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Abstract. In this paper we consider Zd-actions, d ≥ 1, by automor-
phisms of compact connected abelian groups which contain at least one
expansive automorphism (such actions are called algebraic Zd-actions

of expansive rank one). If α is such a Zd-action on an infinite com-
pact connected abelian group X, then every expansive element αn of
this action has a dense group ∆αn(X) of homoclinic points. For differ-
ent expansive elements αm, αn these groups are generally different and
may have zero intersection. By obtaining an appropriate structure for-
mula we prove that these groups are canonically isomorphic for different
m,n, and that the restriction of α to any of these groups defines by
duality another algebraic Zd-action α∗ of expansive rank one on a com-
pact connected abelian group X∗, called the adjoint action of α. The
second adjoint α∗∗ = (α∗)∗ obtained by repeating this construction is
algebraically conjugate to α.

A class of examples of algebraic Zd-actions of expansive rank one
is obtained by fixing a d-tuple c of algebraic numbers consisting not
entirely of roots of unity and by associating with it a finite set Sc of
places of the algebraic number field K = K(c) generated by the entries

of c. For every Sc-integral ideal I in K we define an algebraic Zd-action
α of expansive rank one on a compact connected abelian group. In this
case the adjoint action α∗ arises from the inverse ideal class I−1 of I.
If I, J are two Sc-integral ideals, then the algebraic Zd-actions arising
from them are algebraically conjugate if and only if the ideals lie in the
same ideal class.

Earlier work in this direction can be found in [4], [6] and [11].

1. Introduction

An algebraic Zd-action α on a compact abelian group X is a homomor-
phism n 7→ αn from Zd into the group Aut(X) of continuous group auto-
morphisms of X. An algebraic Zd-action α on a compact abelian group X
is expansive if there exists an open neighbourhood O ⊂ X of the identity
element 0X ∈ X with ⋂

n∈Zd

α−n(O) = {0X}.

If α is an algebraic Zd-action on X, then its topological entropy h(α) coin-
cides with the metric entropy hλX

(α) with respect to the normalized Haar
measure λX on X.
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Let α and β be algebraic Zd-actions on compact abelian groups X and
Y , respectively. The action β is an algebraic factor of α if there exists a
continuous surjective group homomorphism χ : X −→ Y with

χ ◦ αn = βn ◦ χ for every n ∈ Zd. (1.1)

The map χ in (1.1) is an algebraic factor map from α to β. The actions α
and β are algebraically conjugate if the factor map χ : X −→ Y in (1.1) can
be chosen to be a continuous group isomorphism. The actions α and β are
finitely equivalent if each of them is a finite-to-one algebraic factor of the
other.

In this paper we restrict ourselves to algebraic Zd-actions where individual
elements have finite entropy.

Definition 1.1. Let α be an algebraic Zd-action on a compact abelian
group X. An algebraic Zd-action α on X has expansive rank one if there
exists n ∈ Zd such that αn is expansive, has entropy rank one if h(αn) < ∞
for every n ∈ Zd, and is irreducible if every closed, α-invariant subgroup
Y ( X is finite.

The relationship between these rank one conditions and irreducibility will
be studied in Section 4. We refer to [5] for a more general discussion of
expansive rank and entropy rank (with a slightly different definition).

Lemma 1.2. Let α be an irreducible algebraic Zd-action on a compact con-
nected abelian group X and let (Y, β) be a non-trivial algebraic factor of
(X, α). Then the factor map is finite-to-one, and β is irreducible and fi-
nitely equivalent to α.

Proof. Let φ : X −→ Y be the factor map between the actions α on X and
β on Y . The kernel K = kerφ is an α-invariant closed subgroup of X. As
Y 6= {0} is assumed to be non-trivial, the kernel K is a proper subgroup
and must be finite by irreducibility.

Let Z be a proper closed β-invariant subgroup of Y . The subgroup φ−1(Z)
⊂ X is again finite by irreducibility. This shows that Z = φ(φ−1(Z)) is finite
and the action β is irreducible.

As K is finite, there exists an integer m > 0 with m ·K = {0}. As X is
connected and M = X̂ is therefore torsion-free as a group, the multiplication
χ̂m : a 7→ ma by m on M is injective and the dual map χm : x 7→ mx on X is
surjective. It follows that the map y 7→ ψ(y) = χm(φ−1(y)) is a well-defined
factor map from (Y, β) to (X, α). By the first paragraph, ψ is finite-to-one
and α and β are finitely equivalent. ¤

If d > 1, and if α and β are two irreducible and mixing algebraic Zd-
actions on compact abelian groups X and Y , respectively, then α and β
are algebraically conjugate if and only if they are measurably conjugate (cf.
[6] and [7]). In view of this rigidity property the question whether finite
equivalence of α and β can be replaced by algebraic conjugacy acquires
special significance: since it is easy to find finitely equivalent irreducible
Zd-actions which are not algebraically conjugate one obtains examples of
measurably non-conjugate Zd-actions which are difficult to distinguish by
using classical invariants of ergodic theory.
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If α is an algebraic Zd-action on an infinite compact connected abelian
group X, then a point x ∈ X is α-homoclinic (or simply homoclinic) if

lim
n→∞αnx = 0.

If α is expansive, the set ∆α(X) of all α-homoclinic points in X is countable,
and ∆α(X) is nonzero if and only if α has positive topological entropy (cf.
[9]). In [4] the module of homoclinic points ∆α(X) was used to define, for
any algebraic Zd-action α on a compact abelian group X, the adjoint action
α∗ = α∆α(X) on X∗ = ∆̂α(X) (where ∆α(X) is considered as a discrete mod-
ule). If the action α is expansive and has completely positive entropy, then
α∗ is closely related to α and is again expansive with completely positive
entropy. Iteration of this construction leads to further algebraic Zd-actions
α∗∗, α∗∗∗, . . . , α∗k

, . . . , where α∗k+2
can be shown to be algebraically conju-

gate to α∗k
for k ≥ 1 (if not earlier).

For d ≥ 2, algebraic Zd-actions with expansive rank one have zero entropy
and therefore cannot have nonzero homoclinic points. Individual expansive
elements of the action will, however, have nonzero homoclinic points; in fact,
the homoclinic group ∆αn(X) of every expansive automorphism αn, n ∈ Zd,
is dense in X by [9, Theorem 4.2].

For different expansive automorphisms αm, αn the homoclinic groups
∆αm(X) and ∆αn(X) can be quite different and may have zero intersection
(cf. [11]). The main purpose of this paper is to investigate the connection
between these groups for different expansive elements of such an action.

If we restrict the Zd-action α to the homoclinic group ∆αn(X) of some
expansive automorphism αn, n ∈ Zd, then we obtain a Zd-action by auto-
morphisms of the countable abelian group ∆αn(X) which determines, by du-
ality, an algebraic Zd-action α∗ of the compact abelian group X∗ = ∆̂αn(X).
A priori this construction depends on the expansive automorphism αn we
started off with. In the Theorems 5.1 and 5.5 we show, however, that dif-
ferent expansive elements lead to algebraically conjugate actions α∗. This
allows us to suppress the dependence of α∗ on n and to refer to α∗ as the
adjoint action of α (cf. Definition 5.2 and [4]). If α is an expansive Zd-action
by commuting automorphisms of a finite-dimensional torus X = Tm, m ≥ 2,
then α∗ can easily be checked to be the transpose action n 7→ (αn)> of Zd

on X.
The adjoint action α∗ again has expansive rank one, and the group X∗

is infinite, compact and connected (in fact, α∗ is easily seen to be finitely
equivalent to α, but α and α∗ are usually not algebraically — and hence, by
our earlier remark, not measurably – conjugate). One may thus repeat this
construction and define a second adjoint action α∗∗ = (α∗)∗ of α which is
algebraically conjugate to α (cf. the Corollaries 5.3 and 5.6). This situation
is in marked contrast to the case where α has completely positive entropy:
there α and α∗∗ may be algebraically nonconjugate, although α∗ and α∗∗∗ =
(α∗∗)∗ are always conjugate (cf. [4]). Furthermore, since algebraic Zd-actions
with completely positive entropy are Bernoulli by [13], α and α∗ are always
measurably conjugate in this case.

The main tool for our investigation is a careful analysis of the structure
of algebraic Zd-actions of expansive rank one in the Theorems 3.4 and 4.5.
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Although this description is not new in principle (cf. e.g. [1]–[2] and [14]),
the precise form required for the proofs of the Theorems 5.1 and 5.5 and of
Corollary 5.6 does not appear to be available in the earlier literature.

For irreducible algebraic Zd-actions on compact connected abelian groups
the Theorems 3.4 and 3.8 and Corollary 5.4 elaborate the close connections
with algebraic number theory (and, in particular, with ideal classes) already
apparent in [6].

2. Algebraic Zd-actions

For the description of algebraic Zd-action we need some algebra. Denote
by Rd = Z[u±1

1 , . . . , u±1
d ] the ring of Laurent polynomials with integral co-

efficients in the variables u1, . . . , ud and write every f ∈ Rd as

f =
∑

n∈Zd

fnun (2.1)

with un = un1
1 · · ·und

d and fn ∈ Z for all n = (n1, . . . , nd) ∈ Zd, where fn = 0
for all but finitely many n ∈ Zd. A prime ideal p ⊂ Rd is associated with an
Rd-module M if p = {f ∈ Rd : f ·a = 0} for some a ∈ M , and the module M
is associated with a prime ideal p ⊂ Rd if p is the only prime ideal associated
with M . The set of prime ideals associated with a Noetherian Rd-module
M is finite and denoted by Asc(M). If M is a Noetherian Rd-module there
exists a chain of submodules

M0 = {0} ⊂ M1 ⊂ · · · ⊂ Mk = M (2.2)

such that Mi/Mi−1
∼= Rd/qi for i = 1, . . . , k, where each qi ⊂ Rd is a prime

ideal containing one of the associated primes of M .
If α is an algebraic Zd-action on a compact abelian group X then the

additively-written dual group M = X̂ is a module over the ring Rd with
operation

f · a =
∑

n∈Zd

fnα̂n(a)

for f ∈ Rd and a ∈ M , where α̂n denotes the automorphism of X̂ dual to
αn. The module M = X̂ is called the dual module of α. Conversely, if M is a
module over Rd, then we can define an algebraic Zd-action αM on XM = M̂
by setting

α̂n
Ma = un · a (2.3)

for every n ∈ Zd and a ∈ M . Clearly, M is the dual module of αM .
By using duality one can express many topological and dynamical prop-

erties of X and α in terms of the dual module M = X̂. For example, X is
connected if and only if M is torsion-free as a group, and the dual module M
is Noetherian whenever α is expansive (cf. [15]). We also recall the following
result from [15].

Lemma 2.1. Let M be a Noetherian Rd-module with associated prime ideals
Asc(M) = {p1, . . . , pm}. The following conditions are equivalent.

(1) αM is expansive;
(2) αRd/pj

is expansive for every j = 1, . . . , m;
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(3) VC(pj) ∩ Sd = ∅ for every j = 1, . . . ,m, where

VC(pj) = {z ∈ (C×)d : f(z) = 0 for every f ∈ pj}, (2.4)

C× = Cr {0} and S = {z ∈ C : |z| = 1}.

3. Irreducible actions

In this section we describe — up to algebraic conjugacy — all irreducible
algebraic Zd-actions on an infinite compact abelian connected group X.
Background and details of the following discussion can be found in [15,
Section 7] and [16].

Let K be an algebraic number field, i.e. a finite extension ofQ. A valuation
of K is a map φ : K −→ R+ with the property that φ(a) = 0 if and only if
a = 0, φ(ab) = φ(a)φ(b), and φ(a + b) ≤ c ·max{φ(a), φ(b)} for some c ≥ 1
in R and all a, b ∈ K. The valuation φ is non-trivial if φ(K) ) {0, 1}. A
non-trivial valuation φ is non-archimedean if φ(a + b) ≤ max{φ(a), φ(b)}
for all a, b ∈ K, and archimedean otherwise. Two valuations φ, ψ of K are
equivalent if there exists an s > 0 with φ(a) = ψ(a)s for all a ∈ K. An
equivalence class v of non-trivial valuations of K is called a place of K; such
a place v is finite if it consists of non-archimedean valuations, and infinite
otherwise.

If v is a place of K, then a sequence (an, n ≥ 1) in K is v-Cauchy if
limk,l→∞ φ(ak − al) = 0 for some (and hence for every) valuation φ ∈ v.
With this notion of a Cauchy sequence one can define the completion Kv of
K at the place v.

Ostrowski’s Theorem ([3, Theorem 2.2.1]) states that every non-trivial
valuation φ of Q is either equivalent to the absolute value m

n 7→ |mn | = |mn |∞,
or to the p-adic valuation |mn |p = p(n′−m′) for some rational prime p, where
m = pm′

m′′, n = pn′n′′, and neither m′′ nor n′′ are divisible by p. The
completions Q∞ and Qp of Q are equal to R and the field of p-adic rationals,
respectively.

For every valuation φ of K, the restriction of φ to Q ⊂ K is a valuation
of Q and is thus equivalent either to | · |∞ or to | · |p for some rational prime
p. In the first case the place v 3 φ is infinite (or lies above ∞), and in the
second case v lies above p (or p lies below v).

We denote by w the place of Q below v and observe that the field Kv is
a finite-dimensional vector space over the locally compact, metrizable field
Qw and hence locally compact and metrizable. Choose a Haar measure λv

on Kv (with respect to addition) and denote by modKv : Kv −→ R the map
satisfying

λv(aB) = modKv(a)λv(B) (3.1)

for every a ∈ Kv and every Borel set B ⊂ Kv. The restriction of modKv to
K is a valuation in v, denoted by | · |v.

Above every place v of Q there are at least one and at most finitely many
places of K. We write P (K), P

(K)
f , and P

(K)
∞ , for the sets of places, finite

places and infinite places of K. An infinite place v of K is either real (if
Kv = R) or complex (if Kv = C). The field K is totally real if Kv = R for
every v ∈ P

(K)
∞ , and totally complex if Kv = C for every v ∈ P

(K)
∞ .
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For every v ∈ P (K), the sets

Rv = {a ∈ Kv : |a|v ≤ 1}, R×v = {a ∈ Kv : |a|v = 1} (3.2)

are compact. If v ∈ P
(K)
f , then Rv is the unique maximal compact subring

of Kv and is also open, and the ideal

Pv = {a ∈ Kv : |a|v < 1} ⊂ Rv (3.3)

is open, closed and maximal. The set

oK =
⋂

v∈P
(K)
f

{a ∈ K : |a|v ≤ 1} (3.4)

is the ring of integral elements in K.
Now suppose that d ≥ 1 and c = (c1, . . . , cd) ∈ (Q̄×)d, where Q̄ is the

algebraic closure of Q and Q̄× = Q̄r{0}. We set K = Kc = Q(c1, . . . , cd) =
Q[c±1

1 , . . . , c±1
d ] and

Sc = P (K)
∞ ∪ {v ∈ P

(K)
f : |ci|v 6= 1 for some i = 1, . . . , d}. (3.5)

The set Sc is finite by [16, Theorem III.3]. We denote by

ιc : K −→ Vc =
∏

v∈Sc

Kv (3.6)

the diagonal embedding a 7→ (a, . . . , a), a ∈ K, and put

Rc = {a ∈ K : |a|v ≤ 1 for every v ∈ P (K) r Sc} ⊃ oK . (3.7)

The set Vc is a locally compact algebra over K with respect to coordinate-
wise addition, multiplication and scalar multiplication, and ιc(Rc) is a dis-
crete, co-compact, additive subgroup of Vc. Put

Yc = Vc

/
ιc(Rc) (3.8)

and write
πc : Vc −→ Yc (3.9)

for the quotient map. According to [15, (7.6)] we may identify Yc with the
dual group of Rc, i.e.

Yc = R̂c. (3.10)

If every ci, i = 1, . . . , d, is a unit in oK then Sc = P
(K)
∞ and

Vc
∼= Rr(K), Yc

∼= Tr(K), (3.11)

where

r(K) = [K : Q] = |{v ∈ P (K)
∞ : Kv = R}|+ 2|{v ∈ P (K)

∞ : Kv = C}|. (3.12)

In general,
ci ∈ R×c = {a ∈ Rc : a−1 ∈ Rc} (3.13)

is a unit in Rc for every 1 ≤ i ≤ d. We put, for every n = (n1, . . . , nd) ∈ Zd,

cn = cn1
1 · · · cnd

d , (3.14)

write every a ∈ Vc as a = (av) = (av, v ∈ S) with av ∈ Kv for every v ∈ S,
and define a Zd-action β̄c on Vc by setting

β̄n
c a = ιc(cn)a = (cnav) (3.15)
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for every a = (av) ∈ Vc and n ∈ Zd. As β̄n
c (ιc(Rc)) = ιc(Rc) for every

n ∈ Zd, β̄c induces an algebraic Zd-action βc on the compact abelian group
Yc in (3.8) by

βn
c (a + ιc(Rc)) = β̄n

c a + ιc(Rc) (3.16)

for every n ∈ Zd and a ∈ Vc, whose dual action β̂c : n 7→ β̂n
c is given by

β̂n
c b = cnb (3.17)

for every n ∈ Zd and b ∈ Rc = Ŷc (cf. (3.10)).
We denote by ηc : f 7→ f(c) the evaluation map and define the ideal

Pc = ker ηc. Then

Rd/Pc
∼= ηc(Rd) = Z[c±1] = Z[c±1

1 , . . . , c±1
d ] ⊂ Rc, (3.18)

and Rc is a module over the integral domain Z[c±1]. We need the following
basic lemma from algebraic number theory.

Lemma 3.1. The Z[c±1]-module Rc is equal to oK [c±1] and is thus finitely
generated.

Proof. The inclusion oK [c±1] ⊂ Rc is obvious. For the reverse inclusion let
x ∈ Rc and put

Ex = {v ∈ Sc ∩ P
(K)
f : |x|v > 1}.

If Ex = ∅ then x ∈ oK and we are done. Now assume that k ≥ 1 and that
y ∈ oK [c±1] for every y ∈ Rc with |Ey| < k. If |Ex| = k and v ∈ Ex, then
we can find an n ∈ Zd with |cn|v > |x|v. By the Chinese remainder theorem
there exists a ∈ oK such that

|a|v = 1 and |acn|w < 1 for every w ∈ Sc r {v}.
Then x(acn)−1 ∈ Rv and, since oK is dense in Rv, we can find b ∈ oK and
d ∈ Rv such that

x(acn)−1 = b + d with |d|v ≤ |cn|−1
v .

This shows that

|x− abcn|v = |adcn|v ≤ 1,

|x− abcn|w = |x|w for w ∈ Ex r {v},
|x− abcn|w ≤ 1 for w ∈ P

(K)
f rEx.

Our induction hypothesis implies that x − abcn ∈ oK [c±1] and hence that
x ∈ oK [c±1]. By induction, Rc ⊂ oK [c±1], as promised.

Since oK is a finitely generated Z-module, Rc is finitely generated over
Z[c±1]. ¤

Let L ⊂ K be a finitely generated Z[c±1]-submodule. We denote by α̂(c,L)

the Zd-action on L defined by

α̂n
(c,L)a = cna (3.19)

for every n ∈ Zd and a ∈ L and write α(c,L) for the dual algebraic Zd-action
on

XL = L̂. (3.20)
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Since K = Q[c] we can write every a ∈ K as a = b/n for some b ∈ Rc

and n ∈ Z. As L is assumed to be finitely generated, we can find a common
integer N > 0 such that NL ⊂ Rc. If

θ̂L : X̂L = L −→ Rc = Ŷc (3.21)

is the injective map defined by multiplication with N , then we obtain a dual
algebraic factor map

θL : Yc −→ XL (3.22)
between the algebraic Zd-actions βc and α(c,L).

For the particular choices L = Rc and L = Z[c±1] we obtain the actions

βc = α(c,Rc) on Yc = R̂c,

αc = α(c,Z[c±1]) on Xc = Ẑ[c±1].
(3.23)

Proposition 3.2. For any two nonzero finitely generated Z[c±1]-modules
L ⊂ L′ the module L′/L is finite.

Furthermore the Zd-action βc on Yc is irreducible, the factor map θL : Yc

−→ XL in (3.21)–(3.22) is finite-to-one, and the action α(c,L) on XL is
irreducible and finitely equivalent to βc.

For the proof of Proposition 3.2 we need another lemma.

Lemma 3.3. Let o ⊂ K be a finitely generated subring with identity of the
algebraic number field K. Then every nonzero ideal J ⊂ o has finite index.

Proof. Assume that we have already shown that some finitely generated
subring o ⊂ K containing 1 has the property that |o/J| < ∞ for every
nonzero ideal J ⊂ o. By assumption Z ⊂ o.

Let a ∈ K be an algebraic number with primitive minimal polynomial
f(x) ∈ Z[x], and let J ⊂ o[a] be a nonzero ideal. We set S = o r {0}
and consider the number fields S−1o = L and S−1o[a] = L[a] = L′. As
{0} ( S−1J ⊂ L′, it follows that S−1J = L′ and J ∩ S 6= {0}

By our hypothesis on o, the nonzero ideal J ∩ o has finite index in o. We
claim that

there exists a monic polynomial h ∈ Z[x] with h(a) ∈ J. (3.24)

Indeed, since Z ⊂ o and J∩ o has finite index in o, there exists a positive
integer n ∈ J. We denote by I = 〈n, f〉 ⊂ Z[x] the ideal generated by the
elements n, f ∈ Z[x] and assert that

I contains a monic polynomial h. (3.25)

By evaluating the generators of the ideal I at a we conclude that h(a) ∈ J,
which shows that (3.24) is a consequence of (3.25).

In order to prove (3.25) we first assume that n = pe is a prime power.
We write f as a sum f = f1 − pf2 with f1, f2 ∈ Z[x], where the leading
coefficient of f1 is co-prime to p. Multiplication with a = fe−1

1 + fe−2
1 pf2 +

· · ·+(pf2)e−1 ∈ Z[x] gives that fe
1−pefe

2 ∈ I. We have thus found polynomials
a, b ∈ Z[x] such that h′p = fe

1 = af + bpe ∈ I has a leading coefficient which
is co-prime to p and hence to n = pe. If m is the degree of h′p we can apply
Euclid’s algorithm to find integers k, k′ such that the leading coefficient of

hp = kh′p + k′nxm ∈ I (3.26)
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is one.
If n contains a product of at least two distinct primes we write n =

pe1
1 · · · pek

k for the prime power decomposition of n and use the isomorphism
Z/nZ ∼= ∏k

j=1 Z/p
ej

j Z to obtain an isomorphism

θ : (Z/nZ)[x] −→
k∏

j=1

(Z/p
ej

j Z)[x]

of the polynomial rings. Denote by f̄ ∈ R = (Z/nZ)[x] the polynomial ob-
tained by reducing each coefficient of f modulo n and put θ(f̄) = (f̄1, . . . , f̄k)
with f̄j ∈ Rj = (Z/p

ej

j Z)[x] for every j = 1, . . . , k. The preceding paragraph
shows that the principal ideal generated by f̄j in Rj contains a polynomial
h̄j with leading coefficient 1, i.e. that there exists a ḡj ∈ Rj with h̄j = f̄j ḡj .
The polynomial g ∈ R with θ(g) = (ḡ1, . . . , ḡk) satisfies that f̄ ḡ ∈ R has
leading coefficient 1. This shows that there exists a g′ ∈ Z[x] such that the
polynomial h = fg + ng′ ∈ I has leading coefficient 1 and proves (3.25) and
hence (3.24).

If m is the degree of the polynomial h found in (3.24), then
∣∣o[a]/J

∣∣ =
∣∣o + ao + · · ·+ am−1o/J

∣∣ ≤ ∣∣o/o ∩ J
∣∣m < ∞.

This shows that the ring o[a] again has the property that |o[a]/J| < ∞ for
every nonzero ideal J ⊂ o[a].

The proof of the lemma is completed by induction on the number of
generators of the subring o. ¤

Proof of Proposition 3.2. This is a slight extension of [15, Theorem 7.1].
Let L ⊂ L′ ⊂ K be two nonzero finitely generated Z[c±1]-submodules.

Since L ⊂ K is nonzero, Z[c±1]a ⊂ L for some nonzero a ∈ L. Since L′
is finitely generated as a Z[c±1]-module and L′ ⊂ K = Q[c], we can find
M ∈ Z such that

Z[c±1]a ⊂ L ⊂ L′ ⊂ 1
M
Z[c±1].

Lemma 3.3 shows that Z[c±1]a has finite index in 1
MZ[c±1], which completes

the proof of the first statement of the proposition.
For the second statement we consider the action βc on Yc. If Z ⊂ Yc is

a proper invariant closed subgroup, then the annihilator L = Z⊥ ⊂ Rc is
a nonzero Z[c±1]-submodule. Therefore has L finite index in Rc and Z is
finite. This shows that βc is irreducible. Lemma 1.2 implies the remaining
statements. ¤

Our next theorem shows that every irreducible algebraic Zd-action α on
a compact abelian connected group is of the form α(c,L) described in (3.19)–
(3.20).

Theorem 3.4. Suppose that d ≥ 1, and that α is an algebraic Zd-action
on an infinite compact connected abelian group X. Then α is irreducible
if and only if it is finitely equivalent to each of the irreducible algebraic
Zd-actions αc on Xc and βc on Yc for some c = (c1, . . . , cd) ∈ (Q̄×)d.
Furthermore there exists a finitely generated Z[c±1]-submodule L ⊂ K such
that α is algebraically conjugate to the Zd-action α(c,L) on XL defined in



10 MANFRED EINSIEDLER AND KLAUS SCHMIDT

(3.19)–(3.20). Without loss of generality one may assume in addition that
L ⊂ Rc.

Proof. Let α be an irreducible algebraic action on the compact connected
abelian group X with dual module M = X̂ and let p be an associated prime
ideal for M . There exists a ∈ M such that

{f ∈ Rd : f · a = 0} = p.

This shows that the map f + p 7→ θ̂(f) = fa from Rd/p to M is an injective
module homomorphism. By duality, θ : X −→ XRd/p a factor map. From
Lemma 1.2 we see that θ is finite-to-one and the action αRd/p on XRd/p is
irreducible.

As X is connected, the dual module is torsion-free as an abelian group
and p does not contain a constant. Hilbert’s Nullstellensatz shows that there
exists a point

c ∈ V (p) = {c′ ∈ Q× : f(c′) = 0 for every f ∈ p}.
Let π : Rd/p −→ Rd/pc be the canonical projection map, where

pc = {f ∈ Rd : f(c = 0)}. (3.27)

Then π̂ : Xc −→ X is injective. As αRd/p is irreducible by the previous
paragraph, every non-trivial closed α-invariant subgroup must be finite and
π̂ must be surjective. By duality, π is injective and p = pc.

Lemma 1.2 also shows that the actions αRd/pc and α are finitely equiva-
lent. Let φ : Xc −→ X be a factor map. The dual homomorphism φ̂ : M −→
Rd/pc

∼= Z[c±1] of φ is injective. Hence L = φ̂(M) ⊂ Z[c±1] ⊂ K is a nonzero
finitely generated Z[c±1]-submodule and the Zd-actions α and α(c,L) are al-
gebraically conjugate. ¤

By using the locally compact group Vc in (3.6) we can give another de-
scription of all irreducible algebraic Zd-actions.

Corollary 3.5. Let d ≥ 1, and let α be an irreducible Zd-action on an
infinite compact connected abelian group X. We denote by c ∈ (Q̄×)d the
point described in Theorem 3.4 and define the ring Rc ⊂ K, the set Sc ⊂
P (K), the algebra Vc =

∏
v∈S Kv and the embedding ιc : K −→ Vc as in

(3.5)–(3.6). Then there exists a finitely generated Z[c±1]-submodule K ⊂ K
such that α is algebraically conjugate to the Zd-action α′(c,K) on the compact
abelian group

X ′
K = Vc/ιS(K), (3.28)

defined as in (3.16) by

α′n(c,K)(a + ιS(K)) = β̄n
(c,S)a + ιS(K) (3.29)

for every n ∈ Zd and a ∈ Vc. Furthermore one can always assume that
K ⊂ Rc.

Conversely, if K ⊂ K is a nonzero finitely generated Z[c±1]-submodule,
then the Zd-action α′(c,K) on X ′

K in (3.28)–(3.29) is irreducible and finitely
equivalent to αc and βc.
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Proof. According to Theorem 3.4 there exists a finite-to-one factor map
φ : Yc −→ X. The map φ induces a continuous surjective group homomor-
phism ψ : Vc −→ X with ψ ◦ β̄n

c = αn ◦ ψ for every n ∈ Zd, whose kernel
K′ = ker(ψ) is invariant under the Zd-action β̄c in (3.15) and contains ιS(Rc)
as a subgroup of finite index.

Choose an integer N ≥ 1 with K′′ = NK′ ⊂ ιS(Rc) and denote by
K ⊂ Rc the ηc(Rd)-submodule satisfying ιS(K) = K′′. If mN : Vc −→ Vc

denotes multiplication by N , then

X ∼= Vc/K′ ∼= mN (Vc)/mN (K′′) ∼= Vc/K′′ ∼= Vc/ιS(K) = X ′
K,

and the isomorphism of X and X ′
K carries the Zd-action α to α′(c,K).

The other statements are clear from Proposition 3.2, since K has finite
index in Rc. ¤

Theorem 3.4 and Corollary 3.5 give a variety of representations of irre-
ducible algebraic Zd-action on infinite compact connected abelian groups.
For a fixed c all these representations are finitely equivalent. Theorem 3.8
will show that these representations are sometimes, but not always, alge-
braically conjugate.

We can give an easy characterization of those actions which are alge-
braically conjugate to αc.

Definition 3.6. Let α be an algebraic Zd-action on a compact abelian group
X. The dual group X̂ of X is cyclic under the dual action α̂ of α (or α has
cyclic dual) if there exists a character a ∈ X̂ such that X̂ is generated by
the set {α̂na : n ∈ Z}.
Proposition 3.7. Let d ≥ 1, and let α be an irreducible algebraic Zd-action
on an infinite compact connected abelian group X. If c ∈ Q̄× is the point
appearing in Theorem 3.4, then α is algebraically conjugate to αc if and only
if α has cyclic dual.

Proof. The action αc has cyclic dual, since the element 1 ∈ Z[c±1] = X̂c is
cyclic under α̂c.

If α and αc are algebraically conjugate, there exists a continuous group
isomorphism φ : X −→ XRd/pc

with φ ◦ αn = αn
c ◦ φ for every n ∈ Zd, and

the dual isomorphism φ̂ : Rd/pc −→ X̂ sends 1 ∈ Z[c±1] to a cyclic element
a ∈ X̂ for α̂.

Conversely, if a ∈ X̂ is a cyclic element of α̂, then the map

h(c) 7→ h(α̂)(a) =
∑

n∈Zd

hnα̂na

for h =
∑

n∈Zd hnun ∈ Rd induces a module-isomorphism ψ̂ : Z[c±1] −→ X̂

whose dual ψ : X −→ XRd/P = X̂Rd/P is an algebraic conjugacy of α and
αc. ¤

We end this section with a connection between irreducible algebraic Zd-
actions and ideal classes in algebraic number fields. This will give us a col-
lection of nonconjugate but finitely equivalent algebraic actions.
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Every nonzero ideal I ⊂ RS is called an S-integral ideal of K and has
finite index in RS by Lemma 3.3. Two S-integral ideals I, J of K lie in the
same ideal class if there exists an element a ∈ K with aI = J.

Theorem 3.8. Suppose that K is an algebraic number field, c ∈ (K×)d a
vector of nonzero algebraic numbers with K = Q(c), and let Sc ⊂ P (K) be
the set of places defined by (3.5). Then the Zd-action α(c,I) on XI = Î is
irreducible for every nonzero ideal I ⊂ Rc. Furthermore, if I, J are nonzero
ideals in Rc, then α(c,I) and α(c,J) are finitely equivalent, and α(c,I) and
α(c,J) are algebraically conjugate if and only if I and J lie in the same ideal
class.

Proof. Theorem 3.4 shows that the action α(c,I) is irreducible.
If I, J are nonzero ideals in Rc, then α(c,I) and α(c,J) are obviously alge-

braically conjugate whenever I and J lie in the same ideal class.
Conversely, if φ : XI −→ XJ is an algebraic conjugacy of α(c,I) and α(c,J),

then the dual map φ̂ : J −→ I is an ηc(Rd)-module isomorphism (cf. (3.18)),
i.e. φ̂(f(c)a) = f(c)φ̂(a) for every f ∈ Rd and a ∈ I. Since K is the field of
fractions of Z[c±1] we can extend φ̂ to a K-linear map ψ̂ : K −→ K by fixing
a nonzero element a ∈ I and setting ψ̂

(f(c)
g(c)a

)
= f(c)

g(c) φ̂(a) for every f, g ∈ Rd

with g(c) 6= 0. An elementary calculation shows that ψ̂
(f(c)

g(c)

)
= φ̂

(f(c)
g(c)

)

whenever f(c)
g(c) ∈ I. If b = ψ̂(1), then the K-linearity of ψ̂ guarantees that

ψ̂(a) = ba for every a ∈ K, and hence that J = φ̂(I) = ψ̂(I) = bI. This
shows that I and J lie in the same ideal class. ¤

Theorem 3.8 describes the algebraic Zd-actions arising from a fixed vector
c = (c1, . . . , cd) of algebraic numbers. In the remainder of the section we start
with an integral (or an S-integral) ideal in an algebraic number field and
consider algebraic Zd-actions arising from units systems in the number field.

Let K ′ ⊃ Q be an algebraic number field, and let S′ ⊂ P (K′) be a finite
number of places containing P

(K′)
∞ . We define the ring of S′-integers R′S′ ⊂

K ′ as in (3.7) with S′ replacing Sc. By [12, Theorem 3.5], the group of units
R′×S′ of R′S′ in (3.13) is isomorphic to the cartesian product F ×Zd, where F
is a finite cyclic group consisting of all roots of unity in K ′ and d = |S| − 1.

Definition 3.9. A d-tuple c = (c1, . . . , cd) in R′×S′ is a free S′-unit system
if it generates a free abelian group, i.e. if the equation cn = cn1

1 · · · cnd
d = 1

with n = (n1, . . . , nd) ∈ Zd implies that n = 0.
A free S′-unit system c = (c1, . . . , cd) is a fundamental S′-unit system of

K ′ if every a ∈ R′×S′ can be written uniquely as a = uck1
1 · · · ckd

d with u ∈ F
and k1, . . . , kd ∈ Z.

We fix a free S′-unit system c = (c1, . . . , cd) of K ′ and set K = Q[c].
Every S′-integral ideal I ⊂ R′S′ of K ′ is obviously a module over the ring
ηc(Rd), and we obtain an algebraic Zd-action α(c,I) on XI = Î as in (3.19)–
(3.20). In order to simplify terminology we count R′S′ itself among the ideals
of R′S′ .
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Theorem 3.10. Let K be an algebraic number field, S ⊂ P (K) a finite
number of places containing P

(K)
∞ with |S| ≥ 2, and c = (c1, . . . , cd) a fun-

damental S-unit system with d = |S| − 1.
Suppose that K has at least one real place. Then the Zd-action α(c,I) is

irreducible for every nonzero ideal I ⊂ Rc. Furthermore, if I, J are nonzero
ideals in Rc, then the Zd-actions α(c,I) and α(c,J) are finitely equivalent, and
they are algebraically conjugate if and only if I and J lie in the same ideal
class.

For the proof of Theorem 3.8 we need two lemmas.

Lemma 3.11. Let K ′ be an algebraic number field and let S′ ⊂ P (K′) be a
finite subset containing P

(K′)
∞ with d = |S′| − 1 ≥ 1. We fix a fundamental

S-unit system c = (c1, . . . , cd) in K ′ and write K = Q[c] ⊂ K ′ for the field
of fractions of the integral domain Z[c±1].

If K 6= K ′ then K ′ is totally complex, K is totally real and [K ′ : K] = 2.

Proof. This is essentially [12, Proposition 3.5]. For every place v′ of K ′ we
denote by v the restriction of v′ to K ⊂ K ′, and we write S = {v : v′ ∈ S′}
for the resulting places of K.

Since the group of units R×c of Rc = R′S′ ∩ K contains the free abelian
group generated by {c1, . . . , cd}, [12, Theorem 3.5] implies that |S′| = |S|,
i.e. that restrictions to K of distinct places of K ′ yield distinct places of K.
However, there is a priori no guarantee that the completions K ′

v′ and Kv

coincide for every v′ ∈ S′.
Assume that there exists a nonempty subset D ( S such that Kv 6= K ′

v′
for v ∈ D and K ′

v′ = Kv for v ∈ S rD. According to [12, Assertion (iii) on
p.105] there exists a unit a = ck1

1 · · · ckd
d ∈ R×c ⊂ R′×S′ with (k1, . . . , kd) ∈ Zd,

|a|v > 1 for v ∈ D, and |a|v ≤ 1 for v ∈ S r D. The product formula [3,
Theorem 10.2.1], applied to a ∈ K ′ and a ∈ K, implies that

∏

v∈S

|a|v =
∏

v∈D

|a|v ·
∏

v∈SrD

|a|v = 1,

∏

v∈S

|a|v′ =
∏

v∈D

|a|v′ ·
∏

v∈SrD

|a|v′ =
∏

v∈D

|a|v′ ·
∏

v∈SrD

|a|v = 1,

which is impossible due to the fact that |a|v′ ≥ |a|2v for every v ∈ D. This
contradiction shows that D = ∅ or D = S.

In the former case Kv = K ′
v′ for every v ∈ P

(K)
∞ and [K : Q] = r + 2s =

[K ′ : Q], where r and s are the numbers of real and complex places of K,
and hence K = K ′.

In the latter case K ′
v′ = C and Kv = R for every v ∈ P

(K)
∞ , s = 0,

[K ′ : Q] = 2r = 2[K : Q], and [K : K ′] = 2. ¤
Lemma 3.12. Let c = (c1, . . . , cd) be a free S′-unit system of K ′, and let
K = Q[c] ⊂ K ′.

(1) K ′ = K if and only if the Zd-action α(c,I) on XI = Î is irreducible
for every nonzero ideal I ⊂ R′S′;

(2) K ′ 6= K if and only if the Zd-action α(c,I) on XI = Î is reducible for
every nonzero ideal I ⊂ R′S′.
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Proof. Suppose that K = K ′, and that J ⊂ Rc = R′S′ is a nonzero ideal. As
the construction after (3.5) applies, Proposition 3.2 shows that the action
α(c,J) is irreducible.

If K ′ 6= K, Lemma 3.11 shows that the ring Rc = R′S′ ∩K is an infinite
Z[c±1]-submodule of infinite index in Rc. Hence Y = R⊥c = R̂′S′/Rc is an
infinite, closed, proper α(c,R′

S′ )
-invariant subgroup of XR′

S′
. This implies that

α(c,R′
S′ )

is reducible.
Let J ⊂ R′S′ be a nonzero ideal and a ∈ Jr{0}. By the previous paragraph

we see that aRc has infinite index in aR′S′ and therefore also in J. Since Y =
(aRc)⊥ is an infinite, closed, proper α(c,J)-invariant subgroup, the action
α(c,J) is reducible. ¤

Proof of Theorem 3.10. Lemma 3.11 shows that K = K ′, and the assertions
follow from the Lemmas 3.12 and Theorem 3.8. ¤

Remarks 3.13. (1) Even if K ′ 6= K in Lemma 3.11 for some choice of fun-
damental S-units {c1, . . . , cd}, a different choice {c′1, . . . , c′d} of fundamental
S-units may lead to equality of K ′ and K.

(2) The most interesting special cases of the Theorems 3.8 and 3.10 oc-
cur when S = P

(K)
∞ , in which case Rc = oK is the ring of integers of K,

XRc = Tr+2s and {c1, . . . , cd} is a fundamental unit system, where r, s are
the numbers of real and complex places of K and d = r + s − 1. For infor-
mation on ideal classes of algebraic number fields we refer to [12].

4. Algebraic actions of expansive rank one

Throughout this section α is an algebraic Zd-action on an infinite compact
connected abelian group X. We discuss the relationship between irreducibil-
ity and the rank one conditions introduced in Definition 1.1. In the rank one
case we give a description of the action α similar to Theorem 3.4.

In some of the following results we assume the irreducible Zd-actions to
be expansive. By applying Lemma 2.1 to the case of an irreducible action α
we see that α is expansive if and only if no Galois conjugate of c consists
entirely of elements of absolute value one. This is the same as saying there
exists no valuation v ∈ P

(K)
∞ with |ci|v = 1 for all i.

If one asks if a single automorphism αn is expansive, the answer is slightly
different (Lemma 2.1 might not be applicable directly as M = X̂ might not
be Noetherian over Z[u±n]). However, by using the product structure of Vc

in (3.6) it is easy to see that αn is expansive if and only if |cn|v 6= 1 for all
v ∈ S.

Proposition 4.1. Let α be an irreducible algebraic Zd-action on a compact
connected abelian group X. Then α has entropy rank one.

If α is in addition expansive, then α has expansive rank one. In fact, there
exists a finite union U of hyperplanes in Rd such that αn is expansive for
every n ∈ Zd r U .
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Proof. Let c and Sc be as in Theorem 3.4 and (3.5), respectively. The second
proof of [15, Proposition 17.2] shows that

hλX
(αn) =

∑

{v∈Sc:|cn|v>1}
log |cn|v < ∞

for every n ∈ Zd (cf. (3.14)).
For every v ∈ Sc we see that log |cn|v =

∑d
i=1 ni log |ci|v. Let U be

the finite union of the hyperplanes defined by the linear functions n 7→
log |cn|v, v ∈ Sc. For n ∈ ZdrU we have that |cn|v 6= 1 for every v ∈ S and
hence that αn is expansive. ¤

Proposition 4.1 has a partial converse.

Proposition 4.2. Let p ⊂ Rd be a prime ideal and αRd/p the algebraic Zd-

action on the compact connected group XRd/p = R̂d/p defined in (2.3). If
αRd/p has expansive rank one or entropy rank one, then αRd/p is irreducible.

Proof. Suppose that αRd/p has expansive rank one and that αn
Rd/p is ex-

pansive for some n ∈ Zd. It is easy to see that the Z[u±n]-module Rd/p is
associated to the prime ideal p ∩ Z[u±n]. By Lemma 2.1, the variety VC(p)
of p ∩ Z[u±n] cannot meet the circle {z ∈ C : |z| = 1}. This shows that
f ∈ p ∩ Z[u±n] for some nonzero polynomial f . Again by expansiveness,
Rd/p must be a Noetherian module over Z[u±n]. Hence every ui + p ∈ Rd/p
satisfies a monic relation over Z[un] and the variety (2.4) of p is finite. Let
c ∈ Q̄× be a point of this variety. Then p ⊂ pc are two prime ideals with
finite varieties (cf. (3.27)). If p 6= pc it is easy to find polynomials f resp. g
which vanish at V (p) r V (pc) resp. V (pc). As f, g /∈ p but fg vanishes on
V (p) and therefore belongs to p, we get a contradiction to the fact that p is
a prime ideal. This shows that αRd/p = αRd/pc is irreducible.

Now assume αRd/p has entropy rank one. Let n = ei be one of the standard
basis vectors of Zd. As h(αn

Rd/p) is finite, p ∩ Z[u±n] cannot be trivial. For
if p ∩ Z[u±n] = {0}, the shift σ on TZ would be a factor of αn

Rd/p and hence
h(αn

Rd/p) = ∞. By applying this with i = 1, . . . , d, we obtain that V (p) is
finite and conclude as above that αRd/p = αRd/pc is irreducible. ¤

Definition 4.3. ([15, Definition 3.1]) Let α be an algebraic Zd-action on
the compact abelian group X. The action α satisfies the descending chain
condition if there exists, for every non-increasing sequence X ⊃ X1 ⊃ · · · ⊃
Xk ⊃ · · · of closed α-invariant subgroups of X, an integer K ≥ 1 such that
Xk = XK for all k ≥ K. Every expansive Zd-action on a compact abelian
group satisfies the descending chain condition by [15, (4.10)].

Theorem 4.4. Let α be an algebraic Zd-action on an infinite compact con-
nected abelian group X.

(1) If α has expansive rank one it has entropy rank one.
(2) If α has entropy rank one then the action αRd/p is irreducible for

every associated prime ideal p of M = X̂.
(3) If every associated prime ideal p of M = X̂ satisfies that αRd/p is

irreducible and α is expansive, then α has also expansive rank one.
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(4) Assume that α satisfies the descending chain condition. If αRd/p is
irreducible for every associated prime ideal p of M = X̂ then α has
entropy rank one.

Proof. Assume α has expansive rank one and p is an associated prime ideal
of M = X̂. Then αRd/p has also expansive rank one and αRd/p is irreducible
by Proposition 4.2. From Proposition 4.1 we know that αRd/p has entropy
rank one. This shows that h(αn

Rd/p) < ∞ for all n ∈ Zd and every associated
prime ideal p. As M has a finite prime filtration (2.2) we get that h(αn) < ∞
by Yuzvinskii’s addition formula (cf. [10] or [15, Theorem 14.1]) and hence
that α has entropy rank one.

If α has entropy rank one and p is an associated prime ideal of M = X̂,
then αRd/p also has entropy rank one and Proposition 4.2 shows that αRd/p

is irreducible.
If the action αRd/p is irreducible and expansive for every associated prime

ideal, Proposition 4.1 shows that there exists, for every p ∈ Asc(M), a
hyperplane Up ⊂ Rd such that αn

Rd/p is expansive for n /∈ Up ∩ Zd. As
expansiveness implies that M is a Noetherian Rd-module, there are only
finitely many associated prime ideals p ∈ Asc(M). Therefore there exists
n such that αn

Rd/p is expansive for every associated prime ideal p. From
the finite filtration (2.2) it follows that αn is expansive (for prime ideals
q ) p ∈ Asc(M) the space XRd/q is finite by irreducibility and expansiveness
is therefore trivial).

Finally we assume that αRd/p is irreducible for every associated prime
ideal p of M = X̂ and that α satisfies the descending chain condition. By
duality the module M is Noetherian. Proposition 4.1 shows that αRd/p has
entropy rank one and we conclude as before from the filtration (2.2) and
Yuzvinskii’s addition formula that α has entropy rank one. ¤

The remainder of this section will be devoted to a structure formula —
analogous to Theorem 3.4 — for algebraic Zd-actions of expansive rank one.
This structure formula will be needed in Section 5 in order to prove that
any two expansive elements of an algebraic Zd-action of expansive rank one
have isomorphic homoclinic modules.

For every rational prime p we write Zp = {x ∈ Qp : |x|p ≤ 1} ⊂ Qp for
the ring of p-adic integers. For notational consistency we set Q∞ = R.

Theorem 4.5. Let α be an algebraic Zd-action on an infinite compact con-
nected abelian group X with dual module M = X̂. Assume that α either
has expansive rank one, or that α has entropy rank one and satisfies the
descending chain condition. Then there exists a finite set of primes S ⊂ N
with the following properties.

(1) For every p ∈ S ∪{∞} there exists a finite-dimensional vector space
Mp over Qp and a Qp-linear Zd-action β̄p on Mp.

(2) Let β̄ =
∏

p∈S∪{∞} β̄p be the product action on M̄ =
∏

p∈S∪{∞}Mp.
Then we can find a discrete, co-compact, β̄-invariant subgroup N ⊂
M̄ such that α is algebraically conjugate to the Zd-action β induced
by β̄ on Y = M̄/N.
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Theorem 4.5 turns out to be a consequence of the following proposition.

Proposition 4.6. Let M be a Noetherian module over Rd which is torsion-
free over Z. Assume furthermore that there exists a finite set of primes
S ⊂ N such that M ⊗ Z[1p : p ∈ S] is a free module of finite rank over the
ring Z[1p : p ∈ S] = Z

[
1/

∏
p∈S p

]
. Then there exists, for every p ∈ S∪{∞}, a

finite-dimensional vector space Mp over Qp which is a Qp-linear Rd-module
such that the following holds.

(1) There is an injective module homomorphism

φ : M −→ V =
∏

p∈S∪{∞}
Mp. (4.1)

(2) The image φ(M) ⊂ V is a discrete and co-compact subgroup.

Proof of Theorem 4.5, given Proposition 4.6. Since X is connected, the Rd-
module M = X̂ is a torsion-free additive group. Furthermore, since the
action αX is expansive or satisfies the descending chain condition, M is
Noetherian.

In order to choose the set S we first consider the case where M = Rd/p
for some prime ideal p = pc ⊂ Rd of the form (3.27) with c = (c1, . . . , cd) ∈
(Q̄×)d. Let fi ∈ Z[u] be the primitive minimal polynomial of ci, and let S
be the set of primes dividing the leading or trailing coefficients of any of the
fi, i = 1, . . . , d. If ki is the degree of fi, then any cm, m ∈ Zd, belongs to
the additive group generated by the set

{acn : a ∈ Z[
1
p

: p ∈ S],

n = (n1, . . . , nd) with 0 ≤ ni < ki for i = 1, . . . , d}
This shows that Rd/p⊗ZZ[1p : p ∈ S] is a free module of finite rank over the
ring Z[1p : p ∈ S].

In the case of a general Noetherian Rd-module M we take the union of
the sets S = Sp of the preceding paragraph for every associated prime ideal
p of M . By using the finite filtration (2.2) and enlarging S, if necessary, to
kill all finite factors Rd/q arising from prime ideals q ⊂ Rd which properly
contain one of the associated primes of M , we have found a set S satisfying
the hypotheses of Proposition 4.6.

Let Mp, p ∈ S, and φ be chosen as in Proposition 4.6. As the dual group
Q̂p is isomorphic to Qp, we can identify Mp and M̄ with their duals M̂p resp.
̂̄M . For every n ∈ Zd and p ∈ S we define the Qp-linear map β̄n

p : Mp −→ Mp

as the dual of multiplication with un on Mp = M̂p.
Let N = φ(M)⊥ ⊂ V = M̄ =

∏
p∈S∪{∞}Mp be the annihilator of φ(M).

As φ(M) is a discrete, co-compact submodule of V , N is invariant under the
action β̄ and is again discrete and co-compact. Furthermore,

M̂ ∼= φ̂(M) ∼= V/φ(M)⊥ = V/N,

and these isomorphisms conjugate the Zd-action α and β. ¤
Proof of Proposition 4.6. We set M∞ = M ⊗Z R. Clearly, M∞ is a finite-
dimensional vector space over R and a module over Rd, and multiplication
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with ui ∈ Rd is R-linear for i = 1, . . . , d. Furthermore the homomorphism
φ∞ : M −→ M∞, defined by φ∞(m) = m⊗1R for every m ∈ M , is injective.

For every prime p ∈ S, Vp = M ⊗ZQp is a finite-dimensional vector space
over Qp and a module over Qp[u±1

1 , . . . , u±1
d ]. We are going to construct an

invariant subspace Mp ⊂ Vp which will be spanned by all expanding and
contracting subspaces of the Qp-linear maps consisting of multiplication by
ui, i = 1, . . . , d.

Let Aj be the Qp-linear map on Vp defined by multiplication with uj . Since
Aj restricts also to the Q-vector space M ⊗Z Q, the minimal polynomial χj

of Aj can be chosen such that χj ∈ Z[t] and χj is primitive; in particular,
p does not divide χj . Hensel’s Lemma allows us to write χj as a product
χj(t) = fj(t)gj(t) with fj , gj ∈ Zp[t], where fj has its leading and trailing
coefficients in Z×p and gj ≡ tnj (mod p) for some nj . Obviously fj , gj ∈ Zp[t]
are co-prime, hence

ajfj + bjgj = 1 (4.2)

for some aj , bj ∈ Qp[t]. We can thus form the polynomial

h(u1, . . . , ud) = u−n
d∏

j=1

gj(uj) ∈ Zp[u±1
1 , . . . , u±1

d ], (4.3)

where n ∈ Zd is chosen such that

h ≡ 1 (mod p). (4.4)

By taking the product of the Equations (4.2) for j = 1, . . . , d, we obtain
polynomials a∗j , b

∗ ∈ Qp[u±1
1 , . . . , u±1

d ] with

1 =
d∑

j=1

a∗jf
′
j + b∗h, (4.5)

where f ′j = fj(uj) ∈ Zp[u±1
1 , . . . , u±1

d ].
Since multiplication by each of the variables ui defines a Qp-linear map on

Vp, the polynomials h and f ′j induce Qp-linear maps on Vp. By construction,
the linear maps corresponding to the polynomials χj(uj) and hf ′j are equal
to zero, and (4.5) implies that the subspaces

Mp = kerh, Np =
d⋂

j=1

ker f ′j

satisfy that Vp = Mp ⊕Np; in fact, the projections

π
(p)
1 : Vp −→ Mp, π

(p)
2 : Vp −→ Np

are given by

π
(p)
1 (x) =

d∑

j=1

a∗jf
′
jx ∈ Mp, π

(p)
2 (x) = b∗hx ∈ Np.

Clearly, Mp, Np are Qp[u±1
1 , . . . , u±1

d ]-submodules (and hence Rd-submod-
ules) of Vp, and π

(p)
1 , π

(p)
2 are module homomorphisms.
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We set
V =

∏

p∈S∪{∞}
Mp,

write every v ∈ V as v = (vp) = (vp, p ∈ S ∪ {∞}), define φp : M −→ Mp

by φp(m) = π
(p)
1 (m ⊗ 1Qp) for every p ∈ S and m ∈ Mp, and consider the

Rd-module homomorphism φ : M −→ V given by

φ(m) = (φp(m), p ∈ S ∪ {∞})
for every m ∈ M (recall that φ∞ : M −→ M∞ was already defined at
the beginning of this proof). To conclude the proof we have to show that
N = φ(M) is a discrete and co-compact subgroup of V .

From the discussion concerning (3.8) we know that Z[1p : p ∈ S] is a
discrete subgroup of

∏
p∈S∪{∞}Qp. As M ⊗ Z[1p : p ∈ S] is a free module

over the ring Z[1p : p ∈ S] by hypothesis, the subgroup
{
(m⊗ 1Qp , p ∈ S ∪ {∞}) : m ∈ M

} ⊂
∏

p∈S∪{∞}
M ⊗Qp

is discrete. We claim that, for fixed p ∈ S, the set π
(p)
2 (M⊗1Qp) is contained

in a compact subgroup Cp ⊂ Np. If we can prove this, then M ⊗ 1Qp ⊂
Mp × Cp of every p ∈ S, and since N = φ(M) is obtained by projection
along the compact kernel

∏
p∈S Cp, N must be a discrete subgroup of V .

To verify this claim we choose L ≥ 1 with deg fj ≤ L for j = 1, . . . , d,
and select a set {m′

1, . . . , m
′
k} of generators of the module M over Rd. Put

B =
{

unπ
(p)
2 (m′

i ⊗ 1Qp) : 1 ≤ i ≤ k, 0 ≤ nj < L for all 1 ≤ j ≤ d
}

and let Cp ⊂ M⊗Qp be the compact Zp-module generated by B. Since each
fj has leading and trailing coefficients in Z×p and annihilates Np it follows

that π
(p)
2 (M ⊗ 1Qp) is contained in the Zp-module Cp generated by B.

We proceed with the proof that the quotient V/N is compact. Let m1, . . . ,
mr ∈ M be a basis of the Q-vector space M ⊗Z Q. We assert that every
element of V/N can be represented by an element of the subgroup

G = M∞ ×
∏

p∈S

(
r∑

i=1

Zpφp(mi)

)
.

For this it is enough to show that any element v = (vq, q ∈ S ∪ {∞}) ∈ V
of the form

vq =

{
0 for q 6= p

π
(p)
1 (m⊗ a) for q = p

(4.6)

with p ∈ S, m ∈ M and a ∈ Qp, can be represented modulo N by an element
in G.

Multiplying m and dividing a in (4.6) by the same integer does not change
v. This allows us to assume without loss of generality that m lies in the
subgroup of M generated by {m1, . . . ,mr}.

Let j ≥ 0 be such that pja ∈ Zp. We denote by h the polynomial in (4.3)
and assume without loss in generality (by multiplying m with an integer
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co-prime to p) that

unm ∈
r∑

i=1

Z[
1
p
]mi (4.7)

for every n ∈ Zd for which un has a nonzero coefficient in (1− h)j (i.e. with
(1−h)j

n 6= 0 in the notation of (2.1)). Since v ∈ G for a ∈ Zp we may restrict
ourselves to the case where a = 1

pj for some j ≥ 1.
We fix k ≥ 1 for the moment and choose h(k) ∈ Rd with h(k)n = hn

(mod pk) for every n ∈ Zd.
According to (4.4), 1−h(k)

p ∈ Rd. Since h annihilates Mp,

φp(am) = aφp(m) =
1
pj

φp(m) =
(1− h)j

pj
φp(m)

= φp

((
1− h(k)

p

)j

m

)
+

(1− h)j − (1− h(k))j

pj
φp(m).

For k ≥ j large enough we get cancellation with the denominators in (4.7)
and therefore

yp =
(1− h)j − (1− h(k))j

pj
φp(m) ∈

r∑

i=1

Zpφp(mi).

For q 6= p (4.7) shows that

yq = −φq

((
1− h(k)

p

)j

m

)
∈

r∑

i=1

Zqφq(mi),

and hence that v = φ

((
1−h(k)

p

)j
m

)
+ y with y ∈ G.

We have shown that
V/N ∼= G/(G ∩N).

Although G is not compact, the quotient G/H is compact, where H ⊂
G ∩ N is the subgroup generated by {φ(mi) : i = 1, . . . , k}. Hence V/N is
compact. ¤

5. Homoclinic points for actions of expansive rank one

In this section we study the groups of homoclinic points for different ex-
pansive elements of an algebraic Zd-action of expansive rank one. The results
in this section generalize the results for commuting toral automorphism in
[11].

Let α be an algebraic Zd-action on a compact abelian group X. We define
the groups ∆α(X) and ∆αn(X) of homoclinic points of α and αn, n ∈ Zd, as
in the Introduction. Both ∆α(X) and ∆αn(X) are Rd-modules with respect
to the operation

(f, x) 7→ f · x = f(α)(x) =
∑

m∈Zd

fmαmx

for f =
∑

m∈Zd fmum ∈ Rd and x ∈ ∆α(X) or x ∈ ∆αn(X).
If an algebraic Zd-action α with d′ ≥ 2 has expansive rank one, then

h(α) = 0 and α∗ is trivial. Following [4, Section 6] one can, however, use an
individual expansive element αn of the action α to obtain the Rd-module
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∆αn(X) and again define an associated Zd-action β = α∆αn (X) on Y =

∆̂αn(X). In this section we investigate how this construction depends on
the choice of n, under the hypothesis that the group X is connected.

We begin our discussion in the case where α is irreducible and mixing.

Theorem 5.1. Let d ≥ 1, and let α be an expansive, irreducible and mixing
algebraic Zd-action on an infinite compact connected abelian group X. Let
α′(c,K) be a realization of α as in Corollary 3.5, where c = (c1, . . . , cd) ∈
(Q̄×)d, K = Q[c] = Q[c1, . . . , cd], Sc is defined in (3.5), and K ⊂ Rc is a
finitely generated Z[c±1]-submodule.

For every v ∈ Sc we define the group homomorphism ωv : n 7→ log |cn|v
from Zd to R and set Hv = {n ∈ Zd : ωv(n) = 0}. Then

Eα = {m ∈ Zd : αm is expansive} = Zd r
⋃

v∈Sc

Hv. (5.1)

Furthermore the following is true.

(1) If m ∈ Zd rEα, then ∆αm(X) = {0};
(2) If m ∈ Eα, then ∆αm(X) is dense in X and isomorphic to K as a

module over Rd;
(3) If m,n ∈ Eα, then

∆αm(X) ∩∆αn(X) =





∆αm(X) if ωv(m)ωv(n) > 0 for every v ∈ Sc,

or if ωv(m)ωv(n) < 0 for every v ∈ Sc.

{0} otherwise,

(4) Let m ∈ Eα, and let α∗ = α∆αm (X) be the algebraic Zd-action on

X∗ = ∆̂αm(X) defined by (2.3). Then Eα = Eα∗ and the homoclinic
module ∆(α∗)n(X) of any (α∗)n with n ∈ Eα = Eα∗ is isomorphic to
X̂.

Proof. Define Vc by (3.6) and (3.5) and choose a Z[c±1]-submodule K ⊂ Rc

according to Corollary 3.5. Since α is algebraically conjugate to the Zd-action
α′(c,K) on X ′

K = Vc/ιc(K) defined by (3.28)–(3.29) we assume for simplicity
that X = X ′

K and α = α′(c,K).
For every n ∈ Zd we denote by

W u
n = {(av, v ∈ Sc) ∈ Vc : av = 0 for every v ∈ Sc with |cn|v > 1},

W s
n = {(av, v ∈ Sc) ∈ Vc : av = 0 for every v ∈ Sc with |cn|v < 1}

the unstable and stable subspaces of β̄n
c in Vc (cf. (3.15)).

If n 6= 0, then cn is not a root of unity due to our assumption that α is
mixing, and Kronecker’s theorem (cf. [8]) guarantees that |cn|v 6= 1 for some
v ∈ Sc. The product formula [3, Theorem 10.2.1] shows that W u

n 6= {0} and
W s

n 6= {0}, since
∏

v∈Sc
|cn|v = 1. As ιc(K) is a discrete subgroup of Vc

and thus has no contracting automorphisms, ιc(K) ∩W u
n = ιc(K) ∩W s

n =
{0}. Hence the quotient map π : Vc −→ X = Vc/ιc(K) is injective on the
subspaces W u

n and W s
n of Vc.

First we assume that n ∈ Eα. In this case W u
n +W s

n = Vc and there exists,
for every a ∈ K, a unique point wa ∈ Vc with W u

n ∩ (W s
n + ιc(a)) = {wa}
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and π(wa) ∈ ∆αn(X). Conversely, if y ∈ ∆αn(X) and w ∈ π−1({y}), then
the continuity of β̄n

c implies that there exist points a, a′ ∈ K with

lim
k→∞

β̄kn
c (w − ιc(a)) = lim

k→−∞
β̄kn
c (w − ιc(a′)) = 0,

and hence with w ∈ (W u
n +ιc(a))∩(W s

n+ιc(a′)) or, equivalently, w = wa′−a.
This shows that ∆αn(X) ∼= K. The isomorphism ∆αn(X) ∼= K is obviously
an Rd-module isomorphism, as claimed in (2).

The closure Z = ∆αn(X) of the group of αn-homoclinic points in X is a
closed, infinite, α-invariant subgroup of X, and hence Z = X by irreducibil-
ity. For the proof of (4) we observe that

X∗ = K̂ ∼= ι̂c(K) = Vc/ιc(K)⊥,

and that α∗ is algebraically conjugate to the quotient action on Vc/ιc(K)⊥

induced by β̄; here ιc(K)⊥ is the annihilator of ιc(K) in V̂c
∼= Vc. As above

we see that ∆(α∗)n
∼= ιc(K)⊥ and hence that X̂ ∼= ιc(K)⊥ ⊂ Vc. This

isomorphism carries the dual action α̂ of Zd on X̂ to α̂∗∗ on X̂∗∗ = ∆(α∗)n ,
as claimed in (4).

For (3) we use the same argument as in [11]. If m,n ∈ Eα satisfy that
ωv(m)ωv(n) > 0 for every v ∈ Sc, then W u

m = W u
n , W s

m = W s
n, and the

homoclinic points of αm and αn coincide.
If ωv(m)ωv(n) < 0 for every v ∈ Sc, then W u

m = W s
n and W s

m = W u
n , and

the homoclinic points of αm and αn again coincide.
If m and n satisfy neither of these conditions then we can interchange m

and n and replace n by −n, if necessary, and assume that W u
m + W u

n 6= Vc,
W s

m + W s
n 6= Vc and W s

m + W u
n 6= Vc.

If a point x ∈ X is homoclinic both for αm and αn then there exist
elements w ∈ Vc and a1, a2, a3 ∈ K with π(w) = x and

{w} = W s
m ∩ (W u

m − ιc(a1)) = (W s
n − ιc(a2)) ∩ (W u

n − ιc(a3)).

Hence

ιc(a2) ∈ W s
m + W s

n =
⊕

{v∈Sc:|cm|v<1 and |cn|v<1}
Kv (

⊕

v∈Sc

Kv = Vc

and from the definition of ιc(a2) in (3.6) we conclude that a2 = 0. Similarly
we see that a1 = a3 = 0, since

ιc(a3) ∈ W s
m + W u

n 6= Vc, ιc(a1) ∈ W u
m + W u

n 6= Vc.

This shows that w ∈ W s
m ∩W u

m = {0} and ∆αm(X) ∩∆αn(X) = {0}.
Finally we note that ∆αn(X) = {0} if αn is nonexpansive. Indeed, if

n /∈ Eα, then |cn|v = 1 for some v ∈ Sc. If x ∈ ∆αn(X) and w ∈ π−1({x})
then w ∈ W s

n ∩ (W u
n − ιc(a)) for some a ∈ K with a ∈ W s

n ∩W u
n . However,

W s
n +W u

n 6= Vc, and the same argument as in the last paragraph shows that
a = 0, w ∈ W u

n ∩W s
n = {0}, and x = π(w) = 0. ¤

In Theorem 5.1 we have used implicitly the following terminology from
[4].

Definition 5.2. Let α be an algebraic Zd-action on an infinite compact
connected abelian group X of expansive rank one. The adjoint action of α
is the algebraic Zd-action α∗ = α∆αm (X) on the compact connected abelian
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group X∗ = ∆̂αm(X) in (2.3) determined by the Rd-module ∆αm(X) for
some (and hence, by Theorem 5.1 or Theorem 5.5 below, for any) expansive
automorphism αm, m ∈ Zd.

According to Theorem 5.1 (4), the adjoint action α∗ of an algebraic Zd-
action α on an infinite compact connected abelian group X of expansive
rank one again has expansive rank one and the compact group X∗ is infinite
and connected. We define the second adjoint action α∗∗ = (α∗)∗ of α as
before and obtain the following corollary.

Corollary 5.3. Let α be an irreducible algebraic Zd-action on a compact
connected abelian group X. Then the second adjoint α∗∗ of α on X∗∗ =
∆̂αn(X) is algebraically conjugate to α.

Proof. Theorem 5.1 (4) shows that the dual modules X̂ and X̂∗∗ = ∆(α∗)n(X)

with n ∈ Eα = Eα∗ are isomorphic, which proves that α and α∗∗ are alge-
braically conjugate. ¤

In the setting of Theorem 3.8 the adjoint action α∗ can be described
explicitly. The proof is left to the reader as an exercise.

Corollary 5.4. Suppose that K is an algebraic number field, c ∈ (K×)d

a vector of nonzero algebraic numbers with K = Q(c), and let Sc ⊂ P (K)

be the set of places defined by (3.5). For every nonzero ideal I ⊂ Rc the
adjoint action α∗(c,I) of the irreducible algebraic Zd-action α(c,I) described in
Theorem 3.8 is of the form α∗(c,I) = α(cI−1), where I−1 = {a ∈ K : aI ⊂ Rc}.

We end this section with a discussion of the module of homoclinic points
for expansive elements in a general algebraic Zd-action of expansive rank
one. The description of such actions in Theorem 4.5 allows to use almost
exactly the same argument as in the irreducible case.

Theorem 5.5. Let α be an algebraic action on an infinite compact connected
abelian group X of expansive rank one. The homoclinic modules

∆αn ∼= ∆αm

are isomorphic as Rd-modules for any two expansive automorphisms αm, αn,
m,n ∈ Zd.

Proof. By Theorem 4.5 we may assume that α is the Zd-action induced by β̄
on Y = M̄/N for some discrete, co-compact, β̄-invariant subgroup N ⊂ M̄ .
Here M̄ is a product of finite-dimensional vector spaces Mp over Qp for
p ∈ S ∪ {∞}, where S is a finite set of rational primes.

Fix n ∈ Zd such that αn is expansive. We claim that ∆αn ∼= N.
By expansiveness, M̄ is a sum of the stable and unstable subgroups

W s = {v ∈ M̄ : β̄knv → 0 as k →∞},
W u = {v ∈ M̄ : β̄−knv → 0 as k →∞},

M̄ = W s ⊕W u.

If a ∈ N we let wa ∈ M̄ be the element uniquely determined by wa ∈
W s∩({a}+W u). Then xa = wa +N is a homoclinic point for α. Conversely,
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if x ∈ ∆αn is homoclinic and w ∈ Mc is a point with w + N = x, then there
exists a1, a2 ∈ N such that w − a1 ∈ W s and w − a2 ∈ W u. In other words,
x = xa2−a1 . It can easily be checked that the map a 7→ xa is an Rd-module
isomorphism. ¤

The proof of the following corollary is completely analogous to that of
Theorem 5.1 (4) and Corollary 5.3.

Corollary 5.6. Let α be an algebraic Zd-action on an infinite compact
connected abelian group X of expansive rank one with adjoint action α∗ on
X∗. Then α∗ has expansive rank one, and the adjoint action α∗∗ of α∗ is
algebraically conjugate to α.
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