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Abstract

In this paper we consider critical points of the following nonlocal energy
Lol = [ |-y u(o)Pde, )

where v € H"?(IR",N) N' C IR™ is a compact k dimensional smooth manifold
without boundary and n > 1 is an odd integer. Such critical points are called
n/2-harmonic maps into . We prove that (—A)"4u € L (IR™) for every p > 1
and thus u € CZOO’?(ZR"), for every 0 < o < 1. The local Hélder continuity of n/2-
harmonic maps is based on regularity results obtained in [4] for nonlocal Schrédinger
systems with an antisymmetric potential and on some new 3-terms commutators

estimates.
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1 Introduction

In the paper [6] the authors considered 1/2-harmonic maps in IR with values in a k-
dimensional sub-manifold N' C IR™ (m > 1), which is smooth, compact and without
boundary. We recall that 1/2-harmonic maps are functions u in the space HY 2(R,N) =
{u e H/?(IR,IR™) : wu(z) € N,a.e,}, which are critical points for perturbation of the
type IIN-(u + tp), (p € C° and II4; is the normal projection on A) of the functional

0= [ 18" u(o) s, 2)

(see Definition 1.1 in [5]). The operator (—A)'* on IR is defined by means of the Fourier
transform as follows

(=) = [¢]2a,

(given a function f, both f and F[f] denote the Fourier transform of f).
The Lagrangian (2) is invariant with respect to the Mobius group and it satisfies the
following identity

/ |(—A)Y4u(z)|?d2 = inf {/ \Va|’dz : @€ WH(IR%, IR™), trace i = u} )
st

The Euler Lagrange equation associated to the nonlinear problem (2) can be written
as follows :

(=AY 2uAv(u) =0 in D'(R) (3)

where v(z) is the Gauss Map at z € N taking values into the grassmannian Gr,,_(IR™)
of oriented m — k planes in IR™, which to every point z € N assigns the unit m — k
vector defining the oriented normal m — k—plane to T,N . The Cﬁjf regularity of 1/2
harmonic maps was deduced from a key result obtained in [6] concerning with nonlocal

linear Schrédinger system in IR with an antisymmetric potential of the type:

Vi=1---m Ayt = ZQZUJ (4)

where v = (vy,- -+ ,vp) € L*(IR, R™) and Q = ()i j—1...n € L*(IR, s0(m)) is an L? maps
from IR into the space so(m) of m x m antisymmetric matrices.

It is natural to extend the above mentioned results to n/2 harmonic maps in IR", with
values in a k-dimensional sub-manifold N/ C IR™, where m > 1 and n = 2p + 1 is an
odd integer. By analogy with the case n = 1, n/2 harmonic maps are functions w in the



space H2(IR", N') = {u € H"*(R",IR™) : wu(z) € N,a.e,}, which are critical points
for perturbation of the type II3(u + tp), (¢ € C°(IR", IR™)) of the functional

Lalw) = [ =80 ula) P )

The Euler Lagrange equation associated to the non linear problem (5) can be written
as follows :

(=A)?u Av(u) =0 in D'(IR") . (6)

We first mention that the case of 1/2—harmonic maps into the circle S* might appear
for instance in the asymptotic of equations in phase-field theory for fractional reaction-
diffusion such as

(=AY 2u4u(l—|uf)=0, in R

where u is a complex valued ”wave function”.

Moreover variational problems of the form (5) appear as simplified models for renor-
malized energy in general relativity, (see [1]).

There are also some strong geometric motivations in studying n/2- harmonic maps
in odd dimension n > 1 in relation with the so-called free boundary sub-manifolds and
optimization problems of eigenvalues. This is the subject of a forthcoming paper [7].

As it has been already pointed out in [5, 6], the Euler Lagrange in the form (6) is
hiding fundamental properties such as for instance its elliptic nature and it is difficult to
use it directly for solving problems related to regularity and compactness. One of the
first task is then to rewrite it in a form that will make some of its analysis features more
apparent. This is the purpose of the next proposition. Before stating it we need some
additional notations .

Denote by PT(z) and P™(z) the projections from IR™ to the tangent space T, N and
to the normal space N.A to N at z € N respectively. For u € H"?(IR", N') we denote
simply by PT and P the compositions PT o u and P¥ o u. Under the assumption that
N is smooth, P” o and PN o u are matrix valued maps in H"?(IR", M,,,(IR")). We will
prove the following crucial formulation of the n/2-harmonic map equation.

Proposition 1.1 Letu € H"2(IR",N') be a weak n/2-harmonic map. Then the following
equation holds

(=AY =Qu+ Qv+ Qy (7)
where v € L?(IR", IR*™) and Q € L*(IR", s0(2m)) are given respectively by

- PT(—A)"/4U B —w W
V= ( N and Q=2 ,



the map w is in L?(IR™, so(m)) and given by
(—A)n/4PTPT _ PT(—A)n/4PT
2

Pinally O = Qu(PT, PN, (=A)"*u) is in L&Y (IR", My, (IRY)), Qg = Qo(PT, PN) is in
W—/2:22) (R IR*™), and satisfy

w =

1 e ey < CUIPY P Ia gey) ®)

1222200 (m) < CUPY sy + 1P o) 1 (=) ull pecor gy - O (9)

The explicit formulations of Q) and Q, in Proposition 1.1 are given in Section 3. The
control on €27 and €2y is a consequence of reqularity by compensation results on some
operators that we now introduce.

Given Q € S'(IR™, Mgy (IR™)) £ > 0W and v € S'(IR", IR™), let us define the operator
T,, as follows.

T(Q,u) = (=A)1Q (=A)*u)] = Q(=A)"?u + (=A)*Q (=A)"*u. (10)
We prove the following commutator estimate.

Theorem 1.1 Let u € W"22>)(R"), Q € HY?*(IR"). Then T,(Q,u) € H"*(IR")
and
1T(Qs )l r-nr2qany < ClQI vz oy | (=2)" 0| Lesormy - O (11)

Theorem 1.1 is a straightforward consequence of the following estimate for the dual op-
erator of T,, defined by

T(Q,u) = (=) [((=2)""'Q) u] = (=A)"?[Qu] + (=) [Q (=A)""u)].  (12)
Theorem 1.2 Let u,Q € HY?(IR"). Then T*(Q,u) € WV (IR"), and
T3 (Q, u)llyy e mmy < ClQU nrzmmyllull o mey - B (13)
We recall that the spaces W™/2(22)([R") and W—/2ZD([R") are defined as
e = (f € 8+ F e Fl] € L)

WorReO(R) = {f € s FoUlel " Flu]] € LV (R}

Moreover W/22)([R") is the dual of W /%21 (IR"). We refer the reader to Section
2 for the definition of Lorentz spaces L®P9 1 < p,q < 400 and of the fractional Sobolev
spaces .

(M My (IR™) denotes, as usual, the space of £ x m real matrices.
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Theorems 1.1 and 1.2 correspond respectively to Theorem 1.2 and Theorem 1.4 in [5]
for n = 1. Unlike the case n = 1, here we are not able to show that 7" is the Hardy space
H(IR™) but it is in the bigger space W*”/Q’(Q’l)(ﬂ%”), which is still enough in order to get
our regularity results.

The main result of this paper is the following

Theorem 1.3 Let N be a smooth compact sub-manifold of IR™ without boundary. Let
uw e HY2(IR", N') be a weak n/2—harmonic map into N, then v € C2*(IR", N, for every

loc

O<a<l. O

Finally a classical "elliptic type” bootstrap argument leads to the following result (see
[4] for the details of this argument).

Theorem 1.4 Let N be a smooth compact submanifold of IR™ without boundary. Let
u € HY2(IR", N') be a weak n/2—harmonic map into N, then u is C=(IR") . O

We mention that Theorem 1.3 is deduced from Proposition 1.1 and a slight perturbation
of the following result which concerns the sub-criticality of linear non-local Schrodinger
systems. The proof of this result is given in [4] and it follows the same arguments with
some suitable changes of the proof of Theorem 1.1 in [6] in dimenion n = 1.

Theorem 1.5 Let Q) € L*(IR", so(m)) and v € L*(IR™) be a weak solution of
(=A% =Qu. (14)
Then v € Lj (IR™) for every 1 < p < +o0.

As it was already observed in [6], the fact that € is antisymmetric plays a crucial role in
order to apply a suitable gauge transformation and rewrite the equation (14) with a more
regular right hand side.

Next we would like to underline the difference and the novelty with respect to the case
n=1.

First of all the proof of Theorem 1.2 is not a mere extension of Theorem 1.4 in [6]. The
fact that we are dealing with the dimension n > 1 requires a different analysis when we
split the operator T in the so-called para-products . In particular we have to introduce
in addition the operators (57) and (58) and to estimate them in a suitable way (see
Proposition A.1 in the Appendix A). The fact the we need these two new operators will
be evident in the proof of Theorem 1.2.

Moreover we obseve that in the case of n = 1 the pseudo-differential operators V and
(—A)Y2 are of the same orders and this permits us to write the equations for PT(—A)Y4y
and PN (—A)Y4y in a similar way (see Section 5 in [6]). More precisely PT(—A)Y*u and
PN (—A)Y4y satisfy

(=A)HPT (=) M) = Ti(PT ) = [(=A) T PT][(=A) 4] (15)
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and
(=AY RIPN(=A)u)] = Si(PY,u) — [(—A)1/4PN]R[(—A)1/4 ], (16)

where R is the Fourier multiplier of symbol ¢(§) = E and for Q,u € §'(IR")

$1(Q. ) = (=A)[Q(=A)"] = RQVY] + [(=A) V' QIR[(-A) ] .

To write down (15) and (16) we use respectively the fact that PT(—A)Y%2u = 0 and
PNVu = 0. In the case n > 1, V and (—A)™? are pseudo-differential operators of order
respectively 1 and n. The equation for PT(—A)"/*y is similar to equation (15), with T
replaced by 7),. On the contrary we cannot replace the equation (16) by an equation of
the form

(—A) RPN (=A)" )] = 8y (PY,u) — [(—=A)PYR(=A)" 4], (17)
where for Q,u € S'(IR™)

Su(@Q, 1) = (~A)Q(=A)" "] — R(~A)"2 [QVu] + [(—A)QIR[(—A)"/u].

Actually even if S,, seems the natural extension of Sy, it does not satisfy the same regu-
larity estimates as Sy, (see [5]).

Therefore we have to find a different formulation of the structure equation which still
satisfies good estimates .

In the case of n > 1, the structure equation becomes

(—A)HPY(=A) ) = (A R) f(PY,u). (18)

where )
FPY u) = RPN (=A)"*u) — (=A) 172 (PYVu) (19)
and R is the Fourier multiplier of symbol o (&) = —i% (i.e. the conjugate of R). We

show that the right hand side of equation (18) is in W~"/%(2>)(JR") and
(=AY RYF (PN ) =m0 ey S NP Nggara (=) | oy (20)

The estimate (20) is not straightforward, but we need to apply suitable interpolation
arguments .

We conclude the present Section by recalling existing results in the literature on reg-
ularity of critical points of nonlocal Lagrangians and we refer the reader to [13] and [14]
for a complete overview of analogous results in the local case.

The regularity of 1/2-harmonic maps with values into a sphere has benn first inves-
tigated in [5] where new “three terms commutators” estimates have been obtained by
using the technique of paraproducts. Analogous results have been extended in [6] to
1/2-harmonic maps with values into general submanifolds.
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In [12] the author considers critical points to the functional that assigns to any u €
H'2(IR, N') the minimal Dirichlet energy among all possible extensions _in A, while in the
papers [5, 6] the classical H'? Lagrangian corresponds to the minimal Dirichlet energy
among all possible extensions _in IR™. Hence the approach in [12] consists in working
with an intrinsic version of H'/?—energy instead of an extrinsic one. The drawback of
considering the intrinsic energy is that the Euler Lagrange equation is almost impossible
to write explicitly and is then implicit . However the intrinsic version of the 1/2—harmonic
map is more closely related to the existing regularity theory of Dirichlet Energy minimizing
maps into A. Finally the regularity of n/2 harmonic maps in odd dimension n > 1 with
values into a sphere has been recently investigated by Schikorra [16] . In this paper the
author extends the results obtained in [5] by using an approach based on compensation
arguments introduced by Tartar [17], moreover the fact that the map takes values on the
sphere plays a crucial role in writing down the structure equation .

The paper is organized as follows.

- In Section 2 we recall some basic definitions and notations.

- In Section 3 we derive the Euler- Lagrangian equation (7) associated to the energy
(5) and we prove Theorem 1.3.

- In Appendix A we prove the commutator estimates that are used in Section 3.

2 Preliminaries: function spaces and the fractional
Laplacian

In this Section we introduce some notations and definitions that are used in the paper.

For n > 1, we denote respectively by S(R") and S’'(IR") the spaces of Schwartz
functions and tempered distributions. Moreover given a function v we will denote either
by v or by Fv] the Fourier Transform of v :

8(¢) = Flol(€) = / () do.

Throughout the paper we use the convention that x,y denote variables in the space and
&, ¢ the variables in the phase.
We recall the definition of fractional Sobolev space (see for instance [18]).

Definition 2.1 For a real s > 0,
H*(IR") = {v c L*(R") : |¢FF] € LQ(R")} .
For a real s < 0,

O (R") = {veS(R"): (L+[¢»)2F] e L*(R")} .



It is known that H*(IR") is the dual of H*(IR").
For a submanifold N of IR™ we can define

H(R" N)={ue H(IR",R™): u(x) € N,ae.}.
Given ¢ > 1 and s € IR we also set
WH(R") = {v € S'(IR") : F[(1+[¢*)"*Flu]] € L(R")}

and

W*I(IR") == {v € S'(IR") - F'[|¢]°F[v]] € LY(IR")}.

We shall make use of the Littlewood-Paley dyadic decomposition of unity that we recall
here. Such a decomposition can be obtained as follows. Let ¢(§) be a radial Schwartz
function supported in {£ € IR" : |£| < 2}, which is equal to 1 in {£ € R": |§| < 1}. Let
(&) be the function given by

¥(&) == o(&) — p(26) .

¥ is then a “bump function” supported in the annulus {£ € R" : 1/2 < [¢]| < 2}.

Let 1o = ¢, ¥;(£) = ¢(279¢) for j # 0. The functions v;, for j € Z, are supported in
{¢ e R": 271 < |¢] <2771} and realize a dyadic decomposition of the unity :

We denote further

k=—o00
The function ¢; is supported on {&, [£] < 27F1}. '
We recall the definition of the homogeneous Besov spaces B,  (IR") and homogeneous

Triebel-Lizorkin spaces inq(ﬂ%") in terms of the above dyadic decomposition (see e.g
11, 15]).

Definition 2.2 Let s€ IR, 0 < p,q < oco. For f € §'(IR") we set

o] 1/q
[ull 55 (mny = < >, 2]8‘1!\?_1[%?[%0]]H%p(m)> if ¢ < o0

j=—o00

(21)

[ll s (my = sup 27| F b F[ul]]| Lo (my if ¢ = o0
P JEZ



When p,q < oo we also set

oo 1/q
s (Rr) = ( Z 2jsq|}—_1[@/}j}—[u]]|q>

j=—o0

]

Lp
O

The space of all tempered distributions u for which the quantity ||ul| B, () 15 finite is
called the homogeneous Besov space with indices s,p, ¢ and it is denoted by B;q(]R").
The space of all tempered distributions f for which the quantity |||z, (ke is finite is
p,q

called the homogeneous Triebel-Lizorkin space with indices s,p,q and it is denoted by
F3 (IR") . A classical result says ) that W*9(IR") = B:,(IR") = F:,(IR") .

Finally we denote H!(IR™) the homogeneous Hardy Space in IR". A less classical
results ®) asserts that H'(IR") ~ F2071 thus we have

1/2
[[wllo ) 2/]Rn <Z |]:1[1/1j}"[u]]\2> dz .

We recall that
o"?(R") — BMO(R") — BY, (IR"), (22)
where BMO(IR™) is the space of bounded mean oscillation dual to H!'(IR") (see for
instance [15], page 31).
The s-fractional Laplacian of a function u: IR™ — IR is defined as a pseudo differential
operator of symbol |£[* :

(=A)u(8) = l¢[*a(§).- (23)
Finally we introduce the definition of Lorentz spaces (see for instance [10] for a complete

presentation of such spaces). For 1 < p < +00,1 < g < +00, the Lorentz space L% (IR")
is the set of measurable functions satisfying

fOJroo(tl/pf*(t))q% < 400, ifg<oo, p<+oo

SUpso t/7 f*(t) < o0 if ¢ = 00, p < o0,

where f* is the decreasing rearrangement of |f]| .

We observe that LP*°(IR™) corresponds to the weak LP space. Moreover for 1 < p <
+00,1 < q < o0, the space L7 is the dual space of LP9)

Let us define

W37(p7q)(Bn) _ {f cS - |§|SF[U] c L(ILQ)(R")}.

(2)See for instance [10]
(3)See for instance [11].



In the sequel we will often use the Holder inequality in the Lorentz spaces: if f &€
Lprar g ¢ [P2%2 with 1 < py,po,qi,qe < +00. Then fg € L™, with r=! = p; =1 4 py !
and s7' = ¢ 7! + ¢!, (see for instance [10]).

To conclude this section we introduce some basic notations.

B,.(z) is the ball of radius r and centered at z. If £ = 0 we simply write B,. If
x,y € IR", x -y is the scalar product between x,y .

Given a multindexr o = (ay, ..., q,), where «; is a nonegative integer, we denote by
la] = a; + ...+ a, the order of a.

For every function u: IR"® — IR, M(u) is the maximal function of u, namely

M(u)= sup  |Bla,r)” / L . (24)

r>0, x€R"

Given ¢ > 1 we denote by ¢’ the coniugate of ¢: ¢! + ¢ t=1.
In the sequel we will often use the symbols < and =~ instead of < and =, if the

~Y

constants appearing in the estimates are not relevant and therefore they are omitted.

3 Euler Equation for n/2-Harmonic Maps into Man-
ifolds

We consider a compact k dimensional smooth manifold without boundary N° C IR™. Let
Ty be the orthogonal projection on . We also consider the Dirichlet energy (5) .

The weak n/2-harmonic maps are defined as critical points of the functional (5) with
respect to perturbation of the form Il (u + t¢), where ¢ is an arbitrary compacted
supported smooth map from IR"™ into IR™ .

Definition 3.1 We say that u € HY?(IR",N') is a weak n/2-harmonic map if and only
if, for every maps ¢ € H"?(IR", IR™) N L®(IR™, IR™) we have

%En(ﬂj\/(u + 1)), = 0. (25)

We introduce some notations. We denote by A(IR™) the exterior algebra (or Grass-
mann Algebra) of IR™ and by the symbol A the exterior or wedge product. For every
p=1,...,m, \ (IR™) is the vector space of p-vectors.

If (€;)i=1,...,m is the canonical orthonormal basis of IR"™, then every element v € A (IR™)
is written as v = ), vre; where I = {iy,..., 4} with 1 <4y < ... <ip <m, v =0,
and €7 == ¢€; N ... N¢€, .

By the symbol L we denote the interior multiplication L: A (IR™) x A (R™) —
N, ,(IR™) defined as follows.
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Let e = e, A...Ne€,, €5 =€, N...N¢j,, with ¢ > p. Then e;Le; = 0if I & J,
otherwise e;L e; = (—1)Mex where ek is a ¢ — p vector (with KU T = J) and M is the
number of pairs (7,7) € I x J with j > 7.

Finally by the symbol x we denote the Hodge-star operator, x: A (R™) — A, (IR™),
defined by %5 = (€1 A...A€,)L 8. For an introduction of the Grassmann Algebra we refer
the reader to the first Chapter of the book by Federer [9].

In the sequel we denote by PT and P¥ respectively the tangent and the normal
projection from IR™ to the manifold .

They verify the following properties: (PT)! = PT, (PN)! = PY (namely they are
symmetric operators), (P1)? = PT (PN)2 = PN pPT 4+ PV = Jd, PNPT = PTPN =0.

Wesete=e A...Ne, and v =€,,1 A... Ny . Foravery z € N, e(z) and v(z) give
the orientation respectively of the tangent k-plane and the normal m — k-plane to T, N .

We observe that for every v € IR™ we have

Py = (=) x((eLv) Av). (26)

PNy = (=)™ 'x(en(vie)). (27)

Hence PNand PT can be seen as matrices in H™/2(IR", R™) N L>*(IR", R™).
Next we write the Euler equation associated to the functional (5).

Proposition 3.1 All weak n/2-harmonic maps w € H™?(IR", N) satisfy in a weak sense
i) the equation

/ () ) - vdr =0, (28)

for every v € H"?(IR", R™) N L®(IR", IR™) and v € TN almost everywhere, or in a
equivalent way
ii) the equation
PT(—=A)"?u =0 in D'(IR"), (29)

or
iii) the equation

(=A)APT(=A) ) = T, (PT u) — (A)PT)(=A) (30)
where T, is the operator defined in (10).

Together with the Euler Lagrange equation (30) we consider the following ”structure
equation”:

Proposition 3.2 All maps in H"?(IR", N) satisfy the following identity
(=A)HPY(=A)" ) = ((A)*R) f(PY,u), (31)
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where
F(PN u) = R(PN(=A)" u) — (=A)5 2 (PYVu) (32)

is in L) (IR™) and
I((=2)"*R) F(PY 1) i-nrzacorany S NP e o | (—2)" ull peoormy - (33)

We give the proof of Proposition 3.2. For the proof of Proposition 3.1 we refer the reader
to [5].

Proof of Proposition 3.2. We first observe that PYVu = 0 (see Proposition 1.2 in
[5]). Thus we can write:

(=2)"(PY(=A)" ) = ((A)"'R) [R(PY (=A)" )]

= (=A)"'R) [R(PY (=A)""u) — PY((-=A)""Ru)] (34)

/

-~

S0

(=) R) [PV (=) *Ru) - (~28)F 3 (PVVu)|

(. /

v~

2)

= ((=A)"*R) (PN, ).

Corollary A.2 and Theorem A.2 imply respectively that (1) and (2) € W="/22) (R
and

I = orarny S NPV W gmra ey (=) 0l o) oy 5

1) =z oorarny S NP W ggmra ey 1(=2)" 0l o) oy -
Hence ((—A)"*R)f(PN,u) € W=/22)(JR") and (33) holds. O
Next we see that by combining (30) and (31) we can obtain the new equation (7)
for the vector field v = (PT(—=A)"*u, PN(—A)"*u)) where an antisymmetric potential

appears.
We introduce the following matrices

((=A)"*PT)PT 4 PT(=A)"*PT — (~A)/4(PTP)

W1 = B (35)

wy = ((=AYVAPT)PN 4 PT(—A)APN — (—A)/4(PTPY), (36)
_A\n/ADPT\pPT _ pT(_ A\n/4pT

w:(( A) P)PQP(A) P. (37)
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We observe that Theorem 1.2 implies that wy,w, € L&V (IR™) . Moreover it holds
s ll e + llwzll e ey S NP o)

The matrix w is antisymmetric.

Proof of Proposition 1.1.

From Propositions 3.1 and 3.2 it follows that u satisfies in a weak sense the equations

(30) and (31).

The key point is to rewrite the the terms ((—A)"4P7)(—A)"*u and equation (31) in

a different way.
e Re-writing of ((—A)"/*PT)(—A)"4u.

(=A)PT)(=A) = ((=A) TP (PT(=A)" u+ PY(=A)" )
= [((=a)*P)PTIIPT(=A)" )]
H(=2)" T PT)PMIPY (= A)" )]

Now we have T
—A)V4P
((—A)n/4PT)PT =w +w+ ( )2 ;

and

(—A)PT)PY = ((=A)APT)PY 4 PT(=A)/PY - PT(—A)APY

—(=2)"(PTPY)
= wy+ PT(=A)"*PT

(_A)n/4PT

= Wy tw —w-+ 5

Thus

(<_A>n/4PT)<PT<_A)n/4u) _ wl(PT(—A)"/4u) + w(PT<—A)n/4u)

(=2)"*PT) (PN (=) u)

= (w1 + wg)(PN(—A)"/4u) — w(PN(—A)"/4u) .

13
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e Re-writing of equation (31). Equation (31) can be rewritten as follows:

(=A)HPN(=2)" ) = (A)*R)F (PN, u)

+ (CAPT(-A) ]~ (—A)T [PT(-A) )

(. >
v~

®3)

H(=A) "= [PT(=2)2u] — (=A)HPT(=A)" ] + PT(=A)%u
H((=A)APT)((=A) ) = (=A)PT)((=A)" ) (42)

= (=A))(PT(=A)"u) = T(P",u) =((=A)"* PV)((=A)"*u) .

. S J
~~ ~~

(4) (®)

~ The term (3) in (42) is in W~/2Z>)(JR") by Corollary A.1 . The term (4) is in
W—n/222)(JR") by Theorem 1.1 and Corollary A.1. We finally observe that in (4) we
use the fact that P7(—A)2u =0 and in (5) the fact that (—A)Y4PT = —(=A)V4PN .

Given u, () we set

n—1

R(Q,u) = ((=A)")(Q(=A)""u) — ((—4)"2 ) (Q(-A)"*u)

n—1

+ (-A)7)(Q(-4)u) — Th(Q,u) .

We remark that R(PT,u) is the sum of (3), (4) in (42).
e Re-writing of ((—A)"4PN)(—A)"*y.
We have

(=A)PY)(=2) = (=A)*PY)(PT((=A)" ) + PY((=A)"*u))).
We estimate ((—A)"4PN)PT((—A)"*u) and ((—A)"*PN)PN((—A)"*u). We have
(=A)PT)PT = —((=A)*PT)P! (43)

(=A)"*PT)

= —Ww —w-—
2

__A\n/4 pN

14



and
(=A)IPM)PY = —((=A)YIPT)PY 4 PT((=A)1PY) — PT((—=A)1PY) (44)
= —[((=A)""PT)PY + PT((=A)1PYN) — (—=A)4 (PN PT))(45)
+ P((=A)"PY)
= —wy— PT((=A)"*PT) (46)

—A n/4PN
In (44) we use (38) and the fact that P7 = — P~ . Thus

_AYAPNYPT(_ A4y,
(EA)TPR)P (A pT(CAY ) — w(PT(—A) ) (4T)

((~A)"/APY) PN (—A)"/iy

: = —w(PY(=A)"Mu) —wi (PN (=AY 4)  (48)

(PN (=AY )

By combining (40), (41), (47) , (48) we obtain

(—A)"/“(ﬁiiji);//?;) _ 0, ( LAy )mz (19)

where € and €, are given by

The matrix

is antisymmetric .
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~ We observe that from the estimates on the operators 7,,, R and f it follows that
Qy € W/222)([R" [R¥™) and

1922 zmy S (1P Ninrzgay + 1P aaem ) (=)0l sy - (50)
On the other hand Q; € LEY(IR™, Mapom) and

||Ql||L(271)(1R”,M2mX2m) 5 (HPNH?;nﬂ(]Rn) + ||PT||§;n/2(JRn))- (51)

|

Now we prove Theorem 1.3.

Proof of Theorem 1.3. We give just a sketch of proof, since the arguments are
similar to those of Theorem 1.1 and Theorem 1.7. in [6]. From Proposition 1.1 it follows
that

v = (PT((=A)""u), PY((—A)" u)

solves equation (49) which of the type (14) up to the terms €; and Q.
We aim at obtaining that (—A)"/*u € LP (IR™), for all p > 1. To this purpose we take
p > 0 such that

||Q||L2(B(O,p)v ||PT||H"/2(B(O,p))7 ||PN||Hn/2(B(0,p)) < €o,

with g9 > 0 small enough. Let zq € B(0, p/4) and r € (0, p/8). We argue by duality and
multiply (49) by ¢ which is given as follows. Let g € L&V (IR"), with ||g|| ;1 < 1 and set
Gra = 1B(ra)g, With 0 < o < 1/4 and ¢ = (—A)"*(g,e) € L®(IR™) N W2 (R").
We multiply both sides of equation (49) by ¢ and we integrate.

By using the same “localization arguments” in the proof of Theorem 1.7 in [6] one
can show that v satisfies for all 2o € B(0, p/4) and 0 <7 < p/8, [|v]| Lo (Bag.ry < O,
for some 5 € (0,1/2). Then by bootstrapping into the equation one can deduce that
ve L (IR"), for all p > 1. Therefore (—A)"*u € LF (IR™), for all p > 1 as well.

loc

This implies that u € C2 for all 0 < a < 1, since W*P(IR") — C>*(IR") if p > 2

loc

(see for instance [2]). This concludes the proof of Theorem 1.3. O

A Commutator Estimates

In this appendix we present a series of commutator estimates which have been used in the
previous sections. We consider the Littlewood-Paley decomposition of unity introduced
in Section 2. For every j € Z and f € S'(IR") we define the Littlewood-Paley projection
operators P; and P<; by

Pf=v,f @:gbjf.

16



Informally P; is a frequency projection to the annulus {2771 < [¢| < 271}, while P<; is a
frequency projection to the ball {l¢] <2971} . We will set f; = P;f and f7 = P, f.

We observe that f7 =7 fy and f = :f’ioo fr (where the convergence is in
S'(R™)) .
Given f,g € §'(IR™) we can split the product in the following way
fo=1L(f,9) +1a(f, 9) +115(f, 9), (52)
where

me::ZﬁZMPXM¢%

—00 k<j—4
MM%=ZEZ%—ZM”
—0o0 k>j+4

H3(fvg) = ij Z 9k -

oo [k—j|<4
We observe that for every j we have
suppF[f/g;] C {2772 <[] < 242

suppF [0 4 fige) € {I€] < 2775}

The three pieces of the decomposition (52) are examples of paraproducts. Informally the
first paraproduct II; is an operator which allows high frequences of f (~ 2") multiplied
by low frequences of g (< 2") to produce high frequences in the output. The second
paraproduct II; multiplies low fequences of f with high frequences of g to produce high
fequences in the output. The third paraproduct II3 multiply high frequences of f with
high frequences of g to produce comparable or lower frequences in the output. For a
presentation of these paraproducts we refer to the reader for instance to the book [11].
The following Lemma will be often used in the sequel. For the proof of the first one we
refer the reader to [5].

Lemma A.1 For every f € 8" we have

sup [ 7] < M(f).
j€Z

Lemma A.2 Let ¢ be a Schwartz radial function such that supp(y)) C B(0,4). Then for
every s > [g} + 1 we have

I(=A)F 4l < Cyn(l+s™)4%,

where Cy,,, is a positive constant depending on the C™* norm of 1 and the dimension .
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Proof of Lemma A.2. We assume that n > 1 is odd, so that [g] +1 =2t (the case
n even is similar) . We recall that

(=A)*F () = FHIEPYIE) -

We write

[ NearF = [ eayF e [ 1A F el

1§]<1

The following estimates hold.

A<1\(—A)Sf‘1¢(§)\df < Wl (=APF ()| e (53)
< walll2 Y[ < wad® )l

where w, = |B1(0)].

/ (CAPF @)= [ (—io) [ / (—A)SF 00 (2) x> de | de(54)
|€]>1 IR"

g1 1€

= [ G | e 0 e

n+1
= /gm |f|n+1df [<Z<2s>’“42”>uw|rw] |

k=0

By combining (53) and (54) we obtain

(=AY F (€t < wnd® ] e (55)
2s n+1 1 1 d
(121 + s [ lonn) /m T

S Cwm(]- + sn+1)425 ]

This concludes the proof of Lemma A.2. O

Lemma A.3 Let f € Bgovoo(ﬂ%”). Then for all s > [ } + 1 and for all j € Z we have

2729)|(=A)* £yl < Cun(1+ ™42 g,y

Proof of Lemma A.3. Let ¥ be a Schwartz radial function such that ¥ =1 in By and
U =0in B0,4).
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Since supp F|f;| C Baj+1 \ Baj-1 we have

1%

92sj

FI(=2)f] = [§*FIfi] = 2279 (277€) 5= FLfil (56)

Observe that

2s
17 6 S

2s
=1l [ g el

= 29| [ P @) del|
Bn

= 2Y[|(=A) F @)

Thus
. ) é‘Zs
272 (=AY fillpe < ||J:_1[¢(2_]§)223j] * fill Lo
4 €)%
< || F (2" )QQSJ]HLIHJZHLOO

= (=2 (F WD fille < Cyn(l+s")4% fl| o
< Cyn(1+ 5" 4% fllpe. ). O

In the sequel we suppose that n > 1 is an odd integer.

Given Q € H"?(IR", My(IR™)) £ > 0 and u € H™?(IR", R™), we introduce the
following operators

MiQuu) = Y A=) (90 Q) Vo) (57)
1S\\zl|§£/2]
Y SEAAA) Q) V)
1<[al<[n/2)

|a|even
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My@Qu) = D0 S(=AUVIQ(—A) R (V)] ) (58)
1<]a|<n/2
|a|odd

Co n o n/4d—|a
Y SEAQ (A )
13‘\a||s[n/2] ’

n/2

where ¢, = 0‘a|\x|h L
al=

Proposition A.1 Let u,Q € H"?(IR"). Then My(Q,u), My(Q,u) € W/ (R
and
M@, )l g
VAT XD P

Proof of Proposition A.1. We prove only (59), since the estimate of (60) similar.
We recall that for 0 < s < n/2 we have

||Q"Hnm(mn)”(—A)HMU”LQUR@ ; (59)

S
< @l vz | (=A)" ull 2y (60)

Hn/Q(Bn) N Ws,(%,Q)(]Rn) ’

(see for instance [19]).

Thus if n =2p+ 1> 1, (p > 1), is an odd integer number and 0 < |a| < [n/2] then
Veu € LU and ((—A)Y41e/2(ve@)) : ((—=A)/412/21Q) belong to € L'#72-a? | Thus
by Holder Inequality the following products

(=) (VR Vo, [(-A) QI Ve
are in L3V (IR") and

(=) (Vo) Voulpen < =)V, g V0l 2y 2
<

1@ 22y N2t 2 ey

2 |V U” (127:2)

L n/2 ]

HI(=2)" e 2QrVul e S (=) 2QN sy
<

QU /2 (e 1l o2y -

It follows that M;(Q,u) € W22 (IR™) and (59) holds.. This concludes the proof
of Proposition A.1. O

Next we prove Theorem 1.2.
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Proof of Theorem 1.2. We group as follows:
IL[T;(Q,u)] = IL[(=A)*((=A)"*Q) u) — (=A)"2(Qu)] + IL[(=A)"*(Q ((=A)"*u))]

LT3 Q. )] = Ial(=A)((=A)*Q) w] + Ih[=(=A)"2(Qu) + (~A)/(Q(=A)"*w)]
I [75(Q, )] = Maf(—A)"*((~

AYIQ) )]~ T [(—A)"2(Q )] + T[(—A)A(Q ((~A)/w)] .
Some terms appearing in T, (@, u) satisfy a better estimate in the sense that they belong
in H! or in B1 1- We recall that B?l s H! s W/2@D

e Estimate of [|I1;[(—A)"*(Q(—A)"4u)]||2 (mn)-

/‘\

</-\

/‘\

<

1/2
||H1[(—A)"/4(Q(_A)"/4u)]||H1(1Rn) ~ /n (Z (Q%ij(—A)"Muj))Q) dx (61)

J

1/2
S/ZR sup[(—A)™ /] (;2"j62§> dx

noJ

S (/JRn<S‘jp<_A)"/4 7 d:c) v </RRZ2"3‘Q§ dx)

S N@Q sz oy el 2 oy -

e Estimate of ||H3[(—A)"/4(Q(—A)”/4u)]||B(1)1(]Rn) :

1/2

T [(—A)™*(Q(—=A)" )] 0, (my (62)
' j+6
~ sup / Z Q] n/4 )n/4h]76 + Z (_A)n/4ht]
Il g, s
by Lemma A.3 (63)
L e DI 2HIQ(-A) ) ds
BY,

S QN s gy 1l o2y -

The estimate of TT5[(—A)"*(Qu)], TIs[(=A)"*(Q ((—A)"*u)], T [(=A)*((—=A)"*Q) u)]

are similar to (61) and (62) and we omit them.
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e Estimate of ||[TI;[(—A)"4(((—=A)"*Q) u) — (—=A)V2(Q W[y -n/2.2.0 gy -
1T (=) 4(=2)"*Q)u — (=A)"(Qu))|lw—n/2..0 () (64)

- / D3 (A=A Q™) — (A (Qud ™) hudx

IIhHWn/2 2, 00)(11271)— J o |t=jl<3

_ X ARG, A - 0
IIhHWn/z @ <><>)(1Rn) J o [t—31<3

_ LYY e
||hHWn/2 (2, 00)(R")— Jot=jl<3

([ FQI@Fare - o - - yic) de.

Now we observe that in (64) we have |{| < 2773 and 2772 < |n| < 2772, Thus |

C n/2]
|

n/2 n/2 __ n/2 1— ‘i S
"% — |€ = ¢|"? = I¢] [ "
2 Ca i)a (i) Ca (i)
S P (@) () - 2 il
lor|odd |oeleven

§

Iq
a different Littlewood-Paley decomposition by replacing the exponent j — 4 with j — s,

s > 4 large enough.

Unlike the case n = 1 (see the proof of estimate (35) in [5]) we need to separate two
cases: |a| > [n/2]+1and 1 < |a] < [n/2].

Case 1: |a| > [n/2]+1. Here we use the fact that W™/22<)(R") — B, _ (IR") and

TP
IN
DO | =

Hence

1
We may suppose the series in (65) is convergent if | —=-| < — , otherwise one may consider
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the crucial property that for every vector field X € H™ 2(IR™) we have

/ ZQJ" (X7) d:c—/ ZXRXZ Z 27Ny
IR

j=—00 " ke —A>k,j—4>0

k |k—f]<2

by Cauchy-Schwarz Inequality

1/2 1/2
< / <Zz—knxg> <Zz—knxg> dz (65)

k k

e

j=—00
(see also Section 4.4.2 in [15], page 165).
We are going to estimate

B> ca/ Zvau] LAYl (70 Q) (—A) AR da

IIhHWn/2 2,00 =1 o> /2] 41
|eelodd

ey s DT AP Q) A ] (6

|a|>[n/2] +1
|a|even

n,

By applying Lemma A.3 (||(—A)n/4hj||Bgooo < 2_2l4"/2||h||32000) we get
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(66) S sup 1]l 5o
Pl n /2, (2,00) <1 ’

Y S P

|la|=[n/2]+1
|a|odd
Ca on nj o, j— n/4—|a
£ Y G [ S v Ay
|a|=[n/2]+1 J
|a|even
S s bl

1Rlln/2,(2,00) <1

[ Z C_oggsn—w (67)

|a|=[n/2]+1
|a|odd

1/2

1/2
/ Z2("_2|O‘D(j_4)|Vo‘uj_4|2d:p / Z22‘a|j|(—A)"/‘l_‘o"(V“Qj)Fdx ]
R R
C_a 3n—4|a|
> 72

|a|=[n/2]+1
|a|even

1/2 1/2
(/ ZQ(n 2|al)(j—4 |Vau] 4‘2 d.ﬁl]) (/ 222|aj‘<_A)n/4a|/2<Qj)|2dx> ]
- R

S HQHHn/z(mn)HUHHn/z(m) :

Case 2: 1 < |a| < [n/2]. In this case we apply Proposition A.1.

24



We have:

sup

Wwn/2,(2,00

Y ca/ Zvauj =AY (TQ) (— A  hyda

1<|a|<[n/2]
|a|odd

|IA] y<1

Y3 / D e T

1<|a\<[n/2
|a|even

S s [I(=2)" | e

Al n 2, (2,00) <1

Y SO e Vol

1<]al<[n/2]
|a|odd

Ca n (0% (e}
HOY By IVl e

1<]a|<[n/2]
|a|even

S osup (A R oo 1@ gz ey 1l gz ey
Al yrn/2,2,00) <1

S @ zrnsz ey 1l o2 imy -

The estimate of II,[(—A)"*(Q ((—A)"*u)) — (=A)2(Qu)] is analogous to (64) and
we omit it. This concludes the proof of Theorem 1.2. O

The next result permits us to estimate the right hand side of equation (31).
We denote by 7’ the coniugate of 1 < r < 4o00.

Theorem A.1 Letn >2,1<r<-22 he L"(R"), Q € H"?*(IR™). Then
(—2)F7%(@n) - Q(- A)Hh €W (), (68)

and
I(—A)5~2(Qh) — Q(—A)%’ﬁhl!W—<%—1),rf(Rn)5HhHLrHQHm/z(mn)- (69)
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Theorem A.1 implies “by duality” the following result
=, Q € HY2(IR™), f € W3~L(IR") then
(70)

Theorem A.2 Letn > 2, 1<r<
T = (-A)ITEHQf) € L'(R™),

Q(=4)
(71)

A2 Q) errmy S NQl grora ey 1f g1 - O

and )
[Q(=A)s™> f = (=

Proof of Theorem A.1. Throughout the proof we use the following embeddings

(72)

WEL(R") = L(R"), =~
- (73)

Hn/2(]Rn) N W%fl (g,2 (Bn)
(74)

We also use the fact that
—+ -+
s q

e Estimate of ||TI;[(— )%’%(Qh)]HW (B0 ()

>%7§<Qh’)]”w (F-1),r (R™)

o Zawia

gl ;2 _m( =
)jQ?)l/Q (Z 2—2(5—1)3’((

/ sup h? ( Z 22(3
R j
eLs

L [(—

~

< sup
ol 5 —1.r gy, <
eLT

n J
~
€L

by (74)
12l I (=2) 2 Q| all g -

S sup
%~ oy

< 1Al QM ey
e Estimate of ||H1[Q(—A)%—%h]||w B0 (g
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I [Q(=A)E 2Rl 50 gy =

/RZQ] %%hjgjdx (76)

”g”ww—n e <

S sup / E supQ(%*%)j(— %*%hﬂ E 92(5-1) IQ?) 12 ( ) )2
R Z
BN

91l 313 o <
ELT ore o7
by (74)
n_1
S sup 1Pl I(=A) =@
Il 3 10 gy, <
S IRl 1@ vz ey -
e Estimate of ||II3](— )%*%(Qh)]”w B0 ()
n_1
Ms[(=A) 472 (@)~ g -1 (gny
- / ZQ] % : g'da
||g||W(7_l) T(Rn) T .
S sup / sup 2 (3 VI((—A)i~2¢7) ZQ(——l i1Q;h; da (77)
191,510 gy ST
by (74)
n_1
S sup (101 [ GZAVE R

n <1
||g||W(771),r(an)_

S PN e QN sz (e -

The estimates of I1;[Q(—A)4~2h] and II5[Q(—A)i~2h] are similar to (75) and (77)
and we omit them.

¢ Estimate of ||H2[(—A)%_%(Qh) - Q(—A)%‘%hlllw B0 () ©

We denote by &, the coefficients of the Taylor expansion of |z|Z 7! at o = 1.
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IT[(—A)52(Qh) — Q(=A)E 2 Blll -3 -1 g

~ CAYET3 (O], TNV TAY -3
”guw(:fﬁ(m) /(< )12 (Q7hy) = Q7 (=4) ])gj x (78)

Now we argue as in (64) and we get

(78) S sup > Ca/ ZVan_4(—A)%‘%_‘“'(V“hj)gjdx

||9||W(%—1) T(ﬂ?n)_ 1<\a|

|a|odd

Ca o n_1_ o
s / Zw Q4 (—A) 12 (1) g dal

1<
|ar|even

by Lemma A.3

S sup 1@l e, ..

1911 (% -1 gy <1

(3 Sl [ g 30| Ay Aoy 23 g

n
1<]al

n_ 1
S sup 1@ By, NPl [ (=A) 572 g]| -

<1
191145 13 gy <

S QU gnrzllPll - B

Smce 5 > 2 we can now apply the interpolation Theorem 3.3.3 in [8] and obtain the
followmg

Corollary A.1 Letn>2,Q € H"*(IR"), f € H:"'(IR") then

f = (-A)5°

N

(Qf) € LE~U(R™), (79)
and

1Q(=A)F73 f = (=) 2(Qf) e mny S QN sz I 3100 - (80)
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We finally recall a commutator estimate obtained in [3] .

Lemma A.4 Letp > 1, Q € BMO(IR"), u € LP(IR") and let P a pseudo-differential
operator of order zero. Then P(Qu) — QPu € LP(IR") and

IP(Qu) — QPullemrry S 1@l Brownllull oy . O
The interpolation Theorem 3.3.3 in [8], and Lemma A.4 imply the following result.

Corollary A.2 Let Q € BMO(IR"), w € L®*®)(IR") and let P a pseudo-differential
operator of order zero. Then P(Qu) — QPu € L**(IR"™) and

IP(Qu) = QPul[ e (rmy S 1@ Brromm |ull pecormy O

We observe that Corollary A.2 implies that for every h € LY (IR"),u € L3> (IR™) the
operator uPh — (Pu)h € H'(IR") and

[uPh — (Pu)hlwmey S l[ull peso mm 1Bl e gy - (81)
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