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positive element?

Manfred Einsiedler, Robert Mouat and Selim Tuncel

Abstract

We characterize for modules consisting of tuples of Laurent polynomials with real
coefficients whether such a module contains a positive element. The two conditions
needed are numerical and directional positivity. The proof applies universal Grobner
bases.

1 Introduction

Let Sy = R[z1,...,zx), S =RT[z1,...,24] and S+ = $;7\{0}. Considering Laurent
polynomials, similarly write Ry = R[xli, .. ,xf], R,‘: = R+[:B1i, . ,xf] and R,‘:+ =
R}\{0}. When there is no need to make the number of variables explicit we will simply
write S, ST, ST, R, R™ and R for these objects. The elements of R and ST we
call positive polynomials.

If u = (u(l),...,u(k)) € ZF, put z* = xlf(l)---xz(k) and denote the coefficient
of * in p € R by p,. Then p = > 7 pux" and the Newton polytope N(p) of p
is the convex hull of the finite set Log(p) = {u € Z* : p, # 0}. For v € RF, let
in,(p) be the sum of p,z" over those u € Log(p) for which the dot product u - v
is maximal, with the convention that in,(0) = 0. The polynomial in,(p) is the ’face
polynomial’ of p in the direction of v — see Figure 1. Clearly if p is a positive polynomial
in,(p) is positive as well. For an ideal ] C R and v € R* we have the initial ideal
in,(I) = (iny(p) : p € I) C R. It was proved in [ET] that an ideal I of R intersects
R** if and only if for every v € R* and a € (0,00)¥ there exists f € in,(I) such that
f(a) > 0. (It clearly suffices to consider unit v and v = 0.) We will extend this result
to R-submodules of R".
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Figure 1: The Newton polytope and the face polynomial in,(f) = zy + y* for the single
polynomial f =1+ z + xy + y* and direction v = (1, 1).

Fo

r f = (f(1),...,f(n)) € R"* and v € R¥, we define in,(f) € R™ by letting
iy (f)(7)

=1in,(f(7)). If a = (a(1),...,a(n)) € R™, let

my o (f) = max {max{N(f(i)) - v} + (i)}

1<i<n

and define in, o (f) € R" by letting the i-th component

o ing(f) i max{N(F0)) - v} + a(i) = mua(f).
m”’a(f)(’)‘{ 0 if max{N(f(i)) v} + a(i) < myn(/).

Note that if f(i) = 0 then in,(f)(i) = 0, since we define max{(}} = —oco. For a
module M C R™ we have the initial module in, (M) = (in, o(f) : f € M) C R™.

For a vector f € (RTT)" the 'face part’ in, o(f) for direction v and ’offset’ v might
or might not belong to (RT)" — see Figure 2.

- -

Figure 2: The figure shows the Newton polytopes of the components of f = (1+z+y, 1+x?).
The arrows on the left indicate the levels which could contribute to the initial part for
v = (0,1) and oy = (0,0), on the right for ap = (0,1). The initial part in,,, (f) for
v =(0,1) and ag = (0,0) is trivial in the second component, because the Newton polytope
of f(2) does not reach as far as the one for f(1). The vector as = (0,1) compensates for
this, and here in, ., (f) € (RT)%

Let By be the closed unit ball in R™. The first answer to the question in the title
is the following.



(1.1) Theorem For a submodule M of R™ we have M N (RTH)™ % 0 if and only if
there exists a continuous function v — « from By to R¥ such that for every v € By,
and a € (0,00)% there exists f € in, o(M) with f(a) > 0.

We will write a = «,, when we wish to make explicit the dependence of o on v.

Note that the origin v = 0 plays a special role in the theorem. The module ing o (M)
is generated by ingo(f), and ingo(f) = f(i) for a(i) = maxy a(i') and fu(i) = 0
otherwise. So if the function «, satisfies the desired property, ag has to be constant
vector, and ing o, (M) is M itself.

It is easy to see that the condition in Theorem 1.1 is necessary: Suppose f €
M N (RT)". Forve RFandie {1,...,n} put

a(i) = ay(i) = - max{N(f(i)) - v}.

Then my, o(f) = 0 and in, o(f)(i) = in,(f(7)) € RT", so that in, o(f)(a) > 0 for all
a € (0,00)%. It is clear from the definition of o, that v — c, is continuous.

Let Dy, denote the unit sphere in R*. Let us refer to an element of Dy, as a direction
and say that v € Dy is rational if tv € Q" for some t € R. For ¢ € R” let us agree to
write ¢ > 0 if and only if ¢ € (0, 00)™.

We obtain a slightly stronger version of the above theorem if we restrict the condi-
tion to rational directions v, and the requirement on «, to a neighborhood of v.

(1.2) Theorem For a submodule M of R™ we have M N (RYT)™ £ 0 if and only if
the following two conditions hold.

(a) For every a € (0,00)* there exists f € M such that f(a) > 0.

(b) For every rational v € Dy we have a neighbourhood U of v in Dy and a continuous
map v — « : U — R"™ such that for every v € U and a € (0,00) there exists
f €ing o (M) with f(a) > 0.

As an immediate corollary we have the analogous result for S: An S-submodule M
of S™ intersects (ST1)™ if and only if (a) and (b) of the theorem hold. (Here, in, o (M)
may be replaced by the S-submodule of S™ generated by in, o(f), f € M.)

An example highlighting the importance of the continuity requirement of (b) may
be found at the end of section 3. The sufficiency of (a) and (b) is proved in sections 2-5.
In sections 2 and 3 we use universal Grobner bases and an induction on the number &
of variables to reduce (1.2) to the following.

(1.3) Theorem For a submodule M of R™ we have M N (RTH)™ % 0 if and only if
the following two conditions hold.

(a) For every a € (0,00)* there exists f € M such that f(a) > 0.
(b) For every rational v € Dy, there exists f € M such that in,(f) € (RTT)™.
The word ’rational’ may be omitted and there is an analogous result for S. The
proof of (1.3) is given in sections 4 and 5. In section 6 we show that it suffices to check

(1.3)(b) for finitely many v. We then describe a procedure for determining whether M
contains an element of (R™")™ or not, and for finding such an element.



We mention that our interest in the questions addressed in [ET] and the present
paper was kindled by our work in ergodic theory [MT].

We want to thank the referee for his careful reading of the manuscript, and his
historical comments which we summarize here. The question in the title and its answer
in the above theorems is strongly related or a direct generalization of earlier work by
various authors. Poincaré considered in the paper [P] from 1883 the case of an ideal
(f) generated by a single polynomial f € Ry and proved that there exists an integer N
with (1+2)Nf € R{" if and only if f(a) > 0 for all @ > 0. Adler and Gale considered
in [AG] the problem of finding a sum hyf; + - hy fom € Rf“ with h; € Rf“, such
polynomials exist if and only if max{hy(a),...,hmn(a)} > 0 for all @ > 0. Handelman
answered in [H| the question in the case of an ideal (f) generated by a single polynomial
f € Ry, our proof relies on this statement (see section 5). The general case of an ideal
in Ry was considered by Einsiedler and Tuncel in [ET].

2 Universal Grobner bases

Let eq,...,e, be the standard basis of S™. A monomial of S™ is an element of the
form xve; for some u € (Z*)* and i € {1,...,n}. A term order on the monomials of
S™ is a total order < satisfying the following two conditions:
(i) e; < z¥e; for every i € {1,...,n} and nonzero u € (Z*)*,
(i) z%e; < % ey implies z%T%e; < % *%ey for all 4,7 € {1,...,n} and u,u/,w €
(Z*)*.

Let N be a submodule of S™. An element f € S™ can be written uniquely as a sum
Z fu,i Ve,
Ul

with coefficients f, ; in R. Among the finitely many monomials of S™ that have nonzero
coefficients in this sum, that which is maximal according to the term order < is denoted
in<(f). From N we obtain the submodule inL(N) = (in<(f) : f € N) of S™, called the
initial module of N with respect to <. Elements f1,..., fi € N form a Grobner basis
for N with respect to < if in4(N) = (inx(f;) : 5 =1,...,1).

The basic facts we use from the theory of Grobner bases can all be found in chapters
1 and 3 of [AL].

A universal Grébner basis of N is given by elements fi,..., f; € N that form a
Grobner basis of N with respect to every term order. The existence of universal bases
for submodules NV of S™ is just like that [W, S| for ideals of S: One verifies that N has
finitely many initial modules by following the proof of (1.2) of [S], using (3.6.4) of [AL]
in place of (1.1) of [S].

Fix a submodule M of R™. Find fi,...,f; € M that generate M as an R-
module. Let § = (6(1),...,6(k)) € {—1,1}*. Pick u € ZF such that z%fy,...,z%f; €

(R[:L‘f(l), .. ,xi(k)])", and let f51,..., f5,(5) be auniversal Grobner basis for the R[xi(l), ..
submodule of (]R[:c‘;(l), ... ,:ci(k)])” generated by z%f1,...,z%f;. List the union of



{fs15-- 5 f50(5)} over & € {~1,1}* as g1,...,9m. We call g1,...,9m a super Gribner
basis; we will make use of it throughout the paper.

(2.1) Lemma Ifv € RF and a € R™ then iny o(g1), - ,i0y.0(gm) generate in, o(M).

Proof Let < be an arbitrary term order on the monomials of S™. Define § € {—1,1}*
by letting 6(7) = 1 if v(i) > 0 and 6(¢) = —1 if v(i) < 0. Define the ’absolute vector’

| = (Ju@)], ..., [v(k)]) = (§1)v(1),...,8(k)v(k)).
For u,u’ € (Z*)* and 1 < i,i < n, we define a total order < on (]R[xf(l), .. ,xi(k)])n.
We put (x(;(l))u(l) . (xi(k))u(k‘)ei ) (x(i(l))u/(l) . (xi(k))u’(k)ei, if
(1) a(i)+u-|v] <afi’)+u v, or
(2) a(i)+u-|v] =ali)+u - |v] and zte; <o 2% ey
5(1) L) 5(1) 5(k)

This defines a term order < on the monomials of (R[z}", ...,z "])" (treating 1"/, ...,z
as the independent variables). Let f € M. Find w € Z* such that 2 f lies in the sub-

module (fs 1, -, f51(5)) of (]R[:c(ls(l), e ,xi(k)])”. Applying the division algorithm [AL]
for Grobner bases to % f and the subset {fs1,. .., sy} of {g1,---,9m} to find p; €

w81 5(k) _ & 0
xRz, ...,z ] such that f = > p;g;, we have p; = 01if g; & {fs.1.-- .,fé}l((s)},
i=1

and
ing(z®f) = m<ax{in<(xijgj) cj=1,...,m}.

Using (1) of the definition of <, it follows that
my o(f) = max{m, o(pjg;) : j =1,...,m}.

Letting A = {1 < j < m : my a(p;g;) = mua(f)}, we have

inya(f) = Z iny,a(pjg;) = Z iny (ps) iny,a(g;)- O

JjeA JjEA
3 Directional positivity
The following inductive step will form the core of our proof of (1.2).

(3.1) Proposition Suppose (1.2) is valid for fewer than k variables, and let M be a
submodule of (Ry)"™ that satisfies (1.2)(b). Then for every rational v € Dy, there exists
f € M such that in,(f) € (RTH)™.

For the proof of (3.1), we may employ a suitable change of variables to assume
without loss of generality that v = —e = (0,...,0,—1). Write y = x;. For f € R",
put m(f) = mv,a(f) and



Note that the exponent of y is not always an integer. However, if in, o(f)(i) # 0 then
max{N(f(i)) - (—er)} + a(i) = m(f) and the exponent is an integer. Furthermore is
in ,(f)(i) € Ry—1 = Rlzf, ...,z ] Let ing (M) be the Rj,_;-submodule of (Rj_1)"
generated by {in ,(f) : f € M}.

(332 Lemma Ifinf (M) N (R 1™ # 0 then there exists f € M such that in,(f) €
(BT)™.

Proof By assumption there exist f; € M and p; € R;_; such that

g = Z bj ing,a(fj) € (R]Jfrjl)n .
J

We will use this expression to build f as in the lemma.

Since multiplying f; with a power of y does not change ing,a( fj), we can assume
without loss of generality that m(f;) € [0,1). Let m; > --- > myg be the ordered list
of all values m(f;) which appear. We define J. = {j : m(f;) = m.} and

I, = {i:in,o(f;)(2) # 0 for some j € J.}.

We claim {[3,...,1;} partitions the set of indices {1,...,n}. So suppose i € I., and
let j € Jeo be as above. By definition of in, o(f;) we get max{N(f;(7)) - v} + a(i) =
m(fj) = me. This shows a(i) € me+7Z. Since 1 > my > ... > mg > 0 this determines e
uniquely. Furthermore the union of the sets I, must be {1,...,n} because g(i) € R,jfl
for every 1.

Let ¢ be fixed and j, j/ be two different indices. Suppose in, o(f;)(7) # 0, then

max{N(f;(@)) - v} = m(f;) —ali)

= m(fy) —a@) + (m(f;) —m(fy))

> max{N(fj(2)) - v} + (m(f;) —m(fy)).
From this it is immediate that m(f;) = m(f;) implies max{N(f;(i))-v} > max{N(f; (7))
v} and m(f;) > m(f;) implies max{N(f;(7)) - v} > max{N(f;(i)) - v}. The last pos-
sibility is 0 < m(f;) < m(f;) <1, in this case max{N(f;(i))-v} > max{N(f;(i))-v}.

For a fixed e we define h, = EjeJe pjfj. Let i € I, be fixed, there exists j € J, with

in, o (f;)(7) # 0. For every other j’ € J. we know max{N(f;(¢)) - v} > max{N(f; (7)) -

v}, and the nonzero terms in the sum ZjeJe Pjing o (f;)(7) have all the same y-degree.
If j' ¢ Je, then in, o(f;)(i) = 0. Therefore

D i () 6) =Y piind o (£5)(@) = g(i)
jEJe J

and

inva Zp] My, q fj €R++
JjE€Je

To construct a single element f with in,(f) € (RT)", we need to combine the
elements h.. Consider the combination f = hy + phho + - - pljhg, where pl, € Ry, for
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e =2,...,d will be specified later. Let i € I; and j € J; with in, o(f;)(¢) # 0, then
for any j° ¢ Ji we know max{N(f;(¢)) - v} > max{N(f;y(i)) - v} from above. This
shows in,(f)(i) = iny(h1)(i) € RTT independent of the choice of p, for e = 2,...,d.
Let now i € Iy and j € Jy with in, (f;)(¢) # 0. If j' € Ji, then max{N(f;(i)) - v} >
max{N(f; (i) -v}. If j/ ¢ J1 U Ja, then max N(f;(7) - v) > max N(f;(i) - v). Together
we see that in,(f)(i) = in,(h1)(2) + phin,(h2)(i) (unless the polynomial on the right
vanishes). Since in,(he)(i) € BT+ we can choose p, € R}, so that in,(f)(i) € RTT.
We proceed inductively and find ph, ..., p}; such that in,(f) € (RT)™. O

Proof of (3.1) Without loss of generality we assume that v = —e;, = (0,...,0,—1).
We continue to write y = x. Let @ = o, be as in (1.2)(b). Note that condition (1.2)(a)
for the module in%a(M) follows from condition (1.2)(b) for M. In view of (3.2) and
the assumption that (1.2) is valid for submodules of (Ry_1)", it suffices for the proof
of (3.1) to exhibit a continuous function w — =, : Dx_1 — R™ such that for every
w € D1 and a € (0,00)7! there exists g € iny,,(in) ,(M)) with g(a) > 0.

Let us agree to identify w € Dy_; with (w,0) € Dg. For small € > 0, put t =
V1—€2, w = ew — tep, and @ = ag. Let U be the neighbourhood of v = —e; to
which (1.2)(b) applies. Pick € > 0 so small that for all w € Dy_1, j € {1,...,m} and
ie{l,...,n} we have

(1) weU,
(2) ing(g; (7)) = inw(iny(g;(7))),
(3) if max{N(g;(i))-v}+au(i) <mya(g;) then max{N(g;(i))-w}+az(i) < mga(g;).
Define
V(i) = (i) = (a@(i) — taw (i) /€.
Observe that continuity of a on U both makes (3) possible and implies the continuity

of w— vy : Dp_1 — R™.
Now fix w € Dy_1.

(3.3) Lemma For all j,i we have
(%) ing,a(9) (i) = y* @70 iy o (in] 4 (9))(0).

Proof Observe that (3) of our choice of € means that we have ing 5(g;)(7) = 0 whenever
ind ,(g;)(i) = 0, ensuring that the lemma holds whenever in) ,(g;)(i) = 0. Fix j and
let 7,7 be such that inf ,(g;)(¢), in) ,(g;)(i) # 0. From (2) and the definition of w we
have

max{N (g, (i)) - @} + a(i)
= max{N ("0 in, (10, (g;)(0) - T} + ()
= emax{N(iny.a(g;)() - w} — t(a(i) — m(g,)) +a(0).
Using the analogous equalities for 7/, we see that the equality

max{N (g;(i)) - W} + a(i) = max{N(g; (i) - w} + a(i’)
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holds if and only if
emax{N (iny,a(g;)(9)) - w} + a(i) — ta(i) = emax{N(iny,a(g;) (")) - w} + a(i') — ta(i’),
which happens if and only if

max{N (inya(g;)(i)) - w} + (i) = max{N (iny,a(g;)(i")) - w} + ().

This means that the left-hand side of (x) is nonzero if and only if the right-hand side
is nonzero. Recalling that, by (2), ing(g;(i)) = y*® (%) iny, (in) ,(g;)(i)) whenever
inga(gj)(i) is nonzero, the lemma is proved. O

Returning to the proof of (3.1), consider a € (0,00)*~1. Put @ = (a,1). Since M
satisfies (1.2)(b), there exists f € ing 5(M) with f(a) > 0. Use (2.1) to find p; € R
such that .
f=2 pjingalg)-

7=1

By (3.3),

@)= pyy™ @7 ing o (in) 4 (97)) (1)

J
Define ¢; € Ry by letting g;(z1,...,25-1) = pj(21,...,25_1,1) and evaluate the last
equation at a:
> (@) ing 4 (inf 4 (9)) (i) (@) = f(i)(@) > 0.

J

Hence, g = > qj iny 4 (ind ,(g;)) is an element of iny (i) ,(M)) with g(a) > 0. This
J

completes the proof of (3.1). O
We are now in a position to deduce (1.2) from (1.3).

Proof of (1.2) We have already observed that (a) and (b) are necessary. To deduce
their sufficiency from (1.3), we verify that (1.2)(b) implies (1.3)(b): When k = 1, for
any v € D1 = {—1,1} and f € R", each entry in,(f)(7) consists of a single term and
the existence of f € M with in,(f) € (RT1)" is immediate from (1.2)(b). Induction
on k, with (3.1) as the inductive step, does the rest. O

We end the section with an example showing that the requirement that o vary
continuously with v cannot be dropped from (1.2)(b).

(3.4) Example Consider the case k = 3 and write z,y, z for the three variables. Let
p1=1+2%+9y>—3zy and pp = 1 — 27 + 22 + y. Since p; vanishes when z =y = 1
and ing g _1y(p2) = (1 — r)? vanishes when z = 1, no multiple of either of pi, ps can
belong to R, Let

fl = (Zpl + 1azp1 + 1)7 f2 = (Zp271)7



and let M be the submodule of R? generated by f; and fo. Put w = (0,0,1). To see
that M does not intersect (R*1)2, suppose q1,¢2 € R are such that g = q1f1 + q2.f2 €
(R**)2. Then in,(g(2)) € RTT. Since no multiple of p; belongs to R™", this means
that the z-degree of g2 must exceed that of ¢;; that is,

max{N(g2) - w} > max{N(q1) - w}.
On the other hand, since in,,(g(1)) € Rt and no multiple of ps belongs to R+,
max{N(q2) - w} < max{N(q1) - w}.

These contradictory inequalities reveal that M N (R*)2 = 0.

Observe that M satisfies (1.2)(a) since fa(a) > 0 for all a € (0,00)3. Also note
that in,(f1) € (Rt)? for all v € D3 \ {w}. Define v — a, : D3 — R? by putting
ay = (0,1) and letting o, = (0,0) for all v € D3 \ {w}. Then iny 4, (f2) = f2, and
Ny a, (f1) = iny(f1) € (RT1)?% for all v € D3 \ {w}. Hence (1.2)(b) is satisfied, except
for the fact that v — «, has a discontinuity at w.

4 Irrational directions

In preparation for the proof of (1.3), we next show that positivity in irrational directions
follows from that in rational directions. We continue to work with the super Grébner
basis g1, ..., gm constructed in section 2.

(4.1) Lemma Let v € Dy, and € > 0. There exists a rational direction v € Dy such
that ||v —v|| < € and iny(g;(7)) = ing(g;(4)) for all j € {1,...,m} and i € {1,...,n}.

Proof For each i,j such that g;(i) # 0, pick w;; € Log(ing(g;(i))). The condi-
tion in,(g;(7)) = ing(g;(i)) amounts to the requirements that u - v = u;; - v for all
u € Log(ing(g;(7))) and that u-v < u;; - v for all u € Log(g;(7))\ Log(ing(g;(7))).
Treating v(1),...,v(k) as variables and running through all 7,5 with g;(i) # 0, we
obtain a set of homogeneous linear equations and a set of strict linear inequalities in
v(1),...,v(k). These equations and inequalities have integral coefficients. Reduce the
equations to echelon form. The reduced equations will have rational coefficients. Since
the equations have a nontrivial solution, namely v, the echelon form contains fewer
than k equations, leaving [ > 1 of the variables v(1),...,v(k) free. For the [ free vari-
ables choose rational values close to the corresponding entries of v, and use the reduced
equations to determine the values of the remaining k — [ variables. The resulting ra-
tional direction IIz_H may be made arbitrarily close to v by choosing the values of the
free variables sufficiently close the the corresponding entries of v, and IIZ_H will satisfy
the set of inequalities because v does.

(4.2) Proposition Suppose M is a submodule of R™ and for every rational v € Dy,
we have f € M with in,(f) € (RT™)"™. Then for every v € Dy there exists g € M with
in,(g) € (R*)".



Proof Let v € Dy, and use (4.1) to find rational v € Dy, such that in,(g;(i)) = ing(g; (7))
for all 7,7 and v(¢)v(i) > 0 whenever v(i) # 0. By assumption there is f € M such
that, writing (i) = — max{N(f(¢)) - v}, we have in, g(f) € (RT1)". Put

B(i) = —max{N (in, (f(:))) - 0},

so that my 5(in, 5(f)) = 0 and ing 5(in, 5(f)) € (RTT)". Let < be an arbitrary term
order on the monomials of S™. Define 6 € {—1,1}* by letting 6(i) = 1 if v(i) > 0 and
8(i) = —1if v(i) < 0. Let |v| and [9] denote the elements of R¥ with |v|(i) = |v()| and
1](i) = [5(i)]. For u,u’ € (ZH)* and 4,7 € {1,...,n}, put (&))@ ... (G Fyuk)e, <

(xfi(l))u/(l) . (xi(k))u/(k)

(1) BG) +u-|v] < pB@E")+u - |v], or
(2) B() +u-|v| = B@") +u - Jv| and B(i) +u - [3] < B(i') + ' - [3], or
(3) B() +u-|v] =B@E)+u -|v], B(E) +u- 0] =BG+ -|v] and z%e; <o z*ey.

(&1 if

This defines a term order on the monomials of (R[xi(l), . ,xi(k)])". As in the proof
of (2.1), we have w € Z¥ and p; € R such that z¥f,2%p,g; € (R[xf(l),...,xi(k)])”,

m
f=> pjg; and
j=1

ing(z"f) = milx{in<(:cijgj) cj=1,...,m}.
Considering (1) of the definition of < and letting

A={1<j<m:myg(f) =m,s(pjg)},

we obtain

inyg(f) =Y inys(psg;) € (RTH)".
JjEA
Furthermore, considering (2) of the definition of < and letting
B ={j € A:my 5(iny5(pjg;)) = 0},
we have
(*) infﬁﬁ(invﬂ(f)) = Z inaﬁ(invﬁ(pjgj)) S (R++)n.
JjEB
Let i € {1,...,n}. Put B; = {j € B : ing 5(iny 3(p;g;))(i) # 0}, so that (x) and the
fact that ing(g;(7)) = iny(g;(7)) imply
(%) ing (in, (f(0)) = Y ing(in(py)) ins(g; () € R
JEB;
Consider g = ) in,(p;) g; € M. The polynomials h; = in,(p;) satisfy h; = in,(h;).

JjEB
Note that

ing(h;g;(i)) = ing(h;) ing(g; (i) = ing(h;) ing(inu(g; (1)) = ing(iny (h;g;(i)))-

10



Since B consists of those j € A where the maximum mfﬁﬁ(invﬁ(pjgj)) = mﬁg(hj in, 5(g5))
is attained, we also have

max ma{ N (h;;(1)) - 7}

= maxmax{N(in, (hjg;(1)) -7}
= maxmax{N(in,,(h;g;)(1)) - 7}

—  max{N(in,,5(f)(0)) - 7} = 3.

As B; = {j € B : N(ing(in,(p;j)g,(7))) - v = —B(i)}, it then follows from (sx) and the
definition of g that

ing(9) (i) = ing 5(9)(0) = D _ ing(inu(py)g;(i) € R*. O
JEB;

5 Gluing

We will prove (1.3) by gluing together various elements of M to come up with an
element whose components satisfy (ii) of the following theorem of Handelman[H].

(5.1) Theorem [H] For p € R the following are equivalent.
(i) There exists ¢ € R™T such that gp € R*T.
(ii) in,(p)(a) > 0 for all v € R* and a € (0,00)".

Handelman’s theorem may be viewed as dealing with principal ideals of R; it was
also used in proving the result of [ET] for arbitrary ideals. A short self-contained proof
of (5.1) may be found in [DT].

We continue to work with a submodule M C R™.

(5.2) Lemma Suppose that for every v € Dy we have g € M with in,(g) € (RTT)".
Then there exists f € M such that in,(f) € (RTT)" for every v € Dy.

Proof For v € Dy, let f, € M be such that in,(f,) € (RT1)". Note that if v’ € Dj,
is close enough to v we have in, (f,) = iny(iny(f,)) € (R™)". Hence, there exists
€, > 0 such that in,(f,) € (RTH)" for all v’ in the €,-ball B(v,¢,) around v. The set
of all such balls, B = {B(v,€,) : v € Dy}, forms an open cover of the compact set Dy,
and hence has a Lebesgue number, say 2\ with A < 1.

Take a finite collection of balls of radius A which cover Dy, and label their cen-
ters vi,..., vy . Note that each ball B(v;,\), j € {1,...,m}, is contained in some
B(v;,evé_) € B and let fj = fy , so that in,(fj) € (RT)" for all v € B(vj,\). Let 2x
be a Lebesgue number for the cover {B(v;,A) : j = 1,...,m} of Dy. Then for any
v € Dy, there exists j € {1,...,m} such that B(v,k) C B(vj,\) and, in particular,
|lv; —v]| <A —k.

11



Let 6 be the infimum of
{v-vj—v-vjy:v €Dy, |lv;—v|| <A—k,|lvy —v|| > X, 4,5 €{1,...,m}}.

Note that 0 > k(A — %) > 0 since for all v,w,w’ € D), we have

veow—v-w = (||w'—v||2—||w—vH2).

N =

Choose r large enough that N(f;(:)) C B(0, gr - @) for all j € {1,...,m} and
ie{l,...,n}.
For j =1,...,m pick an integral vector w; such that ||w; — rv;|| <

F=>avf.
j=1

Consider any v € Dy and i € {1,...,n}. Let j € {1,...,m} be such that ||jv — v;|| <
A — k. For all j € {1,...,m} with |[v — vj/[| > X we have

4. Let

maX{N (ij/ fj/(l)) . ’U} <ro- /Uj, + g,r

<rv-v;—-r

< min{N ("7 f;(3)) - v}.
For the remaining indices j/ with [[v—v;/|| < A we know already that in,(f;) € (RT)".
Since there can be no cancellation with those initial parts, we get

in,(f) = in, oo 2t fy | e (RYT) O
J':lo—vjr [ <A
Let p e R. Put [p| = > |pu|z" and, considering the boundary ON(p) of the
u€Log(p)
Newton polyhedron of p, let py = 5. puz® and p. = p — py. For v € R¥, write
u€ON (p)

m,(p) = max{N(p) - v} and e’ = (¢*M ..., e"®)) Let 1 =(1,...,1) € R*.

(5.3) Lemma Let p € R be such that in,(p) € R for every v € Dy. There exists
d > 0 such that

p(e) = e @ (in, (p)(1) — e~ |pe| (L)

for all v € Dy and t > 0. In particular, there is a compact set K C (0,00)* such that
p(a) > 0 for all a € (0,00)"\ K.

12



Proof Note that Log(p.) = Log(p)\ON (p). Use the compactness of Di to find d > 0
so that, putting m, = m,(p), we have

my — my(pe) = max{Log(p) - v} — max{Log(p.) - v} > d

for all v € Dy. For t > 0 and v € Dy, put a = e’. Observe that, for u € Z*,
at = H a(l)u(z) _ H et’u(i)u(i) — 6t(u~'u) )
i i
Also using the fact that py € R™", we have

p(e”) = pla) = psla) + pe(a)
lﬂv( )(a) + pe(a)
1)+

= lnv (p>(

AV

Z P et(u v

u€Log(pc)

™ iny (p)(1) — ™Y N |y

u€Log(pc)

= ! (in,(p)(1) — el (1)) - 0

Y

Proof of (1.3) Clearly (a) and (b) are necessary. For the converse, use (4.2) and (5.2)
to find f € M such that in,(f) € (RT)" for every v € Dy. Applying (5.3) to the
entries of f, pick C' > 1 so that we have f(a) > 0 whenever a € (0,00)*\[C~!, CJF.
Put K = [C~!,C]F and K = [(3kC)~!,3kC]F. Use (1.3)(a) to find hy,...,h; € M,
ai,...,a; € K and r1,...,r, > 0 such that the open balls B(aj,r;) cover K and hj >0
on B(aj,2r;). For small § > 0, let ¢; € R be such that |¢; — 1| < 6 on B(aj,r;) and
lgj| <0 on IN(\B(aj, 3r;). Pick 6 > 0 small enough for g = 22:1 gjh; to have g(a) > 0
foralla € K. Letting

k
1
q(z1, ... xp :—kz ZL‘Z—I—ZL‘ €ER,

fix € > 0 small enough to have ef(a) + g(a) > 0 for all a € K. We will complete the
proof by showing that, for sufficiently large N € N, every entry of hy = eqNf+g € M
satisfies (5.1)(ii).

First note that for some Ny € N the Newton polytope of g will be in the interior of
that of € g™ f and we will have

in, (hy) = iny (e g™ f) = € iny(q)" iny (f) € (RTF)"

for all v ## 0 and N > Ny. Considering the case v = 0, we need to make sure that
hy(a) > 0 for all a € (0, 00)*.

Since 0 < ¢ < 1 on K, our choice of € guarantees that h(a) > 0 for all a € K. In
fact, h(a) > 0 for all @ € K since both f,g > 0 on K\K. By Lemma 5.3, hn,(a) > 0 for
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€ (0,00)%\ L where L D K is a compact set. Let N > Ng and a € (0, 00)F\ K. Since
O < a(i) & ((3kC)~1,3kC) for some i, we have 5 (a(i) + a(i)~!) > 2 and g(a) > 3/2.
Since (a) > 0 we see that hy(a) > 0 implies hyi1(a) > 0. Therefore hy(a) > 0 for
€ (0,00)F\ L and N > Ny. Finally consider a € L\ K. In this case we have

ha(a) = €(3/2)" f(a) - g(a),

and for each a the last quantity will be positive for sufficiently large V. By compactness,
for large N we will also have hy(a) > 0 for all a € L'\ K. O

6 A finite set of directions

In this section we use the super Grébner basis g1, . .., gm to show that it is enough to
verify (1.3)(b) for finitely many v € Dj. We then describe a procedure for checking
whether a given module M C R™ contains a positive element and for finding such an
element. The procedure will be based on (1.3); it will use recursion on the number of
variables, as in the proof of (1.2).

For every polynomial p € R there exists a finite partition of Dj such that two
directions of the same partition element give you the same initial part of p; in the
terminology of polyhedral geometry this partition is the intersection of the normal
fan to N(p) with Dy (see Chapter 2 in [S]). The next lemma can be considered as a
generalization to a module, but first we need some notation.

Let v € Dp,a € R™ and let x%¢; be a monomial of R". We introduce the new
variables t1,...,t, and define an R-module homomorphism

¢ M — RJtq,... t]
by letting ¢(x"e;) = a"t; = x“t*. Then
myo(z%e;) =u-v+a(i) = (u,6) - (v, Q)
and therefore we have

(1) ¢(iny,a(f)) = Inga) (@(f))

for every f € M.

Since ¢(g;) is a polynomial there exists a partition of Dy, such that for any two
directions in the same partition element the initial parts are the same. Let Q be the
common refinement of the partitions associated to the polynomials ¢(g1), ..., ?(gm)-

Using the map p: Dy X R™ — Dy : (v,0) — HEZ 3“ we can consider Dy, x R" as

a subset of Dy,. We also have the scaled projection 7 : Im(p) C Dy,, — Dy, with

m((v(1),...,v(k+n))) = (v(1),...,v(k)/||(v(1),...,v(k))| .

For each @) € Q we consider the two-element partition {7(Q), D \ 7(Q)} and define

P =\ {r(Q).Dr \7(Q)}.

QeQ
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The following lemma clarifies the connection between the finite partitions P, @ and the
initial modules in,, o (M).

(6.1) Lemma For a submodule M of R™ there are finitely many initial modules
ingo(M). In fact, we have ing, o,(gj) = Myyas(g;) and ing, o (M) = ing, o, (M)
whenever p((vi,a1)) and p((ve,a2)) belong to the same element of Q. In addition,
if v1,v9 € Dy belong to the same element of P and oy € R™, then there exists as € R”
such that iny, o, (95) = iMyy s (g5) and ing, o (M) = iy, oo (M).

Proof Assume that p((v1, 1)) and p((ve, a9)) lie in the same element of Q. Since Q
is defined as the refinement of the partitions associated to ¢(g;) we have

in(vl,al) (Qs(g])) = in(v2,a2) (¢(gj)),

and it follows from (f) that in, o,(g;) = iy,a,(g;) for 7 = 1...m. We obtain
Ny 00 (M) = iy, 0, (M) by (2.1).

For the final assertion, suppose v; and vy belong to the same element P of P and
a1 € R™ Let @ be the element of Q such that p((v1,1)) € Q. Since vy belongs
to both P and 7(Q), the set P is contained in 7(Q). Hence, for vo € P there exists
ay € R™ with p((v2, a2)) € Q. Since iny, o, (M) = ingy, ta, (M) for any ¢ > 0, we then
have iny, o, (M) = iny, o, (M) by the first part of the lemma. O

We can now construct an element of M that is positive for all directions in P.

(6.2) Lemma Let P € P and assume that after a change of coordinates P is an open
subset of Dy, N (eq,...,eq)". Let v € P and oo € R™. There exist b; € ZF and cj € ZF
such that z%z% in, (g;)(i) € Rq fori = 1,...,n and j = 1,...,m. If the module
in, o (M) contains a positive element, then there are polynomials p; € % Ry such that

(i) 3o pjinalgy) € (BT, and

(i) fp =Y. pjg; has in,(fp) € (RLT)™ for every v € P.
Proof Let h; = in, (g;), and let @ be the element of Q to which p((v,«)) belongs.
Then h; = iny /(gj) whenever p((v',/)) € Q. Suppose i € {1,...,n} is such that
h;(i) # 0. Then h;(i) = in, (h;(i)) for every v € P. Since P is assumed to be an open
subset of Dy, N (e1,...,eq)" this shows that 2% h;(i) € Ry for some a;; € {0}¢ x ZF~4.
Letting F' = {(4,7) : iny,a(g;)(¢) # 0}, this defines a;; for all (i,j) € F. Note that for
(i,7) € F we have

My’ o (gj) = —Qqj - v+ O‘,(i)'

Considering a sequence

(*) (405 Jo), (i1, 70), (P15 J1)s -« + s (its Ji—1), (it 1), (0, 1)

in F, and writing 7,11 = 49, we find that
! !
/ /
0= mya(gs,) = Mya(gp) =Y Gij, V' = aig, v
s=0 s=0
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for every v/ € P. By the assumption on P we get

l
(**) E aisjs — ais+1js = O
s=0

for every allowed sequence (x) in F.

We now extend a;; and (xx) to all pairs (i,5) € {1,...,n} x {1,...,m}. Assume
a;j is already defined on a set £ D F and (%) is valid on E. Pick (i,7) ¢ E. If there
exists a sequence

(ilvj)? (ilajl)a ey (ilvjl71)> (ilajl)a (%]l) € Ea

we put 4,41 = ¢ and define

l
Qij = Qiyg — E :aisjs — Qisyags -
s=1

One easily verifies that (s*) then holds for every allowed sequence (%) in E'U{(7,j)}.
If there is no sequence

(ilaj(])a (i17j1>7 SRR (ilajl71>7 (élvjl)a (i()vjl)
in F, we can take a;; to be any element of {0}¢ x Z¥=¢ and have (+*) hold for all

sequences () in EU{(i,7)}.
Having thus extended a;; to all pairs (i,j) € {1,...,n} x {1,...,m}, we define

bi = a;1
and
Cj = Qjj — Q1 ,

which is independent of i by (xx) (using the allowed sequence (i, 5), (¢, j), (¢, 1), (,1)).
Then a;; = b; + ¢; and the first part of the lemma follows.

Multiplying every i-th coordinate of every element of M with 2% we get a conjugated
module, and multiplying g; with 2% we get a different set of generators. So, we can
assume that b; = ¢; = 0. This means that in,,(g;) € R} for every j. If in, (M)
contains a positive element, we can choose p; € Ry such that

g = ij inv,a(Qj) € (R:lrJr)n

Define f = >, pjg; and fix o' € P and o' with p((v',a')) € Q. As in (3.2), we have
iny o (f) =22 pjing o (g5) =g € (R T)™. Going back to the original module and the
original generators we see that p; € 2 Ry and iny o/ (f) € (R,fr)” only. O

We now describe a procedure for deciding whether M contains a positive element
and for finding such an element.

(6.3) Procedure 1. Construct a super Gréobner basis g1,...,9m € M.
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2. Using the Newton polytopes of $(g;) calculate the partition Q of Dy.yy, and project
its sets to define P.

3. Pick for every P € P a rational direction vp € P and, for every QQ € Q with
P C n(Q), pick a vector apg € R™ with p((vp,apg)) € Q.

4. Fix a partition element P € P.
e Make a coordinate change in the variables x1,...,x, using a matric A €
Gl(k,Z) such that after the change vp = ey.
e For every Q € Q with P C 7(Q), consider the module

in’to)p,apr (M> = <ingp,ap’Q (91)7 s >ingp,apr (gm)> - szl

and determine whether this Ri_1 module contains a positive element hp.
o If there is a positive element hp in one of the above modules, use (6.2) to
construct an element fp € M with in,(fp) € (R} )" for every v € P.

o [f there is no positive element in any of the above modules, then M does not
contain a positive element either.

5. Having completed the last step for every P € P, glue the vectors fp together to
get an element f € M with in,(f) € (RET)™ for every v € Dy, (see (5.2)).

6. Use (5.3) to find a compact set K C (0,00)F such that f(a) >0 fora ¢ K.

7. Check condition (1.3)(a) for a € K. If the condition fails for some a € K, the
module M does not contain a positive element. If the condition holds for every
a € K find, as in the proof of (1.3), an element h € M which satisfies (5.1)(ii)
in every coordinate.

8. Let ¢ =T, (ZueLog(h(i)) xu) and find | € N such that ¢'h € (R )"

The above procedure might be called an algorithm except for two questions. The
first is whether (1.3)(a) can be checked algorithmically; as we have seen above, it is
sufficient to have an algorithm for checking this condition on a compact set K. In
particular, when k£ = 1 we have polynomials and we require an algorithm for checking
a compact set for zeros. The existence of [ as in step 8 is a consequence of the proof of
Handelman’s theorem (see [DT]); the second question is whether there is a computable
bound on [.
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