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Plan of today

o Fourier transform of the Gaussian
oChapter 4: Introduction to PDEs ( examples, classifications, method of

separation of the variables
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Chapter 4: Partial Differential Equations
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Classification of PDEs
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Second order linear PDEs in two variables
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Fourier series solution of the 1D wave equation
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Method of separation of the variables

- Look
of Hhe fuom
w(x,t)= EGD & CL)

]
z TProbucT £OLUTIOWS

=) We Olo"'l'"&lm' 'ﬁZOfm_ %e Pde Two ODEa
ome @st T ouwdA ome rﬁot G-
[Step 2 |

WQ ol@f@tﬂm;e, @Oe(fh'ofvva g# ~iene Ovea
that oatsfy tie (Re)
[STep= ]

R‘é L(/)t'mg Fowuer aexieo You com pooe
Hie aclutiows <€ou/mg/ wm’ {tep 2 o
st & clutrom of the PdE
O&_hb{‘-g\}ng botts (Be) aud &C).

Step ¢
’ VDO:)[MO’[Z‘ /)Dew'hbm/.)“

U\CK,(T): F’(x) & CE)
Usp (x,t) = B & "(¢)
Una Cx,t) = F'G> €(t )

O = Upe — Czuxx - F[x} 6‘-"6‘6)~ c’ F"(K)Ga*)

= ') (8 = 26) ¢'Ck) &)
xeTocl, &>0



wa'O\Q (3) Lag c? Fl<) & CE) (# O)

=) P“ (X) i S ! (é) —
= (x) c?® &Ct)

> FIl(<) = k B(x)
G" (t) = c2ké& (k)

A)DL(O,E)=O F(o) & (t)=0
= F (o) =2

) w(L, L) =0 F(L) 6 k) =0
= F(L)::’D

)

k e IR

v €30

-l/-(:)o

Step 2
( )g F”(%) -k EH)=o X & ['D/L)
F

B(o) =0
=(L) =2

Ps) 6"CH - k2 6 (L)=n
To ncbue () we frowe to

A ponche tle coanen k=o ks kco,



Theorem 1 Let ug,u;: X — IR and vp,v1: Y — IR (X,Y C IR) be such that ug, vy are
not identically zero. Then

up(z)vi(t) = uy(z)vo(t), V(z,t) € X XY (1)
if and only if there exists a unique constant A € IR such that
u(x) = Aug(x), Vo e X

and
U1 (t) = )\Uo(t), Vtey.

Proof.

1. Suppose that (1) holds. Let z € X be such that ug(z) # 0 . Then if we set
A= Z;g; then vy (t) = Avg(t), Vt € Y. Moreover if vy(t) # 0 then A = Z;g and therefore
from (1) it follows that ui(x) = Aug(z), Vo € X as well.

2. On the other hand if u;(z) = Aug(z), Vr € X and vi(t) = Avg(t), Vi € Y then

(1) trivially holds. O

This Theorem is related to the existence of the separation constant in the
method of the separation of the variables. During the lecture we have applied
it when we found the two ODEs associated to the wave equation

G"(t)F(z) = AGH)F"(x), Vo e[0,L],t> 0.

In this case X = (0,L), Y = Ry,ug=F, uy = F", vy = G(t), v; = G"(1) .....



