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EXISTENCE OF RADIAL SOLUTIONS FOR QUASILINEAR ELLIPTIC
EQUATIONS WITH SINGULAR NONLINEARITIES

BEATRICE ACCIAIO AND PATRIZIA PUCCI

ABSTRACT. We prove the existence of radial solutions of the quasilinear elliptic equation
div(A(|Du|)Du) + f(u) = 0 in R", n > 1, where f is either negative or positive for small
u > 0, possibly singular at u = 0, and growths subcritically for large u. Our proofs use only
elementary arguments based on a variational identity. No differentiability assumptions are

made on f.
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1. INTRODUCTION

Recently, for the p—Laplacian equation when p > 1, under general conditions for the non-
linearity f, besides other properties Tang in [18] proved existence of crossing radial solutions
for f positive near at u = 0, while Gazzola, Serrin and Tang in [7] proved existence of radial
ground states in R™ for f negative near at u = 0. Montefusco and Pucci in [9] extended
the results of [7] to the general quasilinear case, considered here. The main purposes of
this paper are to extend the existence results of [7] and [18] to general quasilinear elliptic
problems, using a unified proof, and also to extend them and those of [9], introducing a new
subcritical condition on f at infinity that, in canonical cases, interesting in applications, is
more general than the subcritical condition used in [7], [18] and [9]. For instance, in the
case 1 < p < n, the two typical examples covered in our paper, but not in that of [7] and
[18], are given by f(u) = uP ~! +logu and f(u) = w? ~' +u9~!, with 1 < ¢ < p*, and for
u € RT, where p* = np/(n — p).

In particular, we are interested in finding sufficient conditions for existence of radial
ground states of the quasilinear elliptic equation

(1.1) div{A(|Du|)Du} + f(u) =0 in R", n>1,

when f < 0 near at u = 0. By a ground state we mean a non—negative non—trivial solution of
(1.1) which tends to zero at infinity. Moreover, with the same technique, we are also able to
prove the existence of a radial positive crossing solution of (1.1) in its maximal continuation
interval where u > 0 and v’ < 0, when f > 0 near at u = 0, already established in [18] for
the p—Laplacian equation.
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In addition to the ground state problem, when f < 0 near at v = 0, we can also
consider existence of non—trivial radial solutions of the homogeneous Dirichlet—Neumann

free boundary problem
div{A(|Du|)Du} + f(u) =0 in B(0,R) C R",
(1.2) . ou
u>0 in B(0,R), u:%:() on 0B(0, R).
For ¢t > 0 we set ®(t) = tA(t) and assume that

(®1) @ is of class C*(RT), RT :=(0,00),
(®2) @'(t) >0 fort >0, and ®(t) — 0 as t — 0,

(®3) There exists a positive number 1 < p < n such that t!~P®(¢) is a non—decreasing
function on R,

Note that (®3) is equivalent to
-1
(1.3) o'(t) > qu)(t), t>0.
Asin [7], [18], [9], and more generally in natural existence settings, we are concerned with
subcritical nonlinearities f since 1 < p < n. Specific hypotheses are given in the statements
of the main Theorems 5.1-5.4 below. Throughout the paper f is assumed of type

(f1) feC®RYYNLY0,1].

Condition (f1) was first studied in [16] for the uniqueness problem, but without suitable
attention to the difficulties attendant on this type of singularity at v = 0. Only recently
in [6] a careful definition of solution for (1.1) under a singularity of type (f1) was given, in
order to avoid the undefined nature of f(u) at w = 0. We shall adopt that definition.

Moreover, putting F(u) = [ f(v)dv, in the main existence theorems we assume also
that either

(f3) there exists b > 0 such that F'(u) < 0 for 0 < u < b, F(b) =0 and f(b) > 0,
as in [7] and [9], or

(f4) there exists ¢ > 0, possibly infinite, such that f(u) > 0 for 0 < u < ¢,

as in [18].

The behavior of f near 0 is of crucial importance for the existence results given in
Sections 5. We shall identify two mutually exclusive situations:

Regular case: f can be extended by continuity at v = 0, with f(0) = 0;
Singular case: f cannot be extended by continuity at v = 0, with f(0) = 0.

For a complete discussion on the wide background and literature concerning related
previous results, including as well the classical scalar field equation and the regular case
with f(0) = 0, we refer the reader to [5] and [7] and the references therein.

The paper is organized as follows: in Section 2 some preliminary qualitative properties for
solutions of (1.1) and (1.2) are given, including a necessary and sufficient condition in order
that a solution of (1.1) has compact support. In Section 3 we present and summarize the
main properties of solutions of the corresponding initial value problem. Section 4 is devoted
to prove the existence of crossing solutions and also to show the connections between the
subcritical growth condition
(Q1) The function Q(v) = pnF(v) — (n — p)vf(v), v € R, is locally bounded near v = 0

and there exist u > d and X\ € (0,1) such that @Q(v) >0 for all v > p and

P! n/p
lim sup Q(A\1v) [f()\w)] =00 for all Ay and Az in [A, 1],
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used in [18] and [9], and the new condition
(@) The function Q(v) = pnF(v) — (n — p)vf(v), v € RT, is locally bounded near v = 0
and there exist ¢ > d and A € (0,1) such that Q(v) >0 for all v > and
lim sup Q(A10) [P f(Aov)]/P = 0o for every A1, Ag € [A, 1],

introduced in this paper, where in both conditions d = b under (f3) and d = 0 under

(f4). Section 4 ends with some remarks and examples proving the independence of the
two different growth hypotheses (@) and (Q1), and the main fact that, under (f1) and
liminf f(u) = ko > 0, condition (Q1) is stronger than (@), see Proposition 4.3. Finally, in
uU— 00

Section 5, we give some existence results, also using the further assumption

()
(B4) k=it 20 S
>0 tp—1

In particular: Theorem 5.3 is the analogue of Theorem 4.1 of [9] and Theorem 5.4 extends
Theorem 5.1 of [18]. While Theorems 5.1-5.2 give the same results under the new condition
(Q) and without assuming (®4).

2. GENERAL THEORY AND BEHAVIOR OF SOLUTIONS

We consider the quasilinear singular elliptic problem
51 div{A(|Du|)Du} + f(u) =0 in R", n>1,
(2.1) u >0, u#0 in R",

under the following main structural assumptions. For ¢t > 0 we set ®(¢) = tA(t), as said in
the Introduction, and assume the validity of (®1)—(®3) throughout the paper. Note that
® can be extended by continuity at t = 0 by (®1) and ($2), that is ® € C(R]) N C*(RY),
with ®(0) = 0. We introduce the function

(2.2) H(t) =t®(t) — /Ot D(s)ds = /Ot s®'(s)ds, t>0.

Therefore, H is strictly increasing on Ry, with H(0) = 0. Moreover, by (®3), that is (1.3),
it is also evident that

(2.3) p;lB(t) <H(t) < B(t) forallt>0,
where
(2.4) B(t) = td(t), t>0,

is strictly increasing on R, with B(0) = 0, by (©2), and moreover ¢t P B is non—decreasing
on RT by (®3). Clearly ®(t) — oo as t — oo by (®3) and in turn both H(t) — oo and
H(t)/®(t) — oo as t — oo by (2.3).

Throughout the paper we also assume that f satisfies (f1), so that it is clear that F'(u) =
Jo' f(v)dv is well defined and is of class C(Rj) N C'(RY), with F(0) = 0.

Since (2.1) is possibly singular when u = 0, it is necessary to carefully define the meaning
to be assigned to solutions of (2.1), and in analogy with [16] and [6], we introduce the
following;:

Definition. A semi-reqular non-negative (weak) radial solution w of (2.1) is a non—trivial
non-negative radial function of class C1(R™\ {0}), which is a classical distribution solution
of (2.1) in the open (support) set Q = {x € R™\ {0} : w(z) > 0}, and is bounded near
z=0.

Of course non-negative semi-regular radial solutions are then of class C'(RT), bounded
near r = 0, and we shall see that satisfy

(2.5) P A D)) T f(w) =0 inJ={r>0 : u(r) >0}
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As in [6] it will first be shown that the definition of non-negative semi-regular radial
solution is compatible with that of classical solution in the regular case, namely when f is
continuous in R{ with £(0) = 0.

Proposition 2.1. Let u = u(|z|) be a non—negative semi-reqular radial solution of (2.1),
where f € C(RY), with f(0) = 0. Then u is a classical C* solution of (2.5) in RT.

Proof. If J = R* there is nothing to prove. Otherwise let J’ be any component of J =
{r>0: u(r) >0}, let r, v € J and ro < r; be the endpoints of J’. Then using standard
distribution arguments we get

(2.6) LA () (r) = ()" A () () = — / s"7 f(u(s))ds.

Let 7" — 71 and observe that necessarily u(r1) = «/(r1) = 0 by definition of a semi-regular
non—negative solution. This gives

(2.7) r”_lA(]u'(r)Du'(r) = — /T sn_lf(u(s))ds.

Moreover, when g > 0 we may also let r — ro in (2.7) and thus obtain

(2.8) / " L (u(s))ds = 0.

o

Now let 7 be a fized point of RT \ J. Since f(0) = 0 it is easy to see that

(2.9) / ST (u(s)ds = > / s f(u(s))ds = 0,
I(r1,7) J;CI(r1,7) Ji
where I(ry,7) is the interval with endpoints 71, 7; the sum is taken over all the components
Ji of J contained in I(rq1,7); and (2.8) is used at the second step.
Finally from (2.7) and (2.9) one gets

(2.10) T"_IA(]u'(r)Du/(r) = — [T s"_lf(u(s))ds.

7

Here 7 can be any point in J and also by the computation of (2.9) it is clear that (2.10) is
also correct if r € Rt \ J. That is (2.10) holds for all » € RT. On the other hand, both
sides of (2.10) are continuously differentiable, so u satisfies (2.5) in R*, which was to be
proved. Il

In analogy with [16] and [6] we give

Proposition 2.2. Let u = u(|x|) be a non-negative semi-regular radial solution of (2.1),

with
(2.11) limiIJ}f u(r) =a > 0.
r—0
Then A(|u'|)u’ € CY(J) and u is a solution in J of (2.5). Moreover,
. / _ . _
(2.12) rlg(rﬁ u'(r)=0 and rli)r(l)l+ u(r) = a.

Proof. Let u be a non—negative semi-regular radial distribution solution of (2.1), so that u is
in particular of class C*(R™\ {0}). It is clear that u solves (2.5) in the sense of distributions
in J. By (f1) we have fou € C(J). Hence, as in (2.6),

(213) P TRA( () (r) = g A (ro) ) (ro) = — / s" 1 f (uls))ds,

To

for any interval [ro,r] C J. Thus A(|v/|)u/ is actually of class C'(J), and (2.5) holds in J.
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To obtain (2.12), choose € > 0 so small that f owu € L*|0,¢]; this can be done since u
is positive and bounded near 0 by definition and (2.11), and also by (f1). Then, letting
ro — 07 in (2.13), we see that

(2.14) lim rg_lA(]u'(ro)])u'(ro) =/,

ro—0t

where ¢ is a finite number. We claim that £ = 0. Assume for contradiction that ¢ £ 0.
Then by (2.14) and (®3)

W/ (ro)| = @1 (1elry ™) [ 0(1)] > (|0 E D071 (1) ] 15 "V I 4 0(1)]

as 79 — 07 and so u cannot be bounded near 0, since 1 < p < n, which is the required
contradiction. Hence ¢ = 0 in (2.14) and the claim is proved.
Now, letting 79 — 0T in (2.13), we obtain

=LA (1))l () = — /0 S f(u(s))ds,  0<r<e,

that is, ®(|u/(r)|) < Cr, where C' > 0 is an appropriate constant, since f ou € L*[0,¢| by
(2.11) and (f1). Hence (2.12) immediately follows. O

Remark. If ¢ satisfies also condition (®4), given in the Introduction, then it is easily seen
that (2.12) holds in the stronger form

(2.15) u/'(r) =0 (rl/(p_1)> and u(r)—a=0 (rp/(p_l)) asr — 0.

Let u be a fixed semi-regular non-negative radial solution of either (2.1) or (1.2). In
order to unify the notation we shall define R = oo for (2.1) and clearly R < oo is the
positive radius given already in (1.2). By Proposition 2.2 then u is a non—negative classical
solution of (2.5) in J C (0, R) such that

uweC'0,R),  A(lu|)u € C(J),
u(0) = a >0, u'(0) = 0, u > 0.
It is useful to define w(r) = A(Ju/(r)|)u/ (7).

(2.16)

Lemma 2.3. The function w is of class C*[0, R) and is a solution of
(2.17) (r"tw) + " (u) = 0 on J.

Moreover, denoting by ro the first zero of u in (0, R), if any, or otherwise ro = R, we have

(2.18) w(r) = —Tnl_l /7” s" 1 f(u(s))ds, 0<r <o,
0

(2.19) w(0) =0, w'(0) = —f(na).

Finally, putting p(r) = |[u'(r)|, there holds

(2.20) lir(r)1+ B(/;(r)) =0 and Bff)) € C[0, R).

Proof. Of course w(0) = 0, since u'(0) = 0 by (2.16); the function w is a solution of (2.17)
by (2.5). Integrating over [0,7], as long as r < rg, we get

) == [ us)ds,

0
0 (2.18) holds. From (2.16) we have

w'(r) = —f(u(r)) +

n—1

,r.n

/ "sn L f(u(s))ds,
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and by L’Hopital’s rule (2.19), as well as the C! regularity of w at r = 0, follows at once.
Finally,

B _ ey 00
and (2.20) follows at once by (2.19) a;d (2.16). ' O

Y

Corollary 2.4. If u/(r) # 0 at some r, with 0 < r < rq, then u" exists at this point and
satisfies (2.5) in the form

n—1
(2.21) (o - "o + sy =0, p= .

Proof. By (2.18) of Lemma 2.3 and the fact that «/(r) # 0 we have by (®2)

[/ (r)] = ( /0 (;)H Flu(s))ds ) ,

since ®(00) = 0o by (®3). Now the integral is not zero, so that the function on the right
hand side is differentiable at r by (®1). Hence u” exists at r and from (2.5) we get exactly
(2.21), since |[u/(r)] = p(r) > 0. O

A natural energy function associated to semi-regular non—negative radial solutions u of
(2.1) is given by

(2.22) E(r)=H(p(r)) + F(u(r)),  p=]u].
Lemma 2.5. The energy function E is of class C1(J), with

(2.23) Eo)=-""LBpe) i
Proof. Obviously, by (f1) and (2.16)
P — flutryl (),

this formula being valid only when w(r) > 0, namely in J. Moreover, by (2.2) and ($2),

®(p)
H(p)_/optd¢>(t)—/o ’ o Hw)dw

and, since ®(p(r)) = [sgnv/(r)]w(r), we get

AP — o) (] (r) = o () (1)
Therefore, by (2.17), on J
B(r) = () [w'(r) + f(u(r))] = /()" w(r)
and (2.23) follows at once. O

Let now u be either a fixed semi-regular non—negative radial ground states of the problem
(2.1), namely a semi-regular non—negative radial solution of (2.1) in the sense above such
that
(2.24) lim wu(z) =0,

|z[—o00
or a fixed semi-regular non—negative radial solution of the corresponding homogeneous
Dirichlet—-Neumann free boundary problem (1.2).

With the respective end conditions at R = oo in (2.1), (2.24) and at R < oo in (1.2),
the problems (2.1), (2.24) and (1.2) can be unified again into the single statement (2.5) and
(2.16) in J C (0, R).

Theorem 2.6. If u(ty) =0 for some ty > 0, then u =0 on [ty, R).
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Proof. Since u > 0, clearly u/(tp) = 0. Hence E(ty) = 0 by (2.22), (2.2) and (f1). Assume
for contradiction that there is ¢;, with top < ¢; < R such that again u(¢;) = 0 and u(r) > 0
in (to,t1). Then (to,t1) C J and E' < 01in (to,¢1) by (2.23). Clearly E(t;) = 0 when ¢; < R,
and we claim that E(r) — 0 as 7 — t; = R. Indeed, if R < oo, the claim is obvious by the
boundary conditions of (1.2); while if R = oo, since u(r) — 0 as r — oo by (2.24), then
F(u(r)) — 0 by (f1), and so E(r) decreases to a finite non-negative limit as r — oo by
(2.22) and (2.2). Consequently, v/(r) — limit = 0 as r — oo, since u(r) — 0 as r — oo, and
H is strictly increasing and positive by (2.2). Therefore E(r) — 0 as r — oo, as claimed.
Hence E = E' =0 in (to,t1) and so B(p) =0 on [to,t1), by (2.23) namely v’ = 0 on [tg,t1)
by (2.4). This contradiction completes the proof. O

By Theorem 2.6 it follows that any solution of (2.16) and (2.5), with the given end
conditions (2.24) and those in (1.2), has as its (open) support set J exactly an initial
interval (0,79), with ro < R. In turn, one deduces that actually E € C'[0, R), and that
(2.23) holds in the entire maximal interval [0, R). Therefore for any 0 < sp < r < R we
have

(2.25) E(r) — E(so) = — /

S0

"n—1

B(p(s))ds.

Clearly E(0) = F(a) by (2.22) and (2.16). Thus, letting sp — 07 in (2.25), we obtain

S

(2.26) E(r) = F(a) — (n—1) /0 B(’;(S))ds, 0<r<R

As in the proof of Theorem 2.6, if R = oo and u(r) — 0 as r — oo, then «/(r) — 0 and
E(r) — 0 as r — oo. Hence, by (2.24) or (1.2), the non—negative continuous function
B(p(s))/s is also integrable on [0, R), R < oo, with

R n—
(2.27) /0 L Bo(s))ds = F(a).

In summary, a semi-regular non-negative radial ground state of (2.1), (2.24), or a semi—
reqular non—negative radial solution of the corresponding free boundary problem (1.2), has
the property that

(2.28) uw(0)=a>0, 4'(0)=0, u(R)=u(R)=0,
where respectively R = 0o or R < co. Furthermore, by (2.26) and (2.27)

R n—
(2.29) E(r) :/ - L Blp(s))ds > 0,
and clearly also
R, _
(2.30) E(0) = F(a) = /0 . L Blp(s))ds > 0.

Lemma 2.7. If so > 0 is a critical point of u, with u(sg) > 0, then either u(r) < u(sg) for
r > sg and f(u(sg)) > 0, or u(r) > u(sg) for r > sp and f(u(sp)) < 0.

Proof. Let sg > 0 be a critical point of u. Assume for contradiction that there are two points
t1, ta > sg such that u(t1) > u(sp) and u(t2) < u(sp). Then, there is r in the interval, with
endpoints ¢; and ta, such that u(r) = u(sp) and u is not constant on [sg,r]. Now by (2.25)
and (2.22)

n—1

T
H(pr) + [ "2 Blols)ds =0
80
and both terms are non—negative by ($2), (2.2) and (2.4). Thus in particular B(p) =0 on
[s0,7], so v/ = 0 on [sg,r] by (2.4), which is impossible. Hence we have two cases: either

u(r) < wu(sg) for r > sg, or u(r) > u(sg) for r > sg.
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In the first case, since u/(sp) = 0, then w(sg) = 0 by (®2), and by (2.17) and the regularity
of w established in Lemma 2.3 at » = sy we have

f(u(so)) = —w'(s0) = 0.

Indeed, otherwise w'(sp) > 0, and so there is t3 > sp such that w'(r) > 0 on [so,t3]; in
turn w(r) > w(sp) = 0 and u'(r) > 0 on [so, t3], which gives u(r) > u(sp) on [so, t3], which
contradicts (2.28).

In the same way, in the second case, it follows that f(u(sg)) < 0, completing the proof
of the lemma. 0

It is convenient to introduce the following further condition on f.

(f2) There exists v > 0, possibly infinite, such that F(u) < 0 whenever both f(u) = 0 and
u € (0,7).

Clearly if (f2) holds for some ~ > 0, then it continues to hold for all 4" € (0,~). Conse-
quently there exists a maximal 7, possibly infinite, for which (f2) is valid. Without loss of
generality we can assume that 7 in (f2) is maximal.

One can see also from (f2) that if F'(up) < 0 at some point ug, 0 < ug < 7, then F(u) <0
for all u € [0,ug]. Conversely, it is evident that if F'(u) < 0 on some interval [0, up], then
the maximal v > ug.

Furthermore if either (f3) or (f4) holds, where (f3) and (f4) are the main qualitative
conditions of f given in the Introduction, then (f2) is satisfied, with

b,  if (f3) holds,

(2.31) y=sup{v>d : f(u)>O0foruce (dv)}, where d= {0, if (£4) holds.

In this case v > d > 0 and v = oo if f(u) > 0 for all u > d, while f(y) =0 if v < 0.

Proposition 2.8. Let u be a semi-regular non-negative radial ground state of (2.1), (2.24),
or a semi-regular non—negative radial solution of the corresponding free boundary problem
(1.2), so that (2.28) holds. Thenr =0 is a mazimum of u and v’ < 0 on [0, R); furthermore
fla) >0 and F(«a) > 0.

If (f2) holds, then also

(i)  f(a) >0, when 0 < a <7,
(1)  u'(r) <0 whenr >0 and0 < u(r) <-~.

Proof. By Lemma 2.7 and the condition «/(0) = 0 one sees that u(r) < w(0) for r > 0,
since otherwise u(r) > u(0) = a > 0 for all » > 0, and so u cannot approach 0 as r — R,
contradicting (2.28). The fact that f(a) > 0 similarly follows from Lemma 2.7, and clearly
F(a) > 0 by (2.30).

Next assume for contradiction that u'(sg) > 0 for some sy > 0. Since u(sg) < u(0), as
shown above, there is a minimum s in (0, sg), with u(s) < u(so), and so u(r) > u(s) for
r > s by Lemma 2.7. If u(s) > 0, then u(r) cannot approach 0 as r — R, contradicting
(2.28). Therefore u(s) = 0 with s > 0, and by Theorem 2.6 we get v = 0 on [s, R): thus
u'(s9) = 0, which is again a contradiction. Hence «/(r) < 0 on [0, R).

To show (i) it is enough to observe that if f(a) = 0 and 0 < a < 7, then F(a) < 0 by
assumption (f2). This is impossible by (2.30), proving (7).

To obtain (i), assume now for contradiction that there is a point sp > 0 such that
uw'(s9) = 0 and 0 < u(sp) < 7. Since u/(r) < 0 for r > 0, then both u(r) > u(sg) for
0 <r < sgand u(r) <u(sg) for sp < r < R. Of course, w(sg) = 0 by ($2). We claim that
also w'(sg) = 0. Indeed, if w'(sg) > 0, then w would be strictly increasing at sp, namely
u’ would change sign at sg, which is impossible since «/(r) < 0 on [0, R). Analogously, the
case w'(sp) < 0 also cannot occur.
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Since w is a C'[0, R) solution of (2.17) by Lemma 2.3, we get f(u(so)) = 0. Also
0 < u(sp) <, so that F(u(sp)) <0 by (f2). Hence by (2.29) and (2.22), with r = s,

R, _
0< / r . 1B(p(s))ds = E(so) = F(u(so)) <0,

which implies /' = 0 on [sg, R) by (®2) and (2.4). Thus u(r) = u(sg) > 0 for 59 < r < R,
again contradicting (2.28). This completes the proof of (ii). O

The next result gives a necessary and a sufficient condition for a semi-regular non—
negative radial ground state to have compact support.

Theorem 2.9. Let u be a semi-regular non—negative radial ground state of (2.1), (2.24),
with u(0) = a > 0.
(1) If F(u) <0 for all values 0 < u < ¢, for some § >0, and

du

(2.32) or B 1(F)])

< 00,
then u has compact support.

(ii) Conversely, assume there exists 6 > 0 and a non—decreasing function G : [0,d) — R,
with G(0) = 0, such that |F(u)| < G(u) for all w € [0,0). If u has compact support, then

du
2.33 — < 0.
(23 o HI(G)
Proof. Let u be a semi-regular non—negative radial ground state as in the theorem, so
R = o0.

(1) Suppose (2.32) holds. We denote by r5 > 0 any point such that 0 < u(r) < ¢
on (rs,00). Condition (f2) clearly holds with v > §, as noted above. Thus by Proposi-
tion 2.8 (71) we have u/(r) < 0 for all r € (rs,00) for which u(r) > 0. Hence by Theorem 2.6
either u = 0 for all r sufficiently large, or v > 0 and v’ < 0 on (rs,00). In the first case we
are done. Otherwise, denoting by r = r(u) the inverse function on (rs,00), by (2.29) and
(2.22), we get on (rs, 00)

H(p(r)) = —F(u(r)) + /OO "= Bp(s))ds > —F(u(r)).

S

or u'(r) < —H Y(|F(u(r))|) on (rs,c0) by the assumption that F(u) < 0 on [0,5) and the
fact that H(co) = oo by (®3). That is, writing » = r(u) and putting € = u(rs), we have
1
() < —H Y |F(u)]) for ueu((rs,o0))=(0e),

since u(r) — 0 as r — oco. By integration over (u(r),e), r > s,

€ du /u(T(;) /
_— > — r'(u)du =r —rs.
u(r) H_l(‘F(u)D u(r) (

Hence, letting » — oo, there results

/E du C
o H='(|F(u)]) '
This contradicts (2.32) and completes the proof of part (i) of the theorem.

(7i) Let u have compact support. Then by Theorem 2.6 and the first part of Proposi-
tion 2.8 there is 9 > 0 such that u/(r) < 0 and 0 < u(r) < u(0) = « on (0,rp), while u =0
on [rg,00). Let rs € (0,79) be some fixed point such that 0 < u(r) < § on (rs,79). By (2.25)
and (2.22) for 0 < r5 < r < 19 we have E(rg) = 0 and

H(p(r)) = —F(u(r) + / L B p(s))ds < Glu(r) + e / " H(p(s))ds,

r S
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by assumption, (®3) and (2.3), with ¢; = p’(n — 1)/rs. Applying Gronwall’s inequality to
e=a1(s=m) [T [ (p(s))ds, we obtain

H(p(r)) < G(u(r)) + &1 / " Glu(s))e s ds.
Now G(u(r)) is non—increasing on (rg,r), since G is non—decreasing by assumption and u
is non-increasing on (rs,79). Hence
H(p(r)) < CG(u(r)), with C =207 51,
Therefore, since u'(r) < 0,
—u'(r) < HY(CG(u(r))) on (rs,ro).

We can now apply Lemma 1.3.3 of [5] since the main assumption (7i) in [5] is clearly satisfied.
Indeed, here pfg ®(s)ds < B(t) in the entire R by (2.4), (2.3) and (2.2). Consequently by
Lemma 1.3.3 of [5] there is a constant D > 0 such that

H™Y(Ct) < DH™Y(t) for all 0 = G(0) < t < G(us),
where us = u(rs) < 6. Hence
—u/(r) < DH YG(u(r))) on (rs,ro).

Integrating on [sg, 7], with rs < so < r < rg, we get

u(SO) diu o r & . o
/um H=H(G(w) /SO H (Gl ™ = P —so)

Letting r — ry, this yields

u(s0) du
| ey = P =)

that is (2.33) holds. This completes the proof of part (i) of the theorem. O

As an immediate consequence of Theorem 2.9 we obtain
Corollary 2.10. Let u be a semi—regular non—negative radial ground state of (2.1), (2.24),
with u(0) = a > 0, and assume f <0 on (0,0), for some § >0, and f # 0.

(i) Then u(r) > 0 for every r > 0 if and only if

du
(2.34) — = 0.
o+ H™H(|F(u)])

(i) In particular, u(r) > 0 for every r > 0 if

du
2.35 —— = 0.
(239 . s =
(iii) Furthermore, if ® satisfies also
03
(®4) k=it 20 S
t>0 tp—1

then u(r) > 0 for every r > 0 if and only if

/ du C
ot |[F(u)'/r

Proof. Statement (i) is a direct consequence of Theorem 2.9, with G = |F|. By (®3), (2.4)
and (2.3) it is clear that H(t) < B(t) < B(1)t? for all 0 < ¢t < 1, with B(1) > 0. Hence
t < H-Y(B(1)t?) since H(co) = oo, and so H'(s) > cs'/?, where ¢ = [B(1)]"'/?, for
0 < s < B(1). Consequently the validity of (2.35) implies (2.34), and the proof of (ii) is
complete.
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Furthermore, if ($4) holds, by (®4) and (2.3) again, we also have H(t) > (p — 1)kt?/p
for all t+ > 0. Consequently H~'(s) < Cs'/? for every s > 0, where C' = [(p — 1)k/p]~ /P,
and H~1(s) > ¢s*/P for 0 < s < B(1), as shown above in part (i4). Hence (2.35) is now
equivalent to (2.34), and this proves (%4i) by (i). O

Remarks. To see that (®4) is not automatic under the assumption (®1)— ( ), note that
d(t) = tP~1(et — 1) verifies (®1)—(®3) but not (®4). Of course ®(t) = tP~le! satisfies
(®1)-(P4), with k = 1.

Assume also (®4). If f is singular at u = 0, with |f(u)| ~ u? as u — 0", then by (f1) we
must have g € (—1,0). Hence |F(u)['/? ~ w\9tD/P as u — 0%, and so [, [F(u)|"YPdu < oo
and every semi-regular non—negative radial ground state of (2.1), with u(0) = « > 0, is
compactly supported on R™ by Corollary 2.10 (ii7). While if f is regular at = 0 and ¢ > 0,
then [, [F (u)|~Pdu < 0o when 0 < ¢ < p— 1 and every semi-regular non-negative radial
ground state of (2.1), with u(0) = a > 0, is compactly supported on R™ by Corollary 2.10
(iii).

If again |f(u)| ~ u? as u — 0T, with ¢ > —1 by (f1), then by Corollary 2.10 (iii) and
Proposition 2.8 it holds that u(r) > 0, u/(r) < 0 for all r € RT if and only if ¢ > p—1. In
this case, since p > 1, this means that f is continuous at v = 0, with f(0) = 0, namely we
are in the regular case.

For a more general wider discussion on the validity of the strong maximum and compact
support principles for solutions, radial or not, of quasilinear singular elliptic inequalities,
as well as on applications of these principles to variational problems on manifolds and to
existence of radial dead cores, we refer to [17]. See also [14].

3. PROPERTIES OF SOLUTIONS OF THE CORRESPONDING INITIAL VALUE PROBLEM

Semi-regular non—negative radial solutions u of (2.1), (2.24), or of (1.2), are also solutions
of the initial value problem

[r" =1 ®(p(r))) — r" 1 f(u(r)) =0, r>0,
(3.1) { ()= 050 w(0) =0

by (2.28) and the first part of Proposition 2.8.

From now on, besides (®1)-(®3), we assume that either (f3) or (f4) holds, see the
Introduction, so that, as noted above, (f2) is also satisfied, with v given by (2.31). Moreover,
from now on we also assume that

(f5) f € Liploc(OaV)'

In this section we shall consider only solution of (3.1) under the further restriction
(3.2) d<a<w,
where d and v are given in (2.31).

Lemma 3.1. Problem (3.1) and (3.2) has a unique classical solution u in a neighborhood
of the origin. Moreover, u'(r) < 0 for r small and positive. The solution is unique as long
as it exists and remains in (0,7).

Proof. Local existence and uniqueness of solution of the initial value problem (3.1) and (3.2)
follows from Proposition A4 of the Appendix of [5], since (®3) is equivalent to (1.3) and in
turnfor0 <t <p—1

(3.3) B'(t) > B(t) > 0,

which is the main condition of Proposition A4 of [5], in the special case p = 1. Moreover
by Proposition 2.8 (i) and (ii) we have f(«) > 0 and «/(r) is negative for small r. O
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By Proposition 2.8, any semi-regular non—negative radial solution u of (2.1), (2.24), or
of (1.2), satisfying (3.2), remains a classical solution of (3.1) as long as it remains in (0, a.
Moreover, by Lemma 3.1 the unique local solution of (3.1) and (3.2) has the property that
u' < 0 and u < « in some interval to the right of zero. We claim that the solution can be
continued either for all » > 0 with u(r) > 0 and u/(r) < 0, or else reaches a first point r
where either u(rq) = 0 and u'(ry) < 0, or u(rs) > 0 and u/(ry) = 0. To prove this note
first that by (2.25), with sgp = 0, and (2.22), since F' > 0 and increasing on (d,y) by either
(f3) or (f4), then

H([u'(r)]) < F(e) = F(u(r)) < F(a) + max [F(0)] = Ma € R,
v I
by (2.30). Therefore, since H(oo) = oo by (®3), we also obtain that |u/(r)| < H~1(M,,) as
long as u exists and 0 < u(r) < a. This shows the claim.

In what follows we assume that the solution w of (3.1) and (3.2) is continued exactly
until a first point 7, is reached where either u(ry) = 0 and «/(ry) < 0, or u(r,) > 0 and
u'(rq) = 0. If no such a point occurs, we put r, = 0.

We denote by J, the maximal domain of continuation of any semi-regular non—negative
radial solution w of (2.1), (2.24), or of (1.2), satisfying (3.2), where it is positive, namely

Jo = (0,74), rq finite or not, is the maximal open interval of continuation under the
restriction
(3.4) u >0, —oco <y <0 inJ,.

As mentioned earlier, the main purpose of this paper is to extend to the general problem
(2.1), (2.24) and to the corresponding free boundary problem (1.2), the recent existence
results given by Gazzola, Serrin and Tang in [7], under (Q1) and (f3), and by Tang in [18],
under (Q1) and (f4), for the p-Laplacian case, namely when ®(t) = =1 p > 1, in (®1)-
(®3), to the general setting of [9] on ®, under the slightly more general growth condition
(@), when the natural assumption (f1) holds, and using a unified technique. We shall also
completely generalize the existence results of [9].

Lemma 3.2. Let u be a solution of (3.1) and (3.2), and let Jo = (0,74) be the corresponding
mazximal interval of definition in the sense of (3.4).

(i) The limit
(3.5) ly = lim u(r)

r—Tq
belongs to [0,b) if (f3) holds, and £, = 0 if (f4) is satisfied. Moreover if £, > 0,
then u'(rq) = 0, with ro possibly infinite.
(i) Let X > d. If o > A, then there exists a unique value T = T(a) € Jo such that
u(T) = A.

(11i) If ro = 00, then Tlii& u'(r) = 0.

Proof. (i) Clearly the limit in (3.5) exists and is non-negative, since u is decreasing and
positive in J, by (3.4), in particular ¢, € [0,7) by (3.2).

Let first (f3) hold. By contradiction, suppose ¢ € [b,7). Then b < £, < u(r) < « in
Ja, and this implies [r"~1®(p(r))]’ > 0 by (3.1) and (3.2), that is 7"~ 1®(p(r)) is strictly
increasing on J,.

If 7 is finite and u(ry) = £o > b > 0, then u/(ry) = 0 by (3.4), and in turn 7"~ 1®(p(r))
tends to 0 as r — r,. On the other hand, r"~'®(p(r)) is 0 at r = 0. This is impossible
since 1"~ 1®(p(r)) is strictly increasing on J,.

If r, = 0o, then J, = RT and E € C!(R") is non-increasing in R* by Lemma 2.5.
Therefore by (2.22) also H(p(r)) admits finite limit at oo, and in turn by (2.2) also p(r)
admits limit as r — oo. Consequently u/(r) — 0 as r — oo. Now, rewriting the equation in
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(3.1) in the equivalent form

[@(p(r))]" +
we obtain that lim [®(p(r))] = f(¢s) > 0, since £, € [b,7). This is impossible since
B(p(r)) > 0 on R and lim ®(p(r)) = 0 by (B2).

Let now (f4) hold. IfT;go assume by contradiction that £, > 0, then, omitting b, we can

repeat the above proof word by word and reach the desired conclusion.
If ¢, > 0 and r, < 0o, then lim u/(r) = ¥/(r4) = 0 again by (3.4). If £, > 0 and r, = oo,

rT—Tq

n—1

O(p(r)) — flu(r)) =0, 7€ Jo=RT,

then by Lemma 2.5 and (2.22), as shown above, lim u'(r) = 0. This case can occur only

when (f3) holds.
(ii) The claim follows easily, by definition of J,, since u is strictly decreasing.
(iii) Let ro = 00, then the claim follows word by word as in the proof of (i), since H(p(r))

approaches a finite limit as  — oo by (2.22).
O

Lemma 3.3. Let u be a solution of (3.1) with maximal interval J, and assume (3.2).
Then for any ty € Jo and € > 0, there exists 6 > 0 such that if v is a solution of (3.1) with
|u(0) — v(0)| < 0, then v =v(r) is defined on [0,to] and

sup {\u(r) —o(r)| + [ (r) — v’(r)|} <e.
[0,t0]

Proof. The proof of Lemma 2.3 of [9] can be repeated since it was used only the fact that
f € Lipioc(0,7) together with (f1). O

Lemma 3.4. (Ni-Pucci-Serrin) Let u be a solution of (3.1). Set
Q(v) =pnF(v) — (n—p)vf(v), veERT,

and

(3.6) P(r) = (n — p)r" tu(r)d (r AW (7)) + pr"E(r), 0<7 < 7rq.
Then

(3.7) Plr) > /0 Q(u(s))s"ds.

This follows at once by direct calculation from (2.5), (2.3) and (2.23). See the proof of
Lemma 2.3 of [9].

4. PREPARATORY EXISTENCE RESULTS

To establish existence of semi-regular non—negative radial solutions of (2.1), (2.24) or of
(1.2), we follow the main ideas used in [5], [7], [18] and [9], and shall first prove existence
theorems for the corresponding initial value problem (3.1), under condition (3.2).

Using the same notation of the previous section, we introduce the set

I"={a>d : ro<o00, ly=0, u(ra)<0}.

Lemma 4.1. Let u be a semi-regular radial solution of (3.1), under the restriction (3.2),
in its mazimal continuation interval Jo. If o ¢ I~ then

. Cu(r)[F' + F(u(r))] or every T
(@.1) S Fu) B @/F Py T

where p' is the Hélder conjugate of p,

(4.2) C=(n-1)yp, F = max F~ (v),
v€E[0,d]
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B~ is the inverse function of B given in (2.4), and F~ = max{—F, 0}.
Proof. Assume by contradiction that there is 7, with 0 < 7 < r, such that
CU[F + F(U))

(143) "E OB WF+ FO))

where U = u(F). Put

M = sup p(r) = p(Ry),
where R; € [F,7,) by the continuity of ' on J,, (3.4), Lemma 3.2 (i) and (%), since o ¢ I~.
By (2.2), (2.22) and (2.25) at sp =T and r = ro, we have

F(U) < E(F) = E(ra) + (n — 1) / 19(2('9))6;8 < —(n— 1)<1><TM) / o (5)ds
(n— 1)®(M)U

— )

T

by (2.29), (2.4), (3.4) and ($2). Hence

(n —1)®(M)U

(4.4) F(U) < -

Similarly, by (2.22) and (2.25) at sp = Ry and r = rq, we get
H(M) = F(£s) — F(u(Ry)) + (n — 1)/ "BU) g < T (- 1)@(M)/ " (s)ds
R S Rl R1

(n—1)®(M)U

Ry ’
since u(R1) < U being Ry > T, E(ry) = F(£y) < 0if (f3) holds and is zero if (f4) is satisfied,
since u/(ro) = 0 by Lemma 3.2 (i), by assumption « ¢ I~, and finally u(7) — £, < U since
fo, > 0. Hence

<F+

(n — D)®(M)U

F

(4.5) H(M)<F+
By (4.2)—(4.4) and (2.4) it follows at once that

(M) > nilFéU) >0 <n;1FEJU>p’[F+F(U)]>,

namely by ($2)

(4.6) ]I‘j > ”;1F(UU)[F+ F(U).
Now from (4.5), (2.3), (4.6) and (4.4) we finally have
F>HM) - (n-1) 2y > %,@(M) -2y o [1\{ S 1U}
T P T p T
LT FU)n-1 [F+F(U)_1}:
n—-1 U T F(U) ’
which is the required contradiction. U

Theorem 4.2 (Existence). Let (f1) and either (f3) or (f4) hold. If v1 = oo, we also
assume that:

(Q) The function Q is locally bounded near v =0 and there exist p > d and \ € (0,1) such
that Q(v) >0 for allv>p and

lim sup Q(A10) 0P F(A0)]™P = 00 for every A1, Ay € [A,1].
V—00

Then I~ # (.
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Proof. We discuss separately the two cases v < oo and vy = oo.

Let v < 0o. Problem (3.1) and (3.2) admits a unique classical solution u, which depends
continuously by « by Lemmas 3.1 and 3.3. Hence u(r,a) — 7 as a — 7 uniformly on every
bounded interval of Ry . Since a € (d,7), for a sufficiently close to 7, by Lemma 3.2 (i),
there is a unique value t, € J, such that u(t,,a) = 4, where ¥ = (v +d)/2 € (d,~). We
claim that a — ¢, is not bounded above as a — ~. For otherwise 0 < t, <t < 00 as o — 7,
for an appropriate constant ¢, and all the corresponding solutions u(r, o) would be < ¥ as
r > t, which contradicts the fact that u(r, a) converges uniformly on bounded sets to v as
a— .

Now, putting u(ts, @) = 4 in the right-hand side of (4.1), we find a finite number which
is independent of «. This is impossible by the previous argument.

Consequently there is a € (d,~y) such that the corresponding solution wu(r,a), with
u(tq, ) =7, has the property that

CAF+ F()]

FY)B ' [F+F®#)])
namely « € I~ by Lemma 4.1, or u is a crossing solution by the definition of I~, and the
proof is complete when v < oc.

Let now v = oo. Assume for contradiction that u(r,«) is a global solution for all o €
(d,0), namely J, = R* for all « € (d, 00).

We take p and )\ as stated in (Q), with > p, and, without loss of generality, we take \
sufficiently close to 1 such that:

p a(l =2 u(0) —u(ry)

4. = d = <1
(4.7) a>)\ an 0< o o <1,

[0}

where 7y is the unique point r such that u(ry) = Aa by Lemma 3.2 (i7). This is clearly
possible since by (2.16)
u(r) — u(0)

lim ————= =4/(0) =0 and limr,=0.
r—0t r A—1

Integrating (3.1) on [0, 7], with » € (0, 7)), we obtain

() = [ " f(us)ds.

0

Hence, putting

f(ea) = &1&){1 f(u) >0, A2 € [\, 1],

we have
n

e (p(r) < ()
Since ®(00) = oo by (®3), then by ($2)

r
n

Integration from 0 to r) yields

a(l=)) < /0” o <W>dr <@ <f(A20‘)7“A>

n n
by (®2). Thus

f(AnaOO > éq)(Oé(i":A)):’}Aq)([OW]p/(p_l)[M]l/(p_l))

7nl/\oé(lr,\ 5 o < [a(lT: A)]P/(PU) |

v
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by (®3) and (4.7). This shows that

(4.8) ot (L= N f(Aea) N a(l—A) P/(p—l)’
namely ( " > - [ A ]
Ty 2> a(l—X) .
[@—1 <a(1 — A)f(&&))] (r—1)/p

Now, we take A < 1 sufficiently close to 1 so that

a(l =N f(ha)

<1.
n
Hence RV - O
[a(l— ) ( QQ)] P q),l(oz(l— )f( Qa)> <o-1(0),
n n
since the function 7 — 71/ (p_1)<I>_1( ), T € RO , is non—decreasing by (®3). Therefore
- V=1 _ ol =A)f(hea) a(l — \)1p/(-1)
(1 " > ¢! > | 7Y
Olcarme) | 2 ) 2 [T
by (4.8), or
(1—\)e+h)/p +1)/p Uy
™2 Gy i el
namely
—_\)e+1)/p
(4.9) ry > Cra P VR fOga)] 7, Oy = — G =N

[®—1(1)]e—D/ppl/p’
Let r,, be the unique value of r such that
(4.10) u(ry) = .

Hence r,, > 7y, since u(ry) = Aa > p = u(ry,) by (4.7), and v’ < 0 on Jo, = RT. Further-
more, since a € I, by (4.1)

411 C, = — :
4y 0 < B+ F )
where C'is given in (4.2) and B in (2.4).

Let
(4.12) Q.= inf Qv)>—oc

0<v<p
by (Q). Moreover there is a suitable constant A\; € [A, 1] such that

(4.13) QM) = Aangl%a Q) >0

by (@) since Ao > p. Consequently, by construction,

QA\ia), if0<r<ry
(4.14) Qu(r)) > < 0, ifry<r<r,
—|Qul, ifr>r,

By Lemma 3.4, that is (3.6) and (3.7), with r > r,,

(4.15) prE(r) (/ / / ) "1Q(u(s))ds

Hence, using (4.14), we get

n QM) n n/ |Qulr™
pr(e) > LN st gy e 1"

n
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by (4.9). By (2.22), (4.11) and the fact that F' is positive and increasing on (d, c0), and so
on (d, ],

(o) > | 5o | Qe Faa)? Q] = npF (),

for r, <r <r,+1. By (Q) we can take « sufficiently large so that H(p(r)) > H(u), that
is p(r) > p by (2.2). Consequently

ru+1
ulrp+ ) =ulr) + [ u(s)ds < - =0,

I

which contradicts the fact that u > 0 on J, = R™, and completes the proof. O
We now recall the main growth condition, denoted here by (Q1), for existence in the
principal case v = oo, used in [7], [9] and [18]:

(Q1) The function @ is locally bounded near v = 0 and there exist ¢ > d and X € (0,1) such
that Q(v) > 0 for v > p and

-1 "/P
lim sup Q(\v) [f()\w)] =00 for all Ay and Ag in [A, 1].

Proposition 4.3. Let v = oco. Assume that (f1) holds and also that

(F1) liminf f(u) = ko > 0,
with ko possibly infinity, is satisfied. Then
@) = (@)

Proof. By (F'1) for u sufficiently large
f(u) >0 and uf(Aou) > 1/X for all Ag € [A,1].
Consequently by (Q1)

up—1 1P
f(A2U)} ’

and the implication follows at once. O

QuwmwﬂwwuwWWZQuwﬂ

Theorem 4.2 generalizes Lemma 3.5 of [9], since in general (f1), (F1), (Q) and either
(f3) or (f4) do not imply the validity of (Q1), as shown by the following examples. For
brevity we define the functions f under consideration in the examples only for large u and
without further mention we assume that the functions f satisfy (f1) and either (f3) or
(f4), and the corresponding functions Q(v) = pnF(v) — (n — p)vf(v), v > 0, are locally

np

bounded near at v = 0. Finally, in the next examples, 1 < p < n and p* = H
Examples. 1. Let

fu) =uP 1 4 %, for uw>wup, with wug>0.
Clearly (F'1) holds with ky = co. Here

Q(u) = c¢1 + nplogu, u > ug,

where c; is an appropriate constant. Hence for v > i and g > d sufficiently large, certainly
Q(u) > 0. Now, as u — oo

uP~1

f(Qau)

un-D/p

Qb | ]nﬁ)=:k1+nplog<Alun
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so that clearly (Q1) fails, while

Q) w1 f(Aow)]7 = [e1 + nplog () @D/ [gup 1 4 =" — o,
2
namely (Q) holds.
2. Define
* 1
(4.16) f(u) =uP —lzlz—q for w>wg, with ¢g>1,
u

where ug > 1 when the minus sign is considered and (f4) holds, since v = oo in the
examples, while ug > 0 in all the other cases. Again (F'1) holds with ky = oco. Hence, for
co=n—p+np/(q—1)=const. > 0 and u > uy,
_ Fa@

Q(U) - ’Lqul

where the appropriate constant ¢; is now assumed to be positive.! As u — oo

p—1 n/p c unp=1)/p
Q(A\1u) [u] = [LO_ + 01} — 0,
f(Aqu) (Au)a—t . 1 qn/p
{()\QU)P 14 ()\2u)q]

+Cla

that is (Q1) fails, while

Q(A\u) [upr(/\gu)]”/p = [7:FCO + cl}u”(pﬂ)/p [(Agu)p**l +

1 }n/p
(Au)a!

(Agu)
that is property (@) holds.
3. Take ug > 0 if (f3) holds and ug > 0 if (f4) is satisfied, then define
flu) =u? "+ ud™t 1<qg<p”.
Again (F1) holds with ky = oo and, for u > wuy,

Q(u) = cou? + c1, with ¢g = -2 — (n —p) = const. > 0,
q
and c¢; is an appropriate constant. As u — oo,
\ up—l n/p \ . un(p—l)/p 0
U = |C u)t +c " — 0,
Q0 || =l el

namely (Q1) fails, while
Q(A1w) [P F(Au)]™P = [eo(Mw)? + c1]u PP ()P~ + (Agu) ™ MP — oo,
that is (Q) holds.
4. Now let p = n and
f(u) = puP~te?” for u > wo,
with ug > 0 if (f3) holds and with ug > 0 when (f4) is satisfied. Clearly (F'1) is satisfied

with kg = oo and Q(u) = p? (e“p + cl), where ¢ is an appropriate constant. Hence, as
u — 00, for Ay = g,
uP~1 ple®1” 4 ¢]

_ 1-p
Q()\lu)f(Agu)_ )\g‘le(kzu)p AL

1To have ¢1 > 0, it is enough to define f(u) = logu + 2 for u € (0, 1], when in (4.16) the plus sign is
considered, ug = 1 and (f3) holds; while f(u) = v® 4+ 1 for v € (0,1], s > —1, when in (4.16) the plus
sign is considered, up = 1 but now (f4) holds. Analogously, when in (4.16) the minus sign is taken, to get
c1 > 0, we can define f(u) = u? ~!' —u"* 4 ¢(1 —u) for u € (0,1], with s € (0,1) and the positive constant
c¢>2/(1—s)+2/(qg—1), when (f3) holds; while f(u) = ug*fl —ug 9+ 2q(uo —u)/(q — 1) for u € [0, uol,
up > 1, when (f4) holds.
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namely (Q1) fails, while for all Aj, Ao € [\, 1], with A € (0, 1),
QM) [P f(hgu)] = ABTIp3[eM)” 4 ¢ upePew)” o0,

that is (@) holds.

Proposition 4.4. If v = oo, and f satisfies (f1) and
(F2) lim uf(u) =k >0, with k1 finite,
then the reverse implication g]?;oroposition 4.3 holds, namely
@ = (@)
Proof. Indeed, for u sufficiently large
QA u)u™
[wf (Aau)]"/P

where ¢y is a positive constant, and the implication follows at once. Il

> coQ(\u)u"fuf (Aau)]™/?,

Clearly (F'2) implies that f(u) — 0 as u — 00, a situation which is not so interesting in
applications and in any case the existence problem could be treated for such nonlinearities
using much simpler techniques.

In general (f1), (F2), (Q1) and either (f3) or (f4), do not imply (Q), as shown by the
following examples. As before, for brevity the functions f under consideration in the next
examples are defined only for large u and assumed to satisfy (f1) and either (f3) or (f4),
without further mention. Again the corresponding functions Q(v) = pnF(v) — (n—p)vf(v),
v > 0, are supposed to be locally bounded near at v = 0. Finally, in the next examples

1<p<n,with p" =ccif p=n and p* = P ifl<p<n.
n—p

Examples. 5. Let

f(u) =ui™t foru>ug, wug>0, qg < —p.
Clearly (F2) holds with k1 = 0 and Q(u) = ¢; — cou? for u > wug, where the appropriate
constant ¢; is now assumed to be positive? and c3 = n — p — np/q = const.> 0. Hence

upfl n/
)} = N D/P [ — co(Mu) 9] uMP=D/P 0

o) [f(&u
that is (Q1) holds, while

Q(M\u) [up+1f()\2u)]n/p _ )\2n(q71)/p [c1 — ca(Aqu) ] ureta/p l

where £ = c1 A" ®P*+D/P when ¢ = —p and £ = 0 when ¢ < —p, so that (Q) fails.

6. Indeed, if

f(u) =u?™! for ularge, with ¢ > —p,

then (@) and (Q1) are valid if and only if ¢ < p*.

7. Let

flu)y=e"" for u > up,

with up > 0 under (f3) and with up > 0 under (f4). Condition (F'2) is satisfied with k1 = 0,
and for v > ug Q(u) = ¢; — [np + (n — p)ule™™, where the appropriate constant ¢; > 0 is
again assumed to be positive. 3

uP~!
f(Oau)
2To have ¢; > 0, it is enough to define f(u) = logu + 1 for u € (0,1], when uo = 1 and (f3) holds; while
f(u) =u® for u € (0,1], s > —1, when ug = 1 but now (f4) holds.

3To get ¢1 > 0, it is enough to define f(u) = logu + log2 + e V2 foru e (0,1/2], when up = 1/2 and
(f3) holds; while it is enough to take ug = 0 when (f4) holds.

n/p
] = {e1 = [np + (n — p)haufe M qur VP2 oo,

Q(Au) [
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that is (Q1) holds, while
QW)W fFaw)]™? = {1 — [np + (n — p)\iule M1 JurPHDpemmau/e g,

namely (Q) fails.

Therefore Theorem 4.2 extends the result of Theorem 5.1 of [18] also to the nonlinearity
satisfying (Q).

8. Define

flw)=u""t+u?™t, 1<qg<r<p,

for u > ug, where ug > 0 when the plus sign is considered and (f3) holds, and uy > 1 when
the minus sign is considered and (f4) is satisfied, while in the other cases ug > 0. Clearly
(F1) holds with kg = oo and Q(u) = ¢1 + opu” £ o4u? for u > wuy, where ¢; > 0 is an
appropriate constant and
_ pn
T

pn

o —(n—p) >0 and aq:?—(n—p)>0.

Then (Q1) is satisfied, and so also the weaker condition (Q), since (F'1) holds.
9. Let
f(u) =u?tlogu for ularge, with 0<gq < p*.
Then for u > 0 sufficiently large
uq{logu[% - (n—p)} - %} +co, 0<q<pt,
%logzu—(n—p)logu—i-cb q=0,

Clearly Q(u) > 0 for u > p and an appropriate g > d, since here ¢ < p*, as requested in
the main assumptions. Moreover, after some calculation, one sees that both (Q) and (Q1)
hold.

Indeed, it is worth noting that the existence Theorem 4.2, as well as those in [7] and
[18] for the p—Laplacian case, and in [9] for general divergence equations, can be applied in
particular when

Qu) =

o f(u) =u?"! forularge, —p<q<p*
o f(u)=u?tlogu for ularge, 0<q < p*,
since both (@) and (Q1) hold.

Now, assuming the further condition (®4), given in the Introduction, we obtain another
criteria, which extends recent results of [7] and [18], established for the p—Laplacian case,
and also Theorem 4.1 of [9].

Theorem 4.5. Suppose that (®4), (Q1), (f1) and either (f3) or (f4) hold. Then I~ # (.

Proof. Obviously the only new case to be proved is when v = co. Indeed, we can proceed
essentially as in the proof of Theorem 4.2. By (Q1) there is u > d such that Q(u) > 0
for u > p. Choose av > p/\, where X is the constant specified in (Q1), and let u, be the
corresponding solution of (3.1), with maximal domain J, = (0,7,) in the sense of (3.4).
We denote by r,, and r) respectively the unique values of r in which u, reaches y and Ao,
by Lemma 3.2 (ii). Clearly ry < 7.
Hence, putting
f(AQOé) = mnax f(U) > 07 A2 € [)\7 1]1
[RYeRe]

and integrating (3.1) on [0, 7], for any r € (0,7)), we have

b ) < ae(r) = " flu(s)s <

0 n

f(>‘2a) n

T,




EXISTENCE 21

by (®4). Thus

p(r)

< [f(&a)] ey o1/ (0=1).
- kn

Integration from 0 to r) yields
p—1 [0V sy
a(l)\)gp[k‘n’ 'I"ip 5
and therefore

-1 1l/p B p—1) /P
(4.17) ry > Ch [f(ziw)} ,  where C), = {kn [(lp_)\l)p] } ,

which is the exact analogue of (4.9). Continuing the proof as that of Theorem 4.2, we
obtain (4.10)—(4.15). Now, by (4.15), (2.22) and (4.17),

(o) > [ 2] @tna) [f‘;a)]/ — 1Qul — PP (),

for r, < r < r, +1, where C, Q, and Q(M«) are given in (4.11), (4.12) and (4.13),
respectively. Thus by (Q1) we can take « sufficiently large so that H(p(r)) > H(u) and
conclude the proof exactly as in Theorem 4.2. O

5. MAIN EXISTENCE RESULTS

Here we turn to the main problems (2.1), (2.24) and (1.2) under the main conditions
(®1)—(P3).

Theorem 5.1. Assume (f1), (f3) and (Q). Then problem (2.1) admits a positive semi—
reqular radial ground state if (2.34) holds, while a compactly supported semi-regular non—
negative non—trivial ground state if (2.34) fails. In this second case the ground state u is
also a solution of the free boundary problem (1.2).

Proof. Put
IT={a>b: l,>0}

Following the proofs of Lemmas 3.2 and 3.3 of [9], word by word, we prove that I" is not
empty and open. Similarly, using the proof of Lemma 3.6 of [9], we can also show that I~ is
also open, and by the above Theorem 4.2 is not empty. Therefore there should be a number
a¢ It U, withb < a <1, since b € I'™ by Lemma 3.2 of [9], such that (3.1) admits a
positive solution uq, with u4(0) = «, in its maximal continuation open interval J, = (0,r,).
Since a ¢ I'", then £, = 0, while since « ¢ I~, then either 7, = 0o or r, < 0o, and in both
cases u, (o) = 0 by Lemma 3.2 (i) and (iii). In the first case u, is a semi-regular positive
radial ground state of (2.1), and the latter u, is a semi-regular positive radial solution of
(1.2), with R = r,, or a compactly supported radial ground state of (2.1), accordingly to
Corollary 2.10 (3). O

Theorem 5.2. Assume (f1), (f4) and (Q). Then problem
div(A(|Du|)Du) + f(u) =0 in R™, n>1,
uZ0 in R™

admits a semi—reqular crossing radial solution u in its mazximal continuation open interval
Jo = (0,74), with u(0) = a € (0,7), ©'(0) =0, 74 < 00, u(re) =0 and u'(ry) < 0.

(5.1)

Proof. By Theorem 4.2 there is o € I~ and the conclusion follows at once. (I

Theorem 5.3. Assume (94), (f1), (f3) and (Q1). Then problem (2.1) admits a positive
semi—regular radial ground state if (2.35) holds, while a compactly supported semi-regular
non—negative non—trivial ground state if (2.35) fails. In this second case the ground state u
is also a solution of the free boundary problem (1.2).
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Proof. We proceed, word for word, as in the proof of Theorem 5.1, where now I~ # () by

Theorem 4.5 and by Corollary 2.10 (). O
Theorem 5.4. Assume (P4), (f1), (f4) and (Q1). Then problem (5.1) admits a semi-
reqular crossing radial solution w in its mazimal continuation open interval J, = (0,74),

with uw(0) = a € (0,7), ¥/(0) =0, rq < 00, u(ry) =0 and v'(ry) < 0.
Proof. This is an immediate consequence of Theorem 4.5. ]
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