for any accumulation point y~, of {yx}, we must have ps(y) = 0. The lemma follows. O

We can now prove Lemma [7.3]

Proof of Lemma[7.3. The fact that yg) € {z, = 0} follows from Lemma Also, since (xlgj),tl(j )) is a
(4) 4(5)

singular point, we have u(x,;’’, t;
(u— pg)(x(]),t) <0 for all ¢ <0, and therefore

) = 0. Hence, since t; > 0 and u is increasing in time, we deduce that

wTk(y,gj),t) <0 forallt<0.

Since w,, — ¢ locally uniformly, it follows that q(yc(%),t) < 0, but since yc(%) € {z, = 0} (where q is

nonnegative, see (6.14))), it must be
q(y¥),t) =0 forall t <O0.

Now, the fact that ¢ is homogeneous, monotone in ¢, and convex with respect to the first n — 1 variables
(see Lemma , implies that the cone K C {z, = 0} generated by yéé) (i.e., K C R™) is contained inside
{q(-,t) = 0} N {z,, = 0} for all £ < 0. Notice also that, since ¢ is homogeneous of degree A\?"? € (2,3), then
it is even in the x,, direction. ‘

Assume now by contradiction that the rank of {y((%)}j is n — 1. Then K has non-empty interior inside
{x, = 0}. In particular, if we pick a direction e € S"~' N {z,, = 0} such that —e € int(K), then for any
point 2’ € R"~! we have (2/,0) — se € K for s > 0 large enough.

Set §(x) := q(z,—1). We claim that

OG>0 inside R"

for any such direction e. Indeed, suppose by contradiction that d.4(z) < 0 at some point z = (2/, z,) with
(with no loss of generality) z, > 0. Then, by convexity of ¢ in the direction e = (¢’,0), we have

(j(zl - 56,7 Zn) > Q(Z/, zn) - 8QQ(Z/, zn)s'

Hence for all s > s, (with s, large enough depending on z) we have

G(z' — se’,zp) > cos where ¢, > 0, (7.6)
and
(' —se’,0) e K C {Gg=0}N{x, =0}. (7.7)
However, since ¢ is convex in the first n — 1 variables, we have
Onng < Aq < 0ig < CgR’\Qnd*QM in Br x (—R?%,0). (7.8)

Therefore, since (2’ — se¢/,0) = 0 and 9,4(z" — se’,0%) < 0 (by (7.7) and (6.14))), integrating (7.8)) along the
segment joining (2’ — se’,0) and (2’ — s¢’, 2z,,) we obtain

< C(SRAZ"d—Q-HS |Zn\2

5 whenever  |(2' — s€’, z,)| < R.

G2 — se’, z,)
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This implies that §(2' — se’, z,) < Cgs’\Qnd*2+5|zn\2 for s sufficiently large. However, since A>"? < 3, choosing
§ > 0 such that A\**® — 2 4+ § < 1, this contradicts .

Thus, we have shown that 0. > 0. Then, differentiating with respect to e and using that ¢ is
homogeneous, we deduce that ¢ := 0.q is a nonnegative solution of

Lovy =M inR"\ ({z, =0}N{q=0}), Y =0 on {x,=0}n{j=0}.

Also, since 9.q is (A\*"@ — 1)-homogeneous, its associated eigenvalue is A = )‘%Td_l. On the other hand, we
showed in the proof of Lemma(7.1|v) that the positive function ¢1(z) := dyq(x, —1) is the first eigenfunction
of this problem and has eigenvalue %. Since the first eigenfunction is the only one which does not
change sign, this provides the desired contradiction. O

We can now prove that m, (X53,) has Hausdorff dimension at most n — 2 (recall (2.3))). Note that this is
not standard, since Lemma only shows that, around any point (z.,t,) € Z;El, the set WI(ZEEI Nn{t>
to}) N By(xo) is contained in a e-neighborhood of some (n — 2)-plane. The fact that we can only control
points “in the future” {t > t,} forces us to prove some new appropriate GMT result that incorporates this

feature. We state it as an abstract result.

Proposition 7.6. Let E C R" xR, and suppose that for all (x,t) € E and € > 0 there exists ozt > 0 such
that, for all v € (0, 0z4¢),
T2 (E N (Br(z) x [t,])) C (x + L+ Bye) for some L = L4, C R linear space, with dim(L) = m.
Then
dimy (1,(E)) < m.

To prove this proposition, we need the following classical GMT lemma, whose proof can be found for
instance in [Ros21l Lemma 9.

Lemma 7.7. Given o > 0 there exists € > 0, depending only on n and «, such that the following holds: Let
F C R™, and suppose that there exists o > 0 such that, for all x € F and r € (0, o),

FNB,(z) C(x+ L+ B,:) forsomeL = L,, CR" linear space, with dim(L) = m.
Then H™t*(F) = 0.
To do this, for any arbitrarily small § > 0 we will construct a cover of m,(E) by countably many balls
B, (;) of diameter < § such that >, 7/"T® can be made arbitrarily small. This implies that H™+% (7, (E)) =

0 for all @ > 0 and hence dimy (7,(E)) < m.
We can now prove Proposition

Proof of Proposition[7.6. Up to taking countable unions, we may assume that £ C By/y(2) x [-1,1]. Also,
since
E:UEg, where Eg:{(x,t)eE:px7t7E>%},
l

it suffices to prove that dimy (7, (E;)) < m for each £. To this aim, given o > 0 arbitrarily small, we shall
prove that H™ " (m,(E;)) = 0.
Fix £ > 0 (depending only on n and «, to be chosen later). By assumption, for all (z,t) € E; and for all
r e (0,1/¢],
72 (E¢ N (By(z) X [t,00])) C (¥ + Lgy, + Bpe) for some Ly, linear and m-dimensional. (7.9)

Note that holds also for all (Z,) in the closure Ey of Ey, provided we define L33, as an arbitrary limit
of the hyperplanes L, ;. as (z,t) € Ey converges to (z,1t).

Now, given (z,t) € E; and r < 1/¢, by compactness there exists (z,%) € B,(x) x [-1,1] N E; such that
t < m(Br(z) x [-1,1] N E;) C R. Thus, applying at the point (Z,t), we get

72 (E) N Bu(z) C 7 (By N (B () x [£,00))) € % + Ly, + Bre.

Thus, choosing ¢ sufficiently small, Lemma applied with F' = 7, (FE,) implies that H™+ (ﬂ'x(Eg)) =0,
as desired. O
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Finally, as an immediate consequence of Lemma [7.3] and Proposition [7.6] we deduce the following:

Proposition 7.8. The set E;ﬁl satisfies dimy (TFx(EfLEl)) <n-—2.

8. QUADRATIC CLEANING OF THE SINGULAR SET AND PROOF OF THEOREM [I.1]

In this section we prove that, for any given ¢ > 0, there exists C. such that, for any singular point
(2o, o) € 3, it holds
SN {lz—zo| <7y t >t +Cr¥ e} =0, (8.1)
As we shall see, this estimate will allow us to prove Theorem
We begin with the following:

Lemma 8.1. Let u: By x (—1,1) — [0,00) be a solution of (3.1) and (0,0) a singular point. Assume that
H(r,u — p2)'/? < w(r), where w(r) = o(r?) as v | 0. Suppose in addition that e, is an eigenvector D*py
with maximal eigenvalue, and that there exists ¢ > 0 such that

][ duu(-,—r2) > ¢er®  for all v € (0,1), for some B € (0,1]. (8.2)
Brn{len|>15}

Then there exists C' > 0 such that
{u=0}n (B, x [Cw(r)r™ +1%,1)) =0 Vr e (0,1).
Proof. Since H(u — p2) = —X{u=0} < 0, the function u — py is supercaloric. Also, since dyu > 0, then u — p2
is nondecreasing in time. Thus, thanks to the bound H(r,u — p3)'/? < w(r) we get
u>py— Crw(r) in B, x[-r?/2,1). (8.3)
In particular, since w(r) = o(r?) and e,, is an eigenvector D?py with maximal eigenvalue, for any fixed § > 0
small, we obtain
{u=0}N (B, x [-r?/2,1)) C {|zn| <76*}  Vr< 1.
Thus H(0;u) = 0 inside (B, N {|zy| > r6?}) x [-1%/2,1), and therefore (8.2) and Harnack inequality imply
that Oyu(-, —r2/4) > 2cor? inside B, N {|z,| > rd}, for some ¢z = c2(n,§) > 0.
Combining this bound with the estimate dyu > —C' (see Proposition , we get
Dy > e’ in (By N {|zp| > ré}) x [—72/4, e3r], (8.4)
for some c3 > 0 (recall that 5 < 1). In particular, combining (8.3) and (8.4]), we obtain
u(-, =12 /4 + h) > py — Chw(r) + carPh in B, N {|zy,| > rd},

for all h € [0, c37]. Choosing h > 72 /4 + 2C102_1w(r)7"_6, and using again (8.3)), since u is nondecreasing we
obtain

u > pg + Clw(r)(—l + 2X{|zn|>r5}) vV (z,t) € By X [2C102_1w(r)7“*ﬁ, 1). (8.5)
Now, let h® be the solution to

HA’ =0  in By x (0,00)

hd =2 on (0B1 N {|zn| > 0}) x [0,00)
R =0 on (0B1 N {|zn| < 6}) x [0,00)
ho =0 at t = 0.

Since h? — 2 as § — 0, it follows that h9 > % inside By for all ¢ > 1, provided ¢ is small enough. Now we

can observe that § ;
U(z,t) == pa(x) + Crw(r) < BRI (f, t —2Ccy w(r)r ))

r r2

satisfies HY = 1 in B, x [20102_10.1(1")7"*5,00) and, by (8.5, we have u > 1 on the parabolic boundary
Opar (Br ¥ [2C ey w(r)r?, 1)). Hence, by the maximum principle,

w>1 in B, for t > 201y 'w(r)r=.
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Evaluating at t = 2C1¢; 'w(r)r™® +r? (and using that h% > 3 in By s for all t > 1) we obtain

C
u>=ps+ %w(r) >0 in B, y, fort > 20102_1(,0(7")7“_5 + 72,

and the result follows. O

The (almost) quadratic cleaning l-' will be proved by applying Lemma with different w and £, in
each of the following cases (recall (5.6} ., and .

(i) If (wo,t5) € By for some m < n — 2, we will use w(r) = o(r?) and 8 = ¢;
(i) if (zo,t0) € 2531, we will use w(r) = """ and B = A2 — 2 4 ¢;
(iil) if (wo,t0) € X33, we will use w(r) = r3 and 8 = 1 (in this case we can prove the exact quadratic
cleaning without loosing ¢ in the exponent)

We start with the easiest case (i).
Proposition 8.2. Let (0,0) € X,,. Then, for any € > 0 there exists r. > 0 such that
{fu=0}n (B, x[r*5,1)) =0  Vre(0,r).

Proof. As shown in the proof of Lemma (a) (see (5.8])), we have fBT Opu(-,—r?) > c.r® in B,, for all r
sufficiently small. Then, the result follows using Lemma (8.1 with w(r) = o(r?) and 8 = ¢. O

We now consider the case (iii), which is also easier than (ii) .
Proposition 8.3. Let 9 > 0, and let (zo,t5) € 72, N (Bi—g X (=14 0%, 1)). Then
{u=0}N(By(zo) X [to +Cr*, 1)) =0  VYre(0,0),
where C' is independent of (zo,t,).
To prove Proposition we will need the following result.

Lemma 8.4. Let (wo,t,) € X33, N Bi—, X (=1 + 0%,1), and assume (with no loss of generality, up to a

rotation in space) that pa g, ¢, = %wi There exist positive ¢ and 7, independent of (xo,t5), such that

][ ou(wo + - to — %) > ér Vre (0,7). (8.6)
Brﬂ{|zn|>m}

Proof. Proposition applied with A2"¢ = 3 to the function o~ 2u(zo + 0-,to + 0%, ) implies that
{u(zo+ - to+ ) =0} N B, C {|zn| < C1(|2'> —t)}  Vte [0 0] (8.7)
where Cy depends only on n, ||u||z=, and p. We now consider a barrier of the form
d(x,t) := g(zn — Ci(|z')? — t)).
Note that
Ho = (1+ 4012|x/|2)g” —C1(2n — 1)’
Hence, choosing g(s) = (eAS — 1) X(0,1)(8) + (eA — 1) X[1,00)(8) With A large (as in the standard barrier from

Hopf’s Lemma), we see that ¢ > 0 is subcaloric inside the domain D := {z,, — C1(]2'|> —t) < 1}. Hence,
since dyu is positive and caloric inside {u > 0}, it follows by and the maximum principle that

Ou>co in Bj(zo) X [to — 72, t0],
where ¢,7 > 0 may depend on u and p, but may be chosen independently of (z.,t,). Using the explicit
formula for ¢, follows easily. O

As a consequence, we get:

Corollary 8.5. Let (z.,t,) € Eﬁfl NBi_, x (=14 p,1). Then

3

= SH( (u(wo+ - to+ ) —p2) 2 < OFF

for all r € (0, ), where C > 0 may depend on u and o, but is independent of (zo,to).
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Proof. Choosing v = 4, Corollary and Lemma (b) applied with R = ¢ imply that
H(r,u(wo + - to + - ) — pouoss) < CrO Vr e (0,0).

Viceversa, the opposite inequality follows easily by integrating in time the estimate in Lemma [8.4] using
that 0;(u — p2) = Oru > 0. O

We can now prove Proposition [8-3]

Proof of Proposition[8.3. In view of Lemma the result follows from Lemma with w(r) = Cr3 and
g =1 O

Finally, we consider the remaining case (ii).
Proposition 8.6. Let (0,0) € Eﬁfl. Then, for any € > 0 there exists r- > 0 such that
{u=0}n (B, x [r*%,1)) =0 forall r e (0,r,).
To prove Proposition we will need the following;:

Lemma 8.7. Let (0,0) € E;El, and assume that py = %xQ. Then, for any € > 0 there exists r- > 0 such
that

f (-, —r?) > P2y B,, forall 7€ (0,re).
Br0{lzn|2 15}

Proof. Let w = u — pa. For any 7, | 0 there exists a subsequence ry, | 0 such that

Wry,, = H (rg,, wo1/2

where ¢ satisfies the properties stated in Lemma, In particular, for any such limit ¢, we have d,qg > 0
and 0y;q #Z 0. This implies the existence of a constant ¢ > 0 such that

w"’kg
- q,

8tw,,
ke
> c.

/le[2,3/2]ﬁ{|xn|21/5} H(ry,, w¢)t/? ~

Also, by a compactness argument, the constant ¢ can be chosen to be independent of any subsequence,

therefore
8twr
— > c>0 Vr>0.
/le[—2,—3/2]ﬂ{|mn|21/5} H (r,w()/?

Hence, since w, is caloric in (32 X (=2, 0)) N {|xn\ > 2—10} for r < 1, the classical Harnack inequality for the
heat equation implies that

][ du ][ By,
(Bon{lon 275 x (-2} Hr w2 Jipiagaal> & px -1 H(rw)'/?

Recalling that H (r, w(¢)'/? > o te/2 (this follows from Lemma (b) with 7 > 3), the result follows. O

>c>0.

We can now prove Proposition

Proof of Proposition[8.6. Arguing as in the proof of Lemma we get H(r,u — p2) < Cr2¥, Hence, in
view of Lemma the result follows from Lemma [8.1| with w(r) = Cr™™ and B = A2 — 2 ¢, O

Combining Propositions and we immediately deduce the following:
Corollary 8.8. For any (x.,t,) € ¥ and € > 0, there exists p = p(xo,to,€) € (0,1) such that
{u=0}nN (Br(xo) X [to + r27e, 1)) =0 for all 1€ (0,p).

Finally, to prove Theorem [L.1] we will also need the following simple GMT lemma:
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Lemma 8.9. Let E C R" x (—1,1) with
dimy (7,(E)) < 6.
Assume that for any € > 0 and (xo,t,) € E there exists p = p(e, xo,to) > 0 such that
{(z,t) € By(wo) x (=1,1) : t—to > |z — l’o|2_6} NE =.
Then dimps (E) < f.

Proof. Fix ' > 3. We need to show that, for any given § > 0, the set F can be covered by countably many
of cylinders By, (x;) x (t; — r2,t; +12) so that

Sl < (8.8)

Choose € := (8’ — 8)/3, 8" := 8 + ¢, and decompose
E=Up1E;, where Ep:={(x,t) €E : 277 > p(e,x,t) > 27},

Now, given a pair of points (x,t) and (2/,t') belonging to F,, with |z — 2’| < 27¢, by assumption we have
that [t — /| < |z — 2/|>~¢. This proves that, for all (x,t) € E; and r € (0,27¢), we have

E;na; (By(z) € Bp(z) x (t — 275, t 4 1279). (8.9)

Now, the assumption dimy (Wx(E)) < A implies H?" (7,(E;)) = 0. Thus, for any given /, there exists a
family of balls {B,, (zx)}x, with 7 € (0,27¢), such that

7 (Fp) C UBrk(l'k) and Zrk// <627t
k k

Noting that (—r27%,727¢) can be covered by r~¢ many intervals of length 212, implies that F, N
75 1By, (z1)) can be covered by cylinders of the form {B,, (zx) X (t;x — 72, tjx +71) }jer,, with #I; < r.°.
This gives a covering of E, such that

Z Z rfl < 7“,;‘627"5’ = Zrk” < 627"
k jely k k

Taking the union over ¢ > 1 of all these coverings, since ), 527t = §, we obtain a covering for E satisfying

(8-8)- O

We are now in position to prove one of our main results.

Proof of Theorem [1.1. The result follows from Proposition Corollary and Lemma O

9. CUBIC BLOW-UPS
The following lemma classifies possible 2nd blow-ups at points of ¥3;.
Lemma 9.1. Let q be a 3-homogeneous solution of (6.14)), with {ps = 0} = {x,, = 0}. Then
n—1 n—1
q(x,t) = alxy,| <x% + 6bt — 3 Z bagscal‘5> + azy, (xi + 6bt — 3 Z bag;vamg) , (9.1)
a75:1 a,ﬁ:l
where a > 0, (bag) € RODX(=1) s nonnegative definite, and b = trace(byg), b = trace(bags).
As we shall see below, Lemma [0.1] follows easily from the following result.

Lemma 9.2. Let q : R" x (—00,0) — R be a continuous and \-homogeneous function with polynomial
growth, such that q|{xn:0} > 0 and Hq is a locally bounded signed measure concentrated on {x, = 0}. If
A > 0 is an odd integer, then ¢ =0 on {z, = 0}.
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Proof. For simplicity we give the proof in the case A = 3, which anyhow is the only one relevant for our
purposes. The interested reader will notice that the proof for A = 5,7, 9... is identical, but using the functions
@ constructed in [FRS20, Lemma B.5].

Let z = (2/,x,) and define

Q(z) := |aa|(3[2']* = (n — 1)a7).
Note that, since Hg = p and ¢ is A-homonegenous, ¢(z, —1) satisfies
A .
EOUq+§q:u in R

with A = 3, where Loy is the operator defined in (5.9). On the other hand, an explicit computation shows
that

A _ .
LovQ + 5@ = 6|l‘,|27'ln 1|{$n:0} in R™.
Hence, since p is concentrated on {z, = 0}, using integration by parts (which is justified by the polynomial

growth of ¢ and exponential decay of the Gaussian kernel) and denoting dm = G(x, —1)dx the Gaussian
density, we obtain

6/ g2’ *G(x, —1) dH" ' = / q(Lou +3)Qdm = (Lov +3)qQdm = | G(x,~1)Qdu =0,
{zn=0} n R~ R”

where in the last equality we used that p is supported on {z, = 0}, where @ vanishes.
Thus f{ngO} q|2'|?G(z,—1)dH" ! = 0, and since ¢ > 0 on {x, = 0}, this forces ¢ = 0 on {x, = 0}, as
wanted. 0

We can now prove Lemma [0.1]

Proof of Lemma 9.1 Thanks to Lemma we know that ¢ vanishes on {r, = 0}. Thus ¢|f,, -0y and
ql{z, <0y are 3-homogenous caloric functions vanishing on {z,, = 0} and therefore, by Liouville Theorem, ¢

must be of the form (9.1)) satisfying b = trace(bas) and b = trace(bag). Recalling that ¢ solves (6.14), and
hence it is a supercaloric function, we obtain the extra conditions that a > 0 and that (b,g) is nonnegative
definite. O

Our next result is the following monotonicity formula.

Lemma 9.3. Let (0,0) € 3.3, with py = 3(z,)?. Let Q be a 3-homogeneous solution of (6.14). Then

d (1
ar (746 /{t__TQ}(U —pQ)CQG> > —ClQllr2() »

where C' depends only on n and ||u||fe.

Proof. After scaling we have

1
76

1
oy =i 06

r3

/ (u—p2)C QG =
{t=—r2}

therefore

d 1 1 3
- (6 /{ NS p2><@a> - /{ A, /{ ., (w=p)0), QG

where Z is defined in Section Recall the integration by parts identities from Lemma

/ ngG:/ fZgG+2/ (Hfg— fHg)G.
{t=—1} {t=—1} {t=—1}
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Since ZQ = 3Q, HQ = 2At?—[”*1\{mn:0} <0,u—p2y=u>0on {z, =0}, and H(u — p2) = X{u—o}, this
yields

76

d (1 1
dr ( /{t:ﬂ}(u —P2)<QG> = /{t:l} {H((u—-p2)¢), Q — ((u—p2)¢), HQ} G

1
5 ) Eeem),qa

1
== ""ZX{u:o} Q G+ O(e_l/r).
r {z€By 2, t=—12}
Note that Q(z) < Ci|z,||z|? with C; = Coll Q2 (see (9.1)). Also, since And = 3 it follows by
Proposition [6.6] that

v

{u=0}n{lz] <1/2,t = —r?} C {Jon| < Co(l2'| +7)%},

where Cy depends only on n and ||ul/z~. Hence,

1 2 Cl 2
i a0 @G = -4 [ Xlonl<Caler e 2allal2G > ~C,
" (€ By 2, t——12) {u=0} o (w€By 3, t——17) {lznl<Co(|2’|+r)?} 0
where the constant C' depends only on n and ||u||re~, and the lemma follows. O

As a consequence, we find:

Corollary 9.4. Let u: By x (—1,1) — [0,00) be a bounded solution of (3.1), and assume that (0,0) € ¥3,.
Then the limit

i C7PDE i w2 (@ x (~oc,0)

exists in the weak topology, and it is of the form (9.1]).
Proof. Given any sequence 7y, | 0, by Proposition and Corollary [8.5] there exists subsequence such that
_ . 1,2
rkf’(u —P2)ry, = Q in W2 (R" x (—o0,0]),

loc

where @ is some 3-homogeneous solution of (6.14])). Now, assume that we have two limits along different
sequences:

-3 -3
(r,(cl)) wrl(:) — QW and (r,(f)) wrl(f) —QW. (9.2)
Then, by Lemma for fixed j € {1,2} we have that

76

1 _ . .
( /{t——l}r 3((u—p2)<)Q(J)G> —|—C||Q(J)”L2(%)r

is nondecreasing in r. Hence, using (9.2)), and letting r,gj ) 0, we deduce that

/ 0MQUIG = / OQVG forj—12 = / QW — Q@)2G — 0.
{t=—1} {t=—1} {t=—1}

This implies that Q) = Q) on {t = —1} and hence, by homogeneity, in all of R” x (—o0,0]. O

We now investigate the structure of the second blow-ups at at “most points” of Z‘iﬁ 1- For this, we need
a new dimension reduction lemma.

Lemma 9.5. Let u: By x (—1,1) — [0,00) be a bounded solution of (3.1)), and let (0,0) € ¥-3,. Assume
there exists a sequence of singular points (z,tr) € 3721, with || < 1 for some 1 | 0, and t, < 0.
Assume also that w,, — q, where w := u — pa, and that y, = f—: — Yoo # 0, and let ¢V denote the even
symmetrisation of q with respect to the hyperplane {p2 = 0}.

Then Yoo € {p2 = 0}, and ¢ (2’ x,) is translation invariant in the direction of Yoo.
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Proof. Without loss of generality we assume py = 322. Since (0,0) € £ C {u = 0}, it follows from Lemma
applied at (zy, tx) that
(0,0) € B(z) x [ty +Cr%,1)  VYre (0,1/2),
where C' is independent of k. As a consequence, choosing r = 7 and recalling that |zg| < rg, we get
—Cr2 < —Clzp)* <t <0. (9.3)

Let s := i—é Up to taking a subsequence we may assume that (yx, k) — (Yoo, Soo), Where —C' < 550 < 0.
k
Also, by Lemma [7.5| we obtain that y., € {p2 = 0}.
Next, define P, := 7’,3 (pg (yr +-) — pz,xwk) (note that this is a harmonic polynomial of degree two), and

set
Wry, (Y + -5 8k + ) + P = u(xp +rpe, b + i) = rip2(ye + ) + Tl%(pz(yk +-) — p2,xk,tk)
= w(@p + rpe b+ 1% ) — P2yt (T ) =1 Wi
Since (w,t) € 32, we have ¢(0Fwy) = 3 and therefore, by Lemma
_ ) é
(L) < Bmh g (I g (LY Hallee) o 9V
o) = H(o,w((ry)) — 0 o) = H(o,wn((ry)) — o)
whenever 0 < p < ¢ < 7“,;1. Also, by Lemma for all 0 < p < r,;l we have
H (o, w((rg)) < f (@r)?  and  H(g,wp((re)) = f (wry,)?, (9.5)

o (3

where X <Y here means X < CY and Y < CX with C depending only on n and ||ul|pe.

Now, recall 0 > s, — S0o > —00 and Y — Yoo € B1 N {p2 = 0}, define aj, := H(1,w, ¢(r))"/? and
br. == ||Pxllz2(B,), and let us show that by < Cay as k — oo. Indeed, using l} with p = 1 and
o = R> 1 (we want R? to be larger than, say, —2s.,), we get

0kl 22(%0) < Nlwry (U + -5 56+ ) + Pell2@p)+ < llwell22(6m) + CER) Pl 228,y < C(R)(ax + by).

We now claim that by < Cai. Indeed, if by contradiction by > a as k — oo then, up to subsequence (note

that any sequence of quadratic polynomials bounded in L? is pre-compact),
. Wi . Pk 5 . . . 2 n
lim = lim — =: P = [second order harmonic polynomial in Li,.(R" x (—00,0]).

On the other hand, it follows by (9.4]) and (9.5)) that, for 0 < o < ¢’ < r,;l,

_ 2
v g a)
C<Q> SM_ (9.6)
)% )

ioﬂg a+bg

N Fe, (P

C o

c<g> < — = Vo< o</,

o) = 4P

a contradiction since P is quadratic (and hence cannot satisfy a cubic growth).
This proves that by < Cay, hence

Py(- —yx)
ax

Taking the limit this yields

P — _ _
< (C, and therefore M =: P, — Py

L%(By) ak

as k — oo (up to a subsequence). Now, a simple computation —see the proof of (3.11) in [FS17, Lemma
3.3]— shows that

P is odd with respect to {ps = 0}. (9.7)
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Therefore, since % =1y, — qin L2 _(R" x (—00,0]), using again (now with ay instead of ay + by in

loc
the denominator) we obtain

~ 5 )2

C(g’>6 < f(yk,Sk)-l-%’g/ (Wr, + Py) N C(Q,)G
o) f(yk,skH% (ﬁ)rk + Pk)2

In particular, choosing ¢’ = 1 and taking even parts, (9.7) implies that

1/2 1/2
<][ (q+ Poo)2> < Cg® and <][ (qeve")2> <Co®  Voe(0,1). (9.8)
(yooysoo)‘i’(gg (yo<>7soo)+(gg

Note now that, thanks to Proposition g (and therefore also ¢°V") is a 3-homogeneous solution of the

parabolic Signorini problem in R™ x (—oo, 0] with obstacle zero on {ps = 0}. Then, shows that (Yoo, Sco)

is a singular point for ¢’ of homogeneity at least three. In addition, since ¢°**"* is 3-homogeenous we have
3< (07,67 (Yoo + 5 Soo + ) < 0(00, ¢ (Yoo + +, 500 + +)) = P(00,q) = 3.

This implies that 7 — ¢(7, ¢*" (Yoo + *, Soo + - )) is constantly equal to 3, therefore ¢°*“" (Yoo + -, o0 + *)
is also 3-homogeneous. In particular

qeve”(yoo + .80 ) = nglgo R_gqeven(yoo + R, 500 +R2 ) = qeven.

P)?
f(yoo,soo)—&-‘zfgl (q + )

jf(ywsoo)_i_%(q + Px)?’

%

IN

even

This implies that ¢ is translation invariant in the direction yooﬁ concluding the proof of the lemma. [J

For the sequel, it will be useful to introduce the following:
Definition 9.6. Given u : By x (—=1,1) — [0,00) a bounded solution of (3.1)), we define ¥* C X3, as the

set of singular points (zo,%,) such that, in some coordinate system where ps z, 1, = 5(z)?, we have that

. — lim w(@o + 1 to +12) =12 pog 1,
@osto r—0 r3
can be written as
Ay, to ‘$n| (1'31 + Gt) + P3,20,t0>
for some a,, ¢+, > 0 and p3 4, ¢+, an odd 3-homogeneous caloric polynomial.

The motivation of the previous definition is given by the following lemma, which follows from Lemma [9.5
and Proposition [7.6

Lemma 9.7. Let u: By x (—1,1) — [0,00) be a bounded solution of (3.1)). Then
dimy (WI(EZEI \ %)) <n-2.

Proof. We begin by observing the following: Let @ = Q(z,t) be an 3-homogenous solution of the parabolic
Signorini problem, which is even with respect to {x,, = 0} and it is invariant with respect to translations
parallel to {z;,, = 0}. Then @ depends on the variables z,, and ¢, and hence it must be of the form

2

Q(x,t) = a|x,| (6" + t), (9.9)

for some a > 0. We now show that this implies the following:

Claim. Let (zo,t,) € X3, \ ©*, and (x,(fj),tlgj)) a sequence of singular points in X3, with t,ij) < to, such
: (4 _ . . .

that y,(j) = %T% — yg)) # 0, for some r | 0. Then yg)) € {x, =0}, and the set {yc()%)}j has rank at most

n—2.

8A possible way to show this, is the following. By homogeneity of ¢°"*" (Yoo + -, S0 + +) and ¢°*¢™, it holds
G (Yoo + T, 0500 + 1) = 032G (Yoo + (2/0), 500 + (t/6%)) = 6°¢°™ (x/5,t/6%) = ¢°*" (x, 1) Vd > 0.
Subtracting ¢(z,t) to both sides, dividing by J, and sending 4 | 0 we obtain ys - Vg(z,t) = 0.
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Indeed, applying Corollary and Lemma to the function u(zs + -,to + - ), we deduce that

u(l'o + 7, te + 7”]3 : ) - 7’]5 D2,z to

3
Tk

and yc(%) € {z,, = 0}. Then, if the rank of yc(%) . was n — 1, Lemma (9.5 would imply that ¢*" is of the
J

form . Recalling Definition , this would mean that (z.,t,) € ¥*, a contradiction.

Thanks to the Claim, we can apply Proposition to deduce the desired dimensional bound on Wm(Efli 1\
¥*) (more precisely, since the control that we have now is for “points from the past” instead of on “points
in the future”, we need to apply Proposition [7.6to the set E := {(x,—t) : (z,t) € 73, \ *}). O

We now show that, for any (z.,t,) € £*, the coefficient a,, ;, must be strictly positive.

Lemma 9.8. Let u : By x (—1,1) — [0,00) be a bounded solution of (3.1), and o € (0,1). There exists
co > 0 such that the following holds: For any (zo,to) € 3* N Bi_p x (=1 + 0%, 1), let ay, 1, be the coefficient
of the non-caloric part of p3 ;. , as in Definition . Then az, t, > Co-

Proof. Let (zo,to) € ¥* N B1—, x (=1 + ¢%,1). By Lemma there exist positive constants ¢ and 7, such
that

Ou(zo + -, to — T2) >cr in B, Vre(0,r).
B

Equivalently, defining w := u(zo + -, tc + ) — P22, 1, and noting that dyw = dyu > 0, we have

][ Or(r3w,) > >0 Vre (0,7o).
BlX{fl}

Taking the limit as » — 0, we deduce that
][ O (azo,to\mn\ (:L'% + 6t) + pg@o,to) >c¢>0.
Bl X{—l}

Since p3 4, .t, is odd, so is Op3.z, 1, and therefore J(le{—1} OiP3.20.t, = 0. The lemma follows. O

10. A USEFUL MONOTONE QUANTITY

In this section we prove a monotonicity-type formula of order 5/2. This is weaker than the natural one,
which should be of order at least 3. Still, this weak formula will play a crucial role in Section
Let us define a smoothed version of H given by

2
H(o,w) ::/1 H(p0,w)do (10.1)

The goal of this section is to establish the following monotonicity formula. This will be crucial in the next
sections in order to establish higher order regularity at (most) singular points in X*.

Proposition 10.1. Let u: By x (—1,1) — [0, 00) be a bounded solution of (3.1)), let (0,0) € X*, and assume
that po = 322 and p} = @|x,|(x2 + 6t) + p3 (recall Definition .

Given Cy > 0 and M € (6,7), there exist e > 0 and R, > 1 such that the following holds: Assume that
there exists r € (0,e5) such that

lu = pa = P3| oo (B, x (~202,02/2)) < €00°  for all g € (0, 7). (10.2)

Denote w := (u—p2 — Q)¢ with Q = x,Q2 + a|z,|(z2 + 6t), where a € [0,Cs) and Q2 is any 2-homogeneous
polynomial satisfying H(x,Q2) =0 and ||Qz2||12(4,) < Co. Then

5 ~
2 = R ™My SH(R 10.3
b2 (o, w) R o "H(Ro,w) (10.3)

is monotone nondecreasing for o € (0,7).
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The idea behind the quantity h% (0, w) is the following. Ideally, we would like to have that o~ %H (o, w) is
monotone at every point. Unfortunately this is false at points in X* because pj is not caloric. This means
that we must look for a monotone quantity of lower order, and this is why we look at a quantity of the form

0 °H(o,w). Our monotone quantity f)g is basically a modified version of this, in which we first consider

an averaged version of H, given by , and then define f)g as in in order to control the growth
between different scales (see (10.5)). It is thanks to these (small but crucial) modifications that we can
prove that the quantity is monotone.

Before proving the monotonicity formula, we need the following:

Lemma 10.2. Let u: By x (—1,1) — [0,00) be a bounded solution of (3.1)). Given positive constants co, 7o,
Cs, and R, there exists § > 0 such that the following holds: Let Qo be any 2-homogeneous polynomial such
that H(z,Q2) = 0 and [|Q2|2(4) < Co. Assume that

2

1
<u(r-,r2 D) = r2x2”> < Coltp|t + Colxp|® + 2,Q2(2') + 0 inside {lz] <2R,, -4 <t < -1},

3
for allr € (0,75). Then
u(r-,r?-) < Crt on {x, =0}n{|z| < R.,t = -1},
for allr € (0,75).
Proof. Fix z € {x, =0} N {|z| < R, t = —1}, and define
Br,) = —na? + 2! — 22— 2(1 + 1) + 2 Qa(e)
and

1 2
v(z,t) = 3 (u(rw, r2t) — 7‘23:2")

Also, consider the set U := {|a’ — /| < 1, |zn| < 0, =2 < t < —1}, with ¢ > 0 to be fixed. We choose first
0 > 0 and then ¢ > 0, both conveniently small, so that for all x € 0p,-U we have

'U(«’E) < Co‘xn‘t + CO’xTL|3 + anQ(x) +0

—Co0+ Co0® + 2,Q2(x) + 6 < —2n0% + 2,Q2(x) < () for |z, = o
< —colwn| + Co0® + 2,Q2(z) + 0 < —2n0% + 2,Q2(x) + 1 < ¢(x)  for |z,| < o, ]2 — 2| =1
Co0® 4+ 2, Qa(z) + 0 < —2n0* + 2,Qa(z) +2 < ¢(x) for |z, < o,t = 2.

Now, consider the function

P(x) = %x% + ¢(z) + Cr,

where C'is a large enough constant, chosen so that 1 is nonnegative in U (note that %x% +Cr > /Cla,|, so
such a constant C' exists independently of ). Since Hp = 0, we have Hy) < % in U. Also, by the argument
above, T%u(r ,r%+) < 1 on Oy, U. Therefore, since ¢ > 0 in U and H(T%u(r -,r%-)) > 1 whenever

T%u(r -,72-) >0, it follows from the comparison principle that

1 ) .
ﬁu(r-,r ) <%y inU.

In particular, choosing * = z and t = —1 we get (recall that z, = 0)

1
ﬁU(TZ, _TQ) < ¢(Z, _1) = CT‘,

and the lemma follows. O

We can now prove Proposition
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Proof of Proposition[10.1. Note that h% (+,w) is a Lipschitz function, so it suffices to prove that its derivative
is nonnegative at every differentiability point. Thus, we compute d%‘gzg h%(g, w) and we note that two

possible alternatives arise: B
(a’) ma‘XRG[l,l/Qo] R_M‘E{(RQO7 U)) > H(QCM w)7

(b) MaXpRe(1,1/ 0] R_MH(RQm UJ) = H(Qm ’UJ)

If (a) holds, consider R, € (1,1/0o] such that maxge(i,1/0,] R MH(Rg,,w) = R;MH(R,00,w). By
continuity, for s € (0, 1) sufficiently close to 1 we have

0203 (00, w) = (Re) " MH(Ro00,w) = max (R)"MH(R g,w)
R’€[s,1/00]

-M -M g —-M 5.5
=S max R HRSO,U) =S S0o 2(500,W).
Re[1,1/(s00)] (Rs00,w) (500)°H2 (500, w)

Hence
hg(sgo, w) = SM_5[]g(QO, w) for s € (0,1) sufficiently close to 1,

and therefore d%‘gzgohg(g, w) = %bg(go, w) > 0. This proves the result whenever (a) holds.

Instead, when (b) holds, we note that hg(g,w) > 0 °H (o, w) with equality for ¢ = g,. Therefore

5 5 57 57
b2 (e, wg - 22 (00,w) | 0™ He, w;: gz CH(gow) jg Hobé(.,w) ~ el (o P H(p, w)).
In addition, if (b) holds then we have the extra growth information
H(Rgo,w) < H(go,w)RM for all R € [1,1/0.], (10.4)
and in particular, taking R = 1/9,, we get
03 H(1,w) < H(go,w). (10.5)

Therefore, to conclude the proof of the lemma, it is enough to show that d%’g:@ (g_5f~l (o, w)) >0 at a
every scale g, where ((10.4]) holds. We divide the proof of this fact in four steps.

e Step 1. Denote
v=(u—p2)¢, h=(v,Q2+aV)(,  U(z,t):= |v,|(22 + 61),

where ( is the usual spatial cut-off. Recalling that w = v — h we first show that, at any small enough scale

0o at which ((10.4) holds, we have

d

o (@) 1 <H(£’2”—h) 44 /_9g Un {vHv — (v — h)H(v — h)}G] dt) (10.6)

6
0=00 QO —29%

Observe that, by (10.1)), we have

d - /2 dH
—H(o,w):= | ——(00,w)0de,
do (0, w) 1 dg(@ )

so we need to compute £ H (o, w). Using the identity from Lemma [4.2
do g Yy

<hv ZU>Q = <Zh7v>9 + 2Q2(<h’Hv>Q - <Hh7v>9)’
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we obtain
jQH(Q, v h) = Z@ b Z(0 - h)),
- Z(@, 20}y — (h, Z0), — (0, 21, + (b, Zh),)
. Z(@, 20}, — 20, Zh), — 26> ((h, Ho), — (Hh,v),) + (h, Zh),)
> Z(3<v, Yo + 203 (v, Hv)p — 6(v, hYy — 20% ((h, Hv)p — (Hh,v)o) + 3(h, h),) — Ce™ /@
_ Z(?)H(g,v 1)+ 20% ({0, Ho),, — (b, HoY, + (Hh,v),)) — Ce™ Ve
> Z(3H(g, v — h) + 20%(2(v, Hv), — (v — h,H(v — h)), — 2(h,Hv),)) — Ce /2.

Here, we used that Zh = 3h, that (v, Zv), > 3(v,v), + 20*(v,Hv), — Ce~'/¢ (this follows from (&.2),
Proposition and the fact that the frequency at (0,0) is 3), and that |(h, Hh),| < Ce~1/¢. Therefore

CTQ(@_SH(Q,U})) Qlﬁ(eng(Q, w) — 5H (0, w))
> %(H(Q, v — h) + 40%(2(v, Hv), — (v — h, H(v — h)), — 2(h, Hv),)) — Ce Ve,

Now recall that v = (u — p2)¢ and hence
(u—p2)H(u—p2) >0 = (v, Hv), > —Ce Ve,
On the other hand, since H(u — p2) = —X{u=0}, h = (znQ2 + @), and |2,Q2 + ay)| < C|zy||x|?, we obtain

|<h, Hv>g| < /{t |h| Xu=0} G + Ce™ Ve < C/t C’\:Un] |$‘2X{u:o}G + Ce Ve,
=—0%} {t=—0%}
Also, using that (as a consequence of Proposition |6.6) .
{u=0}n{lz] <1/2,t = ="} C {|za| < C(|'| + 0)*}, (10.7)
we obtain
[(h o) | < /{ L Cle e X izeetiom G + Ce Ve < 0. (10.8)

Therefore, we have shown that

d 1
d—g(gff’H(Q,w)) > — 5 (H(g, v—h)+ 4@2(<v, Hv), — (v — h,H(v — h)),) — C’g7> —Ce Ve
Applying this inequality with H (06, w) in place of H(p,w), and integrating with respect to 6 df over [1,2],
we obtain

d " 1/~ -

d—(g_5H(g, w)) > = (H(,Q,v —h)+ 4/ [/ {vHv — (v — h)H(v — h)}G] dt — C’Q7> — Ce Ve,

Q Q _292 n
Since H(go,v — h) > coM > o7 > Ce~ /e (recall (10.5)), (10.6) follows.
e Step 2. Let
Wy, = (v — h) (0o '7@3') = ((u — P2 —P3 _d\I/)C)(QOHQg’)‘

We now show that for any € > 0 there exists § > 0 such that, if o, is sufficiently small,

-1
/ </ |wo, Hw,, | min{G, 5}> dt < eH (0o, wy,)- (10.9)
Rn

-2
This will be used in order to bound the integral in ([10.6|) outside a large ball, as we will see in Step 4 below.
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We first note that, inside By, x (—1,0), it holds
vHv = (u — p2)H(u —p2) >0, hHR =0, and —ovHh=—uHh >0.

Therefore, using similarly to the argument in the previous step, we get

(u—p2 — 2,Q2 — a¥V)H(u — p2 — 2,Q2 —a¥) > —(2,Q2 + aV)H(u — p2)

> —Clo+ 12) X{jan<c (o402} 1 Bij2 x (—0%,0).
Hence, after scaling and taking into account the error introduced by the cut-off ¢, for all ¢ € (0,1/2) it holds
wo, Hw,, > —Codmin { (0 + 0o||)*X{oujon|<Clotoola)2p 1} i R™ X (—=0%/02,0).
Equivalently, setting 0 = Ro,, for all R € (07 ﬁ) we have
wo, Hwg, > —Cod min { (R + |2)* X {jz,|<Coo(Re2)2}: 05} I R™ x (=R?,0).

Integrating this bound for R € (1,2), we obtain

—1
/4 /n (we, Hwy,) G < /Rn CoS(4+ |2)) X Jon|<Coo(a+1a)2} G < Col. (10.10)

Now, note that the following identity holds for any function ¢ = ¢(z,t) € C’th%’l with compact support
and for any smooth & = &(x, t):

d
’ Hos 2 VorE+ g = (A +9h)e. 10.11
/Rnx{t}‘f’ bE+ /Rnx{t}| ¢|f+dt/RnX{t}¢£ /Rnx{t}w Y (10.11)

In particular, choosing ¢ = w,, and £ = G, we get

2/ We, HwQOG+2/ |Vw902G+d/ wgoGzo.
R x {t} R x {t} dt Jrex (s

Integrating between ¢t = —6 and ¢t = —1, we obtain

~1 -1
2/ (/ wo, Hw,, G) dt + 2/ </ |ngo\2G> dt + sup / wgoG
-0 n -0 " te(—6,—1) JR*x{t}
-3
S / wgoG S / / wgoG7
{t=—0} —4 Jrn

where 6 € (3,4) is chosen (thanks to Fubini) so that f{tzfe} w? G < f:j’ I8 w? . Hence, since f:43 Jpn w3 G <
H(2,w,,) < CH(1,w,,) (by the definition of H and using (10.4) with R = 2), recalling (10.10) we deduce

-1
2/ </ \ngo‘2G> dt+ sup / w) G < CH(1,w,,) + Col < CH(1,w,,),
9 n te(—0,-1) JR7 x {1}

where the last inequality follows from (10.5) (indeed, since M < 7, H(1,w,,) > 0! for go > 0 small).
In particular, again by Fubini, there exists 6 € (2,3) such that

/ i |Vfwgo|2G+/ i wgoG < CH(1,w,,).
R x{—0} R x{—-6}

We now claim that this implies, thanks to the log-Sobolev inequality, that
/ wgo min{G, 6} < e(8)H (1,w,,), (10.12)
R x{—6}

where £(§) — 0 as § — 0.

Indeed, the function f(z) := %
1y Qo

/\Vf|2dm<1 and /]f\Qdm<1,
R" Rn

satisfies
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where dm = G(-,—1)dz is the Gaussian measure. Hence, given A > 1, we can apply the Gaussian log-
Sobolev inequality to F' := max{|f],1} (cp. Lemma to get

log)\/ f2x{f2>>\}dm§/ F21ogF2dm§/ |VF|2dm+</ FQdm) log</ F2dm>
Rn n Rn n n

g/ |V f|2dm + <1+/ f2dm> log<1+/ f2dm) <1+2log2 < 3.
Rn R n
Thus, for any R > 0 we have

3
f2dm g/ X152 dm—i—/ X r2andm < )\/ dm + .
/]R”\BR R"\Bg rPsy R"\Bg re>x R"\Bg log A

Choosing A = A. large enough so that 3/log A\. < €/4, and then R, > 0 so that A. fR”\BR dm < e/4, we

deduce that
/ Fdm < <.
Rn\BRs 2

Therefore, (10.12) follows by taking ¢ small enough.
Now, since (A + J¢) min{G, ¢} < 0, we can use again ((10.11) with ¢ = w,, and £ = min{G, §} to get

2/ Wy, Hw,, min{G,0} + 2/ |V, |* min{G, §} + d/ wgo min{G, ¢} <0.
R7 x {t} R7 x {t} dt Jrnxqny

Integrating between ¢ = —f0 and t = —1, exactly as before (but now taking advantage of (10.11])) we obtain

-1
2 [ ([ oo B winfG,6) ) di < @)L 1,.) + O < 220 (L),
R’ﬂ

if g, is sufficiently small. Since 6 € (2,3), this concludes the proof of (10.9).
o Step 3. Let u, :=u(o-, 0?-). We now show that, for any fixed R, > 0, there exists 7 > 0 such that

-1
0< —/ (/ ugH(93\P)> dt < Co" Voe (0,r). (10.13)
-2 \JBg,
Indeed, thanks to Lemma (recall that (p})°’*™ denotes the even symmetrization with respect to
{p2 =0} = {x,, = 0}), it holds
(p3)" = a(t|zn| + %|xn\3) with @ > ¢, > 0.
Therefore ((10.2)) implies that

1 x2 .
Q3<u(g 02 ) — r22”) < colznlt + Clay |2 4+ p32(x) + €0 in {Jz| <2R,,—4 <t < -1},

and so Lemma [10.2| implies
0<u(o-,0®)<Co* on{z,=0}NBg, x {t=-1}
Recalling that ¥ (z,t) = t|x,|+|2,|3/6 (in particular, its heat operator is concentrated on {z,, = 0}), (10.13)

follows easily.

e Step 4. We finally conclude the proof of the lemma by combining (110.6)), (10.9)), and (10.13]).
Indeed, recall that we want to show that d%| 0=00 (Q_5H (g,w)) > 0 at every scale g, where ((10.4))-(|10.5])

holds. In view of ((10.6)), it is enough to prove that

/_QO / {vHv — (v —h)H(v - h) }G > —iﬁ(go, v —h). (10.14)
—202 Jmrn 10

We split the integral

/_gg / [vHu — (0 — h)H(v — h)}G = /;1 / {109 Hoy, — 1y, Huy, }G

202
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into two pieces, according to the partition R" x (=2,—1) = B, x (=2,—1) U (R™\ Bg,) x (=2, —1).
Note that, using Lemma (10.9), and the bound G < Ce~F* in (Bog \ Br) x (—2,—1), we get

-1 -1 1 -~
/ / {,UQOH’UQO - onHon }G > _/ / ’onHon ‘G — Ce > _7H(QO7 v = h‘)7
-2 J®"\Bx,) —2 J(®"\Bg,) 20
provided that R, is taken sufficiently large. (Here we used that, given d, > 0, we have min{G,d,} = G in
R™\ Bpg, if R, is sufficiently large.)

On the other hand, to estimate the integral in Br, x (—2,—1) we use that w, = v, + ¢*(z,Q2 + a¥)
inside the integration domain, that H(z,Q2) = 0, and VHY = 0. This implies that

—1 —1
/ / {U«QOHUQO - onHon }G = / / {/UQOH(QEEL\IJ) + (Qg(anQ + a\I}))HUQo }G
—2 BRO -2 BRO

Now, as in ((10.8) we have the bound

~1
\ [/ <gé<an2+a@>>HvQOG\sc@z.
—2 JBpg,

-1
0 S / / UQOH / / \Ij < CQoa
—2 BRO BR

thus, recalling ((10.5)),

Also, using (10.13]),

-1
1
Hv, — H G>-C ——0. > ——H(po,v—h
/2 BRO {v@o on on on} - QO >> 20 Qo - 20 (Q v )
This concludes the proof of (10.14)) and therefore the proof of the proposition. O

11. THE SET X*: e-FLATNESS VS ACCELERATED DECAY

The goal of this section is to show the following dichotomy: roughly speaking, given a scale r, either ¥*
looks at most (n — 2)-dimensional at such a scale, or the size of u — ps — ¢ decays at a fast rate (more than
3) at such a scale, see Proposition m To do this, we rely on the monotonicity formula from the previous
section.

To perform our analysis, we begin by consider a finite partition of ¥* as follows: given § > 0, we consider

0
Y= U 3505 with 5= {(xo,to) eX® tH(l,p3,, .)€ i[f,é—i— 1)} (11.1)
leN

Since 1/Cy < H(1,p5 ) < C, for all (z,t,) € "N (Bl,g x (=14 p, 1)) (by Corollary, for any given
d > 0 the number of sets in the previous partition restricted to compact subsets of By x (—1,1) is bounded
(their number is roughly C/9).

As we will see, the advantage of considering this partition is the following key property:

Lemma 11.1. Let u : By x (—1,1) — [0,00) be a bounded solution of (3.1). For anye >0, R, > 1, and
€ (0,1), there exists § > 0 such that the following holds provided 6 <§:
Given £ € N and (zo,to) € B35, N (B1—p X (=1 + 0,1)), there exists ro > 0 such that

Hu(x1 + ot ) = D2t — Piag HLOO(BROTX(—%?,—TZ/?)) < erd Vre (0,r)
for all (z1,t1) € X5, such that |x1 — xo| < ro.

Proof. Let € > 0 be a small constant to be fixed later, and let (z1,%1) be as in the statement. Define

2 2
po_uw(@i st + %) = rpaa gy
v = 7‘3 .

We divide the proof in two steps.
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e Step 1. We show that

|[v" — p3 o1, HQLQ(BQRO x(—4,—1/2)) < C(R.)E Vr € (0,7o). (11.2)
Indeed, by definition of ¥ ,, since (2o, o), (z1,?1) € ¥, it holds
[ Gl [ hearE <s (11.3)
{t=—1} {t=—1}
Also, by Lemma the quantity
1

wl:tl(r Q) /{t_ 2} (U(Zlfl + - 7t1 + ) _p2,x1,t1)<QG

7«6

satisfies p
%I-Tl,tl(rﬂ Q) > —C|Qllr2#)

for any (21,%1) € X5, M B1—p X (—1 + ¢,1) and for any given 3-homogenous solution @ of (6.14).
Hence, on the one hand we have

/ v" pg@l,th = le,tl (ra p§,$1,t1) > Zx1,t1 (0+7p§,zl,t1) —Cr = / (p3,11,t1)2G —Cr. (11-4)
{t=-1} {t=-1}
On the other hand, given &' > 0, we can fix s, > 0 —depending on (., t,) and ¢ — such that
/{ }(p§7xo7to)2G + 5, Z SO_GH(Soy (U(ZL‘O + - ) to + - ) - pZ,wo,to)C)'
t=—1

Note that, since
w(@y + -t 4 ) = P2t — w(@o + to 1) = D2aot.  as (w1,t1) = (%o, bo),
then for (x1,t1) sufficiently close to (z.,%,) and for r € (0, s,) we will have

/ (P5.20.0.)°G + 26 > s70H (5o, (w(zo + 1 to + +) = P2goss)C) + €
{t=—1}

= 55 CH (L, (u(o + 80, to + 55+ ) = 85p2,00,8,)C) + €
_GH( ,(u(@ + 8oyt +820) — 33p2,m1,t1)C)

850 H (80, (u(x1 + - t1 + ) = P2, 11 )C)

r O H (r, (uw(zy + -t + ) = Paa . )C) + O(e/*)

T wpesoen
{t=—1}

Combining this estimate with (11.4) and (11.3)), and choosing first s, small enough and then (z1,t;) suffi-
ciently close to (xo,t,), we obtain

2/{ 'vrpgjrl’th > (('vr)2 + (p§7m17t1)2)G —£ Vr e (0,s.).

i

| \/

| \/

In other words,
/ (’UT—pExl tl)QGSE_ Vre (0780)7
{t:—l} ’ )

and (11.2) follows.
e Step 2. We upgrade the L? bound from (11.2)) to an L> bound.
For this, recall that (p3,, ; 1)2 is always divisible by pa z, +, therefore

2
(p§7117t1)
Ll > ()
4p2,zl,t1 -

L *
P1:=Dp2aitips T P30, 4, T

satisfies

* 2
HP <1+H <(Z}°§21;13> <14 C(Jz)? +1t).



44 ALESSIO FIGALLI, XAVIER ROS-OTON, AND JOAQUIM SERRA

Thus, since Hu = 1 in {u > 0},
H(u(zy + 7t +12) — 771(7"-,7*2~))+ > —Cr? in Bop., x (=312, —1r%/2).
On the other hand since HP; = 1 + O(|z|? + t) inside {P; > 0}, while Hu < 1 and u > 0, we have
H(u(zy + 1ty + %) = Pi(r,r?))_ > —Cr? in Bog,, x (=312 —1?/2).
This proves that
H|u(a:1 ety +1r2) = Py, 7‘2-)’ > —Crt in Bog,, x (=312 —12/2).
Also, implies that
Juer +7- tr 402 ) = Pr(r-,r?- )HL2(BQRorx(—3r2,—r2/2)) <er’+ 0ot
Therefore, it follows from the one-sided Harnack inequality for the heat equation that
s+t 02 ) = Par e | o -2 g2y < %+ O
This implies the conclusion of the lemma by taking £ and r sufficienlty small. U
We have the following:

Corollary 11.2. Let u : By x (—1,1) — [0,00) be a bounded solution of (3.1). Given ¢ € (0,1), Cs, and
M € (6,7), 6 > 0 such that the following holds provided 6 < §:

Let []% be as in , and recall . For any given ¢ € N and (zo,t,) € 50N (Bl_g x (=14 o, 1)),
there exists ro = ro(xo,to) > 0 such that

b2 (r (w1 + -t ++) = P2ay 6 — Quy)C) is monotone nondecreasing for r € (0,75)

for all (x1,t1) € %, with |1 — zo] < ro. Here Qu, 1, = xnQ2 + G|y |(22 + 6t) in coordinates such that

D2.a1 b = %x%, where a € [0,C5] and Q2 is any 2-homogeneous polynomial satisfying H(x,Q2) = 0 and
Q2| z2(4,) < Co.

Proof. 1t follows from Proposition and Lemma [11.1 O

The next proposition will be crucial in our argument. It provides us with the following powerful decay
property: if X3, is not e-flat at some small scale r, then we have an accelerated decay for u at such scale.
This result will be at the core of the argument in the next section, where we will prove that we have an
accelerated decay at X*, outside a set of Hausdorff dimension at most n — 2.

Recall that, given a function g, we denote by ¢°’®" the even symmetrization of ¢ with respect to the
hyperplane {py = 0}.

Proposition 11.3. Let u : By x (—1,1) — [0,00) be a solution of (3.1)), let o > 0, and let § > 0 be given
by Corollary 11.% Let (zo,to) € 35, N (Bi—g X (=1 + 0,1)) for some ¢ € N, and choose coordinates so that

9

Y

_1 *
DP2zoto = 5T and (p3,a:o,to

)V = ay, 1.V, where

U(x,t) = |z,|(22 + 61).
Let & :=1/3, and for r € (0, o] define

A(r) = min [[(u(@e + - to + ) = Paote = Paute — @0l o) and - O(r) = Srél[%](r/S)“é‘A(S) :

Then the following two properties hold.

(1) Fiz e > 0. For any ¢, there exists r-, > 0 such that, for every r € (0,r¢,), the following holds:
Consider the ‘“c-flatness property”

(85, N {t < to}) N Br(xo) C L +¢eB; for some linear space L with dim(L) < n — 2. (11.5)

If fails, then
A(r) <e10(r).
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(2) For any g2 > 0 there exists Az, € (0,1) such that, for all r € (0,0) and X € (0, \,],

O(\r) < X372 0(r).
Proof. Assume for notational simplicity that (z.,t,) = (0,0) and ¢ = 1. We begin by proving (1).
e Proof of (1). Set

_ . 2 (u—p2—p5 — V)
a, == argmin, g | (u — p2 — p§ — a‘lJ)THLQ(%), w" = @(7::)) rW)r

Note that, by construction, for any s > 0 we have ©(2s) < 237%0(s). Hence
(= b2~ 1~ T Wi | ) = A7) < O(2r) < (2)HH50() V> 1.
Rescaling and using the triangle inequality between two consecutive dyadic scales, this gives
C‘EQjJrlr - 52j7~‘23j = H(@le‘l’ - a2jr\11)2jr”L2(<gl)
< [[(u = p2 = P5 =21, 9) g5, [l 2y + 1w = P2 = P3 = T3, ), [ 124
= 2" A(2Thy) 4+ A(27r) < C2B+9iQ(r).

Hence, summing the geometric series and using again the triangle inequality, we obtain |ay;, — a,| <
C27%0(r), which implies the growth control

[w" (R, R*. )HL2(<€1)

Now, assume by contradiction that there exist a constant £; > 0 and a sequence 7 | 0 for which ((11.5)) fails
at the scales r = r but A(rg) > €1 O(rg), or equivalently

< CR*%  VRe(1,1)r). (11.6)

[w™ || L2 41) > €1, (11.7)

while the negation of (11.5)) gives the existence of a;,(ql), x,(f), e ,m,(cn_l) € m(X* N {t < 0}) N B,, such that

y,(:) = x,(ci)/rk € By satisfy
dist ({y,(:)}lgign,l, L) >e¢ VL CR" linear space with dim(L) =n — 2.

The outline of the proof will go as follows.
In Step 1, we show that w" converges (up to a subsequence) strongly in L
function w® # 0 which satisfying the growth condition

2

i (R™ x (—00,0]) to a some

[w’(R-, R* )|l 2@y < R, VR € (1,00) (11.8)
and solves
Hu' = i
(f]w 0 in {z, # 0} (11.9)
w’ =0 on {x, = 0}.

This will imply that w? is a caloric polynomial degree 3 in each side of {x, = 0}.
In Step 2, we use Proposition to show that

w' is homogeneous of degree 3.

In Step 3, we use the monotonicity formulae from Lemma to show that

w? is even in the variable z,, (11.10)

so that, up to a rotation fixing e,, w® must be of the form
n—1
w®(z,t) Ea\Il—i—Zai |20 |(— 322 4 22). (11.11)

=1

In addition we show that, thanks to the choice of a,, w® satisfies

/ w0 =0 (11.12)
¢
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and hence a = 0.
Finally, in Step 4 we exploit again the monotonicity formula from Proposition but now at points

(x,(ci),tg)), in order to reach a contradiction with (11.11])-(11.12)) to complete the proof.
We now develop Steps 1-4.

e Step 1. We prove first the compactness of the functions w™ in CP_(R" x (—00,0]). To prove this we

show that, for any given R > 0, there exists ko, such that, for k > ko, we have

/ ([Vw"™|* + |0yw|?) < Ck. (11.13)
BRX(*R2,O)

This will give compactness w’* in leoc, and we will later upgrade this convergence to a locally uniform one.

Since O(ry) > cr2+d (thanks to (11.7))), arguing similarly to (10.10]) we get
wrHw™ > _C<Tk)72dR4X{|zn|§CrkR2} in %,.

Using ((10.11)) with ¢ = w"* and with £ replaced by &g(z) := £(z/R), where £ € C2°(Bs) is a nonnegative
cut-off function satisfying £ = 1 in By, we obtain

/ (W Hw®| + Ve 2)ep + 2 / (w2 < (W) + Crl2a RS (11.14)
Barx{t} dt J By x{t} R* JByrx{t}

for t € (~R?,0) and R € (0,1/2r). Integrating (11.14)) in time and using (11.6)), this yields

1
2/ |w"™|? + / IVw™ |2 < C(R). (11.15)
R Jgp %n
Also, since 9y (u — p2 —pgg’r) = Oyu > —C (see Proposition , it follows by scaling that 0y w,, > —C’rllﬁ*é‘.
We now use the following elementary bound: for f : (0, R) — R,

R R
Frrre <o f e s rin2),
0 0 (0,R)
Applying this with f(-) = u(z, - ) for each fixed x € Bg, and then integrating in the x variable, it follows

by (11.15) that

/ |0yw™ |*dx dt < C(R) + og(1),
Cr
where oy (1) — 0 as k — oo. This gives (11.13), and thus w™ — w" in L (R™ x (—o0,0]). Notice also that
w is nonzero by . Moreover, reasoning exactly as in Step 2 in the proof of Lemma such L12OC
convergence implies Cﬂ)c convergence.

The growth condition follows from , so it remains to show that w® is satisfies .

First, using Lemma [10.2

w’"’“\{xnzo} —0 in C’IOOC({xn = 0}).

On the other hand, since Hw"™ = 0 in R™\ ({u,, = 0} U{z, = 0}) and the Hausdorff distance of {u,, = 0}
from {x, = 0} converges locally to zero, we obtain that Hw"™ — 0 in every compact subset of {x, # 0}. It
follows that w” solves (in the weak sense).

Finally, by the growth condition and the Liouville theorem for the heat equation in a half-space,
we deduce that w® is a caloric polynomial of degree 3 on each side of {r, = 0}. Furthermore, since
wo\{xnzo} = 0, both such polynomials are divisible by x,.

e Step 2. We show that w” must be homogeneous of degree three, i.e., it cannot have linear or quadratic
terms. This will follow by using that, by Proposition [I0.1 we have that
P bg (p, (u = p2 — p5 — @, ¥)¢) is monotone increasing. (11.16)

Indeed, rescaling (|11.16)), we have

— max R Mp—H(R ,WHEC(- /1 is monotone increasing.
P Re[1,1/(rip)] P ( g -/ ))
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Now, taking 2(3 4+ &) < M < 7 (recall that & = 1/3), thanks to the growth control (11.6|) we have

—M 13 Tk .
I}rzlgi(R H(R,w ¢( /Tk))SCh

with C independent of k. Hence, by monotonicity, for all p € (0,1) we have

5H Tk RfM 75]?[R7 Tk (. <C,
(p,w™C(+ /i) < e p "H(Rp,w™((- /r)) < C

and letting k — oo we get R
H(p,u’) < C1p°. (11.17)

Since we already know that w® must be a degree three polynomial when restricted to each side of {, = 0},
using (11.17)) we conclude that it must be 3-homogenous.

e Step 3. We now show that w" must be of the form
t) = Z ai |z (=322 + 22). (11.18)
We first show that w” satisfies (I1.10]). Indeed, by integrating the inequality in Lemma we get

1
/{t:ﬂ}(u—m)gPG z/ PG — C(P)r

re {t=-1)

for all P odd 3-homogeneous caloric polynomial. Therefore, using that

—po—pt—a, U
/{t 1}wfk§(rk.)PG:/t i u p2@(71“);) a (PG—CT%/@(T]C).

Since O(rg) > cri™ it follows that r{/©(ry) — 0 as k — oo, and therefore

Yodd — (), we have

/ w’PG >0, for every 3-homogeneous odd caloric polynomial P.
{t=—1}

This implies that w” must be even in z,, and therefore up to a rotation fixing e, it must be of the

form (11.11)).

In addition, by definition of @, and w” we obtain, for all r > 0, the following orthogonality condition

holds:
/ w' U= 0.
¢

Taking the limit as r = r; | 0 we obtain (11.12)), and (11.18]) follows.
e Step 4. Let RS) € SO(n) denote the rotation mapping {p2 L0 ) = 0} to {x, = 0} = {pa = 0} such that
e 2L

R,(f) — Id has minimal Hilbert-Schmidt norm. Since p, ¢ o) —Pp2 (93,(;) + Tk, t;(j) +7%) = O(r}) (this follows,
Wg sty

for instance, using Corollary 8.5/ and the triangle inequality), we have that |R,(€i) —1Id| < Crg. Also, since
' ()
( (4) (l))

;. € ¥,_1, we have p ) 40 = p2 o R,’. Furthermore, thanks to Proposition [10.1, we know that
k 2, k
h2 (r, (u(z), @ 4. t,(c) + ) — (p2 — p3 — @, V) o R)C) is monotone increasing. (11.19)
Define now
DY = (o + )05 + @ ) (2 + 1) + ) = (o + 1} (05 + @ ) 0 RY.
Then

W (@) = w(@ + g 60 ) - Tipg,x,ﬁiu,iw — 1} (p5 + 1, W) 0 RY
— (u=p2 =75~ @, V) + it + ) + DY
= O(r)w"™ (y, @ 4. 51(:) )+ Dl(ci)'

We want to compute the limit D / O(rg) for i =1,. — 1. There are two alternatives:
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(i) either there exists i € {1,...,n — 1} such that ©(rg) = o (]]D,(f)|]Lz(%)) as k — oo,
(ii) or there exists ¢ > 0 such that HD/(:)”LQ(%) <cO(rg) foralli=1,...,n— 1.
We want to reach a contradiction in both cases.
- Case (i). Fix i € {1,...,n — 1} such that O(ry) = o (HDI(;)HLQ(cgl)). Then, up to a subsequence we have
im 71./1/’51) = lim 7.]_)](;) = DW.
FDONw) K D sy

Note that, since D,(;) belongs to a finite dimensional space, the convergence is strong and Hﬁ&) z2(4) = 1.

We want to understand the structure of Dg? . First, since pa = %x%

ipa(al) + 1 + ) —ripo RY

we have

o) — xp(d - 2") + c1an,
1Dy 22 (3)

where o’ € R* ! and 2/ = (21,...,%n_1).
On the other hand,

8 (5 + @, O) (@) + - 60 4+ ) — 13 (93 + @, ¥) o RY

HDS)HB(%)

s+ @@ 4 )+ )~ 5, ) (0 + 3, Y) — 0+, 9) 0 RY)

1D 22 1D 2

Hence, since (p§ + @, )" is a positive multiple of |z, |(z2 + 6t), we get

(05 + @, W) () + 1) + ) — (05 + 3, D))

||D(i)|| — cosign(w, )22 + e3la,| + [0dd quadratic polynomial].
k IL2(¢1)

Also, recalling that ||D,(€Z)H L2(6) 2 r,‘Z’Jr& > r{ and |R,(j) —Id| < C'rg, we have
(05 + 8, %) — (5 + 3, 7) o BY)

- — 0.
1D 22e0)

This proves that
DY = cosign(wy)x2 + cslan| + [odd quadratic polynomial]. (11.20)

On the other hand, using (11.19)) and recalling the definition of []% in (10.3)), we obtain that

p—  max R_Mp_5ﬁ(Rp, W,gi)C( : /rk)/||Dl(;) l12()) is monotone increasing,
ReE[L1/(rep)]

and by the same argument as in (11.17)), we get
H(p, WO fri) /1D |p2ge) <Cp° = H(p, DY) < Cp°.

Recalling (|11.20]) we deduce that bé@ = 0, a contradiction.

- Case (ii). In this case, for each i = 1,...,n — 1 we have
W@ , ‘ D
lim —*— = " (y,(;) + -, s,(;) +)+ lilgn k

ko O(ry)

where y,(:) = a:,(ci)/rk € B; and —C < s,(j) = t,(f)/r,% <0 (cp- (9.3)).
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. (i) (1) p® o
Up to taking a subsequence we can define D(()Q = limy, Di , so that limy, % = limg, ”Q%DC(Q
HDk ||L2(<g1) Tk "k
and therefore
ng") o , L
lim gt = wf + s+ )+ ODY,

where the points y( = B N {x, = 0} are linearly independent, —C' < 382 <0, ¢ >0, and ijo) is of the
form ((11.20) (by the same argument as the one above, in Case (i)).

Also, thanks to (11.19) and recalling the definition of h% in (10.3), we have that

pr— max RM _5H(Rp, Wk ¢(-/rk)/O(ry)) is monotone increasing,
Re[L,1/(rkp)]

and as in Case (i) we get
Hip,w'(y® + -, s@ + )+ DDy < Cpp  Vi=1,....n—1.

Recall that w? is of the form , while each Dc(fo) is of the form . Hence, since the points y&) are

n — 1 linearly independent in {x, = 0}, one can easily check that the only possibility is w® = 0 and ¢! = 0

for all i. However, recalling (11.13), taking the limit in we obtain [|w°||24,) > €1, a contradiction.
This completes the proof of part (1) of the proposition.

e Proof of (2). This follows from a modified (and simpler) version of the argument given for part (1). We
will prove that, for any given €5 > 0, there exists C, > 1 such that we have

Ar) < CX3220(r) Y, d e (0,1). (11.21)
First notice that ([11.21]) implies the conclusion. Indeed, by the definition of © and ((11.21)),

O() = max (Mr/s)*HEA(s )—max{)\3+é‘@(7“), max_(\r/s)3HEA(s )}
s€[r, 1] SE[Ar,r]

< max {A3+d®(r), CoA32/2 G)('r)} = O, N3722/29(r) < X322 0(r),
for A > 0 sufficiently small.

To prove (11.21)) we reason by contradiction and compactness. Assume by contradiction that we have
sequences 1 € (0,1) and \x € (0,1) such that

AQrr) > kX220, (11.22)
and define

— N3— 62/2
U(N) = s (/N)~22/20(Nr).

Using ((11.22)) and the definition of © we have

Ak?’“ﬂ@m as k — oo. (11.23)
Note that

for any 6, € (0, 1), there exists a constant Cp, > 0 such that ©(0.r) < Cyp, O(r) for all r € (0,1). (11.24)
Also, by and the definition of €, there exists X}, € [Ag, 1] such that

Pulu) = e/ M2 2O00rc) = e /X720 2 (=20

Thanks to these two facts we deduce that \j — 0. Also, by the maximality of A,
() = (T/ M) 2PONrk) VT € [, AL,
and by the definitions of © and §2;, we deduce that
ANerk) = O(Nr) = Q(Ag)- (11.25)
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We now define B
(u —pa — p3 — a’)\krk\p))\;crk

Wk .=
Qe (A}
By (11.25)) we have
IW* N r205) > 1.
Also, by construction,
CR3=2/2 for R € [1,1/\]
WHR-, R? A 11.26
W iz < {C(l/A;)?’—a?/?(R/A;)“a for R € [1/N, 1/(Nyrs). (11.26)

Hence, repeating the same reasoning as in Step 1 above, we find that W* — W where
W2y =1, HW =0 in{z,#0}, W=0 on{z,=0}
Furthermore, thanks to (11.26) and the fact that A} — 0, W satisfies the sub-cubic growth

[W(R-, B> )| oy, < CRP/ forall R > 1.

This implies that W is a caloric polynomial of degree 2 on each side of the hyperplane {xn = 0} On the

other hand, using (11.26)) again, we can repeat the argument in Step 2 above to show that H (p, W) < Cyp°
for all p > 0 (cp. (11.17)). This implies that W =0, a contradiction. O

12. AN ESTIMATE OF ORDER 3 4+ 8 AT “MOST” SINGULAR POINTS

In this section we prove that, at “most” points of ¥*, we have a decay of order 3 + 3 as in the definition
below. This result is based on Proposition and a delicate GMT covering argument.

Definition 12.1. Denote by ¥ the set of points (., t,) € X* such that, for some positive numbers 5 and r,
(which may depend on the point), we have

| (w(zo + - to+ +) = P2,z to —pg’zmto)THLQ(%) <3P for all 7 € (0,75). (12.1)
We want to show the following:

Proposition 12.2. Assume that u: By x (—1,1) — [0,00) is a solution of (3.1). Then,
dimy (7, (2*\ 2°)) < n—2.

We will prove Proposition by carefully exploiting Proposition [11.3] combined with some delicate
covering arguments.

Let § > 0 be given by Corollary |1 and ¢ € N. Also, let € > 0 to be fixed later. Given (xo,t,) € 250
let ko = |logy7o] + 1. For j > kg, ;. we define

Ne(xo,t0,7) #{z € {ko,...,j} : 5) applied to u(xo + -, to + -) does not hold at scale r = 2_i},

and

N Oatoa ]
we (o, to) := lim inf M
j—o00

(12.2)

Notice that we is nonincreasing in €.
The goal of this section will be to prove the following two properties:

(i) if we(xo,to) > 0 for some € > 0, then (z.,t,) € X°;
(ii) for any ¢ € N, the m,-projection of the set {(@o,t0) € X5, : we(%o,t.) = 0 Ve > 0} has Hausdorff
dimension at most n — 2.
The implication (i) will follow by Proposition [11.3|2), thanks to the definition of w(.,t,). It is the
content of the following:

Lemma 12.3. Assume that we:(zo,ts) > 0 for some € > 0. Then there exist ro, 5 > 0 such that (12.1)) holds.
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Proof. For notational simplicity we assume that (z,%,) = (0,0). By assumption there exists N, € N such
that

.. .N:(0,0,4) 2
0,0) :=1 f e > 2
A S
Hence, there exists j, such that
N(0,0,7) 1 L
_ > — Yi> ..
j =N, JzZJ

This means that there exists a set Z. C {ko,...} such that

(11.5)) does not hold at scales r = 27 for all i € Z., #{I8 N {kKo, ... ,j}} > % Vi > jo.

[e)

In particular, given 1 > 0, up to taking j, larger if needed (depending on 1), it follows from Proposition
11.3(1) that

A(27H) <027, whenever i € Z..
Also, given g9 > 0, it follows from Proposition [11.32) (and the fact that A < ©) that
AN < X37209(27Y), whenever i ¢ 7. and A € (0,),).

We now start to fix the different parameters.

First, we set 8 := ﬁ and choose €2 > 0 small enough so that

(3 — &) (1 - ]é) + 3£0 > 3428, (12.3)

Then, we fix M € N such that 2=M < Ae, and we note that, by the definition of A (see Proposition [11.3))
ieZ. = AN <A 407 < AT 2 9(27).

Hence, choosing £ > 0 small so that 2("t2M¢; < 95 M , it follows from the bound above and the definition
of © (see Proposition and recall that & = 1/3) that

ieT. = O M)y <2FMga). (12.4)

Now, to conclude the proof, given k € N such that ji := ko + (kNo + 1)M > jo, we note that there exists
my € {1,..., M} such that

#(Z. N (MZ + ko +mj) N{ko, ..., jr}) = k.
Hence, if we set Zj, := (Z. N (MZ + ko + my) N {ko, ..., ji}), it follows from that

i€y = 02 M) <o M2,
On the other hand, by Proposition [11.3(2) we have

i€ (MZ A+ ko +mp) N {koy....iD\ L =  ©@27M) <2 B-e2Mg(a77),
Combining these two informations and recalling that #Zy > k, it follows from that
@(2—(Ho+mk+kNoM)) < 27(§M#ik+(3762)[kNoM7#i'k])@(2—(Ho+mk))
< 2—[10/3+(3—52)(N0—1)]kM@(2—(no+mk)) < 2—(3+25)kNoM@(2—(ﬁo+mk)).
Since my, € {0,..., M — 1}, using we get
Q2 (rot MARNM)) < 0 0 =(3+26)kNoM g (90 VkeN,
for some constant C; depending only on M. Thus, by and the definition of © we get
A(r) < O(r) < Ong g T2P for r € (0,27%°),

and the lemma follows by choosing r, sufficiently small. O

We now want to show property (ii). This will follow from the following GMT results.
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Lemma 12.4. Let m < n be positive integers. Given o € (0, 1) there exists p, > 0 so that, for any p < po,
there exist small constants €q,p,wa,p > 0 such that the following statement holds for e < eqp and w < wq .
Let E C Byjy(2) CR" for some z € R". For every x € E and j > 1, define

N (B,x,j) :=#{i€{0,....j} : ENB,(z) Cy+ L+ B, (12.5)
for some y € R™ and L C R" linear subspace with dim(L) < m} '
Assume that, for some j > 1, we have
NoP(E,z,5) > (1 —w)j  forallz € E.
Then E can be covered by p~ M3 balls of radius p.
To prove it, we will need the following simple result (see [FRS20, Lemma 7.2]):

Lemma 12.5. Let B.(x) C R™ be an open ball, and L be a m-dimensional linear subspace (not necessarily
passing through x). Let 1 > m. Then there exists T = 7(m, 1) > 0 such that the following holds.
Let FF C R" satisfy

F C By(z)N{y : dist(y, L) < 77}, for some 0 <7 <7,z e€R" r>0.
Then F can be covered with v—"1 balls of radius yr centered at points of F, where v := 5.
We now prove Lemma [12:4]
Proof of Lemma[12.4, We will prove the following:
Clatim. Let £ > 1and 0< k< V¢ If E C Bl/Q(z) satisfies
NoP(E,x;0) >k forall x € E, (12.6)
then E can be covered by p~(mta)(=k) y=(mta)k pallg of radius pt.

To prove the Claim, we shall proceed by induction on £ > 1. However, we remark first that the case k =0
and £ arbitrary, we simply use that £/ C By /5 to deduce that E can be covered by Cyp" <1 < p_(”+o‘) balls
of radius p (for p small). Hence, in the induction procedure, we can assume that k£ > 1.

e The case £ = 1. In this case the only option is £ = k = 1. Then the assumption N;;”(E,z,1) > 1 implies
EN By(r) Cy+ L+ B, so Lemma with 7 = p/5 and r = 1/2 yields that E can be covered by

p~ M+ balls of radius p (provided p is small enough so that 7 < 7, and then ¢ is chosen sufficiently small
so that ¢ < 7r).

e The inductive step. Assume that the claim is true for  —1 > 1 and for all K =1,...¢ — 1. We now prove
it for ¢, and k = 1,...,¢. There are two cases to consider.

- Case 1. Assume there exists € E such that
ENBi(z) Cx+ L+ B.. (12.7)

Then, since £ C B; /Q(z), as before we can apply Lemma to deduce that E can be covered (provided
p and ¢ are chosen small enough) by p~("+) balls of radius p/2. Let us call these balls {B,2(2¢) }ez,
#I < p=(mte),

Now, for any ¢q € 7 we define E, := %(E N B,/2(zq)) C Bij2(zq/p) and we observe that, thanks to (12.6),

NP(Eqyasl—1) > k-1 Vgel.
Therefore, by induction hypothesis, each set E, can be covered by p~ () (=k) h=(mta)(k=1) halls of radius

p'~1. This implies that the union of all these balls multiplied by a factor p covers E, and the total number
of such balls is p~ (") (t=k) p=(mte)(b=—1) T < j=(n+e)((=k) )=(m+e) a9 desired.

- Case 2. Assume that for none of the points x € E ((12.7)) holds. In particular this implies that £ < ¢ — 1
and therefore, thanks to (12.6)), for all x € E we have

k< NpP(E,x0)=#{ie{l,....0} : ENB,(x) Cx+ L+ B} (12.8)
(Note that, in the formula above, ¢ > 1 instead of i > 0 as in the definition of N¢.)
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Now, let us cover the ball By 5(2) by p~ (1) halls {B,2(2q) }qez of radius p/2. In particular these balls
cover E. As in Case 1 we define E, := %(E N B,2(zq)) C Bija(z4/p), and it follows from (12.8) that

NeP(Epail—1) >k  VgeT.

By induction hypothesis, each set E, can be covered by p~(FTe)l=1=k) s=(mta)k balls of radius p*~', and

therefore E can be covered by p~(nta)(—1-k) j=(mta)ky7 < =(nte)(t=k) )=(m+e) phalls of radius p’. Thus,
the Claim is proved.

Using the Claim, we finally show the result. Indeed, setting ¢ = j and k = |(1 — w)j], we know that
for any @ > 0 the set E can be covered by p~ ("T®U-L(1-w)i)=(mt+&)|(A-w)i] < p=(mtatn—m)w)i—1 pa]lg of
radius p?. Choosing & < a — (n — m)w, the result follows by ensuring that p is sufficiently small. U

Lemma 12.6. Let E C R™. Given e,w > 0 small and m < n, assume that

N€,1/2 E .
limsupw >1-—w Vo eFE, (12.9)

j—roo
where Ng{l/z s defined as in . Then
dimy (F) <m+ «,
where a(n,e,w) — 0 as (g,w) — (0,0).
Proof. Up to taking countable unions of we may assume that £ C By /(2) for some z € R".
We being by observing that, as a consequence of (12.9)) and the definition N, e/ 2

N2 (B, 2, j
m (,"m)zl—Mw VM > 1. (12.10)

lim sup
j—00

Hence we fix p := 2~M with M sufficiently large so that 2=M < p,, where p, is given by Lemma m
Now, given k € N large, we define
jlx,k):=min{j >k : N3P(E,z,5) > (1—2Mw)j}.

Thanks to (|12.10]), we can partition F as
[ee]
E:UEZ with Eyp:={x € E : j(x,k) =1}

Hence, given a > 0, provided ¢,w are small enough we can apply Lemma to deduce that £y C E C
B /2(z) can be covered by p~ Mt/ balls of radius pf. Therefore, E can be covered by balls of radius

r; = pb with £; > k and #{i : £; = £} < p~(m+2/2)¢ This implies that

Hg"j;a( ) < Cm+az e < Ot Zp (m+a/2)e (p )m+a — Chusa Z:(pa/z)e7
o=k =k

and the right hand side can be made arbitrarily small by choosing k large. This proves that H"™T%(E) = 0,
and therefore dimy (F) < m + «, as desired.

]
We will also need the following modification of Lemma [12.6
Proposition 12.7. Let E C R" x R. Given e,w > 0 small, m <n, (z,t) € E, and j > 1, define
NEP(E, a,t, §) #{i€{0,1,....j} : m(EN(B,i(z) x (—o0,t])) Cx+ L+ B,
for some linear subspace L C R™ with dim(L) = m}.
Assume that 1
lmsup 2 EBEI) Sy e R (12.11)

Jj—o0 ]
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Then

dimy (7z(E)) <m+ a,
where a(n,e,w) — 0 as (g,w) — (0,0).
Proof. Fix a > 0, and let p = 2=™ with M chosen large enough so that p®/4 < % and p < po, with p, given
by Lemma Up to taking countable unions, we may assume that 7, (E) C By/4(z) x [~1,1]. Also, as in
the proof of the previous lemma, implies

limsup]va’p(E,x,j) >1— Mw.

j—00
Hence, given k € N large, we define
jla,k) =min{j > k : NGP(E,2,j) > (1~ 2Mw)j },

and we partition
o
E = UEK with Ep:={z € E : j(z, k) =/}
l=k

Since B
NoP(Ep,x,t,0) > (1 —2Nw)l Y (z,t) € Ey,
for any (z,t) € E, there exist a subset o, C {0,..., ¢} satisfying
H#Hopr > (1 —2Nw)l and T2 (E N (B,i(x) x (—00,t])) C &+ Lyi+ Bie Vi€ ouy,
where L, ;; C R" is some liner subspace with dim(L) = m.

Let us further decompose each Ey as follows:

E, = U Ey, where Ey, = {(z,t) € Ey : 044 =0},

LeEN
cc{0,...,0}

and let us show that
an/p’p (m2(Eee),z,t,0) > (1 —2Mw)l —1 > (1 — 3Mw)? V(x,t) € Eyp, (12.12)
provided that ¢ is large enough, where N,;" is defined as in .
Indeed, by the definition of Fy, we have
T (Ero N (Bi(z) X (—00,t])) C @+ Ly + B,i. Y(x,t) € Byy, Vieo. (12.13)

The first important observation is that (12.13)) holds also for all (Z,¢) in the closure E;, of Ey,, provided
that we define L;;; for (z,1) € Ey, \ Eg, as a limit of hyperplanes L, ; for (z,t) € Ey, converging to

(z,1).

Now, given (z,t) € Ey and i € {1,...,/} such that (i — 1) € o, we choose  := maxm; (B,i(x) x [-1,1] N
Eyo) and let (Z,1) € B,i(z) x [~1,1] N Ey, a corresponding point of “maximal time”. Since (i — 1) € o,
then (12.13)) holds for the point (z,f) with i replaced by i — 1. Thus, using that B (z) C B,i-1(z), we get

Wx(Eg’U) N Bpl(x) C Ty (Eg}o N (Bpi—l(.f) X (—oo,ﬂ)) Cx+ Li,t,i + Bpi—1€.
In other words, for any given (z,t) € Ey, and for all scales ¢ € {1,2,...,¢} such that (i — 1) € o (a set of
cardinality at least (1 — 3Mw)¥¢), we have

e (Eg,a) N sz‘(w) Cy+ L+ pic/p>
for some y € R™ and a linear subspace L. C R™ of dimension m. Thus (12.12)) follows.

To conclude, choosing w and ¢ small enough and applying Lemma[12.4) we deduce that 7,(Ey,) C By /2(2)

can be covered by p_(m+o‘/ D palls of radius p. Therefore, since the set of all possible choices of o € {0,...,¢}
has 2! elements, we see that each set m,(E;) can be covered by 2¢+! p~(mFTe/HE halls of radius pf. Since p
was chosen so that p®/4 > %, this implies that 7, (Fy) can be covered by p~ M/l halls of radius of.

Adding these bounds over £ > k and letting k — oo, we conclude that 7, (Fy) has zero H"™ % measure
(cp. proof of Lemma |12.6)). O



THE SINGULAR SET IN THE STEFAN PROBLEM 55

We can finally prove Proposition [12.2}

Proof of Proposition[12.3. Let § > 0 be given by Corollary and split X% = Ug5 . It suffices to show
that dimy (X5, \ X°) <n —2.

For any ¢ > 0 and any (zo,ts) € X5 let we be given by . By Lemmam if we(xo,t5) > 0 then
(zo,to) € X°. On the other hand, Proposition applied with m = n — 2 and £ = ¥j, implies that
dimy ({(z0,t0) € T we(2o, o) = 0 for alle > 0}) < n — 2. Thus dimy/(X5, \ X°) <n—2. O

13. ENHANCED DECAY TOWARDS POLYNOMIAL ANSATZ

In this section we will show that, once we have an estimate of order 3 + 3 for some 5 > 0 at a singular
point, then we can actually prove a C° estimate.

Assume without loss of generality that (0,0) € 3° (see Definition . Then there exist 8 € (0, 1) and
Cs > 0 such that

H(u — D2 —pg)r||L2(%) < Cor®™?P for all r € (0,1). (13.1)

Moreover, we may choose coordinates so that py = 322 and p} = a|z,|(22 + 6t) + ps.
In the following result, and throughout this section, we denote

5 1
Q= {(r.0) R xR : fa| < (=), 1 <0}

Recall that %, := B, x (—72,0) denotes a parabolic cylinder. Also, , to avoid unnecessary parentheses, given
z € R we denote 2% = (24)? (and analogously for 22).

Theorem 13.1. Let u: By x (—=1,1) — [0,00) be a solution of (3.1) and assume (0,0) € X°. Then there
exists ro > 0, depending only on n, B, and C,, such that inside

V.=0"n%,

the positivity set {u > 0} has two connected components and u = uM +u® in V, where u are two solutions
of the parabolic obstacle problem inside V with disjoint supports satisfying
uD(re,r?t) 1 9 u® (re,r?t) 1

2
5 — §($n)+ and a7 5(.%)_ as r — 0. (13.2)

This result will allow us to break the function u —which has a singular point at the origin— into two
separate functions u; and w; that behave as if the origin was a regular point for each of them. This is
because, with the parabolic scaling, the domain (2’]6;L near the origin is almost equivalent to a full cylinder.

To prove Theorem we need a barrier argument to show that the contact set {u = 0} splits Qf N %,
into two disconnected pieces. This barrier is constructed in the following:

r

Lemma 13.2. Let u : By x (—=1,1) — [0,00) be a solution of (3.1), and assume that (0,0) € 3°, i.e., u
satisfies|13.1, Choose coordinates so that ps = 3x2 and p} = a|z,|(x2 + 6t) + ps.
Then there exists ro > 0, depending only on n, B, and C,, such that
{on +p3/z, = O}ﬂQf N%,, C {u=0}.
(Recall that p3(x,t) is an odd polynomial, hence it is divisible by x,.)
Proof. First of all we note that, by exactly the same argument as the one given in Step 2 of the proof of

Lemma the L? bound from (13.1)) can be upgraded to and L* (up to enlarging the constant C,).

Therefore, we may assume that
[u =2 = D5 oo g,y < Cor®™®7 for all 1 € (0,1), (13.3)
where 3 € (0, 3).

Now, let P(z,t) := 3(2, + p3(z,t)/2n)? and fix (2,7) € {P =0} N fo N %,,, with 7, small to be chosen.
We need to prove that u(z,t) = 0.
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First observe that, since p} = a|z,|(¥2 + 6t) + p3 with a > ¢; > 0 (see Lemma, (13.3)) implies that

1
T—g(u — P), < clzp|t + Clzn > + Cor®®  in %. (13.4)

We will use a modification of the proof of Lemma [10.2] using as barrier
\Ij@g(:ﬂvt) = T‘_3P,~(JL',25) + r6(|x, - 37,|2 - (t - 5) - 2nT_2PT(£L',t)),

where (y,5) € {P, = 0} N %, is any given point satisfying 5 < 7.
Note that HP, =12+ O(r*) inside €. Hence, for r sufficiently small we have

HU,, < %—l—C’r—i—C’r (20— 1)+1—2n(1+0(?) <

1
e
y znl <o, _%0 <t-5< 0} with o := r?8/3. Using (13.4)

Consider now the domain U {]w %
<rP on OparUp N{|xy| = 0} we have

J|
and the fact that r 2P, = 1 2 +O(r) and

<
5T 5

r U, — Uy < 2n rPr2P, + ggg +Co® + Cor??
<2nrf(* +Cr) - grﬁg+ Co® + Cor?P < Cr?f — 57“55/3 <0

for r small enough. Also it is easy to show that also 73

ur — ¥z 7 < 0 on the remaining pieces of OparU,,
thanks to the positive term r% (|2’ — §/| — (t — 5)) appearing in the definition of ¥y ;.
Hence, since r 3Hu, = % > HVUy 5 inside {u, > 0} and ¥y 5 is nonnegative, it follows from the maximum
principle that
0<7r3u, <WUy5 in U,

In particular, evaluating at (¥,5) we obtain 0 < r~3u,(,3) < ¥;5(z,f) = 0. Since (7,5) € {P, =0} NG
was an arbitrary point satisfying § < r?, after rescaling we obtain

u=0 on {P:O}ﬂ%rﬂ{tg —7“2'”3}
whenever r is sufficiently small, as desired. O
We can now prove Theorem [13.1

Proof of Theorem [153.1]. Using Lemmawe see that {u > 0} is split into two connected components inside
Q) N%,, — the number of connected components cannot be larger since dpn,u > 0 in By, x (—r2,72) thanks to
Lemma Then v = u™ +u® | where u") and u(? are respectively supported in {z,+ps(z,t)/x, > 0} and
{zn+ps(x,t)/x, < 0} inside Qf N%,,. Finally, follows from the convergence r~2u(rz) — 222 and the
fact that, after rescaling, the positivity set of u(Y) (resp. u(?) converges to {z, > 0} (resp. {z, <0}). O

Once u is split into two separate functions u") and «(?) in Qg N %y., we now look for a C'* expansion for
each of these two functions. For this, we need first to construct a series of ansatz for the Taylor expansion
of these functions.

Definition 13.3. Let £ > 3, and let (Qr)2<¢<k—1 be a family of polynomials such that Qy = Qe(x,t)
is (parabolically) homogeneous of degree ¢ and satisfies H(z,Q¢) = 0. We define the polynomial 7, =
G [Q2, ..., Qr—1] as follows.

For the base case k = 3, we set

oy = d5[Qa](x,t) := xy + Qa(z,t) + 2 Ra(z, 1),
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where Ry is the unique 2-homogeneous caloric polynomial satisfyingﬂ
H<;(Q2)2 + xiRz) =0. (13.5)
Note that is equivalent to
H<;Qf32> =1+ O((|lz| + [t[*?)?).

For k > 3, we inductively define
o1 [(Qe)a<e<k] = e [(Qr)a<e<i—1] + Qk + Tn R,

where Ry, is a k-homogeneous caloric polynomial characterized by the identity
1
H<2¢zik2+1) =14+ O(([z| + [¢[*/?)*+1). (13.6)

As before, this equation has exactly one solution Rjy. Indeed, since @7, = z, + O(|z|> + |t|), it follows by
induction that

1 1
H<24sz2+1> = H(zﬂsz + 2nQk + Q2Qp—1 + »’UiRk) +O((Ja] + [¢/2)5+1)

Hence, if we define

k
1 )
H(Qﬂf;f + QK + Q2Qk—1> =1+ Ziﬁg_]Tk,j(ﬂcl) +O((Jz] + [¢[V/2)F)

§=0
and write i
Ry := Z x];’;_jSkJ(x’),
§=0
then is equivalent to
k k—2 k
D (k= +2)(k—j+Day ISk (') + > al THSy o ==Y ap I Ty ().
j=0 j=0 j=0

This leads to a triangular system, whose unique solution is given by

1 1 1

S = —— s S 1 = —— —1, S ) — — B .
k.k 2 k.k k,k—1 6 k,k—1 k,j (k—]+2)(k_j+1)

The previous definition aims to construct a Taylor expansion which is compatible with the PDE satisfied
by our solution. However, the previous formulas do not take care of possible translations and rotation. This
is the purpose of the next definition.

(Tk,j+HSk,j+2) for j € {0, R ,k—2}.

9The fact that (I3.5) has exactly one solution can be shown as follows: write
1
H(g(Q2)2> =: To(2') + zn T2 (2") + 25 Ta 0,

where T¥ is an -homogeneous polynomial in the variables z’, and
Ry = Sz.2(2") + @nS2,1 (') + 27, 5.0,
where Sz ¢ is a f~-homogeneous polynomial in the variables #’. Then amounts to
285,2(2") + 62,592,1(z) + xi(lQSg,o +HS22) = ~Too(x') — 2nTo1(2') — miTg,O,

which leads to a linear system with triangular structure, for which the unique solution is given by

1 1 1
So2 = —§T2,27 So1 = —6T2,17 Sa o = _E(TQ’O +HS;0).
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Definition 13.4. Let k > 3, and let (Q¢)2<¢<x—1 be a family of parabolically homogeneous polynomials of
degree ¢ satisfying H(x,Q¢) = 0. Then, given 7 € R and a rotation R € SO(n), we define
<@k = yk[@2a" .,Qk_hT,R](lU,t)
by
@k (x, t) =

where @7, is given in Definition [13.3

5 ([Qa Qi) (R + 7). 1),

Our next goal will be to prove an e-regularity result in the domain Qg. Notice that this result is for
“one-sided” solutions, i.e., it will be applied separately to u") and u(?).

Theorem 13.5. Given o € (0,1), 8 >0, k > 4, and § € (0,1), there exist positive constants T and &,
depending only on n, B, and k, such that the following holds.
Let u satisfy Hu = x{y>0y, v > 0, and dyu > 0 inside Q’f N%1. Assume that u(0,0) =0 and

1
U= *(xn)%r

5 < e&..

L (Qf %)

Then, for some Ansatz Py, = @k[(Qg)gggSk,l,T, R] we have

lu = Pl oo (B, x (=2 —er2y) < 77T

for allr € (0,7).

As a corollary of this result, it follows that the free boundary is C° near every regular free boundary
point. However, thanks to the fact that our result looks at the solution only inside Qf , thanks to Theorem
13.1] it can be applied as well to the case of singular points in X°.

Before proving Theorem [13.5] we will need several ingredients. We start with a compactness result.

Lemma 13.6. Given n, k, 3, «, and €., there exists a positive constant M, such that the following holds.
Assume that No > M, and that w : Q’]BVO NG, — R satisfies

1/2
(/ fwan]? + [Vwgn | + |Opwyn | da dt) < @M foro<ms [logy Mo, (13.7)
R N
where wom (x,t) == w(2™x,4™t). Assume in addition that
Hu| < 1= in Q% 0 (Ba x (=Mo,—52)) N {2 > 2 (13.8)
w—0 in Q3,0 (Bus, % (=M, —51)) 0 {za <~ ). |
Finally, suppose that
-1
’/ / (zn)+wQGdxdt| < (13.9)
-2 JBy, Mo

for any @Q = Q(x,t) parabolically (-homogeneous polynomial for some 0 < £ < k which satisfies H(x,Q) = 0.

Then
1/2
( / |w|2> <eo
Q’?\,Oﬂ%”l

e Step 1. We show the following classification result for ancient solutions in the whole space. Let w :
R"™ x (—00,0) — R be such that both |w|? and |Vw|? are locally integrable and satisfy

Proof. We split the proof in two steps.

1/2
</ lwom|? + |Vwgm|? + |Opwam |* da dt> < (@MmFHHHe for all m > 1, (13.10)
€1

and assume in addition that

Hw=0 in {z, > 0}, wl{z, <0y =0, (13.11)
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and
-1
/ / (zn) 4w QG drdt =0 (13.12)
-2 n

for any polynomial @ = Q(z,t) which parabolically ¢-homogeneous for some 0 < ¢ < k and satisfies
H(z,Q) = 0. Then,
w = 0.

To show this we notice that, thanks to (13.10) and (13.11)), it follows from the Liouville Theorem for the
heat equation that the odd extension of w across {z;,, = 0} is a caloric polynomial of degree at most k + 1
vanishing on z,, = 0. Since ({13.12)) implies that w must be orthogonal to all such polynomials (recall that
w vanished for x,, < 0), we conclude that w = 0.

e Step 2. Since H (R" x (—o0,0]) embeds compactly in L2 ((R™ x (—oc,0]), the desired result follows
immediately by compactness as M, — oc. O

We also need the following estimate. Notice that when the integrals below are taken in % and %7, then
the estimate is more standard —and we proved it in Lemma [6.I] Now, we need such estimate in the new
domains Q%, and thus it becomes a bit more delicate.

Lemma 13.7. Fiz 8 € (0,1), and let u; : 62 — R, i = 1,2, be two solutions of (6.1)) inside Q}ﬁ% N s, with
lei(z,t)| < & < 155. Set w = uy —ug. Then, for any 6 € (,1) there exist constants R, C > 0, depending
only onn, B, and 0, such that

/ |Vw|? + |wHw| + |9w|? < C(/ w? + 52> VR > R.. (13.13)
QO N QYN

Proof. As in the proof of Lemma (6.1)) we have
wHw > —2&lw| and JwHw > —2&|0,w].

The idea is to follow the proof of Lemma (6.1]), but multiplying the spatial cut-offs 77(x) and n(x) by an extra
appropriately chosen space-time cut-off in order to make sure that we only evaluate the equation inside its
domain Q% N %>.

Set o := ﬁ and note that a € (1/3,1/2). The new cut-off will be of the form
|z

52 = éﬁ(w,t) = (1
R(—t)2+5

) for some suitable cut-off ¢ € CH1([0, 1]) satisfying &[jg g = 1.

More precisely, we choose & € C11([0, 1]) which satisfies the following properties:

1 for s € [0, 0]
&(s) := < concave and decreasing for s € [9, HTI]
6+1
(1 —s)2tP for s € [51,1],
where p € (2, 00) satisfies 1% = 2a. It is important to notice that, since & < 0,
O (x,t) < 0.
We claim that
AP 18,68 < C,,  for (a,t) € R" x (—4,0), (13.14)

where C, depends only on n, 6, 3, but not on R.

Indeed, defining s = s(z,t) := R(‘fL)a, since the inequality is trivial for s < 6 we have

1 7 / / as £"(s) £'(s)
g (€00 P €0 2 < i+

where we used that £ < 0 and that as > 1/6 for s > 6 > 1/2. Since & is concave and decreasing inside
[9, 9—;1}, the right hand side above is negative for s € [9, 9%1] Hence, to prove (|13.14)) we only need to

AL+ 0,85 = (n=1)
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bound the previous expression for s € [2t1 1], where we have £(s) = (1 — 5)**P. Recalling that 2a = 2=
2 p+1
and writing 7 := (1 — s)P*!, for R > 1 we obtain
1 " £'(s) (1+p) 1 1
- = (2 = P 1P (1 — 5)Pt
RQ(_t)Qaﬁ (5) + =, = (2+p) RQ(_t)m( )P + g (1= 5)
(24p) (6(1+p) [ 7 \** T
= — - | — <C 1
6 R2 —t —t = “p,0 VT € (07 )a
where we used that 2« € (0, 1). This concludes the proof of (13.14]).
We also note that
32(VER| + Bl <0 for (z,t) € R™ x (—4,0). (13.15)

Indeed, as before we only need to check the inequality for s > 6, and we have

32
R(—1)

as 32 1

S (s) =€ (s)— < 1€ (s)] +€'(8)6(_t)

32|VEs| + Biép = < By

<0

)

provided that R > R, is large enough.
We can now prove (|13.13)). As in the proof of Lemma let

i1 =1(z) € CX(Bss3) such that 7 =1in By3, 0 <7 <1in By, and |V + [D?*7] < 10.

Then

d ~ ~ -
dt/ w2n§g+2/ (wHw + |V’w|2)7]§g= / w2(8t+A)(n§§»)
By 3x{t} Box{t} Box{t}

_ / w? (i1 + AL + 2Vii - VEL + AjgD).
Boyx{t}

Note that, thanks to (13.14)), 7(9; + A)fg < CoXBy (%)X e - Also, the term V7 - Vfg is also bounded
R

because ﬁ ~ 1 on the intersection of the supports of V7 and Vfg. Therefore, we obtain

d
— w2ﬁ§g+2/ (wHw + \Vw\Q)ﬁgg <C wzxﬂg. (13.16)
dt JB; 5 x{1) Bax {1} Bysx{t} &

Integrating ([13.16) with respect to t € (—T%,0) where Ty € (3/2,2) satisfies

w’¢ <10 / W€y,

/<B5/3x{T*})m% (Bs 3% (—2,0))N€%p,

and recalling that w Hw > —2&[w| and that, by construction, 7 = 1 in By/3 and 51% =1in QgR, we obtain

0
/ / (|wHw|+|Vw|2)XQB §C’</ w2+5|w|> §C</ w2+5_2>.
~3/2JBy 3 OR (Bs 3% (—2,0)NQ%, (Bs 3% (—2,0)NQ%,

This proves the estimates for |Vw|? and |w Hw| in (13.13)).
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To control [d;w|?, we choose a spatial cut-off n € C2°(By3) such that n = 1 in By. Since duwHw >
—2|0yw|& we obtain (using the inequality 4ab < Za? + 2Mb? and choosing M = 8)

d
2 / (D) (Egp)* + / Vool (&) ~ / VulPo: [ (€5p)°] =
Bax {t} B X{t} Bax {t}

=2 / (D)0 (€5:)° + / 2Vw - Voywn?(€)?
Box{t} Bax{t}
= / o 2(0pw — Aw) dyw 7)2(553)2 —4Vw - Vnowwn (ng)2 — 40w Vuw - Vng 77255}2
Box{t

_ 4
<[ aowlP 4 [ AMIVRP (TR + TERl) + 5 O PP (€
Bax{t} Box{t}

< / (Brw)Pn?(E0)2 + 02 + 32 / Wl (Vn2(E0)? + Vel 12n?).
Bax{t} Bax{t}

Hence, recalling (|13.15)), since §gR is supported in QgR, we obtain
d
[ @ g [ vePre < of
Bax{t} Bax{t}

Integrating with respect to ¢t € (—T5,0) where T, € (1,3/2) is chosen so to satisfy

/ IVl <10 [ Vi)
(Ba/zx{Te )N (Ba3x(=3/2,1))NQyp

B
62R’

/ O] < o(/ Vul? +52>.
Q§2Rﬂ<ﬁ1 Q%ﬂ%g

This completes the proof of the estimate (13.13]), and the Lemma follows. O

Recall now the set of Ansatz given in Definition We note that our parametrization of possible Ansatz
given in Definition is non-injective: for every S € SO(n) that fixes {z,, = 0} we have

@k [7’, RS_l,S*QQ,...,S*Qk_]_] = @k [7’, R, Qg,...,Qk_l], where S*P(J:‘,t) = P(S:U,t). (13.17)

/ Vul? + 52>.
(Baysx{thny

and recalling that n =1 in By and fg p=1inQ we finally get

In Lemma below, we will consider the set of Ansatz that are a “small perturbation” of %(mn)i, and it
will be convenient to provide an injective and smooth parametrization of such subset.

Definition 13.8. Given ¢ > 0 small, let
N5 = {P,[r.R,Q2,...,Qr-1] : IT| <4, |Ren — €,] <6, maxy [|Qyllr2(q,) < 0}
Our goal is to find a smooth bijective parameterization of Ns. Keeping in mind, given e € S*~!
with |e — e,| < 0 we define
R, :=argmin {[|[R—~1d||gs : Re SO(n), Re,=c¢}.

Note that R, is a rotation of angle Z(ey,e) in the plane generated by e, and e and leaves all the vectors
orthogonal to this plane invariant (when e = e,, then R, = Id). So, it makes sense to consider the map

(1,6,Q2, ..., Q1) — Pi[1,Re,Qa,...,Qp-1], (13.18)

and we want to show that it is a bijection for ¢ small.
For technical convenience, instead of considering &7, it makes sense to replace it with the polynomial of
degree 2k that equals & inside { <7, > 0}, namely

Pr(x,t) = % (;sz [Qg, .. 7Qk—1])i (R(z+T7ey),t) ~ %(m,t) = (42/k [Qg, .. .,Qk,l])z (R(z+T7ey),t).

(13.19)

N —
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In this way, the map (|13.18]) takes value in the smooth manifold of 2k homogeneous polynomials. In the
next lemma we compute the differential of this map at 7 = 0, e = e,, (Q¢) = 0, and prove that it is a

smooth diffeomorphism for é small. Also, we show that &7 is completely determined, in a continuous way,
by its coefficients of degree < k.

Lemma 13.9. Let &, N5 be as in Deﬁnitionsm and . For &), € N5, let @/k denote the polynomial
of degree 2k which equals Py in { Py > 0}, see (13.19). Then, the differential of the map

(7_7 €, Q27 sy Qk*l) = @/k [7_7 Rea QQv B 7Qk71] (1320)
at the point O = (7' =0,e=¢€,,Q2=0,...,Q_1 = 0) has the following diagonal structure:
d —
—|  Piler’,Re,,0,...,0] = 2,7’
de e=0
d 0. /
—| P[0, R epice ,0,...,0] = zp(z-€) (13.21)
de =0 |en+ee’|
d —
e 20, Re,,0,...,2Qy,...,0] = 2,Q) for2<i(<k-1
e=0

where 7' € R, €/ € S""*N{z,, = 0}, and Q) are homogeneous polynomials of degree { satisfying H(z,Q}) = 0.
In particular, (13.20) gives a diffeomorphic parametrization of N.
Moreover, for 0 < i < 2k, let w;[ Py denote the i-homogeneous part of Py. Then the differential of the
map
(Ta €, Q27 Q3a cee Qk—l) = (wl (@k)an(‘@k)) s 7wk(‘@k))
at O has mazimal rank. In particular there exists 0 > 0 small enough such that, inside N, , the whole
polynomial Py, is determined (in a continuous way) by its coefficients of terms of degree < k.

Proof. The result follows from a direct computation, recalling that
—~ 1 2
Py, [7—7 R.,Q2,Qs3,. .., Qk*l] (x, t) = i(xn + Q2+ Ro+ -+ Qp—1 + $an71) (Rew + 7€, t)'
Also, for ¢ small, the map is a diffeomorphism thanks to the implicit function theorem. O

Combining all the previous results we can now prove the following result, from which we will deduce
Theorem [13.5]

Proposition 13.10. Given o € (0,1), 8> 0, and k > 3, let § = &}, be given by Lemma[13.9 There exist
positive constants Ny and €., depending only on n, 8, and k, such that the following holds.
Let u satisfy Hu = X{y>01, v > 0, and dyu > 0 inside Q?VO N 1. Assume that, for some integer j > N,
(0)

and a sequence of Ansatz &), we have

9 1/2
</ (u - ﬁlgm)> (272, 47"t) dx dt> < eo(27™FFY for 0 <m <, (13.22)
Q. N

where

< €. (13.23)

1
H‘@IEO) - §($n)3-
Leo(%1)

Suppose also that
{u(277-,477-) =0} N (By, x (= Noy—5-)) C {lzn] <eo}.
Then, at the next scale j + 1, there exists a new Ansatz c@,ijﬂ) € N, such that

1/2
(/ (u N @£j+1))2 (2,(j+1)$,47(j+1)t) dx dt> <e (27(j+1))k+a.
R N
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Proof. Let 6, € (0,1) be chosen so that ng p is mapped to Q% under the parabolic doubling of the scaling
(z,t) — (2z,4t). More precisly,
B 1
(2,t) € Q0 o & |1] <OR(—)TF & |22 < 0,277 R(—4t) 57 & (2z,4¢) € OF,

leads to

Given M, large, we define N, = N, (3, M,) as

Defining N, in this way we guarantee that
By, x (—2,-1) € QF, = {2 Maz,47M1) ¢ (2,t) € O} }. (13.24)

We divide the proof in four steps.

e Step 1. We will first show that assumptions ((13.22)) and ((13.23)) imply

1 2

‘ ‘@lgm) - §($n)+

:@lgm) e Ns,,

<0 forall0<m <y, (13.25)
Lee(%1)

where § < §;, can be made arbitrarily small (by decreasing e,).

Recall that, thanks to Lemma the Ansatz g@ém) = gz’gm) [(Qém))ggggk_l, o(m) r(m) R(m)] is deter-
mined by its coefficients of degree < k (since these determine the spatial and time translations, the rotations,
and the Q/’s).

Set Ko := €12 N {an > 15, t < —15} and note that K, cC {z, > 0} N Qf/lo. Then, for e, sufficiently
small, K, will belong to the positivity set of both L@Igm) and ﬂ,gm—”). Hence, defining 2=tV =
{(2=m+ g 4=(m+D4) + (2,t) € K,)} and using (13.22) for two consecutive scales, we obtain

1/2

9 1/2 )
(o (o o0) " (o (oo ) s
2—(m+1)KO 2—(m+1)KO

therefore

2 1/2
<f2(m+1)K <@£m+1) a ‘@’gm)> dxdt) < Ceo(27™)ke,

or equivalently

9 1/2
<f (gZ]ngrl) o yém)> (2—(m+1)x’4—(m+1)t) dx dt> < CEO(Q_m)k+a.

]

This implies, with the notation of Lemma that
|=(Z ) = =i()

where || - || denotes any of the (equivalent) norms on the linear space of polynomials of degree 2k. Summing
this bound over m, we deduce that

le(%m)) — wi(%o))u < (e, foralll <i<kandm<j.

’ < Ceo(2m)k+o—i, (13.26)

Since w1, ws, ..., wy determine all of éik in a continuous way (recall Lemma , thanks to (|13.23)) we
can guarantee that (13.25)) holds by choosing €, > 0 sufficiently small.

e Step 2. Define

P . arg min/ (u— P)2(2 72, 479) Gz, ) dx dt.
2 B, x(—2,—1)

We claim that, for some constant C, depending on n and 3, but not on M,, we have
. 2 1/2
( / (u - 32’,8“)) 27z, 47™) dx dt) < Coeo(27™)F e for m < 4 (13.27)
o né
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Indeed, as a consequence of ((13.26)), summing the geometric series from m to j — 1 we get

. 2 1/2
(/B (@,ﬁ” - gz,gm>) (2™, 47 ™¢) dxdt) < Creo(27™FF  for m < j, (13.28)
Q% NG,
that combined with ((13.22]) gives
AN 2 2
/ (u - @,ﬁ”) (2™, 47™) dzdt < O (eo(z—m)“a) for m < j. (13.29)
QBOﬂ(gl

Recalling ((13.24]), the bound above implies that

N2 . 2
/ (u - c@,i])> (2772, 479t) dx dt < Cy2P (EO(Z_W)k+O‘) for ¢ <j,
B]\/[OX(—Q,—I)H%/QZ
for some large exponent p = p(n,k) > 0. (Note that, since j > N, By, X (—2,—1) C %5;.) In particular
this implies that
N2 . 2
/ u— @,% (2792, 479t) dwdt < Cy2% <so(2—m)’f+a) for <7,
BMo X(_27_1)m(( 22\( 2271)

and since the Gaussian Kernel is smaller than Ce=2 on the domain of integration (hence the exponential
decay of G(z,t) “beats” the polynomial growth 27), we can find a constant C3 independenﬂ of M, such
that

< . 4 1/2 .
u— 27x, 47t Tt < (Cgeo(27 or j > No.
(/ (1= 2P) 049060 < G2
B]\JOX(72,71)

for j > jo. Hence, by definition of e@}iﬂ-l)

| o 1/2 .
< / (u— 32,8*”)2(2—93:,4—Jt)G(x,t)> < Cheo(277)FFe,
By x(=2,-1)

and by triangle inequality we deduce that
, . . . 1/2 .
( / (2t — @(]))2(2_3m,4_]t)G(m,t)> < Cyeo(279)FHe,
B x(=2,-1)

Since 9,9 D and gzl(cj ) are positive parts of polynomials whose positivity set is approximately {z, > 0}
(see Step 1), this implies

: N2 S\ /2 .
</ (92,9) - 971,?“)) (2%,4%)) < Ceo(27T)M0, (13.30)
Q%Oﬂcg1
Combining this bound with (13.28) and ((13.29)), (13.27) follows.
e Step 8. We now show that
HPU ) — 1| < C (jof? + )7 inside 6, (13.31)

where C' is independent of M, and j are.

Indeed, using (13.30) and (13.26)) we obtain that the coefficients of ﬂlgj U are bounded, independently
of j. Hence, by construction of &, (see (13.6))) we obtain ((13.31)).

e Step 4. Define
— 2t (270, 4701)
Coco(2-0)kta

We want to show that, if M, is chosen large enough and § > 0 (from Step 1) is small enough, then Lemma
applies.

10This will be very important later since we will need to take M, sufficiently large, and it will be crucial that the constant
Cs stays bounded independently of M.

w(z,t) = (u
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Indeed, assumption ([13.7) follows from m, and Lemma Also, since Hu = X{u>0} and
O{u(277-,477.) > 0} is contalned in a 1/M nelghborhood of {x, = 0} (thanks to (13.25)), (13.30), and

([13.27)), assumption (13.8) follows from (13.31)). Finally, by definition of @(3 ) we have the optlmahty

condition

/ (u— P9 D) (272, 4790)G e, 1) da dt = 0, (13.32)
BM ><( 2—1)

gzlij—H)

where &' is any element of the tangent space to the “manifold of Ansatze” Nj at the “point”
(see Lemma . Since the defining parameters (T, e,Qa,...,Q%_ 1) of 32(] D are a small perturbation of

O0:=(r= O,e =e€n,Q2=0,...,Qr_1 =0) (cf. and (13.30)), and ((13.32)) imply the validity

of assumption ([13.9)), provided that ¢ is chosen sufﬁmently small.

Hence, by Lemma [13.6]
1/2
( / yw|2> <&,
Qﬁ,oﬁ%)l

where £, is an arbitrarily small constant. In particular, choosing &, = 2~ (k+e) /Cs we obtain ((13.22)) for
m = j + 1, as wanted. O

We finally prove Theorem [13.5
Proof of Theorem [13.5, By choosing first 7, > 0 sufficiently small and then e, > 0 as small as needed,

Proposition [13.10| can be applied to the function @ = 75 2u(re -, r ) with j = N,. But then the conclusion
of Proposition [13.10] allows us to iterate it for any j > N,, and we get

N2 ‘ 1/2 ‘
</B (ﬂ - 9,&”) (2772,477t) dx dt) < eo(27H)FF for all N, < j < oo.
Q. NG

Also, Step 1 in the proof Proposition [13.10| (see in particular ((13.26])) shows that the coefficients of 9,9 )

converge as j — 00, hence e@lim) — szoo for a certain limiting Ansatz. Arguing as in Step 2 in the proof
Proposition |13.10| (see in particular (13.29)), we also get

2 . 1/2 .
(a - ygw>) 279z, 47t dedt) < eo(279)FF for Ny < j < oo
Q% n#

Finally, for r < 1, we can use Lemma to improve the obtained control in L? inside Q]BVO N %, into an
L>®-control inside the cylinder B, x (—r?, —r?), as wanted. O

14. PROOF OF THEOREM [I.3] AND OF ITS CONSEQUENCES
Combining the results of the previous sections, we can now prove our main Theorem

Proof of Theorem [1.3 Since this is a local regularity result, it suffices to prove it inside By x [—1,1].

Combining Proposition Proposition Lemma and Proposition we find that dimy, (ﬂ'x(Z\
¥°)) < n — 2. Therefore, by Corollary (8.8 and Lemma [8.9, we deduce that dimpa, (X \ 2°) < n — 2.

Then, we write X° = U,,>13;,, where X7, is defined as the set of points in XoN B _y /,, X [~ 14+1/m, 1—-1/m]
for which holds for some 8 > 1/m and C; < m. We claim that each set X9 can be covered by a
(n — 1)—manifold of class C'°.

Indeed, thanks to Theorems and for every (xo,t,) € X5, and for all € (0,7y,%), we have
w=u + u® where u() have disjoint support and look like “half-space solutions” inside (x,,t,) + K,
where

K, =B, x (=12, —12).
Moreover, for any k > 3, there exist two sequences of Ansétze W,E 3/, to and BZ,E u,z to) satisfying
[u® (o + b0+ ) — 2O Loy < Comper™ (14.1)
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This implies in particular that the sequence of coefficients of 7 is constant in k: more precisely

() ) _ wé(ﬁi)

@0 (Pt Wowo,) forall £ < min(k, &), (14.2)

where %20 ;. and w are defined as in Lemma (13.9 In addition, as discussed in the proof of Theorem (13.5

we have a uniform control on the coefficients:

’wﬁ (%goto)

Furthermore, by non-degeneracy (see (3.2)), for all (21,%1) € ((2o,t0) + K;) N 0{u'? > 0} we have

<Cpye forall0 </l <E. (14.3)

sup u(x + z,t1) > emo® > 0. (14.4)
lz|<e

Assume now with no loss of generality that (0,0) € 7, and ps = %$2 and consider any other singular

n?’

point (xo,t,) € X5, N (By,, X (=rm,rm)) with 7, < 1. Then we have
1 1
P2zoto = 5(6 . [L‘)27 where |6 — €n| < m

Also, we can relabel the Ansatz % (simply interchanging (1) and (2), when necessary) so that

k,xo,to

an*@li,lio,to ~ (Tn)+ and 5719(2) ~ (Tp)—.

k7$07t0

Recalling the notation %l) introduced in (13.19)), let g,(;;) @ (2',t) be the unique polynomials

Z‘oﬂfo Z‘o7to = gk7$07to
of degree k — 1 which solve the polynomial equations

an%f;mto(x,w:o o a:n:g,iilo,to(x’,t)+0((|x]+]t!1/2)k). (14.5)

Also, using (|14.4)), the corresponding nondegeneracy for g@,gi) .+, and ([14.1)), we have

s

{uD (zo + - to+ ) >0} NK, C 6{:@220’% >0} + Beyktay2(0).

Hence, since 8{9&10’% >0} = {f%g’zﬁgo,% = 0}, combining these two informations we obtain
O{u (o + - to + ) > 0} N K,y  {Ja — g, (o, )] < CrE+e)/2), (14.6)

Now, given a polynomial P = P(x,t), we denote by I';[P] the i-homogeneous part of P with respect to the
usual Euclidean structure in (z,¢) (namely, the variables x and ¢ have the same homogeneity). Note that

(14.2) implies, in particular,
Togl” . 1=Tug% | forall ¢<min(|k/2], |k /2]),

k,xo,to k' xo,to
while (|14.3]) gives
‘I‘g[g,(i)%’to](:r:o +tot )| < Cpy forall 0< < [k/2).
This suggests the following definition of the ¢-jet at (zo,t):

¢
Jé,zl)'o,to (2',t) == Z Fg[g,(:?]co’to](x' —alt—t,), (14.7)
1=0

where k is an arbitrary number such that |k/2] > ¢, say k = 2(¢ 4+ 1). Note that, with this definition, it

follows from ((14.6|) that
oH{u® > 0} N ((wo,to) + Ky) C {l(@ = w0) - en = ), (@) =t —t)| < Crifl} (14.8)

£,xo,to
We also recall that, thanks to Proposition for every pair of singular points (z.,t), (x1,t1) € X5, N
(By,, X (=rm,7Tm)) we have
t1 — to| < Chnl21 — 70| (14.9)
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Thanks to this bound, we can apply (14.1]) at two points (x.,to), (z1,t1) € X9, N (By,, X (=rm,Tm)) inside
K,, with r := |21 — 20|"/?, and the two sets (zo,to) + K, and (z1,t;) 4+ K, intersect in a domain which
contains Big,2(2o) X [to —12/2,to — 72 /4]. Hence, for any k > 3,

|20 =, —t1) = P, (= o,

k+a
k,z1,t1 k.xo,to < Cm,kr .

— to> HLOO(Blor2 (.TO)X [to—r2/27to—r2/4})

Since & are essentially “half-polynomials”, it is easy to check that the bound above implies that

(4) (4) k—2+a
Ha"‘@k,xl,tl(' — T, tl) - 871‘@&330,150(. — Tos T to)HLOO(BlOTQ(:co)x[to—r2/2,to—r2/4]) = Cm’kr i

Now, given £, we apply the estimate above with k := 2(£42). Then, recalling the definition of J(*) (see :14.5

and (14.7)), since all terms of Euclidean homogeneity at least £ + 1 have a size bounded by Cm’g(rz) +1
recalling that 72 = |21 — 2| we deduce that

(4) ()

HJK,’L.’El,tl - J ‘

Z,Io,to

< Cr |z — %’Hl Ve > 1.

LOO(B10|:L'17$O\('Zé)X[to_le_m0|/27t0_|x1_750|/4})

Recalling ([14.9)), it is easy to check that this bound is exactly what is required to apply Whitney’s extension
theorem in order to produce two C* functions G : B, X (=Tm,Tm) — R (recall that B, C R"!) such

that, for all (z.,t,) as above and for all ¢, we have G (xz,t) = Je(,lizo,to (2, ) + O((J2’ — x| + [t — tL)F+1).
In particular, thanks to (I4.8), every point in 3, N (B,,, X (=7m,7m)) belongs both to {z,, = GV (a',¢)}
and to {x,, = G®(a/,)}. This shows that X3, N (B,,, X (—7m,Tm)) can be covered by a (n — 1)-dimensional
manifold of class C'*°, as wanted.

In order to conclude the proof of the theorem we need to prove that, after removing a set of parabolic
dimension n — 2, we can obtain a set ¥°° such that 7;(3°°) has zero Hausdorff dimension. To this aim, we
define ¥ as the set of points (o, o) € X3, N (B, X (=7m,7m)) at which the two functions GV (2, t,) and
He (2',t,) are tangent in 2’ at infinite order. The first important observation is that the set of points which
do not belong to ¥X*° has parabolic dimension at most n — 2.

Indeed, thanks to Lemma the two n-dimensional (in the Euclidean sense) manifolds {z,, = G (', 1)}
intersect transversally “in time” at every singular point (zo,t,) (namely, their derivatives in the time variable
never match). Hence, their intersection has at most Euclidean dimension n— 1. Also, by definition of ¥, if
(zo,to) € 3%\ X then the two functions g (2',t5) and g (2',t5), when expanded at 2’ = x,, have different
coefficients at some order. This reduces the bound on the dimension by 1 , hence ¥°\ ¥£° has Euclidean
dimension at most n — 2. Thanks to and Lemma this implies that dimp,, (X°\ X*°) <n —2, as
desired.

Finally, let us show for all £ € N and for all pair of points (z.,t,), (z1,t1) € ¥ we have

|ty — to] < Crnplrr — 20|". (14.10)
Indeed, by definition of ¥ and the discussion above, there exist functions h, A, A®) such that
GO (2t +to) = h(z') + AD (2, t) + O(|a' — 2/ |F). (14.11)
where A(®(z/,0) = 0. In addition, thanks to Lemma 9.8 at (o, t,) we have
(AP — AW)(al te) > ¢ > 0,
and hence by continuity we deduce
(A®D — A @' ) >t >0  for |2’ —al|+t <1, t>0. (14.12)

Then, since GV (2, t1) = G®) (2], 1) and assuming (with no loss of generality) that ¢, < t;, we can evaluate
(14.11) at (2),t1 —to) to obtain

AWt — ) — AP (2t — to) = O(|z1 — zo|F).

Combining this bound with (14.12)) we get (14.10|). As shown for instance in [FRS20, Proposition 7.7(a)],
([14.10) implies that dimy (m:(X°)) = 0. 0

Finally, as a consequence of Theorem [[.3] we deduce Theorem and Corollary [T.4]
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Proof of Theorem [1.9 and Corollary[1.f} Thanks to Theorem [1.3| we know that ¥ = X°° U (X \ °°), where
dimy (m(2°°)) = 0 and dimpa, (X \ £>°) < n —2. Hence, recalling the definition of parabolic dimension, this

implies that dimy (m(X\ £°°)) < 252, and the result follows. O
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