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Abstract

Here, we extend the weak KAM and Aubry-Mather theories to optimal switching problems. We
consider three issues: the analysis of the calculus of variations problem, the study of a generalized
weak KAM theorem for solutions of weakly coupled systems of Hamilton-Jacobi equations, and the
long-time behavior of time-dependent systems. We prove the existence and regularity of action
minimizers, obtain necessary conditions for minimality, extend Fathi’s weak KAM theorem, and
describe the asymptotic limit of the generalized Lax-Oleinik semigroup.

1 Introduction

Overview. Dynamical systems given by Tonelli Lagrangians have been extensively studied in recent
years, and the deep connections between the calculus of variations, the weak KAM theory, and the
Aubry-Mather theory have been a source of inspiration for researchers. Here, we extend these methods
to optimal switching problems. We prove the existence and regularity of minimizers to a generalized
Lagrangian action, extend the weak KAM theorem, and describe the long-time limit of weakly coupled
Hamilton-Jacobi systems.

Optimal switching is a class of control problems where the running cost or the dynamics of a system
can be modified by switching between different modes. The relation between viscosity solutions of
quasivariational inequalities and optimal switching problems is well known. In [6], motivated by earlier
publications [11, 7, 2|, the authors extended the notion of viscosity solution to these problems and
proved that their value functions are viscosity solutions of a weakly coupled system of Hamilton-Jacobi
equations. Recently, several authors have investigated random switching problems, their weakly coupled
Hamilton-Jacobi equations [19], the corresponding extensions of the weak KAM and Aubry-Mather
theories [10, 17], the long-time behavior of solutions [3, 4, 18, 20, 22], and homogenization questions
[21]. In these references, as in the present paper, the state of the systems has different modes. However,
in those problems, the switching between modes is driven by a random process. In contrast, here, the
switches occur at deterministic times as considered in [15]. Our results complement the earlier research
in [15] and provide the counterpart of the aforementioned results for the optimal switching problem.

Setting of the problem. Let M be a compact, connected Riemannian manifold, T'M its tangent
bundle, and Z = {1,...,m} a finite set of modes. The (multimodal) Lagrangian, L : TM xZ — R, is, for
each i € Z, a Tonelli Lagrangian, L(-,+,7) : TM — R, prescribing the running cost at the mode “/”. The
switching cost is given by the function ¢ : M x T x T — R. A trajectory, v = (var,vz) : [0,¢] = M X I,
determines both state and mode at each time. We denote by AC([0,¢]; M) the set of all absolutely
continuous curves from [0, t] into M, and by P([0,t];Z) the set of all piecewise constant functions on [0, ¢]
taking values on Z. More precisely, & € P([0,]; Z) if there exists a partition P = {0 < t; < ... <ty <t}
of [0,t] such that

Kk is constant on (0,¢1) U...U (tg, ter1) U... U (¢n,1). (1)

In other words, x can jump in the interval [0,¢] only at the times {0,¢1,...,t,,t} (note that £ can jump
also at the initial and final times, 0 and ¢). The partition associated with k is the smallest partition for
which (1) holds. For simplicity, these spaces are denoted by AC and P, respectively.



Let ¢t € [0,+00) and ¢ € R. The generalized Lagrangian action functional, J; : AC x P — R, is

Jih] = / L(yar()s 4 (5), 12(5)) ds + (121 (0), 12(0), 72(0%))

N

+¢(7M(t)v ’YI(ti)v 'YI(t)) +Z¢(7M(t€)a '_YI(te_)v rYI(tj))' (2)

£=1

In other words, the action of the curve, (yar,7z), is the sum of the action of the curves yar|p, ¢,,,] for

the Lagrangian, L(, -, kx), plus the sum of the switching costs corresponding to changes of state.

Here, we investigate the following topics:

1. Properties of the calculus of variations problem associated with the action functional 7; - existence
of minimizers, necessary conditions for minimality, and energy conservation.

2. A weak KAM-type theorem.
3. Extension of the Aubry-Mather Theory to system of Hamilton-Jacobi equations.

The existence of minimizers for J; is a natural question that, to the best of our knowledge, was not
addressed previously in the literature. Here, we prove the existence and the regularity of minimizers.
Our assumptions are minimal in the sense that they are required in the “single” Lagrangian case.

For t > 0, we define hy : M X T x M x T — R as

hi(A, B) := inf {jt[ﬂ; v EAC x P, 4(0) = A, y(t) = B}, VA BeMxT. (3)

Our first main result is:

Theorem 1.1. Suppose that A1-A3 hold (see Section 3.1). Then, for every A = (x,i) and B = (y,j) €
M x I, there exists v = (ym,7z) € AC x P with v(0) = A and y(t) = B for which

Tl = he(A, B).
Let P = {0 <t <t <. <ty < t} be the partition associated with yz. Then,
1. yar is C2 in (0,t)\{t1,t2,...,tx}, and, in this set, it solves the Euler-Lagrange equation
d [OL . oL .
7 |30 (), (), v2(9)) | = 5= (aa(s), aa (), v2(9)) (4)

2. Let 4nm(t,) and "yM(tj) be the left and right derivatives of vy at tg, respectively. Then, for
£=1,...,N,

O it 3 (17),72(67)) =9 (o (80, A (), 2287 + e e (00,2207 2 (6F)); )

3. The (generalized) energy functional

E(vm(s), A (s),7vz(s)) = %(VM(S), A (), 7z(8)) - Ana(s) — L(var(s), aa (s),vz(s))  (6)

is constant on (0,t).
Now, for u : M x Z — R, we define Yu : M xZ — R as
Vu(z, i) = min {u(z, j) +¥(,,5)}- (7)
JF
The Hamiltonian, H : T*M x Z — R, is defined as

H({,C7p,i) = UesgpM {p(’l}) - L($7’l},i)}. (8)

Given a constant ¢ € R, we consider the weakly coupled system of Hamilton-Jacobi equations

max {H(m, du(z,i),1) — ¢, u(z,i) — \IJU(SL'J)} =0 foreveryieZ. 9)



Definition 1.2. Let u: M x 7 — R be a continuous function.

1. We say that u is a wviscosity subsolution of (9) if for any test function ¢ € C'(M), and any
(x,i) € M x I such that x € argmax, u(-,7) — ¢, we have

max {H(m,dgb(x), i) — ¢, u(z,i) — \I/u(a:,z)} <0. (10)

2. We say that u is a wiscosity supersolution of (9) if for any test function ¢ € C'(M), and any
(x,i) € M x I such that x € argmin, u(-,7) — ¢, we have

max {H(m,dgb(x), i) — ¢, u(z,i) — \I/u(x,z)} > 0. (11)

3. We say that u is a viscosity solution if it is both a viscosity subsolution and a viscosity supersolution.

Remark 1.3. A function u : M x Z — R is a viscosity subsolution of (9) if and only if the following
two properties hold:

(7) u(-,17) satisfies H(az, du(z, 1), z) < c in the viscosity sense;
(i) u < Tu.

In addition, u: M x Z — R is a viscosity supersolution of (9) if and only if at least one of the next two
conditions holds:

(i) u(-, 1) satisfies H(z,du(z,7),i) > c in the viscosity sense;
(i) u> Yu.
Our second main result is a weak KAM-type theorem, analog to the one of Fathi [12]:
Theorem 1.4 (Weak KAM). Suppose that A1-A3 hold. Then, there exists a unique constant cog € R
for which there exists a viscosity solution u: M X T — R of
max {H(I,du(x,i), i) — co, u(z, i) — \I!u(x,z)} =0 Viel. (12)

In addition, ¢y can be characterized as the unique constant such that the following holds: if (9) has a
viscosity subsolution, then ¢ > cy.

Consider a Tonelli Lagrangian, L. For a continuous function w : M x Z — R and t > 0, the
Laz-Oleinik semigroup, Tyw : M x T — R is defined as

T,w(A) := inf {w(B) +hi(B,A); BeM x z}. (13)

Inspired by [12], we prove Theorem 1.4 by looking at the long-time behavior of the Lax-Oleinik
semigroup acting on a subsolution of (12). More precisely, we first show that u solves (12) if and only
if it is a fixed point of Tyu + cot for all ¢ > 0, see Proposition 4.7. Next, we analyze the long-time
behavior of this Lax-Oleinik semigroup for any continuous initial condition uy : M x Z — R, and show
that long-time limit solves (12).

We define the generalized Peierls barrier h: M X T x M xZ — R as

h(A, B) := ltlglﬁgj hi(A, B) + cot, (14)

and introduce the projected projected Aubry set as follows.

Definition 1.5. Let h be the Peierls barrier defined in (14). The projected Aubry set A C M x T is the
set of points B € M x T for which h(B, B) = 0.

Then, we have the following convergence theorem:

Theorem 1.6. Assume A1-A3 hold, let h be the Peierls barrier (14), and ug : M xZ — R be a continuous
function. Then, ast — 400, the Laz-Oleinik semigroup Tyug converges to a viscosity solution v of (12).
Moreover, v satisfies

o(A) = grela{h(B,AHCe%fﬂ {uo(C)—i—h(C, B)}}. (15)



Structure of the paper. In Section 2, we discuss classical notions from the calculus of variations,
including the lower semicontinuity of the action functional of Tonelli Lagrangians and the compactness
for minimizers of this functional. These properties are used in the proof of Theorem 1.1. Next, in Section
3, we examine the optimal switching problem. We present the proof of Theorem 1.1 in Subsection 3.5,
and we prove the semiconcavity of the cost function in Subsection 3.6. Finally, in Section 4, we present
the proofs of Theorems 1.4 and 1.6: we prove the Weak KAM Theorem (Theorem 1.4) in Subsection 4.2,
and we characterize the asymptotic limits of the Lax-Oleinik semigroup (Theorem 1.6) in Subsection 4.4.

2 Preliminaries

In this section, we recall some preliminary concepts. We define Tonelli Lagrangians and their action
functional. Then, we state a compactness lemma and the lower semicontinuity of the action, whose
proofs can be found in [13] and in [14, Appendix B]. Additional references include [1, 5, 8].

2.1 Definitions

Throughout this paper, (M, g) is a compact connected Riemannian manifold and 7'M its tangent bundle.

Definition 2.1 (Tonelli Lagrangian). L : TM — R is a Tonelli Lagrangian if it satisfies the following
conditions:

- Regularity: L belongs to C*(TM);

2
- Converity: The second-order derivative in the fiber, — (x,v), is positive definite for every (x,v) €

T ov?
- Superlinearity: For every k > 0 there exists a constant C' = C'(k) € R, such that
L(z,v) > k||, - C Y (x,v) € TM,
where ||v]|, = \/gz(v,v), g» being the Riemannian metric on T, M.

Consider a Tonelli Lagrangian L. The action of an absolutely continuous curve v : [a,b] — M is

b
T = Tupl] = / L(7(s),4(s)) ds.

The action is well defined with values in R U {+o0}. An action minimizer is a curve v : [a,b] - M
satisfying J,.u[v] < Japla] for all absolutely continuous curves « : [a,b] — M with the same endpoints.
The next two propositions, stated here for convenience, are classical (see [13]).

Proposition 2.2 (Compactness). Let L : TM — R be a Lagrangian of class C° satisfying the Super-
linearity condition. Suppose that v¥ € AC([0,t];R?) is a sequence of curves such that sup,, J[v*] < oo.
Also, assume that supy, ||k (to)|| < oo for some to € [0,¢]. Then, up to a subsequence,

1. v* — 4 uniformly for some v € AC([0,t]; R%);
2. 4% —~ % weakly in L.

Proposition 2.3 (Lower semicontinuity). Suppose L : TM — R is a Lagrangian of class C°, bounded
from below, with L(x,-) : ToM — R convex for any x € M. Assume ~*,~v € AC([0,t]; M) are such that
v* — v uniformly in [0,t] and ¥* — 4 weakly in L*. Then,

/0 L(y(s),%(s)) ds < limkinf/0 L(v"(s),5"(s)) ds.

Tonelli’s Theorem on the existence of minimizers is a corollary of the last two results.

Corollary 2.4 (Tonelli’s Theorem). Let L : TM — R be a Tonelli Lagrangian. Then, for x,y € M,
there exists v € AC([a,b]; M) such that y(a) =z, v(b) =y, and

Jy] = inf {j[a]; a € AC(la,bl; M) with a(a) = z, a(b) = y}

Remark 2.5. If a Tonelli Lagrangian L is of class C”, so is the minimizer (see [13]).



3 The optimal switching problem

Here, we study the optimal switching problem. In Subsection 3.1, we discuss the main assumptions. Next,
in Subsection 3.2, we prove the existence of minimizers of [J;. In Subsection 3.3, we obtain necessary
optimality conditions for (vyas,vz) and show the regularity of vys. Then, in Subsection 3.4, we establish
an energy conservation principle. In Subsection 3.5, we prove Theorem 1.1. Finally, in Subsection 3.6,
we show that h; is semiconcave.

3.1 Main assumptions

Let L : TM xZ — R be the Lagrangian and ¢ : M x Z x Z — R the switching cost. We suppose the
following assumptions on L and 1 hold.

Al. For every i € Z, L(+,-,4) is a Tonelli Lagrangian, as in Definition 2.1;

A2. (-,1,7) is continuous for all i,j € Z, and satisfies the following inequality: for all 4, j, k € Z with
1 #kand j#Ek,
U(w,i, ) <P, i, k) + (@, k,j) Vo eM;

A3. For any i € Z, (-,4,4) = 0;
A4. For all i,j € T, ¥(-,i,j) € C2(M).

Notice that we do not assume that the switching cost is nonnegative. Condition A2 is natural as
it avoids that, to lower the action, a curve switches from i to j by using a double switch, over an
infinitesimal amount of time, through an intermediate mode k. Condition A3 is also natural, as it states
that the cost of not switching is zero.

Since M is compact and Z is a finite set, it follows by A2 that there exists a constant § > 0 such that

V(x, i, k) +(x, k, j) > Y(x,i,5) + 26 Ve e M, i j kel withi+#kandj+#k.

Hence, again by the compactness of M, since 9 (-, 14, j) is continuous there exists 7 > 0 such that, for any
x,y € M, i,5,k € T with i # k and j # k,

W(x,i, k) + ¥y, k,j) > (x,4,5) +9, provided dg(z,y) <, (16)
where dg : M x M — R* denotes the Riemannian distance on M.

Remark 3.1. Let ip,...,ix € Z be a sequence of states with IV > 2, iy = ix, and such that i; # i;,1.
Let x¢,...,zn be a sequence of points such that dg(xe, ) < n for all £,m =0,..., N — 1. Then, by
applying (16) iteratively, we get

Y(xo,t0,01) + (x1,01,12) + -+ (@ N_1,IN-1,iN) > Y(X0, l0, 12) + (22,12, 13)
+ YNt in—1,iN) + 0 > V(20,00 in—1) F Y(TN_1,iN-1,iN) + (N —2)0
> (w0, d0,in) + (N —1)6 > 0,

where the last inequality follows from A3 (since, by ig = ix) and the fact that N > 2.
Hence, we proved that a loop in the state space always has a nontrivial cost greater than J, provided
all the switches happen at sufficiently nearby points.

Remark 3.2. Since Z is a finite set, L(-, -, %) is superlinear, uniformly with respect to ¢ € Z. In particular,
we can find a superlinear, increasing, convex function § : R* — RT with 6(0) = 0, and a constant Cj € R,
such that

L(z,v,i) > 0(||v]|) — Co V(x,v,i) € TM x T.

3.2 Existence of action minimizers

For fixed ¢ > 0, define J; and h; as in (2) and (3), respectively. Observe that h; is finite: given A = (x, 1)
and B = (y,j), consider a geodesic from z to y in M and one switch from ¢ to j at an intermediate
point. Because this curve has finite action, h; is finite.

Using the direct method in the calculus of variations, we prove the existence of minimizers for J;
under fixed boundary conditions. We notice that the proof never requires L(-, -, %) to be Tonelli, but only
superlinearity and convexity in v, as in Propositions 2.2 and 2.3.



Theorem 3.3. Assume A1-A3 hold, and let hy be the cost function defined by (3). Then, for every
A,B € M x I, there exists v € AC x P with v(0) = A and ~(t) = B such that

ht(A7B) = u7t['7]

Proof. Let ¥* = (v%,, 4%) be a minimizing sequence for 7; with fixed endpoints: *(0) = A = (z,1),
7*(t) = B = (y, ), and
Jiv*] = hi(A, B). (17)
Consider the partitions P¥ = {0 <t} < --- <t} <t} associated with 7%
Step 1. We show that the total number of switches, Ny, is uniformly bounded with respect to k.
Using Remark 3.2 and (17), we see that

Ny,
/ 0451 (9) 145, () ds + ¥ (v5,(0), ¥5(0), 4%(0T)) +Zw (), vE((EF)7), () T))

+¢(VM(t)7V( 7), 11(1) < B+ Cot < G (18)

for some constant C; independent of k. We take n as in (16) and, for any k, we define a sequence of

times {7} as follows:
=0, Ty, =t Tmpr =max{s € (15,1) 1 dg(Vir(s):78, (7)) <m/2} Vm=0,... Ny —2.

In other words, 7% tells us when the curve 7%, (s) exits the ball B, 2(v%,(%)). In particular, for any
time interval I¥ := 7% 7k ), it follows by the definition of I* that

m> m+1
dg(vir(8),7ir(s)) <m Vs, €I

Thus, Remark 3.1 implies that every loop inside {v; (t’g)}tlzcelk has a total switching cost that is greater
than §. Consequently, consider the switching cost

> o), () 7). v ).

tpelk

Every time we find a loop inside {’yI(t?)}t?elk , we can remove it from the above sum, and the total
switching cost will decrease by d. Thus, we argue as follows. First, to simplify the notation, we set
Iy := #T and Ny, := #{t’eC € Ik}, If Ny < Ip, we do nothing and bound the switching cost by

Y ), YD) ), () ) = o [$llee

thelk

Instead, if N, ., > Iy, we consider the first I + 1 indices inside the set {yz(tk) : t& € I®}; that is, the
indices corresponding to the first Iy + 1 times. Then, we note that this set has to contain a loop because
inside a set containing Iy + 1 indices, at least two of them coincide. Observe that, by construction, this
loop will have length at most Iy + 1. We remove this loop; thus, the switching cost decreases by at least
0. Then, we repeat this procedure: we consider again the first Iy + 1 times among the ones that remain,
we find a loop there, and we remove it. We iterate this procedure until no loop remains. When this is
achieved, the number of times remaining must be bounded by I (otherwise, we could find another loop
inside). We recall that the loops have length bounded by Iy + 1. Because each time we remove a loop

the set of times decreases by at most Iy and because at the end we are left with at most Iy times, the

} is at least (N’; " 1) . Hence, bounding
+

the switching cost of the remaining times as in the case N ,, < Iy, we obtain

number of loops we remove from the set {yz(t§) : t§ € IF,

S DOk, ) A7) = (T2 1) 0o ol
+

therk 0

m

Notice that the bound above is valid both in the case Ny ,,, > Iy and in the case Ny, < Iy. Therefore,
summing this bound over m € {0, ..., N, — 1}, we conclude that

N Ni—1 N R
> (), ) ) = Y (BE2 1) 5 Nt ol
+

(=1 m=0 0



The preceding estimate combined with (18) yields

Ni—1

/0 O 6N, ) s =2 e+ 3

To deal with the first term above, we apply Jensen’s inequality to the increasing, convex function 6 on
each time interval I},. Set A% :=|Ik|=7F , —7F. Then,

Nk 1 ]\A/'kf]_ Tk

1 m+1 .
[ B3l s = > / JCHCTRYREED SESNI Croy I T ACTNAYS
m=0 m STy
Nk—l Nk —2
dg (va (73), Y (
k Tm m+1 k

D > 3 aho(gap )

m=0

Niom . _
( k, _1> § — Ny Io |¥)]| o < Ch. (19)
JF

where, for the last inequality, we used that # > 0 and that, from the definition of TJ]»C,
dg(yar(Th), var (Thn)) =n/2 Vji=0,...,Ny—2.

We now set AF := ZNk 2 AF . Notice that A¥ < t. Then, by the superlinearity of 6, for any £ > 0

m=0
there exists a constant C,, such that

N)CQ N)CZ ,‘{;’]’] ,‘{;’]7
ZAk (2A$> ZA’“(m,c—cﬁ): 2(Nk—1) CoA> 2(Nk—1) Cit.

Inserting this estimate in (19), we finally get

N, K1)
> (Fe -1) 54 B - 1) - B[] < G+ Ot 420l
+

m=0

Choosing « large enough, we can reabsorb the negative term in the left-hand side into the second term,
and we get

Ry 1 Nk m K1 - ~
Z( : —1> §+—N, <Cs (20)
m=0 IO + 4
for some constant, Cs, independent of k. Thanks to this bound, we deduce that Nk, and, therefore, the
total number of switches, N = ZN’“ ! Ni.m, is bounded independently of k.
Step 2. We find a candidate minimizer.

By the previous step and extracting a subsequence, if necessary, we can assume Np = N for all k.
Then,

F={o<th < <th <t} (21)

For every ¢ = 1,...,N, (t¥); is a bounded sequence; so, up to a subsequence, it converges to some
te € [0,t]. We have 0 <t; <--- <tx <t. Removing repeated points, if necessary, we obtain a limiting
partition {0 = ¢j < 1] <t3 <...<{t}, <t =t}. Observe that instantaneous jumps at the endpoints
can occur.

We then define 7 as follows: for € > 0 small and k sufficiently large, we have that v& is constant in
each subinterval (0,t5 —¢), (t] +¢&,t5—¢), ..., (t5,_1 +&,t5, —e), (t5, +¢,t). Hence, up to a subsequence,
the values of v will converge to some value i, € T inside the interval (t;_, +¢,t; —¢), and we get

VE = X t) (22)
=0

pointwise inside Uj’(t7,t7,,). Also, recalling that by assumption 5(0) = i and YE(t) = j, we set
72(0) =i and yz(t) = j.

Concerning the curves 7%, we note that, since the number of switching times is bounded, it follows
from (18) that

t
[ ooy s < G4



for some constant C independent of k. Since 0 is superlinear, it follows from Proposition 2.2 applied with
L(z,v) = 6(||v|||») that, up to a subsequence, there exists an absolutely continuous curve v, : [0,t] = M
such that

vk, = ~ar uniformly in [0,#], and A%, — 45 weakly in L', (23)

Step 3. Lower semicontinuity and conclusion.
Since L is bounded from below, we have

*
t]—e

/ Lk (), 4%, (),75(5)) ds > / Lvky (s), 341(), 72(0)) ds
0 0 (24)

t

t3—¢
+/ L(vir (), v (s), vz (t7)) ds + +/ L(va(5), 4ar(s),7z(t5,)) ds — Coe
ti+e tr +e

Note that some intervals [t’;,t’g 1) can collapse when k& — oo, and, in that case, we are removing the
corresponding switches. Then, the triangle inequality A2 and the continuity of ¥ give

N
¥ (,6,7500)) + D (Vi) () ) E (D)) + ¥ (w15 (7). 5) +¢
=1

> (@, i, 72(0%)) + Y 9 (var (1), vz ((8) 7)o vz ((#)) + 9y, 1z(t7),4)  (25)

(=1

for all k sufficiently large. Next, we add (24) and (25), and, by taking the liminf and using the lower
semicontinuity (Proposition 2.3) with respect to the convergence in (23), we obtain

t N-1
hi(A, B) = lim nt ( JRGHOROROIEEDS w(wuao,w’;),mt;ul)))

£=0
> /0 1€ L(ym(s), 4 (5),72(0)) ds + /t;j L(var(8), Aar (), vz () ds + ...+ o)
D) 300 (5)72(05) s+ 0) + 3 (7). 792(() ), 2(() )
e {=1

+ ¢(y7’71(t_)7.7> - Cl €
for all € > 0. Hence, the limit € — 0 yields

hi(A,B) > / Ly (), A (8),92(s)) ds + o (w7, 72(0F)
1 (27)
S a6z (1)) 2 ()0 + vz (), ) = Tl

3

~
Il
o

Therefore, v = (yar,7vz) is a minimizer of 7;. O

3.3 Euler-Lagrange equations

In this subsection, we obtain necessary conditions for minimality. First, we show that the Euler-Lagrange
equation is satisfied, except possibly where vz has a jump. Furthermore, if vz has a jump, then (5) holds.
Next, we obtain regularity for the minimizers of the optimal switching problem.

Proposition 3.4 (Euler-Lagrange equations). Assume that A1-A3 hold. Let v = (yar,vz) be a
minimizer of J; and let P = {0 < t; < --- < tny < t} be the partition associated with ~yz. Then, the
Euler-Lagrange equations (4) hold in [0,t]\{t1,%2,...,tN}.

Proof. Observe that var|, +,,,) is @ minimizer of
tota
[ e alo)n(th)) ds
te

among all curves a € AC([tg, te+1], M) with a(te) = yar(te), a(tes1) = Yar(teg1). Then, (4) follows from
the classical Euler-Lagrange equations for the Lagrangian L(-, -, vz (¢¢)). O



Remark 2.5 implies the following corollary.

Corollary 3.5. Assume that A1-A3 hold. Let v = (ym,vz) be a minimizer of J . Then ~yar is of
class C? in U = (0,t)\{t1,...,tn}, and the left and right derivatives yn(t; ) and Ya(t)) exist for every
0 < ¢ < N +1. Moreover, if all Lagrangians L(-,-,4) are of class C", then so is vy in U.

Now, by the Euler-Lagrange equations, we obtain further necessary minimality conditions.

Proposition 3.6 (Necessary conditions for minimality II). Assume that A1-A4 hold, and let
v = (vm,vz) € AC X P be a minimizer for the action J; given by (2). Then (5) holds for £ =1,...,N.

Proof. Let t = min{t; — t;_1,ter1 — t¢} and fix w € C°°([0,¢]; M) such that w =1 in [t, — /2,t, + /2]
and w = 0 outside [ty — t,tp + ¢]. Then,

oL OL

d t
O = T lo= ) = a9 9 ) 9 a ) ) ) . d
I =0 Tl + ow, 7] /u_1 <8x (var, v, 7)) w + 3 (v, Ym0 vz)w> s

bt 1L _ oL ) ) _ N
+/ %(’YM/YM”YI)W"‘ %(7M77M7'YI)W ds + 0u0 (Ve (te), vz (ty ), vz (t)))w(te)
te

OL d 0L

- /tHl —— (v, vz) = -5 (Vs s vz) Jw ds + %(VMW) e (ty), vz () -
tey \OT P ds Ov T v ’ o Z

B %(VM(U)’;YM(J)WI@;)) +0u (Yu (te) vz (ty ), vz (t]))
%(W’M(te)ﬂ"M(tZ)ﬁI(tZ)) - %(’VM(té),’.VM(t;)7’yI(tzr)) + 0ut (rar (te), vz (87 ), vz (),

where we used that, by construction, w(t;) = 1 and w(te—1) = w(tey1) = 0, while the last identity follows
from the Euler-Lagrange equations (4). O

Remark 3.7. Let ¢ be a switching cost independent of the state variable; that is, ¥(z,4,7) = ¥(i,7)
for any x € M and ¢,j € Z. By Proposition 3.6, if v is an action minimizer,

L
s %(’YM(S),’YM(S),’}/I(S)) is continuous in [0, ¢].

3.4 Energy Conservation

Here, we prove an energy conservation principle similar to the one for single Lagrangians.

Proposition 3.8 (Conservation of Energy). Suppose that A1-A3 hold and let v = (yar,vz) € ACXT
be an action minimizer for J;. Set vz(te) := vz(t;) for any switching time t,. Then the energy is
conserved; that is,

E(ya(s),ynm(s),vz(s)) := %(VM(S)”'YM(S)»VI(S)) A (s) — L(var(s), ¥ar(s), 7z (s)) (29)

is constant on (0,t).

Proof. The energy is conserved on each subinterval (ty,t¢41) by (4). So, it is enough to check the
energy conservation at the switching times. Let w : [0,¢] — [0,¢] be smooth and compactly supported
in [te—1,ter1] with w(ti—1) = w(te41) = 0 and w = 1 in [ty — §,tp + I] for some small § > 0. Define
7°:[0,t] = M x T as v°(s) = v(s — ew(s)), so that the function f(g) := J;[ye] — Ji[y] has a minimum
at ¢ = 0. Because 7. switches from one state to another at the same position as v (just at a different
time), this does not affect the switching cost. In other words, the part in the energy of 7. coming from
the switching cost is the same as the one of 7. Therefore,

to+e tog1
f(e) = / L (450 (), 45 (), vz (87)) s + / BRCHORERECORE
- / " L(var(s), A ()72 (7)) ds — / N L (e (), A (), 12 (8) ds,



and, by differentiating with respect to ¢ and setting ¢ = 0, we get

0= Lt inrlt) 2 0)) + [ (G2 Car(s) Amr(9),72(6) e
+ % (var (8), A (8), vz (t7)) - (aaw + m)) ds — L(var (te), e (7)), vz (t))) (30)
- /t Z (é;i/(’YIVI(S),’;YM(S)7’YI(tZF)) MW+ %(’YM(S),’.WV[(S),’VI@;)) . ('VMW + 'YMOJ)) ds.

Integrating by parts and using the Euler-Lagrange equations (4), we get

L(uae(te), (17 ), v2(07) — 9 (rae(ta), e 17 ), 4207 417

= el Ane (), v2 () — O (i) Ane (), 42(6)) A (8,

as claimed. |

3.5 Proof of Theorem 1.1

Here, we gather the results from previous subsections to conclude the proof of Theorem 1.1.

Proof of Theorem 1.1. The existence of minimizers under fixed endpoint constraint is given in Theo-
rem 3.3. Next, the Euler-Lagrange equations are proved in Proposition 3.4. Then, (5) corresponds to
Proposition 3.6. Finally, the energy conservation follows from Proposition 3.8. O

3.6 Semiconcavity of the cost

In this subsection, we study the regularity of the value function. For convenience, we recall the definition
of a semiconcave function (for example, see [5]).

Definition 3.9. Let A C R%. A function f : A — R is semiconcave if there exists a modulus of continuity
w : Rt — R such that, for each 2 € A, there exists £, € R? for which

fW) = f@) <l (y—a)+ |y —z|lw(ly—=z|) forallye A

If M is Riemannian manifold, we say that a function f : M — R is semiconcave if, in any chart
0:A— p(A) C M with A C R?, the function fop: A — R is semiconcave.

Semiconcavity is well defined in the Riemannian setting because the composition with smooth func-
tions preserves semiconcavity, see [5, 14].

Remark 3.10. We say that f : A — R is semiconcave with a linear modulus of continuity if there exists
C > 0 such that
Jy) — f@) <Ll (y—2)+Cly—af? forallye A.

To study the semiconcavity of h, we use the conservation of energy to bound the norms of speed
curves of minimizers. We consider this matter in the next lemma:

Lemma 3.11. Assume that A1-A3 hold, and let v = (yar,vz) be a minimizer for J; with yp(0) = x,

Ym(t) =y. Then, there exists a constant C' > 0 such that ||a(s)]],,, ) < C for every s € [0,].

Proof. Fix a point g € M. Since M is compact, d(z,y) < R for all z,y € M for some R > 0. Thus, the

minimizing constant speed geodesic « : [0,t] — M connecting x to y satisfies

: d(z,y) _ R
1) lagy = =5 < 7

Note that the Lagrangian L(-,-,¢) is bounded on the compact set
R
L= {(z,v) ], < t} cCTM

10



for all i € Z. Thus, there exists B > 0 such that L(z,v,4) < B for every (z,v,i) € L X Z. Then,

| 20 5.920) s < [ Las).6(6).92() ds < B (31)

According to the third condition in Definition 2.1, there exists C' € R such that

[ s ds=Ct < [ L) 39 22(6) ds: (32)
0 0

Combining (31) and (32), we obtain

1 [t .
;/O 1981 (8)0,(5) ds < B+C =:Ch, (33)

< (.

which implies the existence of 5 € (0,) such that [|Ya(5)|,,, ) <

Set
6 := max{E(z,v,i) : (z,v,49) €eTM xZ, x€ M, |v|, <Ci}.

Then E(’yM( ) 'yM(E), vz(5)) < 6 and, by the conservation of energy (Proposition 3.8), we obtain
E(vm(s), 5 (s)) < 0 for every s € [0,t]. Therefore (yar,¥an) is contained in the compact
set, { (z,v) 6 TM x € M, E(z,v,i) < 0 Vi}. Thus, there exists a constant C’ > 0 such that
19az (s )||VM(S < for all s € [0,1]. O

Our regularity result is the following.
Proposition 3.12 (Semiconcavity). Assume that A1-A4 hold. Then,

(i) For anyi,j € I, the restricted cost function hy(-,-) := hy((+, 1), (-,5)) : M x M — R given by (3) is
semiconcave on M x M, with a linear modulus of semiconcavity.

(i1) For any x,y € M and any i,j,k € Z,
ht((xvi)v (yvj)) - ht((xﬂi)7 (yv k)) < 1#(% k?])

Remark 3.13. Proposition 3.12 implies that h; is differentiable almost everywhere.

Proof of Proposition 3.12. First, we prove (i). We fix a local chart and identify M with an open subset
of R?, for definiteness, Br(0), with R > 0 large enough. For 1,25 € B;(0), we consider v € AC x P an
action minimizer from (z1,7) to (x2, 7). Hence,

(21, 22) :/o L(vam(s), ¥ (s),vz(s)) ds+ ¢(z1,4,72(07))
N (34)
+ ZQ/}(’YM(tl)v'YI(tZ)v'YI(tj)) + (22, vz (t7), 4)-

£=0

We claim that h; is semiconcave in By (x1) x Bj(x2). By Lemma 3.11, there exists a constant C' such
that
192z (s)]] < C for all s € [0,].

Moreover, we know v ([0,t]) C Br(0). Next, we choose £ > 0 such that Ce < 1. This implies
Mm([0,€]) C Ba(z1) and yu ([t — &,t]) C Ba(x2).
For y1,y2 € Bs, we define

E—S

y1 + () for s € [0, €],
A (s) =< v(s) for s € [e,t — €], (35)

—1
sotre y2 +ym(s), forselt —e,t].

11



Observe that 4, and ﬁM are bounded as well. Because 45/(0) = z1 + y1, Y (t) = z2 + y2, and we can
take & > 0 sufficiently small such that ¢ < min{t;,t — txy}, we have

hi(z1 + y1, 22 + y2) — he(z1, 2) < Te[im] — Fe[vu]

- /05 [L(E ; S + 7y (s), —§y1 +WM(S),WI(3)) — L(’yMﬁM,WI)} ds

36)
¢ s—1+e 1 , , (
+/ [L(iyz + 0 (8); —y2 +7M(3)7WI(5)) - L(’YMaVMv’YI)} ds
t—e € €
+ w(xl + yl7ia’YI(0+)) - ¢($1ai771(0+)) + ¢($2 + y2771(t_)7j) - ,(/J(an’yI(t_)aj)'
Since L and 1) are both of class C2, we obtain
hi(z1 + y1, 2 + y2) — he(21, 32) < Fy(y1,52) + O(HUH2 + ||ZH2>7
where
€ /e—s0OL 10L
F = ) YL — ——=— ) . d
(Y1, 92) /0 ( e (Ve M, 77) - 11 ~ 0 (a5 9m,72) y1> s
b /s—14¢e 0L , 10L , 37
+/ ( (var, a0 7z) Y2 + = —— (vars e, 7) -y2> ds (37)
e € Ox g dv

+ Optp(x1,1,72(07)) - y1 + ot (22,72(t7), 4) - Y2

is a linear function. This proves that h; is locally semiconcave. By the compactness of M x M, h; is
semiconcave and (%) holds.
Next, we prove (ii). Let v € AC([0,t]; M) x P([0,t];Z) be such that v(0) = (x,4), v(t) = (y, k), and

he((x,4), (y, k) = Je[]-
Define 7 : [0, + 6] = M x T by

<oy . [ v(s)  in[0,2),
(s) = { ’(yy,j) in [t,t+ 9] (38)

Then
ht+6(($7i)> (ya])) < u7t+5[’ﬂ = ht((xvi)’ (yvk)) +6L(l‘,0,j) +1/J(37,k‘7])

Letting 6 — 0 ends the proof (note that h; is continuous with respect to ¢, as it is easy to prove by a
simple reparametrization argument). O

Proposition 3.12 characterizes the superdifferential of h;, as we state next:

Corollary 3.14. Assume that A1-A4 hold. For any action minimizer y = (v, yz) satisfying yu(0) =
and v (t) =y, the linear functional F; given by (37) is a superdifferential of hy at (x,y), and it can be
written as

Fy(y1,92) :%(’YM(t)v;YM(t)v'YI(t_)) ‘Y2 — 8*L(VM(O)WM(O)aVZ(OJr)) "Y1

ov (39)
+ 050 (7a0(0), 4,77 (07)) - w1 + 8ot (Yar (8), ¥z (¢ ), 5) - y2-
In particular, if hy is differentiable at (x,y), then
- oL . _ oL .
d(r,y)ht (Y1, 92) :%(VM(t)a'YM(t)a'YI(t )) “Y2 — %(7M(0)77M(0)771(0+)) "Y1 (40)

+ ax’l,b(")/M(O)7'L,'YI(O+)) U1 + axw('yM(t)fVI(ti)L]) *Y2.

Proof. Clearly, F; given by (37) is in the superdifferential of h;. To prove the representation formula
(39), it is enough to use the Euler-Lagrange equations (4) and integrate by parts in (37). O

Remark 3.15. The terms involving 0,1 disappear if there are no switches at the endpoints.

12



4 Weakly coupled systems of Hamilton-Jacobi equations

Here, we prove Theorem 1.4 and Theorem 1.6. First, in Subsection 4.1, we introduce time-dependent
systems and begin our study of the Lax-Oleinik semigroup (13). We define viscosity solutions of (9) and
explain their relation to the Lax-Oleinik semigroup. Next, in Subsection 4.2, we prove Theorem 1.4.
Then, in Subsection 4.3, we define the Aubry set and study its properties. Finally, in Subsection 4.4, we
examine the long-time behavior of the Lax-Oleinik semigroup.

4.1 Lax-Oleinik semigroup and viscosity solutions

We investigate the connection between the optimal switching problem and weakly coupled systems of
Hamilton-Jacobi equations (see Propositions 4.1, 4.6, and 4.7).

Let L : TM xZ — R be a Lagrangian and ¢ : M xZ xZ — R be a switching cost. Let H : T*M xZ —
R be the Hamiltonian (8). Consider the time-dependent system of weakly coupled Hamilton-Jacobi
equations:

max {8tu(t7xai) + H(‘Ta &Eu(t,x,i)n), 'I.L(t7l',i) - m;n {U(tﬁl’,j) + ﬂ’(%%])}} = Oa (41)
VEL)

on [0, 400) x M xZ. Here, we examine viscosity solutions of (41) according to Definition 1.2, with obvious
modifications.

As in the unimodal case, the Lax-Oleinik semigroup T;u defined by (13) gives a viscosity solution of
the time-dependent system (41).

Proposition 4.1. Assume that A1-A3 hold. Let uyp € C(M x Z) and Tyup be as in (13). Then the
function u : [0,+00) x M x T — R defined by

u(t, A) 1= Tyup(A), t>0,Ae M x1I,
is a viscosity solution of (41) with w(0, A) = uo(A).
Proof. The proof is standard and can be found in [16] (see also [1, 15]). O

Proposition 4.2. Assume that A1-A4 hold. Foru € C(M xXI),t >0, andi € I, the map x — Tyu(x,1)
is semiconcave. More precisely, suppose that v = (yar,yz) s an action minimizer from (x,4) to (x+h, ).
Then, choosing a local chart for M, we have

T+ ) — Ty, i) < O (1), e (1), 72(67)) -+ C (42)

Consequently,
%(VM(tMM(t),w(t*)) € 0" (Tyu) (z,1).

Proof. By compactness, there exists B € M x Z such that
Tiu(A) = u(B) + ht(B, A).
Thus,
Tiu(z + h, 1) — Tyu(z,i) < hy (B, (z+ h, z)) — hy(B, A).
Reasoning as in the proof of Proposition 3.12, we have
. . oL . _

Ttu(x + h> Z) - Ttu(xa Z) S %("YJVI(t)v fYM(t)a fYI(t )) h + K ||h||2 ) (43)

as desired. 0

Before discussing the Lax-Oleinik semigroup and the solutions of (9), we prove some auxiliary results:

Lemma 4.3. Assume that A1-A4 hold. Let v e C(M xI) and A = (x,i) € M x I. Then there exists
a minimizer v = (Ym,7z) € AC X P for the Laz-Oleinik operator (13). In other words, there exists
such that

Tw(A) = v(v(0)) + J[].

Moreover, if v is a subsolution of (9) for some constant ¢ € R, we can choose v to have no switch at
t=0.

13



Proof. Let A = (z,i) € M x Z. By compactness, there exists B = (y,j) € M x Z such that Tyv(A4) =
v(B) + hy(B, A). Furthermore, Theorem 1.1 implies the existence of a curve, v : [0,t] = M x Z, with
~v(0) = B and «(¢t) = A, for which

Tiv(A) = v(v(0)) +/0 L(var, Y, vz) + ¥ (70 (0),72(0), vz (07))
N (44)
+ Zw(’YM(té)»’YI(tZ)»’YI(t;)) +(z,vz(t7),7z(1))

{=1

This proves the existence of a minimizing curve. ~
Now we prove that, if v is a subsolution, v can be chosen such that yz(0) = 47(0%). Let B =

(71\/1 (0), ’YI(0+)) . Thus,

Tyo(A) < o(B) + h(B, 4) = v(7ar(0),72(07)) + / Lo nrvz)
N (45)
+ > (vt vz ()2 () + (@, vz (), vz (8)-

{=1

According to (44) and (45), we have
v(722(0),72(0)) + 1 (72£(0),72(0),72(0T)) < v(7ar(0),72(07)).
Because v is a subsolution, the opposite inequality holds (recall Remark 1.3(i7)). Hence,
v(720(0),72(0)) + ¢ (7a0(0),72(0),72(0%)) = v(7as(0),72(07)).

Consequently, the switch at ¢ = 0 is unnecessary, and we can set yz(0) := 7 (0T). O

Lemma 4.4. Assume that A1-A4 hold. Let v is a subsolution of (9) for some constant ¢ € R. Fiz
t >0, and let v = (yar,vz) € AC X P be a minimizer for the Laxz-Oleinik operator as in Lemma 4.35.
Then, if t > 0 sufficiently small, v has at most one switch.

Proof. First, by the same argument as in the unimodal case, viscosity subsolutions are Lipschitz. Hence,
there exists K7 > 0 such that

|v(z,7) —v(y,d)| < K1d(z,y) for any z,y € M and for all ¢ € 7.
Fix Ky > 0 to be selected later. By the superlinearity of L, there exists a constant C' > 0 such that
(K1 + K») ||v||, — C < L(z,v,1).
Let K3 > 0 be the Lipschitz constant of v, that is,
[¥(z,i,5) —(y,i,7)| < Ksd(z,y) foranyy,z€ M and i,j € Z.

Let v be a minimizer. Because v is a subsolution we have v(z,7z(0)) > v(z,) — ¢(z,72(0),4) (see
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Remark 1.3(i4)). In addition, by Lemma 4.3, we can assume that no switch occurs at ¢ = 0. Therefore,

Tyw(A) = v(2,72(0)) + (K1 + Kz)/o 1982 (7). 7y A7 = Ct +v(722(0),72(0)) — v(2,72(0))

N
+ ZWVM(W)WIUZ)WIU?)) + (@, yz(t),9)
(=1
> v(x,i) — Kyd(yar(0), ) + (K1 + Ko) / Fiat ()l ) d7 = Ct
N
+ Zw(’YM(tf)”YI(tZ_)aVI(tz_)) + w(ﬂﬁﬁz(f)vi) - w(x771(0)7i)
/=1
N (46)
> u(w,) +K2/ Bt (Pl A — Ct S (@2 (1), 92 () + 6,227, 1)
(=1
N
— U(,92(0),0) + 3 [0 (), 72(t7), 92 () = (w12 (te), 1z (b)) |
=1

> o(a,i) + Ko / il oy — O3 (a1 92007),22(65)
=1
N

+ (@, yz(t7), 1) — ¥(x,72(0),i) — K3 Zd(VM(tZ>7x)'

{=1

Select Ko > N K3. Because the number of switches of any minimizer is universally bounded (see the
first step in the proof of Theorem 3.3), K5 is bounded by a universal constant. Consequently, we have

N
TtU(A) > U(A) - Ct+ Z?/)(JJ,WI(Q)WI(Q)) + 77/}($,71(t7),i) - ¢(x’71(0)7i)' (47)

(=1

Because yz(t] ) = vz(0) (recall that no switch occurs at ¢t = 0), if v has two or more switches, it follows
from A2 that

N
Zw z,yz(ty ), vz (t))) + Y, vz (t7), i) — ¥(x,72(0),i) > 6 > 0. (48)

=1

Therefore,
Tw(A) > v(A) + 6 — Ct. (49)
On the other hand, by choosing (s) := A for s € [0,t], we get
Tiw(A) <v(A) + F:[y] < v(A) + Ct.
The previous inequality combined with (49) gives a contradiction if ¢ > 0 is sufficiently small. O

Lemma 4.5. Assume that A1-A4 hold. Let v be a subsolution of (9) and fix (x,i) € M x I. Assume
further that

v(w,i) < m;n {v(z,j) +¥(z,i,5)}. (50)
VE
Then, there exists sg = so(x) such that
Tsv(x,i) = 1(n§ {v(’yM(O),i) —|—/ L(VM,"VM,Z')} Vs €0, so]. (51)
Ym(8)=z 0

Proof. Fix a neighborhood N of 2 in M such that (50) holds in N. We claim that we can select s > 0
so that any minimizing curve 7 for Tsv(z,7) is contained in N. To see this, we recall that Tsv(y,i) < C
for (s,y) € [0, so] x M. Accordingly, by the superlinearity of L(-,-, ), for any € > 0 there exists C. > 0
such that

1/, s )
—-C+ E/ 19all,,, — Ces < v(7(0)) +/ L(vm,vm,7z) < C. (52)
0 0
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The prior inequality implies that
d(’yM( / ||’YM||7M Ce+ C.es Vs e|o,s].

Given p > 0, we choose £ < 6/2C}; then, we fix s > 0 sufficiently small such that C.es < §/2. Therefore
we have

d(ym(s),z) <p Vs €]0,s]. (53)

Now, suppose y7(0) = j # i. By Lemma 4.4, we have only one switch if s > 0 is small enough.
Thanks to (50) and (53), by choosing p sufficiently small, we gather that

v(yar(0),5) + ¥ (var(0),4,4) = v(yar(0), i) + do (54)
for some dp > 0. Then, arguing as in the proof of Lemma 4.4 and using (54) instead of (48), we get that
T,v(A) > v(A) + g — Cs,

which is a contradiction if s is sufficiently small. Consequently, we cannot have switches for 0 < s <

SQ(I). O
Next, we investigate the connection between the Lax-Oleinik semigroup and viscosity solutions of

(9).

Proposition 4.6. Assume that A1-A4 hold. A Lipschitz function u : M x T — R is a viscosity

subsolution of (9) if and only if u < Tyu + ct for all t > 0.

Proof. To simplify, we assume that ¢ = 0. This can be achieved, without loss of generality, by subtracting

¢ from L if necessary. If u is a subsolution then, as in the unimodal case (see for instance [13]),

T

w(yar (7). 8) — ulyaa (7 >'>s/ L(var(s), e (s), 1) ds

T

for any 0 <7’ <7 and any vy : [T/, 7] = M.
We fix a curve v : [0,t] = M x I with y(t) = A, and we recall that vz(t]) = vz(t;,,). Using the

convention vz(t{ ) = vz(t), we get

N N
u(4) = u((0) = Y [u(r(ti) = w(r(t)] = - [ulas tern) vz (t) = war(te) 42 (t) |

£=0 =0
N

+ Z [U('YM(tZ+1)7’YI(t2_+1)) - U(’YM(té-&-l),’YI(tz_))} (55)
£=0 . .

< Z / L(vaa (), 31 (9),22(6) ds + 3 0 (ar (o), vzt 12 (81)).
£=0

Therefore, u < Tiu.
To prove the converse implication, we fix (g, %) and take 7 satisfying v(¢to) = (xo,0), Ym(t) = z,
vz = ig, and s (tg) = v. Then,

to
u(l'o,io) < U("}/M(t),io) +/ L(’YM,’.}/M,iO) ds.
t

Fix a C! function ¢ such that u(-,ip) — ¢ has a maximum at zg. Then,

_ t 1 fo .
d)(CCO) to qi(ZM( )) < to—1 /; L(VM’VM”YI) ds.

Hence,
d(b($0) -V S L({Eo, v, Zo)

Because v is arbitrary, we get
H(io,d(ﬁ(l‘o),io) S 0.
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To complete the proof, we observe that the Lax-Oleinik semigroup solves (41) (see Proposition 4.1).
Consequently,
Ttu(xvi) S Ttu(xa.]) + w(%%])

We let t — 0 to obtain
u(z,i) < u(x,j) + (i, 5).
O

Proposition 4.7. Suppose A1-A4 hold. A semiconcave function u: M x T — R is a viscosity solution
of (9) if and only if w = Tyu + ct for all t > 0.

Proof. Again, we assume for simplicity that ¢ = 0. The ‘if” part is the same as in the classical case (see
Proposition 4.1).
To prove the converse statement, assume that u : M x Z — R solves (9). Then, for any i € Z,

max {H(x, du(z), z) — co,u(x, 1) — Yu(x, z)} =0 (56)

in the viscosity sense (see Definition 1.2). We claim that, for each (x,i) € M x Z, there exists sy =
so(x,i) > 0 such that Tyu = u for all 0 < s < sp(x,¢). This claim and the semigroup property give that
the set of times s such that Tsu = u is open. By continuity, this set is also closed; this proves the result.
To establish the claim, we consider two cases.

Case 1: u(z,i) < Wu(z,i). Select a neighborhood U of z such that v < Wu in U. Next, we apply
Lemma 4.5 as follows. If s > 0 is sufficiently small, there exists U C U such that Tsu(y, 1) cannot have
switches for any y € U C U. Hence, because u is semiconcave and H (y, du(y), z) = ¢ on U, the classical
theory implies u(y,:) = Tsu(y, ) for all y € U; this proves the claim in this case.

Case 2: u(x,i) = Yu(x,i). This means that there exists j € Z\{i} such that

We claim that
u(z,j) < Du(z, j). (58)

To verify the claim, we argue by contradiction. If the preceding inequality fails, we have u(z,j) =
Yu(z,j) = ul(x, k) + (x, k, j) for some k # i,j. Hence, (57) and Assumption A2 imply that

Vu(x,i) =u(z, i) = u(z, k) + P(x, k, 5) + ¥z, 4,1) > u(z, k) + (z, k, i),

which is a contradiction. Therefore, (58) holds.
By the argument in Case 1, we have u(z, j) = Tsu(z, j) for s > 0 small. This, together with (57) and
Proposition 4.1, implies

Because u is a subsolution, the other inequality follows from the previous proposition. O

To end this section, we prove two more properties of the Lax-Oleinik semigroup.

Proposition 4.8. Assume that A1-A4 hold. For everyi € I, the map u — Tyu(-,1) is a weak contraction
in the L (M)-norm; that is, for any two continuous functions g,h : M x T — R, we have

[ Teg(- 1) = Teh ()| oo (ary < 119 (27) = RO D) oo () -

Proof. From (13), we have T;(g + ¢)(-,7) = T1g(+,i) + ¢ for ¢ € R. Moreover, if g(-,i) < h(-,1), for every
i € Z, then Tyg(-,i) < Tih(-,i). Thus, from

h( @) = llg( ) = hCs Dl oo (ary < 905 1) < AC, D)+ lg( ) = ACS D oo ary »

we conclude that

Tih(- i) = g (s 8) = B D)l oo (ary < Teg(-58) < Teh(-i) + llg(8) = A, D)l oo (ar) »

as desired. O
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Proposition 4.9. Assume that A1-A4 hold. The Laz-Oleinik semigroup (13) is a semigroup; that is,
Tt(TSU) = Tt+su A t, s> 0. (59)

Proof. First, the same argument as in the classical unimodal case (see, for instance, [13]) shows that the
function h; given by (3) satisfies

ht+s(AvB) - Ceigl/[fx

{n(A,0) + ho(C, B} (60)
Hence, using (60), for A € M x Z we have

Tirsu(A) = Beiﬁfxl {u(B) + hiys(B, A)} = Beilr\l/lfo {u(B) + CGiJr\l4fo [ht(B, C) + hs(C, A)]}

: , , (61)
= Celjr\l/ffxz {hs(C, 4) + Bé?dfxz [u(B) + h(B,C)]} = Cel]r\lsz {T,(C) + hs(C, A)} = To(Tyu)(A),
which proves (59). O

4.2 The Weak KAM theorem for optimal switching problems

Here we prove Theorem 1.4. As in the original Weak KAM Theorem, see [12], we show that the Lax-
Oleinik semigroup converges to a viscosity solution of (12).

We begin by proving that the critical value ¢y can be defined as the infimum among all constants
¢ € R for which (9) admits a viscosity subsolution.

Proposition 4.10. Assume that A1-A4 hold. Then, there exists a unique constant co € R for which:
(7) the equation (12) has a subsolution;
(#3) for any ¢ € R such that (9) has a subsolution, ¢ > cy.

Proof. Define ¢y € R by
co :=inf {¢ € R : (9) has a subsolution}.

For ¢ large enough, u = 0 is a subsolution. Therefore, the previous infimum is taken over a nonempty
set. Moreover ¢y > min p, ser+mxz H(Z,p, i) > —o0, hence ¢y cannot be —oo.

To show that this infimum is a minimum, let ¢/ € R be a minimizing sequence for ¢y, that is, ¢ — ¢g.
Let u/ be a subsolution of (9) for ¢ = ¢/. Because u/(+,4) is uniformly Lipschitz, up to adding a constant
to u/ and extracting a subsequence, there exists u such that u/(-,i) — u(-,4). The stability of viscosity
subsolutions implies that u is a subsolution of (12). O

Lemma 4.11. Assume that A1-A4 hold and that u: M x T — R is a subsolution of (12). Then, for
any t € [0,00), there exists Ay = (x4,1it) € M X T such that u(A:) = Tyu(Az) + cot.

Proof. By contradiction, assume that the statement is false. Thus, there exists ¢ > 0 such that, for
every A€ M x I,
u(A4) < Ty, u(A) + coto.

Because M is compact, there exists ¢ > 0 such that, for all A € M x Z,
u(A) < Ty, u(A) — € + coto =: Tyyu(A), (62)

where

t N+1
Tyu(A) = inf {u(vm)) - / (L (v (), Aaa (), 92(5)) +€) ds+ D wlar(te), 42 (t7), vz(tZ))},

(=1

with t}H =t and ¢ := ¢y — /1.
Let

u := inf T, u.
7>0

Note that by (62) and the semigroup property, T, u > u for all n > 1. Thanks to this fact, it follows
easily that 4 is finite. Next, for any h > 0, we have

[l = 1 [ e i [ > N.
Tht ig% Tripu Tlg% Tu>1u (63)
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Consequently, Proposition 4.6 shows that @ is a subsolution of
max {H(ax, du(z,i),1) — ¢, u(z,i) — Yu(z, @)} =0 v i. (64)
On the other hand, by the definition of ¢y, we have
co < &= cog — g/to,

a contradiction. O

Proposition 4.12. Assume that A1-A4 hold and that v : M x T — R is a subsolution of (12). Then,
for every i € T, Tyu(-, i) + cot is uniformly bounded in t; that is,

sup || Tyu(-, i) + cotl| oo (pr) < +00-
>0
Proof. Without loss of generality, by subtracting ¢y from L if necessary, we assume that ¢y = 0.

Thanks to Lemma 4.11, for any ¢ > 0 there exists A; = (4,4;) € M x T such that (Tyu —u)(A¢) = 0.
Since Tyu(-,4;) — u(-,4;) is uniformly Lipschitz and vanishes at one point, we have

|Thu(z, i) — ulz,ir)| = [(Tru — u)(z,ir) — (Tru — u)(Ar)]

) 65
<2Cd(z,x}) < 2C diam(M) = Cyy. (65)
By Proposition 4.1, Tiu solves (41) for any i € Z. Consequently, we have that
Tou(x,it) — (x, iy, 1) < Thu(z, i) < Tyu(z, i) + P(x, 4, i¢).
This implies that
Teu(, ) < luls i)l pe @y + Cm + sup (x4, 5),
zEM,i#j
proving the result. O

Proposition 4.13. Assume that A1-A4 hold. If u: M xZ — R is a subsolution of (12), then Tiu+ cot
converges to a fixed point of Ty + cot.

Proof. Again, without loss of generality, we assume that ¢g = 0. Because u is a subsolution of (9),
u < Tyu, for all ¢ > 0. By the monotonicity of the Lax-Oleinik semigroup, we have

Tsu < Tsypu for all ¢t > 0.
By Proposition 4.12, T;u is also uniformly bounded in ¢. Thus, the pointwise limit
00/ N s .
u™(x, 1) := 75_13_~_r1f1OO Tyu(x, )
exists everywhere in M. Since T is continuous, we conclude that, for any s > 0,
Tsu™(z,1) = tl}iinoo Tsiu(z, i) = u™(z,1).
O

Proof of Theorem 1.4. By Proposition 4.7, the proof follows by combining Propositions 4.10 and 4.13. [

4.3 The Aubry set

In this section we examine the Aubry set A and investigate various properties used in the analysis of
the Lax-Oleinik semigroup. The Aubry set for optimal switching problems was first defined in [15]. Our
definition, Definition 1.5, is distinct from that one. There, A is the set of all points B in M x T for
which property (i7) of the next proposition is satisfied. However, these two definitions are equivalent as
we prove next.

Proposition 4.14. Assume that A1-A4 hold. The following are equivalent:
(i) B € A;
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(ii) there exists § > 0 such that inf {jt['y] + cot ‘ t>96, v(0)=~(t) = B} =0;

(i11) for every 6 > 0, inf {Jt['y] + cot ‘ t >0, v(0) =~(t) = B} =0.

Proof. (i) = (ii). Let € > 0. If B € A, then there exists a sequence t;, — +o0 for which h¢, (B, B) +
cotr, — 0. Let 7% : [0,tx] — M x T with v¥(0) = v*(#;,) = B be such that

19
hi, (B, B) + coty + 5> T [7¥] + cot.

Without loss of generality, we can assume t; > 1 for all k. Since hy, (B, B) + coty, — 0, if k is large
enough we get € > 7;, [Y*] + cotx. Thus, (ii) holds with ¢ = 1.

Before proceeding further we recall that, by Proposition 4.6, any critical subsolution satisfies
u(y(t)) —u(1(0)) < Fily] + ot ¥y € AC([0,t]; M) x P([0,1]; T).

Hence, the action on loops is always nonnegative.
(i14) = (i4i). Let &9 > 0 be such that the infimum in (i%) is zero. To show (#ii), fix any § > 0.
If 6 < dg,

0 < inf {Jtm +eot \ > 8, 4(0) = (1) = B} < inf {Jtm +eot ‘ t> 0o, 7(0) = ~(t) = B} —0,

where the first inequality follows from the fact that the action on loops is nonnegative.
Otherwise, if § > dy, we fix m € N such that § < mdy. For any ~ : [0,t] — M x Z with period ¢ > do,
we denote the concatenation of v with itself m times by 7 : [0, mt] — M x Z. Naturally,

Tt 7] + comt = m(Jy[v] + cot).

The concatenation does not create new switches since + is a loop. Since mt > mdg > 6, we know
0 < inf {Jth] + cot ] t>8,7(0) = 7(t) = B} < inf{Jt[y] + cot ] t > médy,7(0) = 7 (t) = B} =0,

so (4i1) holds in the general case.
(#it) = (i). Take k € N and 6 = k. By (4i%), there exist t; > k and v with 4(0) = v (tx) = B
such that

1
Ju ] + ot < 7.
Hence, by (14), B € A. O

Definition 4.15 (Critical Curve). v : R — M x T is a critical curve if, for any subsolution u :
M xZ — Rof (12) and all ¢; < ta,

to N+1
u(y(tz)) —u(vy(t1)) = / [L(va(s), 40 (5),v2(s)) + co] ds + Z O(ym(se)s vz(s7), vz(s))),
t1 (=1

where the sum above is taken for all ¢ such that t; < sy < to, with the convention s]J(, 11 = ta.

Proposition 4.16 (Existence of critical curves). Assume that A1-A4 hold. Given B = (y,j) € A,
there exists a critical curve v : R — M x T with v(0) = B.

Proof. Without loss of generality, assume cy = 0. Let n* : [0,#1] — M x Z, with *(0) = B = n*(t;) and
tr > k, be such that

tr Ny
T [0"] :/o L(nk(s), 05 (5),mz(s)) ds + > (0 (se),nf(sy ). mk(sf)) = 0.
=1
We set v* @ [~tr/2,tx/2] = M x T as v*(s) := n¥(s + t¢/2). Then,

t/2 Ni
JRRCOR ISR DR SIS R TR
—tk/2 =1
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It follows from the argument in Theorem 3.3 that the number of switches grows at most linearly,
otherwise J, [n¥] would diverge. Also, we can take v* to be an action minimizer. Thus,

1/ . LG -
0% 50 |, HOM() AR () 22(6)) s+ 5D (vis(0), 75 (50) ™22 (57)) = 0.
—ty (=1

Furthermore, there exists t§ € [—t;/2,t;/2] for which L(v5,(t&), 4% (t5), 75 (tf)) < C. Consequently, by
the superlinearity of L,

145, ) < EOAeEh), ke eh), b eh)) + O < C.

By energy conservation (see Proposition 3.8), the curve (7]’?4,%?4) is contained in a compact subset of
TM. Thus, by a diagonal argument, we can build a curve v, : R — M such that, for every fixed interval
[_T7 T]7

vk, — v, uniformly in [T, 7], and 4%, — 45/, weakly in L! ([-T,17). (66)

The argument in the proof of Theorem 3.3 shows that we can define a limit 7 of % (see (22)) for which

b N
/ L(ym (), A ()72 () ds + Y (vz(te), vz (ty) vz (1))

£=0

b N
< lim inf </a Ly (s), ¥ar (), 72 (s)) ds + 21/1(71(15?),71(@?))ﬁz((ﬁf)ﬂ))-

=0
Finally, we prove « is a critical curve. Consider a subsolution u of (12), and a < b. We have

b

0 < u(v*(a)) — u(+*(b)) +/ LOVin ke 8) ds+ Y v(in 5 5T) = IT. (67)
@ [a:b]

Since v* : [~t,/2,tx/2] — M is a loop, assuming that k is large enough so that [a,b] C [~t1/2,t,/2],
using again that w is a subsolution u of (12) we have

tk/Q a
0 < u(v*(5)) — u(+*(a)) + / Lvkp, Ahrrk) + / Lk, i)
b _tk/2 (68)
+ Y (kLA N =1
[=tx/2,tx/2]\[a,b]

By adding these inequalities, we obtain

tk/2
0 S/ Lo e yd) + Y, v0hn% 9wt —o.
—te/2 [—te/2.t/2]

This proves that the numbers I¥ > 0 and I > 0 satisfy If + I§ — 0. In particular, each of them
converges to zero. Therefore,

b
lim {U(v’“(a)) —u(y*(b)) + / L(vir Ahev8) ds+ > ¢ (vir 7§»7§+)} =0.
“ [a,b]
To conclude, we note that the lower semicontinuity implies

b

u(y(b)) — u(y(a)) = lim inf { /a LOYin A% %) ds+ ) (Vi 71_%*)}

[a,b]

b
2 / L(yar, Avvz) + Y (v vz 97)
¢ [a,b]

while the opposite inequality follows by Proposition 4.6. O
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Proposition 4.17. Let U C M x T be an open set such that U C (M x Z)\A. Then there exists a
subsolution v of (12) that strict in U; that is,

(i) for all (y,j) & A and p € 9% v;(y), we have H(y,p,j) < 0;
(i0) for alli # j, vj(y) —vi(y) < (7).
Furthermore, v is smooth in (M x I)\A.
Proof. See [15, Lemma 4.2]. O

Proposition 4.18. Assume A1-A4 hold. Then, every critical curve is contained in the projected Aubry
set A.

Proof. From the remarks after [15, Theorem 3.6], we have that for every (x,7) € A and every subsolution
u of (12), u(+,7) cannot be a strict subsolution at z. Accordingly, at least one of the following holds:

(i) either H(z,du(z,i),i) =0, in the viscosity sense;
(#1) or v(x,i) —v(x,j) =(x,4,j) for some j # i.
Then the result follows from the previous proposition. O

Consider a subsolution u of (12). The proof of Proposition 4.17 ensures that, given U with U C
(M x T)\\A, we can approximate u uniformly by subsolutions v that are strict and smooth in U. We
apply this result to prove a comparison principle:

Corollary 4.19 (Comparison Principle). Suppose that A1-A4 hold. Let u be a subsolution of (12),
w be a supersolution of (12), and assume that u < w on A. Then, u < w in M x I.

Proof. By contradiction, suppose that
min (w —u) <0, (69)
MxT

and consider a set U, with U C (M x T)\\A, such that miny;«7(w — u) = ming (w — u). Then, consider
a sequence v, of subsolutions, strict and smooth in U, that converges uniformly to u and such that

W( T, in) — O (T, i) = ilnixr%(w — ), (70)

with (2,,4,) € U for n > 1. By (70), it follows that d, v, € 0~ w(zy,%,). Since w is a supersolution,
we have:

- either H(xy,,ds, vpn,in) > 0;

- or Up(Tn,in) — Vn(Tn, J) = Y(Tp, in, j) for some j # i,.
Because both alternatives contradict Proposition 4.17, the result follows. O

Next, we examine properties of a particular solution of (12) that we use later to study the large time
behavior of the Lax-Oleinik semigroup.
Given ug € C(M x I), we consider

v(A) = Bi’rel&{h(B,A)—i-

inf {uO(C) +1(C, B)}}, (71)

CceMxT

where h is the Peierls barrier defined in (14). Next, we prove that v is a critical solution in M x Z. We
have (compare to [9, Theorem 3.1]) the following result.

Proposition 4.20. Suppose that A1-A4 hold and set

vo(B) = Cei?/jfxz{uo(C) +h(C,B)} VBeMxLI.

Let v be as in (71). Then

v(A) = Blrelf4 {vo(B) + h(B, A)}

and the following hold:
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1. vy is the maximal subsolution with vy < ug on M X I;
2. v is a solution and v = vy on A;
3. If ug(B) —up(A) < h(B,A) for all A,B € M X Z, then
v(A) = érel& {uo(B) + h(B,A)} in M xZ, (72)

and vo = ug on A.

Proof. 1. By setting C = B, we get that vg < ug on M x Z. Moreover, because the infimum of
subsolutions is a subsolution, vy is a subsolution. Consequently, the first property holds.
2. Next, select C' € M x T such that

Uo(B) = UO(C> + h(C, B)
Then,
vo(A) — vo(B)

Furthermore, because h(C, B) + h(B, A) >
claim follows from [15, Proposition 4.3].

3. If up(B) —ug(A) < h(B,A) for all A,B € M x Z, then ug is a subsolution. Therefore uy = vy
and thus (72) holds. O

h(C, A) — h(C,B) < h(B, A).

<
h(C, A), we have v(A) = vy(A) for A € A. Thus, the second

4.4 Large-time behavior of the generalized Lax-Oleinik semigroup

Let ug : M x T — R be a subsolution of (12) and T;w be given by (13). Theorem 1.4 combined with
Proposition 4.1 gives that the solution u(t,x) = Tyug + cot of (41) converges, as t — +00, to a solution of
(12). Here, we investigate the convergence of the Lax-Oleinik semigroup for arbitrary initial conditions.
The long-time behavior of different but related systems was studied in [3]. The proof of Theorem 1.6 is
inspired by [9].

Without loss of generality, we assume that ¢y = 0 and we set

w(ug) := {¢ : M x T — R such that t =T}, ug for some t,, — +0o0}. (73)
Next, we define the semilimits:
u(A) = sup {¢(4) | ¢ € w(uo)} (74)
and
u(A) = inf {¢(A) | ¥ € w(ug)}. (75)
Because the family {Tiug}eso is uniformly bounded and uniformly Lipschitz, u and @ are well defined.

Proposition 4.21. Suppose that A1-A4 hold. Let u and u be given by (74) and (75), respectively.
Then, u is a subsolution of (12) and @ is a supersolution of (12).

Proof. To prove that u is a subsolution of (12), we use Propositions 4.6 and 4.7. A similar argument
shows that @ is a supersolution. Fix ¢ > 0. From (74), u > ¢ for any ¢ € w(up). Consequently,

Tyu > Ty Vo € w(ug).

Thus,
Tou > sup {Typ | ¢ € w(ug)}.

By Proposition 4.6, to prove the statement, it suffices to show that
{Tio | p €wluo)} = {¢ | v € wl(uo)}-

If ¢ € w(ug), we have
¢ =1lmT; uo

for some t,, — +00. Also, thanks to Proposition 4.12, up to a subsequence,
T, —tup — ¢ € w(ugp)

Thus, Ty =lim T}, uo = ¢, as desired. O
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To prove Theorem 1.6, we establish the identity u =u =v on M x Z.

Proposition 4.22. Suppose that A1-A4 hold. Let u and u be given by (74) and (75), respectively, and
let v be the solution of (12) given by (71). We have

v<u<wuonMxTI. (76)
Proof. Set
’U0<B = Cel}\l/ff I{UO +h C B)}

By Proposition 4.20, vy is the maximal subsolution below ug; that is, vg < ug on M x Z. Therefore,
Tivg < Tyug on M x T.

We claim that, because vg is a subsolution, we have T;vyg — v. First, note that vg < Tyvg. Because v
is the maximal subsolution with v = vy on A, we have vyg < v on M x Z. Hence, since v = Tyv for any
t > 0, we get

vg < Tivg <wvon M xT.

Now, v = vg on A implies Tyvg = v on A for all £ > 0. In particular,

v = hm Tivg on A.
tot

Next, the Comparison Principle (Corollary 4.19) implies the same equality on M X Z, as claimed.
This claim, together with Tivg < Tiug on M x Z, implies that v < u and v < u. Since w < u is clear,
the result follows. O

The last step of the proof of Theorem 1.6 is to show that v > u on A.

Proposition 4.23. Suppose A1-A4 hold. Let u be given by (74) and let v be the solution of (9) given
by (71). Then, u <v on A.

Proof. Let ¢ : M x T — R be in the w-limit set of ug; that is, ¢ = lim, 4o T3, uo for some sequence
t, — +oo. By extracting a subsequence, we can assume that s, 1= t,4+1 —t, — oo.
We claim that
¢= lim T; ¢.

n—+oo

Indeed, given € > 0 there exists an integer, n., such that
p—e<Tug < p+e Vn > ne
Then, since s, = ty4+1 — tn, We get
T, —e <Ti, uo < Ts, 0+,

and our claim follows.

Let A € A. By Proposition 4.16 there exists a critical curve 4 such that A = (z,4) € w(y); that
is, A = lim; ., v(t,) for some sequence t,, — +oo. By extracting a suitable subsequence of %, if
necessary, we can assume 7, := t,, — s, — +00. Because v is a critical curve and v is a subsolution, we
have

i N+1
T, 0(v(tn)) — o(v(t + 7)) < / L(yar, nsvz) + Y (v (te), vz (), vz (tF))
t+7n =1
= v(y(t)) = v(Y(t + 7).

Set
n(t) := 11711117(t + 70,

through some suitable subsequence. Then, 7 is also a critical curve. Moreover, by letting n — +o00, we
obtain

$(A) = ¢(n(t)) < v(A) —v(n(t)).

Hence, to conclude the proof, it remains to show that

liminf {¢(n(t)) — v(n(t))} < 0.
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For that, we observe

N+1

v(n(t)) —v(n(0)) = /0 L(vyars Ao, vz) + ) ¥ (qaa (te), 7z (t7),72(tF)) = Tewo((t)) — wo(n(0)).
{=1

Because n(R) C A and v = ug on A, we have

s(n(t)) = v(n(t)) < ¢(n(t)) — Truo(n(t)) + uo(1(0)) = v(n(0)) < max|¢(B) — Truo(B)|.  (77)

Since ¢ = lim,,—, o0 T3, g, (77) implies the claim. O

Proof of Theorem 1.6. Let u and u be given, respectively, by (74) and (75). Proposition 4.21 ensures
these are, respectively, a subsolution and a supersolution of (12). By Propositions 4.19, 4.22, and 4.23,
we have

v<u<u<vonMxI.

Thus, these are all identities. Therefore, w(ug) = {v}; that is, , liI_gl Tiug = v. O
—+00
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