THE ADJOINT ACTION OF AN EXPANSIVE ALGEBRAIC
73-ACTION

MANFRED EINSIEDLER AND KLAUS SCHMIDT

ABSTRACT. Let d > 1, and let o be an expansive Z%action by con-
tinuous automorphisms of a compact abelian group X with completely
positive entropy. Then the group A, (X) of homoclinic points of « is
countable and dense in X, and the restriction of « to the a-invariant
subgroup A, (X) is a Z%-action by automorphisms of A, (X). By duality,
there exists a /Zd—\action «* by automorphisms of the compact abelian
group X* = A, (X): this action is called the adjoint action of «.

We prove that o™ is again expansive and has completely positive
entropy, and that « and a* are weakly algebraically equivalent, i.e. al-
gebraic factors of each other.

A Z%action a by automorphisms of a compact abelian group X is
reflexive if the Z%-action o™ = (a*)*
X = Am*) adjoint to a* is algebraically conjugate to a. We give
an example of a non-reflexive expansive Z%-action o with completely
positive entropy, but prove that the third adjoint o™** = (a™*)* is always
algebraically conjugate to a®. Furthermore, every expansive and ergodic
Z-action « is reflexive.

on the compact abelian group

The last section contains a brief discussion of adjoints of certain ex-
pansive algebraic Z%-actions with zero entropy.

1. INTRODUCTION

An algebraic Z%-action a on a compact abelian group X is a homomor-
phism a: n +— a® from Z? into the group Aut(X) of continuous automor-
phisms of X. An algebraic Z%action a on a compact abelian group X is
erpansive if there exists an open neighbourhood O C X of the identity
element Ox € X with

() e ™(0) = {ox}.
nezd

If o and 3 are algebraic Z%actions on compact abelian groups X and Y,
respectively, then 3 is an algebraic factor of « if there exists a continuous
surjective group homomorphism y: X — Y with

xoa®™ = "oy for every n e Z%. (1.1)

The map x in (1.1) is an algebraic factor map from « to 3. The actions «
and [ are algebraically conjugate if the factor map y: X — Y in (1.1) can
be chosen to be a continuous group isomorphism, and « and 8 are weakly
algebraically equivalent if each of them is an algebraic factor of the other.
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The actions o and 3 are finitely equivalent if each of them is a finite-to-one
algebraic factor of the other.

If o is an expansive algebraic Z%-action on a compact abelian group X,
then the set A, (X) of all homoclinic points of « is a countable a-invariant
subgroup of X, and the closure Y = A, (X) is the largest closed a-invariant
subgroup of X such that the restriction ary of o to Y has completely positive
entropy (cf. Definition 3.1, Proposition 4.2 and [3]). Furthermore, the restric-
tion afa,(x) of @ to Ay(X) is a Z%-action by automorphisms of A, (X).
We consider A, (X) as a discrete module and denote by a* the algebraic

Z%action on the compact abelian group X* = Aj(} ) dual to «f Au(X)
This action is called the adjoint of «. In the case of a single expansive
(and hence ergodic) automorphism of the m-torus T™ = R™/Z™, oa* is the
automorphism of T defined by the transpose (or adjoint) of the matrix
A € GL(m,Z) defining the automorphism « (cf. Example 5.6).

In Theorem 4.7 we show that the adjoint o* of any expansive algebraic
Z%-action « is expansive and has completely positive entropy. Hence we can
define inductively the higher-order adjoint actions

n

o, o = (o), ™ = (o) Q" = (a*”—l)*
of «, which act on the compact abelian groups
X5, X = A (X9), X7 = A (X), ., X = (X,

The Z%-actions o and o* have the same entropy by Theorem 4.6, but may
otherwise be quite different (especially if o does not have completely p081tlve
entropy). However, Theorem 4.7 shows that the sequence «, o*, o™, ... is
eventually pemod@c in the sense that o is algebralcally conjugate to ™,
and hence o* is algebraically conjugate to a* = for every n > 1.

An expansive algebraic Z%action « is reflezive if it is algebraically conju-
gate to o**. Example 4.11 shows that an expansive algebraic Z%action need
not be reflexive, even if it has completely positive entropy. Single expansive
and ergodic automorphisms (or, more precisely, the Z-actions generated by
them) are, however, always reflexive by Theorem 5.1.

In the last section we consider an expansive (and hence ergodic) irre-
ducible Z%action o by commuting automorphisms of a finite-dimensional
torus T™. If d > 1, a has zero entropy and no nontrivial homoclinic point
by [3]. However, the homoclinic group Agn(T™) of any individual expansive
automorphism o™, n € Z%, is again a dense a-invariant subgroup of T™,
and the Z9-actions obtained by restricting a to Aym(T™) and to Agn(T™)
for different expansive elements o™ and o™ are algebraically conjugate, al-
though Aym (T™) N Agn (T™) may be trivial. By using duality one can thus
again define an adjoint action a* of c. In this example (o)™ = (a™)* for
every expansive ™ in the sense of our original definition of adjoint actions,
and o** is algebraically conjugate to a by Theorem 5.1. This example points
towards a more general theory of adjoint actions of arbitrary expansive alge-
braic Z%-actions with not necessarily positive entropy, but our understanding
of the general situation is still rather rudimentary.
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2. ALGEBRAIC Z% ACTIONS

In this section we give a short summary of the theory of algebraic Z9%-
actions on compact abelian groups and of the role of commutative algebra
in their description.

Let Ry = Z[ulﬂ, . ,uéd] be the ring of Laurent polynomials with integral
coefficients in the variables uq,...,uqy. We write the elements f € Ry as
[= Z Jnu"
nezd
with u® = uf* -+ u)? and fy € Zforalln = (ny,...,nq) € Z¢, where f,, =0

for all but finitely many n € Z<.
The additively-written (Pontryagin) dual group M = X is a module over
the ring Ry with operation

fra= Z fn&‘\“(a)

nezd

for f € Rq and a € M, where an denotes the automorphism of X dual to
a®. The module M = X is called the dual module of a.

Conversely, if M is a module over Ry, then we can define an algebraic
Z4%-action apr on Xy = M by setting

a/ﬁ(a) =u"-a (2.1)

for every n € Z? and a € M. Clearly, M is the dual module of ay.

By using this duality one can express many topological and dynamical
properties of X and « in terms of the dual module M = X. For example,
X is metrizable if and only if M is countable, and X is connected if and
only if M is torsion-free as a group. If « is expansive, the dual module M
is Noetherian. However, for a characterization of expansiveness and other
more subtle dynamical properties we need the notion of an associated prime
ideal.

A prime ideal p C Ry is associated with an Rg-module M if p = {f € Ry :
f-a=0p} for some a € M, and the module M is associated with a prime
ideal p C Ry if p is the only prime ideal associated with M. The set of prime
ideals associated with a Noetherian R4-module M is finite and denoted by
Asc(M).

If a is an algebraic Z%-action on X, then its topological entropy h(a)
coincides with the metric entropy hy, (o) with respect to the normalized
Haar measure Ax on X. We recall the following results from [8].

Lemma 2.1. Let M be a Noetherian Rg-module with associated prime ideals
Asc(M) ={p1,...,pm}-

(1) The following conditions are equivalent.
(i) ans is expansive;
(ii) QR,/p; 1S expansive forevery j=1,...,m;
(iii) Ve(ps) N S = & for every j =1,...,m, where

Ve(pj) = {z € (C)*: f(z) =0 for every f € pj},
C*=C~ {0} and S={z€C:|z| =1}.
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e following conditions are equivalent.
2) The followi diti walent
(i) ans is mizing (with respect to Haar measure);
(i) ap,p, is mizving for every j =1,...,m;
111 iMNu —1: nec =9 foreveryy=1,...,m.
() p] { " 1 07é Zd} f y] 17 ’
(3) The following conditions are equivalent.
i) apr has positive entropy (with respect to Haar measure);
i h 11 t ith tto H
(ii) ap,/p, has positive entropy for some j =1,...,m;
(iif) pj s principal and ag,y, is mizing for some j =1,...,m.
e following conditions are equivalent.
4) The following diti quivalent
i) apr has completely positive entropy (with respect to Haar mea-
i h letel 11 t ith tto H

sure);
(ii) QR,/p; has positive entropy for every j =1,...,m;
(iil) p; is principal and ag, )y, is mizing for every j =1,...,m.
(5) There exists a Noetherian Rg-module N O M with the following
properties.

(i) hlan) = h(an); .
(i) N=ND@...@ N™ where each of the modules NU) has a
finite sequence of submodules N7 = Ng) DD Néj) = {0}
with N/,EJ)/N,EJ_)1 = Rq/p; for k =1,...,s;. In particular, an
is expansive (or mixing) if and only if ay is expansive (or
mizing).
For an explicit realization of Z%-actions of the form ag, /o> P € Asc(M),
we refer to Example 5.2 (2) in [8].

3. THE HOMOCLINIC MODULE

Definition 3.1. Let a be an algebraic Z%action on X. An element z € X
is a-homoclinic (to the identity element Ox of X), or simply homoclinic, if

lim o™z = Ox.
n—oo

The a-invariant subgroup A, (X) C X of all a-homoclinic points is an Rg-
module under the operation

frx= Z fanaz, f e Ry xe Ay (X).
neZd
The module A, (X) is called the homoclinic module.
For X = T2 with the usual Z%shift action «, the homoclinic module

Ay (X) is obviously uncountable. According to [3, Lemma 3.2] this cannot
happen for expansive actions.

Lemma 3.2. The homoclinic module of an expansive algebraic Z%-action is
at most countable.

The next proposition is taken from [3, Theorems 4.1 and 4.2].

Proposition 3.3. Let o be an expansive algebraic Z%-action on a non-trivial
compact group X. Then A, (X) is nontrivial (resp. dense in X) if and only
if « has positive entropy (resp. completely positive entropy).
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One of the major concerns of this paper is the relation between the asso-
ciated module M = X and the homoclinic module Aq (X) of an expansive
algebraic Z%action a on a compact abelian group X. In the simplest case,
where M = Ry/(f) for some nonzero f € Ry, this question is answered in
[3, Lemma 4.5].

Lemma 3.4. Let f € Ry be a (possibly reducible) Laurent polynomial such
that the Z%-action o = aR,/(f) 8 expansive and mizing. Then the homoclinic
module A (X) is countable and dense, and there exists a module isomor-

phism 7: Rq/(f) — Aq(X).

Definition 3.5. Let o be an expansive algebraic Z%-action on a compact
group X. A homoclinic point w € X is fundamental if it generates A, (X)
as a module, i.e. if

Ay(X)={f w: fe€ Ry}
Remarks 3.6. (1) If an expansive algebraic Z%action a on a compact abelian
group X has a fundamental homoclinic point w?®, then every point of the
form +oPw? with n € Z¢ is again fundamental homoclinic.

(2) Recall that an Rg-module M is cyclic if there exists an a € M with
M =R;-a={f-a:f € Ry}. Obviously, a has a fundamental homoclinic
point if and only if the homoclinic module A, (X) is cyclic. Lemma 3.4 shows
that expansive algebraic Z?-actions of the form ap /() have fundamental
homoclinic points.

4. THE ADJOINT ACTION OF AN EXPANSIVE ALGEBRAIC Z%-ACTION

Definition 4.1. Let o be an expansive algebraic Z%-action on a compact
abelian group X. We view the homoclinic module A,(X) as a discrete

abelian group and define the adjoint action o of Z% on X* = A,(X) as
ot = QAL (X) (Cf. (2.1)).

For a polynomial f € R4 as in Lemma 3.4, the adjoint action o® on X*
of the action a = ap, ;) on X = X /(s is algebraically conjugate to a. In

general this is not true, as the following proposition shows (cf. also Example
4.11).

Proposition 4.2. Let a be an expansive algebraic Z%-action o on a compact
abelian group X, and let Y = Ao (X) C X be the closure of the homoclinic
group of X. Then'Y is the biggest closed a-invariant subgroup such that the
restriction ay of o to'Y has completely positive entropy, Ay, (Y) = Ag(X),
and hence a* = 3. Furthermore h(a) = h(ay).

Proof. The equality of Ay, (Y) and A, (X) follows from the definition of Y,
and the first statement is clear from Proposition 3.3.

By [4] there exists a subgroup Y’ such that ay has completely posi-
tive entropy and h(aX/y/) = 0. From above we get Y/ C Y and therefore
h(ax/y) = 0. Yuzvinskii’s addition formula (cf. [4] or [8, Theorem 14.1])
shows that h(a) = h(ay). O

Proposition 4.3. Let o be an expansive algebraic Z*-action on a compact
abelian group X with completely positive entropy. Then the adjoint Z%-action

o on X* = A, (X) is expansive, mixing and has completely positive entropy.
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Furthermore there exists a nonzero polynomial f € Rq with the following
properties.

(1) f-M = {0}, where M = X is the dual module of o

(2) The Z%-action ag is expansive, where R = Rq/(f) with (f) = fRy
(cf: (2.1));

(3) The homoclinic module Ay (X) is Noetherian and isomorphic to the

module Hompg,(M, R) of all Rg-module homomorphisms x: M —
R.

Proof. Since « is expansive and has completely positive entropy, Lemma 2.1
shows that the dual module M = X is Noetherian, its set Asc(M) of asso-
ciated prime ideals is finite, and every prime ideal p € Asc(M) is principal
and nonzero. We set Asc(M) = {(f1),...,(fx)} and use [8, Proposition 6.1]
to find a prime filtration

{O}ZM()CM1C"'CM”:M (4.1)

such that, for every i = 1,...,n, M;/M;_1 = Ry/q; for some prime ideal
q; C Rq with q; D (fj;) for some j; € {1,..., k}. This shows that there exists
ann > 1 with f- M = 0, where

k n
- (1) a2
i=1
and that M is thus a module over the ring

R = Rq/(f).

Note that the polynomial f in (4.2) is not unique.
From Lemma 2.1 (1) and the expansiveness of « it is clear that Vi (f) N

S? = @, and hence that the action ag on X = R = Ry/(f) is expansive and
mixing. Lemma 3.4 allows us to choose and fix a fundamental homoclinic
point w® € Xp of ag and to define a map x: Homg,(M,R) — X by
setting

(x(v*),a) = (w®,v"(a)) (4.3)
for every a € M and v € Homp, (M, R). Here the left-hand side denotes
the value of the character x(v") € X = M at the point a € M, and the
right-hand side the value of w® € Xz = R at v*(a) € R.

We claim that x(vt) € A, (X) for every v € Homp, (M, R), and that
the resulting map

x: Homp, (M, R) — Ay(X) (4.4)

is a module isomorphism (here we are abusing notation by using the same
symbol x to denote the maps in (4.3)—(4.4) with different ranges).
In order to see that x(Homp, (M, R)) C Ay(X) we recall that the auto-

o~

morphism o™ of X = M is dual to multiplication with u™ on M for every
n € Z% so that

lim (a®x(vT),a) = lim (x(v

n—oo n—oo

= lim (w®, 0" (W™ - a)) = lim (W, u® vt (a)) =1
n—oo n—oo
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for every a € M and vt € Homp, (M, R). Since the topology on X = M is
that of pointwise convergence, we obtain that

lim o™x(v") = 0x
n—oo
and hence x(vt) € Ay (X) for every vt € Homp, (M, R).
For n € Z% and vf,v; € Homp, (M, R),

v (a))) - (w03 (@) = (@x(vf) + x(v), @),

which shows that x: Hompg, (M, R) — A, (X) is a module homomorphism.

Next we claim that x(Hompg, (M, R)) = A4(X). For every w € A, (X)
and a € M, the map h € R — (w,h-a) € S defines a homoclinic point
Wa € Agp(XR) C Xg = R with

(o +03),a) = (w

(wq, h) = (w,h - a)

for every h € R. Since w® € A, ,(Xg) is a fundamental homoclinic point of
ap, there exists a unique g, € R with w, = g, - w®, and

<wu“a1+a27 h) = <wv uh-ay+h- a2> = <anwa1 + Wa,, h>
for n € Z% a1,as € M and h € R. This shows that

n
Gurai+az = U Ga, + YGao

for every n € Z% and a;,as € M, and hence that the map v*: a € M —
vt(a) = g, € R is an element of Homp, (M, R) with

(x(vh),a) = (W v (@) = (W, ga) = (90 0™, 1) = (w4, 1) = (w,a)

for every a € M. It follows that x(Homp, (M, R)) = Ay (X)).

Since (w™,u"g) = 1 for all n € Z? if and only if 0 = g € R, (4.3) shows
that the map x is injective, which completes the proof of (1).

If a1,...,a; € M is a set of generators of M over the ring R (or, equiva-
lently, over Ry), then an element v+ € Hompg, (M, R) is uniquely determined
by the vector v = (v*(ay),...,v"(a;)) € R!. Therefore Hompg, (M, R) is iso-
morphic to a submodule of R!. This shows that Homp, (M, R) is itself a Noe-
therian Rg-module, and that every prime ideal associated to Hompg, (M, R)
is also associated to R!. The latter prime ideals are, in turn, given by the
associated prime ideals (f1),..., (fx) of R. By Lemma 2.1, the action o* on
X* is expansive, mixing, and has completely positive entropy. U

Next we show that the entropies of a and a* coincide. In the case of an
expansive algebraic Z%-action a with completely positive entropy we prove
the stronger statement that o and o* are weakly algebraically equivalent.
To do this we need a strengthening of Lemma 2.1 (5).

Proposition 4.4. Let o be an expansive algebraic Z*-action on a compact
abelian group X with completely positive entropy, and let M = X be the dual
module with associated prime ideals

Asc M = {(f1)7 R (fk’>}
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Then there exists a module N of the form

k
N=TT I [Ra/(F)"™ (4.5)

i=1 je ()

for some finite sets F) ¢ N = {1,2,3,...} and some positive integers
nij,t=1,...,k, j€ F® and injective Rg-module homomorphisms

YP1: M — N, Po: N — M.

Furthermore, if 3 = ay is the algebraic Z%-action on' Y = N defined as in
(2.1), then o and B are weakly algebraically equivalent.

Proof. The set S = ﬂle Ry ~ (f;) is multiplicatively closed. We let R =
S™1R, be the ring of fractions with denominators in S. Our assumptions
imply that sm # 0 for every m € M ~ {0} and s € S, so that the obvious
embedding ¢: M — S~1M is injective.

We claim that R is a principal ideal domain. Indeed, let P be a nontrivial
prime ideal in R, and let g € P ~ {0}. Since R, is a unique factorization
domain, the same applies to R, and we can write g as g = %/ H?Zl [ with
s,ss € Sanda; >0fori=1,...,k. As g € P, one of the factors of g must
lie in P as well. Since s,s’ are units in R, we have that f; € P for some
ie{l,...,k} with a; > 0, and hence that (f;) C P.

If (f;) € P we take g € P~ (f;). Since

"=g[fi+fieP
J#i
but s” ¢ (f;) for j € {1,...,k}, we have that s” € S and P = R. This con-
tradiction shows that every prime ideal in R is equal to one of the principal
ideals (f;) = f;R with i € {1,...,k}.

Let J be an arbitrary ideal in R. Then the greatest common divisor g
of the elements in J is well-defined up to multiplication by a unit, and
g~1J is either an ideal in, or equal to, R. If ¢~'J = R, the ideal J is
principal and equal to (g) = gR. If g~'J C R, g~'J must be contained in
a prime ideal P of R. However, by the above discussion, P = (fi) for some
i € {1,...,k}, which shows that g~'.J C (f;) and contradicts the fact that
g was the greatest common divisor. This shows that S~'Ry is a principal
ideal domain.

The module S™!M is torsion over the principal ideal domain R (i.e. the
prime ideal {0} C R is not associated with S~'M as a module over R), and
the only prime ideals in R are the principal ideals (f;) = f;R, i =1,..., k.
The structure theorem for modules over principal ideal domains (cf. e.g. [2])
proves that S~ M is a direct product of cyclic submodules N. Jj=1,...,m,
say, each of which has the form R/( fi"") for some f; and m; > 1. For every
Jj=1,...,m we choose a generator a; of the cyclic submodule Nj, and we
set m

N=][Rs-aicS'M
j=1
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Then N can obviously be written as a product of the form (4.5). Since N
and (M) both generate S~'M over R and are finitely generated over Ry,
one can find s, s’ € S such that

(M) C N, N C (M),
and the module R;-module homomorphism 91: M — N, 1po: N — M,
defined by v1(a) = si(a) and ¥o(b) = p~1(s'b) for a € M and b € N, are
injective.
By duality, the homomorphisms @Zl: Y — X, &2: X — Y, are surjec-
tive, and the actions « and 3 satisfy that o™ o 7;1 = qu o™ and B" o @ZQ =
{/;2 oo™ for every n € Z¢, i.e. o and 3 are algebraic factors of each other. [

Lemma 4.5. Let o; be expansive algebraic Z%-actions on compact abelian
groups X; (i =1,2). If

x1: X1 — Xo, X2: X2 — X,
are algebraic factor maps, then h(ay) = h(ag), and the restrictions
X1l A, (1) By (X1) — Doy (X2), X2|An, (X2) " Day (X2) — Ag, (X1),
are injective.

Proof. Since the y; are factor maps, it follows that h(ay) > h(ag) and
h(ag) > h(ai1), and hence that h(c;) = h(ag). Yuzvinskii’s addition for-
mula shows that the restrictions a;lyer(y,) have zero entropy, and Propo-
sition 3.3 implies that the invariant subgroup ker(y;) cannot contain any
nonzero homoclinic points, so that ker(x;) N Aq, (X;) = {0} and xi|a, (x;)
is injective. U
Theorem 4.6. Let o be an expansive algebraic Z%-action on a compact
abelian group X with completely positive entropy. Then o and o are weakly
algebraically equivalent and h(a) = h(a™).

Proof. Let N be the module appearing in Proposition 4.4, let Y = N and
let 8 = ax be the Z%-action (2.1) on Y. Since 3 and « are algebraic factors
of each other, Lemma 4.5 shows that Ag(Y’) and A,(X) can be embedded
injectively into each other. This shows that 8* on Y* and a* on X* are
algebraic factors of each other.

Since N is a product of cyclic modules, Ag(Y’) is isomorphic to N by
Lemma 3.4. Therefore the Z%-action 8* on Y* is algebraically conjugate to
B on Y. Together with the previous paragraph we see that o* is a factor of
8%, which is conjugate to § and therefore a factor of «. Similarly one obtains
that « is a factor of o™, which forces their entropies to coincide. O

We denote by Ay« (X™) the homoclinic module of the expansive algebraic
Z%-action a* on X* and define the bi-adjoint (or second adjoint) Z%-action
o™ = (a*)* on the compact abelian group X** = Aa/*(}*) as above with
o and X* replacing o and X. According to Proposition 4.3, o™ is again
expansive, mixing, and has completely positive entropy.

In this manner we obtain a sequence of expansive algebraic Z%actions
a, o, o " ... on compact abelian groups X, X*, X** X** .. Theo-
rem 4.7 on the following page shows that this sequence is eventually periodic
in the sense that o* and o™** are algebraically conjugate.
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Theorem 4.7. Let o be an expansive algebraic Z%-action on a compact
abelian group X, and let Y = A, (X) C X be the closure of the homoclinic
module as a subset of X. Then the adjoint action o of Z¢ on X* = Y* is an
expansive algebraic Z%-action with completely positive entropy. Furthermore
there exists a canonical algebraic factor map

p: X" —YCX (4.6)

from the bi-adjoint X** to Y C X. Finally, the corresponding algebraic
factor map

¢*: X*** N X*
from the third adjoint group X*** = (X**)* onto X* is an isomorphism of
X* and X***.

For the proof of Theorem 4.7 we use the following elementary facts. If
¥: G — H is a continuous homomorphism of locally compact abelian
groups, then v is injective if and only if its dual homomorphism {ZJ\ ' H— G
has dense image. In the case where either both groups are compact or both
discrete, 1 is injective if and only if 12 is surjective. Let

1 ALX) S Y B X (4.7)
be the inclusion of A,(X) into X. The first inclusion ; in (4.7) has dense
range by the definition of Y = A, (X) in Theorem 4.7.

If M = X is the dual module of X and M’ = Y the dual of Y, then the

dual homomorphism R X

it M 25 M X (4.8)
is again the composition of two maps. The map 23 in (4.8) is surjective, and
the map 77 is injective with dense range. Furthermore, the maps ¢ and %
satisfy that

wu® - w) = a®((w)), (- a) = (a7)(i(a)),
for every n € Z4, w € A(X) and a € M.

Lemma 4.8. Let a be an expansive algebraic Z-action. Then i(M) C
Ay (X™).
Proof. For every a € M and w € A,(X),

(w, (a*)((a))) = (u" - w,i(a)) = ((u" - w),a) = (™(w),a) — 1
as n — oo, since 1(w) € X is a homoclinic point. Hence i(a) € Ay« (X™*) for
every a € M. U

Proof of Theorem 4.7. The first part of the theorem follows from Proposi-
tion 4.3.

Equation (4.8) and Lemma 4.8 show that 7 is the composition of three
maps

i M 2 M A (X)L X (4.9)
where 7]: A+ (X*) — X* is the inclusion map, i1 = @ o7, and 7] is

injective. By duality,
1 Ag(X) 2 X Ly 2 X (4.10)

where the map ¢ =} : X** — Y is surjective.
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According to the Propositions 4.2-4.3, the Z%-action a* = ay- has com-

pletely positive entropy. Hence the closure Y* = A,+(X*) of the homoclinic
module of o* coincides with X*, and the analogues of the relations (4.9)-
(4.10) simplify to , »
7 A (X) 5 Ager (X)L X*,
Z*: Aa* (X*) N X*** N ){'*7
where 7]: Ay« (X**) — X** is the inclusion map and
is surjective.
In order to simplify notation we set
(M")" = Hompg,(M', R), (M")** = Homp,(Hompg,(M', R), R),
(M")"* = Hompg, (Hompg,(Hompg,(M’, R), R), R).
Proposition 4.3 yields an isomorphism x: (M')" — A, (X) with

(x(wh),i1(a) = (w07 (a)) (4.12)
for every v € (M’)* and a € M’, and a polynomial f € R, which annihi-
lates M’. Since f also annihilates the Rg-module (M')" = Hompg,(M’, R)
and this module again satisfies the hypotheses of Proposition 4.3, we can
find an isomorphism

X' (M) — Age (X7)
with
(), A (x(0F) = (w0 () (4.13)
for every vt € (M')* and vt € (M')T+. We write ¢»: M’ — (M) for
the inclusion map defined by

P(a)(v") = v (a) (4.14)
with vt € (M’)* and a € M’. Then
(@1 (a), o (x(v1))) = (ia(a), x(v")) = (W™, 0" (a))
= (w®,¢(@)(vh)) = (" (¥(a), 1] (x(v")))
for every a € M’ and vt € (M')*. Here the first bracket pairs the element
i (a) € Agx(X*) with o (x(vT)) € f(An(X)) C X**. The equality of the
second and third brackets in (4.15) follows from (4.12), that of the the third
and fourth bracket from (4.14), and the last term uses (4.13).

From (4.15) it is clear that the maps ¢ = ij: M’ — A, +(X*) and
X otp: M — A+ (X*) coincide.

Since the map ¢} is surjective, the homomorphisms ¢ = 7} and ¢ have to
be injective.

In order to complete the proof of the theorem we apply the above ar-
gument to the adjoint module A,(X) = (M’)* and prove that the map
Pt (M)t — (M')T*+ corresponding to (4.14) is a bijection.

Define p : (M)t — (M')" by p(c) = co) for c € (M')*++. Then p
is a left inverse of ¢)*. To see this, let a € M" and vt € (M’)*. Then

(P () (@) = (¥7 (")) ((a)) = P(a)(v") = v"(a),

(4.15)
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which shows that p o™ is the identity on (M')*.

We claim that p is injective. Assume to the contrary that 0 # ¢ €
(M")*++ but that p(c) = 0. Then ¢ : (M')** — R is an Rg-module
homomorphism with ¢(¢)(M’)) = 0 and thus induces a well-defined map
e (M) /(M) — R.If b € (M)tT/y(M') with ¢/(b) # 0, then
Ann(b) C Ann(d/(b)). Since Ann(c/(b)) is a principal ideal whose genera-
tor is a product of the polynomials fi,..., f;, the Z%action QM)+ Jp (M)
on the dual of (M")** /1)(M’) has positive entropy. However, we can use the
isomorphism x* to see that

(M)FF /(M) = Ag-(X*) /(M)

and that the dual group (M’ )ﬂ/\zj}(M ') is therefore isomorphic to ker(¢) C
X**. Since o and ay have the same entropy by Proposition 4.6 and
¢: X* — Y is a factor map, Yuzvinskii’s addition formula shows that
™ |rer(p) has zero entropy.

This contradiction shows that p is injective and inverse to 1. Hence ¢
is a bijection, as claimed. O

Motivated by Theorem 4.7 we introduce the following definition.

Definition 4.9. The action a on X is reflezive if & and o** are algebraically
conjugate.

Remarks 4.10. (1) By Theorem 4.7 the adjoint action o on X* is reflexive.

(2) Although our definition of reflexivity only assumes the existence of
an algebraic conjugacy between o and «o**, it is equivalent to the condition
that the factor map ¢ in (4.6) is an isomorphism. This follows from the last
assertion in Theorem 4.7, since in this case « is conjugate to o™ = (a*)*,

which in return is reflexive in the strong sense.

The next example shows that an algebraic Z%-action need not be reflexive,
even if it has completely positive entropy.

Example 4.11. We give an example of an algebraic Z?-action a on a com-
pact abelian group X with completely positive entropy such that M = X
is not a cyclic module, but A, (X) is cyclic. The Z%actions o and o* are
thus not algebraically conjugate, whereas o*, o™ and o™** are algebraically
conjugate by Lemma 3.4 and Theorem 4.7. In particular, o and o** are not
algebraically conjugate.

Let f = 44wuj—ugz. Then ag, /() is an expansive 7Z2-action with completely
positive entropy by Lemma 2.1. We define R = Ry/(f) and M = (2, 1+u;) =
2R+ (14wu;)R C R. The ring R is a unique factorization domain and M is a
non-principal ideal in R. To see this, we first note that us can be expressed
in terms of u; (modulo (f)), and hence

R=Z[uf, ]

is isomorphic to a localization of the unique factorization domain Z[u,].
Since 2 and 1 + wuq are different primes in R, the ideal M must either be
non-principal or equal to R. The evaluation map

eV(Ll): RQ — Z/ZZ
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up =1, ug 1,

induces an Rp-module homomorphism ev(;1y: R — [Fa, since eV(Ll)( f)
= 0. As ev(y,1)(R) = F2 but ev(; 1)(M) = {0}, we see that M is nonprincipal
and therefore not a cyclic Re-module. As R is associated to the prime ideal
(f) = fR2 as an Ry-module, the same holds for the Re-module M.

Let X = M and a = aps. Then « is expansive, has completely positive
entropy by Lemma 2.1, and Proposition 4.3 shows that

Ay (X) = Homp, (M, R).

We claim that
Homp,(M,R) = R,

where g € R corresponds to the map ¢,: M — R defined by 94(a) = ga
for every a € M.

It is easy to see that the map g — 14 from R to Hompg, (M, R) defines
an injective Ro-module homomorphism. To see that this homomorphism is
also surjective we take an arbitrary element ¢ € Homp, (M, R). Then there
exist elements a,b € R with

Y(2)=a,  Y(l4u)=0,
P(2(1+up)) =2b= (14 uy)a.

Therefore 2 | a, (1 +wuy) | b and

a_ _b _
§_1+u1_g€R’

which shows that 1) = 1)4. We have proved that
Aa(X) = R=Ry/(f)

is cyclic, whereas M is not a cyclic module over Ry. As explained at the
beginning of this example, this proves that ot = a;s is not reflexive.

5. THE ADJOINT OF A SINGLE AUTOMORPHISM

Theorem 5.1. Let o be an expansive and ergodic automorphism of a com-
pact abelian group X. Then « is reflexive.

For the proof of Theorem 5.1 we fix an expansive and ergodic automor-
phism « of a compact abelian group X. Since « is ergodic, it has com-
pletely positive entropy by Lemma 2.1, and A, (X) is dense in X by Propo-
sition 3.3. We define the adjoint and bi-adjoint automorphism o* and o**

—

on X* = m} and X** = (X*)* = Ay« (X*) as in Definition 4.1 and note
that these automorphisms are again expansive and ergodic by Theorem 4.7.

Lemma 5.2. Let 3 be an expansive automorphism of a compact abelian
group Y. If hiop(B) = 0 then Y is finite.

Proof. We denote by M = Y the dual module of Y and claim that every
prime ideal p € Asc(M) is nonprincipal. Indeed, if p = (f) for some f € Ry,
then f does not have roots of absolute value 1 by Lemma 2.1 (1). When
combined with Lemma 2.1 (2)—(3) this shows that ag, /s and finally 3 has
positive entropy.
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This contradiction shows that every p € Asc(M) is indeed nonprincipal.
Since R;p/p is finite for every nonprincipal prime ideal p C R;, the prime

filtration for M as in (4.1) implies that M and Y = M are finite. O

Lemma 5.3. Let 31, B2 be expansive and ergodic automorphisms of compact
abelian groups Y1, Yo with h(B1) = h(B2). Then every algebraic factor map
x: Y1 — Y from B1 to (o is finite-to-one.

Proof. From Yuzvinskii’s addition formula it follows that the entropy of the
restriction B1lier(g) is equal to zero, since h(B1) = h(B1|xer(g)) + M(B2) < o0
By Lemma 5.2, ker(¢) is finite. O

Lemma 5.4. Let 8 be an expansive and ergodic automorphism of a compact
abelian group Y. Then there exists, for every pair of points y*,y~ € Y, a
point z € Y with

lim 8"(y" —2)= lim B"(y~ —z2)=0.
n—oo n——oo
Proof. This is a special case of [3, Remark 5.6]. O

Lemma 5.5. Let 3 be an expansive and ergodic automorphism of a com-
pact abelian group Y, Z C'Y a finite S-invariant subgroup, w: Y — Y/Z
the quotient map, and By,z the automorphism of Y/Z induced by (3. Then
the restriction of m to Ag(Y') s injective, m(Ag(Y)) C Ag, ,(Y/Z), and
Ap,,,(Y/Z)[m(Ap(Y)) = Z.

Proof. 1t is clear that Ag(Y) N Z = {0} and that the restriction of 7 to
Ap(Y) is therefore injective. According to Lemma 5.4 we can find, for every
z € Z, apoint y(z) € Y with

im 5"(y(2) —2) = lim §"y(z) = 0.

As j3 is continuous, there exist, for every y € m~1(Ag, 2(Y/Z)), elements
2t (y) € Z with
lim B"(z (y) —y) = lim "(z"(y) —y) = 0.

Hence
W_l(ABY/Z(Y/Z)) ={y(z):z€ Z} + Ag(Y) + Z,

and the restriction of m to A’ = {y(z) : z € Z} + Ag(Y) is a bijection of A’
and Ag,  (Y/Z). It follows that

Ay, (Y/Z)[m(Ap(Y)) = A/ Ap(Y) = Z. O

Proof of Theorem 5.1. According to (4.10), the inclusion map 1: Ay (X) —
X is a composition of homomorphisms

12 !
31

1t Aa(X) 25 X L X

where the map ¢ = ¢j: X** — X is an algebraic factor map. As h(a) =
h(a**) by Theorem 4.6, Lemma 5.3 shows that Z = ker(¢) is a finite
o -invariant subgroup of X**. If Z # {0}, then Lemma 5.5 implies that
D(Ag# (X*)) is a proper subgroup of A,(X), which violates the facts that



THE ADJOINT ACTION OF AN EXPANSIVE ALGEBRAIC Z?ACTION 15

1 (An (X)) C Ag#+(X*) and 1(An (X)) = An(X) in (4.10). This contradic-
tion shows that ¢ is injective and hence an algebraic conjugacy of o™* and
Q. O

Example 5.6. Ezamples of adjoint automorphisms ([3]). Let m > 2, and
let @ be the automorphism of X = T™ defined by a hyperbolic matrix
A € GL(m,R) (this means that A has no eigenvalues of absolute value 1).
We denote by 7: R"™ — T™ = R™/Z™ the quotient map and write R™ =
Ve @ V. for the decomposition of R™ into the contracting and expanding
subspaces of A (i.e. lim,, o [|[A"V|| = lim,,—,_ [|[A"W|| = 0 for every v € V,
and w € V;). Then V. NZ"™ = V., N Z™ = {0}, since Z™ has no contracting
automorphisms. Hence 7 is injective on V. and V;, and n(V,) and 7(V;) are
dense in T™ (otherwise we would obtain an A-invariant subtorus of T™ on
which A cannot have determinant 41, which is impossible).

For every n € Z% V.N (V. + n) = {v,} for some unique v, € R™,
and =, = m(vn) is homoclinic for a. Conversely, if x € Ay(X) and x €
71({z}) C R™, then the continuity of A implies that there exist points
m, n € Z¢ with lim,, ., A"(x —m) = 0 and lim,,_._, A"(x —n) = 0. Hence
xe€(Ve+m)N(Ve+n), and = on_m.

This shows that A, (X) = Z™ = X. However, the action of & on Ay (X) 2
Z™ is given by the matrix A, and not by the transpose matrix A" corre-
sponding to the dual autowhism & on X = Z™. This shows that a*, the
automorphism of T™ = A,(X) dual to the restriction of a to A, (X), is

determined by the matrix A", whereas « is determined by A.
If A is the companion matrix

0 1 . 0 0
0 0 - 0 0
Co=| : .+ : |€GLmZ)
0 0 - 0 1
—ho —h1 ... —hm—2 —hm—1

of its characteristic polynomial h = hg + - - - + hyp—1u™ ' + 4™, then A and
AT are easily seen to be algebraically conjugate in GL(m,Z), and hence
a is conjugate to its adjoint «* (in fact, both are conjugate to QR /(h) DY
Lemma 3.4). In general, however, the matrices A and AT are not conjugate in
GL(m,Z), and the automorphisms « and «* are not algebraically conjugate.
For example, if A = (1) 7), then A is not conjugate to A" in GL(2,Z) by
[6, p.81]. Hence a and o are not algebraically conjugate in this case.

6. THE ADJOINT OF AN ALGEBRAIC Z% ACTION WITH ZERO ENTROPY

Expansive algebraic Z?-actions with zero entropy have no nontrivial ho-
moclinic points by Proposition 4.2. However, some lower-rank sub-actions
may be expansive and have positive entropy, and may therefore have nonzero
homoclinic points. Since the homoclinic groups of different subactions can
have zero intersection, the situation is obviously much more complicated
than in the completely positive entropy case, and a complete picture is not
yet available.

In this section we describe a particularly simple example of this situation:
irreducible Z%actions generated by commuting hyperbolic automorphisms
of some finite-dimensional torus T™ (cf. Definition 6.1 on the next page). If
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a is such an action on X = T™, then the homoclinic group A,n(X) is dense
in X for every n € Z? with o™ hyperbolic (i.e. expansive), and is again a
module over R; with respect to the action

fow=f@)w =Y au

mecZ4

for every f = > cza fau™ and w € Agn(X). As before we call Agn(X)
the homoclinic module of the hyperbolic automorphism a™. Although this
module is — a priori — associated with the expansive automorphism o™
and not with the Z%action «, Theorem 6.2 shows that, for irreducible and
expansive Z%-actions, different choices of o™ lead to the same module. One
can thus regard A,n(X) as a homoclinic module of a (rather than of a™)
and use it to define an algebraic Z%action o* dual to the restriction of « to
Agn(X) for any expansive a.

Definition 6.1 ([5]). An algebraic Z%action on a compact abelian group
X is irreducible if every closed, a-invariant subgroup Y C X is finite.

Theorem 6.2. Let d > 1, and let a be an irreducible and expansive Z°-
action by automorphisms of X = T™ with m > 2, and let & be the linear
Z4-action on R™ defined by a. Then the set

E,={necZ%:a" is expansive}

spans 7. Furthermore the following conditions are satisfied.

(1) If m € Z% \ E,, then Aqm(X) = {0};
(2) If m € E,, then the homoclinic module Aom(X) of &™ is dense in
X and isomorphic to Z™, where Ry acts on Z™ by

fk=f@)k) =) fua"k

nezd

for every f =3, cpa fau™ and k € Z;
(3) If m,n € E,, then Aym(X) is either equal to Agn(X), or Agm(X)N
Aan(X) = {0}.

Proof. Since « is irreducible, the matrices a™ € GL(m, Z) are simultaneously
diagonalizable (cf. [5]), and we obtain a decomposition R = R? x C? of R™
into p real and ¢ complex eigenspaces of the linear action @& of Z¢ on R™
induced by «. For every eigenvector v € R™ of & the eigenvalue of v is a
group homomorphism w, : Z¢ — C* with

av = wy(n)v

d
for every n € Z%. If wy,,...,wy, and wy,,,,...,wy,,, are the real and com-

plex eigenvalues of &, then
ptq

E,={me 7Z%: o™ is expansive} = Z% \ U{n € 7% : lwi(n)] = 1}

d i=1
generates Z°.

Example 5.6 shows that A,n(X) is dense in X and isomorphic to Z™ for
every n € F,. The remaining assertions follow from [5]. O
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Remarks 6.3. (1) As described at the beginning of this section, we define the
adjoint Z%action o* of a by setting a* = QA (x) for any n € E, (cf. (2.1)
— this definition is independent of n by Theorem 6.2). Then the element
(a*)™ of a* coincides with the adjoint automorphism (a™)* of o™ for every
n € E,, and Example 5.6 shows that (™)™ is defined by the transpose of the
matrix A™ € GL(m,Z) corresponding to o™. If we repeat this construction
with o replacing o we see that the bi-adjoint a** of « is equal to a.

(2) If v is an expansive algebraic Z%-action with completely positive en-
tropy, then a* has completely positive entropy by Theorem 4.7, h(«) = h(a™)
by Theorem 4.6, and [7] shows that a and o* are Bernoulli and hence mea-
surably conjugate. In contrast, if « is an irreducible, expansive and mixing
Z%action by automorphisms of a finite-dimensional torus X = T™, and if
d > 2, then o and o are generally not measurably conjugate (cf. Example
5.6 and [1]).
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