FUNDAMENTAL COCYCLES OF TILING SPACES

MANFRED EINSIEDLER

ABSTRACT. We study continuous cocycles defined on the set of planar
tilings with values in discrete groups. Following Schmidt we show that
for generalized domino tilings, L-tiles, and some systems of paths there
exists a fundamental cocycle, i. e. we find a cocycle ¢y, so that all other
continuous cocycles ¢ are cohomologous to a homomorphic image of cy.

1. INTRODUCTION AND DEFINITIONS

Fundamental cocycles for higher-dimensional subshifts of finite type were
introduced by Schmidt in [4]. The question of which higher-dimensional
subshifts of finite type have such cocycles is central to our understanding
of cohomological properties. In this work we find fundamental cocycles for
a class of two-dimensional subshifts of finite type. We also investigate for
those subshifts the relation between cocycles and hole-filling.

In the following sections we will consider tilings of the plane by a fixed set
of square tiles. These tiles should always be aligned to the lattice (that is, the
corners of the tiles should be lattice points). A Wang tile system is a set of
unit squares where each edge has a colour and the set of colours of horizontal
edges is disjoint from the set of colours of vertical edges. The allowed tilings
have to satisfy that two squares which have an edge in common should have
the same colour at this edge. The set of all allowed tilings of R? is a shift of
finite type which we call the tiling space X. As usual, we use in this shift
of finite type the subspace topology of the product topology. That means a
basis of the topology is given by the cylinder-sets, each of which consists of
those tilings which are equal to a given tiling in a fixed finite rectangle. Let
o be the usual shift-action on the tiling space.

A continuous cocycle of ¢ on X with values in a discrete group G is a
continuous function

c:72*x X -G
which satisfies
c(m+n,z) = c¢(m, onz)c(n, z) (1)
for all m,n € Z? and all x € X (see for instance [3]). One can think of this
formula as a form of path-independence. For instance the equation

¢((0,1),00,0p2)c((1,0),2) = ¢((1,0), 0¢,1y2)c((0,1), z) (2)
means that one can either go first to the right and then up or the other way
round if one writes the corresponding cocycle-values in the right order.

An example of a continuous cocycle is a coboundary which has the form
c(n,z) = b(opz)b(x)~! for a continuous function b : X — G. One can
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also obtain a new cocycle ¢ from an existing one ¢ by modifying it with a
continuous function b : X — G in the following way

d(n, ) = b(onz)c(n, z)b(x) L. (3)

Two cocycles ¢ and ¢ are called cohomologous if there exists a continu-
ous function b satisfying (3). A fundamental cocycle ¢y with values in the
discrete group I' is a continuous cocycle for which any continuous cocycle ¢
with values in any discrete group G is cohomologous to a homomorphic im-
age nocy where : I' — G is a group homomorphism. More intuitively one
can say that a fundamental cocycle has all the information which any cocy-
cle can have. For some examples we will show that there exist fundamental
cocycles.

As c¢(n,z) = n € Z? is always a cocycle, if there is a fundamental cocycle
there exists a homomorphism ¢ : I' — Z2. The kernel ker(¢) of this map
expresses somehow the complexity of the dynamical system. In the known
examples (see [4]) this kernel is either finite or Z. Here we want to give
examples where this kernel has a different structure. We will find dynamical
systems where this kernel is, for instance, the free group with finitely many
generators.

One way to construct a continuous cocycle for the shift o on a tiling space
X is via Conway'’s tiling group I' (see [1] or [5]). This group is defined by
the generators which are the colours of the edges of the tiles and, for each
tile W, the relation d~'c¢~'ba = 1, where a, b, ¢, d are the colours of the tile

rCH
W=d b.
LaJ
The tiling cocycle cr is defined by the two functions
cr((1,0),z) = bottom colour of (0,0)
cr((0,1),2) = left colour of z (o).

Now the relation d~'c~'ba = 1 is just a reformulation of Equation (2).
We extend the cocycle to all n € Z?2, for example in the following way

cr(n,x) =cp ((O, ny), U(nl’O)JJ) cr ((nl, 0), x),

where for positive nq we define

cr((nl, 0),3:) = cr((l, 0), a(nl_m)x)cr((l,()), U(n1—2,0)$) ..
.o CF((l, 0),0(170).1:)01“((1, 0),.73) (4)

and for negative n

CF((nla 0), l') = CF((_nla 0)7 O-(nl,O):I")_l‘

The function cF((O, na), ;17) is defined in an analogous way. The proof that
this gives a cocycle uses the relations of the tiling group.

In connection with the tiling group we also investigate whether or not a
given roughly rectangular hole in a tiling can be filled by using the tiles. If
we go around the hole and write down the consecutive colours from right
to left, then the resulting value in the tiling group must be equal to the
identity of the group if the hole allows a tiling. This is because if the hole
can be tiled then this gives a point x € X and the calculated value is equal
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to cr((0,0),z). If the hole is tile-able after enlarging the hole then this
algebraic condition is also satisfied, because the cocycle value around the
enlarged hole is conjugate to the original value.

In the examples we also search for criteria for tile-ability of such holes.
An easy example for this is the system defined by the two one-dimensional
tiles [0, 3] and [0, 5]. The Wang-tiles of those tiles are intervals of length one
with a colour on each side. If we write the colours of those intervals as an
ordered pair (left colour, right colour), we have the following pairs:

(0,1),(1,2),(2,0),(2,3),(3,4), (4,0).

Using these intervals or the original intervals one can of course tile each hole
whose length has a representation as a sum of multiples of 3 and 5. It is easy
to see that each interval which is sufficiently large has such a representation.
However, it is not true that every interval has a representation. So it is
more convenient to ask for a condition which is sufficient for large intervals
or for a condition which is sufficient if one allows first an enlarging of the
hole. This will also occur in our two-dimensional tilings. The enlargement
of the hole is in some two-dimensional tilings even more important because
the boundary sometimes prevents a tiling although after an enlarging the
hole is tile-able.

When we speak below of the tiling of a given region, the tiles have to cover
the region and have to be contained in the region, so we mean an exact tiling.
The term over tiling should mean that the tiles cover the region but some
parts of them can extend beyond the region.

In Section 2 we will consider dominoes and generalized dominoes. Here
we find a fundamental cocycle but we will prove as well that there cannot
exist a cocycle which gives a sufficient condition for tile-ability of holes.
In Section 3 we examine the tiling system of paths in the plane. For those
systems there are examples of both behaviors. Some systems of paths have a
characterization of tile-ability of holes and some do not, although all of them
have a fundamental cocycle. In Section 4 we will consider the L-tiles, find a
necessary and sufficient condition for tile-ability of holes and a fundamental
cocycle.

2. THE DOMINOES

In [4, Section 6] Schmidt studied the dominoes which are given by the

following tiles

and the corresponding dynamical system. Theorem 6.7 in [4] gives a funda-
mental cocycle for the domino shift. We want to generalize this theorem to
all systems which are defined by two rectangular tiles but with the restric-
tion that the system is topologically mixing. For algorithms regarding the
question of tile-ability for some of these systems see also [2].

The two rectangles R;(i = 1,2) have the dimensions m; x n;. We call the
colours on the horizontal and the vertical edges H and V respectively. We
also have to fix colours for the edges in the interior of the tiles in order to
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define a system of Wang tiles. We do this as indicated in the 2 x 2,3 x 3
example below:

rH+HTH~

V vy vo V
rH+HA FH+ H+bod
V v V V vy v V
FH+ad FH+ H+bH
V v V V vy v V
LHLHJ LHALHALHJ

Each tiling of R? with the above Wang tiles corresponds to a tiling with
the 2 x 2- and 3 x 3-rectangles and the other way round.
Write k£ L [ to mean that k and [ are coprime.

Lemma 2.1. The dynamical system corresponding to two rectangles as tiles
is topologically mixing if and only if m1 L ms and ny L ns.

Proof. Assume that k > 1 is the greatest common divisor of m; and mso.
We want to show that the dynamical system is not mixing. To show this we
take one of the rectangles and define the open set O to be the set of tilings
of the plane such that the fixed rectangle occurs at position (0,0). If the
system is mixing there would be a L such that O No(_;0)(0) # 0 for [ > L.
However, for | = ak +1 > L it is easy to see that the intersection must be
empty.

Now we assume that the condition is satisfied and we want to show that
the system is mixing. We have to take two non-empty open sets Oq, Oo,
where we can assume that the sets are defined by fixed patterns around the
position (0,0). We want to construct a tiling of a vertical strip with finite
horizontal width such that the left and the right boundary are flat and that
the pattern for O; occurs at (0,0). If we can do the same for the pattern of
O-, we can move the two strips away from each other such that the distance
is big. Then the distance is a sum of positive multiples of m; and my as
the two integers are coprime. Therefore one can easily tile the gap between.
This proves mixing since one can do the same for horizontal strips.

Take a point € O1. To construct a tiling of a vertical strip we have to
find a finite part of the tiling z which contains the pattern and allows us to
construct the tiling of the strip. This can be done for instance if the finite
part is such that each horizontal part of the boundary has a length which is
a sum of positive multiples of my and msy.

=g

In the above picture this condition is satisfied but if one removes the right-
most rectangle then the condition would fail. If we already have such a
region then we can put the two rectangles above (resp. below) all the hori-
zontal parts corresponding to how the length is written as a sum of positive
multiples of my and ms and get a tiling of the vertical strip.

To find such a finite part of  we have to find a path going around the
pattern of Oy which splits into four paths. We start somewhere to the right
and above the pattern of O; at a point which is on an outer edge of a
rectangle in x. First we want to go down and to the right always on the
outer edges of the rectangles in x. There exists a natural number N such
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that each n > N is a sum of positive multiples of mq and msy. The rule
which forces our path is to go right until we reach a point where this is
impossible or our actual horizontal step has reached a length of N where
we go down when possible. The path eventually leads under the lowest part
of the pattern, then we stop and change our rule. From here on we want
to go to the left and down. We go to the left whenever possible and down
when not. Eventually we are left to the left end of the pattern and again we
change our rule. Now we want to go up and to the left. Our rule is now to go
left until our horizontal step has reached a length of IV or left is not possible,
then we go up. Eventually we are above the upper end of the pattern, then
we start going to the right when possible or up. If we hit our path we stop.
If we miss our path we will get above our previous starting point, stop and
start again in our starting point to go to the left when possible or up and
hit the path.

The above path encloses a finite part of x which contains the pattern cor-
responding to Oy, is exactly tiled by rectangles and satisfies the constraints
about the horizontal steps which concludes our proof. O

To calculate the tiling group we again look at our Wang tiles and we
see that each colour in the interior of the rectangles can be expressed in
terms of H and V. The two rectangles then correspond to the two relations
H™My™ = V™A™ and H™V" = V"2 H™m2,

In the following C * C; denotes the non-abelian free product of the cyclic
groups Cy = Z/kZ and C; which is given by the set of all alternating prod-
ucts of elements in the two groups. We also write the cyclic groups mul-
tiplicatively, where H (resp. V') stands for the generator of the first (resp.
second) cyclic group in the free product. The map 1 : Cy x C; — Cy x C;
denotes the canonical map to the direct product, where the elements of
the first group are multiplied regardless of their positions to get the first
component, and the same for the second group.

The following proposition generalizes [2, Section 3.1].

Proposition 2.2. Let my L mg and ny L ng, so that the dynamical system
corresponding to the two rectangles is topologically mizing. The tiling group
I' of the system is isomorphic to

A CZ? x (Cpy % Cny) X (Ciny % Cy)
where A is defined to be those elements ((kl, kg),fyl,’yg) which satisfy

77(,.)/1) — <Hk1 modmljvkgmodng) and

7’(/72) — <Hk1 mod mg’ sz mod nl) )

The map which gives an isomorphism is defined by

¢:H — ((1,0),H,H) and

o:V — ((0,1),V,V).
Proof. First we want to prove that ¢ is well-defined, i. e. that ¢(I")) C A
and that the two relations

H™V™MH™™V ™ =1 (i =1,2)
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are respected by ¢. As A is a subgroup and ¢(H), (V) € A we already
know that ¢(I') C A. The easy calculation

S(H)™ §(V )™ §(H) ™ (V)™ =
((0,0),1 . VTL1 -1 V*nl’Hm1 .1 Hfml . 1)) -1

and a second one like this show that ¢ is well-defined. To prove that ¢ is an
isomorphism we use a chain of normal subgroups in I and in A.

It is easy to see that H commutes with V™™ and V with H™'™2 as
mq L mo and ny L no. Therefore V"1™2 and H™™2 are in the center of the
group. Let G be the subgroup generated by those two elements. G; is a
normal subgroup and is mapped injectively to the subgroup of A generated
by ((mlmg,O), 1, 1) and ((0,nlng)7 1, 1).

The quotient A/¢(G1) is isomorphic to

(Crmy * Cpy) X (Cry % Cy) (5)

as the first coordinates of the elements in A can be calculated from the n-
images of the others modulo a point in ¢(G1) by using the Chinese remainder
theorem.

Let G2 be the subgroup generated by H™2, V™. We have to show that
(G2 is a normal subgroup. For instance V*H"™2V =% must be an element of
G3. There exists an integer k such that nglkn; — 1. As V™2 commutes with
H™ we have

VaHm2 Vfa —
kni—1

yeyens(F5) ey ena (M) ya  pakn grmay ek ¢ Ga.

The same can be done for H*V"™ H~% which proves that G2 is a normal
subgroup. Assume ¢(7v) = 1 for v € G2/G1. Then we write 7y as an alternate
product of powers of H™? and of V™ where we cancel the factors of the form
(H™2)m™ or (V™)™ If the product is non-empty then ¢(vy) is non-trivial
as no cancellation in Cy,, * Cy, takes place. Therefore ¢|q,,, is injective.
As my L mg and ny L ng the image ¢(G2/G1) is (Cpy,y * Chy) X {1}.

If we take I' modulo G2 we see that the group we get is defined only by
the relations H"? = V™ = 1. Therefore it is isomorphic to Cy,, * Cp, which
is the quotient of the group in (5) modulo ¢(G2/G1). This proves that ¢ is
bijective. O

For the proof that the tiling cocycle is a fundamental cocycle we will need
a result which says roughly that the tiling group describes the shift space
quite well. For instance, if the tiling cocycle characterized tile-ability, this
would be sufficient. Unfortunately, the tiling cocycle for the dominoes does
not characterize tile-ability of rectangular holes which can be seen in the
following example due to Sam Lightwood.

Example 2.3. If we look at the ordinary dominoes with dimensions 2 x 1
and 1 x 2 then the following pattern
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THHHF

Eplipilne

extended to infinity gives us a hole which is not tile-able by the dominoes.
First we would like to point out that the tiling cocycle of the path around

the hole vanishes, so that our algebraic condition is satisfied. This can be

seen in two ways. If we take only the shape of the hole and add a domino,

the cocycle value corresponding to the shape of the region will not change.

By doing this as shown below

- P

the hole becomes tile-able, so the cocycle value has to vanish. The second
way to see this is a better analysis of the tiling group (see [4, Section 6]).
For this tiling system the tiling cocycle value corresponding to a hole counts
the difference between the number of white and black squares inside the hole
if one colours the plane like a chess board. This difference vanishes in our
example.

Let us consider a hole which is constructed by removing dominoes in the
above tiling. The original and also the new tiling contain two regular patterns
above and below the series of horizontal dominoes. If we remove finitely
many dominoes out of this pattern, the only way to tile the uncovered space
1s to rebuild the pattern. Therefore one comes eventually to the original
tiling, where the hole is not tile-able.

Together we have now that the tiling cocycle vanishes for this hole, but it
s not tile-able even after enlarging the hole.

This example shows that the tiling cocycle is somehow not good enough
to characterize tile-ability and one would ask for better cocycles. But we
will show that the tiling cocycle is a fundamental cocycle, so there is no
cocycle which can characterize tile-ability of holes.

For convenience we state here a completely elementary fact about the
tile-ability of some rectangles using our rectangles.

Lemma 2.4. The rectangles
[0, kmq + Ima] X [0,n1n2] and [0, mima] x [0, kny + Ins]
for k,1 > 0 are tile-able by using the rectangles m1 X ny and ma X no.

We will now state and prove the proposition which will show that the
tiling group describes the shift space well.

Proposition 2.5. Let k be a positive integer and Y be the set of tilings of
the strip [0, kmimsa] X R by the two rectangles such that

cf((kmlmg, 0), y) = fkmmz,

The shift space Y is topologically transitive.
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In the following proof the term weight of the boundary refers to the co-
cycle value of the path which follows the boundary but without the possible
simplifications. We also write in contrast to Equation (1) the weight from
the left to the right.

Proof. Let G1 = Cy, * Cp, and Gy = Cy,, * Cp, be the second resp. the
third factor of the group introduced in Proposition 2.2. For the proof of
transitivity we have to look at the various shapes of the upper boundary of
finite tilings. We will show that each boundary occurs as a bottom boundary
of a tiling with the upper boundary being flat. By symmetry this suffices to
establish topological transitivity.

We choose the boundary following the outer edges of the tiles such that
each horizontal step has a length which is representable as a sum of positive
multiples of m; and ms. To find such a boundary we start on the left of
the strip and search for a way to the right. If possible we go to the right,
if not we go up until it is possible again to go to the right. This path gives
us a boundary which satisfies the constraints because the tiles just below
the horizontal step give us the representation. We also assume without loss
of generality that the path describing the boundary starts and ends at the
same vertical height.

In the following we split the original boundary into its horizontal and
vertical steps. We call a step G;-trivial if the corresponding value in G; is
vanishing. We call a part of the boundary G;-trivial if each horizontal and
vertical step of this part is G;-trivial. Our assumption is that the value
corresponding to the boundary is trivial. If it is in addition G1-trivial and
Go-trivial then each horizontal (resp. vertical) step has a length which is a
multiple of mimg (resp. ning). But then it is easy to find a tiling which
ends with a flat boundary above due to Lemma 2.4. Therefore we want
to add some rectangles above the original boundary until the boundary is
G1-trivial and afterwards until it is Go-trivial.

For an easier understanding of the following it is useful to keep track of
Example 2.6. We prove the existence of the G1-trivial boundary by induction
on the number of horizontal and vertical steps which are not G-trivial. The
weight of the boundary looks like

F . Vb1 CHM . ka N LT ka+1 (6)

with ag,bgr1 > 0 and a;,b; > 0 for 0 < ¢ < k. The factors H% and Vi
correspond to the horizontal and vertical steps of the boundary respectively.
As the value is vanishing in G there is a possible cancellation. There are
two possibilities for the first cancellation: some non-trivial factors of the
form V% (or of the form H%) are separated by trivial factors of the form
Vb or H%. The collection of the trivial factors corresponds to a part of
the boundary which is Gi-trivial per definition. We know that this part
consists of horizontal (resp. vertical) steps of a length which is a multiple of
m1 (resp. ny). Therefore we can use the rectangle m; x ny to raise this part
of the boundary by a multiple of n;.

Assume V% and V% with i < j are non-trivial and separated by trivial
factors. The raising described above ends with a boundary whose weight
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looks like
coo VORI (trivial factors) - VTR L

and we choose k such that b; + knj is divisible by no. Therefore the factor
Vbitkni jg G -trivial and we have reduced the number of non-trivial factors.

If the non-trivial factors H* and H% are separated by some trivial fac-
tors, we write the first exponent as a sum a; = kmq + lmg with k,1 > 0. As
H% is not Gi-trivial we have [ > 0. If the next horizontal step lies below
this one (that means if b;11 < 0) then we raise this step by the height of
a multiple of niny by filling the enclosed area with rectangles (see Lemma
2.4) such that the new b; 11 > 0. As Vbit1 ig trivial in G1, we know N2|bit1-
Therefore we can fill the rectangle

hng = b;11

kma lmo
| ——

aj;

with the msg X no-rectangle. The changed boundary has now a weight of the

form
g tme ybipr | praipitime

The new exponent a; = a; —Ilms = km; shows that the corresponding factor
H% =1 € Gy. If j =i+ 1 we are done because we have again reduced the
number of non-trivial factors. If j > ¢4 1 we repeat the above modifications
until Ims is finally added to a;.

Now our assumption is that the boundary is Gj-trivial and its corre-
sponding cocycle value is trivial in G3. As above we prove the existence of a
G1-trivial boundary which is also Ga-trivial by induction. Again we search
for the first cancellation of non-trivial factors in the product in (6) viewed
in Gy. Assume that V% and V% with i < J are non-trivial in G5 and are
separated by trivial factors. Then we add tiles such that the boundary looks
like

k‘l

mima2
J
mima L

mima2

-~

trivial factors
which reduces the number of non-trivial factors if we choose the height &
such that the first vertical step has a length b; + k which is divisible by nins.
If H% and H% are non-trivial and separated by trivial factors, we can
simplify the boundary corresponding to the trivial factors like in the picture
above with k being a multiple of nino. Therefore the trivial factors simplify
to Vbitk fimimaybi+k and we can assume that j =i + 2. In the picture

ait+1 bist
K3
b;

ai+2

a;
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the rectangles are tile-able as nins|b;, bi+1. As the changed boundary is still
G1-trivial and has now less Go-nontrivial factors we have finished the proof
that we can reach a boundary which is both Gi-trivial and Ga-trivial.  [J

Example 2.6. We again use the two tiles 2 x 2 and 3 x 3.

]

r b

of a possible tiling below and want to construct a flat boundary above and a
tiling of the region between. We want to use the proof of Proposition 2.5 so
we first check if the assumption is satisfied. In the group G1 = Co x C3 we
calculate

VHV ' H*VHV 'H = VHV'WVHV T = VHV T =1
and in Go = C3 x Cy we have
VHV'H*VHV 'H* = VV ' H*VV T H* = H® = 1.
So in the first group the cancellation starts at V"'H?V and we only have to

use the 2 x 2-rectangle

to get to the term V3H?V =3 instead which is G1-trivial. Now H3 left and
right of this term are non-trivial and we can use the 3 x 3-rectangle to get
the picture.

We take the boundary

Here VAHBV ™4 is the term which simplifies next. Therefore we put again
the 2 x 2-rectangles on top.

We have achieved a G1-trivial boundary with the weight VOH3V =6 H*,

Our last step is to achieve a Go-trivial boundary. The only non-trivial
factors are H® and H* which are separated by V5. We can fill the rectangle
with the edges V=% and H* and obtain the tiling

whose boundary is G1-trivial and Go-trivial. In fact it is a ‘flat’ boundary.

Now we turn our attention to cocycles and prove that the tiling cocycle
is a fundamental cocycle.

Theorem 2.7. The tiling cocycle for the system corresponding to two rect-
angles m1 X ny and ms X no with my L. mo and ny L no is fundamental.



FUNDAMENTAL COCYCLES OF TILING SPACES 11

Proof. We write cy for the tiling cocycle and I' for the tiling group. Let
c:7Z? x X — G be a second continuous cocycle. We have to find a homo-
morphism 7 and a function b : X — G with

c(n,z) = b(on(z))n(cp(n,z))b(z)
foralln € Z? and = € X.

As the two functions c((l, 0), ) and c((O, 1), ) are continuous they depend
only on a fixed part of the tiling. More precisely there exists a natural
number 7 such that c((l,O),az) = c((l,O),y) and c((O, 1),:E) = c((O, 1),y)
whenever the two tiling  and y coincide on the square [—r,7]2. We call this
number 7 a sight radius.

For the purpose of finding the homomorphism 7 it would be good to
produce a situation where the unknown function b is constant. This will be
achieved by looking at tilings « and tuples n € Z? with the property that
x and onx coincide on a large square. For this we call the periodic pattern
consisting of the first rectangle and aligned such that the corner of one of
the rectangle is in (0,0) the standard pattern S.

We will assume for convenience that myma|r and ning|r. We always use
the pattern S big enough such that at least the area [—r,7]? is covered by
rectangles. The set Og is defined as the open set of tilings which look like
S in the square [—r,7]?.

Let z € X be such that z € Og and o, )(z) € Og for some n > 1, i. e.
that the standard pattern occurs in z at the positions (0,0) and (n,0). We

would like to set
77<0f((n,0),x)> = c((n, 0),x). (7)

In order to prove that this is well-defined we have to look at two z, y with the
same tiling cocycle value. But then the two horizontal paths which appear
have the same length n. We look at the rectangles in « and separately for
them in y which hit the strip [—r,n + 7] x [—r,r] and get two pictures like

S S

where the rectangular tiles may stand out of the dashed line. In order to
get to a situation where we can apply Proposition 2.5 we fix for all elements
v € I' which appears in this way a point z, with z, € Og N J(_O}Z)OS such
that ¢ ((0,1), 2y)y = H™™ and myma|n + I. If we now glue the two stripes
for x and 2, such that the right standard pattern of z is exactly the left
standard pattern for z, then the tiling cocycle value from the left standard
pattern for x to the right one for z, is equal to H ntl Now we can view this
long strip as a finite part of a tiling of the strip [r,n + 1 — r| x [—r, r] where
we removed the two standard pattern left and right. This point satisfies the
assumption in Proposition 2.5 so we can find a finite tiling above our strip
inside [r,n 4+ [ —r] x R which ends with a flat boundary above. If necessary
we add by using Lemma 2.4 and mymg|n-+1[—2r additional rectangles above
the boundary such that the total height from the z-axes to the top boundary
is divisible by nins.

We do the same for y but this time we search for a flat boundary below
of the strip of y and with the same restriction of the height. If we now put
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the tiling from y above the one from x and add left and right of this strip
the standard pattern then we get something like

S Y S| zy | S
S S
S x S| z | S

where the height between the two original horizontal strip is divisible by
nine. If we use the cocycle ¢ we get the relation

gc((l,O),zv)c((n,O),x)) = c((l,O),zv)c((n,O),y)g
where g is the cocycle value for the path upwards. As we can do the same
with the doubled height, the same equation holds also for g2. Therefore we
have proved that c((n,O), a:)) = c((n, 0),y).
It is now easy to check that

n(v8) = n(v)n(9) (8)
for v and & appearing as a cocycle value for a horizontal path from the
standard pattern to itself. We extend our definition by setting

n(H=FmMm2y) = p(H™™) " ()

for £ > 0 and ~ like above. This is a valid definition because for
H—km1m2,y — H—lm1m25
we get
Hlm1m2"y — Hkm1m25
n(H™™)n(y) = n(H™™)*(6) and
n(H™™) " (y) = g(H™™)(5).
As H™™2 ig in the center of I' this extended definition still satisfies Equa-
tion (8).

Let 8 € I be such that the exponents of V' in 3 sum up to zero. We would
like to find & > 0 and v like above such that 3 = H~*™™2~ and n(3) is
defined. As H™™2 is in the center of I" we can increase the exponents of H
somewhere in § by increasing k simultaneously. Therefore we can assume
that ~ starts and ends with H" and each exponent of H appearing in the
product between is representable by a sum of positive multiples of m; and
ms. But for a v with this properties it is easy to find a point z € X and an
integer n > 1 with z, o(,, gyz € Og and ¢y ((n, 0), x) = 7. So we have already
defined 7(3) for all “horizontal” elements 3 € T

What we have to do next is to define n(V). We can not do this directly,
because we still want to work with paths starting and ending in the standard
pattern. So we define

n(V"™) = C((07 ni), 335')
where zg is the periodic point corresponding to the standard pattern S. As

xg has vertical period nq this path satisfies the above restraint.
Let y be a point of the following form
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S
EN

S

where between the two standard patterns there is a layer of the mgy X no-
rectangles. We define

n(V2rtnz) = c((O, 2r 4+ ng), y)

as the cocycle value for the path from the bottom standard pattern to the
top one.

It is now easy to check that both definitions are compatible with the
definitions of 1 for ‘horizontal’ elements. If v € I" corresponds to a horizontal
path, the same is true for V™"~V =" and we have

n(V™AV =) = (V™ )n(y)n(V)~!

which can be seen immediately by looking at the corresponding paths in a
point  which defines 7(v). One can do the same for n(V?rn2).

As nj|r we get that ng(2r + ng) is the least common multiple of n; and
2r 4+ ny. We have to check if

n(vnl )27‘+n2 — ,,7(‘/27”4—712 )nl .

For the proof of this we take a point of the following form

S| S
IT1T

: 1S
IT1T

S| S

where the left column is chosen such that the cocycle value from the bottom
standard pattern to the top one is (V2 *"2)" . So we get

n(H2r)n(V2r+n2)n1 — n(Vn1)2r+n2n(H2r)’
and if we use the same loop in the point xg we get
n(HQT)n(an)ZrJrnz — U(Vn1)2T+n277(H2T).

The commutativity law for (V™) and n(V?7t"2) can be proved similarly
by using the patterns:

So the definition

(V) = (V™) in(VArne)?,
where a and b are such that any + b(2r + ng) = 1, extends 7 to a group
homomorphism from I'" to G.
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Now we can define ¢/(n,z) = n(cs(n,z)) and have two cocycles ¢ and ¢’
with values in the same group G. So the assumptions of the next proposition
are satisfied and this concludes the proof. O

The proof of Theorem 2.7 is completed by the following Proposition.

Proposition 2.8. Let X be a topologically mizing two-dimensional shift of
finite type, ¢ and ¢ be two continuous cocycles with values in a discrete
group and r be its sight radius. Fix a point S and define Og to be the set of
tilings which look like S in the square [—r,7]%. Assume that for all v € X
and n € Z with 2,00, 0)(7) € Os the equation

¢((n,0),z) = ¢((n,0),2) 9)
holds. In addition we have the same for two particular patterns yi,y2 and

two numbers l1 L ly as vertical distances. Then the two cocycles are coho-
mologous.

Proof. We define two functions b,b' : X — G as follows. Take an arbitrary
point z € X. As the shift is topologically mixing we know that there is a
point z(x) € X which looks exactly like x in the square [—7,7]? and like
the standard pattern in [—r + n(z),r + n(x)] x [—r, r] for some nonnegative
n(x). For x € Og we choose n(x) = 0. We choose for each point y which
looks like z in [—7,7]? the same 2% (y), therefore the definitions

bz) = c((n(x),0),2"(2))
V) = ¢((n),0),2" ()
gives us two continuous functions on X with values in G. We can do the
same for a non positive m(x) and define the two functions d,d' : X — G via
the corresponding tiling 2z~ (z):
_ ~1
d(z) = c((m(x),0),2" (2))
d(@) = d((m(),0),2" ()"
For the definitions of the functions b, b’ only the right half of the tiling 2 (z)
is important and for the functions d, d" only the left half of 2~ (x).

Take a positive k and any z € X. We define y = 0(;,0)(z). Now Equa-
tion (9) and the tiling below (which is build from the various parts as labeled)

S |z (z) = y |27 (y) S

leads to the equation

b(y)e((k,0),2)d(x) =V (y)¢ ((k,0),2)d' (). (10)
The same argument with

S |z7(z) z |2T(x) S

gives us
b(z)d(z) =V (z)d (x). (11)
If we multiply (10) from the right with the inverse of (11) then we get

b(y)e((k,0),2)b~ () = b (y) ((k,0), )0 " (2).
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If we now define the function e(x) = b(z)~1#'(x) then we conclude that

c((k,0),2) = e(or,0)(2)) ((k,0),z)e ™ (x). (12)
Therefore we have already showed the desired equation for horizontal paths.
We define
¢'(n,2) = e(on(2))d (n,)e ().
We will show that ¢ and ¢’ are equal. We have already the equality along
horizontal paths. From our assumptions we also know that ¢ and ¢’ are
equal for y; along n = (0,[;) because for points in Og the value e vanishes.
For an arbitrary x € X the mixing property implies that there exists a
k> 1 and a point z € X which looks like y; in [—r, 7] X [—r,1; + 7] and like
o0y (x) in [k — 7k + 7] x [=r,l; + r]. The cocycle equation for ¢ and c¢”
applied to z yields ¢((0,1;),z) = ¢’((0,1;), z) because we know ¢ and ¢’ are
equal along the other three sides of the rectangle between (0,0) and (k, ;).
Because [; and [y generate Z we get the equality of ¢ and ¢”. O

3. PATHS

In this section we will consider systems of paths in the plane. We will
look both at directed and undirected coloured paths which will be allowed
either to cross each other or not. In order to describe the corresponding
system in more detail we define the following set of tiles.

The tile in
r H
E=Sv v
LHJ

stands for an empty space. The tiles in

Pd:{

describe directed paths with colour a where the subscript of @ in the tiles
always indicates the direction of the path crossing this edge. In addition
to the above tiles we allow paths of different colour to share a unit square.

This means that the set
d r by
Ny = s N
L au J

for two colours a, b is allowed. Here we only list the cases where the paths
with the different colours are not intersecting each other.

If we have a tiling of the plane by using the tiles in £, P¢ and Nfi , then
this corresponds exactly to a collection of paths in the plane with colour a.
For two colours we get collections of paths in the plane, where each path has
one of the two colours. But the paths with colour a are not crossing paths
with colour b.

We can also allow paths of different colours to cross each other, this gives
us for two colours a, b the set

d r au ml r ad A
Cap = 0r b brsbr P bryee o
L ay J L ad J

<t A

a
v,V l Viar— apar<— alaal\ Vyeoo
a

J L J
w aq LHJ LHJ LauJ

wl rag r H~ r HA r HA }
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If we allow for two colours a, b all the tiles we have had up to now, we get a
tiling space where each tiling corresponds to a collection of paths with two
colours and the paths can cross each other.

For the undirected case we can analogously define the set

rap r HA r H A
'Pg: |4 ‘ Vyav— av, a7 V,...

L ah J L H J L ah J
and similarly A, and CY,.
We can now form the four different tiling systems by taking the appro-
priate unions. For each finite set of colours A we can define

¢ = culJPiv | N

acA a,bc A
d, d d d
% = eulJPiu | NHu U ¢l
acA a,bc A a,be A
T = culJPiu J NG
acA a,bc A
v = culJrru | MU Cly
acA a,bc A a,bc A

For instance 74" defines the system of undirected paths with colours in
A which are not allowed to cross.

Proposition 3.1. The tiling group 'y of the tiles in Tp" is isomorphic to
72 x HZGA Cy, where Cy is the cyclic group of order two and [[* denotes
the free product. Similarly we have TV = 72 x Cfl, FflA =72 x HZeA 7 and
ri = 7% x 74

A prm— .

Proof. We know from the tile in £ that H and V' are commuting. The first
tiles in P} show that V commutes with a; and H with a,. The finite tiling

rHTahﬁ
Vi—v
La}{LHJ
shows that H also commutes with ay,.
We define a = a, H . The tile
rHA

a; V
LahJ

shows that a = a,V~!. The equation a? = 1 can be seen from

rHT+ HA
Yy
ap —ap
Therefore we have for each colour a € A a corresponding element of order
two in the tiling group. The colours commute with H and V', but satisfy no
non-trivial relation between them except that they all have order two. This
proves the first case; the others are similar. O

Our next step is to prove that the tiling group has enough information to
characterize the transitive components of the corresponding one-dimensional
shift. So the next statement replaces Proposition 2.5.
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Proposition 3.2. Let Y be the set of tilings in the strip [0,n] xR by coloured
paths (directed or not, allowed to cross or not) with the property that the
tiling cocycle value from the left border of this strip to the right one is equal
to H"™. The one-dimensional shift of finite type Y is topologically mizing.

Proof. Similarly as in the proof of Proposition 2.5 we can search the position
of first cancellation of the cocycle value and simplify the boundary there.
In the undirected case without crossing this would work for instance for the
boundary given by ay, H, by, by, aj, like this:

rHrH+H+HTH~

Viag—an V

Fart + + Faid

14 o |V

O

As our systems are clearly mixing the proof of Theorem 2.7 now also
proves the next theorem.

Theorem 3.3. For any finite set of colours A the tiling cocycle for each of
the above system of paths with colours in A is fundamental.

We also want to check whether the tiling cocycle characterizes tile-ability
of the holes in the different systems. The rest of this section is joint work
with Sam Lightwood and answers this question.

Example 3.4. We first consider the case of directed paths. We will see that
the cocycle cannot characterize tile-ability if there is only one colour, so the
same happens for more colours. In the picture

all the paths are going down and you should consider the infinite pattern
by continuing the picture to all directions. It is easy to see that the hole
is not tile-able as four paths should go through the dotted line. But the
same argument applies if you enlarge the hole. As the algebraic condition is
satisfied we see that the cocycle does not characterize tile-ability.

Example 3.5. Let us now consider the case of undirected paths with at least
two colours a,b which are not allowed to cross. Here you can essentially use
the last picture with the same argument.

Give the paths colours. Starting from the middle of the left edge the colours
should be a,b,a,b,b,a,b,a in clockwise order. So the algebraic condition is
satisfied but the hole is not tile-able because otherwise there would be to many
paths crossing the dotted line. If you introduce colours also on all other paths
such that colours of two adjacent paths are different then the hole is also not
tile-able if you enlarge it. Therefore the cocycle does not give a sufficient
condition for tile-ability of holes.

Lemma 3.6. In the tiling space corresponding to To"¢ the tiling cocycle
characterizes tile-ability of holes. In other words, assume you have finitely
many colours on the edges of a big rectangle. You can connect them to each
other with paths of the right colour if the paths are allowed to cross and the
number of edges of a particular colour is even. This can be done in such a
way that each unit square does not contain more than two paths.
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Proof. Assume that the sides of the rectangular hole are big corresponding
to the number of colours. Take one of the sides of the rectangle. We assume
it is the one at the bottom. If there is one colour which occurs more than
once on this edge or on the two consecutive unit edges of the left and the
right side than we take this colour a. Now we connect the first occurrence of
this @ with the second, and so on by using only the first row of the rectangle.
This can for instance look like:

“}—‘ ] g
b ¢ a a b a

d a

After we have done this we connect all the other colours with the top bound-
ary of this strip

et e EN\Ys
b ¢ a a b a d a

which is always possible because we have connected at least two copies of a
to each other. We can repeat this for the other colours as well and conclude
that after this process each colour occurs at most |A| times in the bottom
side as the colour a can also appear on the two edges left and right in the
next row. We do the same with the other sides as well.

Now we know that each colour does only occur at most |.A| times on each
side. As the length of the side is big we can shift the colours to the middle
by another manipulation like the one above so that we have many edges on
the left and on the right without colours. We repeat this on the other sides
of the rectangle. If we now repeat the first process, there are no colours on
the left resp. right edge. So this time we can eliminate copies of the same
colour.

Now each side of the smaller rectangle has for each colour at most one
edge with this colour. As the rectangle is still big there is enough space for
connecting the remaining coloured edges. U

4. THE L-TILES
We define four tiles which we call the L-tiles.

o oo 7oA

The corresponding shift X consists of all possible tiling of the plane with
the above tiles which are aligned to the lattice. This could also be described
using the following Wang tiles. The colour of the solid edges are H or V
corresponding to the direction of the edge.

PEEEREEE TN (13)

The tilings of the plane using the above tiles with the property that adjacent
tiles have the same colour on their common edge correspond in a one-to-one
way with the tilings using the L-tiles. This is because the last four tiles
in (13) determine exactly two of their neighbor tiles to form the differently
oriented L-tiles.
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Proposition 4.1. The tiling group of the L-tiles is isomorphic to Z X Z.x C3
where Cs is the cyclic group of order three and the multiplication is given by

(n1,n2,n3)(Mm1, M2, m3) = (n1 + ma, N2 + ma,n3 + ma + namy).
The isomorphism maps H to (1,0,0) and V to (0,1,0).

The group in the proposition is a factor of the discrete Heisenberg group.
If we write x™1y™2z"3 instead of the triple (ni,n2,n3), then it is easy to
check that z lies in the center of the group and that y 'z lyz = 2.

Proof. As before we examine tilings to see algebraic relations. As the two

tilings

have the same boundary, we know that the cocycle has the same value when
one goes from one side to the other. So we get the equalities uH = Hu and
dH = Hd. A similar argument shows that ud = du.

If we go along the boundary of the above rectangles we see that V3 (resp.
H3) commutes with H? (resp. V2). Therefore H commutes with V¢ but as
w=V"'HV and d = VHV ! this is also true for u and d. In the picture

17
L
—lduldtu
the arrows have a vertical distance of 6 units, therefore we get

H® = VO(uHd)*V 5.

We define B

%=H 'uand d= H d, (14)
then the above equality says (@d)? = 1. The same arguments with another
tiling shows that =1 Together we know that uw = d~ " has order three.

Completely similar arguments show the same for 7 and [. From the defi-
nitions of these elements it follows that

u=H 'wu=H 'V HV =r 'V =(V"Ir)t=r1=1L

As H and V generate I" we only have to define ¢(H) and ¢(V') as in the
proposition stated and to check if all relations are satisfied by the images.
Therefore let ¢ be the morphism from the free group generated by V, H
defined by ¢(H) = = and ¢(V) = y. The first four tiles in (13) define the
elements u,d,r,[ in terms of V and H and do not correspond to relations
in V and H. Using these definitions we can compute the images of u, d, !
under ¢: This leads to

d(u) =27t ¢(d) = 2

o) =yz"" ¢(r) =yz
The last four tiles in (13) give relations whose images should be equal to the
identity. For example the fifth tile gives the relation

(VT H) = y Nz ) Hyz)e = 23 = 1.
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The same hold for the other tiles and therefore the map is well defined on
T.

The morphism ¢ is of course surjective, it remains to check the injectivity.
Take the subgroup G of I' which is generated by uw. We already know that
G is cyclic of order three. And as @ commutes with H and [ with V we
know that @ = [ lies in the center of the group. The subgroup G is therefore
normal. The restriction ¢|g maps @ to z and is injective. On the quotients
I'/G and Z? the map ¢ is also an isomorphism as, for instance, modulo the
subgroup G the “horizontal” elements u, d and H are all equal. O

As we now know the structure of the tiling group we take a closer look at
the shift and its dynamical properties. But first we start with some lemmas
which will be useful later.

Lemma 4.2. The one-dimensional shift of finite type which consists of all
tilings of the bi-infinite strip [0,4] x R by L-tiles is topologically transitive
and has period three. In other words if one has two finite tilings which are
over tilings of [0,4] x [1,n] and partial tilings of [0,4] x [0,n + 1], then one
can move them away from each other such that the gap between them can be
filled. The same is true for the tilings of the strip [0,8] x R.

Proof. For the proof of this lemma one has to look at the possible boundaries
of finite tilings. We want to show that each upper boundary allows a tiling
above with the other boundary being flat. So there are only 16 cases to be
considered, two of them are already flat. The proof is left to the reader: we
only look at one of the cases.

As the same holds for the bottom boundaries of a given tiling this proves
the topological transitivity.

There exists a tiling with standard bottom and standard top boundary
and length three

Y

(15)
so the shift is either periodic with period three or is aperiodic. But the shift

can not be aperiodic because the cocycle cF((4,O),-) has at consecutive
heights the values

a2

which have exactly the period three.
The strip of width 8 is treated similarly. (]

As the proof above resembles an analysis of the game Tetris, the next
lemma looks like the proof of the solubility of a slightly changed version of
Tetris.

Lemma 4.3. Let [0,3] x [1,00] € R C [0,4] x [0,00] be a region which is
constructed from [0,4] x [0,00] by removing some unit squares which are
again aligned to the lattice. Then the region R can be tiled by L-tiles if at
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most one of the squares [2,3] x [0,1] and [3,4] x [1,2] is removed or together
with those two also the square [3,4] x [0, 1].

We first look at a region R’ which does not satisfy the last assumption in
the lemma. Here the enclosed square [3,4] x [0, 1] is part of the region.

Lt

This region is of course not tile-able by L-tiles so we must avoid such situa-
tions.

Proof. We leave the details to the reader but one can prove this by a re-
cursion where at each step one fills one row so that in the next row the
additional assumption of the lemma is satisfied. This could be done if one
always fills the right most square if possible. O

Now we can go back to the two-dimensional shift space and start with an
application of the last lemma.

Proposition 4.4. The tiling space of the L-tiles is topologically mizing.

Proof. The definition of mixing says that we have to take two open sets
01,09 and prove that their intersection O1 N o_,(O2) is nontrivial if n is
large enough. Without loss of generality we take the cylinder sets

O; = {x : x is in the rectangle [0, N]? equal to z;} with i = 1,2

and look for an intersection. That means we have to find a tiling of the
plane which contains the two fixed parts z1, zo which describe the cylinder
sets. Assume that the first coordinate n; of n is positive and large and take
two tilings € O; and y € Oy. Take the partial tiling x; which consists
of all L-tiles in  which have nontrivial intersection with (—oco, N) x R.
This gives a right boundary as it appeared in Lemma 4.3. According to a
rotated version of that lemma we can extend this to a tiling xo of the region
(=00, N + 4] x R. The same can be done for y but this time we want a
tiling yo of [—4, +00) x R which is equal to y on the set [0, +00) x R. If we
now apply the shift o_y(y2) then we have a tiling of [n; — 4, +00) x R. If
ny > N + 9 then the distance between zo and o_p(y2) is at least two and
the strip between them is therefore tile-able by using the rectangles 2 x 3
and 3 x 2 which can be tiled with the L-tiles as we have already seen above.
The joined tiling z € O1 N o_»(O2) constructed from x9,0_n(y2) and the
tiling of the strip completes the proof. O

Now we turn our attention to the holes mentioned in Section 1 for the
case of L-tiles.

Lemma 4.5. A sufficiently large rectangle is tile-able by L-tiles if and only
if its area is divisible by three. More precisely if M, N > 9 then the rectangle
[0, M] x [0, N] is tile-able by L-tiles if 3|MN.

Without the assumption of sufficiently large rectangles the lemma is false
because the rectangle [0, 3] x [0, 1] is of course not tile-able by L-tiles.

Proof. The only if part of the proposition is clear because each L-tiles fills
exactly three unit squares.
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Assume now the area is divisible by three. Then one side of the rectangle
[0, M]x [0, N] is divisible by three. Without loss of generality we can assume
that 3| N. If M is even then the tiling could be done with the 2 x 3-rectangles
we have already used. So we only have to look at the case M = 2m + 1.
As M > 9 we can cut the rectangle into the two part [0,9] x [0, N] and
[9, M] x [0, N]. The second rectangle is tile-able because the length M —9 is
even. So it remains to tile the first one. If N is even then the same argument
holds. So we can assume that N > 9 is odd and by doing the same cutting
argument we only have to look at the rectangle [0, 9] x [0, 5]:

Now we allow rectangles with a rough boundary as in Lemma 4.3.

Proposition 4.6. Let [1,M — 1] x [1,N — 1] € R C [0, M] x [0,N] be a
region which is obtained from [0, M] x [0, N| by removing some unit squares
which are aligned to the lattice. Assume for each corner square which is part
of R that one of their neighboring squares is also part of R and that M, N
are sufficiently large. Then there is a tiling of R if the area of R is divisible
by three.

The additional assumption about R is necessary to avoid situations like
the one mentioned before the proof of Lemma 4.3 where a tiling is of course
impossible.

Proof. One can reduce the problem to Lemma 4.5 by using Lemma 4.3 to
flatten the boundary. O

Corollary 4.7. There exists a natural number s such that the following is
true. Let R be any region with [1, M — 1] x [I, N —1] C R C [0, M] x [0, N]
whose area is divisible by three, and which is obtained from [0, M] x [0, N| by
removing some unit squares which are aligned to the lattice. For any tiling
x of the complement of the region R with L-tiles we can define the tiling y
of all tiles in x which are not contained in [—s, M + s] x [—s, N + s]. Then
there is an extension z € X of the tiling y to a tiling of the whole plane.

Proof. This is an easy reformulation of the Proposition 4.6 as for s > 1 no
problems in the corners are appearing. One has to choose s big enough to
ensure that the enlarged hole is big enough for applying Proposition 4.6. [J

Theorem 4.8. The tiling cocycle of the L-tiles is a fundamental cocycle.

Proof. The proof of this theorem resembles very much the proof of Theo-
rem 2.7. We also have a statement, which says that our cocycle describes
the shift space quite well:

We know roughly speaking that a hole is tile-able if the area M of un-
covered squares is divisible by three. If we calculate the cocycle value for a
path which goes around the hole, we get z™. So the cocycle value vanishes
if and only if there is a tiling of a slightly enlarged hole.
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If one defines n similarly to (7) in the proof of Theorem 2.7, but with
2(r 4+ s) as the width of the strips, one can prove that this map is well
defined by using Corollary 4.7. O
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