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n/p-harmonic maps: Regularity for the sphere case

Francesca Da Lio and Armin Schikorra
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Abstract. We introduce n/p,-harmonic maps as critical points of the energy

o DPa
8n,pa<v>=[ A% ]
R~

where pointwise v : D C R” — SV~ for the N-sphere S¥~! ¢ R¥ and p, = 2. This
energy combines the non-local behaviour of the fractional harmonic maps introduced by
Riviere and the first author with the degenerate arguments of the n-Laplacian. In this set-
ting, we will prove Holder continuity.

Keywords. Harmonic maps, nonlinear elliptic PDE, regularity of solutions.

2010 Mathematics Subject Classification. 58E20, 35B65, 35J60, 35S05.

1 Introduction

Our work is motivated by recent results [3-5, 16, 18] which proved regularity for
critical points of the energy %, acting on maps v: R” — R¥, n N e N, for
closed manifolds & C R¥,

n 2
37,,(1;):/ IATv]” veN C RN ae.

Here, the operator A Svisdefinedasa multiplier operator with symbol —|&|%, that
is, denoting the Fourier transform and its inverse by (-)” and (-)V, respectively,
A2y = (—|g[%™)Y.

These energies were introduced by T. Riviere and the first author — and they can
be seen as an n-dimensional alternative to the two-dimensional Dirichlet energy

Dr(v) = f Vv, veN cCcRYae.
]R2
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Both energies have critical Euler—Lagrange equations. That is, the highest order
terms scale exactly as the lower-order terms, thus inhibiting the application of
a general regularity theory based only on the general growth of the right-hand
side — one has to consider the finer behaviour of the equation: these exhibit an an-
tisymmetric structure, which is closely related to the appearance of Hardy spaces
and compensated compactness — and induces regularity of critical points. In two
dimensions, these facts were observed in Riviere’s celebrated [14] for all confor-
mally invariant variational functionals (of which the Dirichlet energy is a proto-
type). We refer the interested reader to the introductions of [4, 5] for more on this.
Another possibility of generalizing the Dirichlet energy to arbitrary dimensions
(whilst preserving the criticality of the Euler—Lagrange equations) is to consider

i)n(v)=/ [Vo|", veN cCRNae

Again in this case, the now degenerate Euler-Lagrange equations are critical and
exhibit an antisymmetric structure, cf. [15, Chapter III] — only that it is not known
so far, whether in general this structure implies even continuity. In fact, towards
regularity of these systems, only few results are known. In [19] P. Strzelecki proved
regularity if the target manifold is a round sphere SV ~! — which extended the re-
spective Dirichlet-energy result by F. Hélein [10]. In the setting of general mani-
folds, we know so far of convergence results, cf. [21], and only under additional
assumptions on the solution there are regularity results, cf. [8,13,17].

It then seems interesting to consider an energy which combines the difficulties
of O, and F,. Namely we will work with

En,py (V) = /;{” |A%v|pa, v|p € N C RY ae., where py = o D CcCR”™
(1.1)

Note, in the Euler-Lagrange equations of & p,, the leading order differential op-
erator is nonlocal and degenerate. Again, these setting are critical for regularity:
one checks that any mapping v with finite energy &, ,, belongs to BMO, but does
not necessarily need to be continuous, as Frehse’s counterexample [9] shows.
Here we consider the situation of a sphere, i.e. N' = SN¥=1 Our main result is:

Theorem 1.1. Let u be a critical point of &y p,, as in (1.1), py € (1,00). Then u
is Holder-continuous.

For a special case of p-biharmonic maps into spheres there are earlier results
by Strzelecki, see [20].

Naturally, one expects at least parts of this result to hold for more general man-
ifolds N. To this end, in [6] we will treat the case of general manifolds, but with
the condition py < 2.
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The proof relies on a suitable adaption of the arguments in [3-5, 16, 18], the
details of which we will explain in the next section: the Euler-Lagrange equations
of a critical point, see [5, 16], imply that

a =2 ,a ; o« ;
/ |A5u|p Azu' A2 (uiju’ @) =0 (1.2)

forall ¢ € C§°(D), nij = —pji € R. Note that the main difference and difficulty
comparing this equation to the n/2-harmonic case in [5, 16] is the weight

IASu)

Moreover, we have the sphere-condition,
lu(x)] =1 forae.x e D. (1.3)

For a sketch of the proof, let us assume that D = R”. Note that (1.3) reveals
information about the growth of the derivatives of u in the direction of u:

u-Vu =0.

Moreover — and more suitable to our case —

=1
p——

—2u-ASu = (A%|u|2—u-A%u—u-A%u) — A% lul® .
—— —

=0

These 3-term commutators Hy (u, u) appearing on the right-hand side,
Hy(u,v) = A%(uv) —uATv — VAT,

have a special behaviour, which can best be seen by taking « = 2: Hy(u,v) =
2Vu - Vv — they behave like products of lower-order operators applied to u and v,
for this interpretation cf. [16, 18]. They are also closely related to the T1-Theorem
and the “Leibniz rule” for fractional order derivatives obtained by Kato and Ponce,
see [12] and [11, Corollary 1.2]. In our context, certain versions of these commu-
tators were observed in [5] and estimated in Triebel- and Besov-spaces via fine
estimates by paraproducts, cf. [6]. The necessary estimates for these operators can
be paraphrased by

Theorem 1.2 (cf. [18]). For any a € (0,n), letu = A"2A%u, v = A" A%v.
Then for a € (0, n) there exists some constant Co, > 0 and a number L = Ly € N,
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and for k € {1, ..., L} there exist constants s; € (0,a), ty € [0, s¢] such that for
anyi = 1,...,n, where R; denotes the Riesz transform,
L Sk—lk Ik o a4 Sk o
|Ri Haw, v)(x)| < C Y MpA™ > (A"7|A7u| NkA_5+7|A5v|>.
k=1

Here, My, Ny are possibly Riesz transforms, or the identity. Moreover, |si — t|
can be supposed to be arbitrarily small. In particular, for any a € (0,n) and any
q.41,92 € [1, 00] such that

111
a9 @ 4@
we have
[ Ho(ut, v) (2, gymn < A2 ull(2 g0y mr A2 V]2 40) RN (1.4
Here, | - ||(p.q) denotes the Lorentz-space L?*4(R")-norm.

Consequently, (1.3) controls u - AZu roughly like
o a 2
l[u - A2ull,, e < [A2ull p, o

This argument can be localized and then implies an estimate for the growth u- AZu
in the LP*-norm on small balls by the square |AZul| e, localized essentially to
slightly bigger balls.

Now the fact that |u| = 1 implies also that in order to control the growth of
AZu, it suffices to estimate the growth of u - A%y and the growth of ;; ul ASy/
for finitely many p;; = —uj; € R, see Proposition B.1. But terms of the form
ij u' ASu/ can be estimated by the Euler-Lagrange equation (1.2).

By this kind of argument, we obtain (essentially) the following growth estimates
for all balls B;:

o a 2
1A%l 5, < AT U]y, 5y,
o0
— @ —vk @
+ ATV ATy g Y 27FNAT U], B
k=1

2k Ar \Bok

for some y > 0, and any A > 2. Using an iteration technique, this implies that
< [
[A2ul,, B, <Cr,

which accounts for the Holder-continuity of u.
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Let us briefly underline the differences with respect to the manifold case treated
in [6]. There, instead of using such a simple condition (1.3), we are forced to work
with more general projections in the tangential and normal components of A2 u
(that is, we work with projections related to the derivatives of u). This seems to
prohibit extremely small & (which in the sphere case pose no problem). On the
other hand, the respective Euler—Lagrange equations actually exhibit a non-trivial
right-hand side with antisymmetric structure. This will force us to estimate the
growth of A%y in the weak (Lorentz) space LP*>*° which in turn will make it
necessary to gain LP!-estimates from the three-term commutators Hy (- , -). This
again, cf. (1.4) for g; = g» = 2, will only be possible if p, < 2.

We will use notation similar to [16]: We say that A CC R” if A is a bounded
subset of R”. For a set A C R" we will denote its n-dimensional Lebesgue mea-
sure by |A]. By Br(x) C R” we denote the open ball with radius r and center
x € R”. If no confusion arises, we will abbreviate B, = B,(x).If p € [1, co], we
usually will denote by p’ the Hélder conjugate, that is, % + # =1.By fxg
we denote the convolution of two functions f and g. Lastly, our constants — fre-
quently denoted by C or ¢ — can possibly change from line to line and usually
depend on the space dimensions involved, further dependencies will be denoted
by a subscript, though we will make no effort to pin down the exact value of those
constants. If we consider the constant factors to be irrelevant with respect to the
mathematical argument, for the sake of simplicity we will omit them in the calcu-
lations, writing < , > , &~ instead of <, > and =.

We will use the same cutoff-functions as in, e.g., [5,16]: 77],‘ € C5°(Ay k) where

By i (x) 1= Boi,(x)
fork > 1,
Ar,k(x) = Br,k-}—l(x)\Br,k—l(x),

andfork =0
Ar0(x) := Bro(x).

Moreover, ) ; n’r‘ = | pointwise everywhere, and we assume that

IVink| < ¢ (%), forl eN.

2 Proof of Theorem 1.1

Leta € (0,n), po = 2 € (1,00),andu € LP«(R",RN), A%u € LP«(R",RNV).
Assume moreover that D CC R” such that (1.2), (1.3) hold.

As (1.2) and (1.3) are equations satisfied by any critical point u of Theorem 1.1,
we have to show the following.
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Theorem 2.1. Let u € LP«(R",RN), A%y e LP(R",RY) satisfy (1.2), (1.3).
Then u is Holder continuous in D.

In order to prove Theorem 2.1, we first rewrite equations (1.2) and (1.3) in a
fashion similar to [5, 16]: Firstly, equation (1.2) is equivalent to

o a—2 a o« o =2 o .
/ ASu)™ i Aful A% = _/ 1ASul™ 7 AUl Hil ),
2.1
forall ¢ € C5°(D), ptij = —pji € R. Here and henceforth,

H(a,b) = Hy(a,b) = A% (ab) —aAh —bA%a.

Assume we proven Holder-continuity of u in a ball B CC D. Pick a slightly big-
gerball B CC D, B DD B, and let w := 7ju, for some

ﬁGCgo(D, [0, 1]), ﬁE on B.

Note that w € L?(R") for any p € [1, oo]. It suffices to show Holder regularity

for w. The relevant equations for w stemming from (1.3) and (2.1) are then (again,
cf. [5,16])

w-ATw = %H(w, w) + %A%# ae.inR”, (2.2)

and for all ¢ € C§°(D), nij = —pji € R,
/n 1ASw™ 7wl A% w A% (2.3)
=m,/ (186%™ a%ul - [a%ul™ 8% Ywl Aty 2.4)
+ Wij /R" (|A%u|pa_2A%ui)(wj —uj)A%w (2.5)
+ Wij /Rn 2| pa_zA%ui Hw’ —u’,¢) (2.6)
+ Wij /R" wpo‘_zA%wi—|A%u|pw_2 A%ui) Hw’,¢) 2.7
—mjf,, A% " ASw' Hw! ,p). 2.8)

Now we need to appropriately adapt several arguments of [5, 16]: first of all, using
(2.2) we control A2 w projected into the orthogonal space to the sphere at the point
w, TFSNV-1.
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The orthogonal part

Namely, from (2.2) and Lemma A.9 one infers

Lemma 2.2. There is y = Ya.p, > 0 and a constant C depending on the choice
of B, B, i, such that the following holds: for any ¢ > 0 there exist A > 0, R > 0,
such that for any By, CC B, r € (0, R),

o o
lw-ASwl,, 5, <elAw],, g, +Cr”

o0
ok Al
+8§ :2 Y ”Azw”PasszAr\sz—lA,-'
k=1

The next step is to control the tangential part of AZw by means of (2.3). The
terms on the right-hand side of (2.3) can be divided into two groups. The integrands
of (2.4), (2.5), (2.6), and (2.7) always contain differences of the form w —u which
is trivial in B. Consequently, we show that these terms behave subcritical.

Estimates of tangential part: Subcritical terms (2.4), (2.5), (2.6), (2.7)

In order to be more precise, we need the following proposition, which can be
proven by an method which appears in a similar form already in [5].

Proposition 2.3 (Estimates for disjoint-support terms). Let r € (0,1), d > 0 and
D.q € [1,00) such that B, 4 C B. Then, for any f, A% f € L4(R"),

IAS (=) )8, < Car? +]|A% ). (2.9)
If moreover supp f C By, for some y = yq,
(1 =DAZ flloomn < Car? A% [y (2.10)

Proof. Instead of using Fourier-transform as in [5, 16] etc., we use the following
strategy: let o := 2K + s, where s € (0, 2) (the case s = Ois trivial), K € N, that
is,

AT = A3AK,
Seth = AKg, and recall that (cf., e.g., [7, Lemma 3.2])

Aéh(x):C/h(x+z)+h(:+;z)—2h(x) J

2]

Thus, if suppg C R"\B, 14 and x € B;, as is the case in (2.9), or suppg C B,
and x € R"\ B, 14, as is the case in (2.10)

|A2h(x)| < / |h(x +2)] 127" dz = | * (117" 11 15a) (),

|z]>
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and

s (117" ma ), < Wl d (@27 D242

arn + 1A% fllgmn),

~< d—n(¢12—1)—25t12(||f
where ¢ is chosen such that
1 1 1
14— =—+—.
P 4 92
For (2.9) we then use the fact that W4 = W2K+5:4 < W2K.4_ gee for example
[7, Proposition 2.1], that is

I

For (2.9), note that by Poincaré’s inequality,

lgrn + 105 f

lrr +IAZf

q,R” < ”f q,R”"-

K K K (A%
I/ lg e + 1A% fllgre < IAT fllgrn <2 N1A2 fllgrn- o

Now, assume ;| < 2. We claim that for any ¢ € C§°(B,), where By, C B,
all but the last term on the right-hand side of (2.3) can be estimated by r? for some
y, up to a constant factor depending on u, B, and the distance between B, and dB:

PNroposition 2.4 (Subcritical terms). There exists a constant C depending on u, B,
B, the choice of , and an exponent y = yp, o > 0such that for any ¢ € C§°(By),
I A%(p I p, < 1 forarbitrary Bay C B, if

o =2 o @ Pa—2 ,a ; 4
1 :=/ (|A7w|p Azw' —|A2u|p A2u’>w1A2¢,
R”
[ N i i AL
II::[ (|A2u| A2u’)(w-’ —ul)A2 ¢,
o Pa—2 o ; i i
III:=/ [A2u] A2u' Hw’ —u’, @),

o «—2 a o a—2 o .
IV:=/ (|A5w|p A2wl—|A2u|p A2u’)H(w/,(p),
Rl’l

then
[1|+ ||+ [+ |IV]| < C r”.
Proof. Note that for any a, b € RV we have

la —b|P~! if p e[1,2),

al’>2a—|b|P%p| < C
e OV = Co Ny =t s o — bl it p > 2
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Now we argue via Proposition 2.3, using that there exists a constant d=d BB~ 0
such that dist(supp ¢, R"\ B) > d. This is straightforward for / and IV (recall that
w € L for I and use Proposition A.7 for IV). For III, we apply Proposition 2.3
to the terms

Hw’ —ul,¢) = H(@— Du’,¢) = ¢ A2([G— Du’) + G — Du’ A%y,
and finally, for I we first estimate

I =mudze],, < lulp, [(1=1A2¢]co. o

Estimates of tangential part — the critical term (2.8)

In order to estimate the tangential part of AZw completely, we now need to control
the last term (2.8), which is done in the following two propositions.

Proposition 2.5. There is a constant Cy, R > 0 and an exponent y > 0 such that
the following holds. Let |w||loo < 1, and assume AZw € LP«(R™). Then for any
¢ € Cg°(Br), A =51 €(0,R)

IH @, 9)lpg.5,y \Byor,, =C @M AT @]l p,.
Proof. We have on B,k 5, \Byk—14,
H(w,¢) = A% (wp) —wAZp.

One checks that (exploiting the disjoint support via similar arguments as in Propo-
sition 2.3)

1A% W) pa.By  NByeor,, < IWlo0(2A) 7.
and as well
oQ —n
1w AS )l pg, By Byt ,, < IWloo(2A) 7. o

Moreover:

Proposition 2.6. There is a constant Cy and an exponent y > 0 such that the fol-
lowing holds. Let ||w||oo < 1, and assume that AZw € LP«(R"). Then for any
¢ € C§°(Br), A =5

IH.9)l 5,20, < € (A7 185 wllp, + I1az, A% 0], )16 %0l p,.
Proof. Set

w = ATZ(1p3,A2w) + ATZ((1 = nps,) ATw) =t wy + wa,
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and
0 =A"2(arA%) + AT2((1—na)AZQ) =: o1 + 2.

Then
H(w,p) = H(w1,¢) + H(wz, p2) + H(wz, ¢1).

We compute via Proposition A.7,

I1H (w1, o), < 143, A2 wllpe A2 0] p»
[H (w2, 92) 5, < A2 W] py (1= 1Ar)AZ 0]l p,,
< AT ATl pe A2 9]l p -
In order to estimate ||H (w2, ¢1)| p, in the given set, according to Lemma A.6,
similar to the arguments in [18], it suffices to estimate terms of the following
form, for some ¥ € C5°(B;), [|[¥|lp,’ < 1, and for s € (0,@), ¢ € [0, s] (in fact,

there might appear additional O-multipliers, but as they do not interfere with the
argument, we ignore this for the sake of readability)

_s=t _s o _a—t o
/A 3y A3 (1= s A% w] AT Ina, A% gl
_s—t _L a _a=s a
=[A Ty ey A5 (1 — ps) ASw] A~ o, A% gl
_s=t _L o _a—s o
+ [ ==y A7 = nps) A% 0] A7 a8 5l

_L (4 o
< a2, A2 (1 = nps) Az wll|_a_[|AZ2 0],

—t

FIA=na2)A" 2 Yl _n__ [A2w],, [A2¢],,

n—s—+t—a

< (AT AT ATl 1A% 0],

Here, we have used several times the techniques for products of (non-local) frac-
tional operators with disjoint support, for the details of which we refer to, e.g., the
arguments of Proposition 2.3 or [18, Proposition 4.4].

Setting y := min{o — ¢, @, n}, we conclude. |

Conclusion for the tangential part
By Proposition 2.4, Proposition 2.5 and Proposition 2.6, we arrive at the following

Proposition 2.7 (Estimate of (2.8)). There is y = yu.p, > 0 and a constant C
depending on the choice of B, B, 1, such that the following holds: for any € > 0
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there exists A > 0, R > 0, such that for any B, CC B, r € (0, R), ¢ € C5°(By),
I1AZ @l ,, < L, pwij = —pji, |l <1,

a pa—2 i, a2 ;.
uu‘/ AZw[™ T w/ASw' AZg
Rn

Y vk Pa—1
<s||A2w||pa,BA' +Cr +8kX:12 ||Azw||pa, B \Bot 1.

Now we can proceed by virtually the same arguments as in [5,16]: firstly, Propo-
sition 2.7 finally implies

Lemma 2.8. There is y = yu.p, > 0and a constant C depending on the choice of
B, B, 7, such that the following holds: for any € > 0 there exists A > 0, R > 0,
such that for any B, CC B, r € (0, R), pij = —pji, |u| < 1,

a  pa—2 AL
o/ i
IAZw| wij wA2w ||p0‘/’BA—1r

o0
a | Pa—l1 k 1
Y 14 V4
<elASwl, g, +Cr7 ey 277K |ATw| Py By \Boioin,"
k=1

Putting tangential and normal part together

Together, Lemma 2.8 and Lemma 2.2 imply

Lemma 2.9. There is y = Yqu.p, > 0 and a constant C depending on the choice
of B, B, 1, such that the following holds: for any € > 0 there exists A > 0, R > 0,
such that for any B CC B, r € (0, R),

a a pa—l
[AZw §8||A2w||szAr+Cr”

; —
”Pa,BAflr

+822 7K A% w]Pe )

Do, 2kAr\BZk_1Ar ’
k=1
Proof. Note that, if py, > 2,

Pa—1 P2 i DPa—2 P
ey wl ASw P = gy w? ASw Ty wd AT

A=y Pa’sBpy—1,

a Pa—2 4
< AZw|™ " iy w/ AZw'l, .

On the other hand, if py € (1, 2), we set for 8 > 0 from Proposition B.1,

A= {|wiuijA%wj| > 9 |A%w|}. 2.11)
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Then, in view of Proposition B.1, for any u € 2, we have

Pa—1

J
sy wl A 1725

Pa—1 DPa—1
~ | wij w/ A% w! Iy, By_1,Nd, o T lpeis w/ A% w! Ipe. Bpy—1,N4] 4

(by Proposition B.1)
Pa—1
< iy w! ASwllr g, 20 MRy w AR o
ne
o—1
+w' a%wipe g
(by (2.11))
a Pa—2 . INCI Pa—l
<Co Y MASw[™ "y w/ ASw| .5+ AW, 5
ne2

Applying again Proposition B.1, we arrive for any py > 1 at

a  pa—l a  Pa
1a%wip s, ., < D MaTw)™ ™y w/ A%l
HeR

po’sB A1y

inPa—1
”Pa, A 1,

+ w'Afw
We conclude by Lemma 2.8 and Lemma 2.2. o

The proof of Theorem 2.1 follows now by an iteration argument and an appli-
cation of Dirichlet’s growth theorem (cf. [5], [4, (43)] and [18, arguments after
Lemma 6.4]).

A Lower order arguments: Proof of Theorem 1.2

Let o € (0, n). In this section, we treat estimates on the bilinear operator
o9 o© o
Hy(u,v) := A2 (uv) —ulA2v —vA2u,

which behaves, in some sense, like a product of lower operators (take, for example,
the classic case o« = 2). The estimates are similar to the ones obtained and used in
[3-5, 16, 18], and here, we will adopt the general strategy of the latter article [18].
The argument relies on the estimates on singular kernels of Proposition A.1. These
kernels (the geometric-space analogue to the Fourier-multiplier estimates in [16])
appear because of the following representation of A%, A"%:For f € CyP(R™),

A2f(x)—ca,,/ de ifa e (0,1),

n+a
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for some ¢y, € R\{0}. The inverse operator of A% is the so-called Riesz poten-
tial,

A% £(x) = can f £ |x =0 dn ifa e (0.n). (A1)
Rﬂ

The essential argument appears in the case @ € (0, 1). As mentioned above, they
are similar to the ones in [18], though there, for convenience, only special cases
for o were considered.

A.1 The case x € (0,1)

With the representation for A%, one has for a € (0, 1),

A% 0)() = can [ u(x) 7(” ;;ga) v

:can/ (u(x) —u(y)) v(x) +u(y) (v(X)—v(y))

| y|n+a

(u(y) —ux)) (v(x) — v(y))

| y|l’l+0l

= A2u(x) v(x) + Can

+ A%v(x) u(x),

that is,
(u(y) — M(X)) (v(x) — v(y))

y|n+0t

He(u, v)—can/

Replacing now
u:=A"2a, v:=A"2b,

this is equivalent to

He(ut,v) = G /// qu a7~ fx — g
x (|y — E[7T |y — 7 a(n) b(E) dE dndy.

Thus, the main point of our argument is to replace the differences of functions in
the definition of H by differences on the kernels of the respective operators. In the
representation above of Hg (u,v) it is useful to observe: whenever |x — y|™" %
becomes singular, both the difference of terms with 7 and the terms with £ tend to
zero as well, thus “absorbing” the singularity up to a certain point. More precisely,
these kernels can be estimated as in the following proposition.
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Proposition A.1 (Multiplier estimate). Let « € [0, 1] and ¢ € (0, 1). Then for al-
most every x, y,n, & € R", and a uniform constant C

|ln =y |7 = In— x| 7" JJg — p| 7" — | — xTTY
< Cly =l (e — 7 4y — ) x—
+C (|x _ n|—n+a—s Fly— n|—n+a—s) ly — E|—n+(x—s|x _ ylzs
+ Clx =07 — ETY Yy > 20—t Xlx—y|>2lx—n]-

In particular, multiplying this estimate with the hypersingular (i.e. not locally
integrable) kernel |x — y| ™"~ (the kernel of the differentiation A %), choosing &
such that 1 > 2e > a > ¢ > 0, the first two terms on the right-hand side consist
of products ofa10§ally integzraabale kernels, or, more precisely, kernels of the Riesz
potentials A~ 2 and A™ " 2 . In the last term, we then have twice kernels of
A~%, and the kernel |x — YT Xx—y|>2]x—¢| X|x—y|>2|x—n| Where the singu-
larity x = y is somewhat cut away.

As we will see in Proposition A.2, this enables us, to show that the operators
A% in the definition of Hg (-,-) “distribute their differentiation” on both entry-
functions.

Proof of Proposition A.1. Observe that in the following argument, since « € [0, 1],
all the constants can be taken independently from «z. We set

—n+o |—n+ot|‘

k(x.y.m) = |In—yl —|n—x

Decompose the space (x,y,n) € R3" into several subspaces depending on the
relations of |y — 5|, |x — y|, |x — 7|

1< xi(x,y,n) + x20x,y,m) + x3(x,y,n) forx,y,neR"

where

X1 = X|x—y|<2ly—n| X|x—y|<2|x—n]|>
X2 = X|x—y|=2ly—n| X|x=y|>2|x—n]|>

X3 = Xlx—y|>2ly—n| X|x—y|<2|x—n|>

and functions of the form x s(x,y n)<o denote the usual characteristic functions of
the set {(x, y,n) € R3¥ : f(x,y,n) < 0}. Note that with a uniform constant

ly —nlx1 =~ [x —nlx1. (A2)
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Then, by the mean value theorem, for the details in this context cf. [18, Proposi-
tion 3.3], for any ¢ € (0, 1)

—n+a—1

k(x,y.mxr < lx—n Ix —yln
<=l ey Ky =l =y
Moreover, for any ¢ > 0,
k(e yome =< =l ™ < x =gl T =yl
and also for any ¢ > 0,
k(e yomas <1y =™ s < 1y =l "0 e =y )",

In order to estimate now the product k(x, y, £)k(x, y,n) we have to check the
claim for all cases (i, j), 1, j € {1,2,3}, where we say

case (i, j) © (x,y,n,&) € R* such that y; (x, y, 0y, (x,y.£) = 1.

Let us denote

Type I-estimate := |y — 7|7 T*7¢|x — &7 T*7¢|x — y|?,

—n+a—8|y _ §|—n+a—8

Type Il-estimate := |y — 7| lx — y|*,

—n+a—s|y _ g__l—n-i-a—a

Type II-estimate := |x — 7| x — y[%,

—n—+a

Type [V-estimate := |x - r]| |x - gl_n+a)(|x—y|>2|x—$|)(|x—y\>2|x—r]|'

One checks, that each of these types have to appear. Note, the only case where we
choose the Type ['V-estimate is (2, 2). o

As a consequence of Proposition A.1 above, we obtain the following estimate
fora € (0, 1):

Proposition A.2. Let u = A"2A%u, v= A2 AZv. Then, for o € (0,1) there
exist constants Cy >0, L =Ly €N, s € (0, ), t; €0, 5], fork €{1,...,L},
such that

L
Sg—t ! « o
|Ho(uv)(x)|<C Y A™ =" (A‘7|A7u| A5t
k=1

Moreover, |si — t| can be supposed to be arbitrarily small.
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Proof. Seta := AZu, b := A%v. By the definition of A% fora € (0, 1),
AS(A™%a A™5b)(x)

A=%a(x) A72b(x) — A 2a(y) A2 a(y)
= Cn |x_y|n+0l

dy

1 —a —x —a
= Cn,a / m((A a(x) —A a(y))A b(x)

+ A %a(y) (A—%b(x) - A‘%b(y)))dy
1

W(A_%a(y) — A_%a(x))

= a(x) A—‘%b(x)+c,,,a/|
X

x (A™2b(x) — A™2b(y)) dy
+b(x) A" Za(x).
Consequently,

|H(A™%a, A=3b)(x)]

1 — p—
</"/n/nmﬂy—nl |y — g7

Ly — &7 — | — €171 |al(n) |bI(§) dy dE dn.
Pick ¢ € (0, 1) in Proposition A.1 such that
o < 2e& <min{2a,n + a}.

Let us see, for instance, how our expression behaves if the “Type I”’-estimate from
the proof of Proposition A.1 is applicable, that is, if

[y =07 = =" ||y — £ — |x — £

|x_y|n+0l

—n+oa—¢ |x _ $|—n+a—s

<y —n |x — y| e

Observe, by the choice of ¢, all the appearing kernels on the right-hand side of
this estimate have the exponent n — o for some o > 0. That is, all the appearing
kernels correspond to the kernel of a Riesz potential A%, see (A.1). Namely,

/ v — e al () dy ~ A Jal ().

[ [ — E[7HE [b](6) dE ~ A5 B (),
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and finally
—n42s—q p —9=¢ _2e—a  _a—¢ _£
JEEE AT al(y) dy ~ A~ AT ] () ~ A~ a](x).
By this kind of strategy, one obtains
|H(A5a, A785)(x)| < A5 lal(x) AT 1) + A7 Jal () A7 bl )

26—«

AT (AT Ja| AT b)) (%) + 4,

where

A |x_n|—l’l+06|x_g|—n+0l
= ] x— y["te Xlx—y|>2|x—§|

X Ax—y|>2lx—n| |a|() |b|(§) dy d§ dn
< /n/Rn |x—77|_n+a|x_é§|—n+a|x—§|_%|x_,7|—% la|(n) |b|(§) dE dn

= A7%a|(x) ATH|D|(x).

Thus we can conclude the proof: we choose Ly = 3, with 51 = ¢, 1) = — ¢,
§1 —t1 = 2¢ — « as first term, then with interchanged roles s, = #1 and 1, = 55,
and finally s3 = /2,13 = «/2,and s — 1 = 26 — «. O

Remark A.3. About the strategy of the proof above let us remark how the decom-
position strategy we apply in [18] and here is related to the arguments in [S] and
[16]: For the para-product estimates of the bi-commutator in [5], they used an in-
finite Taylor expansion after Fourier transform in the phase space whenever the
symbols were rather close to each other.

Instead, in [16] the mean value formula (that is, a one-step Taylor expansion)
was employed, also after Fourier transform, which lead to a simple pointwise es-
timate in the phase space which sufficed for the purposes there, but did not have
the full power of the more complicated, yet more generalizable technique in [5].
Both of these arguments, essentially obtained pointwise bounds in the phase space,
which — transformed in the geometric space — gives not pointwise, but L? (R")-es-
timates.

With the method introduced in [18] and employed here, we obtain pointwise
results in the geometric space.

But let us stress, that both the arguments in [16] in the phase space and in [18]
in the geometric space, which apply both a one-step Taylor expansion, are rough
in the following sense: when considering Hardy-space or BMO-space estimates,
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they do not seem to give the optimal result (which is not pointwise anymore), and
in this case, the strategy of using para-products as developed in [5] seems more
viable, see, e.g., the Hardy-space estimates in [5].

A2 Thecasea >1

We will reduce the case @ > 1 to the case o € (0, 1) already discussed. For the
case = 1 + & € [1,2), we use the following argument: let R; be the i-th Riesz-
transform, defined by

R = [ ER o)

Then for 1 + & € [1,2),

RiHy1g0,0) = A58 (uv) — R uA 55 0) — R (vA T 0)

= A%(uaiv)—uA%Biv—A%u d;v
—|—A%(v8iu)—vA%8iu—A%v oju
— RiuA T 0) + uAS 9
—:Ri(vA%u) +UA%8,~u
+ A%v oju + A%u djv

= Hg(u,0;v) + Hg(v, ;u)
— RiA T D) + uRi Ay

— R (UA%M) + VR A lgdu

+ A%v oju + A%u 0;v.
In the case @ = 0, we write this as
Ri Hy(u,v) = —R;i (uAZv) + uR; A20;v — Ri (vAZu) + vR; A2u.

The terms Hy(-,-), as we’ve seen above, and the terms ATy d;v and AZv 0;u are
actually products of lower order operators applied to u and v, respectively. More-
over, we have the following estimate, which should be compared to the famous
commutator estimates and their relation to Hardy spaces and BMO, by Coifman,
Rochberg and Weiss [2] and the related work by [1].
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Proposition A.4. For @ € [0, 1) there exist a positive constant Cg and a number
L=LgeN,andfork €{1,...,L} constants s; € (0, 1), ty € [0, s¢] such that

1ta 1+a
Ri(GA™T 2 F)—(RiGA” 2 F)
L
<CZ
k=1

Moreover, |s; — tx| can be supposed to be arbitrarily small.

“(aH1Gl AT R ).

Proof. As in the case of H,, for @ € (0, 1) above, we exploit that the difference of
the involved operators can be expressed by the differences of their kernels, more
precisely

Ri(G AT TEF)(x) — (RiG A~ 2 F(x)

— 1 ~ )
// . );)+1 |y |—n+1+a —|x - Z|—n+1+a) G(y) F(z)dy dz
“y _ Z|—n+1+07 _ |X _ Z|—n+1+&|
<C/ lx — y|" |G|(y) |F|(z)dydz.

Using the mean value theorem, similar to the proof of Proposition A.1, precisely
as in [18], we conclude. O

In particular, we have

Proposition A.5. Let u = A"SAZu, v=A"2A5v. Then for o € (0,2) there
exists some constant Cy > 0 and a number L = Ly € N, and fork € {1,...,L}
constants s € (0, ), tg € [0, sg] such that for any i = 1,...,n, where R; de-
notes the Riesz transform,

|Ri He

(MkA 2 A2u NkA 2+2

AZU‘)

Here, My, Ny are possibly Riesz transforms, or the identity. Moreover,
can be supposed to be arbitrarily small.

1|

Fora = K +&,@ € (0,2), K € N, observe that

Ho(u,v) = A3 (AKuv) + A AKv) + Y o5 AZ@ud"v)

ly|+1y|=2K
lyl,l7[=1

—u AKA%U —uAKA%v
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= Hg(AKu,v) + AKu A% + Hy(u, AKv) + AKv A%

+ Z cyy Hg(0"u, 3% v)
Iy +7|=2K
lyl,l71=1
+ Z Cy7 AS 9 u o7y +0%u Az,

ly|+1y|=2K
lyl,I71=1

Using that all terms which are not of the form H, are actually products of lower
order operators, one concludes

Lemma A.6. Letu = A"2A%u, v =A"2A%0. Then for o € (0, n) there exist
some constant Cy, > 0 and a number L. = Ly € N, and for k € {1, ..., L} con-
stants s € (0, ), t € [0, sg] such that foranyi = 1,...,n,
L Sk—k I a ay Sk a
|Ri Hy(u,0)(x)| S C Y MpA™ 7 (A7 2 |ASu| Ne A3 15 |AS)).
k=1

Here, My, Ny are possibly Riesz transforms, or the identity. Moreover,
can be supposed to be arbitrarily small.

Sk — I

In particular:

Proposition A.7. Let o € (0,n), q,4q1,92 € [1, 00] such that
1 1 1

a9 91 9
Then
[ Ho (. v)l[(2 gy me < 1AZull2 gy me A2 V]2 gy) RN
A.3 Local estimates

In this section, the goal is to give in Lemma A.9 a localized version of Proposi-
tion A.7.
Similar to the arguments in Proposition 2.6, one can show

Proposition A.8. There is y > 0 such that forany A > 4, s € (0,a), t € [0, s],
_s=t 1 _a4s _
|A=F (A% In_nral A5 3BDn g, < A llalla [B]]
andfor Al, Az > 4
szt 1L _ays o
1ATF (A5 n_aral A543 (opar D)2 5, < AT A3 llallz ]
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Proof. For some ¢ € Cg°(By), ||V _n_ =< 1 we have to estimate (up to possibly
Riesz transforms, which we will ignore again, as they do not change the argument)

/ AT (A7 nopal ATEFE b))y
=/A_5|n_Aa|A‘3+5|b|A_S5’¢

< lInyzA™2 - aalll e 1AT5F31b]) 1A=y

nas+t

+ A2 aalllz, AT b2 11 = 1 m) A2y

nots—',—t

< lInyzA~2 - aalll o 161z + llallz 6]z (1= n A= v

n— a S+l :

Then the first claim follows the arguments for products of (non-local) fractional

operators with disjoint support, cf., e.g., the arguments of Proposition 2.3 or [18,
Proposition 4.4].

The second claim follows by the same method, only taking more care in the
cutoff for b. |

Lemma A.9. Let v, w € W*P(R"). Then for any A > 2
IH @, w)llz g, < narAzvlz [narAZw|z
+ ATV A w2 [InarAT o] s

+ ATV AS | [narAZw]a

oo
+ AT ARl Y027 A% wl.

k=1
Proof. Set
vA 1= A2 (1arAZV),
vop = A3 ((1—nar)A%Y),
v_nk = AT (i, A%).
Then

Hv,w) = Hwa, wp) + Hv-_p,wp) + H(p, w-p) + H(v_p, w_y).

We have
IH @A, wA)llz < InarAzvllz [narAzw]z.
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Moreover, the second and the third term are controlled by means of Proposi-
tion A.8. It remains to estimate H(v—A, w—x),

o0
H@-_p,w-p) = Z H((v—p, w_p )
k=1

and again by Proposition A8,

—yk A —2 kA%
| H—n w_p)llzp, <27 A™ o]l ok, A% w]a. o

B Decomposition in Euclidean spaces

In the proof of Lemma 2.9 we used the following fact, which permitted us to get a
full information of |A% w I P from the information of ||;jw’ A2 Sw "Il - and the
normal projection ||w’ AZw "N -

Proposition B.1. Let p € RY, |p| = 1. Set

= (= (uip)loy s iy = —pij €{-1,0, 1},
and let for p € Q
Pu= (Buity = (uis )L,
Then, for uniform constants ¢, C, depending only on the dimension N,

il < > [Pu.@)| +(5.4)| < C |g| forangeRN.  (B.1)
ne

In particular, there is a uniform 6 € (0, 1) such that for any G € RY, if for some
n e,

then there exists L € 2, such that

). [(5.3)]}-

For the convenience of the reader, we will give a proof.

|(Pu.d)| < 6]G| < max{|[(pj.q

Proof. We prove the first inequality of the claim (B.1) for |§| = 1and g L p. The
case N = 1 is trivial, of course, so assume N > 2. Let for o # B,

uil = o2l 5280 e @,
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where § denotes the Kronecker symbol
; 1 ifa =1,
Sy =
0 else.

The claim (B.1) then follows if we can show that there exists a uniform constant
¢ > 0 such that vor any p = (p,)l_l, q = (q,)l_1 e RN with |p| = 3| =1,
and p L § € RV, there are o # S such that

[(Puas.@)r | = |Padp — Ppdal = c.
Choose ip # ko such that (w.l.o.g) pi,, ﬁko > 0 and, more important,

. o 1
Pio>49ko = ——F—= =: Co. (B.2)
0T UN -1
In fact, by orthonormality of p L ¢, it cannot happen that for some i, both
-2 - 2_ 3
|pil™ lail” = -

Thus, if there is some ig such that |p,0| > 4, then g qlo and because of |g| = 1

there has to exist at least one ko # io such that ¢ ko satlsﬁes (B.2). An analogous
argument holds if |q k0| >3 3 for some kg. In the remaining cases, we can assume
that | p,| |qk| for all i,k. But then there have to be at least two indices
io # i1 such that Di satisﬁes (B.2) fori = iy,i1: because if this was not the case,
we had the following contradiction:

1—Z|pz +(N 1)

1
£ 4N 1)

We thus have two different choices for both for ig in order for p;,, to satisfy (B.2),
so whichever the choice of kg is, we can choose iy # ko. Then,

(ﬁMiOkO’ Q)RN = ﬁioziko - ﬁkoaio-
If prodio < 0, this implies
(ﬁw‘oko"?)]RN z (00)2-

Assume on the other hand that pg,g;, > 0 and that even

(ﬁuiokm _') = F)(CO)

Then,

N N o o - - 1
| Prodiol = Prodio = PioGko — (P uioko-4)rN = (c0)* — E(Co)z-
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Since | Pk, . 1Gio| < 1, we infer

L 9
| Po |+ 1Gio] = —(co)*.

— 10
It follows that
1 = =€) = [l ol + kol ko - (B.3)
Because of orthogonality p L g,
~(GioPio + ko Pho) = pigi- (B.4)
i#ig.ko

As the product pg, g, > 0, we have to consider the case / where both p,, Gi, > 0
and the case II where both py, ., G, < 0.Recall that in both cases pj . §g, > 0. As
for case I, (B.4), (B.3) imply

—c1= Y piGi+ Y, Bidi=— Y |Billdl+ Y |5illdil

i#io,ko i#io,ko i#io,ko i#io,ko
piqi<0 piqi>0 piqi<0 piqi>0
>— Y |pillgil-
i#io,ko
piqi<0

In particular, this implies that there is i; # io, ko such that p; ¢;; < 0 and still
(recall | p;, |, |‘}i1| =D
- - 1
|pi1 |7 |Qi1 | > N
Assuming p;, > 0, ¢;, < 0, since we know §;, > 0, p;, > 0, we have

> - > o - - = €1
<p,ltili0"I)RN = Pirdio — Piodir > |Piollqir] = o N

If we assume, on the other hand, ﬁ,-l >0, éil <0,

R B, Lo - c1
—(Pyivio-QIrN = —Pindio + PioGin < —IPiolldin| = —co-

In case 11, where both py,.qi, < 0, we have instead
e <= > Blld+ > 1Eldl = Y il

i#io,ko i#io,ko i#io.ko
piqi<0 piqi>0 piqi>0
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and we can find iy # i, ko such that p;,q;, > 0 and

- > C1
Ipi2|7 |(]i2| = N

Then,
. > > - > > IR C1
—sign(pin)(Pyinio- Dry = [Pialldiol + Pioldial = co-
This proves the first claim, which essentially is contained in the following: for
|p| = 1, the finite set {p,, : i € 2} may not be a basis; nevertheless, it is a linear
generator of the space p- C RV.

For the second claim we use the following argument: since §2 is finite, any vec-
tor g of length |G| = 1 has to have length at least 6 = ﬁ in at least one of the
linear spaces generated by some p, or generated by p itself. Thatis |(p,.,q)| > 6
for some u € @, or [{p,q)| > 6. Consequently, if there exists some p such that
|{(Pu.q)| < 6, then there has to be another i € Q such that [(p;.q)| > 6 or, al-
ternatively, ’(ﬁ,c_j)| > 0. O
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