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Chapter 1

Introduction

The utility theory suggests that, in case of risk or uncertainty, the decision maker relies on
her preferences when choosing. In particular, a compelling, widely applied way to represent
preference relations is via the expected utility. A classical problem of financial economics is
based on this ground: an agent invests her initial capital in a security market with the aim
of maximizing the expected utility of her terminal wealth. In the context of continuous-
time models, this problem was first studied by Merton [61, 62]. Therefore, the introduction
in the Eighties of the notion of equivalent martingale measures, created the possibility for
a new approach to portfolio management by martingale duality methods (see Pliska [65],
Karatzas et al. [52], Cox and Huang [14, 15] for the case of complete markets; He and
Pearson [43, 44], Karatzas et al. [53] in incomplete markets, as well as the more recent
works of Kramkov and Schachermayer [56, 57], Schachermayer [69], Biagini and Frittelli 7],
among others). Moreover, the powerful tool of the expected utility also leads to different
answers to the problem of pricing and hedging contingent claims in incomplete markets (see,
e.g., Follmer and Schweizer [31], Delbaen et al. [23], El Karoui and Rouge [27], Frittelli
[34], Hugonnier et al. [46], Musiela and Zariphopoulou [63], Davis [19], among many others)
as well as to applications in the framework of the risk exchange theory (see, e.g., Kaluszka
[51], Dana and Scarsini[18], and the references therein).

It was only at the end of the Nineties that, due to the pioneering work of Artzner
et al. [3], a new axiomatic approach to the measures of risk/utility was developed, in

order to quantify the riskiness of positions as a capital requirement (see, e.g., Delbaen



[20, 21], Follmer and Schied [32, 30, 33], Frittelli and Rosazza Gianin [35, 36, 37]). These
new measures also allow applications within the framework of pricing/hedging (see, e.g.,
Delbaen [22], Barrieu and El Karoui [5], Kléppel and Schweizer [54], Xu [72]) and optimal
risk sharing (see, e.g., Barrieu and El Karoui [4, 5], Jouini et al. [49]).

In this thesis we consider two distinct problems, both concerning the utility theory, where
some usual assumptions are weakened. In Part I (Chapters 3-5) we study the problem of
optimal sharing of risk among several economic agents, using the above-mentioned new
axiomatic approach. For example, this problem arises when an agent wants to insure a
certain risky position and therefore aims at sharing her initial exposition with an insurer;
or in the case of the sharing of health costs between the patient and the hospital; or when a
company must assign liabilities to its daughter companies. We consider the generic situation
of an aggregate of n economic agents, for any n > 2, which agree on exchanging risks,
provided that each of them improves her own level of satisfaction by passing from the initial
position to the new one. In order to formalize that, we regard each agent as characterized
by an initial risk endowment &; (representing her future financial position) and a choice
functional U; (modelling her preferences and defined on the space of all admissible financial
positions). In formulating and solving our optimization problems we are strongly inspired
by the recent work of Jouini, Schachermayer and Touzi [49], where the considered choice
functionals are, up to the sign, convex risk measures in the sense of Follmer and Schied [33].
In particular, in the paper cited above, concavity, monotonicity and translation-invariance
are all required on the involved choice criterions, whereas here we weaken these conditions,
allowing these functionals to be non-monotone. This will lead us to include, in our study,
well known preference criterions as the mean-variance and the standard-deviation principles
(see the seminal paper of Markovitz [60] for the portfolio selection problem, and Biithlmann
[11, §4] for the premium calculation problem). On the other hand, in this way we incur
the drawback of violating one of the most acknowledged economic principles, expressed as
“more is preferred to less”. This means that pathological situations may occur, in the sense

that a certain payoff can be preferred to a bigger one. Nevertheless, with regard to the
n

problem of re-sharing the aggregate risk X = Z & among the agents, we provide results
i=1
of the existence and the characterization of optimal solutions analogous to those given in

[49]. In particular, our interest moves in two directions: firstly, we aim at maximizing the



overall utility (common welfare); secondly, we do not want any of the agents to suffer a loss in
changing her financial position (individual incentive). This yields a constrained optimization
problem, which consists in the sup-convolution of the involved choice functionals, under side
constraints depending on the initial risk endowment of the agents (individual rationality
(IR) constraints). At this point the property of translation-invariance induces a remarkable
simplification, as stressed in [49]. Indeed, we can first solve the unconstrained optimization
problem, which produces the Pareto optimal allocations (POAs) of the total risk X. In
other words, by doing so we obtain such redistributions of X that do not allow any other
allocation which is better for each agent. Afterwards, we impose the IR constraints which
select, among all the POAs, those that make each agent willing to enter into the contract.

Note that, for every Pareto optimal allocation (X7,...,X,) we can arbitrarily rebalance

n

the cash without changing the aggregate utility Z U;(X;). Therefore, the solutions to the
i=1

unconstrained sup-convolution problem define how to re-share the total risk, but not the

(right) price for this exchange. On the other hand, by imposing the individual rationality
constraints, a set of suitable prices is singled out. In this way we have characterized what
we call optimal risk sharing (ORS) rules: POAs fulfilling the IR constraints. All these
results hold independently of the fact that the involved criterions (U;)~, are or are not
monotone. However, it is interesting to point out if the preferences of the agents do or do
not satisfy this property, in order to compare the problem that we must solve with the one
which only involves “ad hoc” monotone functionals. Therefore, for any functional U; we
consider its best monotone-adjusted version, based on Maccheroni et al. [59], and study
the new problem that arises. Besides these general results, we also study particular sup-
convolution problems which involve well-known choice functionals and provide the explicit
calculation of their optimal solutions. These examples also reveal peculiar attitudes of
the agents characterized by such preference criterions: the conservative behaviour of the

entropic-agent, as well as the inclination of the AV @QR-agent towards taking extreme risks.

Another problem considered in this thesis is the first one mentioned above, that is,
the problem of an agent who trades in a financial market so as to maximize the expected
utility of her terminal wealth. We study it in Part II (Chapters 6-8), where we work in

a security market consisting in d risky assets whose discounted prices are described by a



R?—valued locally-bounded semimartingale process S. We allow the wealth to be negative,
hence taking utility functions defined on the entire real line. We assume the same context
as Schachermayer [69], which ensures the existence and uniqueness of the solution to this
optimization problem (that we call the primal problem). As many authors do, we use the
powerful tool of convex duality theory in order to formulate the associated dual problem that,
in this case, is expressed in terms of local-martingale measures and admits a unique solution
as well (see [6]). Proceeding in this way, two mutually exclusive situations are singled out:
the optimal martingale measure @ (unique solution to the dual problem) is equivalent to the
objective probability measure P, or @ is just absolutely continuous with respect to P. Thus
we say that we are in the equivalent case or in the absolutely-continuous case, respectively.
In the former, the optimal terminal wealth X (unique solution to the primal problem) is
shown to be perfectly replicable, that is, achievable by optimally investing in the market
(see [69, Theorem 2.2]). Therefore, X can be represented as the final value of a stochastic
integral with respect to the price process S. Otherwise, if @ is only absolutely continuous
with respect to PP, there exists no self-financing trading strategy which perfectly replicates
the optimal wealth, hence we lose the integral representation. Whereas some authors assume
the equivalent case, either directly or by giving sufficient conditions to ensure its occurrence
(see, e.g., [41], [34], [23] and, in particular, [69] when showing the integral representability),
we go in the opposite direction. Our results hold true in both cases and become significant
in the absolutely-continuous one. Therefore we often emphasize this anomalous case, where
the optimal measure @ is not equivalent to P, and the optimal wealth X is infinite with
strictly positive probability. In order to approximate the solution to the original problem, we
introduce a sequence of optimization problems and prove that they fit in with the equivalent
case. The solutions of these auxiliary problems are shown to be convergent to the solution
of the original one, so that X results to be attainable as the limit of terminal values for some
self-financing trading strategies. In particular this means that, by trading in the market,
we can achieve a wealth that is as big as desired in a set of positive probability. We also
show that the absolutely-continuous case may occur for any utility function fulfilling our
requests, so that our study is not in vain. For all the results in Part II, compare the recent

paper of the author [1].



The thesis is organized as follows.

In Chapter 2 we fix our notations and recall some results of convex analysis that we
strongly use in the thesis. We introduce the concept of utility as a tool that allows us to
represent agents’ preferences, emphasizing the fact that this can be expressed in several
ways. A brief discussion on some characterizing properties of choice functionals concludes

this introductive part.

Part T (§ 3-5) is dedicated to the problem of optimal risk sharing, and the approach we
adopt is the same as Barrieu and El Karoui [4, 5], Jouini et al. [49]. In particular:

In Chapter 3 we define and study the family of functionals that we admit as agents’ choice
criterions. To start with we introduce the class of monetary utility functionals, for which
we recall some known results and, especially, their representability in terms of probability
measures under the Fatou property. The cases of the Average Value at Risk, the entropic
and the semi-deviation utilities, are specifically studied with particular regard to their dual
formulation. Afterwards, we relax the requirements made on the choice functionals, allowing
non-monotone preferences as well. We extend some of the results given for monetary utility
functionals to this wider class of criterions, and we especially prove that the representation
in terms of o —additive measures holds under the Fatou property. In particular we present
and accurately study the two most famous and useful non-monotone choice criterions: the
mean-variance and the standard-deviation principles. Chapter 3 ends with the introduction
of the best monotone approximation of non-monotone preference functionals.

In Chapter 4 we formulate our optimization problem, which is a constrained sup-
convolution problem. Existence results for the solutions to this problem are given under
the assumption of law-invariance for all the involved choice functionals. Once this is done,
we study optimal risk sharing problems involving the best monotonicity-adjusted versions
of the non-monotone preference criterions.

In Chapter 5 we consider and explicitly solve problems of optimal sharing of aggregate
risks among agents endowed with well known preference relations. We also characterize the
solutions of problems involving agents with particular attitudes, such as strict risk-aversion

conditionally on any event.

Part II (§ 6-8) deals with the expected utility maximization problem, hence the charac-

terization of the optimal investment process. In particular:



In Chapter 6 we formalize the problem: given an agent whose preferences are represented
by a utility function u defined on R, we aim at maximizing the expected utility of the
wealth she can achieve, at time horizon 7T, by trading in the market. By means of the
dual formulation of this problem, which consists in minimizing the generalized entropy
among all absolutely continuous local-martingale measures, we characterize the two cases:
“equivalent” and “absolutely-continuous”.

In Chapter 7 we focus our attention on the absolutely-continuous case, where the optimal
martingale measure is not equivalent to the historical probability measure. In this setting
we introduce and study a sequence of optimization problems, defined on some random
trading intervals contained in [0, 7], whose solutions converge to the solution of the original
problem.

In Chapter 8 we conclude the thesis with the construction of a security market model
where the martingale measure minimizing the generalized entropy is not equivalent to the

historical probability, hence our analysis becomes significant.
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Chapter 2

Preliminaries

2.1 Set Up and Notations

Consider two dates: today ¢t = 0, where everything is known, and a fixed future date
T € (0,400], where a probability space (2, F,P) is given. Here the set Q describes all
possible scenarios, the o-algebra F models our knowledge at time 7', and the probability
measure [P on (2, F) is the so-called historical (or objective) probability. If no trading is
possible between 0 and T', we are in a stating situation and, precisely, in the simple model
consisting of these two dates. This is, for example, the situation considered in Chapters
3-5, where we study the problem of optimal sharing of risk among several economic agents.
On the other hand, if trading is possible at any time ¢ in a given time index set 7 C [0,7),
0 € 7, then we are in a dynamic setting and we need to supply the probability space
(Q, F,P) with a filtration (F;)ier. In this case we consider Fr = F, whereas F; can be seen
as the information available at time ¢, for any ¢ € 7. As usual, the filtration is assumed to
satisfy the conditions of saturatedness and right continuity. This is the situation of Chapters
6-8, where we discuss the problem of maximizing the expected utility in a continuous-time
market model, thus allowing trading at any date between today and the time horizon T
7 =10,7T).

We write L0 := L(Q, F,P) for the class of all F-measurable random variables, and
LP := LP(Q,F,P), with 1 < p < oo, for the family of all elements in LY with finite p-

norm |.||z» = (E[.|P])*/? (we use ||.|| instead of ||.||1 when it does not generate confusion).



L*> := L*>®(Q,F,P) is the space of all essentially bounded random variables, that is, all ele-
ments in L? with finite L>-norm || f| = = esssup,, | f(w)|. With (L>®)* := L>(Q, F,P)* =
ba(Q2, F,P) we mean its topological dual, i.e., the set of all bounded, finitely additive mea-
sures p with the property that P(A) = 0 implies u(A) = 0. Notice that the inclusion
L' C (L*™)* holds, by identification of c-additive measures with their Radon-Nikodym

derivatives.

We denote P as the collection of all probability measures on (2, F) which are absolutely
continuous with respect to P, and Z as the set of their Radon-Nikodym derivatives with

respect to IP:
P := {Q : Q probability measure, Q < P}, Z:={Z e L} :E[Z]=1}. (2.1)

Analogously, we call P, the collection of all o-additive measures absolutely continuous with

respect to P and normalized to 1, and Z, the relative set in L':

Py := {p : p o-additive measure, u < P, u(Q) =1}, Z,:={Zc L':E[Z]=1}. (2.2)

2.2 Some Necessary Functional Analysis

In this section we briefly recall some classical results of convex duality and differential theory
(see, e.g., [28], [10], [67]) which we will frequently use of throughout the thesis. For the
sake of simplicity, we introduce them in a version which may not be the most general, but

certainly the most suitable for our later use.

Definition 2.1. Let E be a topological vector space (TVS). A function f: E — [—00, +00]

is said lower semi-continuous (l.s.c.) if

liminf f(z) > f(xo), Voo € F,

T—x0

whereas it is said upper semi-continuous (u.s.c.) if

limsup f(z) < f(x0), Yo € E.

T—x0

Moreover, we say that f is proper if dom(f) :={x € E : f(x) € R} # (.

From now on, consider a real Banach space (E, ||.||g) and its topological dual

E*:={f:E — R: fcontinuous and linear}.



10

Definition 2.2. Let ¢ : E — [—00,400[ be a proper concave function. Define ¢* : E* —
| — 00, 4], the Fenchel-Legendre transform of ¢, as
@" () == sup{ep(x) — (p,2)}, Vi € E”. (2.3)
z€E
Note that ¢* is a proper, convex and o(E*, E)—ls.c. function on E*, also called the
convez conjugate of p. Moreover, we can define the concave function p** : E — [—o0, +00],
conjugate of p*, as

p*(x) = Mieng*{w*(u) + (w,z)}, Vo € E. (2.4)

It follows that ** is o(F, E*)—u.s.c. and ¢** > .

Theorem 2.3 (Fenchel-Moreau). If ¢ is proper, concave and o(E, E*)—u.s.c., then ¢** = .
In this case we say that ¢ and ¢* are (E, E*)-conjugate.

We can immediately see that
(u,z) > p(x) — " (1), Vz € E, Y € E™, (2.5)

i.e., the so-called Fenchel’s inequality holds for any proper concave function ¢ and its con-
jugate ©*.
Let f: E — [—o00,+00] be a concave function. The superdifferential (or simply differ-

ential, when it does not generate confusion) of f at = € E, is defined as follows

Of(x) ={te E": f(y) < f(z) + {t,y — ), Vy € E}, (2.6)

and each element in J0f(x) is said a supergradient of f at x. Let f : E —] — 0o, +00] now

be a convex function. The subdifferential (or differential) of f at z € E, is

of(x) ={te E": f(y) > f(z) + (t,y —x), Vy € E}, (2.7)
and each element in this set is called a subgradient of f at .

Proposition 2.4. Let f be a proper, concave (resp. convezr) and u.s.c. (resp. ls.c.)

function on E. Then f is also o(E, E*)—u.s.c. (resp. o(E,E*)—Ls.c.).

As consequence of this proposition, we have that the Fenchel-Moreau theorem is still
true if we replace the upper semi-continuity w.r.t. the weak topology with the upper semi-

continuity w.r.t. the strong topology, easier to check.



11

The following theorem will ensure the existence of solutions to some optimization prob-

lems considered in Part I of this thesis.

Theorem 2.5. Let f be a proper, concave (convex) and continuous function on E. Then,

for every x € E, 0f(x) # 0.

Consider ¢ and ¢* as in Definition 2.2 and fulfilling the Fenchel-Moreau theorem. We
point out that the graphs of the multifunctions

op(x) ={p € E: p(y) < o)+ (,y —x), Yy € B} (2.8)

and

0" (p) ={z € E:¢"(v) 2 ¢"(1) + (v — p, z), Vv € E*}, (2.9)
characterize the pairs (z, ) and (—x, u) respectively, such that Fenchel’s inequality (2.5)
is actually an equality for (z,u). In fact, we have a stronger result stated in the following

theorem.
Theorem 2.6. Consider p and ¢©* as above. Then, for any x € E and u € E*,
p€ O0p(x) <= v € —0p" (1) <= ¢(x) =" (1) + (1, ). (2.10)
In particular, whenever dp(x) # (), then
d¢p(x) = argmin , {©" (1) + (1, ) },
and whenever 0p*(u) # ), then
O™ (n) = — argmax {p(z) — (u, 2)}.

Theorem 2.7. Let ¢ be a proper concave function. For x ¢ dom(yp), Op(x) is empty. For
x € ri(dom(p)), dp(x) is not empty and ¢(x) = p**(x).

The following notion of differentiability will permit us to give a necessary and suffi-
cient condition to reduce the differential of a function to a singleton. Consider a function

f: E — [—00,400]. If the following limit

Je(z;y) = lim fla+ey) = /@) (2.11)
e—0 €

exists, we call it the Gateaux differential of f at z with perturbation y. Moreover, if

(2.11) define a linear functional Jy(x;.) on E, then f is said Gateaux differentiable (or just

differentiable) and we denote by V f(x) := J¢(x;.) the Gateaux differential of f at x.
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Theorem 2.8. Let f : E — [—00,+00] be a concave (resp. convex) proper function, and

let x €dom(f). Then

(i) if f is differentiable at x, then V f(x) is the unique supergradient (reps. subgradient)
of fatx: 9f(x) ={Vf(x)},

(i) if f has a unique supergradient (reps. subgradient) at x, then f is differentiable at x.

Theorem 2.9. An u.s.c. (resp. l.s.c.) proper concave (resp. convez) function is essentially

strictly concave (resp. convex) if and only if its conjugate is essentially differentiable.

Proposition 2.10. Let B € L> be a convex set. Then B is o(L>®, L')—closed iff for
each n € N, the set B, :== {X : X € B,||X||r~ < n} is closed w.r.t. the convergence in
probability.

2.3 Functionals Modelling Preferences

Financial positions in the future date T are described by elements in L°(2, F,P). Now we
want to evaluate them by means of functionals fulfilling suitable properties. In order to do
this, we fix a set X € LY as the collection of all admissible payoff profiles at time 7. The
preferences of an economic agent can be expressed by means of a binary relation “ <” on

X, satisfying the two following properties:
(i) completeness: for all X,Y € X, either X <Y or Y < X or both are true,
(ii) transitivity: if X <Y and Y < Z, then also X < Z.
At this point, we say that a functional U : X — R represents a preference relation “ <7, if
UX)<U®Y) — X <Y (2.12)

We call it choice functional or preference functional, and consider the value it associates to
a financial position as an indicator of the level of satisfaction/riskiness derived from this
position. More precisely, relating to (2.12), we indistinctly say that payoff Y is preferred to
payoff X, or that X is riskier than Y. Different preference relations clearly lead to different
choice functionals with different characteristics. The appropriate one depends of course on

the economics of the situations it is used for.
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As already mentioned in the Introduction, a classical way to evaluate financial positions
is to consider the expected utility. In this case the preferences of an investor are expressed

as follows:
UX):=EuX)], vXedX, (2.13)

for some wtility function u defined on an interval I C R (usually R or RT), which is strictly
concave, strictly increasing and continuous on I. This is exactly our point of view in
Chapters 6-8, where we discuss the problem of constructing a portfolio which maximizes,
under a given budget constraint, the expected utility of the resulting payoff.

On the other hand, by means of the expected utility, we can also introduce another
interesting type of choice functionals. Consider a utility function u on R and define the
family of positions with expected utility bounded from below by the threshold u(zx), for

some x € R:
Au) :={X € X : E[u(X)] > u(z)}. (2.14)

To regard the convex set A(u) as the class of acceptable financial positions from the point

of view of a supervising agency, leads to the following definition:
UX):=sup{fmeR: X —me A(u)}, (2.15)

which characterizes a choice functional satisfying desirable properties, so that it belongs to
the remarkable class of monetary utility measures (see §3).

However, as well argued in [40], there is no set of properties which is suitable for all types
of risky situations: according to the case considered, there will be characteristics that are
preferable to other ones. Therefore at this point we are deliberately vague on the properties
we will require for preference functionals and only a brief comment will be given on some
of these. We refer to [3], [33] and [36] for a broader discussion.

Fix X = L*(Q,F,P) and consider the following axioms for a proper functional U :

L>*(Q,F,P) — R:
(ph) positive homogeneity: U(aX)=aU(X), VX € L*, a > 0;

(¢) concavity: U(aX+(1—a)Y)>aU(X)+(1—-a)U(Y),VX,Y € L* a € (0,1);
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(sl) super-linearity: U(X +Y)>U(X)+U(Y),VX,Y € L*;

(ci) cash-invariance: U(X +¢) =U(X)+¢, VX € L>®,c € R;

(n) normalization: U(0) = 0;

(m) monotonicity: U(X)>U(Y),VX,Y € L®st. X > Y

(i) law-invariance: U(X)=U(Y), VX,Y € L* with the same distribution.

Positive homogeneity makes U linear on proportional payoffs, ignoring the problem of
liquidity and, therefore, the fact that the risk often increases more than linearly with the
losses. Under this property we have the equivalence of the other two: concavity, which
expresses the incentive to the diversification of the risk; and super-linearity, which means
that a merger cannot create extra risk. This last axiom indicates that a position can decrease
the riskiness of another one, which may or may not be desirable. For example, if two payoffs
“go in the same direction”, there shouldn’t be any reason to assume super-additivity, as
well argued in Section 3.4 with regard to the mean-variance principle. In particular, we
may want the opposite situation to occur, i.e. sub-linearity, when dealing with affiliated
companies, in order to allow the reduction of the risk when sharing it among them.

The axiom of cash-invariance (or translation-invariance) is new with respect to the
classical theory of risk. For example (ci) is not satisfied by the expected utility, but we
can get it back by considering a functional of type (2.15) instead of (2.13). Translation-
invariance means that the increment of U obtained by adding a deterministic quantity, just
equals this quantity, and this allows us to consider U(X) as expressed in monetary terms
(in particular, in the same unit in which X is expressed). This characteristic fully conforms
with the interpretation of —U(X) as the capital requirement needed to make X acceptable
from the point of view of a supervising agency, and this leads to the characterization of
U(X) in terms of a certain set of acceptable future positions (the so-called acceptance set).
If U(X) is negative, then it is the minimal extra cash to be added to the prospect X to
make it acceptable. If, on the other hand, it is positive, it represents the maximal amount
which the investor can withdraw from her portfolio X without changing the acceptability
of this position. In Chapters 3-5 we assume this property satisfied, and this allows us to
consider, without loss of generality, that the condition of normalization also holds true, by

possibly adding a constant to U.
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This request for invariance also favours another type of discussion regarding the desir-
ability of property (ph), often confused with currency independence. Obviously the required
capital should not depend on the currency in which payoffs and choice functionals are ex-
pressed. However, this independence has nothing to do with positive homogeneity, as can
be seen by the argument presented in Section 3.4. For a further understanding of this topic,
we refer to a discussion presented in Goovaerts et al. [40].

With regard to the monotonicity, it seems to be the most natural requirement for a
functional associated to a preference relation. Indeed it appears reasonable to assume that
any rational individual prefers “more” to “less”. Nevertheless, in the problem of optimal
risk sharing, we drop this assumption in order to study a wider class of criterions.

Lastly, invariance with respect to distribution is a fundamental property used in our
study. To require that a choice criterion satisfies (i), means that the degree of satisfac-
tion/riskiness of a future financial position does not depend on where the payoff takes its
values, but only on its law under P. The importance of this axiom derives from the fact
that it leads to an easier dual representability (see §3) and ensures the existence of solutions

to particular optimization problems (see §4).



Part 1

Optimal Risk Sharing with

Non-Monotone Choice Criterions
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Chapter 3

Representation of Choice

Functionals

In this chapter (as in §4 and §5) we consider the situation where the set X of possible
financial positions occurring in 7', consists of all essentially bounded measurable functions
on (Q, F,P). Therefore, we deal with choice functionals defined on L>(Q2, F,P) which fulfil
suitable properties. Following the axiomatic approach of Artzner et al. [3], we first introduce
the class of monetary utility functionals (Definition 3.1) and recall some fundamental results,
capturing their properties. We then enlarge this class to the family of choice criterions
characterized by Assumption 3.20. This fact permits us to include in our study agents
endowed with non-monotone preference relations and to generalize some known results.
The probability space (2, F,P) is assumed to be standard, which in particular means

that it is non-atomic, i.e., it is support of continuous random variables.

3.1 Monotone Choice Functionals

Let us call to mind the axioms introduced in the previous chapter.

Definition 3.1. A proper functional U : L*®(Q, F,P) — R, with U(0) = 0, is called
monetary utility measure or monetary utility functional (m.u.f.) if it is concave, monotone

and cash-invariant.

Note that, by switching from a m.u.f. U to the associated loss functional p := —U,

17
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we get back the so-called convex risk measures, in the sense of Follmer-Schied [33]. From
this it is clear that, by imposing on U the additional axiom of positive homogeneity, we
obtain a coherent utility measure (with the meaning that the corresponding loss functional
is a coherent risk measure, as introduced in [3]). We make the choice to deal with utility
measures, instead of risk measures, in order to immerse our study in the classical utility

theory.

Remark 3.2. The azioms of monotonicity and cash-invariance ensure that U is Lipschitz-

continuous with respect to the supremum norm on L.

This regularity leads to the application of important results of functional analysis. In
particular, given U : L (2, F,P) — R monetary utility functional and V' : L>(Q, F,P)* —
[0, 00] its Fenchel-Legendre transform:

Vip) = Sup {U(X) = (u, X)}, V€ (L), (3.1)
e o0

the Fenchel-Moreau theorem ensures that U and V are (L, (L*°)*)-conjugate. As a con-

sequence U can be represented in the following way:

U(X) = #e%?i)*{v(“) + (X)), VX € L%, (3.2)

and we can study its properties by means of the convex dual function V. In literature V is

often called minimal penalty function of U and clearly satisfies:

(i) V(u) = +oo, for any p such that p(1) # 1,

(ii) V(u) = 400, for any u not positive,
where we say that a measure p is “positive” if it produces (u,Y) > 0 whenever Y > 0.
Assertion (i) follows by cash-invariance property, since

Vip) = XSéleoo{U(X)—<M7X>}zitelﬂlg{U(C)—%d}

— sup{e(1 - p(1))} = +os,
ceR

for any p € (L°°)* with total mass different from 1. On the other hand, monotonicity of U
leads to (i7): let Y € L be a non-negative random variable, and p € (L*°)* be such that
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(u,Y) <0, then

Vip) = Xseume{U(X)—<u7X>}Z Sgﬁgg{U(cY)—w,cYH
= Setﬁg{U(cY) —c(u,Y)} = +o0,

as previously declared.

3.1.1 Some Representation Results

The representation theory of convex risk measures on L* was developed by Delbaen [21, 20]
and successively extended by Follmer and Schied [32, 33|, Frittelli and Rosazza Gianin
[35, 36], among others. Here we present some results which we later use and extend upon.
In particular, the following theorem provides a characterization of a particular class of
monetary utility functionals, for which the dual representation in (3.2) is still true if we
minimize over L' instead of the whole dual space (L*)*. This means that U can be
described in terms of probability measures, as indicated in (3.3), where linear functionals

take the form of expectations under these measures.

Theorem 3.3 (]20, 32]). Let U : L* — R be a monetary utility functional and V : (L>®)* —

[0, 00| its convex conjugate. Then the following statements are equivalent:

(1) U can be represented by V restricted to the set of measures P (defined in (2.1)):

U(X) = inf {V(Q) + B[ X]}, VX € L, (3.3)

(ii) U is continuous from above: if X, \, X P-a.s. then U(X,) \, U(X),

(iii) U satisfies the Fatou property: for any bounded sequence (Xy,), converging P-a.s. to
some X, then U(X) > limsup,, U(X,,).

d
By identifying a probability measure Q with its Radon-Nikodym derivative d%’ we can

analogously write

U(X) = inf {V(2) + BIZX]}, (3.4)

where Z is the set of densities defined in (2.1).
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The dual formulation of U in L! clearly leads to more manageable situations than those
arising when dealing with (L°°)*, especially if one wants to explicitly solve particular opti-
mization problems, as the case in Chapter 5. Therefore, it is important to recognize when
duality works in L!, as for example under the assumption of law-invariance (compare [48]).
Moreover, for a m.u.f. satisfying the law-invariance property, we have an interesting charac-
terization in terms of quantile functions (obtained by Kusuoka [58] and further extended in
[37] and [48]), which we present in Theorem 3.5. It relies on Lemma 3.4, which also allows us
to extend this characterization to the class of non-monotone functionals (see Theorem 3.23).

Let us first recall that, for any random variable X :  — R, the (lower-)quantile function
is defined as ¢, (a) = inf{z € R : Fx(z) > a}, for all a € (0,1], where Fx(z) = P(X < x)

is the cumulative distribution function associated to X.

Lemma 3.4 ([33]). For X € L*® and Y € L', we have

1 ~
| axta e = sup BTV, (3.5)
0 X=yX

where X =4 X means that X and X have the same distribution.

Theorem 3.5. Let U be a law-invariant monetary utility functional and let Ay be the

associated set of acceptable positions (the so-called acceptance set of U), given by
Ay :={X € L : U(X) > 0}. (3.6)
Then we have the following representation for U:

U(X) = inf { - /0 1 q_, (D), (t)dt + V(Z)}, VX € L™, (3.7)

and the following one for its dual transform V :

viz)= s {uCo+ [ o n i} = s { [0 0a0a) vzez @9

Here we have used the fact that law-invariant monetary utility functionals automatically
satisfy the Fatou property, as shown in Jouini et al. [48].
We point out that the convex conjugates of positively homogeneous functions are indi-

cator functions of convex sets, in the sense of the convex analysis. This means that, for any
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coherent utility measure (m.u.f. satisfying axiom (ph)), the associated penalty function V'

takes the form:

0, if uec,
V()= x, = | (3.9)
400, otherwise,

for a given convex set C C (L*°)*, which leads to the following dual representation for U:
UX) = inE{(u,X)}, VX e L™. (3.10)
ne

We now introduce the concept of comonotonicity, referring to [26] for an overview of
this topic. For two financial positions it expresses a special type of dependency (we can say
that “they move in the same direction”), whereas for functionals defined on L*° it indicates
linearity on such type of random variables (an assumption that for a m.u.f. is stronger then

positive homogeneity, see [33]).

Definition 3.6. Two random variables X and Y on (Q,F,P) are called comonotone if
satisfying relation (X (wo) — X (w1))(Y(wo) — Y (w1)) > 0, P& P-almost surely. A function
f: L*® — R is said comonotone if f(X +Y) = f(X)+ f(Y) for any pair (X,Y) of

comonotone random variables.

In addition to that, we say that X and Y are anticomonotone if —X and Y are

comonotone.

Lemma 3.7. Let U be a law-invariant m.u.f. and let Z € Z be in OU(X) for some

X € L°°. Then X and Z are anticomonotone random variables.

Proof. Since U (X) # (), we can write
OU(X) = argmin{V (f) + E[fX]}.

On the other hand, the dual conjugate V inherits the property of law-invariance and this
leads to
U(X) = inf{V EfX|} =inf inf {V E[gX
(X) = nf{V(f) +EfX]} = inf _inf {V(f)+ElgX]}

= inf {V + inf ElgX]}.
it (V(H)+ _int BloX])
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Therefore, Z € argmin{V (f) +E[fX]} is, among all the elements g in Z with g =4 Z,
the one that minimizes E[gX]. On the other hand, for fixed X and law of g, E[¢gX] becomes
minimal for X and g anticomonotone (compare [33]), which completes the proof.

O]

Consider the set D of all concave and non-decreasing functions f : [0,1] — [0, 1] with
f(0) = 0and f(1) = 1, which in particular contains elements of type — [;q_,(s)ds for any
Ze€Z.

Theorem 3.8 ([58]). For a law-invariant monetary utility functional, the following condi-

tions are equivalent:
(i) U is comonotone,

(i1) there exists a unique f, € D such that for any X € L*° we have
1 1
o) = [aconma =t { [ aor@a: fep <} @)

In particular, the concave function f, characterizing U in the sense of (3.11), permits a
simple description of the gradients of U, as stated in the following lemma, due to Jouini et

al. [49] (which formulate it in a more general form).

Lemma 3.9. Let U be a law-invariant comonotone m.u.f., characterized by the concave
function f,, € D. Then, for any X € L* and Z € Z, we have Z € 0U(X) if and only if

t

_/thz<3)ds§fU(t) and q, 1is constant on {—/0 qu(s)ds<fU(t)}. (3.12)

3.1.2 Additional Properties

Here we recall two concepts given on functionals defined on L™ (introduced in [49] and
[48] respectively). They allow us to characterize particular types of choice criterions and to

solve optimization problems involving them.

Definition 3.10. A choice functional U defined on L™ is said to be strictly risk-averse

conditionally on any event if it satisfies the following property:

(S) U(X) <U(X1ac+ EX|A]14) for any A€ F and X € L™ with P(A) > 0 and
essinfa X < esssupaX.
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This means that, if an economic agent is characterized by such a choice functional, then
she strictly prefers for averaging any event where the financial position is not a.s. constant.
For functionals satisfying property (S) we can give a result analogous to that shown in [49]
for law-invariant monetary utility functionals which are strictly risk-averse conditionally on

lower tail events.

Lemma 3.11. Let U be a concave functional on L°°, strictly risk-averse conditionally on
any event. For any pair (X,Z) € L™ x L' s.t. Z € 0U(X), and any set A € F s.t.
P(A) > 0 and Z constant on A, then X is a.s. constant on A as well.

Proof. If such a pair (X,Z) € L™ x L! with Z € 9U(X) and Z constant with positive
probability does not exist, then there is nothing to prove. Otherwise, consider any pair
(X, Z) satisfying these hypothesis, and assume that the thesis is not true, i.e., X is not
constant on A := {Z = z}, for some z € R such that P(A) > 0. Since U satisfies property
(S) and X is not constant on A, then

U(X)<U(X) where X := X1ac+ E[X|A4]14. (3.13)

On the other hand, by definition (2.6) of superdifferential and noting that E[ZX]| = E[ZX],

we obtain
U(X) < U(X) +E[Z(X - X)] = U(X),
which is in contradiction to (3.13). O

Definition 3.12. We say that a function f defined on L™ satisfies the Lebesgue property
if for any bounded sequence (Xy,)n converging P-a.s. to some X, then lim f(X,) = f(X).
n—oo

This property is clearly stronger than the Fatou property, that is the continuity from
above. Moreover, for a monetary utility functional U, it is shown to be just equivalent to the
continuity from below (see [33]): for every sequence (X,,), € L increasing monotonically

to X € L, then lim, U(X,,) = U(X).

Theorem 3.13 ([48]). Let U : L*° — R be a monetary utility functional and V : (L>)* —

[0, +00] its convex conjugate. Then

(i) if U satisfies the Lebesque property, then dom(V) = {V < oo} C L,
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(ii) U satisfies (li) and the Lebesgue property if and only if V satisfies (li) and represen-
tation (3.4), and {Z € Z : V(Z) < ¢} is uniformly integrable for all ¢ > 0.

This means more than just representability in L': under the Lebesgue property the

infimum in (3.3) is actually a minimum.

3.2 Examples of Monetary Utility Functionals

We separately study some useful monetary utility functionals, focusing our interest on the
characterization of their convex conjugate functions and their differentials, since we need
them to explicitly solve optimization problems (in §5). Note that any of these functionals
is law-invariant and satisfies the Lebesgue property, which allows us to deal with the space

Z of densities instead of the dual space (L*°)* and makes everything easier.

3.2.1 The Average Value at Risk

The most representative monetary utility functional among the comonotone ones, is the

so-called Average Value at Risk (taken with the opposite sign) introduced in [3]:
1 A
Uy i= ~AVOR\(X) = | / g (Ddt, Ae (0,1, (3.14)
0

where the Value at Risk is defined as VQR(X) = —¢f(t) = —inf{z € R: Fx(x) >t} (we
recall that ¢, (t) = ¢} (t), with the exception of at most countably many ¢ in (0,1]). Note
that we cannot consider —V@R) as choice criterion since it fails concavity, hence it does
not yield convex optimization problems and leads to pathological situations in the optimal
risk sharing problem.

On the other hand, the AV@R-criterion (3.14) recovers concavity property and allows
several interesting interpretations. In particular, since we work in a non-atomic probability

space, it satisfies
—AVQR)(X) = inf{E[X|A] : P(A) > A},

that is, it coincides with the so-called worst conditional expectation. If, moreover, we con-

sider a payoff X having continuous distribution, we also obtain equivalence with the concept
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of tail conditional expectation (or expected shortfall):
—AVQR,\(X) =E[X|X <q,(N)].

For any A € (0,1], Uy is a coherent utility measure and representation (3.10) holds with

characterizing set Py consisting of those probability measures with density bounded by A~ !:

'PA:{QEP:OS%§§}.

This means that its Fenchel-Legendre transform V) equals Xp, 1 which leads to
—AV@R,(X) = inf Eg[X], A€ (0,1]. (3.15)
QePx

In line with this representation, we can also define
Uy := —AVQRy(X) = inf Eg[X
0 o(X) = Inf Eg[X],

which represents the worst-case utility measure, that is, the most conservative monetary
utility measure.

Here we study the differential of Uy in the interesting case A € (0,1]. Theorem 3.8
applies with fy(t) := % A1 as the unique function in D such that

—AV@R,(X) = /0 1 0. (O fL(t)dt, VX € L. (3.16)

At this point Lemma 3.9 gives us the characterization of the gradients of Uy: for any

X € L, 9U,(X) consists of such measures Q € P, for which — f(f q_,(s)ds < fa(t), with
Z = %, and such that X is constant when this inequality holds strictly. Then a generic

element Z in OU)(X) can be written as

1/, on {X < qx (M)}
Z=< €[0,1/\], on{X =q,(\)},
0, on {X > g, (N},

such that E[Z] = 1.

It is now easy, by means of Theorem 2.6, to capture the gradients of the dual function
V). Consider any Z €dom(V)) = Py. Roughly speaking, a position X in 0V)\(Z) takes
its biggest values where Z = 1/\, the smallest ones where Z = 0, and it is constant on
{Z €(0,1/N)}.
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3.2.2 The Entropic Utility

The functional US™ : L>°(€2, F,P) — R given by
USM(X):=—yInE[exp (- X/7)], 7>0, (3.17)

is called entropic utility function. It clearly satisfies all the axioms characterizing a monetary
utility functional, and some of them are strictly verified. The strict monotonicity is shown
in [49], where the property of strict risk-aversion conditionally on any event is also proved.
Here we show the strict concavity of US" on L§® := {X € L* : E[X] = 0}. Without loss
of generality we proceed with v = 1. Fix o € (0,1) and consider the function f : Rf — R
defined by
ft)=1—a+at —t

This function admits a unique minimum in ¢ = 1, where f(1) = 0. Therefore, f > 0 on ]R(J)r
and the equality holds iff ¢ = 1. For any pair of random variables X, Y € Lg°, X Y, we
define

E
exp(—aX + aY) <
which we can rewrite as follows

exp(—aX — (1 —a)Y) < aexp(—X) <]§E][[:$(())) *

]

X)]
Elexp(=Y)]

)

Elexp

(- a)esp(-v) (5

where the strict inequality holds with probability S > 0. By taking the expectation of both

sides we obtain
Elexp(—aX — (1 - a)Y)] < (E[exp(—X)])*(Elexp(~Y)])' ™
and, by passing to the logarithm, we have the desired result:

InE[exp(—(aX + (1 —a)Y))] < alnElexp(—X)] + (1 — o) In E[exp(-Y)].
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Note that we can obtain the choice functional defined in (3.17) by relying on the classical

exponential utility function w, : R — R™, given by
uy(z) = —exp (—z/7), 7> 0.
Indeed, if we define the set A(u) as in (2.14):
A(uy) :={X € L : E[uy(X)] > -1}
and the relative utility functional as in (2.15):
Uy(X):=sup{zr e R: X —x € A(u,)},
then we get US™ = U, on L, and A(u,) as the acceptance set (3.6) associated to US".

Remark 3.14. By dominated convergence, one can easily verify that the functional defined
in (3.17) satisfies the Lebesgue property. Then, by Theorem 3.13, the effective domain of
its convex conjugate V™ is contained in L' and, in particular, in Z, by the argument that

follows (3.2).

Recall that, for any probability measure Q on (2, F), the relative entropy w.r.t. P is

given by
dQ . (dQ :
El—In(— f P
H(Q;P) = [dIP) n(d[P’)]’ fQ<P (3.18)
~+00, otherwise.

In the following theorem we state a strict link between this function and the entropic

utility function, which gives a justification for the name of the latter.

Proposition 3.15. Let H(.;PP) be the relative entropy (3.18) and Q any measure in P.
Then we have the equality:

H(Q;P) = sup {~In Elexp(—X)] - Fg[X]} (3.19)
XeL*>
which, for any v >0 and US"(X) defined in (3.17), can be rewritten as

VH(QP) = sup {US(X) ~ EglX]} (3.20)



28

From Remark 3.14 and relation (3.1), we have that (3.20) completely describes the dual
conjugate V™ of the entropic utility. In fact, we can draw it out from the following theorem

which provides a full description of the duality between US™ and V™.
Theorem 3.16. Let US" : L*(Q,F,P) — R be the m.u.f. defined in (3.17) and V" :
L>(Q,F,P)* — [0, 00] its convex conjugate function. Then

d
(i) Vy*(Z) = vyH(Q;P), where Z = %, forall Z € Z,

arrens o | exp(—=X/7)
(1) 87" (X) = {n (X /)]

(iii) OVy™(Z) ={yInZ + ¢, Ve € R}, for all Z € dom(V").

}, for all X € L™,

Therefore, we can write the dual representation formula for U:

US"(X) = inf, {VE@[ln (%)} + E@[X}}. (3.21)

Proof. From Remark 3.14, we know that the duality works in L'. Moreover, strict concavity
of US™ on Lg® implies, by Theorem 2.9, that the differential of V7" at any Z in its domain
is a singleton in L§°. This means that V" (Z) consists of a unique element in L> up to

an additive constant, and the recipe to find it, is
OVi"(Z) = —argmaxx ¢ {US" (X) — E[ZX]}.
For Z € Z, the functional f on L*° given by
F(X) = U"(X) — BIZX]

is well defined, concave and Gateaux differentiable, with differential

exp(=X/7)
ViX) = -2+ SR
) exp(— X/
Noticing that Xz := —yIn Z solves Vf(Xz) = 0 and that f attains its maximum at X,

we obtain (iii). Now, by Theorem 2.6 and E[Z] = 1, (ii) immediately follows and we are

able to compute the dual transform
Vi (Z) = US”(XZ) —E[ZXz| =~E[ZInZ], VZ € dom(Vf”),
as stated in (i). O

Proof. [Proposition 3.15] It directly follows from Theorem 3.16, restating the duality rela-

tion between U;m and Vj". O
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3.2.3 The Semi-Deviation Utility

Consider, for any 1 < p < oo, the functional U} : L*°(Q2, F,P) — R defined as follows:
UP(X):=E[X]|-|(X —E[X]) |lzr, 0<d <1 (3.22)

It is called semi-deviation utility and, for any 1 < p < oo, it is a positively homogeneous
monetary utility functional (see, e.g., [29]), comonotone if and only if p = co. Therefore,
its Fenchel-Legendre transform Vap is the indicator function of some convex set C? C Z, in

the sense of the convex analysis:
Vép(Z) = Xep> (3.23)
which leads to the following representation:

UF(X) = inf E[ZX].

In particular we are interested in the case 1 < p < oo, where Ug’ exhibits properties such
as strict monotonicity and strict risk-aversion conditionally on lower tail events (see [49]):
for any X € L*° and A € F such that P(A) > 0 and essinfg X < esssupgX < essinfgc X,
then U?(X) < UP(X1ac + E[X|A]14). Moreover it satisfies the Lebesgue property, as we
can see by just applying the dominated convergence theorem, and therefore C? is a subset
of Z, by Theorem 3.13. In fact, as shown in an example in [21], Ug) can be obtained by the

set of probability measures with density in

{1+38(9—Elg]): 9=0,]gllrs <1}, (3.24)

where ¢ = p/(p — 1) is the conjugate of p. Here we especially consider the case p = 2, for

which we characterize the gradients of Ug and Vf as follows:

Theorem 3.17. Let U? : L™(Q, F,P) — R be the semi-deviation utility with parameters
p=2andd € (0,1], and let VZ : L>°(Q, F,P)* — [0,00] be its conver conjugate function.
Define

(X — E[X])” - [(X = E[X])" ||
I(X = E[X])~ 2 ’

hX) := VX € L*®\{c: ce R}

Then we have:
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(i) for any X € L,

dom(V3), if X = const,

PUE(X) =
{1+0h(X)}, otherwise,
(ii) for any Z € dom(V$),

OVE(Z)={c: ceR}U{X € L™ : Z =1+ 6h(—X)}. (3.25)

In particular, {14 6h(X) : X € L®\ {c: ¢ € R}} is the minimal set C' C Z which

allows us to represent U 52 in the following form:
UZ(X) = min E[ZX], VX € L.
zZel

Proof. For any Z € Z we know that

Vi(Z) = XseuLPoo{E[X(l = Z)] = o[[(X — E[X])" |2} (3.26)
= 0v _sup  A{EX(1-2)]-dI(X - E[X])7[[2}. (3.27)

X €L, X #const
In order to solve the last optimization problem, we construct the Lagrangian function L
(where condition “X const” can be written as “|[(X — E[X])™|[z2 > 0”) and impose the
Kuhn-Tucker optimality conditions VL = 0, thus obtaining

(X - EX])” - |(X = B[X])"[|

to o (X —BX]) s

=0, (3.28)

since E[Z] = 1.
Now, for Z € Z admitting a payoff X € L* which solves (3.28), the maximization over

non-constant prospects yields zero as result:

EX(1-2)]-d|(X -EX])" [z = E[(X-EX])(1-2)] -d[(X - E[X])" |

IE[(X ~EX))(X ~E[X])"] . "
(X — BIX]) |1 OI(X —E[X]) 7|,

= 0,

so that X solves the problem in (3.26) as well. Therefore, we have that such Z lies in
dom(V?) and

Xe al;geanogx{Ug(ﬁ) — E[z¢]}, (3.29)
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which is equivalent to say X € —9V#(Z). On the other hand, if a density Z in dom(V;?) does
not admit any payoff X which solves (3.28), then OV (Z) just contains the constant payoffs.
This concludes the proof of (ii) and, by Theorem 2.6, statement (i) holds as well. O

We note that, for any Z € Z s.t. there exists X € L which solves (3.28), the differential

in (3.25) can be rewritten as follows:

E[Y
VA(Z) = {I[]Z —Y4ciceR Y ELY and Vi = 0}, (3.30)

where LS := {M € L* : M > 0} and z := min, Z(w) < 1, with P(Z = 2) > 0 and
1—2=4/6%—Var(2).

Remark 3.18. The semi-deviation utility is a classical one-sided measure, hence it results
to be a good choice, for example, in calculating the solvency margins. A different situation

arises for the standard-deviation principle (3.39) (see Remark 3.25).

3.3 Non-Monotone Choice Functionals

So far we have considered preference functionals under the classical assumption of monotonic-
ity. Here we drop this assumption in order to include in our study some well known,
widely used non-monotone choice criterions: the mean-variance principle and the standard-
deviation principle. The fact that such principles are employed in several financial fields
(e.g., in the portfolio selection problem as well as in the premium calculation problem),
shows how properties often taken for granted as being desirable (as monotonicity for pref-
erence criterions) are in fact not so obvious. In particular, the theory we develop for these

functionals will allows us to include them in the study of the optimal risk sharing.

3.3.1 A Wider Class of Choice Criterions

The behaviour of an agent endowed with a choice functional failing the property of monotonic-
ity, results, to some extent, in contrast with the economic principle “more is better than
less”. Therefore, in this case, pathological situations may occur, as clearly shown in Sec-

tion 3.4.
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Remark 3.19. When monotonicity is lacking, we also lose the property of Lipschitz-
continuity with respect to the supremum norm, which is automatically satisfied in the case

of monetary utility functionals (see Remark 3.2).

On the other hand we will see that, in order to develop a theory of risk exchange based on
convex analysis, we will need some regularity condition on the involved choice functionals.
In view of this, throughout Part I of the thesis we will consider functionals fulfilling the

following assumption:

Assumption 3.20. U is a proper, concave and cash-invariant functional on L*(Q, F,P)
with U(0) = 0. Moreover it is continuous with respect to the supremum norm (we equiva-

lently say that it is L°°— continuous or ||.|| e —continuous).

All monetary utility functionals automatically satisfy this condition, but, clearly, As-
sumption 3.20 characterizes a wider family, also containing non-monotone functionals. At
this point, for a generic element in this class we cannot directly apply the results stated
in Section 3.1 as far as monetary utility functionals are concerned. In spite of that, we
obtain similar results which allow us to work in L' (2, F,P) instead of the whole dual space

L>(Q,F,P)*, as shown in Theorem 3.22.

3.3.2 Some Representation Results

Lemma 3.21. Let U be a functional satisfying Assumption 3.20, and let Ay be its ac-
ceptance set. Then the following representation holds for its convex conjugate function V

(defined as in (3.1)):

sup {—(u, X)}, if p(1) =1,
Vi) ={ Xedy (3.31)

400, otherwise.
Proof. Tf u(1) # 1, then V() = 400 readily follows from the cash-invariance, as in Section
3.1. Now let p be such that (1) = 1. Clearly V() is greater than or equal to the supremum
in (3.31), as U |4, > 0 by definition. On the other hand, (Y — U(Y)) € Ay for any Y in
L°° by cash-invariance, thus giving
;QEU{—<M7X>} > — (Y -UY))=U) - (nY), V¥ € L*,

that completes the proof. O
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Once again, by ||.||ee-continuity of U, U and V are (L, (L°°)*)-conjugate and U has the
dual representation (3.2). In addition to this, we can state a result analogous to that given
in Theorem 3.3 when dealing with monetary utility functionals. As the intuition suggests,
the set P (equiv. Z) that allows representation (3.3) (equiv. (3.4)) is here replaced by P,
(equiv. Z,).

Theorem 3.22. Let U : L™ (Q,F,P) — R be a functional satisfying Assumption 3.20
and V : L*®(Q, F,P)* — [0,00] its convex conjugate. Then the following statements are

equivalent:

(i) U can be represented by V restricted to the set P, (defined in (2.2)):
U(X)= Qin7£ {V(Q) + Eg[X]}, VX € L™, (3.32)
€Pos

(ii) U satisfies the Fatou property (see Theorem 3.3).

d
Once again, by identification of o-additive measures Q with their derivatives %, we

can rewrite representation (3.32) as

U(X)= jnf {V(Z)+B[ZX]}, VX € L*, (3.33)

with Z, defined in (2.2).

Proof. (i) = (i): Assume (ii) to hold and define U(X):= Ziéléa{V(Z) + E[ZX]} for any
X € L. Obviously U < U, so that we have only to prove the inverse inequality to obtain
the dual representation (3.33). By the translation-invariance property, this is equivalent
to show that U(X — U(X)) > 0, i.e. (X — U(X)) € Ay, for all X € L. Suppose, on
the contrary, that there exists X € L> such that (X — U(X)) ¢ Ay. The Fatou property
ensures that the acceptance set Ay is closed w.r.t. the weak* topology o(L>,L'), by
Proposition 2.10, and we can apply the Hahn-Banach theorem to separate (X — ﬁ(X )
from this set. In this way we obtain a continuous linear functional F on (L, (L, L'))
such that

b P(X) > F(X - U(X)). (3.34)

Since L' is the dual of L> when L is equipped with the (L, L')-topology, the functional

F takes on the following form

F(X)=E[XZ], for someZ € L'. (3.35)
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It follows that E[Z] > 0. Indeed, if E[Z] = 0 then F(X + ¢) = F(X), for any X € L,
¢ € R, thus giving

— ~ — ~ — —

FX-UX)=FX-UX)+UX)-UX))) > b F(X),

which is in contradiction with (3.34). On the other hand, if E[Z] < 0 then F(X + ¢) =
F(X) + cE[Z], for any X € L™, ¢ € R. In particular, for X € Ay and ¢ € RT we have
(X +¢) € Ay and

F(X+¢)— —0c0 as c¢— 400,

once again in contradiction with (3.34). This proves that E[Z] > 0, as previously declared,
Z
hence making Z* := ——- € L! well defined such that E[Z*] = 1. By Lemma 3.21 we get

E[Z]
* _ * _ 1 .

V(Z*) = XSSEU{—E[Z X} = —leng E[ZX]

.
= —leenﬁUF(X).
Therefore
R (E) = BlzE - by < FE-0(X)
EZ*X]|-U(X) = E[Z"(X-UX))] = E[Z]

< E[lz] Jnt P(X) = -V(2"),

by (3.34). This gives us U(X) > E[Z*X] + V(Z*), in contradiction with the definition of
U, thus showing that U < U. In this way we get the desired equality U = U on L>(P),
which means that (3.33) is satisfied and proves assertion (i).

(i) = (ii): We now assume (3.33) to hold for any essentially bounded random variable.
Consider a bounded sequence (X,,), on L*, converging P-a.s. to some X. The dominated
convergence theorem implies that E[ZX,,] — E[ZX] for any Z € L' and, in particular, for
any Z € Z,. Hence, by representation (3.33),

UG = jaf {(V(2)+ lim BIZX,)
> 1 :
> limsup Zlélég{v(z) +E[ZX,]}

n—oo

= limsupU(X,),

n—oo

that completes the proof. O
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For the most meaningful non-monotone criterions (the mean-variance and standard-
deviation principles), we really obtain a stronger result than that of the previous theorem.
Indeed, for any payoff X € L*°, we will show that the infimum in (3.32) is obtained for
some o-additive measure Q = Q(X), hence it is a minimum (see Section 3.4).

Another result for which we can give the adjusted version in this new setting is The-
orem 3.5, where the quantile representation is proved under the additional assumption of

law-invariance.

Theorem 3.23. Let U be a law-invariant functional satisfying Assumption 3.20. Then the

following representations hold:
1
U(X) = inf {—/ o (t)dt+V(Z)}, VX € L™, (3.36)
0

and
viz)= s {UC0+ [0 a0} = s { N0 aa @

for any derivative Z € Z,,.

We do not present its proof since it is exactly the same as that of Theorem 3.5, where

the desired representations readily follow by applying Lemma 3.4 (compare [33]).

3.4 The Mean-Variance and the Standard-Deviation Princi-

ples

Born as a method to solve the portfolio selection problem (see the seminal paper of Markovitz
[60]), the mean-variance approach is widely used to shape the choices of economic agents
when there is uncertainty. An agent with mean-variance preferences is characterized by the

choice functional U§" : L — R given by
U™ (X) := E[X] — 0Var(X), for all X € L™, (3.38)

where § > 0 is an index of the agent’s uncertainty aversion. This criterion is a clear
expression of the principle of diversification and it doesn’t only control the risk on the down
side: it also bounds the possible gain on the up side. This leads to anomalous situations

where a smaller payoff is preferred to a bigger one, as shown in the following example.
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Example 3.24. Consider two financial positions X and Y as illustrated in the table below:

states of the world | wy w9
probabilities a 1—a«a
prospect X 0 0
prospect Y 0 Y

with y € RT = (0, +00) and « € (0,1).

In this case, any rational agent should prefer position Y to X, since it gives a higher payoff
in any state of nature. However, for an agent endowed with a choice criterion of type (3.38),

we have
U™ (X)=0 and U™ (V) =y(1 — a)(1 — day).

Therefore, for any y > % we get Uj"(Y) < 0, and the mean-variance agent considers
X as being strictly better than Y. This means that, if someone offers her a lottery ticket
Y with probability 1 — a of a “too-big” winning y, then the Ug"“-agent does not accept
it. The reason for this arises from the following fact: a big winning clearly increases the
mean payoff, but it also makes the financial position more spread out, thereby increasing
the variance. The result is: for a sufficiently large value of y, the increment in variability is
not compensated by the increment on mean, thus leading the mean-variance agent to refuse
the offer.

A similar situation arises when we consider the standard deviation instead of the variance

in (3.38), thus obtaining the so called standard-deviation principle:
Us(X) := E[X] — 6Var(X)2, 6> 0. (3.39)

The § intervening here has the same meaning as the § in the definition of the mean-variance
principle, although they have different dimensions. Indeed, the parameter in (3.39) is
dimension-free, whereas the dimension of the parameter in (3.38) is 1/currency, in order to
have U™ expressed in monetary units. This fact implies that a change of currency also

adjusts the parameter appearing in the mean-variance functional, whereas this is not the
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case for the standard-deviation one. Let us consider two currencies, e.g. $ and £, with an
exchange rate r > 0, i.e. 1$ = r£. When passing from $ to £, the parameter in (3.38)
has to suffer a change of scale 1/r: it passes from ¢ to §/r. In this way, by indicating in

parenthesis the currency in which quantities are expressed, we obtain

muv,($ mu,(£
U ( )(X($)) = rU5/r( )(X(Jg))7

and the amount of required capital does not result to be affected by the choice of currency,

which is the desired independence we mentioned in Section 2.3.

Remark 3.25. At this point, the first comparison that comes to mind is between the semi-
deviation utility (3.22) with p = 2, and the standard-deviation principle (3.39). We consider
the same parameter § € (0,1] for both these choice functionals, and point out that they only
differ for the discrepancies which contribute to the risk: only the negative ones for Ug,
and both negative and positive for Ugd. Once again there is not one definite choice which
is the best in any situation. It depends on what we are interested in, and on the type of
risk considered. In the problem of economic capital allocation we have to calculate solvency
margins and therefore we may prefer a one-sided measure, hence U52. On the other hand, if
we aim at having a choice criterion linked to the stability of the payoffs we might choose a

two-sided measure, hence Ugd.

Let us now go back to the reason why we introduced the standard-deviation principle.
Together with the mean-variance criterion, it is the most representative functional in the
class of the non-monotone ones. Indeed, as in the preceding case, by means of a simple

example we can see that the property of monotonicity is lacking.

Example 3.26. Consider the same payoffs as in the previous example:

states of the world | wy w9
probabilities a 1—«a
prospect X 0 0
prospect Y 0 Y

with y € RY and o € (0,1).
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In this case we obtain
Us4X)=0 and UY)=yV1—-a(V1-a-diVa).

Therefore, for o € (0,1) such that oo < 6% we get Us4(Y) < 0, hence the standard-
deviation agent strictly prefers Y to XC? As for the mean-variance principle, here we find
situations in which the agent seems to choose in contradiction with the rational economic
behaviour.

On the other hand, in spite of the lack of monotonicity, the functionals U™ and U, §d are
“good” choice criterions on L in the sense of Assumption 3.20, as stated in the following

proposition.

Proposition 3.27. The mean-variance principle (3.38) and the standard-deviation prin-
ciple (3.39) are law-invariant functionals satisfying Assumption 3.20. Moreover, they are

both strictly risk-averse conditionally on any event.

Proof. We readily see that Uj* and U, §d are both normalized, cash and law invariant.
Moreover, dominated convergence readily implies the Lebesgue property, which is a regu-
larity condition stronger than the ||.||f —continuity. Now let us prove concavity, that for
the mean-variance criterion is strictly satisfied on Lg°Ndom(U;"). To show this, let us fix
a € (0,1) and a pair X,Y of random variables in L> such that E[X] = E[Y] = 0 and
X ZY. We get

(X +(1-a)Y)?<aX?+(1-a)Y?

where the strict inequality holds in a non-vanishing set, since X and Y are not identical.

Taking the expectation of both sides we obtain:
Var(aX +(1-a)Y) = E[(aX + (1 -a)Y)?] <E[aX?+ (1 -a)Y?
= aE[X% + (1 -a)E[Y?] =aVar(X) + (1 — a)Var(Y),
hence Uj*(aX + (1 —a)Y) > aU™(X) + (1 —a)U;™(Y), as announced. We now prove

concavity for the standard-deviation criterion which, by positive homogeneity property, is

equivalent to super-additivity. We want the following inequality to hold:

E[X]| -6/ Var(X)+ E[Y]| —6y/Var(Y) <E[X + Y] — §y/Var(X +Y),
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for any X,Y € L. This means \/Var(X) + /Var(Y) > /Var(X +Y) or, equivalently,

Var(X) + Var(Y) + 2¢/Var(X)/Var(Y) > Var(X) + Var(Y) + 2Cov(X,Y),

Cov(X,Y
ie. ov(X, V) < 1, which is always true. Then Ug? satisfies axioms (sl) and
v/ Var(X)y/Var(Y)

(c¢), which completes the proof of the first statement. On the other hand, observe that
Usd fails strict concavity, since for X = 0 and Y # 0 we obtain Uf%(aX + (1 — a)Y) =

U4 (X) + (1 — a)Ug4(Y), by positive homogeneity.

In order to end the proof, there still remains to show that U™ and U, §d satisfy property
(S). Let us first consider the mean-variance principle. For any X € L* and A € F such
that P(A) > 0 and X is not a.s. constant on A, we have

UM(X14e + E[X|A]14) = E[X]—6Var(X14 + E[X|A]14)
= E[X]+0E[X]? - dE[(X14c + E[X|A]14)?]
= E[X] +0E[X]? — §(E[X?14¢] + E[E[X|A]*1,4])
> E[X]+0E[X]? — §(E[X?14c] + E[E[X?|A]14])
= E[X]+ 6E[X]? - §(E[X?14¢] + E[X?14))
= Us"(X),

by Jensen’s inequality. This shows that U™ satisfies property (S). In particular, we have
Var(X14e + E[X|A]14) < Var(X),

which, by passing to the square root, implies that
Us(X1 e + E[X|A]14) > U4(X),

thus making the proof complete. O

This places Ug" and U, §d in the class of functionals which we deal with in the problem
of optimal risk sharing. Moreover, the Lebesgue property ensures that the Fatou property
holds as well, thus allowing dual representation in L', as stated in Theorem 3.22.

We have shown that the standard-deviation functional satisfies super-additivity. On the
other hand, we observe that a completely different situation occurs when dealing with the

mean-variance criterion. In particular, U§" exhibits sub-linearity on positively correlated
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risks, when there is no reason to assume that a position compensates the other one. More-
over, it is linear on incorrelated risks and super-linear on negatively correlated risks. In
this last situation it seems reasonable that a position may reduce the riskiness of the other
one, which brings us back to the concept that a merger does not create the need for extra

capital.

3.4.1 The Mean-Variance Principle and the Fenchel Duality

We now study the mean-variance principle and its representability via its dual function

Vi L(Q, F,P)* — [0, 00], given by:

V() = sup {UF(X) — {1, X))}, for any ju € (L%)" (3.40)

According to the Fenchel-Moreau theorem, U™ and V"™ are (L*°, (L°°)*)—conjugate and,
as before pointed out, the Fatou property implies representability in L':

U™ (X) = Zin£ {Vi™(Z) + E[ZX]}, forany X € L*™. (3.41)
€Z,

We will prove a stronger result: the infimum in (3.41) is attained in L' and therefore it is
a minimum. This means that, for every X € L, there exists a signed measure Q € P,
which verifies the equality U™ (X) = Vy™(Z) + E[ZX], where Z is the Radon-Nikodym
derivative Ccll% Using tools of calculus of variations, we prove this fact and provide an
explicit formulation for the Fenchel transform Vj™".

Theorem 3.28. Let U™ : L>°(Q, F,P) — R be the mean-variance functional defined in
(3.38), and Vi its Fenchel-Legendre transform (3.40). Then

A
(i) Vi (2) = max {UF"(X) - BZX]} = %, VZ € dom (V") = 2, N L2,
E o0

(ii) QUM (X) = {1 — 25(X — E[X])}, VX € L*,

Z
(iii) OV (Z) = {— Y Vee R}, VZ € dom (V™).

)
In particular the following representation holds for Uj™":

’]

UM (X) = min {V/™(Z) + E[ZX]} = min {EZ

|
+ E[ZX}} ~ VX € L. (3.42)
AT A

48’
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Proof. Since U™ is concave and continuous w.r.t. the supremum norm, 9U;"(X) is not
empty for each X in L*°, by Theorem 2.5. Let us now prove that it is in fact a singleton
for any X € L*, by Gateaux differentiability and Theorem 2.8. For any pair of prospects
X,Y € L* and € > 0, we have

Ui (X +€Y) = E[X +¢eY]—Var(X +€Y)
= E[X] + ¢E[Y] — 6(Var(X) 4 ¢*Var(Y) + 2Cov(X, €Y))
= UM (X) + €B[Y] — 6(e*Var(Y) + 2¢Cov(X,Y))

and therefore, by (2.11), the Gateaux differential of U™ at X with perturbation Y is given
by

J(XY) = tim B EEN) U)ot oscov(x, v)

e—0 €

= E[Y(1-25(X — E[X))).

As seen in Section 2.2, linearity of the functional Js(X;.) = VU (X) means the differen-
tiability of Uj"™ with

QU™ (X) = {VUP™(X)} = {1 - 25(X — E[X])}, (3.43)

which is exactly (ii). Here we have identified the linear functional VU™ (X) on L*°, with

the Radon-Nikodym derivative
Zx =1-26(X —E[X]) e L', E[Zx]=1.

At this point, strict concavity of Uj™ on L§° implies the existence of a unique gradient
of Vi on Lg® for any element in the domain of Vi, by Theorem 2.9. That is, for any p €
dom(V5™), there exists X, € L* such that OVy™(u) = {X, +c: ¢ € R}. By Theorem 2.6
we know that X,, € oV (u) implies u € oUJ*™(—X,,) and, by (3.43), we get u € Z,. This

fact leads to
dom(V5™") C 2,
and

Z
AV (Z) = {% teice ]R}, vZ € dom(Vi™),



42

as stated in (iii). Moreover we have
V" (Z) = —argmax {U;"(X) — E[ZX]},
XeL>

by (2.10), and for any Xz € —0V{"’(Z) we obtain

Vi'(Z) = U (Xz)—E[ZXz] = E[Xz(1 - Z)] — dVar(Xz)

- E —2%(1—2)] —5Var<—2£5>

Var(Z)
46

which shows (i) and completes the proof. O

3.4.2 The Standard-Deviation Principle and the Fenchel Duality

In the same way we study the standard-deviation principle, obtaining the following result:

Theorem 3.29. Let U§¢ : L®°(Q, F,P) — R be the standard-deviation principle defined in
(5.89) and Ve : L®(Q, F,P)* — [0,00] its convex conjugate function. Then

(i) for any X € L*°,

dom(V§?), if X = const,
U (X) = {1 X — EIX]

}, otherwise,
Var(X)

(ii) for any Z € dom (V§9),

VY Z) = {c: cER}U{XGLOO:Z_lJr(SX_E[X]}.

Var(X)

X — E[X]
Var(X)

allows us to represent U §d in the following form:

In particular, {1 -0 X el*®\{c: ce R}} is the minimal set C' which

Usd(X) = min B[ZX], VX € L.
S
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Proof. Since Ugd is positively homogeneous, we know that V(;Sd is equal to zero on its domain

and, in particular, for any Z € Z, we have

Vi) = XSGHLPOO{E[X(l = Z)] = 0||X — E[X]|| 2} (3.44)
= 0v  sup {E[X(1-2)]-6|X - B[X]||}. (3.45)

XeL> X +#const

As in the case of the semi-deviation utility, we solve the last optimization problem by con-
structing the Lagrangian function L (where “X # const” can be written as “|| X — E[X]||z2>
0”) and imposing the Kuhn-Tucker optimality conditions VL = 0. In this way we obtain

1—z-s XZEXT_ (3.46)
Var(X)

Therefore, if Z € Z, admits a payoff X which solves (3.46), then Z € L* with Var(Z) = §2,

and the maximization over non-constant prospects yields zero as result:

E[X(1 - Z)] - 6y/Var(X) = E[(X — E[X])(1 - 2)] - 6v/Var(X)
5

= - %] — &4/ Var =0.
= Var(X)E[(X E[X])*] —dy/Var(X) =0

From this fact it follows that X solves the problem in (3.44) as well, that is

X € argmax{U§(¢) — E[Z¢]}, (3.47)
geLee

which means that X € —9V$4(Z). Note that in this case we can write any solution of (3.44)
as X = d1Z +dsy, with di < 0 and dy € R. On the other hand, if an element Z in dom(V(SSd)
does not admit any payoff X which solves (3.46), then 9V3%(Z) just contains the constant

payoffs. This reasoning shows (ii) and, by Theorem 2.6, statement (i) is also proved. [

3.5 From Non-Monotone to Monotone Criterions

For any element in the class of criterions characterized by Assumption 3.20, we want to
give the “best possible” approximation in the smaller class of monetary utility functionals,
where the axiom of monotonicity is satisfied. This is the unique property we have to get
back and therefore our “correction” goes in this direction. In order to do this, we follow

the same reasoning as Maccheroni, Marinacci, Rustichini and Taboga [59], where the best
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monotone approrimation of non-monotone preferences is introduced to solve a portfolio
selection problem.
First we characterize the set of financial positions in L* where a non-monotone agent

behaves monotonically.

Definition 3.30 ([59]). Let U : L*®(Q,F,P) — R be a functional satisfying Assump-
tion 3.20. We call domain of monotonicity of U the following subset of L°:

MU) :={X € L*>® : 0U(X) N (L>)} # 0}, (3.48)
where (L)% is the collection of all positive measures of (L>)*.

M(U) consists of all random variables in L* where U admits al least one positive
gradient and, as this definition suggests, functional U restricted to M (U) is monotone.
Indeed, let M(U) # 0 and X, Y € M(U) such that X <Y. We prove that U(X) < U(Y).
By hypothesis there exists puy € oU(Y) N (L™)%, which gives us (uy,&) > 0 whenever
¢ > 0. By the Fenchel-Moreau theorem we get

UX) = ue}gg)*{‘/(u)ﬂu,ﬂ}SV(uy)+<uy,X>
= Vipy) +{py,Y) = (uy,Y = X) = UY) = (uy, Y — X)
< Uy),

as desired.

Consider, for example, the mean-variance principle Ug™. From (3.43) we obtain
1
MUM™) = {X € L® : VU™ (X) € 2} = {X € L®: X - B[X] < %}

This means that the mean-variance functional is monotone on the set of prospects with
sufficiently small variability in the right hand side of the distribution, that is, when the
highest values of the payoff are not too spread out. On the other hand, for the standard-

deviation principle U, we have

X - E[X 1
MU = {X € L® : U4 N 2 # 0} = {X = const} U {XGLO" X ZEX f}.
Var(X) = 0
This indicates that U §d is monotone on the set of prospects with standardized version
bounded from above. Therefore, we don’t want the variability of the right hand side of the

distribution to be too high with respect to the variance of the entire payoff.
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At this point, we introduce the same monotone adjusted-version proposed in [59]: for
any non-monotone criterion we consider the monotone functional that coincides with the
former on its domain of monotonicity and that better approximates it among all monetary
utility functionals. In this purpose, let us fix a functional U : L>°(Q, F,P) — R satisfying
Assumption 3.20, with M (U) # (). We can observe that, for example, this is the case when
U is law-invariant, since we have V(1) = 0 (compare [49]), 1 € OU(c) for any ¢ € R, hence
{c: ce R} C M(U). The idea is to define a m.u.f. U™ by means of the convex conjugate
Vi L®(Q,F,P)" — [0,00] of U. Calling to mind that U can be represented in the following

way:

UX)= inf {V(p)+{p,X)} VX €L,
HE(L)*

we consider the monetary utility functional U™ : L*°(Q, F,P) — R given by

Un(X)i= il V() + (s X)), VX € L (3.49)

Theorem 3.31 ([59]). Let U™ : L*°(2, F,P) — R be the monetary utility functional defined
in (3.49). Then the following assertions hold:

(i) U™ is the minimal monotone functional that dominates U, that is
UMX)=sup{U(Y):YeL®and Y < X}, VX € L™, (3.50)
(ii) for any X € L™, X € M(U) if and only if U(X) =U"(X),
(1i1) let V™ : L®°(Q, F,P)* — [0,00] be the dual conjugate of U™ and p € (L*°)*, then

Vip), ifpe (L)%,

400, otherwise.

V™ (p) = (3.51)
This theorem states that U™ is the most conservative monetary utility functional that
extends U outside its domain of monotonicity, and in this sense it is the best possible
monotone approximation.

Representation (3.50) of U™ is in full agreement with the intuition and with the usual
procedures in utility maximization. We look for the highest possible level of satisfaction we

can obtain from a given payoff, and therefore if we can benefit from withdrawing money from
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our portfolio, then we do it. By Proposition 3.32 we see that in the case of mean-variance
preferences this corresponds to a truncation from above of the payoffs.

Recalling that the mean-variance principle U§" can be written as

{Var(Z)

U5 (X) = min {V;"(2) + E[ZX]} = min | —

+E[ZX]},
A Z€24
its natural corrected version (the monotone mean-variance principle) is given by

{5

U5 (X) = inf + E[ZX]}, VX € L. (3.52)
€
Moreover, the infimum in (3.52) is attained in Z, since U§"™" satisfies the Lebesgue property,

hence it is a minimum.

Proposition 3.32 ([59]). Let Uj"™ be the mean-variance criterion and U™ its best

monotone approximation. Then

U5 (X)), if X € M(U5™),

UFme(x) = |
U™ (X Nkx), otherwise,

where kx = max{t e R: X Nt € M(U;"™)}.

Example 3.33. Consider the same payoffs as in Example 3.24. We have Y € M(U§™) if
and only if

1 1
_ _ < — — < —
0—-(1—-a)y< 55 and y—(1—a)y < 55"

that is, if and only if
< 1
Y= %%

1

Therefore, for a prospect Y of this shape, we have truncation at level ky = o
Q@

Once again, let us consider the interpretation of Y as a lottery ticket. Whereas we have
seen that a Ug"-agent only accepts poor-lottery tickets, a Uj""""’-agent behaves in a more
rational way. Indeed, she accepts tickets of any lottery, even if she considers lottery tickets
with winnings y > ky as being equivalent.

A different situation arises when considering the lottery example for the standard-

deviation principle.
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Example 3.34. Consider the same payoffs as in Example 3.26. Here we get Y € M(Ugd)
if and only if

0-(-ay 1 y-(-ay _1
yva(l—a) ~ 0 yya(l—a) =~ &
that is, if and only if
« <i
1—a — 6%

independently of the winning y.



Chapter 4

Optimal Sharing of Aggregate
Risks

Consider an aggregate of n economic agents, for some n € N, endowed with initial risks
&,...,&, € L and characterized by choice functionals Uy, ...,U, defined on L*°. This
means that, if today their situation remains unchanged, then tomorrow agent ¢ will have
to face her risky position &. Now the question that arises is if the agents may re-share the

total risk
n
X=> &
=1

in order to make their situation better. Clearly here “better” has the meaning of “more
satisfactory” in the sense of the choice criterions (U;)!" ;, hence this problem is directly
linked to the agents’ preferences.

As we have said in the Introduction, this concept captures various situations with very
different characteristics and purposes. Among these it’s worthy of note the case of risk
exchange in insurance and reinsurance contracts, a problem investigated since the early
work of Arrow [2] and Borch [9] (see also [38], [39], [12]). It’s fundamental to note that
we can indistinctly consider any case in which there is an aggregate of economic agents
willing to enter into a contract to better their position. The distinction will be made
when considering the respective initial risk endowments and, above all, when choosing the

appropriate preference criterions for the involved agents.

48
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In this chapter we study the optimal sharing of aggregate risks with a double purpose:
collective and individual satisfaction. First, we aim at maximizing the sum of the utilities
that agents assign at their own share of risk, i.e., we consider the optimization problem
(4.1) which jointly involves all agents. Successively, we take into consideration the individual
point of view of each agent, looking for a contract that everyone agrees to sign. Basically, we
extend the results of Jouini et al. [49] on the existence and the characterization of optimal
solutions to these problems, to a more general setting. In the above-mentioned paper, two
agents with monotone preferences are considered. Here we deal with any number of agents
endowed with more general choice criterions, as those introduced in the previous chapter.
This will also allow us to compare the behaviour of monotone and non-monotone agents in
facing the risk sharing problem and to show that, under suitable conditions, the optimal
redistribution of a given aggregate risk is not affected by the presence of agents failing

monotonicity property.

4.1 The Sup-Convolution Problem

To formalize our problem, we introduce the set of admissible sharings of an essentially

bounded risk.

Definition 4.1. Given an aggregate of n agents and o risk X € L, we define the set of

attainable allocations as the following collection of n-tuples:
Ap(X) =={(X1,...,Xp) €EL® x - x L®: > X; = X}.
i=1

Since it seems to be reasonable to require each quota of risk to rise with the total risk,
we also introduce the set of admissible allocations which increase with the corresponding

aggregate risk:
A(X)={(X1,....,Xn) €MA(X): X; /X, Vi=1,...,n},

where X; /X means X; = ¢;(X) pointwise, for some non-decreasing function ¢; : R — R.
As pointed out before, we first consider the “common welfare” by solving the sup-

convolution problem:
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n

U,0-- .DUn(X) = sup ZUZ'(XZ'), (4'1)
(X1,.,.Xn)EAR(X) =1

which provides solutions jointly optimal for the agents, without regard to their individual

level of satisfaction.

Remark 4.2. We essentially deal with choice functionals U; characterized in Assump-
tion 8.20, which, in general, don’t satisfy monotonicity. However we often refer to U;(X;)

as the utility that agent i obtains from position X;, and to Y i, Uj(X;) as the overall utility.

We will see that the solutions to the maximization problem (4.1), if they exist, provide
such allocations which do not allow a better position for all agents. Nevertheless, the re-
sharing suggested by a solution of (4.1) may worsen some agents’ situation, thus making
the introduction of some constraints on such an optimization problem necessary, in order
to avoid these unpleasant occurrences. Before that, we must fix some notations and simple
results linked to the sup-convolution problem.

Here and throughout this chapter, we consider a collection of choice functionals Uy, ..., U,
satisfying Assumption 3.20. By means of these, we define another functional U on L, which

is the result of their sup-convolution:
U(X):=U,0---00,(X), forany X e L™. (4.2)

Since U; : L — R are concave and finite functionals, then U is also concave and satisfies
U > —oo on L*>®. In this way we get U : L™ — R U {400}, with either U = 400 or
dom(U) = L, from the concavity property.

Denote by V, Vi, ..., V, : (L*°)* — [0, +00] the convex conjugate functions of U, Uy, ..., U,
respectively. Then we obtain V = 400 if U = 400, and

V=> "V, with dom(V)=")dom(V;), (4.3)
=1 =1

if U is proper. Indeed, for any p € (L*°)*, we have

V() = swp {UX)— (X} = swp s {STU(X0) — (u, X)
XeL>® XeL>™ (X;)ieAn(X) i=1

n

= sup Y (Ui(Xi) — (, Xi) = > Vi)
=1

Xi€l> i
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To avoid the worthless case U = +o00, we make the following assumption on the dual

functions V;’s, which is equivalent to have U proper with dom(U) = L.

n
Assumption 4.3. The convex conjugate functions Vi,...,V, are s.t. m dom(V;) # 0.
i=1

Under this condition we study some of the properties U inherits from functionals U;’s.
Cash-invariance is immediate. Moreover, since dom(U) = L*°, Theorem 2.7 ensures that

OU(X) # 0 for all X € L, and that (U, V) are (L, (L>°)*)— conjugate.

Remark 4.4. We stress the fact that, under law-invariance property for U;’s, Assump-
tion 4.3 is automatically satisfied, seeing that Z = 1 lies in the effective domain of V;, with
Vi(1) = 0, for any i = 1,...,n (compare [{9]). This also guarantees the normalization

property for U, by relation (4.3).
In the following lemma we present further stability properties for our preference criterions.

Lemma 4.5. Let (U;)_, be choice criterions satisfying Assumption 3.20 and Assump-

tion 4.3, and let U be the functional defined in (4.2). Then the following implications hold:
(i) U; monotone for some j € {1,...,n} = U monotone,
(i1) (U;)iy law-invariant = U law-invariant,

(111) (Ui)ly law-invariant and satisfy property (S) = U satisfies property (5),

(w) (U;)y law-invariant and Uj strictly monotone for some j € {1,...,n} = U strictly

monotone.

On the contrary, as seen in a counter-example reported in [22], we have that the Fatou

property is not stable for the sup-convolution.

Proof. [Lemma 4.5-(i),(i1)] Statement (ii) being immediate, we assume U; to be monotone

for some j € {1,...,n} and prove statement (i). To show that U is monotone as well, let us

n

consider two prospects X,Y € L* such that X <Y. Let (X]",..., X")men be a maximiz-
n

ing sequence in A,,(X) for the sup-convoultion problem, that is U(X) = liIE Ui(X™),
m—-+0Q
i=1
and define the allocations (Y{",...,Y,")men in A, (Y) given by

n
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X7+ (Y - X), ifi=j,
xm, if i  j.

Yy =

7
At this point, by definition of U and monotonicity of U; we have

U(Y)> lim ZU ) > lim ZU (X™) =U(X).

m——+00 m——+00
This makes U a monetary utility functional and, in particular, L*°-Lipschitz continuous. [

Proof of statements (iii)-(iv) will be given after Theorem 4.11.

4.1.1 Characterization of Pareto Optimal Allocations

We now study the sup-convolution problem, showing that it is the recipe to find the Pareto

optimal allocations, in the sense of the definition below.

Definition 4.6. An n-tuple (X1,...,X,) € A, (X) is said a Pareto Optimal Allocation
(POA) if for all (&1,...,&) € Ap(X) such that U;(&) > Ui(X;) Vi = 1,...,n, then

Ui(&) = Us(Xi) Vi=1,.

This means that there exists no other redistribution of the aggregate risk X such that

each agent is better off with at least one strictly better.

Remark 4.7. Due to the translation invariance, Pareto optimality is true up to con-

stants summing up to zero. That is, for any POA (Xi,...,X,) € Ay(X) of a given
n

aggregate risk X, and any choice of constants ci1,...,¢, € R s.t. Zci =0, then also
i=1
(X1 +ec1,...,Xn+c¢y) is a POA of X.
The following theorem provides a characterization of Pareto optimal allocations as so-

lutions to the sup-convolution problem and by means of convex analysis tools (see [49,

Theorem 3.1] for the case of two agents endowed with monetary utility functionals).

Theorem 4.8. Let Uy,...,U, be preference functionals satisfying Assumption 3.20 and
Assumption 4.3, with associated dual convex functions Vi, ..., V, defined on (L*°)*. For a
given risk X € L and an allocation (&1,...,&,) € An(X), the following statements are

equivalent:
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(i) (&1,...,&n) is a Pareto optimal allocation,
(i) 10O, (X) = S U6,
i=1
(111) there exists p € (L>)* s.t. Ui(&) = Vi(p) + (1, &) Vi=1,...,n,
(iv) there exists p € (L°)* s.t. p e dU(&) Vi=1,...,n,

(v) there exists p € (L*°)* s.t. =& € OVi(u) Yi=1,...,n.

Proof. (ii) = (i) is trivial, and (iii) < (iv) < (v) directly follow from Theorem 2.6, since
(U;, Vi) are (L, (L*°)*)—conjugate for each i. Let us prove the other implications.
(i) = (ii): Let’s assume (i) and ](ii), that is, (&1,...,&) POA with > Ui(&) < Y Ui(G),

i=1 i=1
for some ((i,...,¢n) € Ap(X). Define

oy = Uz(C@) — Uz(éz), Vi=1,...,n and a«a:= ZO&Z' > 0.
i=1
Put I :={1,...,n}, J:={jel:a; #0}#0 and let m > 0 be the cardinality of J. The

cash can be rebalanced to obtain the allocation (X7,...,X,) as follows:

¢, forallie I\ J,
Xi: le%
G —a;+—, forallieJ
m

Obviously ZXi = Z ¢ = X, so that (Xy,...,X,) € A,(X). Moreover we get
i=1 i=1
Ui(&), forallie I\ J,

Ui(X;) =
o Ui(&) + % > U;(&), forallie J,

which is in contradiction with the Pareto optimality of ({1, ...,&,), and therefore (ii) holds
whenever (i) holds.

(ii) = (iii): Recall that, under our assumptions, OU (X) # 0 VX € L. At this point there
exists a measure p € (L>)* such that U(X) = V(u) + (i, X), and from (ii) and (4.3) we

obtain

Z Ui(&) = Z Vi) + (s Z§z> (4.4)
=1 =1 1=1
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On the other hand, by duality relations we have
U’L(ﬁz) S ‘/’L(M) + </’L7§’L>7 fOI' all 7 = 17 R (2

hence (iii) follows from (4.4).

(iii) = (ii): Clearly Z Ui(&) = Z Vi(p) + (u, ZEJ =V (u) + (u, X). By duality relation
i=1 i=1 i=1

and (4.2), it follows that U(X) < V(u) + (u, X) = ZUZ-(&) < U(X), which implies (ii)
i=1

and completes the proof. O

Proposition 4.9. Let U be defined in (4.2). For any X € L, the following implications
hold true:

(i) p€OU(X) = pe()OUi(Xi) for any POA (X;)1_; € An(X),
=1

(ii) p € () OU{(X;) for some (Xi)i_y € An(X) = p€0U(X).
=1

Proof. (i): Let p € OU(X) and let (X;)I; € A, (X) be a POA of X. By the Fenchel duality

relation we have
UX) =V (i) + (u, X) =D Vilw) + (. Y Xiy = > Ui(Xa), (4.5)
i=1 i=1 i=1

as Vi(p) + (u, X;) > Ui(X;) for any ¢ = 1,...,n. Now, since U(X) = >, U;(X;), the
inequality in (4.5) results to be an equality and therefore V;(u) + (u, X;) = Ui(X;) for any
i=1,...,n, which is the stated result.

(ii): Let (X;)!_ be an admissible allocation of X and p a measure such that p € 9U;(X;) Vi =
1,...,n. Theorem 4.8 implies that (X;), is a POA and we obtain

n

UX) =Y UdX:)=> Vi(w) + (1, Y Xi) = V() + (n, X),
=1 =1

i=1
which ensures that p lies in OU(X) and makes the proof complete.
O

The following lemma shows that the problem of sup-convolution can be given in terms

of allocations increasing with the total risk.
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Lemma 4.10. Let Uy, ..., U, be law-invariant choice criterions satisfying Assumption 3.20.

Then

n

sup Y Ui(Xi) = sup Y Ui(Xy). (4.6)

(Xo)Po €A (X) 52 (X;)r_, eAl(X) i=1

Proof. By Lemma 6.1 in [49], we know that the result is true in the case n = 2, even con-
sidering choice criterions satisfying Assumption 3.20 instead of monetary utility functionals
(the property of monotonicity doesn’t take part in the proof). Now we proceed by induction
to show that it holds for any number n € N of agents. The basis of the induction is n = 2,
and the hypothesis is that (4.6) holds for a number m € N of agents. We have to prove
that it is still true for m + 1 agents. Consider functionals U;, i = 1,...,m + 1, satisfying

Assumption 3.20, and let X € L*°. We have

m—+1

U0 -0041(X) = sup ZU
(X) EAm-‘rl (X) i=1

= sup { sup ZU i)+ Uny1(X = Q) }
CEL™ ~ (X)™ €Am(C) =1

= sup {  sup Ui(Xi) + Una(X = Q) }
(X=X (X)L €Am(C Z

— sup { sup Z U + Um—‘,—l(X C)}
(GX=0) /X (x)m eAh(€) i=

m+1
= sup g Ui(X
m+1 T -
(Xi)iZ €A 1 (X) =1

using both the basis and the hypothesis of the induction. The last equality is true by the
fact that, if X; / ¢ and ¢ / X, then obviously X;  X. This completes the inductive
procedure, showing that equality (4.6) is true for any number n of economic agents.

O]

4.1.2 Existence of Pareto Optimal Allocations

In Theorem 4.11 we give sufficient conditions to ensure that the set of Pareto optimal

allocations is not empty, a fact that is not true in general (see [49, Section 6.3] for a
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counterexample). Note that, in view of Theorem 4.20, this also guarantees the existence
of optimal risk sharing rules (Definition 4.19). The unique extra-property that we need on

our choice criterions is the invariance in law, which is usually very simple to check.

Theorem 4.11. Let U;, i = 1,...,n, be law-invariant choice functionals satisfying As-
sumption 3.20. Then, for any X € L*°, the set of Pareto optimal allocations in AIL(X) 18

non-empty.

Proof. Following, step by step, the same arguments used in [49], we consider a maximizing
sequence {(XF, ..., X¥)}ien of the sup-convolution problem (4.1), which can be chosen in
A)(X) by Lemma 4.10. Hence we have XF = pkF(X) for some non-decreasing functions
gof : |z,7] — R, for each i = 1,...,n and k € N, where [z, T] := [essinf X, esssup X|. By
possibly adding some constants to X f, we may assume essinf X Zk =0foranyi=1,...,n—1
and k € N. Since Y. | XF = X, it follows that 0 < X¥ <7 — 2, Vi =1,...,n— 1, and
2 < XF <. Therefore, for any i = 1,...,n — 1 and k € N,

o eB:={f:[z,7] >R : |f| < (T —2z) and f,(Id— f) are non-decreasing}.

Note that B is composed of 1-Lipschitz continuous functions, thus it is a bounded, closed,
equicontinuous family. The Ascoli-Arzela theorem ensures that, by possibly passing to a
subsequence, gof converge to some @; € B as k — oo, for each ¢ = 1,...,n — 1, uniformly

on [z,Z]. This implies

n—1 n—1
@ﬁzld—ZsOfﬁfd—thi:: on as k— 00
i=1 i=1

uniformly on [z,Z]. Now we can check that (¢1(X),...,pn(X)) € AIL(X) is the max-
imizer we are looking for. Indeed, we have U10---0OU,(X) = limy oo Y iy Ui(Xf) =
S Ui(limg oo ¥ (X)) = o0, Ui(9i(X)), by assumption of L*-continuity of U;, for any
1=1,...,n.

O

Remark 4.12. Note that the existence of POAs implies, in particular, that the functional
U defined in (4.2) is proper, with dom(U) = L*™ and (i, dom(V;) # 0.

We can now complete the proof of Lemma 4.5.
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Proof. [Lemma 4.5-(iii),(iv)] Let (U;)?_; be law-invariant functionals satisfying property
(S). In order to prove statement (ii7), we fix X € L> and A € F s.t. P(A) > 0 and X is
not constant on A. By Theorem 4.11 we know that there exists a POA (X;), € A, (X),
so that U(X) = >, U;(X;). The fact that X is not constant on A implies that, for some
jeA{l,...,n}, X; is not constant on A as well. By property (S) we have

UX) = Xn:Ui(Xz’) < z”: Ui(Xilae + E[X;|A]1,)
=1 =1
< U(X14e +E[X|A]1,),

which means that U is strictly risk-averse conditionally on any event and proves (iii). Now
let (U;)7—; be law-invariant functionals, with U; strictly monotone for some j € {1,...,n}.
In order to prove statement (iv), we fix X, Y € L such that X <Y and P(X <Y) > 0.
Consider a POA (X1,...,X,) € A,(X), which exists by Theorem 4.11, and the allocation
(Y1,...,Y,) of Y given by:

X;+ (Y —X), ifi=j
X; if i+ .

YZ::

This produces
U(X) = ZUi(Xi) < ZUi(Yi) <U(Y),
i=1 i=1

which implies that U is strictly monotone and concludes the proof of Lemma 4.5. O

In the next chapter we strongly use a result proved in [49] for the case of two monetary

utility functionals, which can be easily generalized to a more general context:

Lemma 4.13. Let Uy,...,U, be choice functionals satisfying Assumption 3.20 and As-

sumption 4.3. Then the following statements are equivalent:

(i) VX € L, there exists a POA (X1,...,X5) € Ap(X),
(ii) Y € (L), 9V () = 0( D Vi) () = > aVi(w):
i=1 i=1

Note how the assumption of law-invariance for all choice criterions (U;)}_; ensures the

existence of Pareto optimal allocations, by Theorem 4.11, and therefore (ii) also holds true.
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Proof. (i) = (ii): Fix any measure g € (L°°)*. The inclusion Y, 0Vi(u) € 9>, Vi)(n)
being always true, we must show the opposite one. If 9V (u) = 0, there is nothing to
prove. So, let’s assume OV (i) # () and consider X € —9V (u), which is equivalent to say
p € OU(X). From (i) there exists (X;)i~; € A,(X) Pareto optimal and Proposition 4.9
applies, giving p € 9U;(X;) for all i = 1,...,n, that is X; € —9V;(u). This fact implies

X =) Xie-) aVin),
i=1 i=1

thus concluding the first part of the proof.
(i1) = (i): We have seen that Assumption 4.3 implies OU(X) # 0 for any X € L.

Therefore, there exists some measure p in OU(X), that is
X €-0V(p) == OVi(p).
i=1

Therefore, there exists an allocation (X;); of X such that X; € —9V;(u) for alli =1,...,n,

and Theorem 4.8 ensures that it is Pareto optimal. O

4.1.3 Some Examples of Sup-Convolution Problems

For the sake of completeness, we now state the natural extension to the case of any number
n of agents, for some of the results given in [5] and [49] in the case of two agents, when
dealing with functionals satisfying particular properties. For example, we can consider
an aggregate of agents all working with the same kind of preferences, in the sense of the

following definition.

Definition 4.14. Given n agents endowed with choice criterions Uy,...,U,, we say that

they have dilated utility measures (compare [5]) if, for any i =1,...,n, we can write

Ui(X) = aiU(§>, VX € L™, (4.7)

0%}

for some parameters o;; > 0,5 =1,...,n, and some functional U fulfilling Assumption 3.20.

Such agents have preference functionals of the same type, except for the risk-tolerance

coefficient a;, and this leads to the following result:
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Proposition 4.15. Let (U;)}'_, be dilated utility measures. Then, for any aggregate risk
X € L™, we have

u0---00,(X) = aU(%), where o = Zn:ozi. (4.8)
i=1

In particular, we obtain that (Xi,...,X,) € A,(X) given by
X, = %X, foralli=1,...,n,
a

is a Pareto optimal allocation, corresponding to the linear quota-sharing of X proportional
to the risk-tolerance coefficients. As we have said, we know that this result is true in the
particular case n = 2 (see [5], where the monotonicity property does not intervene). From
this fact, and by the induction method, it clearly follows that relation (4.8) holds true for

any number n of agents, calling to mind that the sup-convolution operator is associative.

Corollary 4.16. Given an aggregate of n agents, which are all endowed with the same

choice functional U, then

UO---0U(X) :nU<X>, VX € L™,

n
. . X . .
and the allocation that gives the same share — of the total risk X to any agent, is Pareto
n
optimal.
Moreover, if functional U in Corollary 4.16 is positively homogeneous, then

U0 -OU(X) =U(X), VX €L,

and any proportional sharing
n
(X, BnX), with ;>0 and ) f; =1,
i=1

is Pareto optimal.

Now we introduce the following notion, given in [49], which allows us to formulate the

proposition below.

Definition 4.17. Let f, g be functions belonging to D (see Section 3.1) such that f < g. A

non-decreasing function q on [0,1] is called flat on {f < g} if it is almost surely constant

on {f < g} and (q(0+) — ¢(0))(g — f)(0+) = 0.
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Proposition 4.18. Let (U;)}_, be law-invariant, comonotone monetary utility functionals,

with associated concave functions f; € D as in Theorem 3.8. Then

(i) U := U10---0U, is a law-invariant, comonotone m.u.f., with associated concave
n
function f := /\ fi € Dy
i=1

(11) (X;), € AL(X) is a POA if and only if ay, is flat on {f; > f} N {dg, > 0}.

Once again, the fact that this result holds in the case n = 2 ([49]) makes the proof easy in
the general case of any number n of agents. Therefore, we present just a sketch of it based,
as before, on the induction method: assuming the result to hold for m agents, we have to
prove that it remains true for m+1 agents. In this way statement (i) readily follows, whereas
with regard to statement (ii) we note that, given an allocation (X;)7! € ALH(X) which
is Pareto optimal for (Ui,...,Upn,Un+1), then the allocation (X;), € A,Tn(X — Xm+1)
is Pareto optimal for (Uy,...,U,). We also recall that, for X; comonotone, the equality
Uxysosxm = dx, T T lx, holds, so that Uixyht xm) is flat if and only if Ay, 1s flat for

any ¢ =1,...,m.

4.2 Constraints on the Sup-Convolution Problem

As already pointed out, the solutions to the maximization problem (4.1), i.e., the Pareto
optimal allocations, are jointly optimal for the agents, but do not pertain to the satisfaction
of each agent individually. Indeed, it may occur that some agent worsens her position by
passing from the initial risk endowment to a new one suggested by a POA. At this point,
since we want each agent to be satisfied by the redistribution of the aggregate risk, we

introduce the following notions:

Definition 4.19 ([49]). Consider n agents endowed with choice functionals Uy,..., U, and
initial risky positions (&1,...,&,) € L™ x -+ x L*®. Let (X1,...,Xpn) € Ay(X) be an
allocation of the total risk X =" | &. Then we say that

(i) (X1,...,X,) satisfies the Individual Rationality constraints, if
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(i1) (X1,...,Xy) is an Optimal Risk Sharing (ORS) rule, if it satisfies both the Pareto

optimality and the individual rationality constraints.

Condition IR seems to be the most natural request in order to have all agents agree on
how to modify their initial risk endowment, since in this way anyone has an incentive to
enter into the contract, and this leads to the following theorem (see [49] for the case of two

agents endowed with monetary utility functionals).

Theorem 4.20. Consider n agents characterized by choice functionals (U;)l, satisfying
Assumption 3.20, and initial endowments (&1, ...,&y) of the total risk X . Let (X1,...,X,) €
Ap(X) be a POA and p; = U;(X;) —Ui(&), i =1,...,n, the utility increments experienced
by the agents. Then the following statements hold:

=1

(ii) let m,...,m, be constants s.t. Y ., m = 0, then allocation (X1 — m1,...,Xp — )

is an ORS rule if and only if m < p;, Vi=1,...,n.

Proof. From the Pareto optimality we have

Dopi=) UX) =Y U(&)= sup Y UiG)—> Uil&) >0,
P |

i=1 (G)im €AR(X) ;5 i=1

which proves statement (i). Let us now show (ii). For any choice of constants (m;)!
summing up to zero, (X1 —71,...,X,,—7,) is a POA of X, as seen in Remark 4.7. Therefore,
by definition, it is an ORS rule if and only if U;(X; — m;) > U;(&), Vi = 1,...,n, which is
equivalent to have

from the cash-invariance property. O

This theorem ensures the existence of optimal risk sharing rules of a given aggregate
risk, provided the existence of a Pareto optimal allocation. We actually get more than
this. To any PAO we have associated a set of prices (m;)_; which make the IR constraints
satisfied. We call p1,...,p, indifference prices, or indifference pricing rules, since agents

are indifferent, from their utility point of view, to either carrying out this transaction at
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these prices or not carrying it out at all. We note that price p; corresponds to the maximal
amount agent ¢ is willing to pay to enter into the contract, i.e., to change her position from

the initial one &; to the new one Xj.

Remark 4.21. If the initial risk endowment is already optimal in the sense of Pareto, then
for any other POA we consider, we have a unique vector of prices making it an ORS rule.
Indeed, using the notation of Theorem 4.20, we get > ', p; = 0 and the only possibility to
price the contract is via the indifference prices, i.e. m = p;, Vi = 1,...,n. Since in this
case each agent maintains her own level of satisfaction, then it is convenient to do nothing.
Otherwise, if the initial endowment does not constitute a solution to the sup-convolution
problem, then any POA admits an infinite set of suitable prices, which form the polyhedral
space {(m)q : > i m =0, m < p;}. At this point, it is the market power of the economic
agents involved in the problem that determines the unique vector of prices of an optimal

contract.

For example, if there is an agent, say 4, with the power to decide the price of the contract
for any agent (ultimatum game), then the problem to solve is the maximization of her utility,

under the individual rationality constraints for the other agents:

sup U; (X - Zj;ﬁi(xj - Wj))

Uj(X; —mj) = Uj(&5), J # i

()

In solving problem (P;), we obtain ORS rules (X;—m, ..., X, —7,), where obviously X; and
m; are defined by X; = X—Zj# X, and m; = — Zj# m;. In particular, we get all the POAs
(X1,...,X,) with associated prices uniquely determined by 7; = U;(X;) — U;(&;5) = py,
Vj # 4. This means that for each agent j # ¢ we consider her indifference price p;, so
that for agent ¢ we have her best possible (i.e. minimal) price m; = — 3", ; p;. Therefore,

agent 7 achieves the maximum utility that she is eligible for in an ORS rule, given by

Ui(Xi = mi) = U(X) = > U;(&).
J#i
Remark 4.22. In an ultimatum game this is the rational solution suggested by the theory,
that is, for the proposer to offer the biggest possible prices (p;)j-i (or rather (pj — €;) 2 for
some small quantities €; > 0 s.t. —Zj#(pj —€¢j) < p;), and for the responders to accept
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them. In spite of that, we empirically have a different situation since, most frequently, we

observe fair prices (see [13], [45] and [64] for a justification).

4.3 Monotone Approximations in the ORS Problem

So far, in this chapter, no distinction is made between choice functionals which do or do not
satisfy monotonicity. In this section, on the contrary, we just emphasize if the criterions
involved in the ORS problem have or haven’t got this property. In line with the notation
of the preceding chapter, for any non-monotone criterion U : L>° — R we denote by U™ its
best monotone version (3.49), which in particular is a monetary utility functional.

Let us start with a preparatory result, which will allow us to make a comparison between
problems involving non-monotone criterions, and the associated ones which only involve

monetary utility functionals.

Lemma 4.23. Let Uy,...,U, be choice functionals satisfying Assumption 8.20 and As-
sumption 4.3, and let at least one of these be monotone. Then, for any POA (X1,...,X,) €
An(X),

XiGM(Ui), Vi=1,...,n, (4.9)
where M (U;) is the domain of monotonicity of U; (see Definition 3.30).

This means that, in an optimal redistribution of the total risk, each agent will always

take upon herself a risky position which lies in the set where she behaves monotonically.

Proof. Let (X1,...,X,) € A,(X) be a POA of the total risk X. Theorem 4.8 ensures
the existence of a measure p € (L*>°)* such that p € 9U;(X;), for any i = 1,...,n. By
hypothesis there exists an agent, say j for some j € {1,...,n}, which satisfies the axiom of
monotonicity. The argument that follows (3.2) implies 0U;(X;) € dom(V;) C (L*>)%, so
that p is a positive measure and (4.9) readily follows by (3.48).

O

For a collection of functionals Uy, ..., U, on L>®(§, F,P), we denote by (P) and (P™) re-
spectively, the sup-convolution problems of the original criterions and of their best monotone

approximations:
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n

(P) U000 (X) = sup > Ui(X)),
(X1, Xn)EAR(X) 51

n

(P™) org---0u(X) = sup U™ (Xi).
(Xl,...,Xn)EAn(X) =1

Moreover, we call U and U the concave functionals on L>®(Q, F,P) obtained from these

problems:
UX):=00---00,(X), U(X):=0"0---0U™(X) (4.10)
and V, V their convex conjugate functions defined on L>°(Q, F,P)*.

Theorem 4.24. Let Uy, ..., U, be as in Lemma 4.23. Then U and U introduced in (4.10)

describe the same monetary utility functional on L>®(Q, F,P):
UX)=U(X), VX € L. (4.11)

Proof. The fact that U and U are monetary utility functionals is an immediate consequence
of Lemma 4.5 and the arguments that precede it, which also imply that (U, V), as well as
(U, V), are (L, (L>®)*)— conjugate. From relation (4.3) we have

V(p)=> Vi(n), where dom(V)=[)dom(V;) C (L™)},
i=1 i=1
since dom(V;) C (L>)% for some j € {1,...,n}. On the other hand, by (3.51) we obtain

i1 Vilw), on (Nizy dom (Vi) M(L%)3,

400, elsewhere,

V)= Vi"(p) =
=1

so that V =V on (L*)*, and therefore U = U on L.
O

Equality (4.11) means that the consideration of criterions (Ui, ...,U,) or (U{",...,U")
leads, for any aggregate risk, to the same maximal overall utility, although it does not say
anything about which allocations realize or approximate this supremum. Let us now take
into account exactly such allocations, that is, how the total risk can be optimally re-shared
among the involved agents, which is the subject matter of this chapter. The following result

is just a first answer in this direction.



65

Corollary 4.25. Let Uy,...,U, be as in Lemma 4.23. Then, for any aggregate risk

X € L*, any solution to problem (P) is also a solution to problem (P™).

By Theorem 4.8 this means that, for each X € L*, the following relation between the

sets of Pareto optimal allocations holds true:

{POAs for (Ui,...,U,)} C {POAs for (U",...,U")}.

n

Therefore, provided that some agent has monotone preferences, for any other agent involved
in the redistribution of the risk it does not matter if she behaves monotonically or not.
Indeed, the optimal allocations we find by solving the problem w.r.t. the original criterions

(U;)?_, are also optimal w.r.t. their adjusted versions (U™)I ;.

Proof. If problem (P) admits no solutions, then there is nothing to prove. So, let’s assume
there exists an allocation (Xi,...,X,) € A,(X) which is Pareto optimal w.r.t. the choice
functionals (U;)?_ ;. Lemma 4.23 implies X; € M (U;) for any i = 1,...,n, thus we have
Ui(X;) = U™(X;) by Theorem 3.31. At this point, Theorem 4.24 gives us

UX)=U(X) = ZUi(Xi) = ZUz'm(Xi)a
=1 =1

which makes (Xi,...,X,,) Pareto optimal w.r.t. the monotone functionals (U)}_; as

well. O

Corollary 4.26. Let Uy,...,U, be as in Lemma 4.23, and let (X1,...,Xy) € Ap(X) be a
solution of both problems (P) and (P™). Then, any vector of prices that agents characterized

by U™ ’s are willing to pay for this contract, is also optimal for agents characterized by U;’s.

Proof. Theorem 4.20 is the recipe to find all ORS rules associated to a given Pareto optimal
allocation. It only uses increments of utility that agents experience by passing from the
initial endowment (&1,...,&,) of the total risk X, to such a POA. We assume the same

notation for the utility increments w.r.t. the original choice functionals Uy, ..., Uy:
and denote as follows the relative set of acceptable prices:

n
IT:= {(m)j, € R": Zm =0, m<p;,Vi=1,...,n}.
i=1
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In the same way we define

as the utility increments w.r.t. the monotone adjusted versions (U;™)?_;, and

n
O™ = {(a])is €R™: Y " =0, " <p",Vi=1,...,n}
i=1
as the relative set of acceptable prices. With this notation, the statement we are going
to prove can be formulated as II" C II. Whereas we have seen that agents with choice
criterions U; and U™ give the same value to the optimal share X;, this is no longer true
with regard to the initial risk share &. Indeed it may happen that & ¢ M (U;) and in this
case U™ (&) > U;(&;). Therefore, in general, we can only say that U™(&;) > U;(&;), which

gives the following relation between the indifference prices:
pi" < pi (4.12)

Hence, for any ORS rule (X; — 7]")", w.r.t. the functionals U™’s, that is, for any
(mfM)i, € I, we have 7 < pI"™ < p;, which yields (7")_, € II and makes (X; — 7/")I",

an ORS rule w.r.t. U;’s as well.

O

Let us now focus our attention on non-monotone choice functionals of “mean-variance”
type (3.38). In this case we can state more interesting results, by relying on Proposition 3.32
which, for any mean-variance functional Uj", yields the characterization of the relative
monotone-mean-variance functional U{"™" and ensures, V. X € L, the existence of a payoft

Y € L™ such that Y < X and U™ (Y) = U™ (X).

Theorem 4.27. Let Uy,...,U, be functionals satisfying Assumption 3.20 and Assump-
tion 4.3, such that at least one is strictly monotone, and the non-monotone ones are of type
(3.38). Then, for any aggregate risk X € L>, problems (P) and (P™) admit the same set

of solutions, that is

{POAs for (Uy,...,Uy)} = {POAs for (UT",...,UM)}. (4.13)
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Proof. The inclusion in one sense being immediate by Corollary 4.25, let us prove the other
inclusion in (4.13). In order to do this, let’s assume (X1, ..., X,) € A,(X) to solve problem
(P™). If X; € M(U;) for any ¢ = 1,...,n, it is easy to see that (Xi,...,X,) solves
problem (P) as well, by the same argument used to prove Corollary 4.25. Now suppose
X; ¢ M(U;) for some j € {1,...,n}, which in particular implies that U; is non-monotone,
hence a mean-variance functional by assumption. We know that, by hypothesis, there is
an agent, say k, with strictly monotone preferences, where obviously k € {1,...,n}\ {j}.
Since X; ¢ M(Uj), Theorem 3.31 implies UT"(X;) > U;(X;), and Proposition 3.32 ensures
that the supremum in (3.50) is actually a maximum for U;. Therefore, there exists a payoff
Y € L™ such that Y < X; and U"(Y) = U;(Y) = UJ"(X;). Let us consider the allocation
(C1y--+,Cn) € Ap(X) given by

G=4 Xp+(X;-Y), ifi=k,
X; vie{l,....,n}\ {j k}.

Strict monotonicity of Uy implies U (Cr) = Uk(Cx) > Ui(Xy) = U (Xk), so that

DUMG) > Y UM(Xa) = UpD--- OUR(X),
i=1 i=1

which clearly contradicts the definition of sup-convolution. O

This is interesting from an economic point of view: whereas in Chapter 3 we have seen
how the lack of monotonicity may lead to pathological situations, here we have that the
optimal risk sharing does not take into account the fact that some (but not all!) choice crite-
rions may fail this property. On the other hand, whereas the Pareto optimal redistribution
of the total risk is not affected by the possible lack of monotonicity by some agents, this is
no longer true for the price of the contract. Indeed, by imposing the individual rationality
constraints and looking for ORS rules, we have only the inclusion in one sense among the

sets of optimal solutions, as stated in the following corollary:

Corollary 4.28. Let Uy, ...,U, be as in Theorem 4.27. Then we have the following relation
between the solutions to the ORS problem w.r.t. the functionals U;’s and the solutions to

the ORS problem w.r.t. the functionals U™ ’s:

{ORS rules for (U",..., U™} C {ORS rules for (Uy,...,Uy,)}. (4.14)
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Proof. 1t readily follows from Theorem 4.27 and Corollary 4.26. O

From the proof of Corollary 4.26 it becomes clear that, in general, the maximal price that
a non-monotone agent is willing to pay to enter into a contract is higher than that accepted
by her monotone approximation, thus making the inverse inclusion in (4.14) untrue. On the
other hand, if the initial risk endowment &; € M (U;) for any i = 1,...,n, then the equality
holds in (4.12) for any agent, yielding the same ORS rules for the agents characterized by
(Uy,...,Uy,) and for those characterized by (U{",...,U,"), which implies the coincidence of
the sets in (4.14).

Example 4.29. Theorem 4.27 applies, e.g., to the problem of sharing an aggregate risk
between a mean-variance agent and an agent with entropic utility (see Proposition 5.1 and
compare also Proposition 5.7) or between a mean-variance agent and an agent with semi-

deviation utility with p # +oo (see Subsection 5.1.4).

Remark 4.30. We obtain a result as that stated in Theorem 4.27, also when considering
an entropic and a standard-deviation choice criterion, since the strict concavity of the first
one and the strict convezity of its dual transform imply the existence of a unique (up to a

constant) solution to both problems (P) and (P™).



Chapter 5

Explicit Characterization of

Optimal Risk Sharing Rules

In this chapter we formulate and solve some specific problems of optimal risk sharing. We
consider agents characterized by preference functionals as those introduced in the previous
chapters and provide optimal rules to share, among them, a generic aggregate risk X €
L>(Q,F,P). Recall that the choice criterions studied in Section 3.2 and in Section 3.4
satisfy law-invariance and Lebesgue property, thus allowing us to work with measures in
LY(9, F,P) and to apply other important results. Here we do not consider the initial risk
endowment of the agents, hence looking for Pareto optimal allocations without interest in
the prices of the contracts. This is motivated by the fact that, once we have a POA, only

simple calculations are required to find the suitable prices, as shown in Theorem 4.20.

5.1 Optimal Risk Sharing: the Case of Two Agents

In any case contemplated in this section we consider two agents, denoted by i = 1, 2, with
preferences modelled by some law-invariant choice functionals, say U; and Us, satisfying
Assumption 3.20 (Assumption 4.3 is automatically satisfied). Denote by Vi and Va the
respective convex conjugate functions, defined on the dual space L*>(£2, F,P)*, and recall

that, under the Lebesgue property, their effective domain is contained in L!(Q, F,P). Let

69
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U: L*(Q,F,P) — R be the concave functional solution to the sup-convolution problem:
U(X):=U0,002(X), VX eL™, (5.1)
and V : L>°(Q, F,P)* — [0, 00] its Fenchel-Legendre transform:
V(p) = Vi(p) + Va(pu),  with  dom(V) = dom(V1) N dom(V2) # 0. (5-2)

Now the law-invariance property ensures the existence of Pareto optimal allocations by

Theorem 4.11, and the equality
oV = 0Vy + oV, (5.3)

is also true by Lemma 4.13.

5.1.1 The Prudent Entropic-Agent
e Entropic vs Mean-variance.

Proposition 5.1. Let Uy be the entropic utility (3.17) with parameter v > 0, and Us the
mean-variance principle (3.38) with parameter 6 > 0. Then, for any aggregate risk X € L™,
there exists a unique (up to a constant) Pareto optimal allocation (X, X2) € A;(X). In

particular, X1 (resp. Xa) is, pointwise, a convex (resp. concave) function of the total risk.

In general this means that, if an agent with entropic utility and an agent with mean-
variance preferences optimally share an aggregate risk X, the former one especially takes
the lowest risks (corresponding to the biggest values of X), whereas the latter especially

takes the worst (corresponding to the smallest values of X).

Proof. Fix a risky position X € L*°. We know that the set of Pareto optimal allocations
is not empty by the law-invariance of U; and Us. Let us prove that, up to a constant, it
consists of a unique pair in L> x L*>°. By Theorem 4.8, for any POA (X1, X2) € Aa(X) there
exists an element Z edom(V') such that X; € —0V;(Z), that is, Z € 0U;(X;),Vi =1,2. In
particular this implies Z € QU (X)), for U defined in (5.1), by Proposition 4.9. On the other
hand, V inherits strict convexity (on its domain) from V; and V3, thus leading to a unique

supergradient of U at X:

OU(X) ={Zx}, forsome Zx € dom(V) = ZnN L?
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by Theorem 2.9. Therefore, Theorem 3.16 and Theorem 3.28 yield

Xe—@V(ZX):{—'yanX—%+c: c € R}, (5.4)
with
X1€-0Vi(Zx)={—-yInZx +c: ceR}
and

VA
Xge—(‘)VQ(ZX):{—Tj;—kc:cGR}.

Hence the uniqueness (up to a constant) of Pareto optimal allocations clearly follows and

we can show the last assertion of the proposition. From (5.4) we have

Zx
X=—-—vlnZy — =
ynzx 25+CX7

for some constant cy univocally determined by the condition E[Zx] = 1. Now the pointwise

relation between X and Zx can be written as
X = f(Zx), meaning that X(w) = f(Zx(w)),

where f : Rt — R is convex and decreasing. Since it is a one-to-one function, we can also

write
Zx = g9(X),

again as a pointwise relation, with ¢ : R — R™ convex and decreasing function. Therefore,

pointwise, we have
Xi1=—yInZx +c¢1 = —yIn(g(X)) + ¢1, for some ¢; € R,

convex and increasing function of X, and

Z X
X2:_7X+02:_M+02, for some c3 € R

20 20

concave and increasing function of X, as previously declared.
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e Entropic vs Standard-deviation.
With the same reasoning as before, we can solve the sup-convolution problem for an entropic
and a standard-deviation agent, obtaining similar results. This time U, is defined as in (3.39)

and we get
Xe{-yInZx —cZx +d: ce R{,d € R},
for some Zx € Z (which exists unique), with
Xie{—yInZx +c: ceR}
and
Xy e{—cZx +d: ceR},d e R},

by Theorem 3.16 and Theorem 3.29. In this way we obtain the unique (up to a constant)
POA (X1, X>s) € A;(X), given by

X1 = —vIn(g9(X)) +¢1, for some ¢; € R,

and

X9 = —c29(X) +¢3, for some ¢y € Ra' and c3 € R,

where ¢ is a convex and decreasing function. This means that, pointwise, X is a convex
and increasing function of the total risk X, whereas Xs, if not constant, is a concave and
increasing function of X. It is clear that “Xs constant” corresponds to the case of the
entropic agent taking on all of the aggregate risk, a fact that, as we have seen, cannot occur

in the optimal sharing between an entropic and a mean-variance agent.

e Entropic vs Semi-deviation.

Let agent 2 be characterized by the semi-deviation utility (3.22) with p = 2. Once again,
for any X € L there exists a unique (up to a constant) POA (X1, Xs) € A;(X) charac-
terized by a unique Zx € N;0U;(X;). In particular, since X € =0V (Zx) = —>_, 0Vi(Zx),
Theorem 3.16 and Theorem 3.17 produce one of the following situations: either 0V2(Zx) =
{c: c € R} and the risk X is totally charged to the entropic agent (X; = X), or 0V2(Zx)
takes the form (3.30) and therefore

E[Y
X € —0V(Zx) = { —~yInZx — 1_[Z]XZ)(+Y+C: ceR, Y eLPand Y1y 4. zo},
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with zx = min Zx. More precisely, in the latter case we have
X1 € -0Vi(Zx)={—yInZx +c: ceR}

and

E[Y]
1—2zx

X; € ~oVy(Zx) = { - Zx+Y +c: c€RY € L and Y1(z 4y =0},

Lemma 3.7 ensures that —Zx and X are comonotone random variables, and therefore the
total risk X takes its biggest values on the set {w : Zx(w) = zx}, which characterizes an
interval of type [, esssup X]. Clearly here X is constant, so that the entire risk is charged
to the semi-deviation agent. On the other hand, when X takes values in [essinf X (3), for
X, X; and X, we find the same behaviour as in the previous examples, that is, X; (resp.
X2) is a convex (resp. concave) increasing function of X. In particular, we have that the

agent who especially assumes the worst risks is the semi-deviation one.

Remark 5.2. The cases studied in this subsection show that an agent endowed with entropic
utility is prudent towards extreme risks. Indeed, in all these situations we have seen that, in
general, she especially takes the smaller risks, leaving the worse to the other agent, although
1t may happen that she takes the entire risk. The same situation occurs when considering the
problem of sharing a risk between an entropic-agent and an AV QR-agent characterized by
a functional of type (3.14). In this case (see [49]) the AV@QR-agent entirely takes the worst
risks and the resulting optimal sharing consists of a call option, written on the total risk
and offered to the entropic-agent. In this way the risk charged to the entropic-agent results
capped from below, thus producing a typical insurance contract (called stop-loss contract)

and confirming the conservative nature of such an agent.

5.1.2 AV@R-Agent vs Agent with Property (5)

Now we want to compare the AV @R-criterion defined in (3.14) with our most-representative
non-monotone functionals. With the following proposition we provide a more general result

which includes choice criterions (3.38) and (3.39) as particular cases.

Proposition 5.3. Let Uy be given by (3.14), and let Us be a law-invariant functional
satisfying Assumption 3.20 and property (S) (see Definition 3.10). Then, for any aggregate
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risk X € L, there exists a unique (up to a constant) POA in A;(X), given by
(X1, X2) = (—(X =)~ +(X —uw)t,(IVX)Au), forsomel,u€cR. (5.5)

This means that the optimal sharing consists in the exchange of two European options
written on the total risk X. Once again what we obtain is a typical insurance contract
(called limited stop-loss contract), expressed by (5.5), where the insurer’s risk share (Xs)

has floor [ and is capped at level u.

Proof. Let (X1,X5) € A; (X) be a POA of a given total risk X € L>°. We want to show that
it has shape (5.5). Theorem 4.8 ensures the existence of a density Z in OU;(X1) NoUz(X2),
and the reasoning that follows (3.16) implies that 0 < Z < 1/X, with

t
¢
—/ q_,(s)ds < fr = AL vt € [0, 1],
0

and X7 constant on {Z € (O, %)} On the other hand, Lemma 3.11 implies that X5 is
constant on the sets {Z = 0} and {Z = 1/A}. Now (Z, X1), as well as (Z, X) and (Z, X2),
are anticomonotone random variables by Lemma 3.7, so that X; takes its biggest values on
{Z = 0} and the smallest ones on {Z = 1/\}. Therefore, since X; and Xy increase with
X, we get

Xi=—-(X-1)"+(X—-w"and Xo=(V X)Au, (5.6)

for some thresholds [ and u, as stated in (5.5).

At this point the uniqueness arises from the fact that the Pareto optimal allocations
constitute a convex space in which each element has to assume this form. Then, fix any
POA (Y1,Y32) € A;(X) and assume it is different from (X, X2), in the sense that they do
not differ only by a constant. From the first part of the proof, we know that it has the same
shape as (X7, X2), so that it is characterized by a pair (Z, @) # (I,u). By convexity, for any
a € (0,1) the allocation given by & = aX; + (1 — a)Y;, i = 1,2, is Pareto optimal as well.
On the other hand, since ([,ﬁ) # (I,u), allocation (£1,&2) cannot have the desired shape,

thus leading to a contradiction. O

Remark 5.4. Consider now a conver combination of AVQR-criterions with parameters

Aj € (0,1],7 =1,...,m, once again in convolution with a functional satisfying property (.S).
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In this case, as optimal risk sharing rules we obtain allocations corresponding to a finite

sum of FEuropean options written on the total risk.

m m
Indeed, for any a; > 0s.t. Z aj =1,U; := Z a;Uy, is a law-invariant comonotone m.u.f.,
j=1 j=1

m

characterized by the concave function fy, = Zaj fx;» where (fy;)]L, satisfy (3.16). By
j=1

means of Lemma 3.9, for any POA (X1, Xs) € Ao(X) and any density Z € 9U1(X1) N

0Uz(X2), we get

t m m +

_/0 q_Z(s)dsﬁjz:;aijj :Zaj()\j/\1>, (5.7)
with ¢, ~constant where this inequality is strict. On the other hand, when the equality
holds in (5.7) then Z is constant, so that X5 is also constant by Lemma 3.11. At this point,

the announced form for the optimal sharing rules readily follows.

e AVOR vs Mean-Variance/Standard-deviation.

Both the mean-variance and the standard-deviation principles satisfy the conditions re-
quired in Proposition 5.3 on agent 2. This means that, for any risk X we consider, the
optimal sharing between an AV@QR-agent and a mean-variance (or standard-deviation)
agent consists in the exchange of at the most two European options. In order to better
understand this fact, consider the interval [essinf X, esssup X] of the essential oscillations

of X. Share it in three consecutive subintervals Iy, I, I3 identified by
J={Z=1/\}, Jo={Z € (0,1/N)}, J3={Z =0}, for some Z € OU(X),

in the sense that, almost surely, w € Jy, iff X(w) € Iy, k = 1,2, 3. This produces the general
form of the contract we found in Proposition 5.3, where the AV@QR-agent assumes the risk
whenever events occur in Jj or J3, whereas the second agent assumes the entire risk in
Jo. However, it may happen that one or two of these intervals disappears, as shown in the

following example.

Example 5.5. Consider the particular case of Proposition 5.3 where agent 2 has mean-
variance preferences with parameter 6 > 0. Let the aggregate risk X have essential oscilla-

tions bounded in the following way:

. 1 1 /1
(esssupX —essinfX) < % A % (X - 1). (5.8)
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Then we find Z € M;0U;(X;), for some (X;); € Ap(X), such that Z € (0,1/\) P—a.s.. In
this case, by definition, intervals Jyu and Js disappear and the aggregate risk X is totally

charged to the mean-variance agent.

To prove what is stated in Example 5.5, observe that (5.8) in particular produces

1
X — E[X] <esssup X —essinf X < %

and

1 1/1 1 /1
— > — — i —— V(= - > —(=—1).
X — E[X] (esssup X —essinf X) > 25 V 25 ()\ 1) ( 1)

Therefore, we have

1 /1 1
(== 1) X —E[X] < — :
%G1 < X< 35 (5.9)
which is equivalent to say
1
0<1-2§(X—-E[X]) < Y (5.10)

Put Z :=1-25(X —E[X]) € (0,1/)) and observe that Z € 9U;(0)NAUz(X). This implies
(0,X) to be a POA, by Theorem 4.8, and in fact it is the unique one (up to a constant),
by the previous proposition. This shape of the optimal re-sharing is not surprising if we
consider the fact that mean-variance preferences only penalize the variance of financial
positions. Therefore, when a payoff has a sufficiently small variability, a mean-variance
agent associates a high level of satisfaction to it, thus making it favourable for her to take
on the entire prospect.

In line with the reasoning that follows (5.5), we can consider the AVQR-agent as an
insurant and the mean-variance agent as an insurer. From this point of view, what we
obtain as optimal risk sharing under condition (5.8) is a full-insurance contract, where the

insurer takes the whole risk X.

5.1.3 Sup-convolution of Non-Monotone Agents

We now compare the behaviour of two non-monotone agents in the problem of sharing a
given total risk. We consider the most interesting cases, that is, the mean-variance and the

standard-deviation criterions.
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e Mean-variance vs Standard-deviation.

Proposition 5.6. Let Uy be the mean-variance principle (3.38) with parameter 61 > 0,
and let Uy be the standard-deviation principle (3.39) with parameter §3 > 0. Then, for any
aggregate risk X € L, there exists a unique (up to a constant) POA (X1, Xs3) given by

(X1,X2) = (aX, (1 —a)X), (5.11)
where
0 if\/Var(X)>6—2
a=1 26/ Var(X) T 20 (5.12)
1, otherwise.
This leads to the explicit calculation of the sup-convolution functional:
Ux(X) + i% if /Var(X) > 02
UX)=U00(X) =4 ° 461 =25, (5.13)
Ui (X), otherwise,

where U satisfies Assumption 3.20, law-invariance and property (S), by Lemma 4.5.

Proof. As before, V; strictly convex implies V' = V; 4+ Va strictly convex on its effective
domain. Therefore, for any fixed X € L*°, there exists Zx € dom(V') such that oU(X) =

{Zx}, which in particular implies

A
XG—GV(ZX):{—Q—?—CZX+CZ: ceRg,deR}z{—cZXer; c e R, d € R},

so that Zx is, pointwise, a linear decreasing function of X. Therefore, for any POA

(Xl, XQ) c AQ(X),

Z
X1 = —Q—j; +dy, for somed; € R,

and

Xo = —c9Zx +do, for somecy € Rg and do € R,

thus showing the uniqueness (up to a constant) of optimal solutions in Ag(X). Moreover,

we have that pointwise X; and X5 are linear and non-decreasing functions of the total risk
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X, which leads to (5.11) with a €]0, 1] (we exclude the trivial case where X is constant).

At this point, the optimal parameter « is drawn out from the problem

Sel}lopu{Ul(aX) +Ux(1—a)X)} = Sel]lopl}{E[X] — 6102 Var(X) — 65(1 — a)y/Var(X)},

which is equivalent to solve

min {51042\/W+ d2(1 — )},

a€]0,1]

since X is not constant. This gives us exactly (5.12) and therefore

52X 52 . 52
U (—22 )1 ((1- —2—)x), if /Var(X) > -2,
U(X) [ 1(261 Var(X)) 2<< 251\/Var(X)> ) &) 201
U1(X), otherwise,
62 . 92
Us(X)+ —=, if /Var(X) > —,
Ui (X), otherwise.

O

Note that (5.11) is a classical type of contract of coinsurance (called quota-share con-

tract), where agents proportionally share the risk.

e Mean-variance vs Mean-variance.

The case of two (or more) agents endowed with mean-variance choice criterions (3.38) with

parameters 0; > 0, is a particular case of dilated utility measures (4.7). Indeed, it is

sufficient to take as risk-tolerance coefficients o; = 1/8; and as functional U the mean-
variance principle with parameter § = 1, to have

U (X) = a, U™ (f)

We know that, up to constants summing up to zero, there exists a unique solution (X;); to

the sup-convolution problem and, by Proposition 4.15, it is given by
X; = o; X _ X ,
Zj Qj Zj di/3;

This means that each agent ¢ assumes a share of risk inversely proportional to her coefficient

for any 1.

0; of aversion to the variability.
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e Standard-deviation vs Standard-deviation.

We no longer have the same situation when considering two (or more) agents endowed
with standard-deviation choice functionals (3.39) with different parameters §; > 0. Here
optimization leads to charging the total risk to the agent with the smallest parameter §;. To
give a sketch of this, it is sufficient to note that, from relations X € -0V (Z) = -3, 0Vi(2)
and X; € —0V;(Z), we get

X=—aZ+b and X;=—a;Z+Db;,

for some a,a; € R(J)r and b,b; € R with ), a;, =a and ), b; = b. Moreover, Z € M;0U;(X;)
implies Var(Z) = §2 whenever X; is not constant (i.e. a; # 0), by Theorem 3.29. Now,
since the parameters d; are different, for any possible choice of Z we have that the total risk
2 = Var(Z) (we exclude the trivial case where

)

X is constant). Therefore, the overall utility is equal to U(X) = 0;U;(X) = U« (X). From

X is taken by the agent ¢* with parameter §

this fact clearly follows that the unique (up to constants summing up to zero) POA is (X;);
such that X; = 0 for any ¢ with d; > min; ¢;.

5.1.4 Semi-Deviation Agent vs Non-Monotone Agents

e Semi-deviation vs Standard-deviation.

Let us consider the semi-deviation utility with p = 2 and parameter 6 € (0,1], and the
standard-deviation principle with the same parameter . Once again we call them U; and
Us respectively, and we note that Uy (£) > Us(&) for any £ € L™, where the equality holds if
and only if £ is constant. From this fact and by the positive homogeneity of U, we obtain
that the risk X is totally charged to the first agent. Indeed, for any POA (X1, X5) € Ay(X),

we get

U1DU2(X) = Ul(Xl) + UQ(XQ) < Ul(Xl) + Ul(XQ)
< Ui(X1+ Xo) =Ui(X),

the first inequality being strict whenever X5 is non-constant. Therefore, up to a constant,

the unique POA for any aggregate risk X, is (X1, X2) := (X, 0).
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e Semi-deviation vs Mean-variance.

Consider now the semi-deviation utility with p = 2 and parameter § € (0, 1], and the mean-
variance principle with the same parameter 6. Once again there exists a unique (up to a
constant) POA, characterized by one of the following situations: either the total risk is
entirely taken by the mean-variance agent or, by means of (3.30) and Theorem 3.28, we
have the interval [essinf X, esssup X| shared in the two subintervals [essinf X, 3) (where
the risk is proportionally shared between the agents) and [3,esssup X] (where the risk is

totally charged to the semi-deviation agent).

5.2 Optimal Risk Sharing: the Case of Three Agents

After the discussions of the previous section, it becomes easier to solve sup-convolution
problems involving more than two agents. Here we present some cases involving three

economic agents, calling to mind that the sup-convolution operator is associative.
e AVOR vs Entropic vs Mean-variance.

Proposition 5.7. Let Uy be the AVQR-criterion (3.14) with parameter X € (0,1], Us the
entropic utility (3.17) with parameter v > 0, and Us the mean-variance principle (3.38)
with parameter § > 0. Then, for any aggregate risk X € L, there exists a unique (up to
constants summing up to zero) POA (X1, X2, X3), such that X; = —(X — k)~ and Xo

(resp. X3) is a convez (resp. concave) function of X V k, for some k € R.

Proof. Let us consider this problem in the following way:
U,00,003(X) = U,0(0.0U03)(X) = 0,00 (X),

where functional U := Us[JUj results to be law-invariant, strictly monotone and strictly
risk-averse conditionally on any event, by Lemma 4.5. Proposition 3.2 in [49] provides the

unique (up to a constant) POA (&1, &) of X with respect to (U, U), which is given by
(&1,8) = (—(X —k)",X Vk), forsomeke€R.

This means that the interval of essential oscillations of X, [essinf X, esssup X], can be

shared in two subintervals [essinf X, z], [z, esssup X], such that &, is constant on the first
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one and & on the second one. Therefore, the AVQR-agent takes the worst risks (the
whole risk in [essinf X, z]), whereas the others agents share the rest of the risk. Now
Proposition 5.1 gives us the recipe to optimally share the risk & = X V k between an
entropic and a mean-variance agent. In conclusion, as POAs (X1, Xo, X3) € A3(X) w.r.t.

(U1, Uz, Us), we obtain:
X1=—(X~k)” +a,

Xo = —v1In(g(&)) + c2 = —yIn(g(X V k)) + c2,

Cg&) | g(XVE
X3 = % +c3 = 55 + c3,

for some k € R, g : R — R convex and decreasing function, and for any ci,cs,c3 € R s.t.

X =X, O

e AVOR vs Mean-variance vs Semi-Deviation.

Consider the AV@R-criterion with parameter A € (0,1], the semi-deviation utility with
p = 2 and parameter 0 € (0, 1], and the mean-variance principle with the same parameter
d. As in the previous case, we can apply Proposition 3.2 in [49], since the sup-convolution
of the last two agents provides a monetary utility functional, strictly monotone and strictly
risk averse conditionally on lower tail events. In this way we obtain that the AV @QR-agent
assumes the worst risks, whereas the other agents share the rest of the risk as described in

the previous section.

e AVOR vs Standard-Deviation vs Semi-Deviation.

Here we consider the same parameter § for the standard-deviation principle and the semi-
deviation utility (with p = 2), and proceed with the same reasoning as before, associating
the last two agents in the first place. Once again the interval of the essential oscillations of
the total risk is shared in two parts: the worst risks are entirely taken by the AV @QR-agent,

whereas the lowest risks are entirely taken by the semi-deviation agent.
e AVOR vs Mean-variance vs Standard-Deviation.

Proposition 5.8. Let Uy be the AVQR-criterion with parameter A € (0,1], Us the mean-

variance principle with parameter 1 > 0, and Us the standard-deviation principle with
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parameter 83 > 0. Then, for any aggregate risk X € L, there exists a unique (up to

constants summing up to zero) POA (X1, Xa, X3), given by
(X1, X2, X3) = (—(X =) "+ (X —wa((lVvX)Au),1-a)((IVX)Auw), (5.14)

for some l,u € R and

02
a=1{ 25/ Var((IV X) Au)

1, otherwise.

,if / Var((LV X) Au) > 5727
201

Proof. Once again, we associate in the following way:
U100,0053(X) = U10(U.0U3)(X) = U,0U(X),

where we know the explicit form of the functional U := Uy[Us, described in (5.13), that
satisfies all the requirements necessary to apply Proposition 5.3. Therefore, the unique (up

to a constant) POA (&1, &2) for (Up,U) is given by
(61,6) = (—(X = 1)" + (X —u)*,(IV X) Au), for somel,u € R.

This means that the AV@QR-agent takes the extremal risks, whereas & = (I V X) A u is
charged to the mean-variance and the standard-deviation agents. From Proposition 5.6
we know that these agents share risks proportionally between themselves, thus producing
exactly (5.14).

O

Remark 5.9. In all the preceding cases involving AVQR-agents, we have seen that they
generally take the extreme risks, which reveals their non-conservative behaviour. This pro-
duces an opposite situation to that of the entropic-agents, which we have shown to be prudent

towards extreme risks (compare Remark 5.2).

e Entropic vs Mean-variance vs Standard-Deviation.

Proposition 5.10. Let Uy be the entropic utility with parameter v > 0, Uz the mean-
variance principle with parameter §1 > 0, and Us the standard-deviation principle with
parameter 83 > 0. Then, for any aggregate risk X € L, there exists a unique (up to
constants summing up to zero) POA (X1, X9, X3), such that X is a convex function of X,

whereas Xo and X3 are concave functions of X.
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Proof. We proceed as in the preceding section, denoting U as the result of the convolution:
U(X):=U0,00,003(X), VX € L™,
and V1, Vo, V3,V the convex conjugate functions of Uy, Us, Us, U respectively, with
V() = (Vi + Va4 Va)(p), Y€ (L),

strictly convex on its effective domain. By the characterization of the differentials found in

the previous chapters, we obtain
X € -0V(Zx)={—yInZx —cZx +d: c€R", decR},
where Zx is the unique element in QU (X). At this point, the POAs are given by

X1 = —yIn(g(X)) + 1,

_9X)
Xo = 2%, + co,

X3 = —c39(X) + 4,

for some c3 € Rar, g convex and decreasing function, and for all ¢q,ce,cq4 € R such that

S X, =X, O

CONCLUSIONS

For choice functionals satisfying Assumption 3.20, we obtain the very same results as Jouini
et al. [49] for the existence and the characterization of the solutions to the optimal risk
sharing problem (i.e. Pareto optimal allocations and optimal risk sharing rules). In par-
ticular, due to the cash-invariance property, we can solve it in two separate steps: first we
maximize the overall utility which produces the Pareto optimal allocations (that is, how to
re-share the aggregate risk: the shape of the contract); successively, we impose the individ-
ual rationality constraints, which denote the incentive for any agent to change her initial

position and produce the indifference prices (that is, how much agents are willing to pay
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to enter into the transaction: the price of the contract). The introduction of the monotone
approximation of non-monotone functionals, allows us to compare non-monotone agents
with their monotone adjusted versions when facing this problem. In particular, provided
that one agent is characterized by monotone preferences, we find a strict link between the
solutions to the original ORS problem and the solutions to the new one only involving
monotone choice functionals. We especially obtain interesting results when dealing with
non-monotone agents having mean-variance preferences. In this situation, the Pareto op-
timal redistribution of the total risk is not sensitive to the lack of monotonicity by some
agents, that is, to solve the sup-convolution problem w.r.t. the mean-variance criterions
U(?i“”s or w.r.t. the monotone-mean-variance criterions Ugfm”’s turns out to be equivalent.
Furthermore, we prove that the optimal redistribution of the risk often leads to simple
contracts consisting in the exchange of European options written on the total risk or in a
proportional sharing of it. In this way we get typical forms of insurance contracts, such as

stop-loss and quota-share rules.
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Chapter 6

Expected Utility Maximization
Problem

From now on, we consider the trading interval [0, 7], with T € (0, 4o00|, as meaning that
trading is possible at any date ¢ € [0,7"). The financial market consists in (d + 1) traded
assets, whose prices at time ¢ are described by the random variables S‘?, S’tl, ce 5‘;1, measur-
able with respect to F;. The asset indexed by 0 is the riskless one (that we consider strictly
positive), and without loss of generality we make the choice to deal with the vector of dis-
counted prices S; = (S}, ..., S%), where S} = Si/S? (that is, we choose the cash account as
numéraire). In particular, we assume the R%valued stochastic process S = (S;)o<i<7 to be a
locally-bounded semimartingale based on the filtered probability space (2, F, (Ft)o<t<7, P)
(see §2).

Here a trading strategy is defined as a stochastic process H = ((H}, ..., H}))o<i<r in
RY, where H} denotes the number of shares of asset i held in the portfolio at time t. In
order to rule out doubling strategies, we consider the following set of admissible trading

rules (introduced in [42], see also [24]):

‘H := {H : H predictable and S-integrable, H - S uniformly bounded from below},

t

where H - S denotes the stochastic integral of H with respect to S: (H - S); := / H,dS,
0

(for details on stochastic integration we refer to [47], [66], [68]).

86
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6.1 The Primal and the Dual Problem

At this point, for an agent with initial endowment x € R and preferences described by
a utility function wu, the expected utility maximization problem in the market S can be

written as follows:
w(x) := sup Elu(z + (H - S)7)]. (6.1)

HeH

We work in an incomplete market and allow the wealth processes to be negative, so
that the utility functions we consider are defined and finitely valued on the entire real line.
In this setting, basic results of existence and uniqueness of the optimal solution are given
in Schachermayer [69], to which we refer for a complete outline of the situation. In order
to apply these results, we need to make some assumptions on the market S and on the
utility function u. In particular, we assume the utility function to behave according to the

following technical requirements:

Assumption 6.1. u: R — R is a smooth, strictly increasing and strictly concave function

satisfying the following conditions:

(I) Inada conditions: lim /() =occ and lim u/'(z) = 0;
T——00 T—+00

(II) Reasonable Asymptotic Elasticity (RAE) conditions:

/ /
lim inf 2% (z) >1 and lim sup v (x)
z——oc0 u(x) t—too  U(T)

<1

Together with the classical assumption (I) on the marginal utility, we require (IT) on the
ratio between the marginal and the average utility (suggested by economic intuition, see
[69] and [71] for the precise meaning and for a connection with the relative risk aversion)
since it is the crucial condition to ensure the existence of the optimal investment. We recall
that a typical example of function satisfying these conditions is the exponential utility
u(x) = —exp (—x).

Now we need to introduce two particular sets of probability measures. Therefore, we

denote by M“(S) the family of absolutely continuous local martingale measures:

M(S) :={Q <« P: Q is a probability measure and S is a local martingale under Q},
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and by M¢(S) the family of equivalent local martingale measures (also called risk-neutral

measures):
ME(S) :={Q ~P: Q is a probability measure and S is a local martingale under Q}.

This allows us to formulate the classical assumption of “no riskless-profits available in

the market” in the following suitable version:
Assumption 6.2. The set M(S) is not empty.

This condition insures that in the market modelled by S there are no possibilities of free
lunch with vanishing risk (NFLVR), which is a slight generalization of the no-arbitrage (NA)
condition and can be expressed as follows: there exists no sequence of terminal payoffs of
admissible integrands, f, = (H"-S)r, such that the negative parts f,; tend to 0 uniformly,
and such that f, tends almost surely to a non-negative function fy satisfying P(fo > 0) > 0
(see [24] for this version of the Fundamental Theorem of Asset Pricing).

Under this assumption, we know that a complete market S is characterized by the
existence of a unique element in M¢(S). Every contingent claim is attainable here, that
is, there exists an admissible trading strategy which perfectly replicates it, and therefore
we have a simple pricing and hedging theory. In particular, since the price of a contingent
claim is uniquely determined by no-arbitrage arguments, there is no need to involve agents’
preferences. On the contrary, in incomplete markets we have many equivalent martingale
measures, which correspond to many linear pricing rules all compatible with the (NA)
condition, so that the problem that arises is how to select a measure among them (compare
[34] and the references therein). For example, one may choose to consider the so-called
minimax martingale measure (see [6], [34]), even though, in our framework, we obtain no

answers in this direction (compare Remark 7.3).

To exclude the trivial degenerate case, we make a further, intuitive requirement involving

both u and S:
Assumption 6.3. For any stopping time p € [0,T],

sup  Eu((H - S)7r)|F,] < u(0) a.s.. (6.2)
H=H1j, 1
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In particular this condition serves to insure the finiteness of the value function w in (6.1),

on all the real line.

As said in the Introduction, many authors solve maximization problems by using duality
methods. Here we make the same choice, and this leads to the characterization of the
maximizer in (6.1) in terms of the optimal solution to a dual variational problem. In order
to do this, we need to introduce the convex conjugate v : Rt — R of the utility function wu:

v(y) = sup(u(z) —zy), Yy >0. (6.3)

z€eR
Remark 6.4. Note that, since we are dealing with an increasing function u on R, the
duality automatically works in RT. Indeed, it is obvious that if we consider a negative y in

(6.3) we obtain v(y) = +oo.

Under our assumptions, v turns out to be a smooth and strictly convex function such
that
v(0) = u(+o0), v(+00) = 4+o00 and v'(0) = —co, v'(+00) = +00.

At this point, the optimal problem dual to (6.1) can be expressed in the following way:
dQ
- it 2]
v(9) @e}&la(S) \Vap (64)
where the function v : Rt — R is finite from Assumption 6.3. For example, for u(z) =

—exp (—x) we obtain v(y) = y(lny—1) and v(y) = v(y) + y@ inf )H(Q; P). In this case,
e a

Mea(S
the dual problem (6.4) provides the local martingale measure with the minimal relative
entropy (3.18) (compare [34]). We now define the generalized entropy with respect to P as
the function acting as follows:

o — Bl()]

for any measure QQ absolutely continuous with respect to P. By means of this function we

can introduce two particular sets of local martingale measures for the market S:

MY(S) = {@ € M*(S) : E[v(fl%)} < oo}
and

M5(8) = {Q € M(S) E[v(%)] < oo},
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which allow us to formulate the dual problem (6.4) on M$(S) instead of M“(S).

In our setting we can apply a result of Bellini and Frittelli [6] which ensures that the
unique minimizer in (6.4) (the so-called minimaz martingale measure) exists and belongs
to M%(S). Define )/(:T(a:) as the optimal terminal wealth, unique solution to the primal
problem (6.1), and Q, as the minimal martingale measure, unique solution to the dual
problem (6.4). The basic idea of the dual approach is to solve the latter problem and then,
by convex duality, to solve the former one. The crucial formula which relates the respective

optimizers is given by

dQ, u(Xr(x))
dpy = ma— (6.5)

where y = w'(z) > 0 (see Theorem 7.1 below).

6.2 Equivalent Case and Absolutely-Continuous Case

Let us now outline the direction our study moves in. By solving the dual problem, two

mutually exclusive situations are singled out:

o cquivalent case: Q € ME(S);

o absolutely-continuous case: Q € M*(S)\ Me(S).

Here and in what follows, where it does not generate confusion, we do not indicate the
dependence -of the optimal solutions- on the initial capital = that the agent is endowed

with.

Remark 6.5. Note that the absolutely-continuous case corresponds to have an optimal
terminal wealth which is infinite with strictly positive probability. Indeed, let A € F denote
the mazimal set such that Q(A) = 0. By relation (6.5) and the Inada conditions, we
have A = {fli% = 0} = {)?T = 400} P-almost surely. On the other hand, the absolutely-
continuous case clearly implies P(A) > 0, thus giving P({ X7 = +o0}) > 0.

As said in the Introduction, authors often assume the minimax martingale measure to
belong to M€(.5), so that the results are given in the equivalent case. This is what happens,

for example, when in [69] the solution to the primal problem is shown to be equal to the
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final wealth of some self-financing strategy (Theorem 7.1 below). More precisely, supposing
to be in the equivalent case, we obtain the optimal wealth at the time horizon T as the
terminal value of a @w/(z)—uniformly integrable martingale: X1 (z) = z+(H(z)-S)7. On the
contrary, if the minimax martingale measure @ is just absolutely continuous with respect
to P, we lose this characterization, in the sense that the integral representation of )?T holds
true under the optimal measure only (i.e., @—almost surely). In our study we focus on the
absolutely-continuous case and show how to reach the wealth optimal at time 7" by means
of new problems, which are defined in some random intervals contained in [0, 7] and fit in
with the equivalent case. Before doing so, we mention some known situations in which this

fact cannot occur, that is, some conditions which separately ensure that @ ~ P:
1. u(400) = +o0;
2. M;(S ) # 0;

3. finite-discrete-time market model.

In the first case we have v(0) = u(+00) = +00, and the formulation (6.4) of the dual problem

A

makes the minimizer @ satisfying % > (0 P-almost surely, i.e., the optimal measure lies in
the set M¢(S).

On the other hand, if there exists an equivalent martingale measure with finite general-
ized entropy, since we have assumed the Inada conditions to hold, once again we obtain the
measure Q to be equivalent to P (see Csiszar [16] for the exponential utility and Kabanov-
Stricker [50] for the general case).

Lastly, the case of a market model with finite discrete time always falls into one of the two
previous situations, thus fitting the equivalent case. Indeed, suppose v(0) = u(+00) < +o0.
In this case the Dalang-Morton-Willinger theorem applies (see [17]), since we work under
the (NA) condition, yielding an equivalent martingale measure with bounded density. In
particular, this implies that this martingale measure lies in M?(S’ ) and concludes what was

previously declared.



Chapter 7

Approximation of the Optimal
Wealth

In this chapter we study a characterization of the solution to the optimization problem (6.1)
by means of new problems obtained suitably stopping the original one. These auxiliary
problems allow us to give convergence results in Section 7.3. In particular, the optimal
wealth )A(T turns out to be achievable as the limit of terminal values for some self-financing

trading strategies.

7.1 The Original Problem

First it is convenient to state some known results we rely heavily on. In view of this, we

define the strictly decreasing function I : R™ — R given by

which produces v(y) = u(I(y)) — yI(y).

Theorem 7.1. [69, Theorem 2.2] Let the locally-bounded semimartingale S = (St)o<i<T
and the utility function v : R — R satisfy Assumptions 6.1-6.3. Then

(i) The value functions w and v defined in (6.1) and (6.4) are conjugate; they are finitely

valued, continuously differentiable, strictly concave (resp. convex) on R (resp. RT)

92
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and satisfy

w'(—o0) = —1/(0) = V' (+00) = +o0, w'(+o0) = 0. (7.1)

(ii) The optimizers Xp(x) and @y in (6.1) and (6.4) exist, are unique and satisfy

~ dO dO "x
Xr(x) = I(y%) or, equivalently, 6(1%/ = ul ;(x))’ (7.2)

where x € R and y € RT are related via y = w'(z).

(i1i) The following relations hold true:

2w (x) = EXp(a)d (Xr(2)], V(y) = Eﬁ%v’ (y‘i%)] (7.3)

(i) If @y € Me(S) and x = —/(y), then Xp(z) equals the terminal value of a process of
the form Xy(z) = o + (H(z) - S);, where H is a predictable and S-integrable trading

strategy such that )?(aj) 1s a uniformly integrable martingale under @y.

From these formulae we also obtain the following one:
o v o d@y o
w(z) = E[u(Xr(x))] =2y + E|v yp )| Y= (x), (7.4)

that we use to formulate the primal problem (6.1) in a different way. In this order, we also
introduce a suitable version of a proposition proved by Biagini and Frittelli [7] in a more

general context:

Proposition 7.2. Let u satisfy Assumption 6.1 and Q be any measure in M‘}(S) Then,

for x € R, the optimal solution to

I§1>151 Az + E[v ()\2%)} (7.5)

is the unique solution to the first order condition

v+ E[%U’ (A%)] —0. (7.6)

Noting that relation (7.4) makes y = w'(x) solving (7.6) for Q = @y, we get w'(z) as

the optimizer to the problem

win X0+ E[o(332)]. &
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This allows us to rewrite the maximization problem (6.1) as

w(z) = A>07&i/{14?(s) Az + E[v ()\le%ﬂ, (7.8)

which admits unique solution (A, Q) = (y, @y), where as usual y = w'(z). In what follows
it will turn out to be convenient to consider this formulation of the primal problem (6.1),
which also involves the dual optimizer.

Let us now take a look at the integral representation in Theorem 7.1-(iv). What we
get is a perfect replicability of the optimal terminal wealth, by trading in the market in
accordance with a self-financing strategy H. As previously mentioned, this characterization
of the optimal wealth is submitted to the equivalence of @ to P, whereas the non-equivalent
(i.e., the absolutely-continuous) case is left open. Our main goal here is to provide an
approximation of the optimal solution to the problem (6.1) by means of solutions to auxiliary
maximization problems, solutions which admit integral representation. Therefore we often
assume, or emphasize, the case where the minimax martingale measure is not equivalent
to the historical probability, which is the situation where our convergence results become

meaningful.

Remark 7.3. In the absolutely-continuous case, we lose not only the integral representabil-
ity of the optimal terminal wealth, but also the use of this dual approach as a methodology
to give an answer to the problem of selecting a (NA)-compatible pricing measure. Indeed,
in this case, the linear pricing rule given by E@[] s not positive and leads to arbitrage

opportunities.

We now impose a further requirement on our market model, bearing in mind that this

condition is satisfied, for example, by the brownian filtration.

Assumption 7.4. Every stopping time is (F;)-predictable.

7.2 The Auxiliary Problems

As pointed out, we introduce a sequence of optimization problems which lead to the approx-
imation of the optimal wealth X in terms of final values of stochastic integrals. Obviously
this becomes significant in the absolutely-continuous case, where X’T is infinite with strictly

positive probability and does not admit integral representation.



95

Denoting by (Zt)OStST the density process corresponding to the optimal martingale

measure @:
5 _ 1 7 _gl@Q 5 _5_dQ
Zy=1, Zt_E{ﬁ’}}},We 0.7), Zr=2="%. (7.9)
we can define the following stopping times:
r=inf{t>0:Z, =0}, m=inf{t>0:Z, <n"'},VneN, (7.10)

where we put inf ) = +o00 and Zog = Z, = Z7.

7.2.1 Announcing Stopping Times

By Assumption 7.4 7 is a predictable time, hence there exists a sequence (o, )n>1 of stopping

times announcing it:

on increasing, o, <7,¥n €N, and lim o, =rT.
n—oo

We can show that 7 is announced exactly by (7, )r,>1 on {7 < co}.

Proposition 7.5. Let us define the stopping times
Tn = Tn1{7n<oo} + nl{rn:oo}~ (7.11)
Under Assumption 7.4, the sequence (Tp)n announces T.

Proof. By (7.10) and (7.11) we have 7, increasing and 7, < 7, < 7. Moreover 7, < T
clearly holds on {7 = oo} (which equals 2 P-a.s. if we are in the equivalent case). We now
consider the absolutely-continuous case and prove that the strict inequality is also true in
the set {r < oco}. If not, there exists B C {r < oo} with P(B) > 0 and 7, = 7, = 7 on
B. Since (Zt)t is a uniformly integrable martingale, the optional-sampling theorem and the

martingale convergence theorem give us
Z._ =lim Z,, = imE[Z.|F,,] = B|[Z:|VnFs,] = B[Z.|F,_] =0
n n

on {7 < oo}, 7 being F,_-measurable. On the other hand, since 7, > 0, we have Zﬂ_ >

n~! by definition. We then obtain
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and this contradiction proves 7,, < 7 a.s. on {). In order to end the proof, there still remains
to show that 7, (or, equivalently, 7,,) converges to 7. By monotonicity, n = 1i71;n Tn < T 18
well defined and, of course, n > 7,. Let us show that this limit just equals 7. Since on
{n = oo} this is clearly true, we consider the set {n < co} (where, Vn € N, 7, < 00 t00).

The optional-sampling theorem gives us
E[Zy1 (7, <00}) = BlZn, 1z, <o0)) <077,

since on {7, = oo} we have n = 7, = oo and 277 = Zm = Zp. Therefore, by applying
Chebyshev’s inequality, P({an{m@o} > ¢}) < (en)™! for any constant ¢ > 0 we fix. This
yields

lim P({Zy11,c00) > ¢}) =0, Ve >0,

n—oo

that is, 2,71{7”@0} tends to 0 in probability. It follows from the dominated convergence
that

| Zylir, <o} llLr@y— 0 as n — oo,

hence we get 2,71{,)@0} = 0, since E[Z]l{n@o}] < E[?nl{m@o}]. This fact leads us to
conclude that n = 7 by (7.10), and makes our proof complete.
O

This proposition clearly states the continuity of the density process (/Z\t)t at 7. Indeed,
the right continuity of the filtration yields the right continuity of any uniformly integrable

martingale process, and the assertion of the proposition gives us

lim Et = lim 2% = ZT.

thr n—00

We point out that, in the proof of Proposition 7.5, we actually do not use the specific fact
that (Z)t is the density process of the dual minimizer, and this allows us to reformulate the
proposition in a more general way. By doing so, we obtain the following result, interesting

by itself.

Proposition 7.6. Let M = (M;)o<i<T be a non-negative uniformly integrable martingale

in a filtered probability space (2, (Fi)o<i<t,P), with T € (0,00] and (Fi)o<i<T Ssatisfying
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the usual conditions. Let p be the first time in which M reaches zero and assume that it is

a predictable stopping time. Then p is announced by the sequence of stopping times
P = Pnl{p,<oo} T Nlip,=sc}s N €N, (7.12)
where
pn =inf{t >0: M; <n~ '} (7.13)

Remark 7.7. In addition to what we have concluded above, it is not unworthy to underline

that Xp(x), Zr € LO(Q, Fr_,P) and relation
wr—(x) :=sup Elu(x + (H - S),_)| = w(z) (7.14)
H

holds true. This means that we can visualize the optimization problem (6.1) in [0,T], as
it was defined in the random interval [0, 7[. Of course, the optimizers of the relative dual

problems coincide as well:

)= nt Bo(ug)] = i)

where y = w'(x) = w,_(z) and M®*(S77) refers to the stopped process (S| )o<i<r =
(Star—)o<t<T. Therefore, from now on, we regard problems (6.1) and (7.14) as indistin-

guishable.

7.2.2 Primal and Dual Problems

Let us consider the trading random interval [0, 7,,], for any n in N. We define the expected
utility maximization problem relative to it:

wp(x) := supEBlu(z + (H - 5);,)], z€R, (7.15)
HeH

as well as the associated dual one:

vn(y) == Qg/\i{r{}fsm) E[v (y%)], y € RT, (7.16)

where M*(S7) refers to the stopped process (S;™)o<t<T = (Star, Jo<t<r. Of course (wy)n
is increasing and w, < w. Note that (7.15) can be reformulated in the following equivalent

ways:

wa(x) = sup Efu(e + (H - §™)7)] = sup Blu(z + (1o, - S)1))-
HeH HeH
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From now on we will use the notation X}n) (z) = Xﬁ:) (z) and QZE,") respectively, for the
terminal wealth solving the primal problem (7.15) and for the martingale measure solving
the dual problem (7.16) (the dependence on x or y being dropped when it does not generate
confusion). It visibly follows that the optimal solutions relative to the problems in [0, 7,],

satisfy relations analogous to those in (7.2):

(n) 1¢y (1)
)Y g A% T2 (7.17)

(n)
X+ (x) =1(yn ,
) =1( - L

where y, = w/,(z) = B[u/ (X\" (z))].

The following lemma is a simple observation and a key point in view of our convergence

results.
Lemma 7.8. The optimal martingale measure QZ(/Z) is equivalent to P for any n in N.

Proof. As mentioned in Section 6.2, under the Inada conditions, if there exists an equivalent
martingale measure with finite generalized entropy, then the optimal measure is equivalent
to the historical probability. We can show that, in fact, this is the case for the optimization
problem in [0, 7,,]. To this end it is sufficient to prove that the measure @y (optimal solution
to the dual problem in [0,77]) restricted to the o-algebra F-,

I

.

~

d
belongs to M%(S™). We clearly have 4Qy > 0 a.s. by definition of 7 and Proposi-

tion 7.5. Moreover, by Jensen’s inequality we have

5o(u22 | )] =B[o(Ep 2 |,])] < [ (112)] < .

as claimed.

Therefore, the unique solution to the optimal problem (7.16) can be written in the

following way

XM (z) =2+ (H"-9),,, (7.18)
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by Theorem 7.1. Here ng) (z) is finite P-a.s., H" = H"1 ;) is a predictable S™-integrable
process, and (H" - S)o<i<r, is a Qéz)—uniformly integrable martingale. It is exactly this
(

characterization of XTZ)(x) that makes the convergence results proved in the next section

interesting, as well argued after the statement of Theorem 7.9.

7.3 Convergence Results

Our main theorem in this setting can be stated as follows.

Theorem 7.9. Assume u: R — R and (Si)o<i<T to satisfy Assumptions 6.1-6.3, 7.4. Then
the following relations between the solutions to the original problems and the auxiliary ones

hold true:

(i) wa(2) — w(z);

dQy) 1) dQ,

dP n dP’

(ii) X;n)(:r) N )?T(:c) and

This theorem states that the optimal wealth )A(T (solution to the original problem formu-
lated in [0, 7]) can be approximated through the optimal wealths X:(Fn) (reachable by trading
up to the random times 7, only). Clearly the interesting case is the absolutely-continuous
one, where )?T admits integral representation only @—almost surely. At this point it is of
fundamental importance to consider Theorem 7.9 in conjunction with Lemma 7.8, that is,
with characterization (7.18) of the optimal wealths Xﬁ:) , which makes X7 attainable as the

limit of suitable-portfolios terminal values.

Before proving Theorem 7.9, we need some preparatory results. Let us introduce the

sequence of positive measures

(ynZ(n) )n€N7
d@(”)
where Z(™ ;= —Y"We want to prove that we can extract a sequence of convex combi-
dP R
= d
nations of them which converges to yZ = w’ (x)% in probability, where as usual y and

yn are the first derivatives of the value functions w and w,, at a fixed point z € R. This is
just a preliminary result, and it is only in the next subsection that we will be able to show

that the sequence (y,Z™), itself converges to yz .
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Recall that functions u,w,w, are increasing, concave, and finite valued on R, and that

sequence (wp), is increasing too. Moreover, relation v < w, < w,Vn € N, is clearly

/

".(x))n is a bounded sequence, say y, <

satisfied. Hence, for any fixed z € R, (yn)n = (w
¢ € R Vn € N, where of course ¢ = £(z). Tt follows that (y,Z™),, is a bounded sequence as
well, lying in L}r (Q, F,P), and we can make use of an appropriate version of Komlos’ theorem
(see [55] and [25]). This produces a sequence (gn)nen Of positive measures converging in

probability to some g € L1+(Q, F,P). More precisely we have

Gn = Z Ry Z® e conv (y, 2™y 1 2V, neN, (7.19)

k=n

[e.e]
with 0 <af <1, Zaﬁ =1, and g, LA g€ LL(Q,]:,P).
k=n
It is convenient to introduce the probability measures related to these random variables:

dR" In gn  dR g g
— = —, —_— = = = —, ’}/77,7/76 0,00 . 720
dP Elg,] v dP E[g] ~ (0,00) (7.20)
f

As an immediate consequence of the boundedness of (y,,)n, we have that (), is bounded

too. Indeed Fatou’s lemma gives us

Y =E [ > azykz<k>] <> Eloguz®] =)oy < ¢ (7.21)
k=n k=n k=n
and also
v = Ellim g,] < lim E[g,,] = lim, <¢. (7.22)

Moreover, since the function v is convex and bounded from below (v > u(0) by (6.3)),

we obtain
p 00
Blv(ga)) = B[vo(lim Y- afuz®)] < 3 afBlo@z®), (7.23)
k=n k=n

once again by Fatou’s lemma. Combining inequalities (7.21) and (7.23) we get

n

o+ B (1 G )] < X ke + Bloz))
R k= (7.24)
=" ojwi(@) < 2y + Ep(y2)] = w(x),
k=n
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where we have used representation (7.4) for the optimization problem in [0, T as well as for

the ones in [0, %], &£ € N. It is now easy to extend this formula from <7n, %) to <fy, %)
in this way:
zy+E {v (’y%)] < lirrln (ac’yn + E[v (’yn Cﬁ:)]) < w(z). (7.25)

We use these inequalities to prove the following proposition, which is a fundamental
step in the direction of our convergence results. Here we consider only the interesting case,

i.e., the absolutely-continuous one.

Proposition 7.10. Under the hypothesis of Theorem 7.9, the following assertions hold

true:
(i) The sequence (gn)n is P-uniformly integrable;
(it) R" € M?(S™) and R € M*(S™7);
dQ,
dP
Proof. (i) Recall that, under the Inada conditions, the RAE condition on the limit to —co

(iii) g =yZ = w'(z)

can be given in terms of the function v (see [69, Proposition 4.1]): there exist {y > 0 and

C > 0 such that

¢v'(¢) < Cv(¢), for¢ > (o. (7.26)
Let us fix K > 0 constant and consider the quantity E[g,;¢9, > K]. If K > (y and
V'(K) > 0, from (7.26) we get

Co(gn) _ Colgn)
S ) = V)

Vgn > K,

where the last inequality holds because v’ is increasing. In this case we have

E[gn;gn > K] < E[v(gn); gn > K],

v'(K)
and it is sufficient to prove the uniform boundedness of E[v(gy,); gn > K],n € N, to obtain
the uniform integrability of (g, ),. Indeed, if

Ev(gn);gn > K] <n VYneN,
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Cn
v'(K)
Since the function v is continuous and strictly convex on R™ with v(0) = u(c0) < oo (we

for any € > 0 we clearly find a constant K = K, sufficiently large such that < e
are in the absolutely-continuous case), it is bounded on [0, K]. Therefore, to show that
(E[v(gn); gn = K])y is bounded or that (E[v(gy)])n is bounded, turns out to be equivalent.
On the other hand, by (7.24) we have

E[v(gn)] = 70 + E[v(gn)] — 27, < w(z) — 27,

and, since 0 < v, < £ < 00, the desired result follows.

(ii) Since S is assumed to be locally bounded, there exists (0,,)men increasing sequence
of stopping time such that o, 1 oo and |S7™| < C), P-a.s., for some C,, constant, Vm € N.
We now show that, Vn,m € N, §9»"™ is a R"-martingale and S°"7~ is a R-martingale.
Let us fix n,m € Nand 0 < s <t < T (or, eventually, permit t = T if T' < o0). Since

(yxZ™®)), is uniformly integrable from (i), we have

ERn [Sam/\T” |f } = E[g”SfMATn ‘fs] — E[hmp Zg:n azykz(k)SgMATn |f5]
' ’ E[gn|F] Ellim, 37, afynZ®)| 7]

S, Ry B2V ST E] S, agy 28 §gmim
pD i OézykE[Z(k) | Fs] Y e azyst(k)

_ Om /N\T,
Ssm n7

by the fact that S{"™ bounded implies (yxZ*) Sy ™), and (3F_ afy,Z*)S7m ™),
uniformly integrable, for any 1 < n < p < oo we fix. Here we have used the L'-convergence

of uniformly integrable sequences converging in probability and, in a similar way, we also

obtain
_ E[gSU’"AT_]]-"} Ellim,, g S"mAT"\}"]
E Om/N\T ; —_ t S — n Jn-t S
R[St ‘f] E[g’fs] E[hmn gn‘fs]
. E[gnsgmATnu—S] AT—
= ] — §omAT
" Elgal7] T
as claimed.

(iii) As was emphasized in Remark 7.7, the equivalence of the optimal problem in [0, 7]

to the one in [0, 7[ holds true and, in particular, w,_(x) = w(z) VY € R. Hence, using (i)
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together with (7.25), the optimality of R immediately follows:
R = @y and y=y=w'(x), sothat g= yZ, (7.27)

by formulation (7.8) of the original problem. What we have proved is that every convergent

dR™ ~
sequence (771%) of convex combinations of {y,Z ) n e N}, admits yZ as limit. More
precisely, by statement (i), as n — oo we have
dR™ p dQ,
— — —=
Tn =Y, dP dP
and
dR"™ =
xym + E [v (%dil[”)} — zy + Ev(y2)] = w(z). (7.28)

This proves the last assertion of the proposition and concludes the proof.

Proof. [Theorem 7.9] The first statement follows from (7.24) and (7.28), since (wy)y is
increasing and satisfies w, < w.
(ii) It will first be shown that

dQ™ p  dQ
e 4Q
dP Yap

Yn

In this purpose it is sufficient to prove that (y,Z™), is a sequence with the property to
be “Cauchy in probability”. We use the fact that the function v is strictly convex, hence
uniformly strictly convex on compacts:

Va >0, K € R" there exists 3 >0 s.t. V41, do with §; € [0, K| and |§; — d2| > a, then

U(51) + 0(52) 01 + 09
2 ~ ”( 2

)+5. (7.29)

Suppose that (y,Z (”))n is not Cauchy in probability, i.e., there exists &« > 0 s.t. VN € N
dm =my,p=pny > N with

P{|ymZ™ — 4,Z?P)| > a} > a. (7.30)
On the other hand, since (y,Z (”))n is uniformly integrable, there exists K > 0 such that

P{Z™ > K} < % VneN.
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Let us fix N € N and m,p > N satisfying (7.30), and define the sets
Q={weQ:|ynz2™ —4,ZP| >0}, Qp={weQ:Z2M™ <K}, O, =0nQ,.

It immediately follows that P(Q) > a, P(Q,) > 1 — /2 and P(Q,,) > a/2. Since in Q,,

(7.29) holds true, then we get

Ym Y ymZ™ + yp 2P
z(Z5—) +E[v( 5 )] <

(m) (p) (m) (p)
x(ym;‘yp) +E[v(ymZ );—U(ypr )10%:| +E[(U(ymz );U(ypr ) —ﬁ)1~ }

(U )y p [P0 ET) U ZTN] e

2 2
1 «
< 5 [owm + Elo(n2™)] + 2yp + Elu(y,2)]] - 5.
Hence, putting
_ Ym + Up dMY . ymZ(m) + ypZ(p)
-2 0 Nogp T 2 ’
we have
dMv =
lim sup {a:nN + E|:U<?7N7):| } <azy+E[v(y2)] — /Bg.
N—oo dP 2
Ak
Now, by possibly passing to a convergent sequence (ﬁ;d—P)k of convex combinations of
dMN . dMN .
{UNW’ N e N} (if (nNdT)NeN results not to be convergent), for any k£ in N we get
Nk

d N
v+ Blo (352 )] < oy + BpZ)] - 55 < (),
with the same arguments used to obtain (7.24). On the other hand, by (7.28) we have

Bl (2 )] v

in contradiction with the preceding inequalities. This proves that (y,Z ("))n is Cauchy in
probability and therefore it also converges in probability. From the uniform integrability,
this limit also holds in the L!(P)-sense and, by Proposition 7.10, it equals yz . What we

have shown is the convergence

)y L'(®)

~ 1(P) ~
ynZ™ 5 yZ, or Z(")Lip)Z7
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and by (7.2) and (7.17) we also have
x{ (@) = Xn(a),

as claimed.

O

As noted before, plugging (7.18) into Theorem 7.9 we obtain an approximation of the
optimal terminal wealth )?T(x) via self-financing trading strategies. Therefore, in the
absolutely-continuous case, an economic agent can realize a wealth as large as she wants with

strictly positive probability (greater than or equal to P(A), with A defined in Remark 6.5).



Chapter 8

Absolutely-Continuous Case: An

Example

In this chapter we construct a class of examples which show how the absolutely-continuous
case may occur for any utility function fulfilling our requests.

Let u : R — R be a utility function satisfying Assumption 6.1. We construct a real-
valued (locally) bounded semimartingale S = (Sy,)nen, based on and adapted to a filtered
probability space (2, F, (Fy)nen,, P), which describes the discounted price process of a risky
traded asset. Since we are in discrete time, Assumption 7.4 holds automatically true. We
shall give conditions on P and w in order to make the financial market modelled by S
satisfying Assumptions 6.2, 6.3 and fitting in with the absolutely-continuous case. This
means that, for an economic agent investing in this market, the optimization problem (6.4)
produces a martingale measure lying in M%(S) but not in M*(S). Moreover, the optimal
terminal wealth will have the nice representation (H - S)s = (1 9)os = 7}1_)120 Sy, where this

limit exists, otherwise it will be equal to +oo.

8.1 The Market Model

To simplify the notation we fix the initial endowment at = 0, so that the primal problem

takes the form

w(0) = sup Blu((H - §)s0)]. (8.1)
HeH
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In order to define the asset price process S, we choose a trinomial tree model in which, at
every step m, one can “go up”, “go down” or remain at the same level. To this end, we
consider two sequences (an)22, and (b,)72 ; of real numbers such that a; = 0, sgn(a,) =
sgn(by) = (=1)" ¥Yn € N, |b,| > |an| and |ay| (so |by| too) increases to 400 as n — +oo. Let
us put Sp = 0 in  =: Cp, then split Cp in tree sets, say A; (where S remains at the same
level 0), By (where the process goes down at b;) and Cy (where it goes up at az). In the
same way, for any n in N, we put S, = S,_1 in UZ;11 (Ax U By), whereas C,_ is split into
three sets, say A,, B, and C},, where we define S,, equal to a,, b, and a,11, respectively.
Therefore, at time n with n even (resp. odd), the process can go up, if B, (resp. Cp)

occurs, it can go down, if C, (resp. B,) occurs, or remain at the same level, in the sets

Ay, ..., Ay, By,...,B,_1. In this way the process we have constructed works as follows, for
any n € N:
ag, on Ap, k=1,...,n,
Sn =19 by, on By, k=1,...,n,

Gnt1, on Ch.

Moreover, as n goes to +00, S admits path-wise limit on (J7 (A, U B,), whereas it
oscillates between +o00 and —oo on Cog = ()~ Cp. Since we will put C not null under
the historical probability, the limit of the process is not almost surely well defined and it

becomes convenient to introduce the random variable
n o0

This construction follows an analogue pattern such as the one in [70] and here we can give
a similar interpretation of the asset price process. Indeed, we may consider S as the value
of a player suitably-stopped portfolio, when the game consists of a sequence of independent

experiments with the three outcomes:

Up:  to go up in the nt* trial,
myp @ to remain at the same level in the n'” trial,

dy: to go down in the n'* trial.
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The value of the game at n = 0 is fixed equal to zero, and the increments we consider are:

Gnt1 — ap, if up and n odd, or d,, and n even, occurs,
M =14 O, if m,, occurs,

bn, — an, if d,, and n odd, or u, and n even, occurs.

Hence, as long as the player continues the game, his portfolio value at time n € N is

n
k=1

Now the idea is to play as long as experiments have outcomes of up-type when n odd and
of down-type when n even, while the game stops at the first time in which this does not

occur. Let us introduce the stopping times
0 := inf{n : m, occurs},o :=inf{n : d,, and n odd, or u, and n even, occurs}, p := 6 A 0.
If we define our sets as follows:

Ay ={n=0<o0}, Bp={n=0<6}, C,={p>n} and Cx = {p= o0},

and allow the gambler to play up to the random time p, his portfolio value turns out to be
modelled by the stopped process
MP = 5S,.
After this comment, let us come back to the definition of our model and denote by
(Fn)nen, the natural filtration generated by S:
Fo = {0,Q} is the trivial algebra,
Fn=0(S,) =0({A1,..., A4, B1,...,B,,Cp}),Yn € N and

F=Fx = \/n Fn = U({(An)nENa (Bn)n€N7 COO})

8.2 Probability Measures

8.2.1 Characterization of the Martingale Measures

The unique condition needed on the sequences (ay), and (by,), will be obtained from the

characterization of the martingale measures for the process S (and independently of the
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utility function u we consider). Therefore, before we introduce the assumption on the
historical probability P, we proceed to identify the set M?(S). Of course every measure
Q € M?(S) has to satisfy the martingale property

Q(B)(bn — an) + Q(C)(ans1 — an) =0, Vn €N, (8.2)

that is

QBn) _an — a1 _ o gy, (8.3)

Q(Cn) bn — Qnp
To have M®(S) # ), we need a probability measure Q satisfying (8.3) and such that

Q ~ P. This measure clearly satisfies limQ(B,,) =0 and, requiring P(C) > 0, also
n

lim Q(Cy,) > 0, so that &, — 0. More precisely, at every step n we can rewrite:
n n

for some 7y, so that Q(Cy—1) = (1 + v, + £,)Q(C),). Now, since we want

n o

1 1

we need the following condition to hold:

> 1
1_i)< ,
Z< Ttmt&) =%

n=1

or equivalently:

Yn +&n 1o
L4y +&n
Here, given two sequences (f,)n, C R and (gn)n, C R~ {0}, by the notation Jn 1l 0or
~ ; £ 9n
fn < gn we mean that Z % < 00, whereas by f, ~ g, we indicate that “* € [¢7!,¢],
dn dn
n=1

asymptotically, for some ¢ > 1. Arranging things such that Q(A,,) tends to zero sufficiently
quickly (v, < &), we can relax the last requirement to the following one:
S (1) oy et 8.4
ot L+&

1 by, — an+1

We then obtain that the corresponding martingale measure Q lies in M¢(S).
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Note that, in order to have (8.4) satisfied, it is sufficient to take
|an+ﬂw <<|bn|> (8.5)

so we may and do assume this condition holds true. In this way Assumption 6.2 turns out
to be satisfied. Requirement (8.5) is the only one we make on the sequences (a), and
(bn)n, and we point out that it does not depend on the utility function u describing the

agent preferences. To give an example, a good choice for these parameters is

anp ~ (—1)"n and b, =~ (—2)".

8.2.2 The Historical Probability

We now put some conditions on the historical probability P, to make the solution of (8.1)
having the announced representation. What we want is the optimal wealth to be equal to
(H-S)so = (1-8)s0 = Soc on C<,, and to +0o on Cs (where P(Csg) > 0). This result

motivates the following requirements:

(P1) P(Ap)u'(ay) 1L 0 and P(By)u/(by) | 0;

o0

(P2) P(Apy)v/(ant1) = Y (P(Ap)u/(ax) + P(Bi)u/ (be));
k=n+1
(P3) P(B)u/(bn) =& Y (P(Ap)u(ar) + P(By)u (by)),
k=n+1

so that, if (P2) holds, P(B,)u/ (by) ~ £nP(Ans1)v (ans1);

(P4) |an|P(An)u(an) 110,
which, if (P2) and (P3) hold, implies |b,|P(By)u (by,) || 0, by (8.5);

(P5) P(An)u(—lan]) [L 0 and P(By,)u(—[bal]) L 0;

(P6) > (P(An) +P(B,)) <1 (ie. P(Coo) > 0, as mentioned earlier).
1

3
I

Note that, since |a,| and |by,| increase to +o0o, (P4) is clearly stronger than (P1) and therefore
the requirements we make on P are just (P2)—(P6). In the next subsection it will become
clear why we require these conditions. Here we only give an example in the significant case

of the exponential utility.
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Example 8.1. Consider the preferences of the agent as modeled by the exponential utility
function u(x) = —exp (—x) and, as before, put a, ~ (—=1)"n and b, ~ (=2)". In this

setting, a good choice for the measure P is
P(A,) ~exp(—2"+a,) and P(B,)~n2 "exp(—2"" +b,),

which makes (P2)—(P6) satisfied.

8.2.3 The Minimax Martingale Measure
Let us define a measure @ absolutely continuous with respect to IP, in the following way:
@ ~u'(Xoo) S0, on CS,

= , where Xy = (8.6)
dP ¢ = 400, on Cx

and ¢ = [[u'(Xoo) |l 11 (py < 00 by (P1). We obtain

Q(A,) = ¢ M (an)P(A,), Q(By) =c¢ W/ (by)P(Bn) and Q(Cso) = ¢ 't/ (00)P(Co) = 0,

so that, in particular, @ is not equivalent to P. Moreover, by (P3),

o0

QBn) =& Y. (QAR) +QBr)) = &Q(Ch), (8.7)

k=n-+1

ie., @ satisfies the martingale property (8.3). It follows that @ is a good candidate to be
the minimax martingale measure @C and we will show that, under our assumptions, this

will be the case. Before proving the optimality of @, we show the following properties:
(i) Xoo € LNQ) with Eg[Xoo] =0;
(ii) Xeo € L' (Q) with Eg[Xs] =0, VQe€ M‘}(S)

By (8.6) and (P4) we clearly have

Bl Xooll = EgliSoll = >, (Jan[Q@(An) +[0n]Q(Bn)) < o0

and also

-
Egl[Xoo — Sul] — 0, ie. 8~ X,
n—oo
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by approximation in (P2). This yields (S),), uniformly integrable with respect to @, with

E@[Xoo|fn] = E@[Soo|fn] =S, and E@[Xoo] =E [Soo] =0, (88)

Q

as claimed. Let now Q be any measure in M$(5). Since

o)) = 2 {o (s JPean + o (g B+ o (i e

is a finite quantity and the function v is bounded from below, we have

Q(4n) Q(Bn)
U(P(An)>P(An) 110 and U(]P)(Bn)>]P’(Bn) 1] 0.
Therefore, using (6.3) for y = aQ and z, = —|a,| or —|b,|, we obtain

dpP

Q(4n)
P(An)

an/Q(An) < v( 55 )P(An) — u(~lan|)P(4n) 11 0

and

o105, < oG (B — u(-[baE(B,) 110

by assumption (P5). This yields the integrability of Xo, with respect to every Q in M%(S5),
with Eg[Xo] = Eg[Sx] = 0, and in particular Q(Cs) = 0 (so that Q < Q). Now we

are able to prove the optimality of the measure Q in the set M%(S). Indeed, for any given
probability measure Q € M%(S), we have

Bo(A2) o(2)] > B[u(:2) (42 20)]

= e[ - 1) (¢42)] - ey - ) (42)]
= cEg[-Xu| — cEg[-Xo] =0,

by the convexity of v. Consequently @ turns out to be the optimal solution @C to the
dual problem. On the other hand, by (7.3) we have w'(0) = (—+/)~1(0) = ¢. Then the
measure Q € M?(S) we have defined is the optimal martingale measure @w’(()) and its
density is proportional to the marginal utility of X. Moreover, by (8.6) and (P6) we
know that this martingale measure is not equivalent to the probability measure P. By
this fact and guided by relation (7.2), we obtain that the optimal terminal wealth Xuo(0)
equals X, which is infinite with strictly positive probability by (P6). Then (8.1) produces
w(0) = E[u(Xx)] < co by assumption (P5).
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8.3 On the Approximation of the Optimal Wealth

We can observe that a sequence (K" ),en of admissible trading strategies permitting the
approximation of the optimal wealth, is given by K™ = 1(9 2,,—1). In this way, we obtain

processes Y := (K™ - §) such that

Y = (K™ S)2m-1= San-1 — Xoo(0)
and also

E[u(Y)] — E[u(Xe(0))] = w(0).

On the contrary, we can easily see that

X(0) := Eg[Xso(0)|Fn] = S, - Xoo(0).
Also regarding the auxiliary optimization problems introduced in Section 7.1, we get

XE(0) = (H" - 8)7, — Xoo(0),
by our main theorem, but
X, (0) := Eg[Xoo (0)| Fr,] - Xoo(0).

Let us consider the initial interpretation of S as a player portfolio value, in order to rein-

terpret the processes Y now defined. For any n in N, we have

Yrtn = Sn/\(?m—l) = Mﬁ/\pm’

where p, is the deterministic stopping time p,, = 2m — 1. Hence, we can approximate the
optimal terminal wealth through portfolio values of players which stop at time p A p;, the
game described at the beginning. In other words, playing this game (i.e., trading in our
market S) we can obtain a wealth that with strictly positive probability (> P(Cy)) is as

large as we want.

Remark 8.2. About the choice of the time horizon +00, we point out that it is not relevant.
To have the same examples in a finite trading horizon T, it is sufficient to consider the time

no
scale T' 1 instead of n.
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Remark 8.3. Regarding the unboundedness of the asset price process, we can see how to
drop it, leaving unchanged the optimal wealth process )?(0) Let us define a new process

S0 = (S%)en as follows:
St=0 and S°—S° | =AS’ =c,AX,(0) = cpAS,.

Of course, for arbitrary constants ¢, # 0, the optimal wealth process obtained by trading
in the market S® is the same as the one obtained by trading in S. So we can choose some
constants ¢, such that S° is a uniformly bounded process, for example c, = 2|;<T11|), which

gives us |SL| <1 —27",VYn €N, and also |S%| < 1.

CONCLUSIONS

For any utility function satisfying our assumptions, we have shown how the absolutely-
continuous case may occur. In such a situation, we lose the representability of the op-
timal wealth )?T as the final value of a trading strategy. However, since )?T(TL’) solves
(6.1), we know that there exists a sequence (K"),cn of admissible strategies such that
E[u(z + (K™ - S)7)] converges to E[u(Xr(z))]. In addition to this, by solving problems
(7.15) we get a sequence (H™), of self-financing strategies, characterized in (7.18), which

are not necessarily admissible, but such that

(e + (H" - 8)r) — u(Xr(z)),

by Theorem 7.9. This result taken in conjunction with representation (7.18) produces

~

Xr(z) =2+ lim (H"-S),,, (8.9)

n—oo

when the limit is taken in probability. Therefore, although the optimal terminal wealth is
not perfectly replicable, we obtain it as the limit of portfolio values attainable by trading

in the market.



Bibliography

1]

[9]

[10]

B. Acciaio (2005). “Absolutely Continuous Optimal Martingale Measures”, Statistics
& Decisions 23, 1001-1021.

K. J. Arrow (1963). “Uncertainty and the welfare of medical care”, American Economic

Review 53, 941-973.

P. Artzner, F. Delbaen, J.M. Eber, D. Heath (1999). “Coherent measures of risk”,
Mathematical Finance 9, 203-228.

P. Barrieu, N. El Karoui (2004). “Optimal derivatives design under dynamic risk mea-
sures”, in: G. Yin and Q. Zhang (eds.), Mathematics of Finance, Contemporary Math-
ematics 351, American Mathematical Society, 13-25.

P. Barrieu, N. El Karoui (2005). “Inf-convolution of risk measures and optimal risk

transfer”, Finance and Stochastics 9, 269-298.

F. Bellini, M. Frittelli (2002). “On the existence of minimax martingale measures”,

Mathematical Finance, 12/1, 1-21.

S. Biagini, M. Frittelli (2004), “Utility maximization in incomplete markets for un-

bounded processes”, Finance and Stochastics, forthcoming.

J.M. Bismut (1973). “Conguate convex functions in optimal stochastic control”, J.

Math. Anal. Appl., 44, 384-404.
K. Borch (1962). “Equilibrium in a reinsurance market”, Econometrica 30, 424-444.

H. Brézis (1983). “Analyse Fonctionelle”, Masson.

115



[11]

116

H. Biithlmann (1970). “Mathematical Models in Risk Theory”, Springer-Verlag, New
York.

H. Biithlmann (1984). “The general economic principle premium”, Astin Bulletin 14,

13-21.
C. Camerer (2003). “Behavioral Game Theory”, Princeton University Press.

J.C. Cox, C.F. Huang (1989). “Optimal consumption and portfolio policies when asset

prices follow a diffusion process”, Journal of Economic Theory, 49, 33-83.

J.C. Cox, C.F. Huang (1991). “A variational problem arising in financial economics”,

Jorunal of Mathematical Economics, 20/5, 465-487.

I. Csiszar (1975). “I-Divergence geometry of probability distributions and minimization

problems”, Annals of Probability 3/1, 146-158.

R.C. Dalang, A. Morton, W. Willinger (1990). “Equivalent martingale measures and
no-arbitrage in stochastic securities market model”, Stochastics Stochastics Rep., 29,

185-201.
R.A. Dana, M. Scarsini (2005). “Optimal risk sharing with background risk”, Preprint.
M. Davis (2000). “Optimal hedging with basis risk”, Preprint.

F. Delbaen (2002). “Coherent measures of risk on general probability spaces”, Advances
in Finance and Stochastics, Essays in Honor of Dieter Sondermann (K. Sandmann and

P.J. Schonbucher, eds.), Springer-Verlag, 1-37.

F. Delbaen (2000). “Coherent risk measures”, Cattedra Galileiana. Scuola Normale

Superiore, Classe di Scienze, Pisa.
F. Delbaen (2005). “Hedging bounded claims with bounded outcomes”, Preprint.

F. Delbaen, P. Grandits, T. Rheinlander, D. Samperi, M. Schweizer, C. Stricker (2002).
“Exponential hedging and entropic penalties”, Mathematical Finance, 12/2, 99-123.

F. Delbaen, W. Schachermayer (1994). “A general version of the fundamental theorem
of asset pricing”, Mathematische Annalen, 300, 463-520.



[25]

[27]

[28]

[29]

[30]

[31]

117

F. Delbaen, W. Schachermayer (1999). “A compactness principle for bounded sequences
of martingales with applications”, Proceedings of the Seminar on Stoch. Analysis, Ran-

dom Fields and Applications, Progress in Probability, 45, 137-173.

J. Dhaene, M. Denuit, M.J. Goovaerts, R. Kaas, D. Vyncke (2002). “The concept of
comonotonicity in actuarial science and finance: theory”, Insurance: Mathematics and

FEconomics 31, 3-33.

N. El Karoui, R. Rouge (2000). “Pricing via utility maximization and entropy”, Math-
ematical Finance, 10/2, 259-276.

I. Ekeland, R. Temam (1974). “Analyse Convexe et Problemes Variationnels”, Dunod
Gauthier-Villars.

T. Fischer (2001). “Examples of coherent risk measures depending on one-sided mo-

ments”, Preprint.

H. Féllmer, A. Schied (2002). “Robust preferences and convex measures of risk”, Ad-

vances in Finance and Stochastics, Springer-Verlag, 39-56.

H. Follmer, M. Schweizer (1991). “Hedging of contingent claims under incomplete
information”, Applied Stochastic Analysis (M. H. A. Davis and R. J. Elliott, eds.),
Gordon and Breach, New York, 389-414.

H. Follmer, A. Schied (2002). “Convex measures of risk and trading constraints”, Fi-

nance and Stochastics, 6/4.
H. Follmer, A. Schied (2004). “Stochastic Finance”, Second Edition, de Gruyter.

M. Frittelli (2000). “The minimal entropy martingale measure and the valuation prob-

lem in incomplete markets”, Mathematical Finance, 10, 39-52.

M. Frittelli, E. Rosazza Gianin (2002). “Putting order in risk measures”, Journal of

Banking & Finance 26/7, 1473-1486.

M. Frittelli, E. Rosazza Gianin (2004). “Dynamic convex risk measures”, In: G. Szego

ed.: Risk measures for the 21st Century. J. Wiley, 227-248.



[37]

[40]

[41]

[44]

[45]

118

M. Frittelli, E. Rosazza Gianin (2005). “Law-invariant convex risk measures”, Advances

i Mathematical Economics 7, 33-46.

H.U. Gerber (1979). “An Introduction to Mathematical Risk Theory”, Huebner Foun-
dation Monograph 8, Wharton School, University of Pennsylvania.

M.J. Goovaerts, F. De Vijlder, J. Haezendonck (1984). “Insurance Premiums”, North-
Holland Publishing Co., Amsterdam.

M.J. Goovaerts, R. Kaas, J. Dhaene (2003). “Economic capital allocation derived from

risk measures”, North American Actuarial Journal, to be published.

P. Grandits, T. Rheinlander (1999). “On the Minimal Entropy Martingale Measure”,
Preprint, Technical University of Berlin, to appear in Annals of Probability.

J.M. Harrison, S.R. Pliska (1981). “Martingales and stochastic integrals in the theory

of continuous trading”, Stochastic Processes and Applications, 11, 215-260.

H. He, N.D. Pearson (1991). “Consumption and Portfolio Policies with Incomplete
Markets and Short-Sale Constraints: The Finite-Dimensional Case”, Mathematical F'i-

nance, 1, 1-10.

H. He, N.D. Pearson (1991). “Consumption and Portfolio Policies with Incomplete Mar-
kets and Short-Sale Constraints: The Infinite-Dimensional Case”, Journal of Economic

Theory, 54, 239-250.

J.Henrich, R. Boyd, S. Bowles, C. Camerer, H. Gintis, R. McElreath, E. Fehr (2001).
“In search of Homo economicus : Experiments ion 15 Small-Scale Societies”, American

FEconomic Review 91, 73-79.

J. Hugonnier, D. Kramkov, W. Schachermayer (2005). “On the utility based pricing of

contingent claims in incomplete markets”, Mathematical Finance, 15/2, 203-212.

J. Jacod (1979). “Calcul stochastique et problémes de martingales”, Lecture Notes in

Mathematics, 714.

E. Jouini, W. Schachermayer, N. Touzi (2005). “Law-invariant risk measures have the

Fatou property”, Preprint.



[49]

[53]

[54]

[55]

[56]

119

E. Jouini, W. Schachermayer, N. Touzi (2005). “Optimal risk sharing for law invariant

monetary utility functions”, Preprint.

Y. Kabanov, C. Stricker (2002). “On the optimal portfolio for the exponential utility
maximization: remarks to the six-author paper”, Mathematical Finance, 12/2, 125-

134.

M. Kaluszka (2004). “An extension of the Gerber-Bithlmann-Jewell conditions for op-
timal risk sharing”, Astin Bulletin 34/1, 27-48.

I. Karatzas, J.P. Lehoczky, S.E. Shreve (1987). “Optimal portfolio and consumption
decisions for a “small investo” on a finite horizon”, SIAM Journal of Control and

Optimization, 25, 1557-1586.

I. Karatzas, J.P. Lehoczky, S.E. Shreve, G.L. Xu (1991). “Martingale and duality
methods for utility maximization in an incomplete market”, SIAM Journal of control

and Optimization, 29/3, 702-730.

S. Kloppel, M. Schweizer (2005). “Dynamic utility indifference valuation via convex

risk measures”, NCCR FINRISK working paper No. 209, ETH Ziirich, February 2005.

J. Komlos (1967). “A generalization of a problem of Steinhaus”, Acta Math. Sci. Hung.,
18, 217-229.

D. Kramkov, W. Schachermayer (1999). “The asymptotic elasticity of utility function
and optimal investment in incomplete markets”, Annals of Applied Probability 9/3,

904-950.

D. Kramkov and W. Schachermayer (2003). “Necessary and sufficient conditions in the
problem of optimal investment in incomplete markets”, Annals of Applied Probability

13, 1504-1516.

S. Kusuoka (2001). “On law-invariant coherent risk measures”, Advances in Mathemat-

ical Economics 3, 83-95.

F. Maccheroni, M. Marinacci, A. Rustichini, M. Taboga (2005). “Portfolio selection

with monotone mean-variance preferences”, Preprint.



[60]

[61]

[66]

[67]

[68]

[69]

[72]

120

H.M. Markovitz (1952). “Portfolio selection”, Journal of Finance 7, 77-91.

R.C. Merton (1969). “Lifetime portfolio selection under uncertainty: the continuous-

time model”, Rev. Econom. Statist., 51, 247-257.

R.C. Merton (1971). “Optimum consumption and portfolio rules in a continuous-time

model”, Journal of Economic Theory, 3, 373-413.

M. Musiela, T. Zariphopoulou (2004). “An example of indifference prices under expo-

nential preferences”, Finance and Stochastics, 8, 229-239.

M.A. Nowak, K. Page, K. Sigmund (2000). “Fairness versus reason in the ultimatum
game”, Science 289, 1773-1775.

S.R. Pliska (1986). “A stochastic calculus model of continuous trading: optimal port-
folios”, Math. Oper. Res., 11, 371-382.

P. Protter (1990). “Stochastic Integration and Differential Equations”, Applications of
Mathematics, 21.

R.T. Rockafellar (1997). “Convex Analysis”, Princeton Landmarks in Mathematics,

Princeton University Press.

L.C.G. Rogers, D. Williams (1987). “Diffusions, Markov Processes and Martingales,
Volume 2: It6 Calculus”, Wiley, Chichester New York.

W. Schachermayer (2001). “Optimal investment in incomplete markets when wealth

may become negative”, Annals of Applied Probability 11/3, 694-734.

W. Schachermayer (2003). “A super-martingale property of the optimal portfolio
process”, Finance and Stochastics 4, 433-457.

W. Schachermayer (2004) “Portfolio optimization in incomplete financial markets”,

Notes of the Scuola Normale Superiore di Pisa, Cattedra Galileiana, ISBN 8876421416.

M. Xu (2005). “Risk measure pricing and hedging in incomplete markets”, Preprint.



