UNIFORM BOUNDEDNESS FOR FINITE MORSE INDEX SOLUTIONS
TO SUPERCRITICAL SEMILINEAR ELLIPTIC EQUATIONS
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ABSTRACT. We consider finite Morse index solutions to semilinear elliptic questions, and we investigate
their smoothness. It is well-known that:

- For n = 2, there exist Morse index 1 solutions whose L norm goes to infinity.

- For n > 3, uniform boundedness holds in the subcritical case for power-type nonlinearities, while for
critical nonlinearities the boundedness of the Morse index does not prevent blow-up in L.

In this paper, we investigate the case of general supercritical nonlinearities inside convex domains, and
we prove an interior a priori L* bound for finite Morse index solution in the sharp dimensional range
3 <n<9. As a corollary, we obtain uniform bounds for finite Morse index solutions to the Gelfand
problem constructed via the continuity method.

1. INTRODUCTION

Given Q C R™ a bounded domain, and f : R — R a nonnegative C'' function, we consider a solution
u: 2 — R to the following semilinear equation

—Au= f(u) inQ,
{ u=20 on 0f2. (1.1)

Note that, by the nonnegativity of f and the maximum principle, v > 0 inside 2 (unless u = 0).
Set F(t) := fot f(s)ds. Then (1.1) corresponds to the Euler-Lagrange equation for the energy

functional )
- |Vul
&[u] _/Q( ; F(u)) dz.

Consider the second variation of &, that is,

Ot = [ (v - rae) an

Given a subdomain Q' C Q and k € N, u is said to have finite Morse index k in €', and we write
ind(u, ') = k, if k is the maximal dimension of a subspace X}, C C}(£)') such that, for any ¢ € X\ {0},

Qu(&) == /Q, <|V€|2 - f’(u)§2> dr < 0.

Also, u is said to be stable in ' if ind(u, Q') = 0 (that is, Q, (&) > 0 for all £ € CL(Y)).

e=0
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1.1. Finite Morse index vs uniform boundedness. The idea of using a bound on the Morse
index to characterize the uniform boundedness of a solution to a semilinear elliptic equation was first
introduced in the seminal paper [1]. In this work, as well in several other subsequent papers (see for
instance [27, 21]), the authors considered (variants of) the subcritical case, namely
nt2
f(t)ﬁ(a—i-t)”*Q 67 Oé,€>0,
and they proved that the boundedness of solutions is equivalent to the boundedness of the Morse index.
In the critical case, namely

n+2
flu)=(a+u)»=2,  a>0,

the finiteness of the Morse index does not imply the boundedness of the solutions. Indeed it is not
difficult to check that the functions

o) = ((Mn—wﬁ o) s 12)

p? + |zf?
n—2
S 2
are solutions with Morse index 1. In particular, choosing «, := W) so that uq, , = 0 on

0B1, and letting u — 0, one can construct a family Morse index 1 solutions in B whose L* norm goes
to infinity (see, e.g., [8]).

The supercritical case, instead, is much less understood. The special case where f is a polynomial or
an exponential function has been studied in [16] and [11], respectively. There, the uniform boundedness
of solutions is obtained by proving suitable Liouville-type results. Unfortunately, this approach does
not seem suitable for general nonlinearities.

We finally mention a recent result [15], where the authors investigate the regularity and symmetry
properties of finite Morse index solutions.

1.2. Main result: finite Morse index solutions with supercritical nonlinearities are uni-
formly bounded. Very recently, in [9] the authors investigated the properties of stable solutions for
all nonlinearities, and they proved uniform boundedness when 3 < n < 9,2 and interior W12 estimates
in all dimensions.

In this paper, we exploit these result to develop a series of new tools for finite Morse index solutions
(cf. Section 1.3.3 below) that allow us to prove a universal L> bound for solutions to (1.1) when
f grows superlinearly in a suitably quantified way.® As common in these problems, we assume that
f(0) > 0 (actually, we quantify this assumption by asking that f(0) > ¢y > 0, so to better emphasize
the dependences in our L> bound). This assumption is particularly natural in the superlinear case,
since the Derrick-Pohozaev identity prevents the existence of nontrivial solutions (see [17, Theorem 1,
Page 515]).

INote however that this result does not cover the full subcritical case: as shown in [22, Lemma 5 and Theorem 1(iii))],
for f(t) = A(1+1)*, A > 0 and p < 2E2, there exists a family ux of solutions with Morse index 1 with |[ux|[ze(5,) = 00
as A — 0. In other words, in the subcritical case, both upper and lower bounds are needed on f in order to show the
equivalence between boundedness in L and boundedness of the Morse index.

2In the stable case, the case n = 2 is a consequence of the case n = 3 by noticing that a stable solution in two dimensions
is also stable in three dimensions (by looking at it as a function constant in the third variable). This is why the results in
[9] hold for n < 9. This is not the case anymore when ind(u) > 0, and indeed a change of behavior of finite Morse index
solutions between dimension n = 2 and dimension 3 < n < 9 was already observed in [22]. In particular, as [22, Fig. 1 b,
pag. 245] shows, there exists a curve of two-dimensional solutions with Morse index 1 that blows-up in L*°.

30ur quantitative superlinarity assumption (1.4) already appeared in the paper [26] (see also [13]), where the author
proved the uniqueness of solutions to (1.3) for small values of A.
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Actually, because of applications to the Gelfand problem described in Section 1.4 below, it will be
convenient to prove a more robust result that establishes a uniform bound whenever the nonlinearity
is of the form Af, where A € [0, 5\] for some fixed A. Also, for the sake of generality, it is interesting
to observe how the bound depends on f. So, instead of considering a fixed nonlinearity f, we assume
that f belongs to a locally compact C' family. As shown in Section 1.3.2 below, this assumption can
be considerably weakened if f is assumed to be convex.

Theorem 1.1. Let 3 <n <9, Q C R" a bounded convex domain, and cy > 0. Consider
Kc{heCYR): h>0,h >0,h(0) > co},
and assume that X is compact for the ClL (R) topology. Let A >0, and let u € C2(2) solve

{ —Au=Af(u) inQ,

u=0 on 011, (1.3)

for some f € X and A € |0, ;\] Finally, assume that ind(u, Q) < k and that there exist €,ty > 0 such
that

F)t > ( 2n2 + e) F(t) forall t> to, (1.4)

n—
where F(t) := fg f(s)ds. Then
[ull o0y < Cn, k, K, A, €,t0, ).
Remark 1.2. We observe that, as a consequence of (1.4), it holds
Ft) = et V>0, (1.5)
_n+2

with ¢1 := f(0)t, "~
Indeed, (1.4) can be rewritten as

2
25 +e)

F'(t) > ( F(t) forall t>t,

so it follows from Gronwall inequality that

F(t) > Flto) (f) -

0

Inserting this information in (1.4), we get

OE (

Also, since f is increasing we have F'(tg) > f(0)to, and therefore
2n 7%76 nt2 e
IO { £(0) (ere to tn=2 for t >t
f(0) for 0 <t <tp,

2n

_27”_6 L_,_Q_’_e
5 te F(to)ty "2 tn—2 for all ¢ > t,.
n —_—

which implies (1.5).

Remark 1.3. As mentioned before, the dimensional range 3 < n < 9 follows from [9, Theorem 1.2],
since boundedness of stable solutions for all nonlinearities is true only under this assumption. However,
for some particular choices of nonlinearities (e.g., f(u) = (1 4+ u)? for suitable values of p), we believe
that our ideas and techniques could be applied also in higher dimension (cf. [12]).
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1.3. About Theorem 1.1: extensions and tools used in the proof. We first discuss some possible
extensions and generalizations of Theorem 1.1, and then we briefly present the three key ingredients
behind its proof.

1.3.1. On the convexity of ). The convexity assumption on 2 in Theorem 1.1 allows us:

- to focus only on interior regularity, since the regularity near the boundary is handled via the moving

plane method, see Lemma 2.8 below;

- to apply the classical Derrick-Pohozaev argument on convex domains, see the argument after (3.9).
We believe that a nontrivial modification of our techniques could be used to analyze the boundary

behavior inside general smooth domains. However our proof strongly relies on the Derrick-Pohozaev

argument, and this requires 2 to be at least star-shaped (see, e.g., [17, Theorem 1, Page 515]). Hence,

it looks likely to us that by combining the ideas developed in this paper with the boundary regularity

from [9], one should be able to extend Theorem 1.1 to (sufficiently smooth) star-shaped domains.

1.3.2. A result for conver nonlinearities. The assumption that the nonlinearity f belongs to a family
X that is compact for the CIIOC(R) topology can be removed, if one assumes the nonlinearities to be
convex and to be dominated by a fixed continuous nonnegative function g : R — R. More precisely, if
f is a convex function such that 0 < f < g and (1.4) holds, then |[u[| @) < C(n, k, g, \ € to, Q).

Indeed, the compactness assumption in C’lloC is used only to apply Proposition 2.3. If all the non-
linearities are convex, then the bound 0 < f < g guarantees compactness in Cﬁjc. Therefore, one only
needs to check that Proposition 2.3 holds if f; are convex functions satisfying f; — f in Cﬂ)c(R). This
can be done by suitable adapting the notion of stability for convex functions, defining

Qu(§) ::/ (|V§|2 - f/_(u)§2) dx with f7 (¢) := lim = Jt=r7) = Supw.
Q T—0+ T >0 T
Indeed, with this definition, the results from [9] still apply. In addition, the following lower semiconti-
nuity property holds:

ti—t, fj— fin C.(R) = fL(t) < 1Eniglf(fj)i(tj),

and this allows one to show that upper bounds on the Morse index are preserved. We leave the details
to the interested reader.

1.3.3. Main tools. As mentioned before, the proof of Theorem 1.1 is based on a series of new important
results for finite Morse index solutions. These are:

(i) A general stability result for bounded Morse index solutions stating that, for 3 < n < 9, these families
are weakly compact in W12 and they converge in CIZOC outside finitely many points (see Proposition 2.3).
This result relies on the smoothness of stable solutions for n < 9 obtained in [9], and on a slight
improvement of it proved in Appendix A.

(ii) A uniform W12 integrability estimate for finite Morse index solutions (see Proposition 2.6). This
result depends both on the supercriticality assumption (1.4) and on the interior W2 estimates for
stable solutions, cf. [9].

(iii) A e-regularity theorem for finite Morse index solutions stating that, if the W12 norm of a solution
inside a ball B, decays sufficiently fast for r € [, 1] with £ < 1, then it decays all the way to the origin
(see Proposition 2.7).

It is worth observing that while (i) needs the dimensional restriction n <9, both (ii) and (iii) hold in
every dimension. Besides playing a crucial role in proving Theorem 1.1, we believe that these results
have their own interest.
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1.4. An application to the Gelfand problem associated to analytic supercritical nonlinear-
ities. Given f : R — R nonnegative and increasing, and A > 0, the so-called Gelfand problem for f
consists in studying the nonlinear elliptic problem

—Au=Af(u) in £,
u=20 on 0f2.

This problem has a long history: it was first presented by Barenblatt in a volume edited by Gelfand
[18], and a series of authors studied it later, in particular in the range where u is stable; we refer the
interested reader to [2, 3, 4, 14, 6] for a complete account on this topic.

In this paper we want to study the solution curve associated to the Gelfand problem: we look for a
continuous curve A: [0,00) — [0, 00) with A(0) = 0, and for a one-parameter family of solutions {us}s>0,
such that

us =0 on 0f).

When © = By, the cases f(t) = (1+at)?, a, 8 > 0, and f(t) = €', have been fully understood in [22] via
ODE methods. In particular, when 3 < n < 9, the authors proved that there are infinitely many turning
points in the solution curve s + (A(s), ||us|[zo(q),) for suitable values of 3. Later, similar phenomena
were observed for special functions f or in low dimensional domains with suitable symmetries (see, e.g.,
[24, 10, 20, 11, 23] and the reference therein).

Assume now that Q is a convex set of class C3, let C}(Q) denote the Banach space of C'! functions on
Q that vanish on 9, and consider the following open subset of C}(2) endowed with the C'* topology:

O:={ucCiQ) : u>0inQ, dulspq < 0}, (1.6)
where v denotes the outer unit normal to 99. Following [10], assume the map
O3 u— f(u) € C'Q)

to be real analytic (as noted in [10], this is the case for instance if f is analytic). Then, thanks to our
Theorem 1.1, one can apply the global analytic bifurcation theory developed in [5, Section 2.1] to show
the existence of a piecewise analytic continuous curve [0,00) 3 s — (A(s),us), with (A(0),ug) = (0,0),
such that both [|us| () and ind(us,2) tend to infinity as s — co. Moreover there exists a sequence
(A(si),us;) such that [[ug,|[ze) — oo and each point of this sequence is either a bifurcation or a
turning point. This is a complete statement:

{ —Aus = A(s) f(us) in €,

Theorem 1.4. Let 3 <n <9, Q CR" a bounded convex domain of class C3, and f > 0 an increasing
analytic function satisfying (1.4). Let

S:={(\u) eRy xCQ): —Au—Af(u) =0 and — A — \f'(u) is invertible with bounded inverse}.
Then there exist two continuous mappings
hi: Ry — Ry, he: Ry — CH(Q),
so that, denoting h = (h1, he), we have:
(i) h: Ry — § and lim,_,o ind(h2(s), Q) = oo.

(ii) h is injective on h=Y(8) with hy(s) # 0, and real analytic at all points s € h=1(8).

(iii) The set h=1(8\ 8) consists of isolated values.

(iv) For every point sy € h™1(8\ 8) there exists an injective and continuous reparameterization

s =7(0), o € [-1,1], such that so = ¥(0) and ho~ is a real analytic function whose derivatives
might only vanish at 0.
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(v) There are infinitely many values of s > 0 where h(s) € 8\ 8 is either a bifurcation or a turning
point. Namely, either in every neighborhood of h(s) there exists a solution of (1.1) which is not
in the image of h (and then h(s) is a bifurcation point), or the previous case do not happen but
hi is not locally injective (and then h(s) is a turning point).

Proof. Let O be as in (1.6), and define the analytic map
TRy xO0—=CHQ), T\ u) = —u+ M(u),

where A(u) := (—=A)~![f(u)], and (—A)~! denotes the inverse of the Dirichlet Laplacian in . Arguing
exactly as in the proof of [10, Theorem 1] (see also the remark after the statement of the theorem), the
result follows from [5, Section 2.1]. O

Remark 1.5. It was pointed out in [10, Remark 4] that, when € is a C? strongly convex domain with
certain symmetries, a careful modification of [25] gives that, the image of h is a smooth curve with
only infinitely many turning points but not bifurcation points. Also, this property in generic in a
neighborhood of such domains. We expect a similar result to hold also in our setting.

1.5. Structure of the paper. The paper is organized as follows. In Section 2 we present a series of
results on finite Morse index solutions, which will be crucial for proving Theorem 1.1. Then, in Section
3 we prove Theorem 1.1. Finally, in a first appendix, we show that [9, Theorem 1.2] holds also for W12
stable solution that are C? outside one point. This result is used in the proof of Proposition 2.3. Then,
in a second appendix, we describe how the method in [9] implies uniform boundedness of solutions
whenever the spectrum of —A — f’(u) is bounded from below.

Acknowledgments. The authors are grateful to Xavier Cabré and Alberto Farina for useful comments
on a preliminary version of this manuscript.

2. TECHNICAL TOOLS ON FINITE MORSE INDEX SOLUTIONS

Let us fix some notation. For x € R" and r > 0, we denote by B,(z) the Euclidean ball centered at
x with radius r. The center is usually omitted when z is the origin. By aB we mean the ball with the
same center as B but « times its radius. We write constants as positive real numbers C(-), with the
parentheses including all the parameters on which the constants depend. We note that C'(-) may vary
between appearances, even within a chain of inequalities. Sometimes we use C,, ¢, to emphasize that
a constant depends only on the dimension.

The goal of this section is to prove several new important results on finite Morse index solutions that
will be used in the next section to prove Theorem 1.1. First, we need to introduce a notion of weak
solution with bounded Morse index.

Definition 2.1. Let U C R"™ be an open set, and let f : R — R be nonnegative. We say thatu € WI})S(U)
is a weak solution of —Au = f(u) in U if f(u) € LL (U) and

/Vu-Vgod:p—/f(u)cpdx Ve Cl).
u u

Assume in addition that f is of class C*. Then we say that u has finite Morse index k € N in U, and
we write ind(u, ) = k, if f'(u) € LL (W) and k is the mazimal dimension of a subspace Xy C CH(U)
such that

Qu(©) = [ (V¢ = ) da <o vee X\ (o)
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As we shall see below, whenever f’ > 0 it is possible to prove an a priori bound on the Llloc norm
of f/(u) in terms of the Morse index. Then, by Fatou’s Lemma, this a priori bound holds for all weak
solutions that are limits of smooth solutions (see Proposition 2.3 below).

Lemma 2.2. Let U C R™ be an open set, let f : R — R be nonnegative, increasing, and of class C*,
and let u € W22 (W) be a weak solution of —Au = f(u) in U with ind(u, W) < k. Then:

loc
(i) If {ui}le s a disjoint family of open subsets of U, then u is stable in at least one set U;.
(ii) The following uniform bound holds:

/ ROCEEAE )R Y By C (2.1)

Proof. To prove (i) we note that, if by contradiction v was unstable inside each set U;, then there would
exist functions & € CL(U;) such that

/u (IV&[* = f'(w)€}) dz < 0.

}k+1

Since the functions {¢; have disjoint support, this implies that

/u (IVEP = F)ed) de <0 Ve € Span(En, ..., &) \ {0},

therefore ind(u,U) > k + 1, a contradiction.
We now prove (ii), following the ideas in [19, Theorem 5.9]. Given an open set O and a pair of sets
E, F C O, the p-capacity between E and F inside O for p > 1 is defined as

Ca'pp(Ev F’ O) lnf{HUHWl p((‘_) Ve A(Ev F)}a

where A(E, F) denotes the class of all functions v € W1?(0) that are continuous in O and satisfy
v=1on E, and v = 0 on F. In particular, if A = B,(z) \ B,/2(z) is an annulus such that 24 :=
Bay(2)\B,/4(2) is contained inside By, (), to control CapQ(A 0(2A), By, (7)) we can choose the function
vzp(z) :==min {1, (4p |z — 2| = 1)+, (2 — p~ |z — 2])4 } to obtain

Capy(A4, 9(24), Bay(7)) < |[vz pllwrz = C(n)] A" (2.2)

Let us now consider the metric space X := By, (Z) endowed with the Euclidean metric. In this space,
we call “X-annuli” sets of the form (B,(z) \ B,/2(2)) N B, (z) for some z € By, ().

Define the measure on X given by o := xp,(z)f'(v)dz, and let £ € N be a large constant to be fixed
later. Since o has no atoms, we can apply [19, Theorem 1.1] to deduce the existence of a family of
Euclidean annuli {4, := Bpl(zl) \ By, j2(2i) }i—y, with z; € Ba.(7), such that

/ f/<u)d$§00(n)/€/ f'(u) dz Vi=1,...,k+1 (2.3)
r(Z) B, (z)NA

and {(24;) N By, (z)}¥_, are pairwise disjoint.
With no loss of generality we can assume that B,(Z) N A; # 0 (otherwise (2.3) would imply that
i) Bo(7) f'(u)dz = 0 and the result would be trivially true). Let us split these annuli into two families:

if p; < r/4 then we say that ¢ € J1, otherwise we say that i € Jo.

Note that, since B,(Z) N A; # 0, for i € Jo it holds (24;) N By, (T) > ¢,r™ for some dimensional
constant ¢, > 0. Hence, since the sets {(24;) N B2 (Z) }icy, are disjoint, we deduce that #Jo < N, for
some dimensional constant IV, > 1.
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On the other hand, when i € Jy, since B, (Z)NA; # () and p; < r/4 it follows that (24;)NBa,(Z) = 2A4,,
hence the sets {2A4;};c5, are pairwise disjoint. Also, it follows from (2.2) that
Cap,(A;, 0(24;), Bay(2)) < C(n)| A" . (2.4)

Now, fix k := N,, + 2(k + 1) so that #J; > 2(k + 1). Since the sets {24;},c5, are pairwise disjoint and
contained inside Bs,(Z), there exists a subset of indices J} C J; such that #3’1 >k+1and

1 .

that combined with (2.4) gives

Capy(Ai, 9(24;), Bay(2)) < C1(n)(1+ k)= Lr™2  Yied,. (2.5)
Now, assume by contradiction that (2.1) does not hold with C,, = 4CyC1(N,, + 1), namely
/ Flu) > Co(1 + k)22, (2.6)
B, (Z)

where Cjy and Cj are as in (2.3) and (2.5). Then, since 2(N,, + 1)(k + 1) > &, combining (2.6), (2.5),
and (2.3), we get

Capy(As, D2A2), Ban(7)) < (2Cor) " /

f'(u)dmgl/ I (u) dx VieJ).
B (7) 2 Ja;

Choose functions &; € C}(24;) that almost minimize the capacity Capy(4;, 9(24;), Ba()), so that
2 2
/ V| da < / f(u)dx < / flwede  Vied).
By (@) 3 Ja; 3 /B (@)

Since the sets {24;};cy; are pairwise disjoint and #J; > k + 1, we conclude that {{;};cy; spans

a (k + 1)-dimensional subspace of C!(Bs,(Z)) where the stability inequality fails. This contradicts
ind(u, Bo,(Z)) < k and concludes the proof. O

We now prove a crucial convergence result for weak W12 limits of smooth solutions with bounded
Morse index. Note that, a consequence of Proposition 2.3 below, limit of smooth solutions with bounded
Morse index are still smooth. However the result does not provide any uniform bound on the sequence
u;. In particular, it could be that ||u;||z — 00, as the example provided by (1.2) shows.

Proposition 2.3. Let n <9, U C R™ an open set, and u; € C*(U) a sequence of functions satisfying
—Auj = filw;)  inU
with fj : R — R nonnegative, increasing, and of class C1. Assume that

ind(uj,U) <k for some k € N, sup lujllwrzay < +o0, i = [ in Clloc(R).
J

Then there exist a subsequence uj(,,) and a discrete set Yoo C U, with #Xoo < k, such that
Wj(m) — Uoo N w2, Uj(m) — Uoo i1 Cﬁm(u \ Yo),
and us satisfies

Ao = fooltio) in U, fo(too) € L (W),  ind(ue, Q) <k,  us € C*HU).
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Proof. Given x € U, for any j we denote by r;, the largest radius where u; is stable around z:
rjz = sup{r € [0, dist (z,0WU)) : ind(u;, B,(x)) = 0},

Then, we define
Tooq = liIMSUP 7 4, Yo ={z €U : rogy =0},
Jj—o0

We claim that ¥, is a discrete set of cardinality at most k.

Indeed, suppose by contradiction that ¥, contains k + 1 points x1,...,zx+1, and fix
1
0<r< min{ min dist (z;,0U)), = min |x; — $l|} .
1<i<k+1 2 1<4,1<k+1

Since 75, — 0 as j — oo (because z; € ¥o), for j large enough u; is unstable inside each of the balls
{B,(x:)}¥*!. However, since these balls are disjoint (by the choice of 7), Lemma 2.2(i) provides the
desired contradiction.

Consider now a family of compact sets {Ky}pen such that U\ Yoo = UgKy, and for any ¢ consider
the covering of K, given by {B,_ P () }zek,. By compactness, there exists a finite set of points
{wi}ies, C Ky such that Ky C Useg, B, /2.5, (2i). Note that, since each set Iy is finite, for each £ € N we
can choose a subsequence j;(m) such that

Too,x; = lim r; VZEIHUUJg

m—00 Je(m),z;
Then, by a diagonal argument we can find a subsequence j(m), independent of ¢, such that

Since the functions u;(,,) are uniformly bounded in W2(U), up to extracting a further subsequence,
there exists a weak limit in W2(U) that we denote by us. We now want to show that u., satisfies all
the desired properties.

First of all, for each ¢ € N we define the open set
Op = UieﬂgBroo/Q,xi(xi) D K.

Since wj(y) is stable on By 4, (z;) and 7j(m) 2, = Too,w; a8 M — 00, it follows by [9, Theorem 1.2] and

elliptic regularity? that
Huj(m)ch,a(oe) < Cia Vm> 1, Vae (0,1),

which implies that w;(,) — U« in C?(0y). Since UyOQy = U\ X4, this proves the convergence in
Clzoc (u \ ZOO)

To show that w4, solves the desired equation, by the C?

1oc(U\ ) convergence it follows immediately
that

—AUoo = foo(too) in U\ Y.

Then, since us, € WH?(U) and X, consists of finitely many points (hence it has zero W12-capacity),
the equation —Aus, = foo(teo) must hold inside the whole domain U.
We now note that, thanks to Lemma 2.2(ii),

2 .
/B (z) f;(m)(uﬂ'(m)) < Co(1+ k)" V Bz C U

4Recall that n <9, and note that f; are uniformly C* on compact set since they converge to feo.
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Since f]’.(m) (4j(m)) are nonnegative and converge pointwise to f1, (us) inside U \ Yo (and so a.e.),
Fatou’s Lemma implies that

/B JRACSELE B2V By C A

thus fl(us) € L (U).
Now, to prove the bound on the index, assume by contradiction that there exists a k4 1 dimensional
subspace X' C C(U) where

Quol6) = /u (IVEP — flo(us)€?) dz <0 Ve e X\ {0},

We claim that also Q) is strictly negative on X'\ {0} for m sufficiently large. Indeed, if not, by
homogeneity there exists a sequence &, € X'\ {0}, with [[]|c1 = 1, such that Q;(m)(&m) > 0. Since
X' c CHU) is finite dimensional, all functions &, live in a fixed compact set and, up to a subsequence,
they converge in C}(U) to a limiting function &y, € X’ with ||€x|/ct = 1. In particular,

/ |V§m|2dac—>/ |V£oo|2d:v as m — oo.

u u

Also, since f]’.(m)(uj(m)){fn are nonnegative and converge pointwise to f._(ux)€2, inside U\ Yoo (and
so a.e.), Fatou’s Lemma implies that

liminf/llfj{(m)(uj(m))gznZ/uféo(uoo)fgo dx.

m—oo

Combining these two facts, we deduce that

0 < limsup Qj(m) (Em) < Qoo(500)7

m— 00

a contradiction since {, € X'\ {0}. Hence Qj(, is strictly negative on X"\ {0} for m sufficiently large,
which is impossible since ind(u;(,), U) < k. This contradiction proves that ind(us, U) < k.

Finally, to prove that us, € C?(U), we recall that finite Morse index solutions are locally stable (see
for instance [14, Proposition 1.5.1] or [12, Proposition 2.1]). Hence, we can apply Proposition A.1 and
elliptic regularity around each of the points in ¥, to deduce that us, € C%(U). O

Our next goal is to show a uniform W2 integrability estimate for finite index solutions. It is for
this result that the growth assumption on f plays a crucial role. Before stating and proving it, we first
recall the following simple estimate that can be found, for instance, in [9, Lemma A.1].

Lemma 2.4. Let f : R — R be a nonnegative function, and let v € C? solve —Av = f(v) inside B,(Z).

Then
/ f(v)de < C’nr_Q/ |v| dx.
B,>(@) By (3)

We begin by proving a uniform W12 integrability estimate for stable solutions, that will be used
below to address the general case.

Proposition 2.5. Let f € C' be nonnegative, and let uw € C? be a nonnegative stable solution to
—Au = f(u) in B,(z) for some r € (0,1]. Assume that f satisfies (1.5) for some c¢1 > 0. Then there
exists § = 0(n,e) > 0 such that

/ |Vu|? dz < C(c1,n) p° forall0 < p < 2 (2.7)
B, (z)
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Proof. With no loss of generality we can assume & = 0.
By Holder inequality, (1.5), and Lemma 2.4, for any ball By,(z) C B, it holds

noate n
<p"/ udx) ’ < C(n)p"/ urE e gy
By(z) By(z)

< C(n,er)p™ / F(u)da < Cop™> / wdr, (2.8)
By(2) Bay(2)

where Cy = Cy(n,c1). Let § = §(n,€) > 0 be small enough so that

(";2—6><Zf§+e) _n;Q : (2.9)

G(z,p) == max{1,7 sup P / udz},
BS(y)CBp(Z) Bs(y)

where v € (0,1) is a small constant to be fixed later. Then, thanks to (2.8) and (2.9), whenever
Bs,(z) C B, we have

and define

nt2 4 o
n n n n—2
Glz,p) < Gz, p) w2t < 14ym2te  qup <s‘¥2‘5/ udm)
Bs(y)CBy(2) Bs(y)
<1+ C@'y%rnge sup Sn2+26/ udr <1+ Cg’yﬁJrEG(z, 2p). (2.10)
Bs(y)CBy(2) Bas(y)

We now claim that G(0,7/2) is uniformly bounded.
To show this, consider the quantity

Q:= sup  G(zp/2)
ZEB’IVPST*IZ‘

Note that, since u is of class C?, Q is a finite constant. Also, we can assume that Q > 2 (otherwise there
is nothing to prove). Consider now z € B, and p < r — |z| such that G(z, p/2) > Q/2. Since Q/2 > 1,

it follows from the definition of G that there exists Bs(y) C B,/2(2) such that 78_%2_5 st(y) u>Q/3.

We can now cover B(y) with N, balls {BS/4(yk)}]kV:"1 with yx € Bs(y) C B,2(z), where N, is a
dimensional constant, and observe that

g<fy - 5/ udr < ~ys~ e 52/
s()

5/4 yk

N
3/4"”52/ udz < Z (v, 5/4). (2.11)

5/4 yk:

Note now that, since s < p/2 and yx € B,/5(2),
|yk|+5§\z|+g+g§\z|+p§r.
In particular By/s(yx) C By, and it follows by (2.10) and the definition of @ that

Glyes 3/4) < 1+ Cor™2 "Gy, /2) < 1+ Coym 7 7Q.
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Combining this bound with (2.11), this yields

Q I _4
3 <N (140 ™27Q) < Vo (14 Corm2Q).
and by choosing v small enough (depending only on Cjy and the dimension), we conclude that @ < 4N,

and therefore
nt2 s

Y sup § 2

/ udr < G(0,r/2) < Q <4N,, (2.12)
s<r/2 s(0)

as desired.
Recall now that, by [9, Theorem 1.2], if u is stable on a ball B then

. _nt2
[ullyr2(1py = Cln) (diam (B))™ =" [[ul[L1(p)-
Combining this estimate with (2.12), we obtain (2.7). O
We next improve this result to solutions with finite Morse index.

Proposition 2.6. Let f € C' be nonnegative, and let u € C? be a nonnegative solution to —Au = f(u)
in By(Z) for some r > 0. Assume that ind(u, B.(Z)) < k for some k € N, and that f satisfies (1.5) for
some c¢1 > 0. Then

/ |Vul? dz < C(c1,n,€) k p° for all p € (0,r/4),
B, (%)

where 0 = 6(n,€) > 0 is as in Proposition 2.5.

Proof. Let M > 1 be a fixed constant®, define the set Q° := B,(z), and consider the covering of
Q" given by {B M1 p(z)}z cQo By Besicovitch Covering Theorem, there exist a dimensional constant

N,, € N and a subfamily of balls {Blg}ee?o C {BM‘lp(Z)}zeQO such that
1< ZXB?(?J) < N, for all y € Q. (2.13)
JASNI

In particular, since these balls have radius M ~!p and are contained inside By,(Z), it follows that
#Jo |BM—1p| < Np|Bay| = #Jo < 2"M"N,,.

Moreover, since each point y € B,(Z) is covered by at most N,, balls of radius M ~1p, then the same is
true if we double the radius of the balls: more precisely, there exists a dimensional constant N], € N
such that®

1<) Xom@) <N, Vyeq” (2.14)
JASHN)

Let us split {QBS} teto into N/ subfamilies of balls, where the balls of each subfamily are disjoint. As

ind(us) < k, we can apply Lemma 2.2(i) to each subfamily. Then we deduce that, except for at most

50ne can choose M to be any constant larger than 1, for instance M = 2. However, for notational convenience we
prefer to use the notation M instead of fixing its value, as we believe that the estimates become easier to follow.

6A simple way to see this is to note that, as a consequence of (2.13), we can split {Bg into NV,, subfamilies of

}5670
balls, where the balls of each subfamily are disjoint. This implies that the centers of the balls of each subfamily are at
mutual distance at least 2M ~'p. Then, if we double the radius, the overlapping for each of these subfamilies is bounded

by a dimensional constant C,, > 1.
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Nk balls, say BY, ..., B,go with ko < N}k, the function u is stable inside each ball {2B)} e\ f1,... ko}-
Thus by Proposition 2.5, we have

/|vuy2dx§(1(c1,n)M5p5 Vo \ {1,...,ko}.
By

Now, we consider the set Q' := Ur<e<k, BY and the covering {BM_zp(z)} . Again by Besicovitch

z€Q?!

Covering Theorem, there exists a subfamily of balls {B} C {B M—2 p(z)}z co! such that

}5631

1< ZXBI <N, forallye Q. (2.15)
J2SNN

Also, since these balls are contained inside (J; <y, 2B}, it follows that (recall that ko < N}k)
#91|Byy2,| < koNo|Bopp1,| = #31 < 2°M"kgN,, < 2"M" N, Nyk.

Furthermore, as before,

1<) XepW) <N,  Vye@'
YA

Hence (up to renaming the indices) u is stable inside each ball {2B} beer\{1
therefore

gy With by < Nk, and

/1 \Vul?dz < C(c1,n)M~20p°  Yeed \{1,... .k}
BZ

To continue this construction, define
U B
1<0<ky

Then, we can apply the very same argument used for Q! to find a family of balls {Bl?}gegz, with
#Jy < 2"M"k1N,, < 2"M™N] Ny k, such that

/ \Vul|?dz < C(c1,n)M~3p°  V0eI\{1,...,ka},  with ky < N'k.
2

14

Iterating this construction, we obtain that the family of balls {Bg }gej].\{lwwkj}’jeN covers Q° \ K, with
K = ﬁjeNQj,7 and

/ |Vulldz < Cler,n)M 2% YeeI\{1,...,kj},  #J; <2"M"N!N,k,  k;j < N.k.
B;

Since K has measure zero (because |Q7| < kj|Bys-i,| < N}k|By-i,| — 0 as j — 00), we have

/ |Vu\2dx:/ |Vu|? dz < Z Z / |Vul|® de
0 QO\

J=0¢€7;\{1,..
o0 .
< C(e1,n) <Z #%M‘ﬂé) P’ < Cler,n,0) kp’
§=0
Recalling that § = d(n, €), this concludes the lemma. O

"Here one could note that, since u is smooth, every ball sufficiently small is stable and therefore Q7 is empty for j large
enough, hence K = (). However this information is not needed, and this proof also applies to weak solutions with bounded
index.
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The next result is a powerful e-regularity theorem which shows the following: given v € (0,1), if
the W12 norm of a solution in a ball B, decays like r"~2+27 for r € [¢, 1] with ¢ small enough, then it
decays all the way to the origin.

Proposition 2.7. Let g : R — R be a continuous nonnegative function, let u € C*(B1) solve —Au =
f(u) for some increasing function f : R — R of class C! satisfying 0 < f < g and (1.4), and assume that
ind(u, B1) < k and fBl |u| < M. Then, for any v € (0,1) there exists mg = mo(n, g, €, to, k, M,vy) € N
such that the following holds:

Suppose that

/ \Vu|? de < 722 Vre 270 1].

T

Then
/ |Vu?dz < r"2T27  Vre0,1] (2.16)
B,

and |u(0)] < M + C(n,7).
Proof. We begin with the proof of (2.16). For that, it suffices to prove the following implication: if
/ \Vu|? de < r" 227 Vre27™ 1]
Br
for some m > myg, then
/ \Vul|? do < 722 Vre[27m+D 1)

Indeed, iterating this result with m = mg, mg + 1, ..., the result follows.
To prove the implication above, we argue by contradiction. If it was false, we could find a sequence
of functions u; € C?(By), and f; € C*(R) satisfying (1.4), such that

—Auj = fj(uj), fj increasing, 0<fj <y, ind(uj, B1) <k, / lu;| < M,
B
and a sequence m; — oo, such that
/ |Vui?de < r" 227 Vre [27™ 1] (2.17)
By

but
/ \Vu;[2dz > r""2*2  for some r; € [27 M+ 27m), (2.18)
By,
We introduce the notation A, := B, \ B, /2
We first note that, as a consequence of (2.17) and the bound |’ B, lujl < M, it follows that

][ luj|de < M + C(n,7). (2.19)
AQ’(ijrl)
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Indeed, thanks to (2.17), for any 27" < s <r < 1 we have

o= < f mww—w@mws/(f vwmmw)h
0B, 0Bs 0B1 s 0B1

[Vuj(z)| / |Vu;(z)] £(n—1) /
/BT\BS |z|n— 1 Z || 1 Z 2_Z| il
n)Zﬂ][ |Vu;| de < C(n 22 <][
=1 A

1/2
V|2 d:c)

24 Ayt
m; m;
n)Y 272707 = c(n) Y 27 < C(n,y),
=1 =1
(2.20)
therefore
f il f a5l dz| < C(n,),
Ay A —(mj+1)
and (2.19) follows.
To simplify the notation, we set r; := 27", and we define
aj = ][A uj dx, wji(z) == r;'y[uj(rj:n) — ay],
2r;
so that
][A w; = 0, —ij = hj(wj), hj(t) = T‘?i’yfj(aj + T‘;»Yt). (221)
2

Note that ind(wj, Bym;) < k and 0 < h; < T?_Vg(aj +r]t), so it follows from (2.19) that h; — 0 in

ClL.. Also (2.17) and (2.18) imply that
/ (Vw;|2de < 20242 v < <mj (2.22)
B,
and
/ \Vw;|2de > 2~ (=227, (2.23)
By

Thus, thanks to Proposition 2.3 and a diagonal argument we deduce that, up to a subsequence,
Wj — W In VV&)’S(R"), w; — Weo in CE(R™\ Tuo),
where Y, has cardinality at most k, and w satisfies (by (2.22) and (2.21))
—Aws =0 inR”, ][ Woo = 0, / |Vweo|?da < 26=2420) o> 0.
Az ‘

2

Then it follows from Liouville Theorem for harmonic functions that we = 0,% and therefore

;= 0in WL2(RY),  wj—0in C2.(R"\ Do),  #¥o < k.

loc

We now want to get a contradiction with (2.23).

8Indeed7 by Liouville Theorem ws must be a harmonic polynomial, and the bound fB ) |Vwoo|2d:r < 2¢n=2427) for
2

£ > 0 implies that we must be constant (recall that v < 1). Finally, since fA2 Woo = 0 we deduce that wee = 0.
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Consider the annuli

By\ Bi, B3\ By, ooy Bryo\ Biya.
Since #Xo < k, there exists i € {1,...,k + 1} such that (B; 1\ B) NYeo = (0. In particular, if we fix
@€ C’go(B;+3/4) nonnegative such that g0|3;+1/4 =1, then w; — 0in C? on {V¢ # 0}.
Now we first test the equation for w; (see (2.21)) with w;¢ to get
r?_v/ fi (aj + r;’wj)wjgo dr = / —w;jAw;jp dx
B By
= /B IVw;*¢ +w;Vw; - Vo dr (2.24)

i1
— [ IVuPeds o),
B%+1

where o(1) denotes a quantity that goes to 0 as j — oo, and the last equality follows from the C?
convergence of w; to 0 on the set {Vy # 0}.

Similarly, testing (2.21) with (Vw; - )¢, we obtain

/B ’"32'Wfa'(aj”?wj)(ij'f)sodw:/ —Aw;(Vw; - z)p dx

i1 Bi+1

= / D*w;Vw; - xp + |Vw;i >0 + (z - Vw;)Vw; - Vi d
B

1
= (1— n)/ |Vw;|*p dx — / \Vw;|*V - zdz + o(1)
2) Jy 2 /s

i1 i+1
= (1_n>/ |Vw;|*pdx + o(1).
2/ JB.
741
Also, if we define F}j(t) := fg fj(7) dr, then we can rewrite the first term above as follows:

/B r?_vfj (aj + r;-ywj) (Vw; - x)pdx

i+1

= /B r?fhv [Fj (aj —I-r;-ywj) - Fj(aj)} rpdr

141

2—2 2—

= _n/B T 7 {Fj <aj —l—r;wj) - Fj(aj)] pdr + /BA T 7 {Fj (aj —f—r}u;j) - Fj(aj)} x-Vedr
i1 i1
= —n/ ?”]2-_27 {Fj (aj + r;-yw]) — Fj(aj)] pdx + o(1),
B
and we eventually get
_ n—2
7‘]2- 27/ [Fj (aj + r;wj) - Fj(aj)} pdr = 5 / |Vw;|*¢dz + o(1). (2.25)
B Bit

Now, given a constant N > 0, we define the set

Sy = {a: € B 7‘]7|wj(a:)| < N}.
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Since wj; is uniformly bounded in W1’2(Bg +1) and a; is uniformly bounded, for any N > 0 fixed we
have

X
2

TJZ.“//S [Fj (aj + r;»ywj) - Fj(aj)} pdr — 0, ri_ /S [ (aj + r;-ywj> wipdr — 0,
N N

so it follows from (2.24) and (2.25) that

7“]2-“’/ fi(a; + T?wj)wjgp dx = / IVw;|*p dr + o(1) (2.26)
Bi+1\SN

i1

and

2-2 n—2
rs 7/ [FJ (aj + T]ug) — Fj(aj)} pdr = 5 /
B; 1 \Sn n JB

Note now that, thanks to (1.4), the fact that a; is uniformly bounded (see (2.19)), and that 0 < f; < g,
there exists a large constant N = N (M, n,~, tg, €) such that, for all j,

|Vw;|?p dz + o(1). (2.27)
1

i+

<n2_n2 + ;) [Fj(t+a;) — Fj(a;)] < fi(t+aj)t  Vt>N.

Combining this inequality with (2.26) and (2.27), we get

2n +f n—2/
n—2 2 2n Jp.

i+

Vs 2 < / Vs 2 + o(1),
1

i4+1
or equivalently

(n—2)e
/. [Vw;[p < o(1).
141
This contradicts (2.23) and concludes the proof of (2.16).

Now, to prove that bound on |u(0)|, we observe that (2.16) allows us to deduce the validity of (2.20)
for all 0 < s <r < 1. In particular this implies that

'][AI‘Uj‘dx - ’“’(0)“ < C(n,7),

so [u(0)] < M + C(n,~) as desired. O

Finally, we conclude this section with a useful consequence of the moving plane method.

Lemma 2.8. Let Q C R" be a bounded convex domain, and let u € C?(Q) solve (1.1) for some
increasing positive function f : R — R of class C'. Then there exists pg = po(Q2) € (0,1) such that

max u = max u,
Q Qo

where Qo := {x € Q: dist (x, Q) > po}.

Proof. Recall that, since f > 0, the maximum principle implies that u > 0 (unless u = 0, in which case
the result is trivially true). Then, since €2 is bounded and convex, the result follows by the classical
moving plane method (see also the footnote inside [9, Proof of Corollary 1.4] for more details). O
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3. UNIFORM FINITE MORSE INDEX: PROOF OF THEOREM 1.1

Let us assume, by contradiction, that there exists a sequence of C? solutions Uj

—Auj == )\jfj(u]') in Q,

u; =0 on 0f2,
where ind(u;,Q) < k, the functions f; : R — R satisfy all the assumptions in the statement of the
theorem, 0 < \; < A, but ||| pee () — 00 as j — oo. Since f; € K which is a compact family, up to a
subsequence f; — fao in CL_(R) and A; — Ao € [0, A]. Define

ft) =supf;(t) VteR, (3.1)

so that 0 < f; < f for all j. Since the functions f; are locally uniformly Lipschitz (by the Clloc

compactness), f is a continuous function.
We distinguish two cases, depending on the value of A.

3.1. The case Ay > 0. Since \j — Ao, it follows from Remark 1.2 that, for j large enough,

X fi(t) > ettt > 0, for some ¢; > 0. (3.2)
Thanks to this bound, it follows from [9, Proposition B.1] that
il 1) < Co = Co(cr, Q). (3.3)

Also, if we define Q, := {x € Q: dist (z, Q) > 7}, then (3.2) and Proposition 2.6 yield
IVujll20,) < C1 = Ciler,2,p) V7 >0.
Since 7 > 0 is arbitrary, Proposition 2.3 and a diagonal argument imply that, up to a subsequence,
wj = oo in WHH(W), ) = e in C2(Q\ Zuo), (3.4)

for some discrete set Yo, C Q with #X < k, and some function u., € C%(Q).
Let po € (0,1) and Qg be given by Lemma 2.8, and define

. . T . .
Y0 = Qo N8 = {&1,...,8} (L<E), 7“0::Qmm{pg,lg}lgemi—x”}.

Then it follows from (3.4) that, for any p € (0,79),

max [[u; —uollca(p,y@\By(a0) =0 asj o0
In particular, since us € C?(£), there exists a constant C' > 0 such that that following holds: for any
p € (0,79) there exists j, € N such that
max [Vugllre s, @n\B,@) <€ V7= Jp (3.5)

We now make the following: R
Claim: There exist C',7 > 0 such that maxi<i<¢ ||| oo (B, (2,)) < C for all j sufficiently large.

Assuming for a moment that the claim is proved, since u; — uoo in C2 (2 \ Loo) and us € C?(9),
it follows from the claim that

sup [ || Lo (0,) < 00,
J

where € is given by Lemma 2.8. But then Lemma 2.8 implies that sup; |l oo () < 00, a contradiction
to our initial assumption. Hence, in the case foo(0) > 0, the theorem is proved provided we can show
the claim.
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To prove the claim, it suffices to control ||u;l| e (B, (#;)) for each i. With no loss of generality, we
can fix i = 1 and assume that £; = 0. Then, thanks to (3.2) we can apply Proposition 2.6 to get the
following estimate: for any r € (0,7/2) and any z € B,, given p € (0,2r) it follows from (3.5) that

/ |Vuj]2dx§/ |Vuj]2dx:/
BT(Z) B2'r B

Also, it follows from (3.3) that

]Vuj\g diL‘—l—/ \Vuj\g dxr

P Br\B,

<CP+CIB < C (P +1")  ViZ gy (36)

][ u; < ]BTO|’1CO =M, M = M(n,rg,c1,). (3.7)
70

Fix v := 1/2, and let my € N be the constant provided by Proposition 2.7 with g = Y (see (3.1)).
Then, with C’ as in (3.6), we choose first 7 € (0, 7o) such that C'F < %, and then we fix p € (0, 27) such
that C'p? < 2-mo(n=1)=1n=1 With these choices it follows from (3.6) that, for any r € [27707, 7] and
any z S B27mof,

/ ‘VUj‘Q dx < C/ <p5+rn) < 2—mo(n 1)—1 e 1 Cl n—1 < %Tn—l + T'n_l :T'n_l, (3.8)
r(2)

DN |

provided j is sufficiently large. Hence, applying Proposition 2.7 to the functions u; .(z) = u;j(z + rx)
with f = 72\, f; (note that 0 < 72X\;f; < A\jf; < Af), thanks to (3.7) we conclude that |u;(z)| =
|u;-(0)] < M + C(n) for all j sufficiently large, for all z € By-mqz. Choosing  := 27™0F, this proves
the claim and concludes the proof of this case.

3.2. The case A\, = 0. Let M; = ||Vu,|12(q). We prove the result by contradiction, distinguishing
between two cases.

Case 1: M; — 0 as j — oo. In this case, Proposition 2.3 implies that u; — 0 in C’loC outside a set X
consisting of at most k points. Since ||Vuj 22(0) — 0, with the same notation as in the case A > 0,

we deduce that (3.8) holds around each point &; € ¥o N €. Also, by Poincaré and Holder inequalities,
lujllzr) < Cln, D)l r20) < Cln, Q)[[Vujllr2) — 0.

Hence, arguing exactly as the previous case, thanks to Proposition 2.7 we deduce that |u;(z)| < o(1) +
C(n) for all j sufficiently large, for all 2 € By-my;(2;). This implies that sup; [[u;|| @) < oo, a
contradiction.

Case 2: M; are uniformly bounded away from 0. Consider v; := so that

M )
—Avj = Ajhi(vy),  hi(t) := M (Mgt), [Vl = 1. (3.9)

As in the proof of Proposition 2.7, we multiply the equation satisfied by v; both by v; and by x - Vu;.
Since v; > 0, vjlan = 0, and § convex, as in the classical Derrick-Pohozaev argument (see, e.g., [17,
Proof of Theorem 1, Page 515]) the boundary terms “have the right sign”, and we get

s
]\jQ/fj(MjUj)MjUjdx:/ ‘ij|2d$+0(1):1+0(1),
j JQ Q

and

(1) = % +o(1).

Aj
W/QFJ(MJUJ)
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Now, set Sy := {z € Q : M;v; < tp} and note that, since f; satisfies (1.4),

2n

fj(MjUj)MjUj > < 5 + 6) Fj(Mj’Uj) in € \ So.

n —

Also, since A\; — 0 and M; is bounded away from 0,
Aj / Aj
£i(Mv;) Myv; de < / Fi(to) to dz — 0,
sz 5 (Mjv;) Mjv; sz s j(to)

Aj / Aj /
— Fi(M;v;)de < —2% F;(tp)dz — 0.
MJQ 5 i(Mjv;) MjQ s j(to)

Therefore, combining all together,

1—{—0(1) = /\j fj(MjUj)MjUj dx

_M]'Q 2\ So
2n Ai 2n n—2
> = F:(M:v;)dz > 1
_<n2+6> M]z/Q\SO j(Mjvj) £C_<n2+6) o7 +o(1),

a contradiction for j large enough, which concludes the proof of the theorem.

APPENDIX A. BOUNDEDNESS OF STABLE SOLUTIONS IN By \ {0} FOR 3 <n <9

It was shown in [7] that, if 3 < n < 9 and u € W1 2(By) NC?(B2\ {0}) is a radially symmetric stable
solution to (1.1) in Q = By \ {0}, then

[ullzeemy) < Cllullpr(sy)-

Namely removing a point does not influence the interior estimate of the radially symmetric stable
solutions.

The aim of this appendix is to show that, combining the approximation argument in [7] with some
modifications of the arguments in [9], we can prove the following generalization of [9, Theorem 1.2]
which is used in the proof of Proposition 2.3:

Proposition A.1. Let 3 <n <9, and let u € WH2(By) N C?(By \ {0}) be a stable solution to
—Au = f(u) in Ba \ {0},
with f : R — R nonnegative, increasing, and of class C'. Then
[ull oo (1) < Cllullr(sy)
for some universal constant C' > 0.
We begin by proving the following generalization of [9, Lemma 2.1]:

Lemma A.2. Let 3 < n <9, and let w and [ be as in Proposition A.1. Then, for any y € By and
0<p<2-—ly| we have

/ l(z —y) - Vu* |z —y| " dx < C’p2"/ |Vul|® dz, (A.1)
B2p/3(y) Bp(y)\B2p/3(y)
and
/ |Vu|*dx < C |Vul|* d. (A.2)
By B 2\B1
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Proof. For simplicity of notation, given 0 < r < s < 1, we define A(s,r) := B, \ Bs.

We shall first prove the following improved version of (A.1): for any y € By and 0 < p < 2 — |y| we
have

/ l(z —y) - Vu} |z — y| " dx < Cp2_”/ |Vu|? dz. (A.3)
Br,/8(y) By (y)\Br,/8(y)

We only prove (A.3) in the case y = 0, the general case being analogous®.

Fix 0 < § < e < p, n € CL(A(0,2)), and consider ¢ = (x - Vu)n as test function in the stability
inequality for w. Then, by the very same computation as the one in [9, Proof of Lemma 2.1, Step 1],

we have

0< / ((JU . VU)ZIVMZ +2(z - Vu)Vu - V(T}2) — \Vu|2x . V(n2) —(n— 2)|Vu|2n2) dz.
A(0,2)

If we now choose n = min {|x|17%761*%}c with ¢ € C}(A(0,2)), then inside A(e,2) the formulas are
identical to the ones in [9, Proof of Lemma 2.1, Step 2]. Therefore, in the integrals over A(e,2) we have
exactly all the terms appearing in [9, Equation (2.2)], and the only difference concerns the integrals
over A(0,¢). Note that, inside A(0, €), it holds

V|2 = "|V¢E V(n?) =2e27¢V(.

Thus, we obtain

o [ (- RO o et SRl 2V e VG Ve VG
Ale,2) 4

~ (0= 2)[2[ (@ V) (@ Vi) + o (@ - Vu)*|VCP ) da
+ 62_"/ ((x SVu)?|VE2 + 4(z - Vu)¢ Vu - VE = 2| Vul*¢(z - VE) — (n — 2)\Vu]2C2) dx.
A(B,¢)

We now choose ¢ € CL1(A(f,p)) such that 0 < ¢ < 1, ¢ = 1 inside A(20,p/2), |V¢| < C/6 in A(6,20),
and |V(¢| < C/pin A(7p/8, p). With this choice, the formula above implies

4
Ale, 7p/8) A(7p/8,p)

so (A.3) follows by letting first # — 0 and then e — 0 (recall that 3 < n <9).
Note now that (A.3) readily implies (A.1). Also, as a consequence of (A.3) applied with y € By g

|Vu)? —i—CeZ"/ |Vul|® d,
A(0,26)

and p = 18—1, we have

_ 2 _ 2
/ Ty -Vu’ dasg/ ‘ Ty -Vu’ dx < C |Vu|? dz < C \Vu|? da.
B =yl Br(y) 1T~ By W\Br7 (1) Byy2\B1
64 8 64
Hence (A.2) follows by averaging the inequality above with respect to y € By g. O

We can now prove the following analogue of [9, Lemma 3.1]:°

9Actually the case y # 0 is simpler, since for y = 0 the function & — |& — y|~"/?(z — y) - Vu(z) (that is used as a test
function is the stability inequality) is more singular at the origin.

101y Lemma A.3 we require 3 < n < 9 since we proved (A.2) as a consequence of (A.3), and the latter bound requires
this dimensional restriction. However, for n > 10 one could combine our approximation argument with [9, Proof of
Theorem 7.1] to show that

/ |(z —vy) - Vul|?|lz —y| “de < C’ina/ |Vu|® da.
By, /8(y) By (¥)\B7,/8(v)
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Lemma A.3. Let 3<n <9, and let u € WH?(B) N C*(By \ By2) be a stable solution to
—Au = f(u) in By \ By,

with f : R — R nonnegative, increasing, and of class C*. Assume that

/ Vu|2d$26/ |Vu|? da
B1 B2

for some 6 > 0. Then there exists a constant Cs such that

/ |Vu|? dx < C(;/ |z - Vul® dz.
B 2\B1 B3 2\B1

Proof. Assume the result to be false. Then, there exists a sequence of stable solutions to —Auy = f(ux)
in By \ {0}, with f; : R — R nonnegative, increasing, and of class C!, such that

/ |Vug|* de > (5/ Vg |* de, / \Vug|*dez =1, and / |z-Vug|? dz — 0. (A.4)
By B2 B3 /2\B1 B3 /2\B1

Now, thanks to (A.4) and (A.2),

1
/ |V |? de < / |Vug|? de < ¢ \Vug|? de = ¢ (A.5)
Bs 0 B 0 Bs2\B1 0

Therefore, since wuy is stable in By \ B /2, 1t follows from [9, Proposition 2.4] and a standard scaling
and covering argument that

C
IVl L2498, )0\B1) < ClIVUkllLzo\5, ) < 5

This implies that the sequence of superharmonic functions

Vg = U — ][ U,
Bs5\B1

satisfies
10kl L1 (B 2\ B1) < Cllvillz2(s,\81) < €

(thanks to (A.5) and Holder and Poincaré inequalities), as well as
||vvk||L2(B3/2\Bl) = 1’ ||'U]€||Wl,2+'y(33/2\31) < C, / |1’ . Vvk|2 dr — 0.
Bs/o\B1

Thus, as in the proof of [9, Proposition 2.4], up to a subsequence we have that vy — v strongly in
W12(Bs5 \ Bi), where v is a superharmonic function in By, \ By satisfying

||VU||L2(B3/2\BI) =1 and r-Vo=0 ae. in By \ Bi.

Again as in the proof of [9, Proposition 2.4], this implies that v is constant in B/ \ B, a contradiction
that proves the result. O

We can now prove the main result of this appendix.

for any a < 2(1++/n — 1). In particular, choosing a = 2 and arguing as in the proof of Lemma A.2, one proves the validity
of (A.2) in every dimension. As a consequence, one can show that Lemma A.3 holds in every dimension.
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Proof of Proposition A.1. The argument is similar to the one in [9, Proof of Theorem 1.2], with some
minor modifications.
Given y € By and p € (0,1) we define the quantities

Dipy)i= " [ |VaPde  and  Rpp)i= [ fo—y e y) - Valde
BP(?J) Bp(y)

We claim that there exists a dimensional exponent o > 0 such that

Rip,y) < Cp* | Vuldas, ) Vo€ (0,1/4), y € By (4.6)
To prove this claim, note that (A.3) implies that
R(p.y) < O | Vulde Ve (0,1/4),y € B. (A7)
B, /205)\Bp(y)

Hence, if D(p,y) > %D(2p, y) and 0 € By, \ Byja(y), then we can apply Lemma A.3 with § = 1/2 to
the function u(y + p-) to we deduce that

p2‘"/ Vul?dx < Cp—”/ (& —y) - Vul*dz < C(R(3p/2,y) — R(p,y))
Bayy2(0)\By(v) Bay2(4)\B,(v)

for some universal constant C. Combining this bound with (A.7) and using that R is nondecreasing,
we deduce that

R(p,y) < C(R(2p,y) — R(p,y))  provided D(p,y) > $D(2p,y) and 0 & Boyy) \ Byay-  (A8)

Note that 0 ¢ Bay) \ By/2@y) 18 equivalent to saying that either p > 2Jy| or p < |y|.
Thus, fixed y € By, if we define a; := D(27972y), bj := R(27772)y), and N := [—logy|y|| (so
N = oo if y = 0), then there exists a universal constant L > 1 such that:
(i) bj < bj_q for all j > 1 (since R is nondecreasing);
(i) aj +b; < Laj_; for all j > 1 (by (A.7));
(iif) if a; > 1a;_y then b; < L(bj_1 — b;), for all j € N\ {N —2,N — 1} (by (A.8)).

1

L and we define cj = ajbj and 6§ := (27°) T+ € (0, 1),

14+L>

Therefore, if we choose ¢ > 0 such that 27¢ =
then the proof of [9, Lemma 3.2] shows that

Cj+1§96j for alleN\{N—Q,N—l},

which implies that
cj <y for1<j<N-2 ¢ <0 Ney forj>N. (A.9)

Also, as a consequence of (i) and (ii) above, we have

en—1 =ay_1bn—1 < (Lany—2)by—2 < Len—2, ey = ayby < (LPan—2)by—2 < L*cn_s. (A.10)
Hence, combining (A.9) and (A.10) we easily deduce that

¢; SL*¥0 ¢y Vj>1.
As in the proof of [9, Lemma 3.2], this implies that
b;j < Clag+bo)t’ < C||vu||§2(33/2)91 Vi>1,

so (A.6) follows by choosing a > 0 so that 272% = 6.

HThe condition on j guarantees that either 27772 < |y| or 27772 > 2|y .
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We now observe that, thanks [9, Proposition 2.5] and a standard scaling and covering argument, we
have ||VUHL2(B3/2\Bl) < C||uHL1(B2\Bl/2). Hence, combining this bound with (A.6) and (A.2), we obtain

:R(pa y) < C:OQOCHUH%}(BQ) Vpe (07 1/4)7 y € By.
Thanks to this estimate, the argument in [9, Proof of Theorem 1.2, Step 2] implies that

[u]ca(p,) == sup [u(z) — u(y)|

I T )
1

and the conclusion follows by the interpolation estimate

el sy < € ([lenis + lullz s ).

APPENDIX B. UNIFORM BOUNDEDNESS OF SOLUTIONS WITH SPECTRUM BOUNDED BELOW

Although not relevant for this paper, it is interesting to observe that, by simply adapting the ar-
guments in [9], one can deduce an a priori bound in L* for solutions of —Au = f(u) whenever the
spectrum of the linearized operator —A — f’(u) is contained inside [—A, +00) for some finite constant
A > 0. Also, for finite Morse index solutions, the constant A depends only on n and on a maximal finite
dimensional subspace X on which @, is negative definite. Unfortunately one cannot hope in general
to control A in terms only on the Morse index, as can be seen by considering the family of solutions
(1.2) (which has index 1).

To present this result, consider u € C?(Bs) a solution to —Au = f(u) in By with ind(u, Bs) < k,
and define

Quie.d = [ (Ve Ve fuec) o
Bs
Since ind(u, By) < k, there exists a k-dimensional set X C C}(Bj) s

can write & = &, + ¢ with & € Xy, Qul¢, €] > 0, and Qu[¢/, &)
Now, since X}, is finite dimensional,

) such that, for any & € C}(By), we
0.
sup 1€l oo (By) =2 Ak < 00,
£eXk, ”5HL2(31)
so it follows from Lemma 2.2(ii) (and a covering argument) that
[ (VPP @E) ez = s [y, [ f)de = ~Cotd
€€ Xi el 2oy 1 3 Xl '

which implies that
[ Vs [ (f)-a)eds veechm), (B.1)
Bl Bl

where A := C,A%. In other words, the spectrum of the operator —A — f’(u) on L?(B;) is bounded
from below by —A.

In [9, Theorem 1.1], whenever 3 < n < 9, the authors proved an a priori L™ estimate'? for solutions
of —Au = f(u) satisfying (B.1) with A = 0. The goal of this appendix is to show how to extend such
a result to the general case A > 0.

12Actually, [9, Theorem 1.1] provides a universal C* bound for some « > 0. Analogously, also in the general case
A > 0 one can prove an interior bound on ||u||ce.
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Proposition B.1. Let 3 <n <9, let f : R — R be nonnegative, increasing, and of class C*, and let
u € C%(By) solve —Au = f(u) and satisfy (B.1) for some A > 0. Then

[ull o= (B, ,5) < C(A)[|ullLi(my)-

The proof of Proposition B.1 is very similar to that in [9, Sections 2 & 3], the main differences being
in two interior estimates that we present here. Once the two lemmas below are available, the proof
follows by the same argument as in [9], and we leave the details to the interested reader.

Lemma B.2. Let u € C?(By) be as in Proposition B.1. Then, for any n € C}(B1), we have
/ (n—2)n 4+ 2z - Vn)n|Vul®> = 2(x - V) Vu - V(?) — |z - Vul>(|Vn|* + An?) dz < 0. (B.2)
B1
Thus, for any p € CL(By), we have

(n=2)(10 = n) [l Val - Al o
4 By

< / ( — 2|22 Vul2o(z - Vo) + 4|z> " (z - Vu)pVu - Ve dz
By

+ 2 =n)|z| " - Vu]zgo(:c V) + |J:]2_n|x . Vu|2\Vg0|2) dx (B.3)
In particular, for 0 <r < %min {l,Afl/Q},
/ |z| ™"z - Vul? dz < C(n)T2_"/ |Vu|? d. (B.4)
By B3, 9\ Br

Proof. We proceed as in [9, Lemma 2.1] and sketch the proof here. First we choose £ = (z - Vu)n in
(B.1), with n € C}(By), to get

/ (A(z - Vu) + f'(u)(z - Vu)) (z - Vu)n? dx < / (z - Vu)2 (V> + An?) d. (B.5)
Bl Bl
Then by noticing that
Az -Vu) =z - VAu + 2Au = — f'(u)(z - Vu) + 2Au, (B.6)
we conclude (B.2). Then (B.3) follows by taking n = |x]_n772g0, and (B.4) follows by further choosing
¢ as a cut-off function supported in Bz, with ¢ =1 on B;. O
Lemma B.3. Let u € C%(B1) be as in Proposition B.1. Write
1
D2 . 2\ 2
A= (|D2u\2 - W) when |Vu| # 0, and A =0 when |Vu|=0.

Then, for any n € C1(B1), we have
APn?dz < (1+ A)/ |Vul?|Vn|? da
B1 B

Proof. We follow the argument of [9, Lemma 2.3] and again sketch the proof. Set w; := d;u. Multiplying
both side of the equation —Awu; = f'(u)u; by u;n?, and summing over i = 1,...,n, we get

[ (S vt} = [ gmutas
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On the other hand, choosing £ = |Vu|n in (B.1), we have

/ yV(|vu\n)|2+A\vu|2n2da;2/ f(u)|Vul?n? dz.
Bl Bl

Thus we obtain

/ !VUI2n\2+AIVU\2n2de/ D V()P = V(| Vulp)® | dx,
Bl Bl i

and we aconclude the lemma by noticing that
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