JOININGS OF HIGHER RANK DIAGONALIZABLE
ACTIONS ON LOCALLY HOMOGENEOUS SPACES

MANFRED EINSIEDLER AND ELON LINDENSTRAUSS

ABSTRACT. We classify joinings between a fairly general class of
higher rank diagonalizable actions on locally homogeneous spaces.
In particular, we classify joinings of the action of a maximal R-split
torus on G/T', with G a simple Lie group of R-rank > 2 and ' < G
a lattice. We deduce from this a classification of measurable factors
of such actions, as well as certain equidistribution properties.

1. INTRODUCTION

In a landmark paper [9] Furstenberg introduced two fundamental
ideas: 1) joinings, and how they can be used to investigate dynami-
cal systems both in the topological and the measurable category 2) for
natural multidimensional algebraic actions (Furstenberg studies the ex-
ample of multiplication by multiplicatively independent integers p and
by ¢ on the one torus), it is often the case that while the action of every
individual element is quite flexible, the full action may display remark-
able rigidity properties. Both of these ideas have had a major impact on
modern ergodic theory. Joinings and the related notion of disjointness
have become an indispensable tool to ergodic theorists (to illustrate
this point, one may look for example at [10]). The multidimensional
algebraic action whose study Furstenberg pioneered still contain many
mysteries and are far from being understood, but substantial progress
has been made and this study, particularly in the context of locally ho-
mogeneous spaces such as SL(n, R)/SL(n, Z), has found applications in
number theory and the arithmetic theory of quantum chaos (which is
closely connected to the theory automorphic forms); we refer the reader
to the survey [21] or to [20, 0] for more details. It is interesting to note
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that the first such application was provided already by Furstenberg in
his original paper [9].

In this paper we consider the following type of algebraic dynamical
systems: we take G to be a connected Lie group, I' < G a lattice, i.e.
a discrete group of finite covolume, and let o : R™ — G be an injective
homomorphism to an R-split torus of G’ (more precisely what we need
is that the image of o composed with the adjoint representation of G
is diagonalizable over R). Then « gives us an action of R” on G/I" by
left translations, and in this paper we will always assume that n > 2.

Such systems are natural generalizations of the system considered
by Furstenberg of multiplication by p and by ¢ on the one torus. Here
again the properties of the action of any individual element is very
different from that of the full group. For example, there are many
invariant measures for the action of any individual element or even
every one dimensional (connected) subgroup of R™. For the full action,
however, Furstenberg, Katok and Spatzier [11] and Margulis [21] con-
jectured that a-invariant probability measures are rare: they are all
algebraic unless there are factors for which the actions degenerates to
a rank one situation, where we call a probability measure algebraic if
it is an L-invariant measure on a single (necessarily closed) orbit of a
closed subgroup L < G.

Progress on that conjecture has been made so far only under ad-
ditional assumptions [14, 15, 5, 12]. In some cases [29, 7, 20, 0] the
only remaining additional assumption is that the measure has positive
entropy under some element of the action.

We combine the two themes in Furstenberg’s original paper by study-
ing joinings of two such systems. For ¢ = 1,2 let a; be an actions of
R™ as above on X; = G;/I" and let m; be the normalized Haar mea-
sure on X;. Define a* = ot x of for t € R”. A joining between «;
and ay (with respect to m; and my) is an a-invariant measure g on
X = Xj x X3 such that (m;).pu =m; for i =1,2.

Before we give our theorem we give some examples of joinings. The
trivial joining m; X mo always exists. A more general class of joinings
are algebraic joinings: Suppose H C G; X G9 contains a(R") and
projects surjectively to G; for i = 1,2. If H(xy,z5) is closed with finite
volume for some (z1,x2) € X; x Xs, then its (normalized) volume
measure /4 gives an algebraic joining between oy and as.

The actions a7 and «s are disjoint if the trivial joining is the only
joining between them.

Note that if n = 1, the time one maps «) have positive entropy
(and are even Bernoulli automorphisms [2]). Therefore, in this case
ot and o} have for any small enough s common Bernoulli factors of
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entropy s by Sinai’s factor theorem (see [30] or [L0, Ch. 20]). The well
known construction of the relatively independent joining over a factor
(see (6.4)) gives now uncountably many non-algebraic joinings. This
explains the requirement of injectivity and n > 2.

In this paper we give an unconditional classification of joinings for
such R™-actions in many cases. In particular, we prove the following:

Theorem 1.1. For i = 1,2 let G; be a connected simple Lie group,
let T'; C G; be a lattice, let m; be the normalized Haar measure on
X; = Gi/Ty, and let a; : R* — G; be an injective homomorphism to
an R-split torus of G;. Suppose n > 2 and that p is an ergodic joining
between «y and as, then p is algebraic. Moreover, if u is not the
trivial joining, then G1 and Go are locally isomorphic and the lattices
induced by I'1 and T'y in the common universal cover G of G1 and
Gy are commensurable up to an automorphism of G intertwining the
actions corresponding to oy and .

Recall that two lattices I'; and I's in a Lie group G are commensu-
rable if 'y N T’y has finite index in I'; and T’y (or equivalently if I'; N Ty
is still a lattice).

With respect to the assumption of ergodicity in Theorem 1.1 note
that any joining pu can be decomposed into ergodic components with
respect to a (see [32] or [I1, Thm. 4.2.6]), and that the projection
of this decomposition to X; gives a decomposition of m;. However,
since the latter is an ergodic measure for the action «; by Moore’s
ergodic criterion (see [25] or Section 2.2 for more details) it follows
that a.e. ergodic component of u is an ergodic joining. Therefore, the
characterization of ergodic joinings in Theorem 1.1 gives a complete
description of all possible joinings between these actions.

We remark that for the dynamical system considered by Furstenberg
of multiplication by p and ¢ or more generally actions of non virtually-
cyclic groups of commuting toral endomorphisms a full classifications
of joinings has not been obtained, the available results describe ergodic
joinings only up to zero entropy [13, 12, 7]. In fact, for these actions
the classifications of joinings is equivalent to the classifications of all
invariant measures, which is a well known open problem.

From Theorem 1.1 we easily obtain using a standard argument (orig-
inally due to Furstenberg) the following consequence about equidistri-
bution of orbits. Let o be an R™-action on a locally compact metric
space X, let p be an a-ergodic and invariant probability measure on
X. We say that a point x € X has p-equidistributed a-orbit if

m

. 1 t .
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4 MANFRED EINSIEDLER AND ELON LINDENSTRAUSS

for all f € C(X) with compact support." Note that for any ergodic p,
one has that p-a.e. point has p-equidistributed a-orbit by the pointwise
ergodic theorem.

Corollary 1.2. Let G be a simple connected Lie group and let o : R" —
G be an injective homomorphism to an R-split torus of G. Fori=1,2
let I'; C G be a lattice and let m; be the normalized Haar measure on
X; = GJT;. Suppose n > 2 and that there is no automorphism of G
commuting with left translations by elements in the image of « taking
['s to a lattice commensurable with T'y. If x; € X; has m;-equidistributed
a-orbit fori = 1,2, then (x1,22) € X1 X Xy has my X my-equidistributed
a-orbit, where a acts on X, x Xo by left multiplication with ot x o® for
t € R™.

Clearly, a similar statement holds if X; = G;/T'; for two locally non-
isomorphic simple connected Lie groups G; and Gs.

We now describe a more general setup that allows us to show rigidity
of joinings. We will not assume that G is simple, or even semisimple.
Note however, that if for instance

X = SL(2,R) x SL(2,R)/SL(2,Z) x SL(2,Z)

then the projection to the first coordinate is well defined and the R?-
action on X descends to Y = SL(2,R)/SL(2,Z). However, in this
factor the subgroup {0} x R acts trivially — Y is a (global) rank one
factor. Similar to the case of n = 1 the action @ on X allows many non-
algebraic joinings. We avoid this situation with the following definition.

Definition 1.3. Let G be a Lie group and let a : R® — G be a ho-
momorphism. We say «a is R-diagonalizable if the associated adjoint
action of o on the Lie algebra g is diagonalizable over R. If h C g
is a Lie ideal, then consider the induced action of « via the adjoint
representation on g/h. We say that o has no local rank one factors
if for any proper Lie ideal § the weights of the adjoint action of a on
g/b do not lie on a one-dimensional subspace.

In particular, if a is an R™-action with no local rank one factors then
n > 1. Conversely if G is a simple Lie group, n > 1, « is injective and
R-diagonalizable, then a has no local rank one factors. To see this
note first that the only proper Lie ideal is h = {0}. However, for g the
Lyapunov weights of @ cannot lie in a one-dimensional subspace, oth-
erwise there exists some t with A(t) = 0 for all Lyapunov weights and

1One can replace the cube [/, £]™ with other averaging sets, e.g. balls around
0 or [0,¢]™. The latter gives a weaker notion of equidistribution, but the above
remains true also in this case.
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a® would belong to the center of G. Therefore the following generalizes
Theorem 1.1

Theorem 1.4. For ¢« = 1,2 let G; be a connected Lie group, let T';
be a lattice in G;, and let m; be the Haar measure on X; = G;/T;.
Furthermore, let a; : R* — G; be injective homomorphism that are R-
diagonalizable and have no local rank one factors. Let i be an ergodic
joining between ay and iy, Then there is a closed subgroup H < G'1x G

projecting on to G and G5 such that p is the Haar measure on a closed
H-orbit in X; x Xs.

It is a general fact due to Dave Witte Morris [34, 35] that an algebraic
classification of self joinings of the R™-action given by « on (G/T",m)
can be used to classify measurable factors of this action, or equivalently
countably generated « invariant o-algebras of Borel subsets of G/I". A
special case of this general principle was given earlier by Marina Ratner
in [27]. Using this we can deduce the following from Theorem 1.4:

Theorem 1.5. Let G be a connected Lie group, I a lattice in G, and m
the Haar measure on X = G/I". Let a : R" — G be an R-diagonalizable
injective homomorphism with no local rank one factors. Let A be an a-
invariant countably generated o-algebra of Borel subsets of G/T'. Then
there is a surjective homomorphism of Lie groups ¢ : G — G4, a lattice
'y > (1) (in particular, (L) is discrete), and a compact subgroup ®
of the group of affine automorphisms Aft(G1/T'1) of G1 modulo right
translation by elements of T'y so that A is equivalent mod m to v~ (Bg),
with Be denoting the o-algebra of ®-invariant subsets of G1/I'y.

(Note that since ® is compact, B and hence 17! (Bg) is automatically
countably generated, see Corollary 6.7.)

In particular, as we will explicate in §6, Theorem 1.5 implies the
following;:

Corollary 1.6. Let G be a connected semisimple Lie group with finite
center and each factor of G of R-rank > 2, let I' < G be an irreducible
lattice, and let v be an embedding of R™ onto the connected component
of the identity of a mazimal R-split torus®. Let M denote a mazimal
compact subgroup of Ca(a(R™)). Consider the action from the left
given by « on the double quotient X = M\G/T; this action preserves
a smooth probability measure m. Let A be a nontrivial’ a-invariant

°In other words the image of « is precisely the closed connected subgroup A
appearing in the Iwasawa decomposition K AN of G, equivalently the Lie algebra
of A is the negative eigenspace of a Cartan involution 6 of a f-stable maximally
non-compact Cartan subalgebra.

3i.e. not equivalent modulo m to {0, X}
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countably generated o-algebra of Borel subsets of X. Then for m-a.e.
x € X the atom [z]4 is finite. Moreover, if I is maximal, and every
automorphism of G fizing «(R™) pointwise is an inner automorphism,
then |[x]4] = 1 a.s., in other words A is equivalent mod m to the full
Borel o-algebra.

For example, any automorphism of PGL(n, R) fixing the positive diag-
onal matrices (which are the identity component of a maximal R-split
torus) is an inner automorphism.

Previous results on joinings of semisimple actions were obtained by
Kalinin and Spatzier [12], but their method of proof required an addi-
tional assumption regarding ergodicity of certain one parameter sub-
groups on the joining pu. Here we will use as the main tool the high
entropy argument as provided in a recent work by A. Katok and the
first named author [1]. Our argument also uses elements of [3], where
disjointness results were obtained for actions on zero-dimensional com-
pact abelian groups. These tools will lead us to a situation where we
will be able to apply Ratner’s theorem [28] for a subgroup of G gener-
ated by unipotent elements.

More generally, we expect that similar results can be proved for e.g.
semisimple Lie groups even if G; have local rank one factors, as long
as the action of «; on G;/I'; have no global rank one factors. This,
however, will require a totally different proof, and in particular will
require a general version of the low entropy argument used in [20, 6],
a general version which we are currently in the process of writing.

2. DEFINITIONS, ERGODICITY, AND ENTROPY

In this section we summarize some background material needed for
the proof of Theorem 1.4.

2.1. Lyapunov weights. We recall some definitions from [!]. Let G
be a connected Lie group with Lie algebra g and let I' C G be a lattice.
Recall that for a € G the derivative of the map z — axa™! defines the
adjoint automorphism Ad, of g. Let o be an R"-action on G/T". Then
« induces an adjoint action on g of GG, and « is Ad-semisimple if the
adjoint action is diagonalizable over C, and R-diagonalizable if the same
holds over R. The logarithm of the absolute value of the eigenvalues
of this action can be collected to form the Lyapunov weights, which
are linear functionals A\ : R” — R. For every Lyapunov weight A there
corresponds a sum of eigenspaces u* which is called the Lyapunov
space corresponding to .
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Note that for an R-diagonalizable action the Lyapunov weights are
the weights of the adjoint representation restricted to a and the Lya-
punov weight spaces are in fact the eigenspaces for the adjoint action.
Moreover, if for some t € R™ all weights A(t) are zero, then ot is in the
center of the group.

We define an equivalence relation between the Lyapunov weights,
A ~ n if there is an ¢ > 0 so that A = ¢n. For every nonzero equivalence
class A we define the coarse Lyapunov space u® by

ut = @ u,
AEA
An element u € G is Ad-unipotent if Ad, is unipotent as an auto-
morphism of g, and a subgroup U < G is Ad-unipotent if all of its
elements are. The coarse Lyapunov spaces u” are in fact nilpotent Lie
subalgebras, and the coarse Lyapunov subgroups U* = expu® are
connected, Ad-unipotent, and normalized by .

2.2. The Mautner phenomenon and ergodicity. The Mautner
phenomenon (see [25], [31, Thm. 2.1}, or [16, Thm. 2.1.4]) implies the
following proposition.

Proposition 2.1. Let G be a connected Lie group, let I' C G be a
lattice, and let a be an R"™-action without local rank one factors on
the locally homogeneous space X = G/T'. Then there exists a two
dimensional subspace in R™ such that the restriction & of a to that plane
still has no local rank one factors, and any nonzero element t € R?
satisfies that a = a* € G acts ergodically with respect to the Haar
measure m of X.

Proof. Let Ay, ..., A¢ be all Lyapunov weights for a. For any two dimen-
sional subspace the Lyapunov weights Ay,..., A\, for the restriction &
are obtained by restricting Ay, ..., A to the subspace. In general these
restrictions could be (positively or negatively) proportional RA; = R);,
or some of them might be trivial A, = 0, even though this was not true
for the original Lyapunov weights. However, it is easy to choose the
plane so that this never happens. We claim that with this choice & has
also no local rank one factors. Suppose this is not true, then there ex-
ists a proper Lie ideal f in the Lie algebra g of GG such that all weights
of & on g/h lie on a single line. Suppose these weights are A}, ..., A}
for some k£ < ¢. (For the remaining weights the weight spaces are
contained in h.) Then the weights of o on g/h are A\j,..., g, which
have to lie on a single line by construction of &. This contradicts the
assumption that « has no local rank factors.
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Suppose now « is an R2-action without local rank one factors. The
Moore normal subgroup M C G with respect to a = ot is defined to
be the smallest normal subgroup such that Ad, on g/m is semisimple
and all of its eigenvalues are of absolute value one. Here m is the Lie
algebra of M. It follows that m = g. For otherwise, A(t) = 0 for all
weights A of the adjoint action of @ on g/m. However, then g/m would
be a local rank one factor of the R2-action a.

Therefore, the Moore normal subgroup M = G. Mautner’s phe-
nomenon [16, Thm. 2.1.4] now states that every a-fixed vector in a
unitary representation of G must be fixed under M = G. In particular,
every a-fixed function of L?(X,m) must be constant function and a
acts ergodically with respect to the Haar measure m. U

2.3. Entropy and a generating partition. In this section we fix
some a € G and consider left multiplication by @ on X = G/I". For a
countable partition P C By we let

-1
kb = \/ a "P.
i=k

Let U < G be a subgroup. We recall that a countably generated
sigma algebra A is said to be subordinate to the foliation into U-
orbits (subordinate to U) with respect to pu if for a.e. x there exists a
relatively compact neighborhood V,, C U of the identity element e € U

such that

(] 4 = V. (2.1)

Here [z] 4 is the atom of x, i.e. the intersection of all elements A of A
or a countable generating algebra of A that contain z.

Any countably generated sigma algebra A gives us a system of condi-
tional measures u7! with each such measure supported on the respective
atom [r]4 and the map x — p is A measurable. For any two count-
ably generated sigma algebras A, A’ so that every atom of A intersects
at most countably many atoms of A" we set

LA | A)@) = —loguA(lale) and
HAATA) = [ 1] ) @)dula).

We now quote the following from [23, Prop. 9.2] (and some addi-
tional facts appearing in the proof of that proposition). These results
are an adaptation of results of Ledrappier and Young [13, 19] for C2-
diffeomorphisms on compact manifolds.
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Proposition 2.2. Let G be a connected Lie group, and let I' C G be
a lattice in G. Let a € G and consider the left multiplication by a on
X =G/I. Let

U™ = {g € G: lim a"ga™" = e}

be the stable horospherical subgroup defined by a. Let p be an
a-imvariant and ergodic probability measure on X. Then there exists a
countable partition P of X that satisfies the following properties:

(1) P has finite entropy H,(P) < oo.

(2) A =P js subordinate to U~.

(3) P is a generating partition with respect to a, i.e. P{=°9®) = Bx
modulo p-null sets. In particular,

h,(a) =H,(aP|A).

Corollary 2.3. With the same notation as in Proposition 2.2, let U <
U~ be normalized by a. Then there exists a o-algebra Ay O A that
satisfies

(4) Ay is subordinate to U.
(5) aAy = aP VvV Ay modulo p-null sets.
(6) The entropy contribution of U

h,(a,U) = H(aP|Ay) (2.2)
is at most the entropy h,(a).
Note that by (3), hu(a) = h,(a, U™).

Before we start the proof, note that the map u +— wux for v € U™
is injective for a.e. x. Since I is discrete, this map is clearly locally
injective in the sense that for any compact subset K C X there exists
€ > 0 such that u — wz is injective for u € B.(e) and any fixed z € K.
Suppose now this map is not injective for some x, then there exists a
non-trivial w € U~ with = uxz. Then a"z = (a"ua™")a"z, and since
a"ua~" — e it follows that a"x — oo for n — oo. These points form a
null set by Poincaré recurrence.

Proof of Corollary 2.5. Given a point o € X and a sufficiently small
e > (0 it is easy to define a countably generated o-ring R with maximal
element B.(x() that is subordinate to the foliation into U-orbits. Here
the atom [z]r will consist of BY(e)z N B(zo) for any z € B(xg).

If 2y € supp p, the construction in [23, Prop. 9.2] shows that one can
choose P such that there exists an element Py € P with p(Fy) > 0 and
Py C B(xg). Moreover, the set V,, C U~ as in (2.1) for the o-algebra
A = P hag diameter less than 2¢ for all € P,. We define Py to
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be the smallest o-algebra that contains P and RN F, for any R € R.
Let
Ay = ’P([})’OO).
We claim that
(2] 4, = [z]aNUx for p-a.e. z.

Then (4) follows using the injectivity we noted before. Moreover, the
claim also implies that a Ay and aP V Ay have the same atoms for
a.e. x, so that (5) follows as well. Then (6) follows from the definition
of the entropy contribution since A C Ay.

For the claim note first that [x]4, C Uz is obvious for x € Py by the
definition of R, and follows for a.e. x from that and ergodicity. Now let
y = ux € [x]4 for some u € U, we need to show that a"x, a™y belong to
the same atom of Py for all n > 0. If a"x,a"y ¢ Py, then this follows
from the definition of A. Otherwise, a"z and a"y = (a"ua™")(a"x)
belong to the same A-atom, and so a"z and a"y = va™z differ by an
element v € V,n, C BY (e) by the above mentioned property of Py and
A. By injectivity we must have v = a"ua™" € BY(e). It follows that
a™r and a™y are in the same atom of R which proves the claim. 0

2.4. Entropy contribution and conditional measures. The en-
tropy contributions as defined in the previous subsection are dependent
of the choice of sigma-algebra A;. In this section we give an alternative
definition of entropy contribution which does not involve such choices.
Let a € G and U < G a subgroup normalized by a (later on we will
assume U is a subgroup of the stable horospherical subgroup U~ of
a). Let u be a probability measure on X = G/I" invariant under left
translation by a.

The measure p gives rise to a system of locally finite measures p, v,
which we refer to as the conditional measures on U orbits. This system
of conditional measures p, ;; has the following characterizing property:
For any c-algebra Ay that is subordinate to U we have

1
Av _
W = — () for ae.
:ux,U(‘/a:)

where V;, is as in (2.1) and (, |y, )r denotes the push forward of the
restriction of p, to V, under the map w — wux. These conditional
measures are transformed in a nice way under the transformation x +—
ax: write (h) = aga™!. Then for almost every = we have that

P X Q*N/am,U' (23)

A general construction of these conditional measures can be found in
(20, Sect. 2-3].
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We now assume U is a subgroup of the stable horospherical subgroup
U~ (so 0, defined as above, uniformly contracts U). We define the
volume decay entropy at x by

log ptz,v (0" (BY
V01H<a7 U, I) = — lim Ok 7U( ( 1 <€)))

n—00 n

(2.4)

in particular, the above limits exists almost everywhere, see [, Sect. 9.1].

This gives a pointwise definition of the entropy contribution, and we
define

h,(a,U) = /VOIM(CL, U, z)dp. (2.5)

By [1, Lemma 9.2] the two definitions (2.2) and (2.5) agree whenever
the o-algebra Ay as in Corollary 2.3 exists.

2.5. Product structure and summation formula. Using the prod-
uct structure of the conditional measures, the entropy contributions of
the coarse Lyapunov subgroups can be related to the total entropy.
This summation formula, which we present below, is closely related to
the Ledrappier-Young entropy formula [19].

Let © be an a-invariant and ergodic measure on X. Let U~ be the
stable horospherical subgroup for some fixed ot, and let UM, ... UM <
U~ be all coarse Lyapunov subgroups contained in U~. Then U~ =
UM ...UM and the map that sends (uq,...,u,) € UM x - x UM to
uy -+ - ug is @ homeomorphism (but in general not a group isomorphism).
Using this homeomorphism implicitly we have

fa, U~ OC fly iy X -+ X i, pa, for a.e. @ (2.6)

by [1, Thm. 8.4], where o denotes proportionality up to a multiplicative
constant. This readily implies that

¢
h,(a*) = vol,(a*, U™, 2) = Zvolu(at, UM ). (2.7)
i=1

More generally, the above holds for any U < U~ that is normalized by
a, i.e.

¢
vol, (ot U, x) = Zvolﬂ(at, UNnUY x) ae. (2.8)
i=1

3. AN ENTROPY INEQUALITY AND THE SUPPORT OF THE
CONDITIONAL MEASURE

We start our study of joinings, and will show in this section that the
conditional measures for a joining have large support. Let G = G X G5
with Lie algebra g = g1 X g2, let I'; be a lattice in G; and let X; = G;/T;
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for i = 1,2. Define X = X; x X5 and 7; to be the projection map from
X to X; or the projection map from G to G; for i = 1,2 depending on
the context. We will not assume that a has no local rank one factors.

Proposition 3.1. Let a = (ay,a2) € G1 X Ga, and consider left mul-
tiplication by a on X = X; X Xo where X; = G;/T; for some lattice
I'; and i = 1,2. Suppose a; acts ergodically on X; with respect to the
Haar measure m; for i =1,2. Let Uy < Gy and Uy < G9 be connected
unipotent subgroups, and suppose U = U,Usy is normalized by a and s
contained in the stable horospherical subgroup U~. Let p be a (not nec-
essarily ergodic) joining between a; and ag, i.e. an a-invariant measure
that projects (m;)« 0 = my; to the Haar measure on X; fori=1,2. Then

hu(a,U) < hp, (a1, Ur) + hy(a, Us). (3.1)

Proof. We will need the following partitions and o-algebras. For i =
1,2 we use the ergodic action of a; on X; and Proposition 2.2 to find
generating countable partitions P; of X; with finite m;-entropy so that

75i[0’°°) is subordinate to the stable horospherical subgroup U;” < G;
of a;. Let P; =7, Y(P;) be the corresponding partition of X, and set
P = P;VP,. Since p is a joining, it follows that P has finite u-entropy
and is generating for a. Moreover, P> is subordinate to the stable
horospherical subgroup U~ < G of a. Now apply Corollary 2.3 to find
for i = 1,2 the o-algebra Ay, C By, that is subordinate to U;. Define
Ai =7 Ay, fori = 1,2 and Ay = A,V Ay = Ay, x Ay,. As above, it
follows that Ay is subordinate to U and that By, x Ay, is subordinate
to Us since p is a joining.
The various entropy contributions are now defined by

h,(a,U) = H,(aP|Ap),
hm1 (al, Ul) = Hm1 (CL1751 | AUl); and (32)
hu(a, Ug) = HM ((IP | Bxl X -/ZlUg)-

Applying Corollary 2.3 (5) for Ay, and i = 1,2, we see that aP V
Ay = aAy. Therefore, we get

1 1
hy(a,U) = — H(a"Av [ Av) = — H, (P | Ay)

= H, (P Ag) 4 H, (PE | Ag v PE) (34)
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We first deal with the first term on the right hand side of (3.4). Since
A, = ' Ay, C Ay, by the properties of conditional entropy and (3.2),

LH, (P AY) < D, (P01 4)

1 -
— o, (7?[ 0) |AU1) = by, (a1, U1).  (3.5)

We now proceed to consider the second term on the right hand side
of (3.4):

1 1 &
“H, ( [n() v [no):_ZH <k v [—n,O)v [—k+1,0)>
n ’ A P n -~ n a PQ | AU Pl P2
1 " _ —n,—k
= E H, (akPQ | "t Ay v 771[ ))
k=1

_ % S H, (7?2 | Ay v 771[’"““’0)> (3.6)
k=1

and by the martingale convergence theorem [26, Ch. 2, Thm. 6] for
entropy one sees that
H, (792 | Ay v 73{‘”*’“‘”) (7?2 | Ay v PO )

. . [0, . = . .
However, by definition Ay contains Pj ) , and since P; is generating

for a; we see that Ay V 771 0 — = Bx, X AU2 From (3.3) it follows
that

H, (792 | Ay V 791(‘“*0)) = b, (T, Uy)

and the average in (3.6) converges to h,(a, Us) which establishes (3.1).
U

Proposition 3.2. Let a, X, U, be as in Proposition 3.1. If equal-
ity holds in (3.1) then Uy is the smallest connected subgroup that is
normalized by a and contains T (Supp p.u) for a.e. x.

Proof. Suppose by contradiction that U] < U is a proper connected
subgroup that contains 7 (supp . ) for a.e. = and is normalized by
a;. Then the conditional measure p, y is supported by U’ = U;U, and
so satisfies (pzv)|or = papr for a.e. z. It follows from the pointwise
definition of the entropy contribution in (2.4) and Proposition 3.1 that

h(a,U) = h,(a,U") < hy, (a1, U7) + hy(a, Us)
< hml (&17 Ul) + hu(a7 U2)7
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where the last strict inequality follows easily from the fact that U] C Uy
is a proper subgroup and a uniformly contracts U;. This is a contra-
diction to our assumption. 0

Proposition 3.3. Let a, u, and X = X; X Xy be as in Proposition
3.1. For the stable horospherical subgroup U~ = U; Uy of a we have
equality in (3.1).

Proof. The Abramov-Rohklin conditional entropy formula gives that
h,(a) = by, (a1) + by (a|77 ' By, ).

By Proposition 2.2 we have h,(a,U~) = hy,(a) and hy,,, (a1, U;) =
P, (a1). It remains to match the last term of the above and (3.1).

By (3.3)
h,(a,Uy) = Hu(a'P|BX1 X AU;) =H, (CLP|BX1 % 752[0,oo]> 7

where we used that 752[0’00) is U, -foliated by Proposition 2.2. However,
the last expression equals the conditional entropy hy,(a|r;'Byx,) since
P is a generating partition for a. 0

We can now use the product structure to deduce a similar result
regarding the coarse Lyapunov foliations.

Corollary 3.4. Let a : R — G be an Ad-semisimple homomorphism
such that for every nontrivial t the transformation af on X; acts er-
godically with respect to m; for v = 1,2. Let p be a joining between
ay and as. Then we also have equality in (3.1) for a coarse Lyapunov
subgroup U = UN = UMNUL < U~

Proof. Let p be a-invariant. Let U” be a coarse Lyapunov subgroup.
Choose some a = ot such that U” is contained in the stable horospher-
ical subgroup U~ to a. Let U~ = Ut ... U™ be the decomposition of
the stable horospherical subgroup into coarse Lyapunov subgroups as
in Section 2.5 with A = A;. For any 7 Proposition 3.1 gives

h(a, UY) < hy, (a1, UL + hy(a, Us9).

Taking the sum over j, each term here sums up the corresponding term
for U= = Uy Uy by (2.7)—(2.8). However, we already showed that the
latter satisfy an exact summation formula so the same has to be true
for the coarse Lyapunov subgroups. 0

The following is now a direct consequence of Proposition 3.2 and
Corollary 3.4:
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Corollary 3.5. Let U = UMUL be a coarse Lyapunov subgroup for «,
and let P < U be the smallest connected subgroup that s normalized by
a such that supp ppy C P for a.e. z. Then m(P) = UP fori=1,2.

In the notations of Corollary 3.5, for every x € X let P, < U denote
the smallest connected subgroup normalized by « containing supp fiz i
Since a connected Lie group is determined by its Lie algebra, we can
give the set of subgroups of U a natural topology coming from the
Grassmannians of all dimensions of Lie U. The map x — P, is measur-
able (we leave the straightforward but tedious verification of this fact
to the pedantic reader) and is (modulo null sets) « invariant, hence
if v is a ergodic P, is constant almost everywhere. This constant Lie
group is necessarily the group P of Corollary 3.5 and so we obtain

Corollary 3.6. Let pu be an a-ergodic joining of X1 and X5 as above,
and Let U = UMUZ be a coarse Lyapunov subgroup for a.. For every x,
let P, denote the smallest connected subgroup P, < U that is normalized
by a containing supp p. . Then there is a group P < U with m;(P) =
UL fori=1,2, so that for a.e. x we have that P, = P.

4. THE HIGH ENTROPY THEOREM

As mentioned before, our main tool is the high entropy case as in [4,
Thm. 8.5]. We will need the following special case.

Theorem 4.1. Let G be a Lie group, let I' C G be a discrete subgroup,
and let X = G/T'. Let a : R" — G be an R-diagonalizable homomor-
phism, and let U~ be the stable horospherical subgroup to some element
a = at. Furthermore, let U~ = U™ - .- U be the decomposition of U~
into coarse Lyapunov subgroups. For any a-invariant probability mea-
sure pu there exist for a.e. x two subgroups

H,CP,CU”
with the following properties:

(1) peu- is supported by P,.

(2) peu- 1s left- and right-invariant under multiplication with ele-
ments of H,.

(3) H, and P, are connected and their Lie algebras are direct sums
of subspaces of the weight spaces.

(4) H, is a normal subgroup of P, and any elements g € P, N UM
and h € P,NU™s of different coarse Lyapunov subgroups (r # s)
satisfy that gH, and hH, commute with each other in P,/H,.

(5) pyprrs is left- and right-invariant under multiplication with ele-
ments of H, NUM fori=1,....(.
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We quote also (a special case of) [1, Lemma 9.6] and its short proof
since it is crucial to this paper.

Lemma 4.2. Let G be a connected Lie group, let I' C G be a lattice,
and let o : R™ — G be a homomorphism. Let g be the Lie algebra of
G, and let g¢ denote the weight space associated for any weight (. Let
V be a subspace of the dual of R™. Then g\") = (g¢, [a%, g°] : (,£ ¢ V)
15 a Lie ideal in g.

Therefore, if there are no rank one factors, then every element of g
is a sum of expressions [v, w] with v € g¢, w € g* and (, € ¢ R.

Proof. Since Ad,(g°) = g¢ and Ad,([u,v]) = [Ad,(u), Ad,(v)] for any
a = ot it follows that g(") is invariant under the adjoint action induced
by a.. Therefore, g(V) splits into a sum of subspaces of the weight spaces.
We need to show that [g7, g")] C g(V) for all 5 (including n = 0).

Suppose first that u € g” and v € g*Ng") with ¢ ¢ V. If n ¢ V then
[u,v] € g") by definition of g"), and otherwise [u,v] € g"*¢ C g(V)
because n + ¢ ¢ V and again the definition.

Let u € g", v € g, and w € g¢ with ¢,€ ¢ V (so that [v,w] € g")).
Again, if n + ( + & ¢ V then there is nothing to show. So assume
n+¢+&eV. Ifn¢V then (+ & ¢ V and we are again done. The
remaining case is 7,1 + ¢ + £ € V. By the Jacobi identity [u, [v, w]] =
—[v, [w,u]] = [w, [u,v]] and the two expressions on the right belong to
o) since ¢, £+, &+ (¢ V.

For the final statement let V = RX. Then g(") defines a Lie ideal
such that the adjoint action on g/g(") has no weights outside of V.
Since there are no rank one factors, we have g = g and every u € g*
belongs to g!"). By restricting the sum that expresses u to those terms
that belong to g* the lemma follows. U

Note that in particular since g7 is nilpotent for every n # 0, the
above lemma implies that a connected Lie group with no local rank
one factors is generated by unipotent one parameter subgroups.

5. TRANSLATION INVARIANCE OF THE CONDITIONAL MEASURES
AND THE JOINING

In this section we will use the assumption that the adjoint action to
« has real eigenvalues and that there are no local rank one factors by
applying the main results of [1]. For g € G write Ly(h) = gh for the
left action of g on G. We simply say a measure is g-invariant if it is
invariant under L.

If 11 is an ergodic joining between a; and as as in Theorem 1.4, then
by Proposition 2.1 (applied to m; X ms) it contains a subaction & with
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the same coarse Lyapunov subgroups such that any element of &; acts
ergodically on X; with respect to m; for ¢ = 1,2. So, the results of
Section 3 apply to this situation.

Proposition 5.1. For every coarse Lyapunov subgroup UM = UrUL
the connected subgroup

I* = {u € UM : i is u-invariant}

satisfies m;(i") = ud for i = 1,2. Here i* is the Lie algebra of I* and
ud is the Lie algebra of UM,

7

Proof. Tt is easy to see that I is closed and normalized by « which
implies that I* is also connected. Similarly it has been shown in [,
Prop. 6.2] for a.e. x that

];} = {u e UN: [y A 18 u-invariant}

is connected and that its Lie algebra is a direct sum of subspaces of
u? for A € A. Since we assume that the eigenvalues of the adjoint
representation of o are real, we conclude that the Lie algebra of I is
a direct sum of eigenspaces. Therefore, I is normalized by a which
shows together with (2.3) that [2 = I, for every t € R™ and a.e.
r e X.

The map x +— I is measurable (we again omit the details which
are straightforward but tedious) and so by ergodicity we conclude that
I* is independent of z a.e., and by [20, Prop. 4.3] we conclude that
IA = 1A for ae. x.

Let A € A and v € u}. Applying Lemma 4.2 (which makes use of
the assumption that there are no local rank one factors) we see that v

can be expressed as a finite sum of terms [wy, ws] with w; € u}?,
wy € u?Q, and Aq, Ay linearly independent. We will show that the all
these terms [w1, wy] belongs to the Lie algebra 71 (i*). Then v € 7 (i%)
and the proposition will follow.

So consider now wy € ui‘l, wy € ui\Q, and Aq, Ay linearly independent.
Since \; are the weights, [wy, ws] € u? and A = A\; + \o. By the linear
independence there exists some t € R” such that A(t), A1 (t), A\2(t) < 0,
in other words the stable horospherical subgroup U~ corresponding to
a = a® contains U*, UM and U»? (where A; = RT ;).

Next we apply Theorem 4.1 to U™: for a.e. x there exist two closed
connected subgroups H, < P, < U~ such that p, - is supported by
P, and is invariant under elements of H,, and g; € P,NU Aiforj=1,2
implies [g1,¢92] € H,. Furthermore, H, and P, are normalized by «a,
since their Lie algebras are direct sums of subspaces of u¢ for various ¢
and since we assume that « is R-diagonalizable. By Corollary 3.6 there



18 MANFRED EINSIEDLER AND ELON LINDENSTRAUSS

exists a connected subgroup P < U~ that is normalized by « such that
supp fte v C P < P, for a.e. z € X.

Corollary 3.5 implies now that 7 (P,) = U; for a.e. x. Therefore,
there exist for j = 1,2 elements g; € P, such that m(g;) = exp(w;).
Since the Lie algebra of P, is a direct sum of subspaces of the u¢, we
can assume here that g; € P, N U%. However, then [g1, ] € H,
by Theorem 4.1. Note that m([g1, go]) = exp([wy,ws] + ...) by the
Campbell-Hausdorff formula,

where the dots indicate elements of u¢ for various ¢ # \. Therefore
and since the Lie algebra of H, is a direct sum of subspaces of Lya-
punov spaces, we conclude that H, contains an element g € U” with
m(g) = exp([wr, ws]). By the properties of H, we know that p, ;- is
left invariant under g. By (2.6) we know p, - is a product measure,
where we can assume that A; = A is the first coarse Lyapunov weight
that appears. However, this means that p, ;a is left invariant under g
and so g € I} = I*. Since I is connected, we have logg € i* and so
(w1, ws] € 71 (i) as claimed. O

Let I be the subgroup generated by all Ad-unipotent one-parameter
subgroups that preserve u, and let i be its Lie algebra.

Corollary 5.2. m;(i) = g; for i = 1,2. Moreover, iN ({0} x g2) is a
Lie ideal.

Proof. By Lemma 4.2 the Lie algebra h; generated by ug for non-zero
¢ is a Lie ideal in g;, so that §; = g, by the assumption that there are
no local rank one factors for o;. The first statement now follows from
Proposition 5.1

For the second statement, suppose (0,w) € i and (vq,v2) € g. Then
there exists some v} with (v}, vy) € i, and so

[(O,UJ), (01702)] = [(07 w)v (Uia U2)} = (07 [w7v2]) € i.
O

Note that [ is a subgroup for which Ratner’s theorem [28] applies.
So it remains to show that p is an [-invariant and ergodic measure,
which will imply that w is algebraic.

Let J < G be the group generated by all one-parameter subgroups
that preserve p and let j be its Lie algebra. Clearly a(R™)I C J so
that a +1i C j where a is the Lie algebra of a(R").

Further, denote by n C t the nil radical and the radical of g, i.e. n
is the maximal nilpotent Lie ideal and v is the maximal solvable ideal.

Lemma 5.3. We havejNn Ci.
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Proof. Let v € jNn. Then p is invariant under exp(tv) for t € R by
definition of j, and ad, is a nilpotent endomorphism of g since n is a
nilpotent ideal. It follows that exp(tv) is Ad-unipotent, and so v € i
by definition. O

Lemma 5.4. If a has no local rank one factors, then n = t.

Proof. By [33, Thm. 3.8.3(iii)] we have [g,t] C n. Therefore, ¢/ = t/n is
in the center and simultaneously the radical of g’ = g/n. If g’ = g/ 41" is
the Levi decomposition, then g, is an ideal. Therefore, ¢’ is an abelian
factor of g. By the assumption that there are no local rank one factors
we must have v = 0. O

Proof of Theorem 1.. It suffices to show that a C i. Because then
a(R™) C I which means that p is I-invariant and ergodic. By Ratner’s
theorem [28] this implies that u is algebraic.

So let v = (v1,v9) € a. By Corollary 5.2 it follows that there exists
vy € go such that (vy,v}) € 1. Then (0,v9 — v3) = (0,w) belongs
to j — the Lie algebra of the group J generated by all one parameter
subgroups that preserve pu.

Moreover, since [ is normalized by «, its Lie algebra i is a direct sum
of subspaces of weight spaces. Since (vi,vy) € i and (vy,v2) € a C u,
this shows we can choose v4 so that (vy,vh),(0,w) € u°, ie. w is
fixed under the adjoint representation restricted to as. By the first
statement of Corollary 5.2 it follows that [(0,w),i] = (0, [w, g2]) C j.
Since (0,w) € u® we have (0,[w,u3]) C u*. For any nonzero A\ any
element of u? gives rise to a Ad-unipotent one parameter subgroup,
therefore, (0, [w,u3]) = i. By our assumption that there are no local
rank one factors and by Lemma 4.2 every element of u’ can be written
as a linear sum of expressions [u, v'] with u € u} and v’ € u;* for some
nonzero A. By the second statement of Corollary 5.2 the Lie algebra is
with i1 ({0} x g2) = {0} X iy is actually a Lie ideal in go. The Jacobi
identity now implies that

[w, [u, v} = =[u, [, w]] = [, [w, u]] € .

Therefore, [w, go] C ia.

Since as has no local rank one factors, it follows from Lemma 5.4
that the nil radical ny of gy is also the radical. Therefore gz = go/ns
is semisimple and it follows that w = w + ny belongs to the Lie ideal
generated by [w,gz]. Therefore, w € iy + ny and there exists some
w' € iy with w — w’ € ny. However, since both (0, w), (0,w’) € j the
same applies to (0,w — w’) € {0} x ng. By Lemma 5.3 (0,w — ') € i
and so (0,w),v € i as claimed. O
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6. FACTORS OF HIGHER RANK ABELIAN ACTIONS

Let G be a connected Lie group, I' a lattice in G, and m Haar
measure on X = G/T". Let a : R" — G be an injective homeomorphism
diagonalizable over R with no local rank one factors, and set A =
a(R™). For every g € G we let L, and R, denote the element of
Aff G given by left (respectively right) translation, i.e. Ly(h) = gh and
R,(h) = hg for any h € G. Furthermore, if H is a subgroup of G
we let Ly = {Lp:he€ H}y and Ry = {Ry,:he H}. Welet Aff; G <
Aff G denote those affine groups which preserve a Haar measure on GG
(since G has a lattice it is in particular unimodular and so we need not
distinguish between left and right Haar measures). Note that both L
and Rg are normal subgroups of Aff; G.

In this section we want to classify measurable factors (also called
quotients) of G/I', or what amounts to the same countably generated
A-invariant sigma algebras A of Borel subsets of G/T". Our input to
this classification of factors is the classification of self joining; we will
also use the fact that G is generated by unipotent one parameter sub-
groups (which follows from the local rank assumption) though this is
a minor technical point. Essentially everything we do in this section
is contained in Dave Witte Morris papers [341, 35] and the references
cited there, in particular [3]; we have tried to give here a slightly more
streamlined version of his proof (on the other hand, Witte Morris’
setup, particularly in [35] is more general than ours).

It would be more convenient for us to view A as a left A-invariant
sigma algebra of right I'-invariant subsets of G (notice the asymmetric
role of A and I': for every set B € A and v € I' we have that R, B = B
whereas regarding A we know that for every B € A and a € A the set
aB = L,B is in A but typically will not be equal to B).

Consider the group

Hjy={heG:forevery Be A, mg(Ry(B)AB)=0}. (6.1)
Clearly, H4 > I". We want to reduce to the case that H4 =T.
Lemma 6.1. H4 is a closed subgroup of G.

Proof. Indeed, let m’ be a probability measure in the same measure
class as Haar measure mg. Then for any B € A the characteristic
function 15 € L*(m/), and the map h +— 1g, () is a continuous map
G — L*(m’). Tt follows that {h: mg(Ry(B)AB) =0} is closed and
therefore so is H 4. O

Lemma 6.2. The connected component of the identity HY < Hy is
normal in G.
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Proof. From Lemma 4.2 it follows that G is generated by unipotent
one parameter subgroups, indeed that there is some element ot so that
G is generated by the groups U* with A(t) # 0.

By [22, Theorem I1.2.5], for any continuous representation of G' any
[-invariant subspace is G-invariant. Since I' < H 4 it follows that the
Lie algebra of HY is a I-invariant subspace of g under the adjoint
representation, hence is G-invariant. From this we conclude that HY
is normal in G as claimed. U

Now let N4 denote the maximal closed normal subgroup of G con-
tained in Hy4. By replacing G with G; = G/N 4 and I' with the lattice
['y = Hy/N4 < G7 we may, and will for the remainder of this
section, assume without loss of generality that

Hjp=T and T contains no normal subgroup of G. (6.2)
Note that H4/N4 is discrete since Ny > HY by Lemma 6.2.
The following reformulation of (6.1) will be useful: we will say that

two points z,2’ € X are equivalent modulo A (z 2 ') if [z]a =
[2'] 4. Then since A is countably generated, (6.1) is easily seen to be
equivalent to

HA:{hEG:ghég fora.e.gEG}.

Note that the equivalence relation 2 induces an equivalence relation

on G which we shall also denote by 2
Now consider the group

=E={¢e€Crgc(La):forevery Be A, m({(B)AB)=0} (6.3)
= {f € Caga(La) : &(9) 2 g a.e.},

where Cagg(La) denotes the centralizer in Aff G of the group of left
translations L. Notice that by (6.2), the group =N Rg = Rr. The
same proof as in Lemma 6.1 gives that = is a closed subgroup of Aff G,
and hence so is Z; = =N Lg. Notice that both =5 and Rr are normal
subgroups of Z. We also note the following:

Lemma 6.3. Let £ = Ly &y € = with & an automorphism of G. Then
&) =T

Proof. Suppose for example & (I') « I. Then for almost every g € G
and v € I' we have

96 (7) = g5t o)y < g et (9) R g
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and Hy > &() in contradiction to our assumption. Similarly, one
rules out &(T) # T using &' instead of & in the above argument. [J

In particular, since I' is a lattice in G we have that
= < Aff, G.

We recall the definition of the relatively independent joining m x 4m:
it is the measure on G/I" x G/T" defined by

m xam(B x C) = /X mA(B) x mAC)dm(z).  (6.4)

Lemma 6.4. For every £ € Z, the map Id X £ preserves m X 4 m.

Proof. Let £ € Z. By definition of =, £ preserves the atoms of A,

so m-a.s. one has mﬁx) = mz'. Also, the measure m is preserved by

any element of Aff; G, in particular by £, and so m-a.s. {,mz = mﬁx).

Combining this with the previous assertion we get that &m# = m2 a.s.
Lemma 6.4 now follows directly from the definition (6.4) of mx 4m. O

The results so far are true for any action; now comes the two main
steps which comes from careful analysis of the ergodic decomposition
of the relatively independent joining m x 4 m.

Lemma 6.5. Let J4 be the set of self joinings p for the action corre-
sponding to o on (X, m) (in particular, p is a probability measure on
X x X) so that

p({(m,x') eXxX;xéx'D — 1. (6.5)

then for every ergodic p € J4 there is a § € = (unique up to an element
of Rr), commuting with La, so that p is the unique self joining of X
supported on the graph {(g,£g9) : g € G}.

Proof. By Theorem 1.4 there is a closed connected subgroup H < G X
G, projecting onto G in each component, so that p is the Haar measure
on a closed orbit of H. Let 7, mo denote the projections of G x G to the
first and second coordinate. Suppose this H orbit is H(g(, go)(I'xT") =
(gh,90)H(T x T') with H = (g5, g5V H (gh, go). Since 71 (H) = G, we
may as well assume g is the identity e € G.

Consider now the group H; = m;'(e) N H. Since m(H) = G, and
H normalizes Hy, it follows that m(H;) < G. We also claim that
H, < Hy; indeed, for every h € m(Hy), for almost every (g1, ¢92) € H,

both ¢; ~ gog2 and g1 h 2 gog2 hence by transitivity of 2 and the fact

that m(H) = G it holds that ¢; 2 g1h for almost every g; and so
h € H4. By our assumptions (6.2) on H 4 it follows that m;(H;) being
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a normal subgroup of H4 = Ry is the identity, and the same holds for
Hy. Similarly, H, = 77 *(e) N H is trivial.

It follows that the group H < G'x G is the graph of an automorphism
& of G and that for a.e. g, g 2 90&0(g), and define £ = L &. since p is
invariant under {(at,at) : t € R"}, this group is contained in H, and
working through the definitions this implies that £ commutes with L.t
for every t.

It follows that £ € = and that p is the unique self joining of X
supported on the graph {(gI',&gI") : g € G}. d

Lemma 6.6. (1) The group ® = =/Rr has a ®-invariant probabil-
ity measure, hence is compact.
(2) There is a conull set X; C GJT" so that for every x,y € X in
the same atom of A, there is an element ¢ € ® taking x to y.

Proof. Aff G, hence also its closed subgroup Z, is a locally compact
group, Rr a countable discrete subgroup, and so ® = =Z/Rr is a nice
locally compact topological group. Note that & acts on X = G/T’
by (§Rr).(¢T") = &(g)I" which is well defined by Lemma 6.3 and the
definition of Rp.

The set J4 is a Borel subset of the space of probability measures on
X x X equipped with the weak* topology. For any £ € =, the image
pe of Haar measure on G/T" under gI" — ¢I", (¢)T" is an element of J4,
and this map £ — pg is a Borel (indeed, continuous) map = — Ja.
Since this map is Rp-invariant, we actually get a Borel map ¢ : & — J4.
This map is clearly 1-1, and it follows that the image of ¢ is a Borel set
and ¢! is a Borel map [!, Theorem 3.3.2].*

The ergodic decomposition of m x 4 m with respect to the diagonal
embedding of the group A gives us a probability measure v on the space
of joinings of X with itself. Since by definition

mxAm({(x,x')EXxX:xréx’}>:1

the same holds for almost every ergodic component of m x 4 m, hence
v is supported on the ergodic joinings in J4, which by Lemma 6.5 are
in ((®). Using ¢!, we get a Borel probability measure v/ = ;v on ®.

By Lemma 6.4, for every £ € =, we have that (Id, £) preserves m X 4
m, and since £ commutes with L, it follows that (Id, &), preserves v.

4This whole discussion (which is somewhat less generally applicable than the rest
of this proof) can be circumvented by defining an associative composition operation
on J4 which can be shown to give a group structure when restricted to the ergodic
joinings, or, what amounts to the same, by using the topology of convergence in
measure on Aff(G/T"). See [35] for further discussion of this issue.
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But for every pe € Ja,
(Id, ). (per) = pee

and so v/ is right invariant under the action of = on ®. It follows that
V' is a finite Haar measure on the locally compact group ®, hence & is
a compact group, proving Lemma 6.6.(1).

To see (2), we first present m X 4 m in two ways: for any bounded
measurable f,

F(,y)dm x 4 m(z, y) = / [ fepyim)am(a)

XxX

— / f(z,y)dp(z,y)dv(p)
XxX JTa

//f ))dxdv' ().

It follows that m-a.s. m? = (R,).(v), with R, : ® — X the map

¢ — o(x).
Let X, denote the set

X, = {x eX mi= (Rx)*(y/)} :

Suppose z, 2’ € X7 with x 2 7', ie. [2]4 = [2']4 and hence m7 = mA.

Then m-almost every y € [x]4 can be represented as n(x) as well as
o(z') for n,¢ € Z/Rr. Find one y € [z]4 that can be represented in
both of these ways. Then z = n~t¢(z’) with n71¢ € ® as claimed. [

Corollary 6.7. The sigma algebra Be of ®-invariant Borel subsets of
X is countably generated and is equivalent mod m to A.

Proof. That Bg is countably generated is a general property of compact
group actions on standard Borel spaces, which can be easily verified as
follows: take B; to be a generating sequence of Borel sets in X. Con-
sider the functions fp, = [; 1p,(¢x)d¢. The level sets {a < fp,(x) < b}
for a,b € Q form a countable generating set for Bg.

We now show that Bg is equivalent mod m to A. By the definition
(6.3) of =, every set B € A is almost invariant under = and therefore
also under @, i.e. m(¢pBAB) = 0 for every ¢ € ®. As is well-known
(see e.g. [30, Lemma 2.2.15]) this implies that there is a ®-invariant
Borel set B’ with m(B'AB) = 0 and by definition B’ € Bg.

Conversely, let B € Bg. Then the function

E(Lp | A)(x) = /X (o) dmi (o)
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is A-measurable. Let X; be a conull set as in Lemma 6.6.(2). For every
x € BN X; we have that B D ®x D [z]4 N X7, hence

m(B) > mM([z]a N X,) =1 a.s

T

and hence E(1p | A) > 15 a.e.. Applying the same to B® we get the
reverse inequality, hence E(1p | A) = 15 a.e. and so thereisa B' € A
with m(BAB') = 0. 0

This completes the proof of Theorem 1.5. We now specialize to the
case where (G is semisimple with finite center, all factors have R-rank
> 2, and I' < G is an irreducible lattice (i.e. a lattice which is not
commensurable to a product of lattices in factors of G) and deduce
Corollary 1.6 from the more general Theorem 1.5. As in that corollary,
we let A = a(R™) to be the connected component of the identity in
a maximal R-split torus. Then its centralizer Cg(A) = MA where
M = Ck(A) by [17, Lemma 7.22] and the fact that A is maximal R-
split. Here M is the unique maximal compact subgroup of Cg(A), it is
compact since K is compact by the assumption that G has finite center,
see [17, Theorem 6.31]. Note that in this case, since I' is irreducible,
there can be no nontrivial connected N <1G so that NI is closed, hence
[":= Hy > T is discrete.

Lemma 6.8. Let G, T', a and A be as in Corollary 1.6 (with A identi-
fied with a o-algebra of left M-invariant subsets of G/T in the obvious
way’). Then
(1) there is an open neighborhood U of the identity in Aff;(G) so
that U N = C Lg,
(2) ENLe =Ly

Proof. Claim (1) follows from the fact that I' is finitely generated and
Lemma 6.3.

Since A consists of Lj-invariant sets by definition of =, L) <
LsNE. By definition of =, every £ € = commutes with left translation
by elements of A, so 2N Lg < Lega)- Recall that Cg(A) = MA. If
=N Lg > Ly holds strictly, then =N L contains a nontrivial element
of L. However, this is impossible since & = Z/Rp < Aff;(G/TI') is
compact and since the powers of a nontrivial element of L, are not
contained in a compact subset of Aff;(G/T") . O

Proof of Corollary 1.6. By Lemma 6.8 Ly, <= and =/ L, is discrete, so
=/ Ly Ry is both discrete and compact, hence finite, and consequently

°If we view A in this way then the assertion of Corollary 1.6 that [y] 4 is finite
for a.e. y € M\G/T translates to [x] 4 is a union of finitely many orbits of M on
G/T.
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sois Z/LyRr. By Lemma 6.6.(2) this shows that for a.e. z € G/I the
atom [z]4 consists of finitely many orbits of M. This concludes the
proof of the first claim in the corollary.

If ' is maximal, I = I' and furthermore the normalizer in G of
['is equal to I'. Any £ € = can be written as & = L&y = & Ry
with &,& € Aut G; by definition of =, & fixes Ay pointwise, and by
Lemma 6.3 &y sends I to itself. By the assumptions on G and A in the
second part of the corollary, & and hence also &, is necessarily an inner
automorphism, and by the maximality of I we have that & (g) = 7 gy
for some v € I'. It follows that Lj,-1 € = and so by Lemma 6.8.(2)
hy™' € M, and € € Ly Rr. Tt follows that [z]4 is almost surely a
single orbit of M, or translating back to y € M\G/I" that [y]4 is a
single point a.s.: which implies that when viewing A as a o-algebra of
Borel subsets of M\G/I" that it is equal mod m to the full Borel sigma
algebra. O

7. EQUIDISTRIBUTION

As pointed out in Section 1 Theorem 1.1 follows from Theorem 1.4.
We now give the proof of the corollary regarding equidistributed orbits.

Proof of Corollary 1.2. In the following write a; for the action on X; =
G/T; for i = 1,2 and « for the action on X; x X,. Let x = (21, z3) be
as in the corollary. For ¢ > 0 define the probability measure

1
1e(B) = / 1s(atz) dt
208 Jiear

for any measurable B C X. Then a weak* limit p of any subsequence
of u, for £ — oo is a-invariant. Moreover, we claim p is a probability
measure and a joining between «; and as. However, then the assump-
tions to the corollary and Theorem 1.1 show that 1 = m; x my is the
only such measure. Since p was any weak* limit, the corollary follows.

To see the claim, let f € C'(X;) be non-negative with compact sup-
port. Let € > 0 be arbitrary, take a ¢ € C(X3) with 0 < g < 1,
compact support, and f gdmy > 1 — e. Then for large enough ¢ we
have

/ g(ag(:vg)) dt > (1 —e€)2™"
[_67@’”
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by the assumption that x5 has mo-equidistributed aws-orbit. Therefore,

1 1
e [ fateydt< oo [ feglatn ) dt il <
[_Z[]n [_&g]n

1
2nfn

| Hatades el
[721]”
which shows that

|/f®gdu—/fdm1| < el flle.

Since this holds for any g with compact support as above and any e,
we conclude that

[ raa= [ sam.
Varying f the claim and the corollary follow. O
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