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Abstract

We prove that in a discrete-time market model the lower arbitrage bound of an American
contingent claim is itself an arbitrage-free price if and only if it corresponds to the price of the
claim optimally exercised under some equivalent martingale measure.
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1 Introduction

When teaching an introductory class in mathematical finance, a very convenient and natural
approach is to develop the arbitrage pricing theory first in the case of a complete market, i.e., when
there exists just one equivalent martingale measure, and then to extend this to the incomplete case,
i.e., to the case of more than one equivalent martingale measure. The advantage of this approach is
that in general whatever operation is carried out under the unique equivalent martingale measure
in order to price a contingent claim in the complete case, is done under any equivalent martingale
measure in the incomplete one. For instance the pricing of a (discounted) European contingent
claim with payoff Y in a complete arbitrage-free market amounts to simply taking the expectation
of Y under the unique equivalent martingale measure Q, thus yielding the unique arbitrage-free
price 7 = EQ[Y]. Respectively, in the incomplete case we have a set of arbitrage-free prices which
is the set of expectations E2[Y] of Y under all equivalent martingale measures Q. However, when
introducing American contingent claims and developing the corresponding arbitrage pricing theory,
the extension from complete to incomplete markets causes unexpected problems. We recall that an
American contingent claim is a contract which obliges the seller to pay a certain amount H, > 0
if the buyer of that claim decides to exercise the claim at (the stopping) time o. Hence such an
American contingent claim H is determined by the process H = (H;); of its possible (discounted)
payoffs H; at any trading time ¢. Considering the complete market case with a unique equivalent
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martingale measure @Q, the pricing of the (discounted) American contingent claim boils down to
an optimal stopping problem. Indeed, knowing that there exists an optimal exercise time 7, i.e., a
stopping time 7 maximizing the expected payoff of H under Q over all possible payoffs,

EQ[H,] = sup{E¥[H,] | o is an exercise time }, (1.1)

the unique arbitrage-free price of H is 7 = EQ[H,]. Notice that this price is in particular the
unique fair price in the sense of neither being too expensive from the buyer’s point of view, since
she may exercise it optimally at 7, nor being too cheap from the seller’s point of view, as there is
no exercise strategy o such that the value of the exercised claim H, exceeds w. When pricing an
American contingent claim in an incomplete market model, one would, on the one hand, expect
the set of arbitrage-free prices to correspond to the set of prices obtained from the solutions to
the optimal stopping problem (1.1) under any equivalent martingale measure. On the other hand,
any arbitrage-free price should also be fair in the above sense. However, so far, this was not quite
clear.

Following e.g. [2] we will define the arbitrage-free prices of a (discounted) American contingent
claim H in an incomplete market as the fair prices in the above sense; see Definition 2.5. It is then
easily verified that the prices corresponding to the solutions to (1.1) under any equivalent martin-
gale measure are arbitrage-free. However, the converse, that is the fact that every arbitrage-free
price of an American contingent claim originates from the solution to (1.1) under some equivalent
martingale measure, has not been clear so far. To be more precise, the problem here is the lower
arbitrage bound, i.e., the infimum over all arbitrage-free prices, which in case of an American con-
tingent claim may or may not be itself an arbitrage-free price. In case the lower arbitrage bound
w(H) of H is an arbitrage-free price, it was an open question whether there exists a minimal equiv-
alent martingale measure in the sense that the solution to (1.1) under that measure yields the price
w(H). In this paper, we prove that this is indeed the case, and we also give characterizations of
this situation in terms of replicability properties of H (Theorem 3.7). Thus we conclude that the
two approaches to arbitrage pricing, i.e., extending the very natural optimal stopping approach
from the complete to the incomplete case and the presented notion of a fair price, are indeed
consistent. This is formulated in our main result which is stated in Theorem 2.8. In his doctoral
thesis [9], Trevino Aguilar studies a closely related problem in a continuous-time framework, and
many techniques we apply in our proofs are adopted from this work; see Remark 3.8.

The remainder of the paper is organized as follows: In Section 2 we introduce the market model,
give a short overview over the arbitrage pricing theory as regards American contingent claims and
state our main result in Theorem 2.8. The proof of Theorem 2.8 is then carried out in Section 3,
at the end of which we give a more precise characterization of the case when the lower arbitrage
bound is itself an arbitrage-free price (Theorem 3.7). Finally, in Section 4 we provide an example
illustrating our main results.

We assume that the reader is familiar with standard multi-period discrete-time arbitrage theory
such as outlined in Follmer and Schied [2]. The book [2] is our main reference, and our setup and
notation will to a major extent be adopted from there. As regards the arbitrage pricing theory of
American contingent claims and the related theory of Snell envelopes, we also refer the reader to
[1, 3, 4, 6, §].



2 The Main Result

Throughout this paper we consider a discrete-time market model in which d assets are priced at
times t = 0,...,7T with T' € N. The information available in the market is modeled by a filtered
probability space (2, F, (Ft)i=o,... 7, P), where F; is the class of all events observable up to time
t€{0,...,T}, with

Fo={0,2} and Fr=7F.

All equalities and inequalities between random variables are understood in the P-almost sure sense.

Following standard arbitrage theory, we assume the existence of a strictly positive asset which
is used as numéraire for discounting. We indicate by S* = (S})i—o,..7, @ = 1,...,d, the dis-
counted price process of asset ¢, which is assumed to be non-negative and adapted to the filtration
(Ft)i=o....7- A d-dimensional process & = (€1,...,&%) = (&},...,&1)=1. 1 is a trading strategy
if it is predictable in the sense that & is F;_j-measurable for all t = 1,...,T and i = 1,...,d.
Here &! represents the quantity of the asset i kept in the portfolio between time ¢ — 1 and time t.
A trading strategy & is called self-financing if at the trading times ¢ = 1,...7 — 1 the portfolio is
rebalanced between the assets without adding or withdrawing money, that is, if

d d
S oEsi = ¢S fort=1,..T—1
=1 1=1

The (discounted) value process corresponding to a trading strategy & is

d d
VE= (V)imo...r, where Vi =) &S and V=Y ¢S}, t=1,...,T.
=1

i=1

Definition 2.1. A probability measure Q on (Q, F) is called an equivalent martingale measure if
Q is equivalent to P and S = (S*,..., 8% is a (d-dimensional) martingale under Q. The set of all
equivalent martingale measures is denoted by M.

We make the following assumption, which is notably equivalent to the No-Arbitrage condition
for the market S.

Assumption 2.2. We assume that M # ().

In our study of pricing American contingent claims, the simpler form of a European contingent
claim will play an important role.

Definition 2.3. A (discounted) European contingent claim is a non-negative random variable Y
on (Q,F,P).

We indicate by TI(Y") the set of arbitrage-free prices of Y, that is,
(YY) = {E9Y] | Q € M and E[Y] < co}. (2.1)

It is well-know that either II(Y") is an open interval or II(Y") is a singleton, and that the latter case
is equivalent to Y being replicable, which means that there exists a self-financing trading strategy
& such that VT5 =Y see, e.g., [2, Theorem 5.33] and [5].



Definition 2.4. A (discounted) American contingent claim is a non-negative adapted process
H = (Ht)i=o,...,7 on the filtered probability space (2, F,(Ft)i=o,....1,P).

Let T denote the set of stopping times 7 : Q — {0,...,T}. For each time 7 € T the random
variable H, is interpreted as the discounted payoff obtained by exercising the American contingent
claim H at time 7. Note that H, can be considered as the discounted payoff of a European
contingent claim. Therefore, the set of arbitrage-free prices of H, is given by

I(H,) = {E%H,] | Q € M and E%[H,] < cc}.

We define the set of arbitrage-free prices of an American contingent claim as in [2, Definition
6.31] reflecting the asymmetric connotation of such a contract: the seller must hedge against all
possible exercise times, while the buyer only needs to find one favorable exercise strategy.

Definition 2.5. A real number 7 is an arbitrage-free price of the discounted American contingent
claim H if the following two conditions are satisfied:

(i) There exists some 7 € T and n' € II(H;) such that m < 7'.
(ii) Thereis no 7 € T such that # < 7’ for all @’ € TI(H,).

The interpretation of the two requirements in Definition 2.5 is clear. The first one makes the
proposed price 7 not too high from the buyer’s point of view, in the sense that there exists some
exercise strategy 7 € T and a Q € M such that 7 < EQ[H,]. The second requirement accounts
for the point of view of the seller, ruling out exercise strategies 7 € 7 such that 7 < E© [H,] for
all Q e M.

We denote by II(H) the set of all arbitrage-free prices of an American contingent claim H.
Notice that if H corresponds to a European contingent claim with maturity 7T, i.e.

Hy=0forallt=0,...,7T—1,and Hpr =Y (2.2)

for some non-negative F-measurable random variable Y, we have that II(H) = II(Y'), where II(Y)
is given in (2.1). Hence the pricing rules are consistent.
For the remainder of the paper we consider a fixed American contingent claim H such that

H; € LY(Q,F,Q) forall t=0,...,7 and Q € M. (2.3)

Proposition 2.6. (see [2, Theorem 6.33]) Under condition (2.3), the set II(H) of all arbitrage-free
prices for H is a real interval with endpoints

n(H) = inf sup EQ[H,] = sup inf E[H,]
QeM TeT T€T QeM

and
7(H) = sup sup E%[H,] = sup sup E°[H,].
QeM TET TET QeM

Moreover, TI(H) either consists of one single point or does not contain its upper endpoint 7(H).



As for European contingent claims, w(H) € II(H) implies that II(H) = {7(H)}, which is
equivalent to H being attainable in the sense that there exists a superhedging strategy ¢ (for the
seller) such that

VE=7(H), Vf > H, forallt =1,...,T,and V& = H, fora 1 € T,

see [2, Theorem 6.36]. This means that, if the buyer exercises the claim at time 7, then she
meets the value of the seller’s hedging portfolio. This replicability concept again corresponds to
the replicability of a European contingent claim if H is of type (2.2). However, in contrast to the
pricing of a European contingent claim, in case of a non-replicable American contingent claim both
cases

(H) € TI(H) and x(H) ¢ TI(H)
can occur, see Example 4.1.

Definition 2.7. A stopping time 7 € T is an optimal stopping time for H under Q € M if

EV[H,] = sup E9[H,]. (2.4)
€T
It is well-known that set of optimal stopping times for H under any Q € M is non-empty; see

[2, Theorem 6.20]. Moreover, it is easily verified that, if 7 is an optimal stopping time under some
Q € M, then EQ[H,] € TI(H). Note also that the set

P:={EYH,]| Qe Mand 7 € T is optimal under Q }

is an interval. This is due to the fact that for any two equivalent martingale measures Py, P; € M
and for all @ € [0, 1] we have that alPy + (1 — «)P; € M, and the function

f:001] >R, aw— Sug (aE™[H,] + (1 — a)E™ [H,))

is continuous. Of course the interval bounds of P are x(H) and 7(H). So according to Propo-
sition 2.6, if 7(H) ¢ II(H), then P = TI(H). However, it has been an open question whether
P = II(H) also in case w(H) € II(H). If =(H) € II(H), the problem is whether there exists
an equivalent martingale measure Q € M and an optimal stopping time 7 under Q such that
EQ[H,] = r(H), that is,
sup E¥[H,] = inf sup EF[H,]. (2.5)
oeT PeMoeT
In Theorem 2.8, which is our main result, we show that this is indeed the case, that is, there is a

one-to-one correspondence between the set II(H) and the solutions to problem (2.4).

Theorem 2.8. The set II(H) of all arbitrage-free prices for H coincides with the set P of evalu-
ations at optimal times:
P =1I(H).

The proof of Theorem 2.8 needs some preparation which will be carried out in Section 3, at
the end of which, in Theorem 3.7, we state and prove that w(H) € II(H) if and only if there
exists Q € M satisfying (2.5). Moreover, we also give a detailed characterization of this situation
in terms of the replicability of a FEuropean contingent claim corresponding to exercising H at a
specific stopping time.



3 Discussion and Proof of Theorem 2.8

In what follows we introduce the basic tools needed for our analysis of the lower arbitrage bound.

Definition 3.1. For Q € M, the Snell envelope U? = (UtQ)t:o,...,T of the American contingent
clatim H with respect to the measure Q is defined by

U2 = esssup EY[H, | ], t=0,...,T.
TET, 7>t

The process U is the smallest Q-supermartingale dominating H. In particular, the value at
zero of the Snell envelope with respect to a measure Q € M is the value obtained by optimally
exercising the American contingent claim under that measure:

Ué? = sup EY[H,].
o€T

It is known that 7 € T is an optimal stopping time for H under Q if and only if H, = U;@ and the
stopped process (UQ)™ := (U2, )—o....7 is a Q-martingale; see [2, Proposition 6.22]. We indicate
with 7@ the minimal optimal stopping time for H under Q € M, which is equal to the first time
where the Snell envelope of H w.r. to Q equals the value of the American contingent claim, that
is,

@ =inf{t >0 | U2 = H,}.

Throughout the paper a predominant role is played by the following stopping time:

7 := essinf 72,
QeM
the importance of which will become clear in Theorem 3.7. We will amongst others show that
the lower arbitrage bound m(H) of H is itself an arbitrage-free price if and only if the European
contingent claim H: can be replicated. Let us first verify that 7 is indeed a stopping time.

Lemma 3.2. The set {t¢ | Q € M} is downward directed. Hence, + is a stopping time. In
particular, there exists a sequence (Q)ren € M such that {79 =} 7 Q for k — oo.

Proof. For the first part we repeat the argument in the proof of [9, Theorem 5.6] to show that the
set {7¢ | Q € M} is downward directed. Indeed, let Q;,Qy € M, B := {7@ > 7%} and let @
be the measure obtained by pasting Q; and Q- in the stopping time o := (TQl A TQ2) 1+ T1pge,
that is B

Q(A) =E%Y [E® (14| F,)], AerF.

It is then verified that

U%IAT(Qz = U%2 1p + U%l 1ge = H 01 pr02,
hence 7¢ < 7@ ATQ2 50 {7Q | Q € M} is downward directed. This implies that there is a sequence
(Qk)ren C M such that 78 \ . ;From that it follows that 7 = essinf{7@ | k € N} is a stopping
time. Moreover, as time is discrete and by the monotonicity of the sequence (79 )yen, we deduce
that {7% = +} " Q for k — oo. O



Definition 3.3. The lower Snell envelope UV = (Ut‘L)t:O,.H,T of the process H (w.r. to M) is
defined by

Uti—ebsmet = essinf esssup EQ[H, | 7], t=0,...,T.
Qem QEM reT,r>t

In particular, Ué =mn(H).

Notice that, according to Lemma 3.2, for almost all w € Q we have 7(w) = 77 (w) for some
P, € M. Hence we obtain that for almost all w

Hi(w) = Hor, (w) = Ul%, (w) > Ulp, (w) = U (w) > Hi (w).
Consequently,
Ul = H:. (3.1)
The stopping time 7 is intensively studied in [9], which treats lower (and upper) Snell envelopes
in general. Proposition 3.4 extends a result obtained in [9].

Proposition 3.4. The lower Snell envelope UV satisfies the following properties:
(i) (UY)" is a M-submartingale, i.e., a submartingale under each Q € M.
(i) If H; is replicable at price w(H), then (UY)T is a M-martingale.

Proof. (i): Note that the set {U2 | Q € M} is downward directed for every te {O ., T}. Indeed,
let Q1,Qy € M and, as done in [2, Lemma 6.50], define the set B := {U2" > U] 2} € F: and the

probability measure Q obtained by pasting Q; and Qs in the stopping time o := t1p + T1gec, that
is,

Q(A) = EY [E% [1anp | Fi] + 1anpe], A€ F.

It is then verified that ~
U =015+ U 1. = U2 ANUR.

Therefore there is a sequence (Qg)ren C M such that
U2\, U}

Now fix P* € M and notice that we may assume Qg|r, = P*|x, for all k. Indeed, by pasting P*
with Qf in ¢ we obtain a measure Qj, € M given by

Qi(A) =E¥ [E%(14 | R]], A€7F,
which coincides with P* on F; and is such that Ut(@Z = U, Now for every t € {1,...,T},
E¥ (U | Fioa] = Uil gy + EX U | Feaillpag

and
EF (U | Foa| sy = Y {lim U2 |]-'t_1} s
= Jim BT [U2 | Fioa| 1y
— Q
= Jim B [U% | Fi] Leag
- kIHEOUT@kM 1)1{?Zt}

= kl;rr;OUt,ll{+2t} > Uttll{f'Zt}’



where we use the dominated convergence theorem in the second equality since 0 < UP’“ < U;Ql <
ZtT:o H; , and the facts that Q|7 = P*|7,, 7 < 79, and (UQ’“)TQ'“ is a Qg-martingale for the rest.
As P* € M was arbitrary, (i) is proved.

(ii): Let H; be replicable at price m(H) and let P* € M. Then in combination with (3.1) and (i)
we have for all t =0,...,T that

n(H) = EY [He] = B [U}] > B [UZ,,] > Uy = m(H),
thus (U¥)7 is a martingale under P*. O
We denote by 7* the set of all optimal stopping times:
T*:={r €T | is an optimal stopping for H under some Q € M}.

Lemma 3.5. Let 7 € T be such that H, is replicable, then the unique arbitrage-free price p of H,
satisfies p < w(H). Moreover, if T € T*, then p = n(H).

Proof. For any 7 € T and Q € M we have

p = BO[H,] < sup B9 [H,] = US, (32)
€T

and taking the infimum on the right-hand side over all Q € M yields p < w(H). Moreover, if
T € T*, then there exists a Q € M such that equality holds in (3.2). O

Proposition 3.6. Let H; be replicable at price w(H). Then
Q = {@eM| Ug:Hf}
- {eeMm| v} =nm}. (3.3)

Proof. Let Q € Q. Since H; is replicable at price w(H), according to Proposition 3.4 (U4)" is a
M-martingale, so in particular a Q-martingale. We show that the process

[7,5 = Uth{.,:<t} + Utj’l{;.zt}
is a Q-supermartingale dominating H. Indeed, for any ¢ € {1,...T} we have that
EOUp | Foa] = BUUP | Fellipany + BO[Uz 5, | Fialliron
< Ugll{fﬁt—l} + UiA(t71)1{7A'>t—1}
- Ugll{?d*l} + Ui/\(t—l)l{fztfl} = ﬁt—h

where we use the supermartingale property of U? and (U%)™ and the fact that Ug =H; = Ui by
(3.1). Therefore Uisa Q-supermartingale which obviously dominates H since both U2 and U+ do.
By [2, Proposition 6.11], U@ is the smallest Q-supermartingale dominating H, which implies that
UtQ <U,forallt=0,...,T, and thus Ué@ <Uy= 7w (H). Hence U((? = m(H), and the inclusion 'C’
in (3.3) is proved.



Now let Q € M be such that U(()Q*J = 7(H). Then, as U? is a Q-supermartingale dominating H
and as H is replicable at price 7(H), we have

(H) = U > EAUY) > EYH;] = n(H).

This implies U;Q = H; and concludes the proof of the proposition. O

Our main result Theorem 2.8 follows from the subsequent Theorem 3.7, in which we give
equivalent conditions characterizing the case «(H) € II(H).

Theorem 3.7. The following conditions are equivalent:
(i
(ii

) n(H) € 1I(H).
)

(ifi) H; is replicable at price w(H).
)
)

H: is replicable.
(iv) There ezists Q € M such that UE)Q =mn(H).
(v

Proof. (i) = (iii): Let n(H) € II(H). The second property of Definition 2.5 implies the existence
of some P € M such that x(H) > E¥[H:]. From Proposition 3.4 (i) we know that (U%)" is a
M-submartingale. In conjunction with (3.1) we obtain for all Q € M that

There exists T € T* such that H, is replicable.

EQ[H;) = B© {Uﬂ > Ut = x(H).

Taking the infimum over all Q € M we arrive at

which yields

Consequently, the set of arbitrage-free prices for the European contingent claim H: contains its
lower bound. Thus H; is replicable and II(H;) = {x(H)}.

(iii) = (ii) is obvious.
(ii) = (iii): Since H; is replicable, by Lemma 3.5 we have that its price satisfies p < w(H).

Now fix P* € M. By the same arguments as in the proof of Proposition 3.4, there is a sequence
(Qk)ken C M such that Qx|z, = P%._ and that

U\, U} = H;.
The dominated convergence theorem ensures that

x(H) < lim U = Jim O [U2] = Jim EF [U2] = B [H:] = p,

T k—oo



where we use that (UQ‘"/)TQ’“ is a Qg-martingale, 7 < 7% and Q|7 = P*|%,.
(iii) = (iv): Fix P* € M. According to Lemma 3.2, there is a sequence (Q)reny C M such that
Ap = {r% =7} 7 Q. Again we may assume that Qi|#, =P%. . Define

k—1
Bi:= A\ |J Am € Fs.

m=1

Then

00
T = ZTleBk.
k=1

Now consider the probability measure P obtained by pasting the measure P* with the measures
Qp on By in 7, i.e., P defined via

00
ZEQk[lAmBk|]:7‘—] AeF.

k=1

P(A) = E¥

9

Clearly Pis equivalent to IP. Moreover, P € M since for i = 1,...,dand t =0,...,T — 1 we have

EP[Sz+1 | il = EY [Sti_,’_l | Fellgpoeq1y + ZEQk [Sti+1lBk | Filleny
k=1
. & ) )
= EVSLa | Fllgsnny + ) E®[Sin | Fllsingey = S
k=1

as B N {7 <t} € F;. Since on By we have ng = H:, by monotone convergence

o0 o0
H; = ZnglBk = Z ess sup EQ’“[HUIBk | Fz]

1 =1 €T 027
(oo} . oo _

= Z esssup E'[H,1p, | Fz] >  esssup X:EP[H(,IB,c | F7]
=1 oc€T,0>7 o€T, 02717

= esssup Eﬁ[HU | F2] = Uf
c€T,02>7

> H..

This means that P € M verifies UE = H;. Since H; is replicable at price w(H), by Proposition 3.6
we obtain that Ug =mn(H).
(iv) = (i): As already mentioned, Uy = E[H o] clearly satisfies both conditions in Definition 2.5.
(iv) = (v): If there is Q € M such that UL = x(H), then, according to the equivalences already
proved, H; is replicable at price w(H). This yields

w(H) = U@ = B2 [H,o] > B [H,] = n(H).

Consequently E9[H o] = EQ[H:], which means that 7 is optimal under Q and consequently
7@ = 7, since 7 < 7@ and by minimality of 7¢. This implies that H,o = H; is replicable.

10



(v) = (iv): Let Q € M and 7 be an optimal stopping time under Q, with H, being replicable.
Then, according to Lemma 3.5, the unique arbitrage-free price of H, is w(H), hence

U2 = EU[H,] = n(H).
O

Notice that Theorem 3.7 extends the case of European contingent claims. Indeed, let Y be a
discounted European contingent claim and H the corresponding American contingent claim defined
n (2.2). Then clearly H; =Y, thus n(H) = inf [I(Y) is arbitrage-free if and only if Y is replicable.

Remark 3.8. A major source of ideas how to attack the problem which we consider is [9], where a
problem analogous to (2.5) is studied in a continuous-time setting. More precisely, [9] investigates
the existence of a “worst-case probability measure” Q for the lower Snell envelope of an American
option H with respect to a convex family A of equivalent probability measures, in the sense that
Q € N shall satisfy

sup EV[H,] = inf sup E[H,].

TET PeN T7€T
It is shown that such a measure QQ exists under a compactness assumption on the set of densities

% |PeN }; see also [7], where the multiple prior Snell envelope is studied under the same

assumption. However, when pricing an American contingent claim in a financial market, the set of
test measures N equals the set of equivalent martingale measures M, for which this compactness
assumption is satisfied if and only if the market is complete (M = {Q}). Hence the approach of [9]
does not suite our purposes. Note that Theorem 3.7 does not require any further condition on the
set of equivalent martingale measures M. Moreover, notice that our results are easily extended
to continuous-time financial markets in case the American contingent claim has a discrete tenor
structure. O

Our main results are expressed in terms of the stopping time 7, for which we know that
U i = H;; see (3.1). Let us consider the first time when the lower Snell envelope U+ of H equals
H, that is,
H=inf{t > 0| U} = H,}.

Clearly we have 7+ < 7. It might be expected that 7+ plays a similarly important role in the
analysis of UV as the stopping times 7@ do for U?. Concerning this matter, see for instance the
discussion of the lower Snell envelope as outlined in [2]. It follows directly from Proposition 3.4
and Doob’s stopping theorem that U+ stopped at 7+ is a M-submartingale, and a M-martingale
in case w(H) is arbitrage-free. Hence, a natural question is whether 7+ and 7+ always coincide, or
in case they do not, whether at least the analysis carried out in this section could also be done
replacing 7 by the earlier stopping time 7+. However, the answer to both questions is no. In
Example 4.1 we show that 7+ and 7 need not coincide, and that H., can be replicable without
m(H) being an arbitrage-free price for H. Consequently, 7+ is not suited for a characterization of
the situation w(H) € II(H). Nevertheless, if 7(H) € II(H), then in particular 7 = 7+ as it is shown
in the following Proposition 3.9. To this end, note that

eT" — =7=72 forsome Qe M.

Proposition 3.9. The following conditions are equivalent:

11



(i) =(H) € II(H),
(ii) 7+ € T* and H,. is replicable.

Proof. Suppose that w(H) € TI(H). Then, according to Theorem 3.7, H: is replicable at price
m(H). Hence Proposition 3.4 implies that (U+)” is a M-martingale. Now Doob’s stopping theorem
yields
EYH.]=E U =Uj =n(H) forall Q€ M.

In other words, H,, has a unique arbitrage-free price given by x(H) and is thus replicable. More-
over, in Theorem 3.7 it is shown that there exists a measure Q € M such that H, o is replicable at
price 7(H). This means that EQ[H o] = n(H) = E?[H,.], so 7+ is optimal for Q. By minimality
of 79, and since 7+ < 7 < 7@, it follows that 7+ = 7 = 7@,

The reverse implication follows directly from Theorem 3.7. O

4 An Illustrating Example

In Example 4.1 we show how in a given incomplete market, in the case of non-replicable American
contingent claims H, we may encounter both «(H) € II(H) and n(H) ¢ TI(H); see also [2,
Example 6.34].

Example 4.1. Let X7, X5 be standard normal distributed random variables on the probability
spaces (€;, A;, P;) respectively, and consider the product space Q = Q1 X Qy, F = A; ® Ag, and
P =P, ® P,. We define the random variables X; on (€, F,P) by X;(w,ws) = —1 + vV2X;(w;),i =
1,2. Let the discounted stock price of the risky asset on (2, F,P) be given by

So = 1, Sl = 6X1, Sg = €X1+X2.

The filtration is B o
Fo= {[2)79}7 Fi=0(X1), Fo= U(Xl,Xz).

Consider the following discounted American contingent claim:
[’I():O7 H1 :6)?1, H2 26)}1-"_%%2.

Clearly 7@ > 1 for any equivalent martingale measure Q € M. Moreover, note that P € M and
that, for any 7 € 7 such that 7 > 1,

E'[H,] = EP[egll{Tzl}+g§1+%§21{7=2}]
= B[ o] + BT [eX 1 mgy] - BF[e2 ™)

< EP[egll{T:u] + E]P[e)?ll{rzz}] =1,

where the last inequality is strict if P(7 =2) > 0 since EP[e%)?Z] < 1. In particular this gives
7P = 1, which in turn implies 7 = 1. Therefore, H; = S; is replicable and Theorem 3.7 ensures
that w(H) is an arbitrage-free price for H.
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Now consider another discounted American contingent claim, given by

Hy=0, Hi=e%, Hy=e¢"'Z whereZ=¢"1 5 +15 .

Since Z > 1 and P(Z > 1) > 0, for each stopping time 7 € 7 we have
HT = e)?ll{Tzl} + eglzl{'r:2} < H27

which implies that 7@ = 2 for all Q € M. Indeed, if for some stopping time o € 7 we have
Plc = 1) > 0, then {oc = 1} = A x Qy for some A € A; with P;(A4) > 0, because F; =
o{X7Y(B) x Qy | B € B(R)}. Consequently, P({o = 1} N {X; > 1}) = P;(A)Py(X2 > V2) > 0,
and on the set {o = 1} N {Xy > 1} the stopped claim H, is strictly smaller than H, whereas
always H, < Hy. Therefore we obtain that 7 = 2. However, one can find a sequence of equivalent
martingale measures (Q,,)nen such that E@»[Z | ;] — 1 as n — oo. Consequently, this yields

U} = essinf esssup EC[H, | Fi] = H;.
QEM reT,7>1

Therefore 7+ = 1 < 2 = 7. In addition we have that H,, = S is replicable, whereas H; is not, so
w(H) is not an arbitrage-free price by Theorem 3.7. O
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