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Abstract

In this paper we study compactness and quantization properties of sequences of
1/2-harmonic maps uy: IR — S™~! such that Hukuﬂl/Q(R,Sm*l) < C'. More precisely
we show that there exist a weak 1/2-harmonic map us.: IR — S™~!, a finite and
possible empty set {a1,...,a;} C IR such that up to subsequences

l
[(= A4y 2de — [(—A)Y 4 ug [2da + Z Aidq;, in Radon measure,
i=1

as k — +oo, with A\; > 0.

The convergence of uy to us is strong in T/Vli/f’p(]R \ {ai,...,as}), for every
p > 1. We quantify the loss of energy in the weak convergence and we show that in
the case of non-constant 1/2-harmonic maps with values in S! one has \; = 27n;,

with n; a positive integer .
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1 Introduction

In the paper [9] Riviere and the author started the investigation of the following 1-
dimensional quadratic Lagrangian
W= [ 18 ), 0

where u: IR — N, N is a smooth k-dimensional submanifold of JR™ which is at least C?,
compact and without boundary. We observe that (1) is a simple model of Lagrangian
which is invariant under the trace of conformal maps that keep invariant the half space
IR? : the Mobius group.

Precisely let ¢: R? — IR? in Wh(IR%, IR%) be a conformal map of degree 1, i.e. it
satisfies

2= 5
o 00" )
oz’ Jy

detVop >0 and V¢ #0.

Here (-, -) denotes the standard Euclidean inner product in IR™.
We denote by ¢ the restriction of ¢ to IR. Then we have L(uo ¢) = L(u).
Moreover L(u) in (1) coincides with the semi-norm |[|u|? and the following iden-

tity holds

H/2(IR)

/ |(—A)Y4u(z)|?dz = inf {/ |Vi|?dr . @€ WH(IR?, IR™), trace @ = u} . (3)
R

The Lagrangian L extends to maps u in the following function space
HYZ(RN)={ue H?(R,R™) : u(z) €N, ae,}.
The operator (—A)'* on IR is defined by means of the the Fourier transform as follows
(~2) 7 = [¢] 2

(given a function f, f denotes the Fourier transform of f).

We denote by 7y the orthogonal projection from IR™ onto N which happens to be a
C? map in a sufficiently small neighborhood of N if N is assumed to be C**!. We now
introduce the notion of 1/2-harmonic map into a manifold.
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Definition 1.1 A map u € H'2(IR,N) is called a weak 1/2-harmonic map into N if for
any ¢ € HY?(IR, IR™) N L=(IR, IR™) there holds

d

L L+ 10)) =0

dt

In short we say that a weak 1/2—harmonic map is a critical point of L in H1/2(R,N) for
perturbations in the target.

We next give some geometric motivations related to the study of the problem (1).

First of all variational problems of the form (1) appear as a simplified model of renor-
malization area in hyperbolic spaces, see for instance [2]. There are also some geometric
connections which are being investigated in the paper [11] between 1/2-harmonic maps
and the so-called free boundary sub-manifolds and optimization problems of eigenvalues.
With this regards we refer the reader also to the papers [14, 15]. Finally 1/2—harmonic
maps into the circle S' might appear for instance in the asymptotic of equations in phase-
field theory for fractional reaction-diffusion such as

(A 2y +u(l —|uf*) =0,

where u is a complex valued ”wave function”.

In this paper we consider the case N' = 8™~!. It can be shown (see, [9]) that every
weak 1/2-harmonic map satisfies the following Euler-Lagrange equation

(=A)Y2uANu=0 in D'(IR). (4)

One of the main achievements of the paper [9] is the rewriting of the equation (4) in a more
“tractable” way in order to be able to investigate regularity and compactness property of
weak 1/2-harmonic maps. Precisely in [9] the following two results have been proved:

Proposition 1.1 A map u in HY?(IR,S8™ ") is a weak 1/2-harmonic map if and only if
it satisfies the following equation

(=2)Y 4 (u A (=2) ) = T(w(u),u) (5)
where w(u): R™ — N*R™, v — w(u)v == uAv and in general for arbitrary posi-
tive integers n,m, €, for every linear operator Q € H'Y2(IR", Myyn(IR)) V) and u €
H'Y2(IR", IR™), T is the operator defined by

T(Q,u) := (=A)*[Q (=A)*u] = Q(=A)"?u + (=A)V*Q (=A)*u. (6)

O

(M My (IR) denotes, as usual, the space of £ x m real matrices.



The equation (5) has been completed by the following ”structure equation” which is
a consequence of the fact that v € S™! almost everywhere:

Proposition 1.2 All maps in H'?(IR,S™ ") satisfy the following identity
(=A) 4 (u- (=A) ) = S(w(u),u) = R((=A)*u- R(=A)*u), (7)

where w(u): R™ — IR, v — w(u)v := u-v and in general for arbitrary positive integers
n,m,, for every Q € HY?(IR", Myym(IR)), and u € HY?(IR*, IR™), S is the operator
given by

S(Q.u) = (=A)MQ(=2)"u] = R(QVu) + RI(-A)'QR(=2)"d]  (8)
and R is the Fourier multiplier of symbol m(§) = —i% . O

We call the operators T', S three-term commutators and in [9] the following estimates
have been established: for every u € HY/2(IR, IR™) and Q € HY?(IR, Myym(IR)) we have

1T(Q, )|l gr-1/20m) < C N QU grr2my Null rzmy » (9)
15(Q Wl =172y < C QN irrr2(my 1wl gz (my » (10)

and
IR((=A)"*u - R(=A)* u))|| g2y < C 1l F1 /2 - (11)

What has been discovered is a sort of "gain of regularity” in the r.h.s of the equa-
tions (5) and (7) in the sense that, under the assumptions v € H'2(IR, IR™) and Q €
H'2(IR, My (IR)) each term individually in T' and S - like for instance (—A)Y4[Q(—A)Y*u]
or Q(—A)?y ... -is not in H~'/2 but the special linear combination of them constituting
T and S is in H~%/2. The same phenomenon appears in in dimension 2 in the context
of harmonic maps, for the Jacobians J(a,b) := %g—z - g—‘;% (with a,b € H'(IR?)) which
satisfy as a direct consequence of Wente’s theorem (see [5, 25] )

17 (a, D)l gr-1¢mzy < € llall g mey N0l i1 me) (12)
whereas, individually, the terms %g—z and g—g% are not in H~'(IR?).

The estimates (9) and (10) imply in particular that if u € HY/?(IR,S™ ') is a 1/2-
harmonic map then
I(=2)"ull 2y < Cl(=A) ull 2 - (13)

where the constant C' is independent of u.

From the inequality (13) it follows that if C||(—A)*ul|;2(ry < 1 then the solution is
constant. This the so-called bootstrap test and it is the key observation to prove Morrey-
type estimates and to deduce Holder regularity of 1/2-harmonic maps, see [9].
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We mention here that since the paper [9] several extensions have been considered.
The regularity of solutions to nonlocal linear Schrodinger systems with applications to
1/2-harmonic maps with values into general manifolds have been studied by Riviere and
the author in [10]. n/2-harmonic maps in odd dimension n has been considered in [23]
and [6] respectively in the case of values into the m — 1 dimensional sphere and into
general manifolds and the case of a-harmonic maps in TWer (R", 8™ 1), with ap = n,
has been recently studied by Schikorra and the author in [12]. Finally Schikorra [24] has
also studied the partial regularity of weak solutions to nonlocal linear systems with an
antisymmetric potential in the supercritical case (namely where ap < n) under a crucial
monotonicity assumption on the solutions which allows to reduce to the critical case.

In this paper we address to the issue of understanding the behaviour of sequences u;, of
weak 1/2-harmonic maps. We observe that as in the case of harmonic maps the bootstrap
test (13) implies that if the energy is small then the system behaves locally like a linear
system of the form (—A)Y?u = 0 (namely the r.h.s is “dominated ” by the Lh.s of the
equation). As a consequence we obtain that any sequence uy of weak 1/2-harmonic maps
with uniformly bounded energy weakly converges to a weak 1/2-harmonic map u., and
strongly converges to u., away from a finite (possibly empty) set {a1,...,a,} C IR.

Namely we have ( up to a subsequence)

¢
|(= A4 2de — |(—A) Y u |Pde + Z Aidq;, in Radon measure,

i=1

as k — +oo, with A\; > 0. It remains the question to understand how the convergence
at the concentration points a; fails to be strong. A careful analysis shows that the loss
of energy during the weak convergence is not only concentrated at the points a; but it is
also quantized : this amount of energy is given by the sum of energies of non-constant
1/2-harmonic maps (the so-called bubbles). More precisely we get the following result

Theorem 1.1 Let uy € HY?(IR,8™ ') be a sequence of 1/2-harmonic maps such that
k|l gi2 < C. Then it holds:

1. There exist Uy € Hl/Q(B, S™1) and a possibly empty set {ay,...,a;}, £ > 1, such
that up to subsequence

Up — Uso le/Q’p(]R\{al,...,ag}), p>2ask — +oo (14)

loc
and

(=AU Aiog =0, in D'(IR) . (15)

2. There is a family @) € HY/?(IR,S™ ") of 1/2-harmonic maps (i € {1,...,},j €
{1,...,N;}), such that up to subsequence

(=) (g — o = > @)z gy = 0, as k — +oo. (16)

,J



Theorem 1.1 says that for every i, \; = E;V:'I L(a%?) . Therefore there is no dissipation
of energy in the region between u., and the bubbles and between the bubbles themselves
(the so-called neck-regions) .

We would like now to mention a result obtained in the paper [11] on the characteriza-
tion of 1/2 harmonic maps u: S' — 8! which permits us to deduce that in the case of 1/2
harmonic maps with values in S' one has \; = 2mn;, with n; a positive integer and also
to provide a simple example showing that the quantization may actually occur, namely
the set {aj,...,a,} may be nonempty .

Theorem 1.2 [11] u: 8 — 8! is a weak 1/2-harmonic map if and only if its harmonic
extension @: D? — IR? is holomorphic or anti-holomorphic.
O

We remark that because of the invariance of the Lagrangian (1) with respect to the trace
of conformal transformations we can study without restrictions the problem in S! instead
of IR.

From Theorem 1.2 it follows that 1/2-harmonic maps u: St — S' with deg(u) = 1
coincide with the trace of Mobius transformations of the disk D? C IR?. Moreover every
non-constant weak 1/2-harmonic map u: S — S satisfies

[(=A)Y4u)2de = 27k < +00.
S1

where k is a positive integer which coincides with |deg(u)| .
Let us consider now the following sequence of 1/2-harmonic maps

Z— ay,

n181_>817 n = >
U un(2) -

with |a,| < 1 and a, — 1 as n — +o0o. In this case we have u, — —1 in C}2 (R \ {1}),
thus the set of concentration points is nonempty. Theorem 1.1 yields the existence of one

Bubble ., such that
II(=A)"(uy, uoo)||[lzoc — 0, asn— +oo.

We explain now the method we have used to prove the main Theorem 1.1.

In order to get the quantization of the energy we exploit a “functional analysis” method
introduced by Lin and Riviere in[20] in the context of harmonic maps in non-conformal
dimensions, i.e, in dimension n > 3. Such a method consists in the use of the interpolation
Lorentz spaces in the special case where the r.h.s of the equation can be written as linear
combination of Jacobians.

This techniques has been recently applied in [18, 19] and in [3] for the quantization
analysis respectively of linear Schrodinger systems with antisymmetric potential in 2-
dimension, of bi-harmonic maps in 4-dimensions. and of Willmore surfaces. We refer the



reader to the papers [21, 20] for an overview of the bubbling and quantization issues in
the literature.

We describe briefly the key steps to get the quantization analysis.

1. First of all we will make use of a general result proved in [3] which permits to
split the domain (in our case IR) into the converging region (which is the complement of
small neighborhoods of the a?), bubbles domains and neck-regions (which are unions of
degenerating annuli).

2. We prove that the L? norm of (—A)Y*u,, in the neck regions is arbitrary small, (see
Theorem 3.1). Thanks to the duality of the Lorentz spaces L*»!' — L** this is reduced
in estimating the L%, L*! norms of uy, in these regions. Precisely we first show that the
L% norm of the uy, is arbitrary small in degenerating annuli, i.e. annuli whose conformal
class is not a priori bounded (see Lemma 3.2) and as far as the L*! norm is concerned,
we use the following improved estimate on the operators 7" and S which is proved in the
Appendix

Theorem 1.3 Let u,Q € H'/?(IR") . Then T(Q,u),S(Q,u) € H'(IR") and
17(Q, w)llr ey < CIQU 172yl 172y - (17)

15(Q, W)l ey < ClIQU g/ oy ull g1/2my - B (18)

We recall here some definitions. We denote by L*»*°(IR™) the space of measurable
functions f such that

sup M{z € R™ : |f(z)] > A\}Y? < 400,
A>0

and L*!(IR") is the space of measurable functions satisfying

/M HzeR : [f()] > \2d) < +oo .
0

We denote by H!(IR") the Hardy space which is the space of L' functions f on
IR"satisfying

/ sup |¢y * fl(z) do < +o0 |
R

>0

where ¢;(z) :=t™" ¢(¢t~'z) and ¢ is some function in the Schwartz space S(IR") satisfying

S 0(x) dz = 1. ‘
Finally for every s € IR and g > 1 we denote by W*?(IR"™) the fractional Sobolev space

{res FUEPIFI € LYR")}

For more properties on the Lorentz spaces, Hardy space H' and fractional Sobolev spaces
we refer to [16] and [17].



In a forthcoming paper [8] we are going to investigate bubbles and quantization issues
in the case of nonlocal Schrodinger linear systems with applications to 1/2-harmonic maps
with values into manifolds. The difficulty there is to succeed in getting an uniform L*!
estimate as well on degenerating annuli as in the local case (see [18]).

It would be also very interesting to understand the geometric properties of the bubbles
in the case of more general manifolds .

This paper is organized as follows.

In Section 1 we address to the compactness issue which is the first part of Theorem
1.1. In Section 2 we prove L? estimates on degenerating annual domains. In Section 3 we
prove the second part of Theorem 1.1. In the Appendix we prove Theorem 1.3.

2 Compactness

In this Section we prove the first part of Theorem 1.1. The result is based on the following
e-reqularity property whose proof can be found in [9, 10] and in [7].

Lemma 2.1 (e-regularity ) Let u € HY?(IR,8™ ') be a 1/2-harmonic map. Then
there exists €9 > 0 such that if

> 2P (=) ull 2oy < €0, (19)

Jj=0
then there is p > 2 ( independent of u) such that for every x € IR, y € B(x,r/2) we have
1/p ‘
(P [ e updn) <€ Y A gy (20
B(y,r/2) §>0
where C' >0 depends on [[ul 172, () -

By bootstrapping into the equations (5) and (7) and by localizing Theorems A.1 and A.2
(see [7]) one can show the following:

Corollary 2.1 Let u € HY*(IR,8™ ") be a 1/2-harmonic map. Then for for every
x € IR there exists r > 0 such that the following holds

P PEVRI (=) Ml o By < Cllull gaegmy » (21)
for every p > 2 and

P2 (=) ull ey < Clullipsm B (22)



We will use also the localized version of the following result whose proof can be found
n [1] page 78:

Lemma 2.2 Let 0 < a <1 and g € LP(IR), 1 < p < co. Then there is a constant C > 0
independent of g, such that

_af
1(=2)"% gllLrammy < C[(=A)"2g|f

f0r0<9<1,1§5§oo,%:§+%. O

Ls(IR™) Hg”Lp(]Rn

Next we show that if for some xz € IR and p > 0 we have
Z27j/2”<_A)1/4UHL2(B(:B,2J'p)) < ¢o,
Jj=0
Where g9 > 0 is the small constant appearing in the e-regularity Lemma 2.1, then u €

Wi T (B(a, p)), for all ¢ > 2, ie. (—=A)# 4u e 12 (B(x,p).

loc

Proposition 2.1 Let x € IR and p > 0 be such that
D 2= ull s, < €0
Jj=0

with g > 0 giwen in Lemma 2.1. Then there exists C > 0 ( independent of x,p and
dependent on ||u||H1/2(R)) such that for all ¢ > 2 the following holds

1,1 _
I(=2) 2" S 2(pypyzy < O Y 27 1(=2) " ull s iny » (23)

Jj=>0
for ally € B(x,p/2).

Proof of Proposition 2.1. We set v = (—A)Y4u. From Lemma 2.1 it follows that
there exists ¢ > 2 ( independent of u) such that for every y € B(x, p/2)

ol as.pmy < C D279 1(=2) ull 2B 21 - (24)

J=0

By bootstrapping into the equations (5) and (7) one gets

)0l < OS2I A e (25)

7>0

Now we set f = (—=A)Y*y. By applying Lemma 2.2 in B(y, p/4) with g := v, p = ¢,

2
r=2 5= = a—landezq we obtain

q+2 g 2

1(=2)"% Fll 2oy <C|!fH 2 B/ 1ol ECa g7 (26)



In particular we get that (—A)ﬁv € L*(B(y, p/4)) and hence (—A)%ﬁu € L*(B(y, p/4))
with - A
I(=A)2 " Tul| 2miy,pmy < C Y 279 1(= ) ull 2 270y - (27)
Jj=20
From Corollary 2.1 it follows that the above arguments actually hold for every ¢ > 2.
This concludes the proof. O

We show now a singular point removability type result for 1/2-harmonic maps.
Proposition 2.2 [Singular point removability] Let w € Hz (IR, 8™ ") be a 1/2-harmonic
map in D'(R\ {ai,...,as}). Then

uN(=A)2u=0 inD'(R).
Proof of Proposition 2.2. The fact that
uN(=A)iu=0 inD(R\{ay,... a})
implies that
(=AY (u A (=A%) = T(un,u) in D'(R\ {ar, ..., a.}),
where T'(uA, u) € H™2(IR) and

2
TG )l gy < CIE (28)
The distribution ¢ := (—A)Y4(uA (—A)Y4u) — (T (uA, u)) is of order p = 1 and supported
in {ay,...,a,}. Therefore by Schwartz Theorem [4] one has
o= Z Ca0%0g; .
la] <1

Since ¢ € H~2(IR), then the above implies that ¢, = 0 and thus
(=AY (u A (=A)Y4%) = T(un,u) in D'(IR).
We conclude the proof of Proposition 2.2. O

The proof of the first part of Theorem 1.1 concerning the compactness of uniformly
bounded 1/2-harmonic maps is contained in the following Lemma .

Lemma 2.3 Let u, € H/?(IR,S™ ") be a sequence of 1/2-harmonic maps such that
ur|l 12 < C. Then there exist a subsequence uy of ug, a function us, € HY?(IR,S™1)
and {ay,...,a;}, ¢ > 1, such that

Up — Uso aS K — +00 in Hlic((ﬂ%\ {ai,...,ae})) forp>2, (29)
and
(=AU Auge =0, in D'(IR). (30)
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Proof of Lemma 2.3.

1. First of all there exists a subsequence ug of ug, a function u. € HY?(IR,S™ 1)
such that up — us as k' — +00.

2. Suppose first that for some p > Oand forallk > 1,3 .- 2792 (= AV g || Lo (B2 p)) <
g9 with g9 > 0 given in Lemma 2.1. Then from Lemma 2.1 and the Rellich-Kondrachov
Theorem (the embedding WéJr%’Q(B(:E,p/ZL)) < W2t(B(x, p/4)) is compact for all ¢ <
qQ_—qQ) it follows that

Up — Uoo s k' — 400 in HY?(B(x, p/4),S™7Y).
for all z € IR. In particular we have also
(=A)zup — (—A)2uq as K — +oo in HV2(B(z, p/4), 8™ .

Hence ) )
(—A)z2up Aup — (—A)2Ug A Us as k' — 400 in D'(B(x, p/4)),

and )
(—A)2Us AN =0 in D'(B(z, p/4)) .

3. Claim 1: There are only finitely many points {a1, ..., a,} such that
(—A)2use At =0, in D'(R\ {ai,...,a}) (31)

Proof of the claim 1. We associate to every = the number p? > 0 such that

&
||(_A)1/4uk||L2(B(m,p§) = go

where g is as in Lemma 2.1.
For every M > 0 and k& > 1 we set

1
L= Aa P§<M}

and .
‘F%:{B(I‘aﬂ)7 .TEII?/[}

By Vitali-Besicovitch Covering Theorem (see for instance [13]), we can find an at most
countable family of points (x?’M)jeJéu, x?’M € IM and and IM C UjeJéwB(:pf’M, L.
Moreover every x € FM is contained in at most b balls, bx being a number depending
only on the dimension of the space.
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Now we observe that

C > Nurlfyom = (=8 urll 22y
> bt D= )1/4uk||L2(B ;M)
jesM
-1 £ 1y oar 6
> by Z — =bx [ =
64 64
jesM

Thus |JM| < +o0o for every k and M and this implies that for k and M large enough
|JM| = C, with C independent of k and M . In particular there exists mg > 0 such that

1
[MCUmo B( kM M)

By definition we have [ li‘/f +l

subtract a subsequence k' — +o00 such that xl?,’M — ﬁo’M for all M > 0 and j and

C IM for all k and M. By using a diagonal procedure we can

1
( ’M)
Now we let M — +o00 and get
Ic?o Q JOO70 = {IL'?O’O}j:l,...mo .

Claim 2. If x ¢ J, o then there exits 7 > 0 such that

N

Uoo N (—A)2Use =0 in D'(B(z,7)).

Proof of the claim 2. We assume that ;1:;0’0 # oo forall j =1,...,mg. Let v =

dist(z, Jo o) and K > 0 be such that 2K~ < . Let M > 0 be such that for all M > M
and for all j =1,...,n¢ we have

1
00,0
0 < — 32
570 — 5] < (3)
Let k£ > 0 be such that for all ¥ > k and for all j = 1,..., my we have
1
oo,M
05 < — 33
5 — M) < ()
By combining (32) and (33) we get
k' M 00,
w— 2B > o — )
oo, o0, o0, y k;',



Therefore = ¢ U?L:OlB(:L’f/’M, L), and x ¢ I} for all ¥ > k. In particular py, > M~
and (up to subsequence) prry — Poox > 0. Now let 0 < r < py.. We observe that
B(x,r) C B(x, py ), for k' large and ||(_A)1/4uk’||L2(B(x,r) <2

Let jo > 3 be such that 2770/2 ([ |(—A)1/4uk/|2dx)1/2 <.

We now estimate Y- o 27" 2{|(=A) 4w || 250,20 (2-240 1) -

Z 27h/? | (—A)1/4Uk/ ||L2(B(x,2h(2—2jo )
h>0

Jo [e%¢)
= Z2_h/2||(—A)1/4Uk’||L2(B(x,zh(2—2m))+ Z 272 (=) || 2 (o (22001
h=0 h=jo+1

. 1/2
< 5_0(2 2—h/2) + 9—(o+1)/2 (/ |(—A)1/4uk/|2dl‘>
8 h=0 R
2
< \/_ E —+ i < €p.

V2—-18 16
By applying Step 2 we get
Uso A (—A)Y2use =0 in D'(B(z, 7))

for 7 < 27%0r . This concludes the proof of the claim 2 by setting a; := z° and £ = m, .
Now we apply Proposition 2.2 and we get that

Uso A (=AU =0 in D'(IR).

We can conclude the proof of the Lemma 2.3 and the first part of Theorem 1.1. O

3 L?>* and L? estimates on degenerating annuli

The goal of this Section is to prove some energy estimates of 1/2-harmonic maps in
degenerating annuli, i.e. annuli whose conformal class is not a priori bounded. Such
estimates are crucial in the next Section in order to get the quantization analysis in the
neck regions.

The main result of this Section is

Theorem 3.1 There exists 0 > 0 such that for any 1/2-harmonic map u € Hz (IR, S™1),
for any § <& and X\, A > 0 with X < (2A)~! satisfying

1/2
sup (/ \(—A)1/4u|2d:c) <94, (34)
pEN,(2A)71] B(0,2p)\B(0,p)

13



we have

/ \(—A)1/4u\2d:c (35)
B(0,A—1)\B(0,\)

1/2
<C sup (/ |(—A)1/4u|2dx) :
PE[X,(2A)71] \J B(0,2p)\B(0,p)

The proof of Theorem 3.1 consists in three steps:
1) first we show that we can control in degenerating annuli the L? norm of (—A)Y4y
for some ¢ > 2 by

1/2
sup (/ \(—A)l/‘lu\Qd:c) : (36)
PE[X(20)71] NV B(0,2p)\B(0,p)

2) then we estimate the L>* norm of (—A)Y*u in degenerating annuli in terms of
(36),

3) finally we use the global L*! estimates obtained in the appendix (see Theorem 1.3)
and the duality L>! — L?* in order to conclude.

Lemma 3.1 (L%estimates) There exists 6 > 0 such that for every 1/2-harmonic map

ue Hz(R), if
1/2
sup </ |(—A)1/4u|2d:p) <9, (37)
PEA(2A) 1] B(0,2p)\B(0,p)

for some § < 6, \,A > 0 with 2\ < (4A\)~", then there exists ¢ > 2 and 0 € (0,1) (
independent of u, A\, A) such that

1/q
sup (pq/ﬂ / \<—A>1/4u\qu)
pel2A(10) 1] B(0,20)\B(0,0)

1/2
sup (/ |(—A)1/4u|2d:p)
pEN(28) 71 \J B(0,20)\B(0,p)

Proof of Lemma 3.1. We choose 0 = < where g9 > 0 is the constant appearing in the
e-regularity Lemma 2.1.
Step 1. There exist p > 2 ( independent of A, A, u) such that

<C

1/p
Sup <pp/21/ |(_A)1/4u|pdx) SC”“”H%@' (38)
pE[2X,(48) 7] B(0,2p)\B(0,p)

Proof of Step 1.
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Let r > 0 be such that

1/2
</ |(—A)1/4u|2d:p) <4.
B(0,2r)\B(0,r)

Claim: There exists p > 2 ( independent of u, and r) such that

1/p
(rp/Ql /B(O s )|(_A)1/4u|pdx> < CH“HH%(R)' (39)
72T 7ZT

Let y € B(0,3r) \ B(0,2r), (we clearly have dist(y, d(B(0,2r)\ B(0,7))) > 1/4).
Let jo > 3 such that 2770/2 ([, |(—A)1/4u|2alx)1/2 < 4, and B(y,277r) C (B(0,2r) \
B(0,r)) for all y € B(0,2r) \ B(0,2r).

Estimate of EhZO 27h/2” <_A)1/4u|’L2(B(O72h(2_2j0r)) .

Z 27M2|(= )l L o,.20 220y

h>0
Jo S

= Z2_h/2||(_A)1/4u||L2(B(O,2h(2*2j0r))+ Z 272 (=AY | 120,21 (2200
h=0 h=jo+1

0 1/2
< 5(2 9~h/2) 4 9=lot+1)/2 </ |(—A)1/4u\2dx>
R

h=0
V2 §
5\/—_1+§<€0.

Lemma 2.1 implies the existence of p > 2 such that

<

1/p
(7’?/21 /B(y . |(_A)1/4u|¥’dx) < Cjo”UHH%(R) : (40)

for some Cj, > 0 depending on jo and on ||ul|g1/2(p) -
By covering the annulus B(0, %T) \ B(0, %T) by a finite number of balls B(y, 2-0Uo+yr)
we finally get

1/p
p/2-1 A4 lP < O, .
(T /B(oér)\B(o,%r) (a7 dx) a CJOHUHH%(]R) ’

and the proof of Claim 1 is concluded.
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Hence

1/p
Sup <pp/21/ \(—A)1/4u\pd:c) SC”U”H%(R)- (41)
PE[2X,(4A) 1] B(0,20)\B(0,p)

We thus conclude the proof of Step 1 .
Step 2. There exists ¢ > 2 ( independent of A\, A, u and dependent on p) such that

1/q
sup (pq/“ / \<—A>1/4u\qu) (42)
pel2A(48) 1] B(0,20)\B(0,9)

1/2
<C sup </ |(—A)1/4u|2dx> .
pE[N(24)71] \J B(0,2p)\B(0,p)

Proof of Step 2. Let us take ¢7' = (1 — 0)p~' + 627!, with 6 € (0,1). Then by
Holder Inequality and by using (40) we get

1/q
(pq/“ / \<—A>1/4u\pdx)
B(0,2p)\B(0,p)

1-0 0

2
< (pp/Q_l/ |(—A)1/4u|1’d1‘) ’ </ |(—A)1/4u|2dl‘)
B(0,2p)\B(0,p) B(0,2p)\B(0,p)

[

2
< g, s ([ (-8 e )
H2(R) pex,(28)=1] \J B(0,20)\B(0,p)

2
< C sup (/ |(—A)1/4u|2dx)
pE[N(24)71] \J B(0,2p)\B(0,p)

This concludes the proof of Step 2 and of Lemma 3.1. O

Lemma 3.2 (L?>* estimates) There exists 6 > 0 such that for any 1/2-harmonic map
u € H%(]R), for any & <6 and X\, A > 0 with X\ < (2A)~! satisfying

1/2
sup (/ \(—A)1/4u|2d:c) <4é
pElN(2A) 7 B(0,2p)\B(0,p)

then

1/2
(= A) | 2o (B0, 20)- 1)\ B0 < C sup </ |(—A)1/4u|2dx> . (43)
pEN(28) 7] B(0,2p)\B(0,p)

where C' is independent of X\, \ .
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Proof of Lemma 3.2. We set f = (—=A)Y*u in B(0, (4A)7Y) \ B(0,2)\) and f = 0
otherwise.

Let 6 < 6 /4 where 6 is the constant appearing in Theorem 3.1. From Lemma 3.1 it
follows that for all A, A > 0 with 2\ < (4A)~! if

1/2
sup (/ |(—A)1/4u|2d:p) <4
PN, (24)71 \J B(0,2p)\B(0,p)

then there exist ¢ > 2 and 0 € (0, 1) such that

1/q
ap (o | (- afrde )
PE[2X,(4A) 1] B(0,2p)\B(0,p)

17277
sup (/ \(—A)l/‘lu\Qd:c) .
pE[N,(20)71] \Y B(0,2p)\B(0,p)

1/27°
sup (/ |(—A)1/4u|2dx)
pe[N(20)71] \J B(0,2p)\B(0,p)

We observe that for all p € [2), (4A)™!] one has:

> pq/Z‘l/ |f|*d
B(0,2p)\B(0,p)

> p*af{z € B(0,2p) \ B(0,p) : |f| > a}l.

Let k € Z, then the following estimate holds

<C

We set

v=C

o®Y |z e B(0,2a?)\ B0,27a7%) : |f] > a}|

jzk
 v—2\1—q/2
So?Z(Q]a ) 7o =40 3 200/
= =k

< 71121—61/22%(1—(1/2)(1 _ 21—q/2)—1

_ quk(l—q/Q)(Qq/Z—l _ 1)—1 )

Therefore

Pz e R: |f| >a} < 47280792 £ 02| B(0,28a?)|
S 7q2k(1—q/2)(2q/2—1 _ 1)—1 + a222ka—2 .
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Now we choose k in such a way that 28 = 42/2. It follows that

a2|{x€ﬂi’- ‘f|>a}‘<7_2(2q/2—1_1),1+ 2_2(1/2_1 ,

Hence

(=)l 200 (B0, (a0)-1 )\ B(0.23)

=sup(a’[{z € B0, (4A) ")\ B(0,2)) : [(=A) u(z)| > a})/?  (44)

a>0

By combining (44) and the fact that the L>> norms of (—A)4u in the annuli B(0,A™)\

B(0, (4A71)) and B(0,2\) \ B(0, \) are controlled by the respective L? norms we get the
estimate (43) and we conclude the proof of the Lemma 3.2. O

Now we can prove Theorem 3.1.

Proof of Theorem 3.1. Form Theorem 1.3 it follows that any 1/2-harmonic map
u e H'?(R,8™ ") satisfies [|(—A)"*ul|,21(m) < C where C depends on [|[ull /2 gm-1y -

Now it is enough to use the duality L*! — L** and Lemma 3.2 to get

/ [(=2)uPdr < [[(=A) | 2y | (—2) Y ull 2o B0, 20) -1\ Br0.N)
BN NBON)

1/2
<C sup (/ |(—A)1/4u\2dx) :
peln @A) \J B(0,2)\B(0,p)

We can conclude the proof of Theorem 1.1. O

4 Bubbles and neck-regions

In the proof of the first part of Theorem 1.1 (see Lemma 2.3) we have shown ( up to a
subsequence) that

‘
|(—A) Y4 2de — |(—A) Y u|da + Z Aida;, in Radon measure.

i=1

The aim of this Section is to show that for every i € {1...¢} there exist bubbles (a%/),
j€{1,...,N;} such that A, = 30 [ [(—=A)4a87 [2da
We first give the following definitions.
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Definition 4.1 (Bubble) A Bubble is a non-constant 1/2-harmonic map v € H'/?(IR, 8™ 1) .

Definition 4.2 (Neck region) A neck region for a function f € L*(IR) is the um’on of
finite degenerate annuli of the type Ay(x) = B(z, Ri)\B(x, 1) withry, — 0 and &= — +o00
as k — +oo satisfying the following property: for all § > 0 there exists A > 0 such that

1/2
sup / |f|2dx <4.
PE[ATk,(28) 7' Ry] J B(x,2p)\B(,p)

Proof of the second part of Theorem 1.1 . .
We have to show that there is a family of bubbles @/ € HY2(IR,S8™'), (i €
{1,...,¢},5 €{1,...,N;}), such that up to subsequence

(=) (e — e = > )12y = 0, as k — oo (45)

We first observe that the bootstrap test (13) implies that each bubble has a bounded from
below energy co > 0. Therefore for every i, N; < +o00.
For simplicity we assume that ¢ = 1 and that there are at most two bubbles.
Now let us take § < & such that C'd < & (the constants C' and & are the one appearing
in the statement of Theorem 3.1) .
d &g

We also set v = min(g, %) .

Step 1. For every k > 1 we set
pr, =inf{p>0: Jz € B(ay,1): / [(—A) Y4, 2de = 42}
B(z,p)

There are two cases:

Case 1.: liminfy ;. pt >0

In this case there is not concentration of the energy, namely \; = 0.

Case 2.: limy_, o pp = 0. For every k > 1, let x; € B(ay, 1) be the point such
that fB(ka’pi) [(—A)Y4u|?dr = 2. We have (up to subsequence) zj — a; as k — 400

(outside any neighborhood of a; there is no concentration) .
Now we choose a subsequence of u; (that we still denote by uy) and a fixed radius
a > 0 such that

lim sup [ sup { [(=A) g (y)Pdy = +*}| =0.

k—oo [0<r<a JB(a1,a)\B(ai,r)

Now we borrow the idea in [3] to split the annulus B(zx, ) \ B(x14, p;) in domains of
unbounded conformal class where the energy is small and domains of bounded conformal
class where the energy is bounded from below.
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Precisely by applying Lemma 3.2 in [3], we can find a sequence of family of radii
R)=a>R}>...>R"=p;
with {1,..., N1} = Iy U I; . For every i, € Iy one has
lim log (%) < 400 and / |(=A) Y40, (y) [Pdy > ~*, (46)
k=00 Rk‘ ‘ B(w1,5, R e PO\ B(21,1,Ri'0)

and for every iy, € [;, one has

limy_, 4 o log (%) =400 and (47)
\V/p = (Rklz’ Rklz+1/2)’ fB(xlyk,2p)\B(x17k,p) |(_A)1/4ﬂk(y)|2dy S 272 .

We consider the smallest annulus AZ = By, R\ B(:cl,k,Rki“H) of the first type
iy € Iy. For such an i, we define

rif =inf{r < R 3z € A : / |(—A) Y4, 2de = +2} .
B(x,r)
We consider the following two cases. ‘
Case 1. There exists a subsequence of ' such that
)

. r
lim k
k?—)-‘rOO Rkle

> 0.

In this case there is not concentration of the energy in Aff and we pass to the next AZ (if
there is any).
Case 2. We have

In this case we have once again concentration. Let xq) € AZ such that
/ =) P =2
B(l“2,k,7’k )

and we set p? = 7y’ .

We separate two sub-cases:

Case of two “separated” bubbles liminf; .,
two conditions hold

| )
ESIS

> (. In this case the following

p

. |1, k=2 1
limy, o0 s = to0
k

. |x1 5 —2 1|
limy, o e = 400.
k
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In this case the bubbles g, and ;o are “independent” .

Let us consider the two “separated” balls B(x, pi) and B(zax, p2), with

lim M = +o00.
k—oo  pp + Pk
For every a we set
N (@) = Blay,a) \ (B(@1a~"pb) U B(@a, a”'p2)) -
The above construction gives the existence of o small enough independent of k such that

(for j =1,2 and for all p such that B(z;x,2p) \ B(z;x, 2p) C N} ()

1/4 2 2
fB(mJ’,kQP)\B(JBj,k,p) ‘A> / uk| dr < 2vy

and

\ fB(iL‘j,k,Pi) |A) by Pl = .

Claim: the region A} () is a neck-region .
Proof of the Claim: it is a consequence of the following general property.

Lemma 4.1 Let Ay = B(xy, Ry) \ B(zk,7x) an annulus satisfying ry — 0, If—: — +00
and T — Tso aS k — 400, and

sup / [(—=A) V4| 2de < 292 (48)
B(zy,2p)\B(zk,p)

Tk SPS%

Then for all n > 0 there exists A > 0 such that

sup / |(—A)1/4uk|2dx <n. (49)
r€[Arg,A=1Rg] J B(xp,2r)\B(zx,r)

Proof of Lemma 4.1. Suppose by contradiction that there exists n > 0 and two
sequence Ay — +00 as k — 400 and Agry < 7 < (Ag) 'Ry, such that

/ |(—A)1/4uk|2dx > (50)
Bz, 27,)\B(xk,7r)

We define ux(y) = u(Fry + xx) . From condition (48) and Theorem 3.1 it follows that

/ (=AY 44,2 de < 292 (51)
B(0, 25\ B(0, 2k )
T Tk
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Lemma 2.1 and Lemma 2.3 imply that @, — fie in W), /ZP(B\ {0}) for all p > 1, where
Ui is a nontrivial 1/2-harmonic maps ( [ 0\ oy [(— A4 |2dz > n). On the other
hand the condition (48) gives

/ (=) 4 Pde < C%6°% < 2.

The bootstrap test yields that ., is trivial which is a contradiction.
We conclude the proof of Lemma 4.1 and of the claim. O

By applying Theorem 1.1 we get that for all n > 0 small enough

/m 1) g <.

Case of bubble over bubble. lim mfk_ﬂroo

| b
ESS

= 0. We define s x(y) = u(piy +
2.,) We have fig ), — fig.00 in WP (IR\{ay}) for allp > 1 and [0\ p [(— A4y oo |Pdr >

loc
7. Therefore s o is a new bubble (case Bubble over Bubble: the bubble U200 “contains ”

i1 o and for k large enough x5 € B(zay, p2)) . For every a we set

N (a) = (Blzig, app) \ Bz, a'pp))

and
Ni(a) = Nl (@) UN ().

By arguing as above one can show that A () is a neck region.
Since we have assumed that there are at most two bubbles, the procedure stops here.
Otherwise one has to continue the procedure until annuli of the type Iy have been explored.
Therefore for every n > 0 we get
1. case of independent bubbles:

lim /| AV 4u|2de = lim |(—A) Y4y 2d
k—4-o00 k—4-o00 N(a)

+ lim / | A4 u,|2de
1 B(zj i,

~1p7)

+ lim (=AY 4y 2da (52)



2. case of bubble over bubble

lim /|(—A)1/4uk|2dx§ lim |(—A)Y 4| 2da (53)
k——+o0 R k——+o0 Nk(a)

+ lim [/
k—-+o0 B(za, k.0 p3)\B(w1 k,007)

+ lim |(—A)Y 4y, 2d
k=00 IR\B(a1,a)

<o+ [ (~A)5, [ da
B(0,a=1)\B(0,c)

S MR G

B(z1 g, 1 ph)

T / (—A) 4l Pde + / (= A) o P
B(0,a~1) IR\B(a1,0)

By taking in (52) and (53) the lim for o, 7 — 0 we get the desired quantization estimate
(45) . This concludes the proof of the second part of Theorem 1.1 0.

A Commutator estimates: Proof of Theorem 1.3

In this Section we prove Theorem 1.3. To this end we shall make use of the Littlewood-
Paley dyadic decomposition of unity that we recall here. Such a decomposition can be
obtained as follows . Let ¢(£) be a radial Schwartz function supported in {£ € R" : [£] <
2}, which is equal to 1 in {{ € R" : |£| < 1}. Let ¢(&) be the function given by

¥(§) = o(&) — p(26) .
¥ is then a "bump function” supported in the annulus {£ € R" : 1/2 < [¢]| < 2}.

Let 1o = ¢, 1¥;(£) = ¢(279¢) for j # 0. The functions v;, for j € Z, are supported in
{¢e R": 2271 <|¢] <2771} and they realize a dyadic decomposition of the unity :

D wx) =1.
jez
We further denote

$;(€) ==Y (9.

k=—o0

The function ¢; is supported on {£, [§] < 27+1}.
For every j € Z and f € S'(IR") we define the Littlewood-Paley projection operators
P; and P<; by
Pif=;f Pf=o;f.
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Informally P; is a frequency projection to the annulus {277 < [¢] < 27}, while P; is a
frequency projection to the ball {I€] <27} . We W111 set fi=P;f and fi = P;f.

We observe that f7 =7 fp and f = k?_oo fr (Where the convergence is in
S'(IR™)) .
Given f,g € §'(IR™) we can split the product in the following way
fo=1(f,9) +1a(f, 9) + (£, 9), (54)
where

Hﬁm::ZbZﬂwZM¢4

—00 k<j—4
Mm%:ZbZ%—ZM”
—o0 k>j+4

H3(fvg) = ij Z 9k -

—00 |k—j|<4
We observe that for every j we have
suppF[f/g;] € {2772 <[] < 242

suppF Y30 4 fige) € {[€] < 277}

The three pieces of the decomposition (54) are examples of paraproducts. Informally the
first paraproduct IT; is an operator which allows high frequences of f (~ 27) multiplied
by low frequences of g (< 27) to produce high frequences in the output. The second
paraproduct II; multiplies low fequences of f with high frequences of g to produce high
fequences in the output. The third paraproduct Il3 multiply high frequences of f with
high frequences of g to produce comparable or lower frequences in the output. For a
presentation of these paraproducts we refer to the reader for instance to the book [17].
The following two Lemmae will be often used in the sequel.

Lemma A.1 For every f € 8 we have

sup | f7] < M(f).
jE€Z

Lemma A.2 Let ¢ be a Schwartz radial function such that supp(y)) C B(0,4). Then for
every s > [g} + 1 we have

I(=A) F 9l < Cyn(l+ ™)™,

where C,,, is a positive constant depending on the C* norm of ¢ and the dimension.
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Lemma A.3 Let f € BS, _(IR")®. Then for all s > (2] + 1 and for all j € Z we have
27N(=A) fillpe < Con(L+ 5" DA% fllsg, _m -

For the proof of Lemma A.1 we refer to [9] and of Lemmae A.2 and A.3 we refer to
(6]

Given u, () we introduce the following pseudodifferential operators
T(Q,u) = (=A)"HQ(=A)""u) = Q(=A)Pu + (=A)*u(-A)/'Q (55)
and
S(Q,u) = (=A)[Q(=2)"u] = R(QVu) + R((—A)/*QR(=A)*u)  (56)
and R is the Fourier multiplier of symbol m(§) = —i% . We prove in this Section some
estimates on the operators (55) and 56 .

Proof of Theorem 1.3.
We make the proof for n = 1. The case n > 1 is analogous (for the details we refer to

[7])
o Estimate of [|TL ((—A)Y4(Q(=A)Y4u) 5 -

1T (D)4 (Q(—A) /)y = / S QA e (57)

]_700

</ sup (=)' (22 ) e (58)

< (/n(M((_A)1/4 ))le, 1/2 /ZQJQ dl‘ 1/2

< CHQ”HU?(IR)”u”Hlﬂ(]R) .
e Estimate of ||IT;((—A)Y4Q(—A)Y4u) |41

I (-8 Q=80 )l = [ (3 (~8) QP (=) ) 2 (59)
Sup | (— A )44 AW N2y
< [ swla) (=) g (60)

<[ ouiayrra [ Y SN

< C1Q g2y Il 12y

(2)The homogeneous Besov space Bgo,oo(ﬂ%") is the space of tempered distribution w for which
lull o (mnyi=supjez | F = b Flul]|| oo (mny is finite, (see for the precise definition of the Besov spaces
22)
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e Estimate of ||TIy((—A)Y4Q(—A)Y4u) |y . Tt is as in (59).

e Estimate of TI3((—A)Y4(Q(—A)4u)) .

We show that it is in BY;. We observe that if h € BY,  then (—A)Y4h € Bol? and
thus

/ Z Z 1/4 A)1/4uk)h

j+6
YT ) @A) - Y () R

||h||307 J|k—j|<3 t=j—5

We have
/ Z 1/4 A)1/4uk)hjf6dl,
lh”BO’ <1 j Ik, j‘<3
/ Q;(— A u) (= A VAR dr
<C s Al / Y 20, (-A) uda
”h”Bgo’ = i |k ]‘<3

e S 2Qan ([ Yo-ayt
< ClQl g2y lull g2 my -

By analogous computations we get

j+6
|33 A QA ) 3 (=) hdde < ClIQ
||h||BO’ <1 J o |k—j|<3 t=j—5

e Estimate of II3((—A)4Q(—=A)Y4u) — Q(—A)Y2u).

T ((—2)1Q(=2) " u — Q(=A)?u) || o (61)
/ S 18y (-8 ) — @y (A a5+ S

k j ug) [P0 + Z hildx
HhHBO’ <1 _] |k ]‘<3 t=jf5
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We only estimate the terms with /=%, being the estimates with h,; similar.

<1/ Z AVTHQ (=AY ug) — Qi (—=A)Pug) W Cdr (62)

”h”BO % 00 j ‘kﬁ ]|<3
/ > FIWOFI(=8)VQi(—A) g, — Qi(—A) Puy)d
”h”BO % 0 _] |k ]‘<3
sup / Z FIh™9
”h”Bgo,oosl n j |k7]‘§3

[ FQIFIa (e - 1 - o = o]

Now we observe that in (62) we have || < 2973 and 2972 < |y| < 2972, Thus \E| <
Y

DO | —

Hence

1/2 | 1/2

V21— |1 — gwﬂ (63)

|y|1/2y[1+|1 y|1/2]‘1

= W EG

|y] z —yl

T 1
We may suppose that > ) & by )E+1 s convergent if |~ | < 3 otherwise one may consider

a different Littlewood-Paley decomposition by replacing the exponent 7 — 4 with j — s,
s > 0 large enough. We introduce the following notation: for every k > 0 we set

Skg = F e BV V2 Fg).

We note that if h € Bgooo then Sph € Bi Y™ and if h € H* then Sph € H*TY/2Hk,
Moreover if Q € H'/? then V*1(Q) € H—+-1/2,
We continue the estimate (62).
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/ > F

”h”BO, i |k=jl<3

U (FIRNWFI=2) w(x = y)(ly] = | = y['")dy | do
= ”h” > / Z Z z+1f \Viand ¥as 6] [Sng(—A)l/4uk)](x)dx

= J|k—3j|<3
< / S Y (VO[S (—A) V) (x)d
|h”BO S Jj |k—3j|<3
by Lemma A.3
<C sup |2 4" b g _
4l o, <175 ¢ -
/ STOS 2 i(S,Q;(—A) ) ()da
J o k—jI<3

Cy_ .
=¢ Z S ([ S s,y Pan (| ST )

by Plancherel Theorem

< Ci%2—6€4€+1(/n Z22(€+1)j|]:[5£Qj]|2dx)1/2(/]RnZ [(— A, dx)'?
j J
cOS | S | T I-8)an
r i
< CZ PRt / Z2jQ§dx)1/2(/ D= 8) )2
R R
< CZ 6'2 3ZHQ”H1/2 )HUHHI/2(B)

e Estimate of I, ((—A)Y4(Q(—A)Y*u) — Q(—A)2u)).

28



Mo ((~2) 4 (@(=8) ) — Q=2)"2u) . (64)
P L3S A @ ) ) - (<A@ s

”h”BO % 0 J o |t—j|<3
/ S FIQFI(—A) g (—A) Ry — (—A)2ushda
||h||BO %.00 ] It j‘<3
— / Z Z €+1f VK-HQJ 4] [ (—A)1/4Ujht)](l‘)dl‘
||h||BO S — j It j‘<3
< s [l Z / Zw“l P Sy (— A) Ve
Ihllgg <t

<SG [ (ST gt Qs - A
. . T n j

< CZ%(/ Z2—2(£+1/2)j|v£+1Qj—4|2dx)1/2
=0 " JIEM;
(/ Z22(2+1/2)j‘SZ<_A)1/4uj|2dx)1/2
"

by Plancherel Theorem

—OZ (o S FIv )
( / 3 Q|2 () Vo Pda)
T

<CZ C£2 36/ 22—j|f~[ij74]|2d£>1/2
/ Z|~F 1/4 |2dl‘)1/2

<CZ 23£”QHH1/2 mlullgem . B

The proof of the following Theorems and its localized version can be found in [7].

Theorem A.1 Let u,Q € WY24(IR") , with ¢ > 2. Then T(Q,u), S(Q,u) € LY*(IR")
and

IT(Q, )l porz < ClI(=2)1Q all (= A) a5 (65)
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1S(Q, Wl oz < ClN(=2)*Qllzall (= 2) " ull o . O (66)

Theorem A.2 Let Q € H'Y?(IR") , u € WY?9(IR") with ¢ > 2. Then T(Q,u), S(Q,u) €
29
La+2(IR™) and

IT(@ | 20, < CI(=2)" Q2| (=) ull o (67)
1S(Q. w)ll 20, < ClI(=2)"*Qll 22l (—=2) " ull s . O (68)

Remark A.1 Actually Theorems A.1 and A.2 hold for the 2-terms commutators
T(Qu) = T(Qu) = (=A)1Q(=A)*u = (=A)"*(Q(=A)*u) — QA ?u
and

S(Q,u) = S(Q,u) = R((=A)*QR(=A)*u) = (=) *[Q(=A)*u] = R(QVu). D
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