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CHAPTER 1

Preface

These are the notes of the course Analysis III for D-MAVT and D-MATL taught
at ETH over the the course of several years. The notes are NOT meant as a sub-
stitute of the textbook, the book ”Advanced Engineering Mathematics”, By E.
Kreyszig, where the students can find more information, in more details and in a
more general context. This said, some parts of the notes (specifically the chapter on
the Laplace transform) are taken from the book by N. Hungerbiihler ” Einfiihrung in
partielle Differentialgleichungen” and the discussion of the normal form of a PDE is
taken from the book ”Advanced Engineering Mathematics”, by C. Ray Wylie and
L. Barrett.






CHAPTER 2

The Laplace Transform

2.1. Introduction

The Laplace transform is one of the most powerful methods in operational calcu-
lus, a series of methods that transform differential problems into algebraic problems.

algebraic equations

Linv

Typically these methods are integral transforms of which the Laplace transform
and the Fourier transform are examples that we will see.

There are several advantages in using integral transforms in general, and the
Laplace transform in particular:

(1) Often algebraic equations are easier to solve;

(2) The data of an IVP or a BVP are all encoded in the algebra equation and
the solution is hence found at once without the need of finding the general
solution and then the particular solution;

(3) It is particularly useful to solve differential equations with input that are
not continuous, for example with short impulses. The way to deal with
these issues is to introduce the Heaviside function and the Dirac delta (see

§[.6).

2.2. Definitions and examples

DEFINITION 2.1. Let f : [0,00] — R be a function. Its Laplace transform is defined
as

(2.1) LH(s) = /Ooo e (1) dt

NOTATION. (1) There are several ways of denoting the Laplace transform. Among
the most common are £(f) (and hence £(f)(s) when applied explicitly to
a variable s) or F(s).
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(2) It is customary to denote by ¢ the variable for the original function f (e.g.
f(t) and g(t)) and by s the variable of the Laplace transform (e.g. L£(f)(s)
or F'(s) and L(g)(s) or G(s)).

DEFINITION 2.2. The function f in (2.1)) is the inverse Laplace transform of the
function F(s) and is often denoted by f := L7(F).

REMARK 2.3. The inverse Laplace transform is “essentially” uniquely defined, that
is

Fi=F=fi=/f.

“Essentially” here means that if two functions (both defined on R>( have the same
Laplace transform, then they cannot differ on an interval of positive length, but
they might differ at single points.

EXAMPLE 2.4. We want to compute L(f,), where f,(t) = t", for n > 0.

[n=0]If s > 0, then

et = [t (f o) = (307 -0) =3

=
') T
MM@z/"awW:nm</awa
0 T—o00 0
1 1 T
(e (L) et [T
T—o00 S S 0

-z /0 st gy — "L (funs)
=M ) = = TR ) ) =

EXAMPLE 2.5. We compute the Laplace transform of f(t) := e, where a € R.

£(e“t)(s):/ eSte“tdt:/ e~ (5t gy
0 0

oo ifs=a
B L limp oo (e77T — 1) if s#£a

) oo if s<a
1L ifs>a.
S—a

REMARK 2.6. (1) The Laplace transform L(f) is defined exactly for the values
of s for which the integral exists. For example if
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(a) f is piecewise continuoug| and
(b) there exist M,k € R with M,k > 0 such that

(2.2) ()] < MeM

for all ¢ > 0, then £(f)(s) exists on the interval (k,00). In fact, if (2.2))
holds, then if s > k

el < | e e < M / Tt g <
0 0

Note that the piecewise continuity gives the integrability on finite intervals
and the condition (2.2)) in (b) insures the finiteness of L(f). The inequality
is called growth restriction.

(2) Let us assume that f is a “good” function, that is a function for which the
Laplace transform exists. Then:
(a) lims oo L£(f)(s) = 0.
(b) sL(f)(s) is bounded as s — 0.
(¢) L(f) is continuous for all s € R such that o < s < g, where k < a.
(d)

/f (/OOO e f (1) dt> ds = /OOO (/jestf(t) ds) dt .

2.3. First properties and applications

2.3.1. Linearity.

< 0.
S_

PROPERTY 1. Let f and g be functions for which the Laplace transform exist. Then
for all a, 8 € R

Laf + Bg) = aL(f)+ BL(g) |

Moreover

LY(aF + BG) = aL™Y(F) + BL7YG).

EXAMPLE 2.7. Compute L(coshat) and L(sinhat) for s > |al.

6at + e_at 1 at 1 —at
T) = S L(e") + 5 L(e ™)

1 1 1 1 s

L(coshat) =L (

2s—a 2s4+a s2—a?’

where we have applied Example [2.5/to f(x) = e and to f(z) = e™ .

L £ is piecewise continuous on I C R if there exists a subdivision of I into finitely many intervals
on which f is continuous and has finite limits at both endpoints of each interval.
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The calculation of L(sinh at) is analogous, namely:

at _ ,—at 1 1
L(sinhat) =L (L) = SL(e") = 5L(e™)
11 11  a
2s—a 2s+a s2—a?

where, as before, we have applied Example to f(z) = e™ and to f(x) = e .

Since 4 cosht = sinh?, the same formula for L(sinhat) could have been obtained

using Property [3] below. O

I

2.3.2. Shifting Theorem (s-shifting).

PROPERTY 2. Let us assume that the function f has a Laplace transform L(f)(s)
for all s > k for some k. Then

(2.3) L(ef(t)(s) = F(s—a).

VERIFICATION.
L(e*f(1))(s) = / eG4 dt = F(s—a). 0
0

EXAMPLE 2.8. Assume that we have shown (see Example that

(2.4) L(coswt) = 824—;(,02 and | L(sinwt) = poa :wa .

We use these formulas to find the inverse Laplace transform of F(s) := %. It
follows in fact from the Shifting Theorem that

sS—a

E(Gat COS wt) = m

and ﬁ(eat sin (.Ut) = m .

Since we can write

2s—3 2s+1)—-5  2(s+1) 5

2425+26 (s+1)2+452 (s+1)2+52 (s+1)2+52

F(s) =

_ p-1 _op-1 s+ 1 el 1
J(t) = L7 (F) =2L (52+25+26> oL <52+23+26)

=2¢ " cos 5t — e " sin 5t = e (2 cos 5t — sin 5t) .

Note that f is a function that describes damped vibrations.
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2.3.3. Differentiation.

PROPERTY 3. Let f, f',..., f" Y be continuous functions for all t > 0 and let us
assume that they satisfy the growth condition (2.2)). Assume that f™ is piecewise
continuous on every finite subinterval in [0, c0). Then

n—1

(2.5) L(fM)(s) = s"L(f) =D 5" f9(0), for everyn > 1

j=0
For n =1 and n = 2 (2.5)) reads as follows:

L(f')(s) = sL(f) = f(0)
L(f")(s) = s*L(f) — s£(0) = f'(0)

(2.6)

VERIFICATION. We assume that f and f’ are piecewise continuous and f satisfies
the growth restriction (2.2). To verify the first of the two equations in (2.6)), observe
that

21) 2= [ e wa= g (sl s [ etroa)

o0 0

If (2.2) is satisfied, that is if for some k, M > 0, f satisfies the inequality |f(¢)| <
Me* then

|6_5Tf(T)| <Me T 50 asT —o00 fors>k.

Then becomes
L(f) = lim e f(T) — f(0) + S/OO e S f(t)dt = —f(0) + sL(f).

T—o00 0

To verify the second of the equations in ([2.6)), we use the first equation applied first
to f’ then again to f. Then

L(f") = sL(f)) = ['(0) = s(sL(f) = f(0)) = f(0) = s*L(f) — 5£(0) — f'(0).
The formula for any n can be proven by induction. 0

EXAMPLE 2.9. We compute now £(cos wt) and L(sinwt). To this purpose, set f(t) =
coswt. Then

f'(t) = —wsinwt and hence  f"(t) = —w? coswt .
From
L(f") = s"L(f) — sf(0) = f'(0)

and since f(0) = 1 and f’(0) = 0, we obtain, using the linearity of the Laplace
transform

—w?L(coswt) = s*L(coswt) — s,



8 2. THE LAPLACE TRANSFORM

that is
s
L(coswt) = ——.
(coswt) s? + w?
The computation of L(sinwt) can be performed analogously. O

ExampLE 2.10 (First application to solving an ODE). We want to find y = y(t)
that satisfies the differential equation

y'—y=t
with initial values
y(0)=1 and ¢'(0)=1.

Applying the Laplace transform to the equation y” — y = ¢, and using the linearity
property and Example 2.4 we obtain

Ly" —y) = L(t) =

Using (2.4), Example , Example and Example , it follows that

1 1 1 1 1
E = = _
) 32(52—1)+s—1 s?2—1 52+3—1

=L(sinht) — L(t) + L(e")
=L(sinht —t + '),

from which we obtain y(¢) = sinh¢ — ¢ + €.

2.4. The Heaviside function and t¢-shifting

We want to consider now the vibrations of a mass m on an elastic spring and we
denote by y(t) the displacement. We want to consider the case in which there is a
damping force and an external force r(t), so that the differential equation satisfied
by the displacement is

(2.8) my” +cy' + ky =r(t),

where ¢ and k are respectively the damping and the spring constants, and where
r(t) is the external force.

The interesting case we want to discuss is when the external force is applied only
on one interval of time. To do this, we need to introduce the Heaviside function (or
unit step function), so defined:
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0 ift<O0.

alt) i {1 ift>0

In fact, the Heaviside function will be most useful in the following form:

o—_

1 ift>a
0 ift<a.

Ifa>0, u(t—a) ::{

In the following examples we see how we can use the Heaviside function to express
some discontinuous functions.

ExXAMPLE 2.11. The function

a b
1 a<t<b
t) .=
f®) {O t<aort>b

can be written as f(t) = u(t — a) — u(t — b).

EXAMPLE 2.12. The function
a b c

1 a<t<b
fit)y:=¢-1 b<t<ec

0 t<aort>c
can be written as f(t) = u(t —a) — 2u(t — b) + u(t — ¢).
ExXAMPLE 2.13. If f(¢) has graph
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then u(t — a) f(t) has graph

but u(t — a) f(t — a) has graph

el

a

2.4.1. Second shifting theorem (¢-shifting).

PROPERTY 4. Let f be a function with Laplace transform L(f) and let u be the
Heaviside function. Then

(2.9) Lu(t —a)f(t —a)) = e L(f),

and

u(t —a)f(t —a) = L7 (e L(f)),

VERIFICATION. We have

Clult — a)f(t — a))(s) = /OOO e=stu(t — a) f(t — a) dt
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Setting ¢ := t — a, we obtain
L(u(t —a)f(t —a))(s) =
ete™ f(1)d1

= e L(f). O

EXAMPLE 2.14. We now look at the mass-spring system in (2.8) with damping
constant ¢ = 3 and external force the square wave u(t — 1) — u(t — 2). That is we
want to solve the initial value problem

(210) ¥ +3y +2y=u(t—1)—u(t—-2), y0)=0, (0)=0.

SOLUTION. We apply the Laplace transform to the left hand side of the ODE
in (2.10)). Using the convention Y = £L(y) and using ({2.6) we obtain

L(y" + 3y + 2y)
= s’Y — sy(0) — y'(0) + 3sY — 3y(0) + 2V
=5Y +3sY +2Y.

Applying now the Laplace transform to the right hand side of (2.10)) and using the
t-shifting, we obtain

Clu(t— 1) — u(t —2)) = L(e= — e2).

S
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Setting the two equations above equal to each other, and solving for Y, we obtain,

with the help of (2.9) and of Examples and ,

1 —s —2s
Y = sy ¢ )

|
o
[\
c/al'_‘
|
w
+ | =
—_
[\
—~
w
4=
[\
S—
~
—~
®
.
ml
[\
vy
N—

1

2

1

2

1 1 1 1
<§ —e (7D 4 562(t1)> u(t — 1)) - L ((5 —e (72 4 562(t2)> u(t — 2))
1 1 1 1
=L ((5 —e Dy Eez(tl)) u(t—1) — (5 —e 7D 4 562(t2)> u(t — 2)) .

It follows that

1 1 1 1
y(t) = (— —e = 4 56_2“_1)) u(t —1) — (5 —e 72 4 —6_2(t_2)> u(t —2)

2 2
0 t<1
= {1 e l=1)  Lom20-1) l<t<?2

e—(t=2) _ o=(t=1) 4. %672(#1) _ %6372(1%2) t>9.

2.5. Integration

PROPERTY 5. Let f be a piecewise continuous function for t > 0 that satisfies the
growth condition (2.2). Then for s >k, s >0, and t > 0

(2.11) c </Ot (@) da:) - EF(S).
and
(2.12) /Ot f(z)de =L£71 (%F(s)) :

VERIFICATION. Let g(t) := fot f(z)dx and let us verify first that if f satisfies
the growth condition, so does g. In fact,

t t M M
rg<t>|s/ \f(x)|d:c§M/ = (e = 1) < et
0 0
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Moreover ¢'(t) = f(t) and ¢g(0) = 0, hence from (2.6)) we have
L(g) = sL(g) — 9(0) = sL(g),
which implies that

e[ ) ) = Llolt) = 1206 = 1£(7). O

EXAMPLE 2.15. Compute £7* (s(sz——li-oﬁ)) and £} (ﬁ) .

s24+w?)

SOLUTION. We know that L(sinwt) = 57— Since w is a constant, by linearity
of the Laplace transform we obtain

in wt 1
r sinwt) |
w 52 + w2

1 sin wt 1 1
-L =—-|(—=—].
s w s \ $? + w?

Taking the inverse Laplace transform on both sides, and using (2.12)), we obtain

-1 1 1 _ ot lﬁ sin wt
s \ 8% + w? s w
t .
/ sin wx I
0 W

1
= E(_ cosw)|h

and multiplying by %

1
= E(l — coswt) .

To compute £7! (W) we iterate the above calculation. We know that

1 1 /1 S 1
L|—(1- )| =—(-- =
(uﬂ( cose )> w? (s 52 —|—w2) s(s?2+w?)’

from which it follows, again using (2.12), that

e () -2 (2 (30 -om)

1 t
=— [ (I —coswz)dx
w= Jo

1 1 .
=— t— —sinwt | .
w w
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EXAMPLE 2.16 ([?, Example 6, page 232]). Solve

(2.13) Y +y =2, yG):w/z, y'(@:z—\/ﬁ.

SOLUTION. We set t :=t — 7 /4, from which ¢ = ¢ 4+ 7/4. With respect to this
new variable we have

yt) =7, v =70, ¢ =70,

and hence (12.13)) becomes
7'+7=2(+7), T0=7, 70 =2-v2.

Applying the Laplace transform to the ODE we obtain
_ _ _ _ T
SLG) = 5y(0) =7 (0) + L(7) = 2£(5) + 5£(1),
from which it follows that

(s> 1)Y—§3—2+\/_ —+—

2s
Solving for Y, and using the result of both computations in Example [2.15 we obtain
— 2 1 2 —14/2
$2(s2+1)  2s(s24+1) 241 2s2+1
= 2L(t —sint) + gﬁ(l — cost) + (2 — V2)L(sinT) + gﬁ(cosf)
— L(2T+ g ~ V2sinf).
Hence

5(F) = 2F + g —V2sin?,
and substituting back to obtain the original variable ¢ we obtain

y(t):2<t—z>+§—\/§sin(t—%)

1
:225—\/5%(

=2t —sint + cost.

sint — cost)

2.6. Dirac’s delta function

We are going to look for solutions of the differential equation my”+cy'+ky = r(t),
where r(t) is a force over a very short interval of time, almost instantaneously.
Phenomena of this impulsive nature are common and can be dealt with using Dirac’s
delta.
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We saw already how to deal with forces applied on an interval [a,a + h] and we
assume now that the magnitude of the force is 1/h, so that the impulse of the force
is one. Namely if

1/h a<t<a-+h
t—a): = -
Jlt —a) { 0 otherwise ,

then

%9 a—l—hl
IhI:/ fh(t—a)dt:/ —dt=1.
0 a h

DEFINITION 2.17. The Dirac delta is the limit

. oo t=a
0t —a) :=lim fy(t) = {0 I 2a,
and
) 005 —a)dt=1.
(2.14) /0 (t—a)dt=1

REMARK 2.18. The Dirac delta function is not a function, but a generalised function
or a distribution.

The following properties are important and should be shown using the definition
of distribution:

PROPERTY 6. (1) (Sifting property)

(2.15) / " ()8t — a)dt = g(a)

@) [t —a)) = e

VERIFICATION. (1) This is consistent with (2.14)) in the case in which ¢(¢) = 1.



16 2. THE LAPLACE TRANSFORM

(2) We use here properties of the Dirac delta and of the Laplace transform. Because
the Laplace transform has good convergence properties, we can write

L((t — a)) = £(lim fu(t — )
= lim £(fu(t — 0))

— lim L L(u(t — a) — ult — (a+ h)))

h—0 h
.1 (ath
— lim — (-2 e (a+ )s)
h—0 hs
—hs
) _ —e
= lime %
h—0 hs
) 1 — efhs
= *lim
h—0  hs
—hs
(%) _ . se
= ¢ * lim
h—0 S
— e—as,

5 1—6_h8_1_ 1—6_}15_1- l—et  d ey =
hoo  hs | heso hs | o ¢ al© =0

or I’Hopital rule.
Another possibility would have been to apply (2.15) with g(t) = e~*. Having
done the direct calculation provides instead further evidence for ([2.15)). 0

EXAMPLE 2.19. (Hammerblow response of a mass-spring system) We want to solve
the IVP

y' +3y +2y=6(t—1), y0)=0, y'(0)=0.
SOLUTION. We apply the Laplace transform to both sides of the ODE
L(y" + 3y +2y) = L(6(t — 1))
and, using the calculation in Example [2.14] we obtain that
Y +3sY +2Y =e°,

or, equivalently,

1 —5 __ L_ 1 6—5
(2.16) R P s P —(sﬂ S+2) -

We apply now the second Shifting theorem (Property || with L(e™*) = SJ%G and
a=1,2, that is

(2.17) et =L(e e = L(u(t — 1)e D)
(2.18) 34%2675 = L(e"2)e™* = L{u(t — 1)e~2t-D)
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Plugging in the result of the two equations in (2.17)) into (2.16)) we obtain
Y = Lu(t — 1) (et — 720Dy |
that is
y=u(t —1)(e 1 — 72t=D)

2.7. Convolution and integral equations

While the Laplace transform is linear and satisfies the property L(f+¢g) = L(f)+
L(g), the same cannot be said about the product of two functions. In other words
L(f-g) # L(f)L(g). However one can define a different “product”, called convolution

and denoted by %, that has the desired property that L(f *x g) = L(f)L(g).

DEFINITION 2.20. The convolution f * g of two functions f and ¢ is defined as

/f gt —t)

PROPERTIES. Let f,g and h be functions. Then:
()f*gzg*f;
(2) fx(g+h)=fxg+ f*h;
(3) fx(gxh)=(fx*g)*h;
(4) fx0=0xf =0;
(5) f=1#f;

(6) f = f is not always non-negative.

The verification of these properties is straightforward and is similar to the ver-
ification of the Property that we will do later. An example that illustrates
is f(t) = t, since f x 1 = 5t*. On the other hand, taking f(¢) = sint, shows that

fxf==z cost + 35 smt can take also negative values.

PRrROPERTY 7. If f, g are two functions, then

L(fxg)=L(f)L(g)|

VERIFICATION. By definition we have

L)) = [ e a0
— /Doo e st (/Ot f(thg(t =1t dt’) dt
Since

{t,t): 0<t' <t,0<t<oo}={(t,t'): t' <t <o0,0<t <00},

(2.19)
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t t A —

t t

we can exchange the order on integration in the right hand side of (2.19)) to obtain

cireae = et ([0ae-trar)a

[T ([ ot vrae) sy ar
R /O h ( /O st da) Ft)at
_ /O Tt ( /0 () da) () d
[Tetwa) ([T eatea)

(F)£(g) -

|
D —

U

ExAMPLE 2.21. This is Example [2.14| revisited. In other words, we will solve again
the IVP in (2.10)

v'+3y +2y=u(t—1)—u(t—2), y0)=0, ¢'(0)=0,

but this time we will use the convolution. By applying the Laplace transform on
both sides of the differential equation we obtain

(s> 4+ 35 +2)Y = L(u(t — 1) —u(t —2)),

and, solving for Y,

_ ﬁﬁ(u(t— 1) — ult — 2))
1 1
- (s+1 a s+2) Lu(t—1) —u(t —2))

=L —e ) L(ult —1) —ut —2))
=L((e" —e ) * (u(t — 1) —u(t —2))).
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It follows that
y(t) = (7" —e ™) x (ult — 1) —u(t - 2))
= (u(t—1) —u(t —2))* (e —e )

(2.20) t
_ / (u(t = 1) — u(t’ — 2))(e=t=1) — =20 gy
Since :
/e—a(t—t’) dt — le—a(t—t’) el
a
then

/(6—(t—t’) _ 2=y gyt — ) %6_2@_#) L.

If follows from ([2.20)) that, if 1 <t < 2,
¢
y(t) = / (u(t' — 1) —u(t' — 2))(e” ) — 2= gt/
1

t
_ / (ef(tft’) . 672(t7t’))dt/
1

—(t—t' 1_ ¢/ t
:(6 (¢ t)__6 2(t 1t))|1

1
— Z =) 4 7 2(t-1)
5 e + 26 .

On the other hand, if ¢ > 2, (2.20) becomes
/ (F = 1) — u(t — 2)) (e~ — =20-10) g
/ (e~ — 20y gy
= (e SO

—(t-2) 16—2(t—2) D 16—2(75—1)
2 2
which is consistent with the result obtained in Exercise 2.14]

= € s

EXAMPLE 2.22. Solve the integral equation
t
y(t) —/ y(t')sin(t —t")dt' =t.
0

SOLUTION. Since fo (t')sin(t —t') = y(t) *sint, by applying the Laplace trans-
form to the equation

y—yx*xsint =t
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we obtain

Solving for Y we get
s2+1 1 1 1
st 2 ( G ) ’

from which we gather that y(t) =t + 3t°. O

2.8. Last properties: differentiation and integration of transforms

We saw already how the Laplace transform of the derivative or of the integral
of a function is related to the Laplace transform of the function (Properties [3[ and
4)). Here we see the effect of taking the derivative or the integral of the Laplace
transform.

PROPERTY 8. Let f be a piecewise continuous function that satisfies the growth

condition . Then
(1) L'(f) = —=L(tf(?)).
(2) If in addition lim, o+ L2 exists, then [~ L(f)(s')ds' = L (m)

t t

VERIFICATION. (1) The continuity properties of the Laplace transform allow us
to write

d > —st o 00_ —st
& e f(t)dt—/o te”* f(t) dt.

The right hand side of the above equality equals —L(tf(t)), from which the first
assertion follows.

(2) The same continuity properties of the Laplace transform used in (1) allow us to
write

(2.21) /:O (/Ooo et (1) dt) ds' = /OOO (/Oo et ds’) f(t)dt.

The right hand side of (2.21]) equals

(P [t -e(tn)

S
which shows the second assertion. O

REMARK 2.23. Let f : R — R be a function that is piecewise continuous, satisfies the
growth condition with constants M and k and has the property that f(¢) =0
if £ < 0. Then the Laplace transform of f exists for all complex numbers z € C with
real part Rz > k. Considering the Laplace transform as a function of a complex
variable has for example the advantage that there exists a formula for the inverse
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Laplace transform. However the knowledge needed to use this formula is beyond
the scope of this course and is therefore not treated here.






CHAPTER 3

Fourier Analysis

Fourier series are an instrument to decompose periodic phenomena, such as the
behaviour of a rotating part in a machine, into simpler functions such as sines
and cosines. We will see that Fourier integrals give a way of extending a similar
decomposition to the case of non-periodic phenomena.

3.1. Fundamentals

DEFINITION 3.1. A function f(z) is called periodic if it is defined for “most” z € R
and if there is a positive real number p € R, p > 0 such that f(z) = f(z + p) for all
x.

EXAMPLE 3.2. f(z) =sinz and f(z) = cosx are periodic of period p = 2.
REMARK 3.3. The period p is not necessarily the smallest real number for which

f(z) = f(z + p). In fact, if p is a period, then any multiple of p is also a period.
This is important in the following examples:

EXAMPLE 3.4. (1) f(z) =sinnz and f(x) = cos nz are periodic of period 27 /n
but also periodic of period p = 27w we will consider them as periodic of
period 27.

nm

(2) sin (%Fx) and cos (“Lz) are periodic of period 2L/n but we will consider
them in the following as functions of period 2L.

(3) f(x) = tanz is periodic of period w. This is the typical example of a
function that is defined for “most” x, as it is defined for all z # +(2k+1)7,
for k=0,1,2,....

(4) The function f: (0, L) — R defined as

23
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can be extended to the whole real axis as a periodic function. There are at
least three ways to do this, one as a function of period L

Nl

L

and two as a function of period 2L

— —

|~

I
I
I
|
1
L L
2 I
I
I
I
I

L

We will see that the possibility of extending a function defined on a bounded
interval to be periodic is very important.

(5) If f, g are functions periodic of period p, and o, € R, then af + (g is
periodic of period p.

The functions sin (”—L“x) and cos (%x) are particularly important periodic func-
tions and the collection

nm nm
sin | —x | ,cos ( —=x :nEZ,n>O}
{sin (o) eos (T 2) -
is called trigonometric system.

PROPERTIES (Orthogonality of the trigonometric system). Let n, m be non-negative
integers. Then

(1)

I 0 n#m
nmw mm
cos <—x> cos (—:E) dr=<L n=m=#0
I L L
2L n=m=0.

/_isin(%x)sin(%x) dr = {OL Zi:i%o
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L

L
/ cos (n—ﬂx> sin (%x) dx =0, for every n,m.
-L

VERIFICATION. To simplify the calculation we consider the case in which 2L =
2m. Observe first of all that if n =m = 0, then

i v
/cosnxcosmxd:c:/ dr = 27 .

Using the following trigonometric formulas
1

COS T COSMT = 3 cos(n +m)x + ) cos(n —m)x
: : 1 1
sinnzsinme = o cos(n —m)x — 3 cos(n +m)x
1
sin nx cos ma = 3 sin(n +m)x + 3 sin(n —m)z,
we obtain
cos nx cos mx dx = 5 cos(n +m)xdx + 3 cos(n —m)x dx
_ %0 + %0 =0 n#m
T n=m#0"’

™ 1 s
/ cos(n —m)xdx + 3 / cos(n +m)z dx

—T —T

s
/ sin nx sin mx dx =

—T

10+10=0 n#m
v n=m#0"’
and finally
™ ) 1 ™ ) 1 ™ .
/ cosnx sinmaz dr = 3 / sin(n + m)x dx + 3 / sin(n —m)x dx
1 1
=-0+-0=0.
2 * 2
DEFINITION 3.5. (1) A trigonometric polynomial is a function of the kind

N
nmw nm
ag—l—;(a cos(L:U>+ sin La:

while
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(2) a trigonometric series is a function of the kind

[ee]
nmw nmw
ag + <an cos <—x) + b, sin (—a:)) ,
0 ; L L
where the a,, b, are constants called the coefficients.

Since the functions in the trigonometric system are periodic of period 2L and
since a trigonometric series is the sum of functions in the trigonometric system, if
the series converges it will converge to a periodic function of period 2L. Suppose
this is the case and let f(x) be a function whose sum is a trigonometric series, that
is

(3.1) f(z) =ao+ i (an cos <%x> + by, sin (%x)) .

The natural question is what is the relation between f(z) and the coefficients a,, b,,.
By multiplying both sides of (3.1 by cos (%x) and integrating the result over the
interval [—L, L], we obtain

/ f(z) cos —x) dx
= ay /_L cos (mT:I,") dx + Z (an /_L cos (%w) Cos (%x) dx

Using the orthogonality properties of the trigonometric system (in particular (1)
and (3) for m fixed and n varying between 1 and oo) we obtain

L
2L =0
[ r@eos (B2 aw = {02
7 L anl m >0,

from which it follows that

:%/L f(x)cos (%x) dr, if m > 0.
-L

(3.2)
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Likewise, multiplying both sides of (3.1)) by sin (%x) and integrating the result
over the interval [—L, L], we obtain

/ LL () sin (%x) dz

0 L
= ay /_L sin (%x) dx—i-; (an /_L coS (%x) sin <%x) dzx
=0 =0

+ b, /I; sin (%x) sin <%x> dm) )

Again using the orthogonality properties of the trigonometric system we deduce

1 L
(3.3) by, = Z/_Lf(x)sin (%x) dr, if m >0.

ExXAMPLE 3.6. We compute the Fourier series of the function

k O0<z <2,

Fa) e {—k 2<z<0

ta) The given function flx) (Periodie rectangular wave)

extended by periodicity so as to have f(x) = f(x +4). In this case 2L = 4, that is
L = 2. It follows that

o = i/_if(:)s)dm _ i(—kz(O— (=2)) + k(2 —0) = 0.
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and
1 [r mm
am = 7 /L f(x) cos (Tx> dx
= g —/O coS <%x> dr + /QCOS (%x)) dz
-2 0
= g% (— sin (%x) |(12 + sin (%x) ‘3)
— % (sin (%(—2)) + sin (%2))
=0.
Analogously
L
by = /_L f(zx)sin (%x) dx

2 (o (C) 2, oo (250) )

k
= — (1 — cos(—mm) — cos(mm) + 1)
mm
2k
= —(1 — cosmm)
mm
) 2E m=1,3,5,
|0 m=24,6,

Thus f(z) can be represented by a Fourier series as follows

4k Z"" 1 o+ 1
n=0
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5
k -
m “\ T
.
- = _k
~
;")II P-"S:
P T
Bl—— <
! o
- S
a S
Fa "‘\_ /_r "H-.\
& s Fa )
T T
\ S - x
- '1\ ..__iz.-’ 4
b 7 Ak
\ — 3 sin 3x
— S — —k r
q
~ : y”SE- -
Pl . S
k> — =
% - \
4
P ;/ o ’,-“\,'\L
III|I I \,_ \\ e ! X
=T T
a .
\ E—k sin bx
\ . 2
e i —k

(b} The first three partial sums of the corresponding Fourier series
U

REMARK 3.7. In order to be able to find a formula for the Fourier coefficients, we
assumed that the function f could be represented as a Fourier series. This means
not only that the Fourier series of the given function converges, but also that the
sum of the Fourier series of f at the point x equals the value of the function f at x.
If f is periodic of period 2L and piecewise continuous and if f has left and right
derivative at each point in a given interval of length 2L, then the Fourier series of
f with the coefficients determined above converges to f(z) in all points where f is
continuous and it converges to 3(f(xy)+ f(27)) in the points of discontinuity. Here
we use the notation
f(z5) = lim f(z) =lim f(xo £ ).
x—)mg =0
In particular this means that if f is continuous and its Fourier series converges, then
the sum of the Fourier series at = equals f(x).
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3.2. Even and odd functions, half-range expansion

DEFINITION 3.8. A function f is
(1) evenif f(z) = f(—x)
(2) oddif f(z) = —f(—x)
for all x in the domain.
REMARK 3.9. The graph of an even function (such as cosz) is symmetric with

respect to the y-axis, while the graph of an odd function (such as sin ) is symmetric
with respect to the origin.

PROPERTIES. (1) The product of two even functions or of two odd functions is
even, while the product of an odd function with an even one is odd.
(2) If g is even, then f_LL g(x)dx =2 fOL g(z)dz.
(3) If g is odd, then LLL g(z)dx = 0.

3.2.1. Simplified form of the Fourier series for even and for odd func-
tions.

THEOREM 3.10. Let f be a function of period 2L representable by its Fourier series.
(1) If f is even then

flz) =ap+ ian cos (%x) ,
n=1

where

2 [k U .
an, Z/o f(z) cos (—x) dr, ifn>0.
(2) If f is odd then
- . [/nm
f(z) = an sin <fx> )
n=1

where

EXAMPLE 3.11. We will find the Fourier series of the function f(z) defined as f(z) =
z + m, for —m < x < m and extended to be 27 periodic f(z) = f(z + 27). To do
so, we write f(z) = fi(z) + fo(z), where fi(x) = x and fo(x) = 7. Because of the
linearity of the integrals, the Fourier coefficients of f are the sum of the Fourier
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coefficients of f; and of f,. The coefficients b, of fy vanish since f; is even: since
alsoifn>1

2 [T i 1 .
an = / T COS (Tx) de = / cos(nx)dr = — sin(m:)!o =0,
0 0

™ s n

the coefficients of f, are all zero, except for ag = m; that is fo(x) = 7 is its own
Fourier series.

Since fi is odd, the only nonzero coefficients are the b,. From , and using
integration by parts, we have

2 s
bn:—/ rsinnx dx

m™Jo

2 T ~ 1 [7
= — ——cosnx’0+— cosnx dx
™ n n Jo

2 1. T
= — —7rcosn7r+—smmc|0
™ n
= ——cosnm

n

2

— (-1 n—1%

(-1,

from which it follows that



32 3. FOURIER ANALYSIS

fix)
A J/ // /'.
. ’
AN
/ L A
T T x
(&) The function flx)
J" o
Sag
S .
b @ s [
152 i, M
W
<M ¥ |
i,
] |
v
! ey
k s
:.I_I p_/"_.» &
I',.'- l;‘r,_
|0
La o:-""'I
o :
-7t 4] T X

16} Partial sums 84, 85, 53, Sag

3.2.2. The half-range expansion. We saw in Example|3.4{4) that a function
f defined on the interval (0, L) can be extended periodically with period L and in
this case its Fourier series will contain both coefficients a,, and b,,. Sometimes it is
however convenient to extend the function f to be either even or odd, and in this
case the period will be 2L. This is particularly convenient in connection with PDEs,
as we will see in Chapter [

ExaMPLE 3.12. Compute the half-range expansion of

(B sepy
/(@) {%(L—x} :UE[%,L].

We are going to compute the extension first as an even periodic function and then
as an odd periodic function.



3.2. EVEN AND ODD FUNCTIONS, HALF-RANGE EXPANSION 33

FExtension as an even periodic function: We assume that f is as above and
extend it to be an even function by setting f(z) = f(—=z) for x € [-L,0]. Then set
flz+2L) = f(x) for all z € R.

By Theorem [3.10[(1) we have that

b, =0

I 1 [t 2k 1 (" 2k
= — = — — —_— _L_
ag L/o f(z)dx L/o Lxda:—i-L/L/2 L( x)dx

Pk o2k1r? 1

e 40 L2242

Since
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then
(%) 4k (L . (mr )+ L? (mr ) L/2+4k /L (mr )d
=— [ —zsin(—z ——cos [ —=x — cos | —z ) dx
L? \ nrm L n2m? L 0 L Ji L

4k L ) (mr >+ L? (/17? ) -
— —x sin T —cos | —=x
L2 \ nw L : 7’1272( L !

L/2
2k T 4k T 4k
=—sin (n—) + ——; cos (n—) —

nm 2 n2m2 2 n2m2
4k . 4k . T

+—sinnmT — — sin <n—>
nmw nmw 2

4k [ L? L? ( ﬁ) N L? < < ﬁ))
—— | —sinnT — - sin ( n— —— (cosnm — cos [ n—
L2 \ nm 2nTr 2 n2m? 2

2k 4/€+2/§' . ( 7T> N 4k n 4k ( 7r>
= ——— in(n— _ -
nT nw  NT S 2 n2w?  n2r? cos 2

n a4k 4k . 4k 4k
—_ sinnm — coSNT—
nmw  nm n2m2 n2m2
—_——
-0
Rk ( 7r) 4k 4k
= cos (n—) — cosnm —
n2m2 2 n2m? n2m2
4k
= <2COS (ni) — CcoOSNT — 1> .
n4m 2
0 =27+1
Since cosnm = (—1)" and cos (nf) = o ].Jr , then
(=1) n=2j

ay, = (2 cos (ng) — cosnm — 1)

2(2-0— (=¥ —1) n=2j+1
7 (2(-1) = (=1)¥ —1) n=2j
(
(

(-D)% —1) n=2j+1
2(-1)7 —2) n=2j

n=2j5+1
n = 2j,with 7 even, that is j = 2m
ik (—4) = =18k p =25 with j odd, that is j = 2m + 1,
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f( )—E_@ l 2_7T _{_i 6_7T +
i —2 7T2 22COS L.Z‘ 62COS L$
ko 16k & 1 o (2(2m+ 1)9:)
2 7w A= (22m+ 1)) L '

so that

Extension as an odd periodic function: With an analogous calculation, after

having set f(z) = —f(—=x) for € [-L,0] and then f(z+2L) = f(z) for all x € R,

%

we obtain that

8k
a, = 0 for all n and b, = —— sin <T> o, e
nm 2 o n=2j+1,

so that

Sk, (1 (@it
(3.4) fx) = = Z CTEE sin ( 7 x) :

J=0

3.3. Complex Fourier series

We saw that the Fourier series of a periodic function f of period 2L is
- nm nm
a3 o (22) e ()]
f(zx) a0+; [a cos<L:c) + by, sin 7 ¢

We also know that
(3.5) e = cost +isint
or, equivalently,

eit 4 it ot _ it
cost = — and sint=-———,
2 21

where these last formulas can be obtained from ({3.5)), by replacing ¢ with —¢ and
using that cost = cos(—t) and that sint = —sin(—t). It follows that, by setting
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nm

7 =:t, for n > 0 for simplicity,

. eitn 4 e=itn pitn _ p—itn
a, cost, + b, sint, = a, 5 + b, 57
7

1 o1
= elt" é(an — an) ‘|‘€71t" §(CLn + an)
—_— T/
=:cp =:kn

= c e + ke .

We can hence set ¢y := ap: moreover, if we compute

1
Cn :§(an —iby)

:i » f(zx) (COS (%x) — isin (%x)) dx

2L
1 [* :
:ﬁ /_L f(x>efln7rx/de

and

kn :%(an +iby)
:L _LL f(zx) (cos (%x) + i sin (%x)) dx

2L
1 [F .
:ﬁ /_L f(aj)emﬂ':c/de
we see that we can extend the definition of ¢, to negative n € Z by setting c_,, := k,.
With this notation we obtain
f(x) = co + Z;:O:l<cnein7rac/L + kne—i’mrx/L)
= o+ Z:LOZI (Cneinﬂx/L 4 c_ne—inﬂ':c/L)

so that the complex Fourier series of f is

f(x): i Cneirwrx/L’

n=—oo

where

_ 1 /L f( ) —inﬂ'x/Ld
cn_ZL » x)e T .

REMARK 3.13. Notice that just because we have written the Fourier series of a real
function f with complex numbers, it does not mean that the function or its Fourier
series have all the sudden became complex! In fact, using the definition of ¢, (and
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of k,), and denoting by Z = x — iy the complex conjugate of the complex number
2z = x + 1y, we have:
1

, . 1 . . .
cnezrmx/L _ 5(% . ibn)eznﬂ'x/L _ §(an + an) e—intz/L — kznefznmv/L — C_nefzmm/L

and hence

i L —inmx/L
Cnemﬂ':c/ =c_,e / .

Since z + Z = 2Rz = 2x, we obtain that

Cneimr:l:/L + C_ne—inmv/L
- 1
= 2R, = oR {5(% — ib,,)(sin (%x) + isin <%x>)]
nmw . (nm . . (NnT nmw
= R((an cos (fx> + by, sin <7x>) + i(a, sin <7x> — by, cos (Tx>))

o (252) b ()
= a,, COS Lx SN Lx.

Since the Fourier series is absolutely convergent, its terms can be rearranged arbi-
trarily. This, and the fact that ¢y = ag, imply that

(3.6)

[e.9]

0o
E Cnezmm:/L =co+ E (Cnezmrac/L +C_ne—znwx/L)
n=1

=ag+ Z (an cos (%m) + b,, sin (%x)) .
n=1

EXAMPLE 3.14. We want to find the complex Fourier series of the function f(x) = e*
for —m < z < 7, extended by periodicity so as to have f(z) = f(x + 27). We will
then derive the real Fourier series from the complex one.

We start by computing the coefficients ¢,,.

[ , 1 [7 ,
Cn =5 /_7r flx)e ™ dx = py /_7r e“e” " dx
1 1 "

_ = e(l—m)x dr = i : e(l—in)x
2m 2r 1 —1n

—T

= (%)

—Tr

Since cos x = cos(—x), we have
e — cos(£nm) + isin(dnm) = (—1)".
Moreover
1 l+in 1+in
1—in (1—in)(1+in) 1+n2’

and sinhz = £=¢— so that
1 142 . .
(*) — +n (eznweﬂ _ efznﬂ'efw) _

T or 1+ n2

1 1+1n
21+ n2 m 1+ n?

sinh7m 1+ in

(=D)™"(e" —e™) = —— (="
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Hence we can write the complex Fourier series of e* as

Sinh 7T — 1+in .
T _ —1)" nw

n=—oo

In order to find the real Fourier series, we just need to apply (3.6]).

, , sinh 7 1+in |
. nx Y —inz _ 9 R(—1)" nx
cre™ 4 c_pe = (—1) e

2 sinh 1+

= Sl: 7T(—l)”é]‘t (1 iig (cosnx + isinnx))
25inh7r( 1y n o,

= — cosnx — sin nx

T 1 4 n? 14 n?

Since ¢y = @, the real Fourier series of e* with period 27 is

, 2sinhm  2sinhw . n 1 n .
ef=— + - Z(—l) <1+n2 COSTE — 3= smnx) :

n=1
3.4. Approximation by trigonometric polynomials

We saw already that a trigonometric polynomial is defined as
N
Ap + Z(A” cosnx + By, sinnz),
n=1
where N is the degree of the polynomial. So, for example the partial sums of a
Fourier series are a particular case of a trigonometric polynomial.

Given for simplicity f(x) periodic of period 27, one wants to find what is the
trigonometric polynomial that “best approximates” f(x). We are not interested in
pointwise approximation but we want an “overall best approximation”.

Let F(z) = Ao+ 3.0 (A, cosnz + B, sinnz) and let us define the square error
in the approximation of f by F' as

E:/ (f = F)*dx.
A careful calculation using the orthogonality relations of the trigonometric system
shows the following:

THEOREM 3.15. The trigonometric polynomial of degree N that best approximates
a function f on the interval [—m, 1] (i.e. with the smallest square error) is the partial
sum of the Fourier series of f. The minimum value E* of the square error is

E*:/ fPder —m

and it decreases as N increases.

N
20 + > (ap +b2)
n=1
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As an exercise, compute the minimum square error for the sawtooth wave (see
Ex. 1 on page 505 of Kreyszig’s book).

3.5. Fourier integral

We see now how to extend the concept of Fourier series expansion to functions
that are not periodic but defined on the whole real line (and hence cannot be ex-
tended by periodicity). If f is periodic of period 2L, then we can write

f(:c')—ao—l—Z(ancos (T:c)—i—b sin (Tx))
—op [ a2 (3 [ e () ) os ()
#(1 [ s (B) ) sin ()]
We set now w, = ™ so that Aw = w41 — w, = T, and we obtain
fa 2L/ Fw)dot K/ F(0) cos(wyo )m) cos(wyz)+
(f sersintue) o) s
/ fv dv+— K / F(v Cos(wnv)dv) cos(wnz) At
( /_ (@) sin(wa) dv) sin(wna:)Au} .

We assume that f is absolutely integrable on R, that is that

| 1@lds < so.

e}

(We recall that 7| f(z)]dz = limay—oo [ |f(2)] dz + limg_,o0 foﬂ |f(z)|dz.) From
this is follows that 1f L — oo the first term goes to 0 and Aw — 0, so the sum on
the right becomes an integral

@) = %/OOO K/_: F(v) cos ww dv) cos wz + (/: F(v) sinwo dv) smwx] dw

- /OOO[A(w) cos(wzx) + B(w) sin(wz)| dw = f(z)|,
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where

A(w) = %/_00 f(v) cos(wv) dv

and

B(w) := %/OO f () sin(wv) dv

This representation of f is called the Fourier integral of f.
Just like for the Fourier series, one has to be careful to see whether the Fourier
integral actually represents the function. This happens if:

(1) f is piecewise continuous in finite intervals;
(2) f has left and right derivatives at the points of discontinuity;
(3) f if absolutely integrable.

Then the Fourier integral represents f at all points where f is continuous and con-
verges toward the average of f at the points of discontinuity. The behaviour is
analogous as for the Fourier series.

REMARK 3.16. The partial sums of a Fourier series correspond to integrals on finite
intervals [

EXAMPLE 3.17. Sometimes one can use Fourier integrals to “compute” integrals in
the following sense. Let us consider the function

] 1
1 |z <1

flo) = {0 :x; > 1.

Then
Alw) = %/_: f(v) cosvw dv = %/_11 cosvw dv = Sii:j” 1_1 _ 2iiw |
and
B(w) =0,

so that
(.7 o= 2 [T emumn g,
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140

Since the average of the left and the right limit of f at z =1 is % = =, comparing

(3.7) with the definition of the function f,

I lzl<1
*° cos wx sin w 5 |l
——dw=¢% |z]=1
0 w
0 |z|>1. O

This is called Dirichlet’s discontinuous factor. For x = 0 it becomes

> sinw T
dw = —,
0 w 2

and

is called the sine integral.

3.5.1. Fourier sine and Fourier cosine integrals. Just like for the Fourier
series, we can simplify the formulas of the Fourier integral if the function is even or

odd.

If [ f is even], then

A(w) = %/000 f () coswv dv
B(w) =0

and

fla) = [ Awycoswrdu,

while if | f is odd |, then

A(w) =0
B(w) = %/000 f(v) sinwv dv

and

flz) = /OOO B(w) sinwz dw .
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3.6. Fourier transform

There is another, and more common, form of the Fourier integral, one that
corresponds to the complex form of the Fourier series.

f(z) = /OOO(A(w) coswx + B(w) sinwx) dw

= / / f(v)(cos wv cos wx + sin wv sin wz) dv dw

cos(wz wv)

_ //f ) cos(wz — wo) dv dw
——W/oo/oof(v)cos(wx—wv)dvdw,

where we used that
cos(wxr — wv) = cos wv cos wx + sin ww sin wz

is an even function of w
Likewise, since sin(wz — wv) is an odd function of w, we have that

/ / f(v)sin(wz —wv)dvdw =0,
so that we can write

flz) = % /_Z /_Z f() (cos(wa — wv) +isin(wz — wv)) dvdw

~~
etw(z—v)

_ iﬂ /_ Z /_ Z F(0)e™@ do dw
L (e L)

DEFINITION 3.18. The Fourier transform F(f) of f is defined as

F(f)(w) = J% / " e dv

We denote the Fourier transform either as F(f) or as f(w). In either cases we
have that

1 ® wT
i@ VT /Oo Jlw)e™ dw
1 > wx
:_271- /OO F(f)(w)e™ dw .
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Just like the Laplace transform, the Fourier transform is an integral transform widely
used in the engineering sciences.

REMARK 3.19. Using the Fourier sine and cosine integral, one can define in an
analogous way the Fourier sine and cosine transforms.

The above formula gives also a formula for the inverse Fourier transform of a
function g(w), namely

Fla)a) = = [ atw)edu,

where the name “inverse Fourier transform” comes from the fact that if g = F(f),
then

FUFGN = -

As for the existence of the Fourier transform of a function f, we remark that if f
is absolutely integrable and piecewise continuous on finite intervals, then its Fourier
transform exists.

ExAMPLE 3.20. We compute the Fourier transform f of the function in Example

) = {1 lz| <1

0 |z|>1.

Applying the definition, we obtain

N

I : I
flw) = E/ flz)e ™ dx = E/l e " dx

1

1 i —1 » ‘
_ ‘ rTw — . (e w _ €Zw>
—wy 2T _1 twV2m
2 sinw 2 sinw
w27 T w

ExaAMPLE 3.21. We compute the Fourier transform of the function

f@) = {e” x>0

0 r<0’

where a > 0.

~ 1 o0 ) 1 > )
w) = AT oTIWE o e—(a-‘,—zw)a: dx
J(w) \ 2T /(] \ 2T /(]
1 1 > 1
= e

V2r —(a+iw)

—(atiw)z
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where we used the fact that

lim e~ (@2 — Jim e~ (coswx 4 isinwz) =0,

ax

since lim,_,,, e”* = 0 and coswx + 7 sin wz is bounded in absolute value.

PROPERTIES (Properties of the Fourier transform). (1) (Linearity)
Flaf +Bg) = aF(f) + BF(g)

if all the Fourier transforms exist.
(2) (Fourier transform of a derivative) If f is continuous on R, limjg| e f(2) =0
and [’ is absolutely integrable, then
(3.8) F(f' (@) = iwF(f(x)).
(3) If f and g are piecewise continuous, bounded and absolutely integrable,
then

F(f*g)=V2mF(f)F(g).

EXAMPLE 3.22. As an application of the properties of the Fourier transform, we
assume we known that

1 2
f(efaxQ) — eV /4a )
V2a

and we compute F(ze ).




CHAPTER 4

Partial Differential Equations

4.1. Introduction and basic definitions

A partial differential equation (PDE in short) is an equation involving an un-
known function and some of its partial derivatives. The unknown function depends
on more than one variable, one of which can be the time and the others are space
variables.

EXAMPLE 4.1. uzyu, + uy = g(x,y,1). O

A PDE is called linear if the unknown function v and its derivatives appear with
degree one.

EXAMPLE 4.2. The PDE wu,,u, + uy = g(x,y,t) is not linear, but g, + u, + uy =
g(z,y,t) is. O

A linear PDE is called homogeneous if each of its terms contains either the
function or one of its derivatives.

EXAMPLE 4.3. The PDE u,, + u, + uy = g(z,y,t) is not homogeneous, but wu,, +
Uy + Uy = 0 is. O

The order of a PDE is the order of the highest derivative in the PDE. We will
be mostly concerned with second order PDEs.

EXAMPLE 4.4. (1) One dimensional wave equation:

Pu 0%

— =c"=—.

ot? Ox?
(2) One dimensional heat equation:

ou 0%
— =c"=—.

ot 0x?

(3) Two dimensional Laplace equation:
0*u N Pu
oz oy?

(4) Two dimensional Poisson equation:

’u  O%*u
@+6_;g2_f($’y)'

0.

45
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(5) Two dimensional wave equation:

Pu_ (0 o
oz ox?  oOy?)

(6) Three dimensional Laplace equation:

Pu  0*u  *u

0x? * 0y? * 022

Here c is a positive real constant, x, y, z are spacial variables and the “dimension”
refers to the number of spacial variables in the PDE. O

=0.

REMARK 4.5. We will see later (for a class of PDEs a bit wider than the linear PDEs
of second order) that linear PDEs of the second order can be classified into three
groups. In the above Examples [£.4(1)-(4), we could write each equation as

(4.1) Augy + 2Bugy + Cuyy = F(x,y, 0, uy, uy) -

(1) Set y = ct and obtain u,, —u,, =0, thatis A=—-1=-C, B= :
(2) Set y = ¢*t and obtain u, — uz, = 0, thatlsA— 1, B= CzO dF:u
(3) Here the PDE is already in the form (4.1)), with A =C =1 and B=F= O
(4) Also here the PDE is already in the form (A1), but now with A = C =1,
B=0and F=f.
For the equations in Example [4.4(5) and (6), one could consider a general form
similar to but with more variables.

O

Now consider the polynomial
(4.2) Az® 4+ 2By + Cy* = L(w,y),
where L is a linear function of z and y. We look at the discriminant.

(1) AC — B% < 0, the curve in (4.2)) is a hyperbola;
(2) AC — B? =0, the curve in (4.2) is (most of the times) a parabola;
(3) AC — B? > 0, the curve in (4.2) is an ellipse.

We adopt the same denomination for the corresponding PDE, that are hence hyper-
bolic, parabolic or elliptic. The reason to classify the second order linear PDEs in
this way it that each “group” of PDE has similar features that we will study later.

ExXAMPLE 4.6. (1) Wave equations are the prototypes of hyperbolic PDEs;

(2) Heat equations are the prototypes of parabolic PDEs;

(3) Laplace equations are the prototypes of elliptic PDEs. Given that the type
of a PDE depends only on the terms of second order, Poisson equations are
also elliptic.

This classification is independent of the dimension of the PDE, although our
method to derive the classification was not. [l

A solution of a PDE in a region R is a function differentiable “enough times” in
R and satisfying the PDE in R.



4.2. FROM A VIBRATING STRING TO THE WAVE EQUATION 47

WARNING. Sometimes some care might need to be used on the boundary of the
region R. This can be done by insuring that R (in fact the boundary OR or R) is
contained in a slightly larger region where the function has enough derivatives.

Notice that the space of solutions of a PDE can be enormous.
EXAMPLE 4.7. Any function of the form
u(x,t) = ¢(x + ct) + Y(x — ct)
is a solution of the one-dimensional wave equation uy = c*u,,. In fact, u,, = v and
¢r = ¢ b = 02925”
Yp = —c Wy = 02@/’”'

so that wy = ¢y + Yy = (" + V") = Py,
This means that any function of x + ¢t and x — ¢t is a solution, for example
u(z,t) = (x + ct)/? 4+ e or u(x,t) = cos(x + ct) + (x — ct)”, or... O

In order to have uniqueness of solutions, we need to impose boundary conditions
or initial conditions. As the words say, the first are prescribed values of the solution
or of its derivatives on the boundary of the region R, while the second are given
values of the solution at a given time.

Another tool used to find solutions of a PDE is the following absolutely crucial
principle:

SUPERPOSITION PRINCIPLE. Ifu; and us are solutions of a homogeneous PDE, then
auy + Pusg is also a solution of the same PDE for all a, B € R.

It is absolutely essential that the PDE be homogeneous.

4.2. From a vibrating string to the wave equation

Given a physical system whose behaviour we want to analyse, one of the first
step is to device an equation that describes the behaviour. The equation has to
be simple enough to be able to solve it (maybe numerically) but also such that the
solution will describe faithfully the system.

Take an elastic string stretched to have length L and tighten the endpoints. We
set the left endpoint to be at the origin of a system of Cartesian coordinates and
denote by u(z,t) the displacement of a point on the string above the point (z,0)
and at time t. We assume that

(1) the string movement happens only on one plane, say a vertical one, and
every point on the string moves only vertically;

(2) the string is homogenous (that is the mass per unit length p is constant),
elastic and offers no resistance to bending;

(3) the tension is such that the effect of gravity is negligible.
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We consider the forces acting on the string at the points P(z) and Q(x + Ax).

0 r =4 Az L

Since the string does not offer resistance to bending, the only force acting is the
tension and this is tangential to the string. There is no horizontal displacement and
hence

(4.3) Tpcosa =Tgcos B = constant =: T > 0.

According to Newton’s first law of mechanics, if p is the mass of the (undeflected)
string per unit length, we have

(4.4) —Tpsina+ Tysin B = pAz uy .
Divinding (4.4]) by (4.3]) we obtain

Tosin  Tpsina  p
- = —Azuy,
Tgcosf3 Tpcosa T

that is,

tan f — tana = %Awutt.

But tan g = ux‘ and tan o = ux’x, so that

z+Ax
ug(x 4+ Az, t) — ug(x,t) = %Am Uy -

By dividing by Az we obtain

= FUy,

Azx T

which, taking the limit for Ax — 0 gives u,, = %utt. This is the one-dimensional
wave equation with ¢? = %.

4.3. Fourier series solution of the one-dimensional wave equation

We want to find the solution of the one-dimensional wave equation wuy = c*ty,
found in § 4.2 subject to some “reasonable” boundary conditions and initial con-
ditions (where “reasonable” means for example dictated by the observation). We
know the boundary condition u(0,¢) = u(L,t) = 0 for all £ > 0 and it is conceiv-
able that u will be determined by its initial position u(z,0) = f(z) and velocity



4.3. FOURIER SERIES SOLUTION OF THE ONE-DIMENSIONAL WAVE EQUATION 49
uw'(x,0) = g(x), for all 0 < x < L. Hence we want to solve the system

Ust = Py

uw(0,t) =u(L,t)=0 t>0
u(z,0) = f(x) 0<z<L
u(z,0) = g(z) 0<z<L.

(4.5)

The first method we want to study consists in three steps:

1. Separation of variables;
2. Determination of “many” intermediary solutions;
3. Use of Fourier series “to put together” the solutions.

4.3.1. Separation of variables. Suppose there exists a solution of the form

u(z,t) = F(z)G(t)|.

Then uy = FG and u,, = F"G, so that

FG =*F'G,
from which it follows that
G "
2G F

Since the right hand side of the equation does not depend on t, it follows that even
the left hand side is independent of ¢, and hence constant. Thus the right hand side
is a constant as well

é F"
2G~ F

which is equivalent to the system of two equations

(4.6) {FH:kF

k,

G = 2kG.

Thus, assuming that there is a solution of the PDE in of the form u(x,t) =
F(z)G(t), the two functions F and G must satisfy (4.6). The type of solution will
depend on the sign of the constant k. We start by solving the ordinary differential
equation that has homogeneous boundary conditions. In other words the boundary
condition for such a solution u(x,t) = F(z)G(t) get transformed into

u(0,t) = F(0)G(t) =0 for every t > 0= F(0) =0
u(L,t) = F(L)G(t) =0 for every t > 0= F(L) =0.
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4.3.2. Determination of “many” solutions. Hence we start looking for a
function F'(x) that is a solution of the system

(4.7) F'=kF, with F(0)=F(L)=0.

k =0 Then the ODE becomes F” = 0, which has solution F(x) = az + b. If
we impose the conditions F(0) = F(L) = 0 we see that F(xz) must be
identically equal to zero and this is not an interesting solution.

k > 0 Then the theory of the solutions of linear second order ODEs with constant
coefficients tells us that the general solution is F(z) = AeVhe 4 Be~Vhe,
Imposing the initial conditions we deduce from F(0) = 0 that A+ B =0
and from F(L) = 0 that AeV*: + Be=VEL — (. Replacing B = —A in
the second equation we obtain that A(eV*2 — e=VEL) = (. Then either
A = B = 0 and this is again the zero solution or e2V*: = 1, that is
impossible since k # 0.

k < 0 In this case we know that

F(x) = Acos(vV/—kz) + Bsin(v/—kx).

Again imposing the initial conditions we obtain that 0 = F(0) = A and
0 = F(L) = Bsin(v/—kL). If B = 0 then F is again the solution that is
identically equal to zero. So it must be sin(v/—kL) = 0, that is v/—kL = nx
for any n € N or /—k = %% for any n € N. Hence for every n € N there is
a solution

F,(x) = sin (%x)

of (4.7), where v —k = =F.

For these values of k we look for a solution of G = kG, that is we look for a
solution of G = —¢? (%)2 G. We obtain

G, (t) = B, cos (CnTﬂt> + B sin (CnTﬂt>
= B, cos(At) + By sin(A,t),

cnm

where A, = <~
We have thus found a family of solutions indexed by n € N, namely

(4.8) un(z,t) = (By cos(At) + By sin(\,t)) sin <n%:1:) :

The functions u,, are the eigenfunctions of the vibrating string with eigenvalues
An = 9. The set {1, Ay, ..., } is called the spectrum.
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4.3.3. Use of Fourier series. Each of the eigenfunctions u,, satisfies the PDE
in (4.5) and the boundary conditions,

2
Ut = C Ugy
4.9
(4.9) {u(O,t):u(L,t):O t>0.

However, most of the times, each one of them will not satisfy the initial conditions
u(z,0) = f(z) and ui(x,0) = g(z). Since the PDE is homogeneous, we can use the
superposition principle. Without worrying too much about convergence issues, we
can say that the function

Zun z,t) = Z (By cos(Ant) + By sin(A,t)) sin <%x>
n=1

is also a solution of (4.9) and now we have many coefficients that we can determine
so that u(x,t) satisfies also the initial conditions. With this solution the first initial
condition about u becomes

(4.10) f(z) =u(z,0) = Z By, sin (—x) :

where the series on the right hand side is the sine series of an odd 2L-periodic
function that coincides with f on [0,L]. So if we extend f to be odd and 2L-

periodic, we have
9 L
= z/o f(z)sin (%x) dx

for n > 1, n € N. Moreover the initial condition on the derivative u’ becomes
9(x) = uy(x,0)

= Z — A\ By, sin(Ant) 4+ A, By cos(A,T')) sin (%x)
= ; A B}, sin (%x) .

Just like in the case of (4.10), this is nothing but the Fourier series of the function g,
extended to be odd and periodic of period 2L, so that the formula for the coefficients

gives us
9 L
B = z/o g(x)sin (%x) dx ,

9 [L
B! = L)\n/o g(x)sin (%x) dx |.

t=0

or
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REMARK 4.8. Let us assume for simplicity that g = 0. Recalling that A\, = 2%, the
solution u(z,t) becomes

ZB cos(\,t) sin (%x)
= ZB [sm( - A t) + sin (n%:E—i—)\nt)}

(4.11) = §;Bn |:SiIl %(x—ct) + sin %(w%—ci)]

I — 1 —
= §;aninn%(x—ct)+§;anin%(x—l—ct)

N | —

=Sl @ —ct) + [z + )],

where f* is the odd extension of f to a 2L-periodic function.
If

(1) f is twice differentiable on 0 < x < L and
(2) f has one-sided zero second derivative at the endpoints,

then u is a solution for all 0 < z < L.

If f is only piecewise twice differentiable or the one-sided derivatives are not
zero, then u is a solution for all 0 < x < L except at the points x where f is not
twice differentiable.

ExXAMPLE 4.9. We want to solve the PDE in (4.5 with
Fa) = kg 0<z<i
Z(L-2) L<az<lL.
g9(x) =0
From the last equation (4.11)) and from (3.4)) in Example we obtain immediately

that
0=% 3 2]+1' { (@(%Cw)ﬂm(@(ﬁcﬂﬂ’

Jj=0

o] £ L

(The following picture is taken from the book by Kreyszig.)
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CHAP. 12 Partial Differential Equations (PDEs)

s wuix, O)

t=0

{ t=Ll2c
Loty 4 3Ly o, P - 1
2 57 T, e 5 L \ t=38L/5
” i - ; = C
. ;‘3% . meww
g mﬁ”“w"”
- o
"}“ 8 ﬂ P “J'" {x ~ il‘l—l
2f e+ } e - . ot ;_p_f* {x 5 ’ L. /f t = 4L/5¢c
T, M;”W‘“z% e \‘"’" o
s g rcsmamsoeessonste?
é@ i 3 3 b= Lic
g, a2y ~ L) K
S 2 A -
: =ifx+L) N fj
3 o

Fig. 288, Solution ux, t) in Example 1 for various values of t (right part
of the figure) obtained as the superposition of a wave traveling to the
right (dashed) and a wave traveling to the left (left part of the figure)
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4.4. D’Alembert solution of the wave equation and characteristics

Let uy = c*ug, be the wave equation for —oo < 2 < oo and t > 0, and let us
make the change of variable v = = + ¢t and w = & — ¢t. Then the solution u(z,t)
becomes u(v,w) and

Up = UyVp + Uy W = UyC — Uy, C
Uy = UyUp + UpyWy = Uy + Uy
so that
Ut = Uy VtC + Uy WC — Uy UtC — Uy WtC
= uvvCQ - u'uwc2 - uvaQ + uwwc2
= Uy € — QUy € + U C?
Ugg = Uyy + 2uvw + Uy -
Plugging in these results into the wave equation uy = c?u,,, we obtain
A (Ugy — 2y + ) = C(Ugy + Uy + o)
that is in these new coordinates the wave equation becomes

(412 e =0].

This is now very easy to integrate because from wu,,, = 0 it follows that
Uy (v, w) = /uvw(v,w) dw + h(v) = h(v);
Hence
o) = [uo,w) ot vw) = [ he)do+ vlw) = (o) +vw),

for any ¢ and . Hence

u(z,t) = p(x +ct) + (z — ct)

is the general solution of the wave equation given in the form of the D’Alembert
solution.

The point of having reduced the wave equation 1y = c*uy, to the form was
that the new expression preserved the original feature of the differential equation
and highlighted some of its features. The expression in is called the normal
form of the equation uy = c?u,,. In fact, with an appropriate change of coordinates
a 2nd order PDE can be brought into the normal form, that is

Uy = F* (0, W, u, Uy, uy) if it is hyperbolic
Uy = F* (0, w0, u, Uy, uy) if it is parabolic

Uy + U = F* (0, w0, 1, uy, uy,) if it is elliptic.
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We will look at the case of a hyperbolic PDE to see how to find the appropriate
change of coordinates. Take an equation

Augy + 2Bugy + Cuyy =0,

where A, B and C are constants. We look for a solution u = ¢(z+ A\y). After taking
derivatives one obtains that

CN +2BAN+A=0

and, if the equation is hyperbolic, this has two distinct solutions A\, Ao € R. It is
easy to see that

v=x4+ My w =1+ Ay

is the required change of coordinates that leads to the normal form u,, = 0.
Consider now the lines

(4.13) r+My=c and x4+ oy =co,

where c¢1,co € R are constants. It is easy to verify that the slope ' of these two
lines satisfies the equation

(4.14) A(y)? —2By +C =0.

This is the characteristic equation and the lines in (4.13) are the characteristics of
the equation (4.12]).

This method can be applied in general. In other words, as mentioned in § [4.1]
the equation

(4.15) Az, y) Uy + 2B(x, y)ugy + C(x, y)uy, = F(u, uy, uy, ¢, y)

is called hyperbolic, parabolic or elliptic on a region R if B*(x,y) — A(z,y)C(z,y) is
greater than, equal to or less than zero on all points in R. Furthermore, generalizing

the property expressed by (4.14]), the curves

(416) 5(37, y) =G and C(xa y) = C2
which are the solutions of the differential equation
(4.17) Az, y)(y')? = 2B(z,y)y + C(z,y) =0

are said to be the characteristics of the partial differential equation in (4.15)).
The following theorem tells us what is the change of variable needed to reduce
a PDE to its normal form

THEOREM 4.10. Consider the PDE in (4.15) and let

5(37, y) =G and C(xa y) = C2
be independent solutions of the equation (4.17). Then:
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(1) If the given equation is hyperbolic, the change of variables defined by the
substitution

v=_&(xy) and w=((z,y)

will reduce it to the normal form ., = F*(u, Uy, Uy, v, w).
(2) If the given equation is parabolic, the change of variables defined by the
substitution

v=x and w=((z,y)

will reduce it to the normal form t,, = F*(u, t,, Uy, v, w).
(3) If the given equation is elliptic, the change of variables defined by the sub-
stitution

v = £(x,y)+§(a:,y) and wzf(l‘,y)—C(l‘,y)

2 21

will reduce it to the normal form ., + Uy = F*(u, Uy, Uy, v, w).

REMARK 4.11. If the coefficients are functions of x, y, then the change of coordinates
will not be linear.

EXAMPLE 4.12. We want to transform the differential equation zu,, — yu, +u, =0
into normal form. Here A(x,y) = z, 2B(z,y) = —y and C(z,y) = 0, so that
Bz, y) — A(z,y)C(x,y) = (—y/2)? > 0 and hence the PDE if hyperbolic. The
characteristic equation is
z(y)? +yy =0,

from which it follows that ¢/(xy’ + y) = 0 and hence

either yy =0 or zy +y =0.
From 3’ = 0 we obtain y = ¢; and from zy’ 4+ y = 0 we obtain that

d d d

dx Yy x
< Inly| +1njz| = ¢
S yr=cy.

Hence if we perform the change of coordinates

we obtain
Uy = UyVyp T UypyWsz = YUy
2
Uge = Y Upw

Ugy = Uy + y(uvwvy + uwwwy) = Uy + y(uvw + xuww) .
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Plugging this into the original equation gives, after simplifying, wu,, = 0. Hence

u(v,w) = ¢(v) + ¢(w) or
u(@,y) = o(y) + ¥(zy),
where ¢ and ¢ are arbitrary. O

Why are the characteristics important? Let us go back to the d’Alembert solution
of the wave equation,

(4.18) u(x,t) =p(x+ct)+¢(x—ct) forzeRandt>0,

and let us assume that we want to satisfy the initial conditions

(4.19) u(z,0) = f(x) u(z,0) = g(z) forall x € R

The initial value problem consisiting of and is called Cauchy problem

for the one dimensional wave equation. A solution of this problem can be interpreted
for example as the amplitude of a sound wave propagating in a very long and narrow

pipe.
To find the solution of (4.18]) and (4.19)), observe that for every y € R

flw)= o) +1y)
g(y) = c¢'(y) —cd'(y),
from which it follows that

oy) +vly) = fy)

U(y) =< Jy 9(s)ds+¢(0) —(0),
f( +2cf0 d8+1k0
f( fO S—ik’o.

In particular evaluating the first expression for y = x + ¢t and the second for y =
x — ct, we have

/—/H
/-\ /\
NS
~— —
N—= N

1 x+ct 1
gp(a:+ct):§f(x+ct)+2—c/ g(s)derEko
(4.20) 0

w(x—ct):%f(x—ct)—%/o ) g(s)ds—%ko

and hence

z+ct

(1) = ;[f(:chct)Jr Fla—ct)] + 210 / o(s) ds.

ct

which is the d’Alembert solution of the Cauchy problem (4.18)) and (4.19)).
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We are interested in investigating what kind of information has an influence on
the solution w at the point (z,t). Through any point (x¢,ty) with tq > 0, there are
exactly two characteristics, namely

r—ct=x9g—ctyg and x+ct=x9+ cty.

These are straight lines whose intersections with the x-axis are respectively the
points (xg — cto, 0) and (zg + ctg). The triangle with vertices (zg — cto,0), (zo + cto)
and (xo, tg) is called characteristic triangle. Since

1 zo+clo
u($0, to) = i[f(flfo + Cto) + f($0 — Cto)] + 2_0/ g(s) ds

o—cto

the value of u(zy,t) is determined by the values of f at the vertices of the triangle
and of g along the base.

(0, t0)

(l’o — Cto, O) (flfo + Cto, 0) T

The interval [zg — cto, zo+ cto] is called the domain of dependence of u at (xg, to).
Changing f or g outside this domain of dependence will not affect the value u(zy, to).

Now we ask the opposite question, namely what region of the (z,t) in the upper
half plane is affected by the initial data on an interval [a,b]. The endpoints of the
interval define four characteristics

r+tct=a and x+ct=0>,

whose intersections define six regions indicated in the picture with I, II, III, IV, V
and VI. The points that are affected by the initial conditions are exactly the points
(x,t) whose domain of dependence [z — ct, x + ct] intersects the interval [a, b] in a
non-trivial way. In particular, as shown in the picture, any point in the regions I
and IIT are such that u(z,t) = 0.

If a point (z3,13) is in the region IV, then u(zs, t3) = (x5 + ct3) + (w3 + ct3),
where

1 1 z3tcts 1
o(z3 + ct3) = = f(ws + ct3) + — / g(s)ds + =k
2 2¢ J, 2

1 r3+ct3 1
= 5f($3 + Ct3) + 2—6 \/a' g(S) dS + 5](30

1

1 xr3—cts 1
W(xg — ct3) = éf(.f:g — ct3) — %/0 g(s)ds — 5/{:0 = —iko.
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So, up to the constant kg, any point in the region IV is influenced only by the
characteristics with negative slopes, on in other words only by the left moving wave,
and

1 r3+ct3
u(xs, t3) = §f(x3 + ct3) + 2—/ g(s)ds.
c a

Likewise, any point in the region VI is only influenced by the characteristics with
positive slope, that is only by the right moving wave. Notice that on the parallel
lines = + ¢t = constant the function ¢(z + ct) is constant, and on the parallel lines
x — ct = constant it is the function ¢)(z — ct) to be constant.

A point in the region II is on the other hand influenced by both the right moving
and the left moving wave. Finally, if (xg,%) is a point in the region V, then the
whole interval [a, b] is contained in the domain of dependence. We have

xo+cto

Flwo —cto) = flao+cty) =0 and / o(s) ds = / o(s) ds

o—cto

so that

1 b
u(xg, tg) = 2_0/ g(s)ds

is hence constant throughout the region.

Tr+ct=a r+ct=0b 12 r—ct=a r—ct=>0

NN

(fIfl-,tl) .

t 4 ®
4 / N , N
’ N Y N
I > III . .
’ N s’ AN
Ve X 7 N

(.’I:Q, tg)

i

0] =3 —ct3 a 3 + ct3 P b

In general draw a vertical line through the point and see how the point is affected
as t grows. We say that the region of influence of the interval [z1, x5] is the union
of the regions II, IV, V and VI.

The behavior of a particular point on the string can be determined qualitatively
by moving upward the vertical line that goes through the point. For example, as we
move upward along the line £, we see that the point P on the string is affected by both
travelling waves until time ¢4, then only by the right travelling wave for ¢, <t < t5.

For values of t > t5 the point is at rest in a position u(z,t) = o= fabg(s) ds.
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REMARK 4.13. It follows from the above considerations that if at some point there
is a singularity, it will propagate for all ¢. This is typical of hyperbolic equations.

4.5. The Heat equation via Fourier series

Assume that we have an insulated bar of length L, positioned along the interval
[0, L] of the x-axis, so that the heat flows only in the z-direction. We assume that
the temperature at the endpoints of the bar is zero and, given an initial distribution
of temperature f(z), we want to find the heat distribution of the bar at time ¢ and
position z. In other words, we want now to solve the one-dimensional heat equation,
that is

Up = CPUyy
u(0,t) = u(L,t) =0
u(z,0) = f(x),
where ¢ = Uﬁp, with K the thermal conductivity, o the specific heat and p the

density of the bar. Here ¢ is the thermal diffusivity that measures the ability of a
material to conduct thermal energy relative to its ability to store thermal energy,
(this is approximately analogous to whether a material is ”cold to the touch”).

As in the case of the wave equation, we look for a solution of the form

u(z,t) = F(x)G(t).

Differentiating this with respect to ¢ once and to x twice, and plugging it into the
heat equation, we obtain

G "
_— — = k‘
2G  F ’
where k is a constant due to the fact that each of the two fractions cannot depend
on the only variable present. This leads to the two differential equations

F'=kF, G=k*G,

with initial conditions

Solving first
F"=kF, F(0)=F(L)=0,
as in the case of the wave equation we can easily argue that if £ = 0 the only possible

solution is the one identically zero and that if £ > 0 there are no solutions. So k < 0
and we can set kK = —p?, so that the system to solve becomes

(4.21) F'=—p’F, F(0)=F(L)=0.

The general solution is F'(z) = A cos(pz)+ Bsin(px). Imposing the initial condition
F(0) = 0 we obtain that A = 0; imposing the initial condition F'(L) = 0 we obtain
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that sin(pL) = 0, that is that pL = n7 for n € Z, n > 1. Hence p = 7. We have
therefore found the infinite family of solutions of (4.21))

F,(x) = sin (%x) , neN.
The corresponding differential equation for G is

G+ (%)QGIO

whose solution is
Go(t) = Bye it

where \2 = (%)2 It follows that the functions
up(z,t) = By sin (n%:t) et e N,

with A, as above satisfies the conditions

Up = CPUyy
u(0,t) = u(L,t) =0.

Because of the Superposition Principle, the function

(4.22) u(z,t) = Z up(z,t) = Z B, sin (%x) et
n=1 n=1

Hence the B,, are the Fourier coefficients of the extension of f to be an odd function
periodic of period 2L, that is

(4.23) B, = %/OL f(z)sin (%x) dx .

Hence (4.22)) is the solution with the coefficients B,, given by (4.23) We remark that
each term in the Fourier series (4.22)) goes to zero with time, and the larger the n
is, the faster the decay is.

EXAMPLE 4.14. We consider a copper bar of length 80 cm that is laterally insulated.
The ends are kept at 0°C and the initial temperature is f(z). We want to find u(z, t)
and compute how long it will take for the maximum temperature to drop to 50°C
in the two cases in which

(1) f(z) = 100sin (%), and

(2) f(z) = 100sin (3£2).
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We recall that the density p of copper is 8.92 g/cm?, the specific heat o is 0.092 cal /(g x
°C) and the thermal conductivity K is 0.95cal/(cm x sec x °C), so that
, K 0.95 cal g x °Cem? 2

cm
e =1.158—.
C op 0.092 x892cm x sec x °C cal g sec

SOLUTION. We have

(la) u(z,0) = 100sin (£) = B, =0 for n > 2 and B, = 100;

(2a) u(z,0) = 100sin (2 :”) = B, =0forn=1,2and n >4 and B; = 100,
hence

(1b) A} = 27, = 1.158%870 ~ 0.001785 sec™;

(2b) A3 = 29LTr2 =9\ 28%.016()756(: 1
from which it follows that

(1c) u(x,t) = 100sin (%g;) ¢—0-001785t.

(2¢) u(w,t) = 100sin (3 z) ¢~0-01607,
Thus

(1d) Upmax(z,t) = 100e0-001785¢.
(2d) umax(@t) — 100001607t

and hence

(le) 1000001785 — 50 = ¢ = In0.5/(—0.001785) ~ 388 sec;
(2e) 100e~0-01607 = 50 = ¢ =1n 0.5/(—0.01607) ~ 43 sec.

4.5.1. Steady two-dimensional heat equation and Laplace equation.
The heat equation u; = c?V?u reduces to V?u = 0 if the solution u does not
depend on time. This is the so-called Laplace equation. It governs not only the
so-called steady-state solution of a heat equation (that is the solution after the
system reaches its equilibrium and does not change anymore with time), but also
many other phenomena in mechanics and electromagnetism, such as for instance the
electrostatic potential. This is an example of an elliptic equation and it comes with
different kinds of boundary conditions. Suppose for example that VZu = 0 holds on
a region R.

e If u is prescribed on the boundary OR of R, then we have the Dirichlet
problem;

e If the partial derivative u,, of u in the direction n normal to OR is prescribed
on OR, then we have the Neumann problem,

e If u is prescribed on one part of OR and wu,, on another part of OR, we have
the Robin problem.

Dirichlet problem on a rectangle. We assume that the temperature u(zx,y)
on a rectangle R satisfies V2u = 0 and if

R={(z,y):0<2<q,0<y<b},
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then
u(0,y) = u(a,y) = u(z,0) =0 wu(x,b) = f(x).

We look for a solution of the form u(z,y) = F(x)G(y), so that the Laplace equation
V2u = Uy, + Uyy = 0 becomes

F'G+FG =0,

and, as usual, there exists a constant k£ such that

F// G//
— =——=—k.
F G
By considering also the boundary conditions we obtain the two problems
F'=—kF
and G"=kG.
F(0)=F(a)=0

and we start by solving the problem with the (homogeneous) boundary conditions,
that is the one with unknown F. As in the case of the wave and the heat equation
we can see that if & < 0, the only possible solution is F(x) = 0. If on the other
hand k& > 0, then we obtain

F(z) = Acos(Vkz) + Bsin(Vkz) .

By setting F'(0) = 0 we obtain that A = 0, and by setting F'(a) = 0 we obtain that
sin(vka) = 0, that is vVka = nm for n = 1,2,..., or Vk = nw/a. Hence we have
the infinite family of solutions

F,(x) = sin (Tx) , neN.
a
The corresponding differential equation for G' becomes

G — (”1)20:0,

a
from which we obtain

Gnly) = Afe'a¥ + Brem "oV,

By imposing the boundary condition G,(0) = 0 we obtain that A* = — B, that is

n

Goly) = A% (¥ — ¢~ "¥) = 24" sinh (m ) .

a
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Thus for every n € N we have a solution
nw nm
up(z,y) = A, sin (—x) sinh (—y) ,
a a
and hence by the Superposition Principle
- - nw nw
z,y) = Zun(l’, y) = ZA" sin (795) sinh (7y>
n=1 n=1
is a solution as well. To satisfy the last condition u(x,b) = f(x), we write

@) =3 [Ansind (275)] sin (") |

from which we deduce that A,, sinh (”be) is the Fourier coefficient of the extension
of f to be an odd periodic function of period 2a. In other words

A, smh / f(x)sin —x) dz .

Hence the solution of the above Dirichlet problem is

u(z,y) = i A, sin (%I) sinh <%y> ,
n=1

where

A, = / f(z)sin —1:) dx .
asmh

4.6. Heat equation on an infinite bar

This method is appropriate when we have an infinite domain, for example a bar
of infinite length. In this case the problem to solve is

{u@c, 0) = /().

We are going to modify the method that used the Fourier series in order to use the
Fourier integral. Then we will see also how one can use the Fourier transform. We
look again for a solution of the form

u(z,t) = F(x)G(t),
and we obtain
F(x)G(t) = AF"(x)G(t),
from which, as usual,
F"(z)  1G(t)
F(z)  cG(t)
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Hence the differential equations to solve are

F"(2) 4+ kF(z) =0
G(t) + kG(t) = 0.

Even without boundary conditions we see that if £ < 0, then

F(z) = AeV~F 4 Be=V-he
G(t) = e M

from which u(x,t) = e~ (AeV =" + Be~V =) will increase as ¢ increases, which is
physically impossible. Thus k& > 0, and we can write k¥ = p?. Then

Fu@—A@wmmw+B@amm>
G,(t) = e 7t

A generalisation of the Superposition Principle leads to the solution
(4.24) u(z,t) = /OOO[A(p) cos(px) + B(p) sin(pz)]e 7 dp.
Since u(x,0) = f(x), then

e = [ 1A costp) + B(p) s dp,

which is nothing but the Fourier integral of f. Hence we can determine the coeffi-
cients A(p) and B(p), namely

1 o0
A =~ [ o) costpo) o
1 [ )
B(p)=— [ f(v)sin(pv)dv.
Plugging these into (4.24]) and using the prostapheresis formulas, we obtain

u(z,t) = %/000 /_00 F(v)[cos(pv) cos(pz) + sin(pv) sin(pz)]e " dv dp

1 o0 o -
(4.25) = / / f(v)cos(px — pv)e P dvdp
0 —00
1 (0.) o0

-2 /_ Iw) ( /0 cos(px — po)e <Pt dp) dv .

We assume for the moment that we know that

(4.26) / cos(2bs)e™" ds = \/TEebQ :
0
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formula that we will discuss later. In order to use (4.26)) we set

5?2 = *p?t
pr — pv = 2bs

from which we obtain

Hence applying (4.26]) with

ds x—v
dp=——, b="—-— and s°>=c*p’t,

eVt ’ 2e\/t

we obtain

/oo ( ) —cgpgtd ﬁ o <I’—U)2
COS\pxr — pv)e = X — .
0 P P P 2e\/t P 2e\/t

Replacing this in (4.25]) we obtain

2&% /Z f(v) exp [— (2;/1-;)2] dv.

Before turning to the solution of the same problem using the Fourier transform we
need to prove (4.26)). This can be obtained using complex analysis methods or as
follows: let us define

u(z, t) =

I(b) = / e~ cos(2bs) ds
0

Differentiating with respect to b and using the integration by parts we obtain

I'(b) = / —2se~*" sin(2bs) ds
0

= sin(2bs)‘§o - 219/ e cos(2bs) ds
0

— —2bI(b),

so that

where C' = I1(0) = [" e~ ds = .
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Alternative method using the Fourier transform. We start with u, =
e, and apply the Fourier transform on both sides F(u;) = ¢ F(u,,). Note that
u = u(z,t) is a function of the two variables z and ¢ and that we are taking the
Fourier transform with resect to the variable . Hence by property of the
Fourier transform applied twice,

F(Upe) = —w? F(u)

while

F(u(z,t))(w uy(z,t)e”™" dx = L 9 / u(z,t)e” ™" do = gi w,t).

\/%/ \/ﬁat 0t(

Thus we have that
ot

—(w,t) = —c*w?i(w,t),

ot
so that

202t

w(w,t) = C(w)e "
Since u(z,0) = f(z), then @(w,0) = f(w), so that f(w) = C(w) and
a(w, t) = f(w)e v

By applying the inverse Fourier transform to 4 and f we obtain

1 * : —c2w? zwz
u(z,t) = \/_2_71'/ f(w)e L™ duw
1 /OO ( 1 /OO f( ) —ivwd ) —c2w?t iwxd
= — — v)e v]e e w
V2T J oo \ V2T J -
1 ° o 2
e RO (/_Ooe“” ey dw) dv

(427) = — / ( / e~ cos(wz — wo) + i sin(wz — wo)] dw) dv
f(v) ( / T cos(wz — wv) dw) dv

i / ( / e~ sin(wz — w) dw) dv
_ % / 1) < /0 e~ cos(wa — wo) dw) dv

where in the last equality we used that the function cos(wz —wv) is an even function
of w and sin(wx — wv) is an odd function of w. But this is exactly (4.25)), from
which the solution u(z,t) was obtained.

27r
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Alternative method to the alternative method. From the first equality in

(4.27)) we obtain

1 ® oz —cw?t zwac
u(z,t) = N f(w)e dw
> ~ 1 2,,2 ;
= f(w) e ) ™ duy
IREIC
(4.28) =:gt(w)
= VarF 1 (f§") ()
= (f*¢")(z)
= | f)g'(@—p)dp,

where g' = F~1(g'). To compute this observe that

1 2
‘F(efalJ) _ e~ W /4a,
V2a

so that
1
—az? —1 —w2/4a
e =F —e )
<v2a )
If we set ?t = t we obtain a = and = v/2¢v/1, so that
gt(QT) _ 1 Jr—l(e—w c2t) 1 e—x2/402t 1

T Vot Var’

and hence from (4.28))

u(z, 1) /f x—)dp—2c\/_/ Fp exp( %)dp.

4.7. Rectangular membrane: the wave equation

We want to study the motion of an elastic membrane that is stretched and fixed
along its edge. An example of such situation is a drumhead. We will study two
different shapes of membranes, but in both cases we make the following assumptions:

(1) the membrane is homogeneous (that is the mass per unit area is constant)
and flexible, and

(2) the tension T per unit length caused by stretching is the same at all points
and does not change with time.

Then the deflection u(z,y,t) satisfies the equation uy; = ¢*V2u, where if we denote
by p the mass of the undeflected membrane per unit area, we have ¢ = T'/p.
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We want to find the solution of the following problem:

uy = cAV2uon R={(z,y): 0<x<a,0<y<0b}
u=0ondR

u(z,y,0) = f(z,y)

ut<$7 Y, O) = g(l’, y) )

(4.29)

where f(x,y) is the initial displacement and g(z,y) is the initial velocity.
We look for a solution that satisfies u(z, y,t) = F'(z,y)G(t). Then the differential
equation uy = ¢*V*u becomes

FG = *(Fy + F,,)G,

from which

Moreover
F(z,0) = F(0,y) = F(z,b) = F(a,y) = 0.

Note that we took the constant to be negative because we cannot have that %(Fm +
F,,) = v* > 0. In fact, suppose that Fy, + F,, = pF, for some p € R. We will show

that p < 0. In fact,
a b a b
o[ [ [ [ sr
o Jo o Jo
/FmFdx:FxF\g—/ Ffdx:—/ F?dx,
0 0 0
so that

b pra b pra
(4.30) / / Fo.Fdrdy = —/ / F2dxdy.
o Jo o Jo

Likewise,

a b a b
(4.31) / / F, Fdydr = —/ / F}dydx.
0 0 0 0

Hence from (4.30)) and (4.31]) we obtain

a b a b
u/ /FQdydx:—/ /(F§+F;)dyda;§o,
0 0 0 0

that is p < (ﬂ

But

I'Notice that this is true for every domain R. That is if VZu = pu on R and v = 0 on IR,
then p < 0.
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Hence we need to solve the two differential equations
G+ 122G =0
Fu. + F,, = —V*F,
where the second is called the Hemholtz equation for the amplitude function. To

solve the equation for F' we look for a solution of the form F(z,y) = H(z)Q(y).
Then F,, + F,, = —*F becomes

Hp Q+ HQ, = -1"HQ.

This is equivalent to

wa + % — —V2,
H Q
or
H,. 1
H = _Q(ny + VZQ) = _k2>

where we took the constant to be negative because it is easy to see, with the usual
reasoning, that a non-negative constant would lead to the solution identically equal
to zero. Thus we need to solve the following equations

Hyo +k*H =0
{ny +p*Q =0,
where p? = v? — k*. Since F(x,y) = 0 on R, we infer that
H(0) = H(a) = Q(0) = Q(b) = 0.
Therefore the solutions are
H,,(x) = sin (?) for m € N~ {0} (and k= ?)

Qn(z) = sin (n%bry) for n € N~ {0} (and p= %) .

and

. /mmx\ . [nTy
Pt =0 (") ("2
(x,y) = sin - in(—
are the solutions of the Hemholtz equation for the amplitude. Now we have to solve
the equation G + \2G = 0, where p? = v? — k? and

m2r2  n2r? m2  n?
_ 2 2 _ — T
A=cv=c\p*+k?=c p + B = 7c a2+b2—)\

The corresponding solutions are
Gmn(t) = B cos(Apnt) + B, sin(Ant)

so that for every m,n € N we have a solution

'U,mn($7 Y, t) = [an COS()\mnt) + B:rm SinO\mnt)] sin <m7T$> sin (nﬂy> '
a
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As usual these are called the eigenfunctions corresponding to the eigenvalue .
The frequency of U, is A\ /27.

Contrary to what happens in the one-dimensional wave equation, different func-
tions [, might correspond to the same frequency. In other words there are solu-
tions that have the same frequency but different nodal lines (that is curves where
the membrane does not move).

ExaMPLE 4.15. We assume a = b = 1 in the above discussion, so that )\, =
mevm? 4+ n2. Then A\, = A, but

Fon(z,y) = sin(mnrx) sin(nry) # sin(nmzx) sin(mry) = Fun(z,y)
For example
wa(z,y,t) = [Bia cos(meV/5t) + B, Sin(ﬂ'C\/gt)] sin(mx) sin(27y)
Ui (z,y,t) = [Ba cos(meV/5t) + B, Sin(ﬂ'C\/gt)] sin(2mz) sin(my) .
Then
u2(z,y,t) = 0 for every t < sin(mz)sin(2ry) =0, for 0 < z,y <1 &y = % .
On the other hand

1
ug1(z,y,t) =0 for every t & x = 3 O

We continue with the solution of the system (4.29). By the Superposition Prin-
ciple, we have a solution

w(@, g, ) = D) thn(, 1)

m=1 n=1

= Bion cos(Apnt) + BE sin(A,,t)| sin mre sin LUEAN
S5 B c08Ohat) + By s (et sin (72 d
m=1 n=1

Imposing the initial conditions, we obtain

flz,y) = i f: B,y sin (m;rx) sin (%) ,

m=1 n=1

that is a double Fourier series of the function f. (This exists and converges if f is
twice differentiable with continuity on R.) We can write

flz,y) = ; (; B,y sin (n—bﬂy>1) sin (%x) ,
:f;;(y)

where
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are the Fourier coefficients of f(x,y) thought of as a function of = extended to [—a, a]

as an odd function. But
- an . (_ )
nEZI sin ; Yy

is the Fourier series of K,,(y), so that

_ /K (") //fxysm P sin (1) dudy.

Likewise
g(IL‘, y) — ut T y’ mz:l nzzl B mnt sin (m;l'x> sin (%) )
so that
mﬂx .
- (lb)\mn/ / ! y Sln >Sln( b ) dxdy
for m,n € N.

4.8. Dirichlet problem on a region with symmetries

We are interested in studying the Laplace equation on a region that has a radial
symmetry. The first thing to do is to write our equation in coordinates that are
appropriate with respect to this symmetry. We will study the Dirichlet problem on
a disk, so that the first step will be to transform the Laplace equation using polar
coordinates.

Recall that the polar coordinates are defined as

_ 0 (2 2 2)1/2
{a: T COS - {T (x* + y?)

y=rsind ¢ = arctan ¥.
Then
Uy = UpTy + Ugly
Uy = UpTy + Ugl,y
from which
Ugpy = (urra:)x + (u99x)x
= u,,rrf: 4+ UpgOyTy + UpTpy + UgpT0, + uggﬁi + gl zy
= UTTT?: + ZUTQTZG;E + ’U/‘ggei + UpTpq + U‘gemx .
Since

x
r2:x2+y2:>27’7“m:2l’:>7“x:_:>sz: = 3
r
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Moreover
r r
y=rsind = 0=r,sin6 +r(cosd)f, = 0, = ——tanf = _=Y_ —%,
r rx r
so that
0. 2yrr, 2wy
xx — 7’4 - 7”_4

The partial derivatives ry,r,, and u,, can be obtained from the one above simply
by replacing x with y, that is

_Y _
Ty = " Tyy 3
and
Uyy = uW'rZ + 2uygry 0, + u999§ + Uy + Ugly,
while
1 1 T x2rr 2xy
Oy = ——g = 2 =, =~y 2
14+ (%) r T r r

Finally it follows that

Upg + Uyy = uwri + 2u,g750, + u990§ + UpT e + Uglpa
+ uwri + 2u,pry 0, + u999§ + UpTyy + Uglyy
= urr(ri + ri) + 2u,9 (10, + 1,0,)
+ ugy (0% + 95) + Uy Ty + Tyy) + Ug(Opz + Oyy)

2 2
_ ) Z )
— <—+—) 2 (S (5505

2 2 2 2
Y xz T Y Y
+u09(ﬁ+ﬁ)+uT(r_3+ﬁ>+u9<_ —4>

1
= Uppr + ’LL99—2 + Up—,
T r

that is
Upp + UGG_Q + Uu— = 0
T r

is the Laplace equation in polar coordinates.
Suppose now that we look for the solution of the problem

Viu=0 on {(z,y): 2*+y* < R*}
u=f on {(z,y) : *+y* = R*}.
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Because of the symmetry of the problem and the above calculation we look for a
solution of the problem

(4.32) urr+uggr%—l—ur%:0 on {(r,0): 0<r<R,0<60<2n}
. u(R,0) = f(0) on {(R,0): 0<6<2r}.

We are going to apply the method of separation of variables, so that we look for a
solution of the form

u(r,0) = F(r)G(0) .
Such function will have to satisfy the equation
1 1
F'G+-F'G+5FG" =0
r r
=r’F'G+rF'G+FG' =0
=*F"+rFG=-FG"
’I"ZF// + ,r,F/ G//

k
F €
r2F" 4 rF — kF =0
G+ kG =0

with the conditions
(4.33) G(0) = G(2r) and G'(0) = G'(27).
Thus we start with the solution of the differential equation in G and we study as
usual the possible signs of k.
k < 0 The solution in this case is G(A) = AeV~" 4+ Be V=% Imposing the
conditions (4.33]) we obtain

A4+ B = AeV—F2m 4 Be—V—k2m
V—kA —/—kB = /=kAeV R — \/—kBe vk
that is

A+ B = AeV=R7 4 BemVhm
A— B = AeV R _ BemV—km

Adding the two equations one obtains that
2A = 2AeYF2m

so that A = 0. Replacing this into one of either equations one obtains that
also B = 0.

k=0 Then G(#) = A0 + B. Since B = G(0) = G(27) = 2rA + B, then A = 0.
The condition on the derivative of G is of course verified, and hence G(6)
has to be constant.

Y
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k > 0 In this case the solution is G(#) = A cos(vkf) + Bsin(vk#). Imposing the
conditions (4.33]) we obtain

A = Acos(2nVk) + Bsin(2nvVk)
B = —Asin(2nVk) + B cos(2nVk) .

Multiplying the first equation by B, the second by A and comparing them,
we obtain

B?sin(2rVk) = —A%sin(2nVk) .
Since B? = —A? is never possible for real A, B, then sin(2rvk) = 0, that
is vk € N. Then

Gn(0) = A, cos(nf) + By, sin(nb)
is a solution for every n = 0,1,2,.... Notice that Gy = Ay is a constant,

and hence we recover here the solution found for £ = 0.

Now we need to find the corresponding solution of the differential equation for F,
namely

r’F" +rF' —n’F =0.

This is a Fuler equatz’oﬂ of the second order and a solution will be of the form
F(r) =r*, where a € Q is to be determined. Taking the derivatives and plugging
them into the equation of F', we obtain

r?a(a—1)r*? +rar®t —n*r® =0
=sala—1)+a—-n*=0
=a’ —n?=0
=a ==+n.

Notice that the two solutions r™ and r~™ are lineary independent if n > 1, but

coincide if n = 0. Without invoking the general theory, note that in this case the
Euler equation becomes

PF 4+ rF =0=rF"+F =0,

which has the two solutions F'(r) = constant and F'(r) = Inr. But this last solution
is not bounded if » = 0 and » = 0 is a point in our disk, so we disregard this solution.
In fact, in general we remark that we want our solution

F.(r)y=Pr"+Qur "
>The general form of the Euler equation is
bn— _ b
y™ +Tn%y(” Y +-~-+71y’+boy=07

where y = y(r).
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to be bounded on the domain, so that we must require that ), = 0 and hence
Fo(r) = B,r".

Notice that if we were to consider the same problem on a region “outside” the disk,
we would have to impose instead that P, = 0.
So, renaming the constants, we have found for every n = 0,1, 2, ... the solutions

un(r,0) = 1" (A, cos(nb) + B, sin(nh))
and hence the solution
(4.34) u(r,0) = Z Up(r,0) = Z (A, cos(nf) + B, sin(nh)) .
n=0

Imposing the condition u(R,0) = f(0), we obtain

o0

Z "(A, cos(nf) + B, sin(nf)) = f(0).

=0

Comparing this condition with the Fourier series expansion of f

f(0) =ao+ Z(an cos(nf) + by, sin(nd)) ,

n=1

where

a, = 1 f () cos(np) dp
1 27
bp=— [ [fl)sin(ny)dy

™ Jo

and comparing the coefﬁcientﬂ we obtain the following

= %/O%f(@dso

27
A= 2 /0 f() cos(nyp) de
1 2T .
By= 7o | flp)sin(ng)dp.

3 Note that fOQﬂ fle)yde=["_ f(¢) dyp, where f is the 27-periodic extension of f.
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By replacing these coefficients into the equation (4.34)), we obtain

u(r, 0) 27r/f

Z ( ) / cos(nﬁ) cos(nep) + sin(nd) Sin(n(pﬂf(go) dy

-~

cos(n(6—¢))

I Z( )" [ eostnto - o0se) o

Assuming we can exchange the series and the integral, we obtain

(4.35) u(r,0) = - /27r {1 + 22 ( > cos(n @))1 flp)de.

To manipulate the series, observe that if « € R and for |t| < 1,

Zt"cos na) Ztn ina | _ te™™ o tcosa — t2
1 — teie 1 —2tcosa + 2’

so that

1 —¢?

1+2 t"
+ Z cos(nar) = 1 —2tcosa+ 12"

n=1

We use this identity with ¢ = % and a = 6 — ¢ and substitute the result in (4.35),

so that
2
u(r,0) = o /0 {1 " 22 < ) cos{n 90))} s
1 2 1— (E)Q
1 flp)d
2 Jo 1 2% cos(6 — ¢) + (%) i
1 2 R? — 2
_%/0 RQ_Qy*RCOS(H_‘;O)—i_TQf(SO)dSO.
The function
R* —r?
K(r,0, R, ) = o— 2rRcos(0 — @) + r?

is called Poisson integral kernel and the solution

1 27
-4 / K(r,0, R, ¢)f(p) dy

is given in Poisson integral form.
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4.9. Mean value property and the maximum principle

Functions that satisfy the Laplace equation V?u = 0 are called harmonic and
enjoy very important properties. Suppose for example that u is a function that is
harmonic on a region D, that is V?u = 0 on D: let (z9,y0) € D be any point and
let a € R be such that a disk of center (z¢,yy) and radius a is contained in D. Thus
u is tautologically a solution of the Dirichlet problem

Viu=0 on{(r,0):0<r<a,0<0<2r}
u=u(a,d) on {(a,0): 0<6<2m},

and hence can be written in Poisson integral form

1 27
u(r, 0) = ﬁ/o K(r,0,a,0)u(a, ) dp,

where we are considering here polar coordinates centred at (xg,70). We want to
compute the value u(xo,yp). To this purpose observe that to the point (xg,yo)
corresponds 7 = 0 and hence u(zo, yo) = u(0, 0) (the angle 0 is undefined, but it will
not be a problem). Observe moreover that K (0,60, a,p) = 1. Thus

1 21

- d
o /. u(a, ) dp

1 2w
ulan, o) = u(0,6) = 5= [ K(0.6,0.9)ula,0)dg
0
1 2m
~3 ),

In other words a harmonic function is equal at any point to the average of the values
on any circle centred at that point. This has in particular the following consequence

u(zo + acosp,yo+ asiny)dp .

MAXIMUM PRINCIPLE. If a harmonic function u takes its maximum values on the
interior of the region D where it is harmonic, then it must be constant.

In fact, let us assume that F, is the point in D where u attains its maximum,
u(Py) = M. If u were not to be constant, there would be another point P, € D
where u(P;) < M. Take a path from P, to P; and let P be the point on the path
closest to P; where u(P) = M. Consider now a circle C' with center P all contained
in D and not containing Py, and let @) be the intersection of the circle C' with the
path closest to P;. Then u|c < M and in particular u(Q) < M, so that u(P) = M
cannot be the average of the values of u on the circle C.
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4.10. Well-posed and ill-posed problems

Solutions of ordinary differential equations behave well, in the sense that, under
certain conditions, one can prove the existence and the uniqueness of the solutions of
an initial value problem, as well as the smooth dependence on the initial parameters.

The same statements unfortunately do not hold for partial differential equations,
although the same questions arise. Not only we would like to know that a solution
of a given problem exist and is unique, but often the boundary conditions and the
initial conditions are obtained through measurements. So we would like to know that
the solution is not affected too much by the likely imprecision with which boundary
conditions and initial conditions were measured.

We say that a problem is well-posed if it satifies the following three conditions:

(1) Ezistence: the problem has a solution;

(2) Uniqueness: the solution is unique;

(3) Stability: the solution depends continuously on the initial conditions and
on the boundary conditions.

The problem is ill-posed if one of the above properties does not hold. For partial dif-
ferential equation there is no general theorem like in the case of ordinary differential
equations.

EXAMPLE 4.16. We look for a solution of the differential equation
Uy = CoU + €1,

where u = u(z,y), ¢ is a constant and ¢; = ¢(x,y). We are going to look at
different initial conditions, namely

(1) u(0,y) = f(y);
(2) u(x,0) = x in the case in which ¢ (z,y) = 0;
(3) u(x,0) = e®* also in the case ¢;(z,y) = 0.

(1) Using the formula

) = ([ (e dc+400)

for the solution of a linear ordinary differential equation

y' +plx)y = q(x),

where

we obtain

o) = ([ esatende+ 10))

where we used that u(0,y) = f(y). In this case the problem is well-posed.
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(2) The differential equation is now

Uy = CoU,
so that

u(z,y) = g(y)e®”,

where ¢ is a function to be determined with the initial conditions. Doing so, we
obtain

v = uf@,0) = g(0)e™

and hence

cox

9(0) = xe™

cox

But this is not possible since xe™“? is not a constant, and hence the problem has

no solution.

(3) Like in (2) the solution is now

u(r,y) = g(y)e*”,

where ¢ is a function to be determined with the initial conditions. Imposing the
initial conditions we obtain

e = u(x,0) = g(0)e™”,

from which it follows that any function g(y) with ¢(0) = 1 gives a different solution

cox

u(@,y) = g(y)e
In this case the problem is not well-posed because the solution is not unique.

EXAMPLE 4.17. It is easy to verify that the one-dimensional wave equation on an
infinite string is a well-posed problem for any initial conditions f,g. Recall in fact
the problem

Upp = Uy, for t >0
u(z,0) = f(x)
uy(z,0) = g(x),

that has solution

x+ct
(Fl +ct) + flo — b)) +2iC/ o) dy

DO | —

u(z,t) =
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We want to investigate the change in u if f and g are replaced by f+df and g+ dg.
With the modified initial conditions the solutions becomes

us(z,1) = %(f(a: )+ 6f(x—ct) + fz+ct) + 5f (x + ct))

1 x+ct
+ o0 (9(y) +0g(y)) dy
xlct x+ct
= u(z,t) + 5((5f(x —ct)+of(x+ct))+ %/ t dg(y) dy,

so that
lu(z,t) — us(x,t)| < %‘5f(x —ct)+6f(z +ct)| + imax 169(y)|((z + ct) — (z — ct))

— %5‘]0(35 —ct)+ f(x + ct)| + t max }59(9)‘ :

If € > 0, we can find a 6 > 0 such that

1
éd‘f(m —ct) + f(z 4 ct)| < e and maxd|g(y)| <e,
from which it follows that
lu(z,t) — us(z,t)| < e+ te.

It should be noted that, although this shows continuity on the initial parameter, we
also see the the more time goes by, the more the function us differs from w.

ExXAMPLE 4.18. The Neumann problem on a region R is the following
Vu=0 onR
% =g ondR.

We see now that a necessary condition for the existence of a solution is that |, ard =0.
In fact, using the divergence theorem, we obtain

/g_/ %: Vu~n—/div(Vu)dA—/V2u—07
OR or On OR R R

which shows that the Neumann problem is not well-posed if |, opd 7# 0.
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