TRANSPORT MAPS FOR p-MATRIX MODELS AND UNIVERSALITY
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ABSTRACT. We construct approximate transport maps for non-critical S-matrix models,
that is, maps so that the push forward of a non-critical S-matrix model with a given potential
is a non-critical S-matrix model with another potential, up to a small error in the total
variation distance. One of the main features of our construction is that these maps enjoy
regularity estimates which are uniform in the dimension. In addition, we find a very useful
asymptotic expansion for such maps which allow us to deduce that local statistics have the
same asymptotic behavior for both models.

1. INTRODUCTION.

Given a potential V : R — R and g > 0, we consider the S-matrix model

|
IT = AP YR V09 a0 L day,

ZN
V o1<i<j<N

(1.1) PY(dAy, ..., d\y) =

where Z0 = Jicicjen N — )\j|ﬂe*NZZN=1 VD dA; ... d\y. Tt is well known (see e.g.
[Vil03]) that for any VW : R — R such that Z{, Z{¥,,,, < oo there exist maps TV :

RY — RY that transport Py into P{/,,,, that is, for any bounded measurable function
f:RY — R we have

/foTN(Al,...,AN)M(dAl,...,dAN):/f(Al,...,AN)P%W(dxl,...,dAN).

However, the dependency in the dimension N of this transport map is in general unclear
unless one makes very strong assumptions on the densities [Caf00]| that unfortunately are
never satisfied in our situation. Hence, it seems extremely difficult to use these maps T to
understand the relation between the asymptotic of the two models.

The main contribution of this paper is to show that a variant of this approach is indeed
possible and provides a very robust and flexible method to compare the asymptotics of local
statistics. In the more general context of several-matrices models, it was shown in [GS14]
that the maps TV are asymptotically well approximated by a function of matrices inde-
pendent of N, but it was left open the question of studying corrections to this limit. In
this article we consider one-matrix models, and more precisely their generalization given by
B-models, and we construct approrimate transport maps with a very precise dependence on
the dimension. This allows us to compare local fluctuations of the eigenvalues and show
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universality.

Local fluctuations were first studied in the case 5 = 2. After the work of Mehta (see
[Meh04]) where the sine kernel law was exhibited for the GUE, Pastur and Shcherbina
[PS97| proved universality for V' € C3. The Riemann Hilbert approach was then developed
in this context in [DKM™99] for analytic potentials. The paper [LLO8] provides the most
general result for universality in the case § = 2.

In the case = 1,4, universality was proved in [DGO7b] in the bulk and in [DGO07a| at
the edge for monomials V' (see [DG09| for a review). For general one-cut potentials, the first
proof of universality was given in [Shc09] in the case 5 = 1, whereas [KS10| treated the case
B =4 in the one-cut case. The multi-cut case was then considered in [Shcl2].

The local fluctuations of more general -ensembles were only derived recently [VV09,
RRV11] in the Gaussian case. Universality in the S-ensembles was first addressed in [BEY14a|
(in the bulk, 8 > 0, V € C?), then in [BEY14b| (at the edge, 8 > 1, V € C*) and [KRV13]
(at the edge, B > 0, V convex polynomial) and finally in [Shcl3] (in the bulk, g > 0, V
analytic, multi-cut case included).

The paper [Shcl3] and the current one were completed essentially at the same time, and
the method developed in [Shcl3] is closely related with the one followed in the present work
in the sense that it uses a transport map, but still they are very different. Indeed, [Shcl3]
uses a global transport map TV = T(‘?N , independent of the dimension, which maps the
probability PY to an intermediate probability measure Py 4w Which is absolutely continuous
with respect to Py, but with a non-trivial density, and then shows that this density does
not perturb the local fluctuations of local statistics. On the other hand, in the present paper
the map T is constructed to map PJ to an intermediate probability measure Py, with
density with respect to Py, y;, going uniformly to one: the dependence of Ty in the dimension
N then allows us to retrieve the universality of the local fluctuations.

The main idea of this paper is that we can build a smooth approximate transport map
which at the first order is simply a tensor product, and then it has first order corrections
of order N™! (see Theorem 1.4). This continues the long standing idea developed in loop
equations theory to study the correlation functions of S-matrix models by clever change of
variables, see e.g. [Joh98, KS10, AM90, BEMPF12]. On the contrary to loop equations, the
change of variable has to be of order one rather than infinitesimal.

The first order term of our map is simply the monotone transport map between the
asymptotic equilibrium measures; then, corrections to this first order are constructed so that
densities match up to a priori smaller fluctuating terms. As we shall see, our transport map
is constructed as the flow of a vector field obtained by approximately solving a linearized
Jacobian equation and then making a suitable ansatz on the structure of the vector field.
The errors are controlled by deriving bounds on covariances and correlations functions thanks
to loop equations, allowing us to obtain a self-contained proof of universality (see Theorem
1.5). Although optimal transportation will never be really used, it will provide us the correct
intuition in order to solve this problem (see Sections 2.2 and 2.3).

We notice that this last step could also be performed either by using directly central limit
theorems, see e.g. [Shel3, BG13a, Shel2], or local limit laws [BEY14a, BEY14b|. However,
our approach has the advantage of being pretty robust and should generalize to many other
mean field models. In particular, it is possible to generalize it to the several-matrices models,
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at least in the perturbative regime considered in [GS14|, and to show that non-commutative
functions of several GUE matrices close to identity have universal local statistics [FG14].

We now describe our results in detail. Given a potential V' : R — R, we consider the
probability measure (1.1). We assume that V' goes to infinity faster than log|z| (that is
V(z)/log|z| — +00 as |x| — +00) so that in particular Z{ is finite.

We will use py to denote the equilibrium measure, which is obtained as limit of the spectral
measure and is characterized as the unique minimizer (among probability measures) of

1

(12 Ro() = [ (Vi) + V(o) - Blog o~ yl)dula)duty).

We assume hereafter that another smooth potential W is given so that V' +W goes to infinity
faster than Slog |z|. We set V; := V + ¢tW, and we shall make the following assumption:

Hypothesis 1.1. We assume that jy, and py, have a connected support and are non-critical,
that is, there exists a constant ¢ > 0 such that, fort =0,1,

dC'L;Vt = Sy(2)\/(z — ay) (b — ) with Sy > ¢ a.e. on [ay, by.
T

Remark 1.2. The assumption of a connected support could be removed here, following the
lines of [Shcl3, BG13b]. However, the non-criticality assumption cannot be removed easily,
as criticality would result in singularities in the transport map.

Finally, we assume that the eigenvalues stay in a neighborhood of the support [a; —¢, b, + €]
with large enough PY-probability, that is with probability greater than 1 — C' N~ for some
p large enough. By [BG13b, Lemma 3.1], the latter is fulfilled as soon as:

Hypothesis 1.3. Fort = 0,1, the function

(1.3 £os U 0) = Vi) = 6 [ dai (o) og o~
achieves its minimal value on [a,b|® at its boundary {a, b}

All these assumptions are verified for instance if V; is uniformly convex for ¢t = 0, 1.

The main goal of this article is to build an approximate transport map between PY and
Py, ,: more precisely, we construct a map TV : RY — R such that, for any bounded
measurable function Yy,

(log N')?

(1.4) ‘/XOTN dPyy —/XdIP’%W i

for some constant C' independent of N, and which has a very precise expansion in the
dimension (in the following result, Ty : R — R is the monotone transport of py onto py 4w,
see Section 4):

<C I [loo

Theorem 1.4. Assume that V,W are of class C3' and satisfy Hypotheses 1.1 and 1.3. Then
there exists a map TN = (TN, ..., TNVN) . RN — RY which satisfies (1.4) and has the form
1 .

TN’i(S\):TO(Ai)+NTfV’i(5\) Vi=1,...,N, A= (A1, ),
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where Ty : R — R and TNZ RY — R are smooth and satisfy uniform (in N ) reqularity
estimates. More precisely, TV is of class C*3 and we have the decomposition T : XN’
]{,X N where

Nk
(1.5) IEEEN 1X3 HL‘%IP’% < ClogN, HXéVHm(Py) < CNl/?(IOgN)2,

for some constant C' > 0 independent of N. In addition, with probability greater than
1— NN we have

(1.6) max [ XMF() — XVF (V)] < € log NVN| A — Al

1<k k'<N
As we shall see in Section 5, this result implies universality as follows (compare with
[BEY14b, Theorem 2.4]):

Theorem 1.5. Assume V,W € C3', and let Ty be as in Theorem 1.4 above. Denote p‘z/v
the distribution of the increasingly ordered eigenvalues \; under PY. There exists a constant

C >0, independent of N, such that the following two facts hold true:

(1) Let M € (0,00) and m € N. Then, for any Lipschitz function f :R™ — R supported
inside [—M, M|™

‘ /f(N(AZ-H — Ay s N — N)) dPY Ly

— /f(Té()\i)N()\iH = Ay THOD) N Nigen — A))d P

log log N)? 1ogN M2
< BBy 0 (vin CETE + 2T+ )19

(2) Let ay (resp. ayyw) denote the smallest point in the support of uy (resp. Ly iw ),

so that supp(uy) C [ay,00) (resp. supp(puyviw) C [ayiw,0)), and let M € (0, 00).
Then, for any Lipschitz function f:R™ — R supported inside [—M, M]|™

’ /f(N2/3(>\1 - aV+W)7 SR 7N2/3<)\m - aV+W)) dp‘]/'V+W

— /f<N2/3T6(av)(/\1 — av), . ,N2/3Té(av) ()\m — av)> dﬁ"],v

(log N)3 (log N)? logN  M? logN
< C = flloo + C vVm ~——L N6 +MN5/6 + st N IV £l oo-

The same bound holds around the largest point in the support of py .

Remark 1.6. The condition that V,WW € C?! in the theorem above is clearly non-optimal
(compare with [BEY14a]). For instance, by using Stieltjes transform instead of Fourier
transform in some of our estimates, we could reduce the regularity assumptions on V, W to
C?2 by a slightly more cumbersome proof. In addition, by using [BEY14b, Theorem 2.4] we
could also weaken our regularity assumptions in Theorem 1.4, as we could use that result
to estimate the error terms in Section 3.4. However, the main point of this hypothesis for
us is to stress that we do not need analytic potentials, as often required in matrix models
theory. Moreover, under this assumption we can provide self-contained and short proofs of
Theorems 1.4 and 1.5.
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Note that Theorem 1.4 is well suited to prove universality of the spacings distribution in
the bulk as stated in Theorem 1.5, but it is not clear how to directly deduce the univer-
sality of the rescaled density, see e.g [BEY14a, Theorem 2.5(i)]. Indeed, this corresponds
to choosing test functions whose uniform norm blows up like some power of the dimension,
so to apply Theorem 1.4 we should have an a priori control on the numbers of eigenvalues
inside sets of size of order N~' under both P{/ and Py . Notice however that [BEY14a,
Theorem 2.5(ii)] requires 5 > 1, while our results hold for any 8 > 0. Also, [KRV13] holds
for > 0 but only for convex polynomial. In particular, the edge universality proved in
Theorem 1.5(2) is new for 8 € (0,1) and V' € C®*! which is not a polynomial. In addition our
strategy is very robust and flexible. For instance, although we shall not pursue this direction
here, it looks likely to us that one could use it prove the universality of the asymptotics of
the law of {N(\; — ) }1<i<m under PY for given i and x, as in [BYY14a, BYY14b|. Indeed,
N(A; — z) can be seen via the approximate transport map to be given by the same kind of
difference under the source measure (e.g. the Gaussian one), up to a term coming from the
transport map T; 1N . Proving that T 1N " does not depend on 4 locally would suffice to prove
universality, as the sine-kernel law is translation invariant.

The paper is structured as follows: In Section 2 we describe the general strategy to con-
struct our transport map as the flow of vector fields obtained by approximately solving a
linearization of the Monge-Ampére equation (see (2.2)). As we shall explain there, this idea
comes from optimal transport theory. In Section 3 we make an ansatz on the structure of
an approximate solution to (2.2) and we show that our ansatz actually provides a smooth
solution which enjoys very nice regularity estimates that are uniform as N — oo. In Section
4 we reconstruct the approximate transport map from IP’{X to IP’{}I L Via a flow argument.
The estimates proved in this section will be crucial in Section 5 to show universality.

Acknowledgments: AF was partially supported by NSF Grant DMS-1262411. AG was
partially supported by the Simons Foundation and by NSF Grant DMS-1307704. Both
authors are thankful to the anonymous referees for several useful comments that helped
improving the presentation of the paper.

2. APPROXIMATE MONGE-AMPERE EQUATION

2.1. Propagating the hypotheses. The central idea of the paper is to build transport
maps as flows, and in fact to build transport maps between P/ and Pj} where ¢ — V} is a
smooth function so that Vy =V and V; = V + W. In order to have a good interpolation
between V and V + W it will be convenient to assume that the supports of the two equi-
librium measures py and py oy (see (1.2)) are the same. This can always be done up to an
affine transformation. Indeed, if L : R — R is the affine transformation which maps [ay, b;]
(the support of uy,) onto [ag, by| (the support of uy,), we first construct a transport map

from P to LS;N PY_ =P where
(2.1) W=VoL '4+WoL*-V,

and then we simply compose our transport map with (L71)®" to get the desired map from
PY to PYY 4w Hence, without loss of generality we will hereafter assume that py and pyw
have the same support. We then consider the interpolation py, with V; =V +tW, ¢ € [0, 1].
We have:
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Lemma 2.1. If Hypotheses 1.1 and 1.3 are fulfilled for t = 0,1, then Hypothesis 1.1 is also
fulfilled for all t € [0,1]. Moreover, we may assume without loss of generality that V' goes
to infinity as fast as we want up to modify PY and P]‘}7+W by a negligible error (in total
variation).

Proof. Let ¥ denote the support of py and py,w. Following [BG13a, Lemma 5.1|, the
measure /iy, is simply given by

v, = (1=t py + tuyw.

Indeed, iy is uniquely determined by the fact that there exists a constant ¢ such that

B/log |z — yldpy(z) =V < ¢

with equality on the support of uy, and this property extends to linear combinations. As a
consequence the support of uy, is 3, and its density is bounded away from zero on . This
shows that Hypothesis 1.1 is fulfilled for all ¢ € [0, 1].

Furthermore, we can modify P} and P{/,, outside an open neighborhood of ¥ without
changing the final result, as eigenvalues will quit this neighborhood only with very small
probability under our assumption of non-criticality according to the large deviation estimates
developped in [ADGO1, BG13a| and culminating in [BG13b] as follows:

1
limsupﬁlnPX} [Fi: NeF]< _B inf Uy (z),

N—o0 2 zeF

hmmf%ln]?v [Fi: N eQ> —g inf Uy (z).

N—o00 e
where Uy := Uy — inf Uy, and Uy is defined as in (1.3). O

Thanks to the above lemma and the discussion immediately before it, we can assume that
puy and py oy have the same support, that W is bounded, and that V' goes to infinity faster
than P for some p > 0 large enough.

2.2. Monge-Ampére equation. Given the two probability densities P} to P{ as in (1.1)
with 0 < ¢t < s < 1, by optimal transport theory it is well-known that there exists a
(convex) function ¢, such that V¢, pushes forward P{; onto Py and which satisfies the
Monge-Ampeére equation

APy
det(D?*¢N) = La T = e
( ¢t,s) ps<v¢£78) P dX\ ... d\y

(see for instance [Vil03, Chapters 3 and 4] or the recent survey paper [DPF14| for an account
on optimal transport theory and its link to the Monge-Ampére equation).

Because ¢;;(z) = |x]*/2 (since V¢, is the identity map), we differentiate the above
equation with respect to s and set s =t to get

(2.2) Ay =) —B) ”/’; :A“Dt + N WA +NZV’ LoXLAS
1<j A
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where ¢\ := 0s¢;",|s— and
ARES —N/ZW(A,»)dPQ = 0, log Z) .

Although this is a formal argument, it suggests to us a way to construct maps 7g%, : RV — R
sending Py onto Py : indeed, if T3 sends Py onto P{; then V¢, o Ty, sends P{ onto Py .
Hence, we may try to find Ty, of the form TiY, = V@', o Tg, + o(s — t). By differentiating
this relation with respect to s and setting s = ¢ we obtain 9,75, = V¥ (Tyy).

Thus, to construct a transport map T from P} onto P{/,,, we could first try to find
YN by solving (2.2), then solve the ODE XY = VN (XN), and finally set TV := XN, We
notice that, in general, TV is not an optlmal transport map for the quadratic cost.

Unfortunately, finding an exact solution of (2.2) enjoying “nice” regularity estimates that
are uniform in N seems extremely difficult. So, instead, we make an ansatz on the structure
of YN (see (3.2) below): the idea is that at first order eigenvalues do not interact, then at
order 1/N eigenvalues interact at most by pairs, and so on. As we shall see, in order to
construct a function which enjoys nice regularity estimates and satisfies (2.2) up to a error
that goes to zero as N — oo, it will be enough to stop the expansion at 1/N. Actually,
while the argument before provides us the right intuition, we notice that there is no need to
assume that the vector field generating the flow X}V is a gradient, so we will consider general
vector fields Y} = (Y],,..., YN,) : RN — RY that approximately solve

(2.3) divy) = ¢ — 52 )\_)\”+NZW +NZV’ Yo,

We begin by checking that the flow of an approximate solution of (2.3) gives an approxi-
mate transport map.

2.3. Approximate Jacobian equation. Here we show that if a C! vector field Yiv ap-
proximately satisfies (2.3), then its flow

XN =vYNxM), XY =14,

produces almost a transport map.
More precisely, let YN : RY — RY be a smooth vector field and denote

RY(YN) =) =) A_A”JFNZW +NZV’ DYDY, — divy?.

1<j

Lemma 2.2. Let x : RY — R be a bounded measurable function, and let XN be the flow of

YN, Then
\/X<sz>dw—/xdw

Proof. Since YN € C', by Cauchy-Lipschitz Theorem its flow is a bi-Lipchitz homeomor-
phism.

If JX}¥ denotes the Jacobian of X}V and p, the density of P}, by the change of variable
formula it follows that

t
<l | IRY O s

/xle”VV; Z/X(XZV)JXprt(XfV)dI
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thus
(2.4) \ / V(XN dPY — / P < Il / 1po — IXN (XN dz = x| Ay

Using that 9,(JX}Y) = divYY JX} and that the derivative of the norm is smaller than the
norm of the derivative, we get

94 < /

Z/\diinV IXY (X)) + TXT (0ipe) (X)) + TX Vpu(XFY) - 0, X | dae

O (JX X)) | do

- / RYCOIXN) TX py(XN) da

- [ RY ()l

Integrating the above estimate in time completes the proof. 0

By taking the supremum over all functions x with ||x||s < 1, the lemma above gives:

Corollary 2.3. Let X} be the flow of YV, and set PN := (XN) 4PN the image of PY by
XN, Then

t
0

3. CONSTRUCTING AN APPROXIMATE SOLUTION TO (2.2)

Fix t € [0, 1] and define the random measures
1
(31) LN = NZ(%W and MN = Z(S)w —N,U,Vt.

As we explained in the previous section, a natural ansatz to find an approximate solution of
(2.2) is given by
(3.2)

OOy ) = / [wo,t(:c) + %1#1,15(@] dMy(z) + % // ot () My (z) dMy (y),

for some functions ¥, 91, : R — R and g, : R? — R, where (without loss of generality)

wQ,t(xa y) = w2,t(y7 .Z')

Since we do not want to use gradient of functions but general vector fields (as this gives us
more flexibility), in order to find an ansatz for an approximate solution of (2.3) we compute
first the gradient of :

1 1
o = Vo, (Ai) + Nwll,t()‘i) + fo\,[t()\u My), 5{\[,75(37, My) = /al%,t(%y) dMn(y).
This suggests us the following ansatz for the components of Yiv :
(3.3)
1

1
Y (AL AN) = you(A) + Nyu()\z‘) + N&t()‘hMN)a &i(x, My) = /Zt(l’,’y) dMn(y),

for some functions y,,,y,, : R = R, z, : R* = R.
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Here and in the following, given a function of two variables ¢, we write ¥» € C*" to denote
that it is s times continuously differentiable with respect to the first variable and v times
with respect to the second.

The aim of this section is to prove the following result:

Proposition 3.1. Assume V,W € C" with r > 31. Then, there exist y,, € o3, Yi: €
O™, and z, € C* for s +v <r — 6, such that

< BZ Yo - ”+NZW +NZV’ Yfﬁ)—dingV

1<j

satisfies

N (log N)3
HRt HLl(]P’{Yt) <C N

for some positive constant C' independent of t € [0, 1].
The proof of this proposition is pretty involved, and will take the rest of the section.

3.1. Finding an equation for y,,,y, ;2. Using (3.3) we compute

divyY = N / ¥ o(2) dLy(z) + / ¥iu(\) dLy(z / 01, (. My) dLy(x) + 1(Ly),

where, given a measure v, we set

1) i= [ By, dv(y)
Therefore, recalling that My = N(Ly — py;,), we get

Ry = 2N // y°’t(’2:yo’t<y) dLy(x) dLy(y) + N / (V) (2) you(x) + W(x)) dLy(x)
ﬁN//YM x_y“( )dLN( VdLy(y —1—N/V' )y () dLy ()
BN“//ﬁt x, MN £t<y7MN) dLy(z) dLN(y)+N/Vt/(x)£t($,MN) dLy(x)

(M) - N(l— §) [ vouwyLy(a)
- (1-3) [ i@dia) = (1-5) [ o0&t M) i) — o) +

where ¢V is a constant and we use the convention that, when we integrate a function of the

form (I) f @ with respect to Ly ® Ly, the diagonal terms give f/(z).

We now observe that Ly converges towards py, as N — oo [dMPS95], see also [AG97,
AGZ10| for the corresponding large deviation principle, and the latter minimizes Iy, (see

(1.2)). Hence, considering . := (x + e f)guy, and writing that Iy, (u.) > Iy, (py;), by taking
the derivative with respect to € at ¢ = 0 we get

(3.4 [ v @) = 5 [ =D ) )

for all smooth bounded functions f : R — R.
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This fact allows us to recenter Ly by gy, in the formula above: more precisely, if we set

35 =utte) = =6 [ LI )+ vy,
then
N2 / V/(z) f(z)dLy(z // G Ln(z)dLn(y)
_N/Htf ) dM( 6//f vy Mx(z)dMy(y)

Applying this identity to f =y, ¥1, &:(-, Mn) and recalling the definition of &,(-, My) (see
(3.3)), we find

RN = N / Sy, + W](z) dMy (2)

+ [ G+ (50 s + [ annam )] ) ant

//dMN ) dMy (y) <utzt( y)[z] — B¥ol@ >_y°’t(y)) +CN + Ey,

2 =y
where
Zten)la] = =8 [ 2N g )+ Vi) ),
C} is a deterministic term, and Ey is a remainder that we will prove to be negligible:
Byi=— [ (o0 () - 5 (1-5) [ ¥ dbin(a)
” -+ (1-5) [ 2ty arty@ advixty
3.6

2 Ylvt@’; : P11 401, () )

2N/// - )dMN( ) dMn (y) dMy ().

Hence, for RY to be small we want to impose
E'tyO,t — _W + C

a7 =2, y)[2] = — S}’Ot() YOt<y)+ c(y),

Etyi, = _< |:YOt +/alzt ) dpy, (2 )} +c,

where ¢, ¢ are some constant to be fixed later, and ¢(y) does not depend on x.

3.2. Inverting the operator =. We now prove a key lemma, that will allow us to find
the desired functions yg;,y, 2. Recall that, for a function h : R — R, [|hllciw) =

i:o ||h(")||Loo(R), where h(") denotes the r-th derivative of h.
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Lemma 3.2. Given V : R — R, assume that py has support given by [a,b] and that

W () = S@) VT — )b )

with S(x) > ¢ >0 a.e. on [a,b.
Let g: R = R be a CF function and assume that V is of class CP. Set

- f@) — fly
=1te) = =5 [ P gy o)+ vy st
Then there exists a unique constant c, such that the equation

=f(z) =g(x)+¢,

has a solution of class C*=2NP=3) = More precisely, for j < (k—2) A (p—3) there is a finite
constant C; such that

(3.8) Ifllei@ < Cillglloiz)-

Moreover f (and its derivatives) behaves like (g(x)+c,)/V'(x) (and its corresponding deriva-
tives) when |x| — +o0.
This solution will be denoted by = 'g.

Note that Lf(x) = Zf'(z) can be seen as the asymptotics of the infinitesimal generator of
the Dyson Brownian motion taken in the set where the spectral measure approximates py .

This operator is central in our approach, as much as the Dyson Brownian motion is central
to prove universality in e.g. [ESYY12, BEY14a, BEY14b|.

Proof. As a consequence of (3.4), we have

1
(3.9) I5; PV/ :c——y duy(y) = V'(z) on the support of puy .

(3.10) BPV/ p— duv(y) =g(x) +¢, Vo €la,bl.

Let us write

d(z) == dpy /dx = S(2)\/(z — a)(b — )
with S positive inside the support [a,b]. We claim that S € C?~3([a, b]).
Indeed, by (3.4) with f(z) = (2 — z)~! for z € [a,b]°, we find that the Stieltjes transform
G(z) = [(z —y) ' duy(y) satisfies, for z outside [a, b],

DGR =GV EE) +FE), win ()= [TV g )

Solving this quadratic equation so that G — 0 as |z| — oo yields

= 5(V'Re) - VITRE)T 255,

Notice that V'(R(2))? 4+ 28F(z) becomes real as z goes to the real axis, and negative inside
[a, b]. Hence, since —m~*3G(2) converges to the density of uy as z goes to the real axis (see
e.g [AGZ10, Theorem 2.4.3]), we get

(3.12) —S(z)*(z —a)(b—z) = (B7) 7> [V'(2)* + 2BF (z)] .

(3.11) G(2)



TRANSPORT MAPS FOR g-MATRIX MODELS AND UNIVERSALITY 12

This implies in particular that {a, b} are the two points of the real line where V'(x)?+23F (z)
vanishes. Moreover F(z) = — [ fo V"(ay+ (1 — a)z) dadpy (y) is of class CP~2 on R (recall
that V' € CP? by assumptlon) therefore (V')? 4+ 28F € CP72(R). Since we assumed that S
does not vanish in [a, b], from (3.12) we deduce that S is of class C?~3 on [a, b].

To solve (3.10) we apply Tricomi’s formula [Tri57, formula 12, p.181| and we find that, for
x € [a,b],

sV a6 ) = pv [V a5,

for some constant ¢y, hence
hz) = Bf(z)(z—a)b—z)5(x)
= PV [IIE (g(y) + ) dy + e
:PVf\/Tyz dy + (g(x) + PVnyabydyﬁLc
= LV w(w—%b)@( )+ ¢g) + e

where we used that, for x € [a, b]

Pv/v y—a)lb-y dy_—( “—M)

)+ ¢y) dy + ¢ := h(x)

2
Set

_ /b (y—a)b—y) —g<y;:i(‘”) dy

Then hyg is of class C*! (recall that g is of class C*). We next choose ¢, and ¢y such that h
vanishes at @ and b (notice that this choice uniquely identifies ¢;).

We note that f € C*#=27NP=3)([q, b]). Moreover, we can bound its derivatives in terms of
the derivatives of hg,g and S: if we assume 7 < p — 3, we find that there exists a constant
C;, which depends only on the derivatives of S, such that

. (p+1) 1
£ Lo iaayy < C I;I%X(Hhop (s + 197 2oy ) < C; j max, 1% | o< (ja,1))-

Let us define
BPV/f —g(z) — ¢ VzeR.

By (3.10) we see that k£ = 0 on [a, b]. To ensure that =f = g + ¢, also outside the support
of uy we want

1 , B .
s (srv [ i) - V@) =ke) Ve e
Let us consider the function ¢ : R — R defined as
(3.13) )= BPV / x% duy () — V'(2).

Notice that, thanks to (3.11), (z) = BG(z) — V'(z) = —B+/[V'(z)]?> + 28F (x). Hence,
comparing this expression with (3.12) and recalling that S>c>0in [a b], we deduce that
[V'(z)]? + 26F(x) is smooth and has simple zeroes both at a and b, therefore [V'(z)]* +
2BF(z) > 01in [a — €,b+ €]\[a, b] for some € > 0.
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This shows that ¢ does not vanish in [a —¢, b+¢]\[a, b]. Recalling that we can freely modify
V outside [a — €, b + €] (see proof of Lemma 2.1), we can actually assume that ¢ vanishes at
{a,b} and does not vanish in the whole [a, b]°.

We claim that ¢ is Holder 1/2 at the boundary points, and in fact is equivalent to a square
root there. Indeed, it is immediate to check that ¢ is of class CP~! except possibly at the
boundary points {a,b}. Moreover

Py [t = s@ [ a6
L[y S'(aa + (1 — a)y)da “a)(b—y)dy.
[ st 0o /6

=Y \Jo

The first term can be computed exactly and we have, for some ¢ # 0,

z — ot v — b2
\/ “)b—y)dy=c(b— ( ) _ =
2 y=clb-a ( b—a b—a 4)
which is Holder 1 / 2, and in fact behaves as a square root at the boundary points. On the

other hand, since S is of class C?~3 on [a, b] with p > 4, the second function is differentiable,
with derivative at a given by

b 1
/ (/ S'(aa+ (1 —a)y da>\/ —a)(b—y)dy,
a 0

a—y
which is a convergent integral. The claim follows.
Thus, for x outside the support of puy we can set

f(z):=l(x) k().
With this choice Zf = g + ¢, and f is of class C*=22?=3) on R\ {a, b}.

We now want to show that f is of class C*~2(=3) on the whole R. For this we need to
check the continuity of f and its derivatives at the boundary points, say at a (the case of b
being similar). We take hereafter r < (k — 2) A (p — 3), so that f has r derivatives inside
la, b] according to the above considerations.

Let us first deduce the continuity of f at a. We write, with f(a™) = lim,, f(x),

k(z) = f(a®)l(z) + k()
with

r) = <PV/:Z(—_y>y PV/ Ja ) + g(x) + ¢y + fla™)V/(z).

Notice that since f = 71k outside [a, b], if we can show that £~(z)k;(z) — 0 as z 1 a then
we would get f(a™) = f(a™), proving the desired continuity.

To prove it we first notice that k; vanishes at a (since both k and ¢ vanish inside [a, b]),
hence

tnta) = 6 (v [ LI gy ) py [LOZTE )} 4 5o - i)

ey [ S F) D
=) PV [ LELE )y 4) + i) — gto)

(3.14)

a
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with g := g+ f(a™)V’' € C'. Assume 1 < (k—2) A (p—3). Since f is of class C"! inside [a, V]
we have |f(y) — f(at)| < Cly — al, from which we deduce that |k (z)| < Clz —a for z < a.

Hence ('(z)ki(z) — 0 as z 1 a (recall that ¢ behaves as a square root near a), which
proves that

lim f(2) = lim f(z)

zta zla
and shows the continuity of f at a.
We now consider the next derivative: we write

k(z) = [f(a) + f'(a*)(z — a)](z) + ky(2)
with

. fly —(y—a)f'(a)
tala) = a Pv/‘ LS gy

+9(z) = gla) + )(:v—a)V’()

gl
Since k = ¢ = 0 on [a, b] we have ky(a ) = kh(a™) = k5(a™) = 0. Hence, since f is of class C?
on [a, b] we see that |k; (z)| < Clz — al? for < a, therefore ko(x)/l(x) is of order |z — a|*/2,
thus
f(z) = fla) + f'(a*) (@ — a) + OJx —af’?)  forz <a,
which shows that f has also a continuous derivative.
We obtain the continuity of the next derivatives similarly. Moreover, away from the

boundary point the j-th derivative of f outside [a, b] is of the same order than that of g/V’,
while near the boundary points it is governed by the derivatives of g nearby, therefore

(3.15) 1FD N oo (agey < CF max 19| oo )
Finally, it is clear that f behaves like (¢(z) + ¢,)/V’(x) when z goes to infinity. O

3.3. Defining the functions y,,,y;,,2;- To define the functions y,,,y;;,z: according to
(3.7), notice that Lemma 2.1 shows that the hypothesis of Lemma 3.2 are fulfilled. Hence,
as a consequence of Lemma 3.2 we find the following result (recall that 1) € C*¥ means that
1 is s times continuously differentiable with respect to the first variable and v times with
respect to the second).

Lemma 3.3. Let r > 8. If W,V € C", we can choose y,, of class Cr=3, z, € C* for
s+v<r—=0,andy,, € C"™9. Moreover, these functions (and their derivatives) go to zero
at infinity like 1/V' (and its corresponding derivatives).

Proof. Note that V; is of class C" as both V, W are. By Lemma 3.2 we have y,, = EW e
CT=3. For z;, we can rewrite

Evze(-,y)[a] = g 0 You(ax + (1 = a)y)da + c(y)
=2 [ ter+ (- ) + )l

where we choose ¢, (y) to be the unique constant provided by Lemma 3.2 which ensures that
= ybs(az 4+ (1 — @)y) + ca(y)] is smooth. This gives that c(y fo ca(y) da. Since Z;t is
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a linear integral operator, we have

/6 ! —_——

z(vy) = =5 | E ' yola+1 - a)l(@)da.
0

As the variable y is only a translation, it is not difficult to check that z, € C*" for any

s+ v <r —>5. It follows that

( {yoﬂr/éﬁzt Y dpy, (2 )} L

is of class C"~% and therefore by Lemma 3.2 we can choose Yi: € C7=8, as desired.
The decay at infinity is finally again a consequence of Lemma 3.2. U

3.4. Getting rid of the random error term Ey. We show that the L]%,N -norm of the
\%

error term Fy defined in (3.6) goes to zero. This could be easily derived from [iBEYMa], but
we here provide a self-contained proof. To this end, we first make some general consideration
on the growth of variances.

Following e.g. [MMS14, Theorem 1.6], up to assume that V; goes sufficiently fast at infinity
(which we did, see Lemma 2.1), it is easy to show that there exists a constant 75 > 0 so that
for all 7 > 79,

N

/f dpi — dv)
[ ).

> 74/ N log N> < e cT Nlog N

This already shows that, if f is sufficiently smooth, [ f(z,y)dMy(x)dMny(y) is of order at
most N log N. More precnsely

[ ) antya arint) = [ .6 ( [ earye) | eifdeNm) e d,

—cTg 2Nlog N

Py (D<LN,W> > -

where D is the 1-Wasserstein distance

lOgN) < echQNlogN

D(u,v) = sup
llf']loo<1

Since My = N(Ly — uy,) we get

(3.16) D(Ly, pv;) = N sup
lFle <1

hence, for 7 > 79,

(3.17) Py ( sup

Il fllLip<1

[ @ ay(e

so that with probability greater than 1 —e we have

(3.18) ‘ [ s aviya dMN<y>\ <7 NlogN [ ¢, €)1 1cl i dc de.

To improve this estimate, we shall use loop equations as well as Lemma 3.2. Given a
function ¢ and a measure v, we use the notation v(g) := [ gdv.
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Lemma 3.4. Let g be a smooth function. Then, if My = NLy — NEy,[Ly], there exists a
finite constant C such that for all t € [0, 1],

/MN(Q) dP{X
)= [ (Vtnte)) Y, < € (mile) + mlo)lle + 15 glell' ) = Biolo)
o\h(g) = / <MN(9))4 dPy;

< CIE gl 0 h9) + lgllimle) + mu(9)*o3h(g) + mul9)*) =: B, (o),

< Cmy(g) =: B}v,t(g)

1
a\h(g) ==

where
(9) = 1= SlIE e+ S 10w N [ 1E76106) I

Proof. First observe that, by integration by parts for any C' function f
(3.19) /(NZV/()\Z» ﬁzf " _A )dw /Zf ) dPY

which we can rewrite as the first loop equatlon

20 [aEnar = [|(1=5)ewtr)+ o [ LT arsannein]| avy.

We denote

Fu(o) = (1= 5)EnlE ) + g [ ZE == ag (o) anyy)

so that taking f := Z;'¢ in (3.20) we deduce

/MN ) Py, = /FN(g)dIP{Z.

To bound the right hand side above, we notice that Z;'g goes to zero at infinity like 1/V’
(see Lemma 3.2). Hence we can write its Fourier transform and get

/ = 'g(x) — = () dM(z) dMy (y)

z—y
1

:i/dff:t_lg )/ da/em& dMN(x)/ei(l_a)gydMN(y),
0

so that we deduce (recall (3.16))
sup Fy(g) < (1+75) mu(g)-

D(LN#J/Vt)STO \V 10g N/N
On the other hand, as the mass of My is always bounded by 2N, we deduce that Fy(g)
is bounded everywhere by Nm;(g). Since the set {D(Ln, ;) > 70/ Nlog N} has small
probability (see (3.17)), we conclude that

/ My(g) dPy)

(3.21) < Ne N8Ny (g) + (1 + 72)mu(g) < Cmylyg),
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which proves our first bound.
Before proving the next estimates, let us make a simple remark: using the definition of
My and My it is easy to check that, for any function g,

/MN(Q) dPJ‘X

To get estimates on the covariance we obtain the second loop equation by changing V()
into V(z) + d g(x) in (3.19) and differentiating with respect to § at 6 = 0. This gives

/ My (Eof) M (g) P = / Ly(fg) dPY

—l—/{(l — g)LN(f’) + %/WCIMN(%WMN(Z/)] My(g) dPy;.

(3:22) M (9) — M(g)| =

(3.23)

We now notice that My(Z,f) — My(Z:f) is deterministic and [ My(g) dPy, =0, hence the
left hand side is equal to

/MN<Etf)MN(g) dPy;.

We take f := Z; 'g and we argue similarly to above (that is, splitting the estimate depending
whether D(Ly, py,) > 19/ Nlog N or not, and use that |My(g)| < N||g||-) to deduce that
Uﬁ?t(g) = f|MN(f)|2dIP’% satisfies

o2.(9) < 19/Z glloo + / |F(9)|| 3T (9)|dBY

(324 < 1B gl 9+ N85 g ocmg) + Cmg) [ 1¥E() B,

—— —ct2N o 2
= 127 gllooll9 o0 + N2~ NNy ()| glloc + Cma(g)0 4 (9) /2.
Solving this quadratic inequality yields

o309 < C[mug) + mu(@)llgllse + IZ: gl gl

for some finite constant C'.

We finally turn to the fourth moment. If we make an infinitesimal change of potential
V(z) into V(z) + 01 g2(x) + 62 g3(z) and differentiate at 6, = J = 0 into (3.23) we get,
denoting g = ¢,

(3.25)
/MN<Etf>MN(QI)MN(QZ)MN<93) Py, —/{ZLN(fgir(l))MN(90(2))MN(90(3))} APy +

/{(1 - §>LN(f’)+%/%£(y)dMN(I) dMN(y)] My (g1)Mn (g2) M (gs) dPY;,

where we sum over all permutations o of {1,2,3}. Taking Z,f = g1 = g2 = g3 = ¢,
eqrefeq:difference MN tilde, (3.21), and Cauchy-Schwarz inequality give

4 —_— 4
o\ (9) < C[Ilg'= g0 59) + lglmilg) + melg)ollh(9)* + mulg) i 9)]
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which implies

o\ (9) < Cl19E  glleoDh(9) + llgll2mi(g) +me(g)?oSe(g) +malg)*].

Applying the above result with ¢ = ¢ we deduce the following:

Corollary 3.5. Assume that V,W € C" with r > 8. Then there exists a finite constant C'
such that, for all A € R and all t € [0,1],

(3.20 [ ()RR, < Cllog N1 + AT
(3.27) / My (¢™)[dPY < Cllog N(1 + A[)]*.

Proof. In the case g(z) = ¢** we estimate the norms of Z;'g by using Lemma 3.2 and we
get a finite constant C' such that

IE glle < CIAE, 1157 g e < CIAF,

whereas, since Z; 'g goes fast to zero at infinity (as 1/V’), for j < r — 3 we have

. ——1 . . j+2
‘Et_l |( ) <C|‘~t gHC"J < /HgHCﬁL? < /1+|)‘| _
1+ (€] 14 [&) 1+ €7

Hence, by taking j = 5 we deduce that there exists a finite constant C” such that

1+ A
mu(s) < Clog V(P4 1+ [ de TP ) = o ¥ (1 ),

By,(9) < C'log N (1+ [A[7),
B2,(g) < C'(log N)? (1 4 |A")?,
B () < C'(log N)* (1+ |A)"

Finally, for £ = 2,4, using (3.22) and (3.21) we have

[t ar <2 ([ e g+ (84,000

from which the result follows.
O

We can now estimate Ejy.

The linear term can be handled in the same way as we shall do now for the quadratic and
cubic terms (which are actually more delicate), so we just focus on them.

We have two quadratic terms in My which sum up into

1

EL _“N(l“ / D174(, y) dMy () dMn(y //y“ x_y“ Y) iM() My (y).

Writing

_ 1 1 _
Y1:(2) = y14(y) _/ y/l,t(ax 4 (1—a)y)da _/ (/ y'lyt(ff)ei(aﬁ(la)y)gdf) dov
0 0

r—y
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we see that

// Yi:(z) = y1.:(v) My () dMy (y) = /df vil6) /01 dow My (€6 My (/0=

r—y

so using (3.26) we get

[ 1y < 0 LB i ( [ lel e’

+//dsdg|zt|<f,o €1 L+ 1617 (1+1¢1) )

It is easy to see that the right hand side is finite if y, , and z, are smooth enough (recall that
these functions and their derivatives decay fast at infinity). More precisely, to ensure that

9 1€l (1+1eN)” < € L'(R)

TP
and

7| (€, L+ €7 (1 + — ¢ L'YR?),

21 1] (1 +167) (4161 < Tepyep € L' E)
we need y, , € C'7 and z, € C'"" N C*!°, 50 (recalling Lemma 3.3) V,W € C* is enough to
guarantee that the right hand side is finite.

Using (3.26), (3.27), and Holder inequality, we can similarly bound the expectation of the

cubic term

B - 2N o ] D ) vt ) avin
— i ] dedcaime.) / da Moy (€°8) My (e ) My ()

to get

log N)3
12102y < BB [ deaciane. ollel 1+ 16T)? (1-+16T7).

Again the right hand side is finite if z, € C'®" N C'1°, which is ensured by Lemma 3.3 if
V,W are of class C3!.

3.5. Control on the deterministic term C}. By what we proved above we have

3
[ Ry ey < o BERL

thus, in particular,
(log N')°

o ~ERY)| < 0 8]

Notice now that, by construction,

RY = —L‘YN+NZW )+

with ¢ = —E[N >, W(\;)] and

LY ::divY+BZK _:ﬂ —NZV’
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Also, an integration by parts shows that, under P}, E[LY] = 0 for any vector field Y. This
implies that E[RY] = 0, therefore |CN| < C W.
This concludes the proof of Proposition 3.1.
4. RECONSTRUCTING THE TRANSPORT MAP VIA THE FLOW

In this section we study the properties of the flow generated by the vector field Y defined
n (3.3). As we shall see, we will need to assume that W,V € C” with r > 16.
We consider the flow of Y given by

XNCRY S5 RN, XN =YNXM).

Recalling the form of Y (see (3.3)) it is natural to expect that we can give an expansion
for X;¥'. More precisely, let us define the flow of y,,,

(4.1) Xog  R=R, Xop =y0,(Xoy), Xoo(A) = A,
and let X7, = (X{\ft’l, e ,XIA;;N) : RY — RY be the solution of the linear ODE
XN AN) = You(Xoa () - XD O A) + v (Xos (M)

" n / 2(Xo, (M), y) dM ()

N
1 .
+ N JZI a2Zt <X0,t()\k)7 XO,t(/\j)) . Xf\,it’]()\l? ceey )‘N)

with the initial condition Xf\ft = 0, where Mﬁo’t is defined as

N

[t ) = Z{ (o) - [ fduw] VfeCR).

If we set
X0 (A1, An) = (Xog(M), -+ -, Xor(Aw)),
then the following result holds.

Lemma 4.1. Assume that W,V € C" with r > 16. Then the flow XN = (XM, ..., XNy
RN — RY is of class C™™2 and the following properties hold: Let Xo; and X{V’t be as in (4.1)
and (4.2) above, and define Xé\ft :RY — RN wvia the identity

1 1
XN = Xé\ft + —XxXN 4+ X;Vt

N T e
Then
(4.3) sup ([ X15" | paey) < Clog N, [|X3Y [l 2ey) < CN'*(log N)?,
1<k<N
where

2 i=0,1,2.

1/2
N,j
||X5§||L2<Pg>=(/ |Xz,i|2dr@{¥) XN = [

j=1,.,N
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In addition, there exists a constant C' > 0 such that, with probability greater than 1 —N—N/C
(44)  max XA = X (L A)] < C log NVNAL — Awl.

Proof. Since Y} € C" (see Lemma 3.3) it follows by Cauchy-Lipschitz theory that X/ is
of class C"9. R
Using the notation A = (\,..., A\y) € RY and

R XN,k . XN,k ) .
XETA) = Koaw) + 0= (0) + 025 (0) = (1= )Xo (W) + 0 X7 (V)

: X0
and defining the measure M,* as

N

15) [ s an ) = X[ 119 Xae0) + X0 - [ fawe]  vrecm

i=1
by a Taylor expansion we get an ODE for Xé\ft:
(4.6)

Xo.t N,k /3 Xévt’k(;\)
- [ o (a0 vt )] s (x40 + 22

Xo,t Nk /3 Xé\vft’k(j\)
+ /alzt <X0,t()‘k)ay) dMy>"(y) - (Xl,t’ (A) + T)

N 1
30 (2o (X, X)) = Bz Xoa(Mn), Xoa (V) ) | ds - X ()
=179

N 1 . o XN,_y(S\)
+) /0 {%zt(XtN’k’ (A), XV ()\))] ds - 2’;V ,
j=1

with the initial condition Xé\f ¥ =0. Using that

1¥ollor—2@ < C
(see Lemma 3.3) we obtain
(4.7) [ Xotllcr-2mr) < C.
We now start to control X{V,t. First, simply by using that My has mass bounded by 2N we
obtain the rough bound \vatk\ < C' N. Inserting this bound into (4.6) one easily obtain the
bound |Xévtk| < C N?. We now prove finer estimates.
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By (3.17) together with the fact that X, and = — z:(y,z) are Lipschitz (uniformly in
y), it follows that there exists a finite constant C' such that, with probability greater than
1— NN

(4.8) H / zi(-, \) deV(O’t(/\)H < C'log NVN.

o0

Hence it follows easily from (4.2) that
(4.9) max X7l < Clog NVN

outside a set of probability bounded by NN/

In order to control X5, we first estimate X7, in L*(P{/): using (4.2) again, we get

L4<w>)'

To bound X7, in L*(Py) and then to be able to estimate X%, in L*(Py/), we will use the
following estimates:

d
(4.10) = (ma |05 1oy )

S C(mkax ||X{Yt’k||L4(Pg) + 1 + H/Zt(XQ,t<)\k),y) dMﬁO,t(y)

Lemma 4.2. For any k=1,..., N,

(4-11) H/Zt(XO,t<)‘k)a ?J) dMJi(O’t(y) < ClogN,

LA(PF)

< (C'log N.

LA(PY)

(4.12) H / 012 Xou(0e), y) dM™ ()
Proof. We write the Fourier decomposition of n;(x, y) := z:(Xo+(z), Xo.(y)) to get

[ e ddte) = [ide) [ e artoiode.

Since z, € C* for u+v <r —6 and Xy, € C"? (see (4.7)), we deduce that

C
A < -
|,r]t(x7£)| —_— 1+ |§|7”—67

so that using (3.27) we get

sup| [ mz.y) dMy(y) . / ﬁt("f)HmH [ esnartuty) v
<Clog [t 0| (1+ el ag
< (C'log N,

provided r > 14. The same arguments work for 0,2z, provided r > 15. Since by assumption
r > 16, this concludes the proof. O
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Inserting (4.11) into (4.10) we get
(4.13) IX{ ¢ | sy < Clog N Vk=1,...,N,

which proves the first part of (4.3).
We now bound the time derivative of the L? norm of XéVJ: using that My has mass
bounded by 2N, in (4.6) we can easily estimate

1
s/ N C
0 [ [ (40) = (Yoo s X0 < AP+ TN X

/

ds

[ o (X 0.) 3 )~ [ 01 (X)) V()

C C ; 1 ;
< O+ G+ 5 3 (10 i)
J

N 1
Z/ aQZt (XlgV’k’S(A)’XszJ,S(A)) — aQZt<X07t(/\k),X07t(>\j)> dS |Xi]\7[1€7]|
j=1"0
C . 1 A A
< (v ),
hence

d .
Z X2 ey = 2/ZX§Vth§Vtk dPy
k
< C/Z | X5 APl +(J/Z X7 P X | dPY
k k
C
+N/Z\X{Yf||ng|2dw+c/Z|X{Yf||xgg’“|dw
k k
C C |
b [ ey + S [ 30 1A X X0 apy
k k.j
C |
+m/Z|X§ft”“|Z|X§Yg]|dP§
k?j
1
+2 / Xai' / { / O (Xoa (). ) deé“*%y)} ds - X dPY
. 0
i Q/Z X012 1 X0 dPY + E/Z X 12X || X1 | dPY
N 1,t 2t 1% N2 2.t 2t 1,t 1%
k.j k,j

C .
+ N/Z X051 X0e | dPY.
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Using the trivial bounds |X *| < C'N and |X " < C'N2?, (4.12), and elementary inequali-
ties such as, for instance,

Z|X 10 ||X5Vf|<z(|x It XN+ X)),

we obtain

X ey < O(1X ey + [ ST o

/ 57 NP 0B+ 3 g N I e 1 M)

We now observe that, thanks to (4.13), that the last term is bounded by

(4.14)

[R€ t||L2]P>N (log N) ZHX ||L4[PN <||X HL2]P>N)+CN(10gN>

Hence, using that HXthkHLQ Yy < HX i @yy and (4.13) again, the right hand side of
(4.14) can be bounded by C|| X, t||L2(IP’N + C N(log N)* and a Gronwall argument gives

HX ||L2 ®N) = < CN(IOgN)

thus
HXéV,th(Pg) < C'N'Y2(log N)?,

concluding the proof of (4.3).
We now prove (4.4): using (4.2) we have

X0 = X V)
< |y (Xoa () — oo (Koo ))1XT (V)]
+ [yh (Ko )X = X0 0]+ Iy (Ko (W) = 314 (Ko ()|

+ ’/ zt(Xo4 (M), ) — Zt(Xo,t(Ak’)ayD szi/(O’t(y)‘
N z /

Using that | Xo (M) — Xot(Ae)| < ClAx — Aw|, the bound (4.9), the Lipschitz regularity of
YE),m Y14 Zt, and 022, and the fact that

ds | X7 (N)].

aQZt XOt (Ak), Xot(A )) a2zt<X0t()\k’) Xo,t(>\j)>

H/alzt(-,x) dev(‘)’t(A)H < C'logNVN

with probability greater than 1 — N=N/¢ (see (3.17)), we get
XD ) = XF O] < IR = X (D] + Clog NVN| X, — Aw|

outside a set of probability less than N="/¢ so (4.4) follows from Gronwall. O
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5. TRANSPORT AND UNIVERSALITY

In this section we prove Theorem 1.5 on universality using the regularity properties of the
approximate transport maps obtained in the previous sections.

Proof of Theorem 1.5. Let us first remark that the map 7 from Theorem 1.4 coincides with
Xo.1, where Xo; is the flow defined in (4.1). Also, notice that X} : RV — R is an
approximate transport of Py onto Py +w (see Lemma 2.2 and Proposition 3.1). Set X{V =
XN+ XN, with X, and X, as in Lemma 4.1. Since X{¥ — XV = L, X2, recalling (4.3)
and using Holder mequahty to control the L! norm with the L? norm, We see that

. 1
/ g(XN) dPY — / g(XN)dPY| < ||v9|\m—2 / X0 P

(5.) < gl g 1K ey
log N
scuwnw(NTQ

This implies that also XY : RN — RN is an approximate transport of PY onto Py, .
In addition, we see that X{V preserves the order of the \; with large probability. Indeed,
first of all Xo; : R — R is the flow of y,, which is Lipschitz with some constant L, hence
differentiating (4.1) we get

d

%lX(I),A < |yg),t(X07t)‘ ‘X(,),t‘ <L |X/, ,
so Gronwall’s inequality gives the bound

e—Lt S ‘X6t| S eLt

X(/Lo - 17

Since Xj, = 1, it follows by continuity that X{, must remain positive for all time and it
satisfies

(5.2) e M <X, <M,
from which we deduce that
e (N = M) < Xoe(Ny) — Xog(N) e (N —N), YA <N

In particular,
e H (N = N) < Xoa(Ny) — Xoa(A) < e (N = N).

Hence, using the notation A= (A, ..., An), since
1 . 1 i logN
LA - x| < ¢ B

\/_

with probability greater than 1 — N=N/¢ (see (4.4)), we get
(=) <X = X <o - N
with probability greater than 1 — NN/, . .
We now make the following observation: the ordered measures P} and P}, are obtained
as the image of P} and P{).,;, via the map R : RY — R" defined as

[R(x1,...,xN)]i == ?}l—rzl max ;.
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Notice that this map is 1-Lipschitz for the sup norm.
Hence, if g is a function of m-variables we have [|[V(go R)||cc < v/m||V |, s0 by Lemma

2.2, Proposition 3.1, and (5.1), we get
(log N) (log N)?

N3/2

19]loc + CVm 575 [Vl

‘/goR(XlN) Py — /goRdIP’VJrW‘ <C
Since X{V preserves the order with probability greater than 1 — N=¢ we can replace
go R(NXV) with g(NXY o R) up to a very small error bounded by ||g|lcc N~/¢. Hence,

since RyPY = PY and RuPY W= Py 4w we deduce that, for any Lipschitz function
f:R™ =R,

‘ /f(N()\iH — Ay s N — N)) dPY Ly

_ /f(N(XfV’i+1(5\) = X)), N ) = X)) By

(log N)?

(log N)?
<C N1/2

< [ flleo + CVm

IV floo-
Recalling that

X9() = Xoa () + X (),
we observe that, as X ; is of class 2,

Xoa(Airk) = Xoa (M) = Xo 1 () Nir = ) + O(| i = Mif?).-
Also, by (4.4) we deduce that, out of a set of probability bounded by N—N/¢
(5.3) X ) = XD N] < C log NVN [ Ay = il
As X (N) > et (see (5.2)) we conclude that

XSG X < O 00 (s~ M) oy
and
O(Ais = Mf*) = O(| X5, (N) (i = A)[°)
hence with probability greater than 1 — N~/ it holds

X = K0 = X,00) vt = 2|1+ O S5 ) +0(X5,00 (s = )] |

Since we assume f supported in [—M, M|™, the domain of integration is restricted to ) such
that {NX{,(Ai) (\i — Aitk) fi<k<m is bounded by 2M for N large enough, therefore

o " loe N 4AN?
XY = X = X0, () (i — A) + O(QM%) " O( N? )’

from which the first bound follows easily.
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For the second point we observe that ayyw = Xo1(ay) and, arguing as before,

‘ /f(NQ/S()\l - aV—f—W)a cee >N2/3(>‘m - aV+W)> d V+W

. / f<N2/3(XfV’1(5\) ~ Xoi(ay)), ..., N3 (XN™(}) - Xo,l(av))) APy

(log N)3 (log N)?
<C 1£lloe + € vm=—7z76= IV flloe-

Since, by (4.3),

>N, log N

XiN’ ()\) = Xo,l()\i) + O[A(]pg)( N )

/ 2 log N
= Xoa(av) + Xg1(av) (N — av) + O(I\ — av[?) + Opagey, )

we conclude as we did for the first point. 0
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