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Abstract

In this paper we establish an equivalence between the Nirenberg problem on the
circle and the boundary of holomorphic immersions of the disk into the plane. More
precisely we study the following nonlocal Liouville-type equation

(—A)%u:me“—l in S, (1)

where (—A)% stands for the fractional Laplacian and x is a bounded function. The
equation (1) can actually be interpreted as the prescribed curvature equation for
a curve in conformal parametrization. Thanks to this geometric interpretation we
perform a subtle blow-up and quantization analysis of (1). We also show a relation
between equation (1) and the analogous equation in R

(=A)zu = Ke* inR, (2)
with K bounded on R.
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1 Introduction

A famous problem posed by Louis Nirenberg is the question for which positive functions K on
the standard sphere (S™,gsn) there exists a function u on S™ such that the scalar curvature
(Gauss curvature in dimension n = 2) of the conformal metric g = e?“ggn is equal to K. This
problem prescribing the scalar curvature within a conformal class of manifolds has stimulated
a lot of works in geometry and analysis. In dimension n = 2 it consists in solving the so-called
Liouville equation. More precisely if (3, go) is a smooth, closed Riemann surface with Gauss
curvature K, an easy computation shows that a function K (x) is the Gauss curvature for some
metric ¢ = e?“ggy conformally equivalent to the metric gy with u: ¥ — R, if and only if there
exists a solution u = u(x) of

~Agu=Ke* — K, onX (3)

where Ay is the Laplace Beltrami operator on (X, go) , (see e.g. [8] for more details).
In particular when ¥ = R? or ¥ = S? equation (3) reads respectively

—Au = Ke* on R? (4)
and
—Agu=Ke* -1 on 52, (5)

Singular Liouville equations of the form

m
—Agyu = Ke* — Kg =21y by, on 3 (6)
=1

have a role in fluid dynamics, see [41], as well as in the study of Electroweak theory or abelian
Chern-Simons vortices, see e.g [40]. For the latter cases, singular points represent zeroes of the
scalar wave function involved in the model.

Equations (4), (5) and also (6) have been largely studied in the literature. Here we would
like to recall the famous blow-up result by Brézis and Merle in [4] concerning Equation (4) .



Theorem 1.1 (Thm 3, [4]) Assume (ur) C L'(S2), Q open subset of R?, is a sequence of
solutions to (4) satisfying for some 1 < p < oo, K > 0, ||Kil|zr < C1, and ||e**||,» < Co.
Then up to subsequences the following alternatives hold: either (uy) is bounded in L% (§2),
or ug(x) — —oo uniformly on compact subsets of Q, or there is a finite nonempty set B =
{a1,...,an} C Q (blow-up set) such that ug(x) — —oo on compact subsets of Q\ B. In addition

in this last case Kie2“* converges in the sense of measure on Q to Zf\il a;0q,, with a; > i—’f.

The purpose of this work is to investigate an analogous prescribed curvature problem in
dimension 1. Even if this is a classical problem, it has never been studied so far (up to our
knowledge) from the point of view of conformal geometry. In the case for instance of a planar Jor-
dan curve (namely a continuous closed and simple curve) there is the possibility to parametrize
it through the trace of the Riemann mapping between the disk D? and the simply connected
domain enclosed by the curve. The equation corresponding to such a parametrization reads as
follow

(—A)%)\:/{eA—l in St (7)

where e*df and ke df are respectively the length form and the curvature density of the curve
in this parametrization. The definition and relevant properties of the operator (—A)% will be
given in the appendix.

One of the main result of this paper is the one-to-one correspondence between the solutions
to the Nirenberg problem in S' (7) and the space of holomorphic immersions of the disk D?,
(see Theorem 1.3 below ). This correspondence can be seen as a sort of generalized Riemann
Mapping Theorem.

This permits us to perform a complete blow-up analysis of equation (7) in the spirit of
Theorem 1.1, even if we do not get exactly the same dichotomy. More precisely our first main
result is the following theorem.

Theorem 1.2 Let (\;) C LY(S*,R) be a sequence with

Lk = HGAICHLI(SI) S E (8)
satisfying
1
(=A)2 A, = kpe™ — 1 in St 9)
where kj, € L°(SY,R) satisfies
Kkl poo(s1) < R (10)

Lp
ocC

(S1\ B) for every p < oo, where

s a Radon_measure, B = {a1,...,an} is a (possibly empty) subset of S' and Ky X Koo N
LOO(S{). Set Ay := % f51 Aedf. Then one of the following alternatives holds:
i) \p = —00 as k — 00, N =1 and p = 27d,,. In this case

Then up to subsequence we have ke — p weakly in W,

Vg = Ap — j\k — Vs N VV]E?(SI \ {al}) for every p < oo,

where oo (€?) = —log(2(1 — cos(6 — 61))) for a1 = €1, solving

(—A)Zve = —1 + 276, in S'. (11)



i) A, — —00 as k — 00, N =2 and ju = 7(04, + 6ay). In this case
Vp =N — A — Voo M VV&)’?(SI \ {a1,as}) for every p < oo,
where
0 1 1 0 16
Voo (€") = —3 log(2(1 — cos(6 — 61))) — 3 log(2(1 —cos(8 — 62))), a1 =€, ag=¢€"?

solves )
(—A)2ve = —1 + 70y, + 70g, in S (12)

iii) (M| < C and p = Koo + (0, + -+ + day) for some Ao € VVli’f(Sl \ B), with
Mooy €2 € LY(SY) and

N
(_A)%)\OO :/@ooe)“x’ —1—|—Z7T5ai in ST, (13)
=1

We would like to stress that we obtain a quantization-type result, namely the curvature concen-
trating at each blow-up point is precisely 7, without any assumption on the sign of the curvature
(this hypothesis is crucial in [4]) and on the convergence of the ki . Actually several works on
equations (4) and (5) have extended the result of Brézis and Merle showing that, under the
crucial assumption that the prescribed curvatures K, converge in C°, the amount of curvature
concentrating at each point is a multiple of 4w, i.e. a multiple of the total Gaussian curvature
of S2, see e.g. [27] (Also higher-dimensional extensions were studied under the same strong
assumptions of convergence of K}, in C° or even C!, see e.g. [17], [29] and [33].) In [4] the func-
tions K can belong to LP(R), with 1 < p < 4+o00. We believe that in the case of the nonlocal
Liouville equation (7) the quantization result by = does not hold once we replace k € L™ by
k€ LP with 1 < p < +o0.

The fact that we are able to get a quantization result only under the minimal (and geomet-
rically meaningful) bounds (8)-(10) is better understandable through the above mentioned one-
to-one correspondence between the solutions to the equation (7) and the space of holomorphic
immersions of the disk D2. Precisely given a solution A to the equation (7), with k € L>(S1),
the function e* provides a “conformal” parametrization of a closed curve v: S' — C in normal
parametrization and whose curvature at the point y(z) is exactly x(z).

Precisely let us define:

Definition 1.1 A function ® € C*(D?,C) is called a holomorphic immersion if ® is holomor-
phic in D? and ®'(z) := 0.®(z) # 0 for every z € D?.

A curve y € CY(SY,C) is said to be in normal parametrization if || = const and in conformal
parametrization if there exists a holomorphic immersion ® € C*(D?,C) with ®|g1 = 7.

Then we have the following characterization:

Theorem 1.3 A function A € L*(S',C) with L := He>‘||L1(51) < oo satisfies

(—A)2A=ke* —1 in S" (14)
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Figure 1: A domain bounded by a Jordan curve ; and biholomorphic to the unit disk
D? via a map &, : D* — C.

for some function k: S* — R, k € L*(SY), if and only if there exists a closed curve v €
W2ee(81,C), with || = %, a holomorphic immersion ®: D?> — C and a diffeomorphism
o: S — St such that for all z € St, we have ® o o(z) = y(2),

[@'(2)] = X, (15)

and the curvature of ®(S') is k. While ® uniquely determines X via (15), X determines ® up
to a rotation and a translation. Moreover it holds

|®'(2)| = A&, e D2, (16)
where X : D — R is the harmonic extension of A. a

The pictures Fig.1 and Fig.2, Fig.5 provide some examples of curves satisfying the assump-
tions of Theorem 1.3. Theorem 1.3 allows us to interpret and re-formulate Theorem 1.2 from
the point of view of the behavior of the sequences of the curves 7 (in normal parametrization)
and of the immersions @ corresponding to a sequence of solutions to (9), see Fig. 3, and Fig.
4.

Theorem 1.4 Let a sequence (\;) C L*(SY,R) satisfy (8)-(9)-(10), and let ®): D* — C be a
holomorphic immersion satisfying (15), and oy, v, with v, = @ o o be as given by Theorem
1.3. Then, up to extracting a subsequence, there exists an at most countable family J such that
for every j € J there exist a sequence of Mébius transformations f3 : D? — D? and a finite set

finitely many points B; = {a{, . agvj} C S such that

Yo = Yoo i WEP(ST), &)= Bpo fl = L in WP(D?\ By).
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Figure 2: The curve «, can have self-intersections. In this case ®, : D?> — C is a

holomorphic immersion but it is not injective.
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Figure 3: As k — oo the curves 7, can generate a pinching phenomenon. In this case
®,. can converge to a constant or, as in the figure above, to a holomorphic immersion @,
(singular at finitely many points of 9D?) whose image “selects” one of the “components”

bounded by vu.
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Figure 4: Composing @ as in Figure 3 with suitable Mobius Transformations one can
have &, cover a different “component” bounded by .. In this figure one can choose
among 4 different components, or choose &, to be constant.

where p < o0, &l : D2 \ B; = C are holomorphic immersions satisfying
(voo)x[S1] = D _(L.):[S"\ Byl (17)
jed

where for every ¢: St — C and for every differential form w on C
(@51, 0) = | ¢'w.
Sl

If )\i = log |(<i>£)’|51|, then up to a subsequence )\i — A, in I/Vli’p(Sl \ Bj), where

C

Nj
(=A)2N, = ke =1 =37, , (18)
i=1

and I{kOfg—*\l-{Joo in L®(SY,R) as k — +oc. 0

Theorem 1.4 says that it is always possible, up to the action of sequences of Mdbius trans-
formations, to recover all the connected components enclosed by the limiting curve v, (see in
particular (17)). We will also see that these components are separated by what we call pinched
points, (see Definition 3.1), namely (roughly speaking) couple of points p # p’ € S! such that
Yoo(P) = Yoo(p'). The angle between the tangent vectors in these couples of points is shown to
be necessarily 7 .This explains also the coefficient 7 in front of each J,, in (18).



It would be interesting to compare Theorems 1.2 and 1.4 to the blow-up analysis obtained
recently by Mondino and the third author in [34] in the case of sequences of weak conformal
immersions from S2 into R™. In [34] the authors study the possible limit of the Liouville equation

~Agu=Ke* 1, on S? (19)

satisfied by the conformal factor of the immersion ® (g = €*“gy) under the assumption that the
second fundamental form is bounded in L?. Also in their case a sort of bubbling phenomenon
occurs and the choice of different sequences of Mébius transformations of S? permits to detect all
the limiting enclosed currents. However the 2-dimensional blow-up analysis differs substantially
from the 1-dimensional case: in the 2-dimensional case the area is quantized, namely there is no
production of area in the neck region between the different bubbles, whereas in the 1-dimensional
case the quantization of the length does not hold. Precisely in [34] the authors show that

Z / e? dy :liminf/ e?Uk o,
S2 k—+oc0 S2

“Bubbles”

whereas in the present situation one can produce examples such that

Z /e)‘°°d9<liminf/ eMedo .
g1 k—+oc0 g1

“Bubbles”

We insists on the fact that “conformal” parametrizations of planar curves are relevant in
different applications. For instance they should be one of the main tools of the Willmore Plateau
problem, of the analysis of the renormalizing area of surfaces in the hyperbolic space H? and of
the free-boundaries. In particular for the latter the first author has observed in [12] that there
is a one to one correspondence between free boundaries and 1/2-harmonic maps and here we
show that the holomorphic immersion ¢ for which e*) = |%¢(z)|, z € 81 is a 1/2-harmonic
map into ¢(S1).

In a forthcoming work [14] we are going to investigate the the topological and differential
structure of the subspace of CH*(S!) x C%%(S') made of solutions (u,x) of the Nirenberg
problem in S!' (the Nirenberg Moduli Space). The present work should be interpreted as an
attempt to describe the “boundary of the Nirenberg Moduli Space”. We mention that a nonlocal
version of the Nirenberg problem in dimension 7 > 2 has been recently studied in [22, 23].

We finally prove a link between the equation (7) and the analogous nonlocal equation in R.
Precisely if u € L1 (R) (see (130)), e* € L*(R) and u satisfies
2

N

(—A)zu=Ke* inR (20)

for some K € L>(R), then \(z) := u(II(2))—log(1+sin z) (II: S1\{—i} — R is the stereographic
projection) satisfies

(“A)EA=Kolled — 1+ (277 - H(—A)%uHLI) 5_; in S (21)

Owing to this correspondence from Theorem 1.2 we can deduce the following compactness result
inR.



Theorem 1.5 Let uy € L1(R) be a sequence of solutions to
2

(—A)%uk = Kie" inR

with |Kg||lLe~ < C and ||e"*||;x < C. Then

1. Up to subsequence we have Kie"* — u weakly in Wli’f(R\B) for every p < oo, where  is
a finite Radon measure in R, B := {a1,...,ay} is a (possibly empty) subset of R and K}, = Ko
in L= (R) . Moreover the following alternatives holds:

i) plr\B = Koce"> for some uo € Wl’p(]R \ B) satisfying.

loc

N
(—A)2uce = Kooe®™ + Y w6, inR. (22)
=1
i) plp\g =0, N <2 and up — —oo locally uniformly in R\ B. O

In particular we can deduce the following

Corollary 1.1 Under the hypotheses of Theorem 1.5 if Ky > 0, and
/ Kpe* dr < 2m,
R

then either N = 1 and uy — —oo locally uniformly R\ {a1} or N =0 and uj, — us in WHP(R)
as k — +o0o where us solves )
(—A)2us = Ko™ . (23)

We will give the proof of Theorem 1.5 and Corollary 1.1 in the forthcoming paper [15].
An interesting consequence of Theorem 1.3 is a proof of the classification of the solutions to
the non-local equation

(—A)%u =e" inR, (24)
under the integrability condition

L= / e'dr < oo. (25)
R

Equation 24 is a special case of the problem
(=A)zu=(n— 1™ inR", V:= / e"dr < o0, (26)

which has been studied by several authors in the last decades (see e.g. [11], [9], [28], [24] and
[31]). Geometrically if u solves (26) and n > 2, then the metric e?“|dz|?> on R™ has constant
Q-curvature (n — 1)! and volume V, see e.g. [7]. All the above mentioned works rely on the
application of a moving-plane technique, in order to show that under certain growth conditions
at infinity (needed only when n > 3) the solutions to (26) have the form

2p
u“7mo($) = lOg (m), T € Rn, (27)



for some p > 0 and zg € R™. For the case n = 1, instead of using the moving plane technique, we
will use the stereographic projection to transform (24) into Equation (14), and use the geometric
interpretation of the latter (Theorem 1.3) to compute all its solutions (Corollary 2.1 below). This
will yield

Theorem 1.6 FEvery function u € Li(R) solving (24)-(25) is of the form (27) for some p > 0
2
and xg € R.

We also remark that by changing the sign of the nonlinearity in (24) the problem has no solutions.
More precisely:

Proposition 1.1 Given a function K € L (R) with K <0, the equation

has no solution satisfying (25).

The proof of Proposition 1.1 is a simple application of the maximum principle for the operator
(—A)%, but it is worth remarking that for n > 4 even solutions to Problem (26) with (n — 1)!
replaced by —(n — 1)! (or any negative constant) do exist, as shown in [32].

The paper is organized as follows. In Section 2 we introduce the nonlocal Liouville equation
(7) in S! and we explain its geometric interpretation. In Section 3 we perform the blow-up
and quantization analysis of the equation (7) and in particular we prove Theorems 1.2 and
1.4. Section 4 is devoted to the description of the relation between the equations (7) and (20) .
Finally in Section 5 we prove Theorem 1.6 and Proposition 1.1.

Notations. Given z,y € RY we denote by (z,y) the scalar product of z,y. Let h: Q C
C — R, and 7: S — C a curve. We denote by f,y h(z)|dz| or by fﬁ{ h(z)df the line integral of h
along 7. Given z € C, we denote by R(z) and J(z) respectively its real and imaginary part.

2 Nonlocal Liouville equation in S!
In this section we study the following nonlocal Liouville type equation on S!
(—A)%u = ke —1in S!

where u € L(S1), (—A)%u stands for the fractional Laplacian and x: S* — R is a bounded
function. In the Appendix A.1 we recall the definition and some properties of the fractional
Laplacian in S*.

2.1 Geometric Interpretation of the Liouville equation in S*

The first key step in our analysis is the geometric interpretation of the equation (7). Roughly
speaking such an equation prescribes the curvature of a closed curve in conformal parametriza-
tion.

10



It is easy to verify that for ¢ € L'(S') we have

neZ
where H is the Hilbert Transform on S' defined by

HP)O) = 3 ~isign(n) f(n)e™, [ eD(s.

nez

We recall that the Hilbert transform has the following property, a proof of which can be
found e.g. in [25, Chapter III].

Lemma 2.1 The Hilbert transform H is bounded from LP(S') into itself, for 1 < p < +oo,
and it is of weak type (1,1). A function f := u+iv with u,v € L'(S,R) can be extended to a
holomorphic function in D? if and only if v = H(u) + a for some a € C .

Proof of Theorem 1.3. 1. Let ® € C!'(D? C) be a holomorphic immersion. Set \ :=
(log |®'|)|g1. Since ®': D*> — C \ {0} is holomorphic, it holds ®'|g1 = eM¥+i%  for some
0o € [0,27) where p := H()) is the Hilbert transform of A. Indeed by Lemma 2.1 the function
f=A+iphasa holomorphlc extension f to D?, hence e is holomorphic in D? and ef ls1 =
ef = M. But |ef| = e* = (|®'|)|g, so that by Lemma B.1 we have ‘1>’/ef = €% for some
constant 6y. Up to a rotation of & we can assume that 6y = 0. Up to such a rotation and a
translation ® is determined by A.

0P(z)

= (Z) _ Z-e)\(z)—l—ip(z)-i-ie ) (29)
Now let
0 0’
o0d(e")
0) := do’.
s(0) /0 o'
We have s: [0,27] — [0, L], where L = H HL1(51 is the length of the curve ®(S'), and up to a
scaling we will assume that L = 27. Let 9 =s"":[0,27] — [0,27]. One can easily also see that

6 € C1([0,27],[0,27]) . Then using (29) and that
5(0) = |0/ ()| = M) > 0, d(s) = e M)
we compute

10(s i0(s zs 8‘1) 10(s —(e?0(s)
7(s) 1= @ (")) = @'(e7)ie"D(s) = = ()T

Notice that |7| = 1, i.e. the curve y: €’ s ®(e?(*)) is parametrized by arc-length, and 7 is its
unit tangent vector. Using (28), (29) and identifying s with €%, the curvature of 7 is given by

R(s) = (ir(s), 7(s)) = <¢T<s>, a (iew<ew(s>>+w<s>>>

- (TG ) 3

_ <(_A)%)\(ez€(s)) + 1) e*A(eZP(S)).

11



From (30) it follows that \ satisfies (14) with x(e**?)) := (it (s(0)),7(s(0))). Since |x(e*)| =
|5(e%)| € L>®(S') we also have v € W2%°(S1, C).

2. Conversely, let us assume that A\ € L'(S') with e* € L1(S!) weakly satisfies (14) for
some k € L*°(S'). By regularity theory A € WHP(S1) for any p < co. We set p := H()). Let
¢ € WHP(D?,C) be the holomorphic extension of the function e’ ¢ W1P(S1) and set

D(2) = g (w)dw, z € D* (31)

where Y, is any path in D? connecting 0 and z. Then ® € W2P(D? C) satisfies (29). From
part 1 we see that & is the curvature of the curve ®(S!) in normal parametrization.
Let ®: D? — C be another holomorphic immersion such that |®'(z)| = e*?), 2 € S1. We

claim that ‘
d=e%P+q inD? forsomefyeR, acC. (32)

Indeed the function h := % never vanishes in D? and satisfies

(bl A(z)
|h(z)| _ ’A (Z)‘ _ GAZ — 1, ZGSI.
|/(2)] X

It follows from Lemma B.1 that h is a constant of modulus 1, say h = €', and (32) follows at
once. =

Remark 2.1 In Theorem 1.3, we cannot expect that ® is a biholomorphism from D? onto
®(D?). For instance the function ®(z) := €% for any a > 0 is an immersion and ®(S') has
self-intersections whenever a > m, as easily seen by writing

®(e?) = €25 (cos(asin §) + isin(asin ),
see Fig. 5.
Corollary 2.1 All functions A\ € L*(S') with e € L'(S') solutions to
(—A)%)\ =Cpe* —1 on S*, (33)
where Cy is an arbitrary positive constant, are given by

0 z—a

) —log Cy (34)

for some ay in D?.

Proof. Up to the translation A = X + log Cy we can assume Cy = 1. By Theorem 1.3 the

function A determines a holomorphic immersion ® € C!(D?,C), such that ®(S!) is curve of

curvature 1, hence up to a translation ®(S') C S!, and therefore it is M&bius transformation of

the disk. From (15) we infer that A = log (|®’|51]), and we conclude. O
The following corollary is an easy consequence of Theorem 1.3 and Corollary 2.1.

12



Figure 5: Plot of the curve e®%%(cos(27 sin 6) +isin(2msind)), 6 € [0, 27]. It has the same kind
of self-intersections as the curve ®(e) = g2me”’
27 —27

, whose plot is difficult to inspect, since |®(z)]

oscillates between e“™ and e

Corollary 2.2 Let ®, A and r be as in_Theorem 1.3, and let f : D?> — D? be a Mdobius
diffeomorphism. Set ® := ® o f, X\ :=log|®'|g1| and k := ko f|gi. Then

A= Ao flgr +log(|f'|s1])

and

= Ret — 1.

=

(=4)

Remark 2.2 One can give an analogous geometric characterization also for an equation of the
type
1
(~A)2 X =ker —n in ST, (35)
with n > 1. In this case there is a correspondence between the solutions of (35) and holomorphic
functions ®: D? — C of the form ®(z) = ¥(z)h(z) where ¥ is Blaschke product

n—1
Z_ak 2
U(z) = — . G1,...,0p_1 € D%,
1—apz
k=1

and h/(z) # 0 for every z € D?. In this case n — 1 = iV - %—‘g = deg(V) .

Next we show that the existence of a holomorphic immersion of the disk D?, is equivalent to
the existence of a positive diffeomorphism of the disc D?. Such a result can be seen as a sort of
generalization Riemann Mapping Theorem in the case of closed curves which are not necessarily
injectives. We premise the following Lemma giving a better regularity up to the boundary of
a holomorphic immersion u: D? — C under the assumption that the curve u|g1 has a W2
constant speed parametrization.

13



Lemma 2.2 Let u € C°(D?,C) be holomorphic in D? with O,u # 0 in D? and suppose there
isy € W2’°°(Sl,_(C) with || = const and a homeomorphism o : St — S! such that v = uoo.
Then u € W2P(D?,C) for every p < +oo and d,u(z) # 0 for all z € St .

Proof. Let zg € S*. Since ¥(z0) # 0, we can find some p > 0 such that v(S*NB(zo, p)) coincides
up to a rotation with a piece of the graph of a function ¢ € C%(R) with ¢'(u;(x9)) = 0. We
may also assume that u = uy + iug takes value into the set {(&,7) € R?: n > ¢(&)}. Define

U = U1 + iy, U1 :=uq, U := UQ—Lp(ul).

Claim: 19 satisfies

8xi(a,~j3xjﬁ2) =0, in B(xo, p) N D? (36)
iy = 0, in B(xg,p) N S*
where the matrix
1 1 @' (u1)
1+(¢")2 (u1) 1+(¢")? (u1)
(ai;) = (37)
__ @(u1) 1_ 1
14+(¢")? (u1) 1+(¢")? (u1)

is in L°°(D?) and uniformly elliptic .
Proof of the claim: We can write u = 4 + ip(uy). Since by hypothesis dzu(z) = 0, for all
z € D?, the following estimates hold

ag’l,ﬂ = —’L.ag’l,LQ
Ozu(z) = _i¢/(ul)azul = —cp,(u1)5gu2
Ozuy +i0502(2) = —ig (u1)0suq
{ N
Ozu1 = —maﬂ@(Z)
o Yw)
ozt = T+ ig(u) OzU2(2) .
Therefore ()
(A A A ©'u) .
Aty = 45(0,0510) 43 [@ [71 n iSD/(Ul)aZUQ(Z)H . (38)
Writing
@' (u1) o Puw) Onylin + @' (u1) Oyl + 1Oyl — ¢ (u1) 0z, U2)
T g Nz 2(2) = N )
1+ i/ (u1) L+ (¢')*(u1) 2

we compute the right hand side of (38) and get
~ ~ . Qpl(ul) ~ / N . N / N

Aty = =S | (O, — Zam)m[(amuz + ' (u1)0ryli2) + i(Opy 2 — ¢ (u1) 0z, U2)]
Therefore 1y satisfies (36)-(37) and the claim is proven.

Elliptic estimates imply that @y € W2P(B(z9,7/4)N D?), for every p < 400, in particular it
is in C1Y(B(z9,7/4) N D?) for every a € (0,1). Now since @z > 0 in D? and 1p(zp) = 0, Hopf’s
Lemma yields that 0,2(2¢) # 0. Since u = @ + ip(uy), it follows that

aru(zo) = arﬂl(ZO) + z'(?rzb(zo) +1 ng(ul(Zo)) 8r121(z0) # 0,
=0
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and since zy € S was arbitrary, we conclude that d,u # 0 everywhere on S'. Then since u is
conformal up to the boundary we also have d,u # 0 on S?. O

We introduce the following set

T = {y:8' = C, v e W™, |4| = const,
such that there is ¥ € C1(D?,C), det(Jac(¥(z))) >0, z € D?,
(Voo)(z) =7(z), z € St for some diffeomorphism o: St — S1}.

Theorem 2.1 (Generalized Riemann Mapping Theorem ) A curve v € T if and only if
there exists a holomorphic immersion ®: D?> — C and a diffeomorphism o : S* — S' such that
boog=r.

Proof.

1. Suppose that there exists a holomorphic immersion ®: D? — C and a diffeomorphism
o : S = S such that ® o o0 = 4. The one can take ¥ = ®. Therefore v € T.

2. Conversely let ¥ € C*(D?,C), ¥|g1 = v with det(Jac(¥)) > 0 in D?.

2i) Consider the pull back of the Euclidean metric g on R? by W:

hz’j = (&TZ\I', 6%\1'> .

Since det(Jac(1))) > 0 we have
Cil(sl" < (hz]) < C(Sl'j .

We can write
h = hi1da? + 2hiadady + hoady® . (39)

Setting z = x + 4y one can write h in the form
h = v|dz + pdz|?

where v is a positive continuous function on U and pu is a complex-valued continuous function
with [[ptf|ee(p2) <1 on U. Actually v and p are given by

1
v o= 7 (hn + haa + 24/ hi1has — h%z) ;

by = hi1 — hog + 2ih1o
hi1 + hag + 2+y/hithas — h3,

Moreover W solves the following equation

90 (w)

9T (w) — p(w), in D2 (40)

The function g is the so-called Beltrami coefficient associated to the metric h. Now we extend p
by 0 outside D? (we still denote this extension by ). Then there exists a unique homeomorphism
¢: C — C (here C = CU{oo} ~ S?) which satisfies in distributional sense

9:€ = p(2) 0.6, in C

15



and the following normalization conditions

§(0) =0, £(1) =1, £(00) = 0.

Moreover & € VVé’f(C) for some p > 2, 9, # 0, a.e in C. The function £ is called a quasicon-
formal map with dilation coefficient y, (see e.g. Theorem 4.30 in [21]).

Since ¢ is a homemorphism, £(S') is a Jordan curve

2ii) Consider now W := W o~ 1: £(D?) — C. From [21, Proposition 4.13] it follows that the
complex dilatation of ¥ is 0 in £(D?), therefore ;¥ = 0 and ¥ is holomorphic in £(D?), see
[21, Lemma 4.6].

2iii) Now we apply the Riemann Mapping Thereorem: there exists u biholomorphic map
from D? onto £(D?). In particular d,u # 0 in D?. Take ® := ¥ o ¢~ ou. We observe that
det(Jac(¥)) > 0 implies 9,V # 0 in D?. Therefore it holds

N

0.0 = 0u(Vo& Hdu+ 0g(Voe o,
= 9u(Tot o u+ 05(¥oc1)o;
= 9u(Tot&HoLu.

S

We observe that ® is holomorphic in D? because it is the composition of two holomorphic maps
and 9,® # 0 in D?. From Lemma 2.2 it follows that 9,® # 0 in D? and we conclude the proof
of Theorem 2.1. a

From the next Lemma we can deduce that if v € T then the winding number (or equivalently
the degree) of v is 1.

Lemma 2.3 Let ® € W2P(D?,C), for some 1 < p < 400 be a holomorphic function such that
0,® #0 in D?. Then

RS
FE A=) e

deg® = —

1 /27r (i0p®, 53 ) 51 (41)
2 0 ’

where f(z) = ®'(z).

We observe that Lemma 2.3 is a direct corollary of Theorem 1.3. Indeed deg ®|s1 = 5= [q, £|®|df =
% f51 redf, but since (—A)%)\ = ke — 1, integrating we get fsl ke df = 2m.
Anyway we provide a direct proof for the reader’s convenience.

Proof. We recall that
f € od B 23@ .
)= (87“ rag) )

Since ® is holomorphic we have
— = (42)
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Hence

—i0 ; —i0 ;
/ e 0 1 J\e 0P 1 0P
/f(Z)dZ B / > (o — o) 5 (5 —75) 4,
= —i0 ;
z e 9® _ i9%
st f(2) st 5 (or — +%0)
0 e i —i0 0P
_ (or —voo)(—7¢"%9)
— - z
~— g1 (8_ _ 18_<P)
by (42) 8r T 9
2000 _ i0%°® _ 1 0%%
—i0 r2 00 r Ordo r2 920 dz
= . —2; 0D
S r 00
9%® 822<I>
—i6 —i0 _9roo —i0 920
= — e dz+/ e W~ e dz
~~ / _9;00 _9;02
r=1on St st st 2 90 st 2 90
i or 9% 1 or  92d
= iy / o db — / 2690 6
0 00 0 00
or  9%®
= —2m‘—/ 2090 g .
—— 9D
by (42) 0 %

On the other hand we have

/27r <i39®,8§@>d9 _ 1/27r _@8622(I>d9 1/27r Z‘ag—CI)BGQQCI)da
0 |0p®| 2Jo 09Dy 2J)o  0pP0p®

We observe that

1/% 105905:® fp 1 %a@—cb O g
2Jo  0pDP0y® 2 Jo |Op @2
. 2w
i _
- 5/ |0p® %0y (|0p®|~?) db
0
= _: o ang)dg
2 0 (39(1) '
It follows that
0 ‘3@@’2 0 3@@
By combining the estimates (43),(44),(45),(46) we get
l 2w 32 P
/ L O 2 _ g
g1 2mi f(z) 27t Jo  O0p®
- 2T 0 |69(D|2 '

We conclude the proof.
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2.2 Connection with half-harmonic maps

In this subsection we show an interesting connection between the solutions of (7) and the half-

harmonic maps into a given curve I".
Let ¢ = ® € C1(D?,C) be the map given by Theorem 2.1 and set ¢ := ®|g1. Then ® is

conformal up to the boundary, i.e. g—‘g . g—‘f =0 on S’ Since g—i’ = (—A)%(b, we deduce
(—A)z2¢ L T,T, ie. % (=A)Y2¢ =0 on D'(S"). (47)

Equation (47) says that ¢ is a 1/2-harmonic map into I" (see [13]).
We would like to recall a characterization of 1/2-harmonic maps of S! into submanifolds of
R™, which has been already observed in [12] and then in [30].

Theorem 2.2 ([16]) Let u € H%(Sl,./\/), where N is a k-dimensional smooth submanifold of

R™ without boundary . Then u is a weak 1/2-harmonic map i.e. (—A)%u 1 T, N, if and only
if its harmonic extension i € W12(D? R™) is conformal, in which case

o L T,N inD'(S). (48)

Proof. Let u € H%(Sl,J\/’) be a weak 1/2-harmonic map and let @ € W2(D,R™) be the
harmonic extension of w. Then it holds

B = [ |-a)uPlds = [ VaPdz).
St D2
Claim: For every X € C*(D? R?) such that X(z)-z =0 for z € S* it holds

<% /DQ|Vzl(z+tX(z))|2|dz|> ~0. (49)

t=0

Proof of the Claim.
It has been proved in [13] that if u is 1/2-harmonic, then v € C*°(S%), in particular u satisfies

=0. (50)

(3 [ Iarbut+ x|

for every X € C>(S1). )
Let X € C°°(D? R?) such that X(z)-z = 0 for z € S'. We observe that for all z € S,
Y:=di - X=du-X eT,N and

<i / IVii(z + t)”((z))|2|dz|> = Vi - VY|dz|
dt D2

t=0 D2

= | 8. Yl|dz]
Sl

= —[Sl(—A)éu.dezy =0,

where the last equality follows from (50) .
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From Proposition 2.1 below and the regularity of % up to the boundary it follows that u is
also conformal in D? i.e.
|00, 0| = |Onqtt|,  Op U+ Ozt =0

Conversely, suppose that the harmonic extension @ of u is conformal and satisfies (48). Since
ortt = —(—A)%u we deduce that u is 1/2-harmonic . O
Proposition 2.1 (Prop. I1.2 in [36]) Let @ be a map in W12(D2? R™) satisfying
d
(g [ 1w
dt Jpe

for every X € C°°(D?,R?) such that (X (z),z) =0 for x € S*. Then @ is conformal in D?.

0 =0, w(z):=ulz+tX(x))

In the case of 1/2-harmonic maps u: S — S we deduce from Theorem 2.2 the following
Corollary 2.3 Let u € H%(Sl,Sl) with deg(u) = 1. Then u is a weak 1/2-harmonic map if
and only if its harmonic extension @: D> — D? is a Mébius map, namely it has the form

£i% zZ—a

1—az’

for some |a] <1 and 6y € [0,27).

3 Compactness of the Liouville equation in S

In this section we analyse the asymptotics of solutions to the equation (7).

3.1 The e-regularity lemma and first compactness result.

A key point in the proof of Theorem 1.2 is an e-regularity Lemma, asserting roughly speaking
that if the L' norm in conformal parametrization of the curvature (re*) is small (less than 7)
in a neighborhood of a point, then A\ — C% is uniformly bounded in the same neighborhood, for
some constant Ck. This result (Lemma 3.2) depends on Theorem 3.1 below.

Lemma 3.1 (Fundamental solution of (—A)% on S') The function
1
= ——log(2(1 —
G(B) 1= — - log(2(1 — cos(6)

belongs to BMO(SY), can be decomposed as

1
G(6) = _log% +HB), 0€[-mna]~S", withHeC'SY, (51)
77
and satisfies
(—A)2G =6, — R St (6)dé = 0, (52)

2 S1



and for every function u € L'(S') with (—A)%u € L'(S') one has
u—1u=Gx (—A)%u = (-— 0)(—A)%u(6?)d6?, for almost every t € S*. (53)
Sl
Proof. Identity (52) follows at once from Lemma 4.1. That G € BMO(S!) follows from
parametrizing S! = [~7, 7] /{m ~ —7}, writing 1 — cos(f) = % + O(6*) as 6 — 0 and therefore

G(6) = — 5~ (10g(6/2) + los(1 + O(§%)))

as § — 0. Similarly (51) follows from the explicit expression of G, since
T
6]

and H(0) — —5=log2 as || — 7, so that H € CO(SY).
To prove (53) for u € C™ we write

1
H(0) := G(0) = —log 7 = C +log(1 + 0(0)*) = C asb —0,

w(0) — @ = <51 - %u> — (—A)G,u) = ; (0)(—A)u(0)do,

and translating one gets (53) also for ¢ # 0. For a general function u € HXI(S 1) take a sequence
(ug) € C(S1) with
up =,  (—A)Tup = (~A)3u in L'(SY),
which can be easily obtained by convolution. Then
L(s? L(s!
w e = | ot 0)ayu@y S [ a6y

the convergence on the right following from (51), and Fubini’s theorem:
L.

as k — oo. Since the convergence in L! implies the a.e. convergence (up to a subsequence), (53)
follows. The last claim follows at once from the explicit expression of G. a

[ G- 0)(-aru®) - (2yu0) cw' di

<Gl syl (=A) up — (=A)%ul g1y — 0

The following Theorem, which is a generalization of Theorem I in [4], is a sort of Moser-
Trudinger inequality and and it is crucial to prove Lemma 3.2.

Theorem 3.1 There exist constants C1,Cy > 0 such that for any € € (0,7) one has

C < sup 6/ elm=elulgg < Cy, (54)
U:G*f5||f||L1(sl)§1 st

and in particular

Ci < sup 5/ e(m=elu=ilgg < (. (55)
ueL}(SY): (=) 2u—al 1 gry<t 73
for some a€R
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Proof of Theorems 3.1. Clearly the second inequality in (55) follows from the second inequal-
ity in (54) and (52). Let us now prove (54). Given f with [|f[|z1(g1) < land setting u = G * f
we get

u(t)] =

—T t—m

1 t+m
= log ( ) f(6)|do + C.
= [ ee (5 ) 1ro)
With Jenses’s inequality and Fubini’s theorem, and using that || f||z1(g1) < 1, it follows

T B T T —¢ t+m

/ ey < ¢ [ exp ( / log ( ) (0 W) it
- T t—m |9 |
t+m — e
< C/ / exp < log (!6’ t\)) |f(0)|dodt (56)
—mJt -

tm s -2 CQ
=C dtdp < ==
t—m ’ ( )’ (‘0 - t‘)

%/tHﬂlog (!0 ‘> roao+ [ H(Q—t)f(@)d@‘

IN

This proves the second inequality in (54).
To prove the first inequalities in (54) and in (55) fix ¢ € (0,7), choose (fx) C C*(S1)
non-negative such that f — do weakly in the sense of measures, || fi|[1(s1) = 1 and let uy, solve

SIS

. _
(—A) uk:fk—% in S, @, =0.

Such uy can be easily constructed using the Fourier formula for (—A)%, see (123). Then by

Lemma 3.1

t+m

o) 2 [ Ga-0@a =2 [ o () o —c

Multiplying by 7 — £, exponentiating, integrating on S and taking the limit as k — oo one gets

lim el ®lge > lim l/ﬂ exp T—e /H—W log frx(6)do
k—oo Jg1 T k—oo C . T o ‘9 ‘
1 /7 T—g T
== — —1 —_
o e (P () o
1 (™ [\ = &
oG -

which proves (54) and also (55) since ug = 0. O

Lemma 3.2 (e-regularity Lemma) Let u € L'(S') be a solution of

(—A)%u = re" — 1, (57)
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with k € L>®(S') and e* € LY(SY) and A := ||ke¥| ;1. Assume that for some arc A C S!

/ |kle"do <7 —¢, (58)
A

for some € > 0. Then for every arc A’ € A with dist(A°, A") =46

|u — || oo ary < C(d,€,A). (59)
Proof. Set f := (—A)%u. We split f = f1 + fo where

f1=re"xa, fo=re"xac.
Let us now define

ui(t) := G fi(t) = Gt —0)f;(6)d9, i=1,2,
Sl
where G is as in Lemma 3.1. From (52) and (53) it follows that
u—1u=Gx(ke" —1) =G * (ke") = uy + us.
Choose now an arc A” with A’ € A” € A and dist(A", A°) = dist(A’, (4")¢) = §. With (51)

we easily bound

HUQHL‘X’(A”) § Cl = Cl(A,(S) (60)

It follows from (58) and Theorem 3.1 that [Jel*1] [ zr(s1) < Cp,e for some p > 1, and consequently
also e < C. Then for t € A’ we have

uy (t) < / G(t — 0)(|r|emr @ eu2O)+T _1)dp
A

< ||&|[ poe <ecl+“ / G(t — 0)e ) ag + / G(t — 0)e" D dg +c>
A// A\AII

1) (2)

<C,

where in (1) we use that G € L9(S') for ¢ € [1,00) and in (2) we use that G € L®(A’ x (A\ A")).
O

Lemma 3.3 Let \: S* — St satisfy (—A)%)\ e LY(SY) and let X be the harmonic extension of
A to D?. Then . )
VAl Lo (p2) < ClI(=A)2A|| L1 (51, (61)

and for any ball B, (xg)

1 - -
1 / VAdz < ClIVAll o) (5, (o) (62)
Br(xo)ﬂDQ

r

22



Proof. Let \: S! — S! satisfy (—A)%)\ € L'(S") and let X be the harmonic extension of \ to
D?. Then we can write

N

M) = [ Gy = [ Gle-8) )y (63)

Sl

where G is the Green function associated to the Neumann problem. It is know that V. (G(z,y)) €
L) (81) (see e.g. [26]). Therefore VA(z) € L(2>)(D?) as well and (61) holds.
The proof of (62) follows from O’Neil’s inequality [35]

/A’VS\WE < HXAHL@J)(A)HVS\HL(Z%)(A) =V ‘A’ij‘”L(ZOO)(A)

for any A C D2 O

Theorem 3.2 Let (\;) be a sequence as in Theorem 1.2, and let () C CY(D?,C) be holo-
morphic immersions with \y(z) = log |®/.(2)| for z € S' and ®x(1) = 0 (compare to Theorem
1.3) Then, up to extracting a subsequence, the following set is finite

B:={aeS": lim limsup/ |kgleMdd > 75 = {a1,...,an}, (64)
B(a,r)nSt

r—=0% koo

and for functions ve, € L'(S,R) and ®o, € W12(D?,C) we have for 1 < p < oo

_ - 1
Me— A = Voo in WEP(ST\ B), M= [ M\db, (65)
27 S1
and
& — by in W2P(D?\ B,C) and in WH-*(D?,C). (66)

Moreover, one of the following alternatives holds:

1. The sequence (A\x) C R is bounded and ®, is a holomorphic immersion of D*\ B (i.e. it
is holomorphic in D? and 0,®+, # 0 for z € D?>\ B).

2. A\ — —o0 locally uniformly as k — +o00, and ®oo = Q for some constant @ € C.

Proof. The sequence of measures |k;|eMdf on S' is bounded (for the total variation norm),
hence up to extracting a subsequence we have |k, |e* da X 1 weakly in the sense of measures
for a Radon measure u € M(S!). Let B := {a € S : u({a}) > 7}. Then B is clearly finite, say
B = {ai,...,an}, and is characterised by the first identity in (64). Indeed if p({a}) > =, for
every r > 0 and ¢ € CY(S!) supported in B(a,r) N S! such that 0 < ¢ <1 = p(a) one has

lim sup/ k| df > limsup [ |ry|eM pdd = / edu > p(a) =,
B(a,r)nS1t St St

k—r00 k—o00
and conversely if u({a}) < 7, then u(B(a,ro)NS!) < 7 for some ry > 0, hence taking ¢ € CO(S!)
supported in B(a,r9) NS, with 0 < ¢ <1 and ¢ =1 on B(a,r9/2) N S!, one gets

limsup/ |kpeMdd <limsup [ |ki|eMpdd = / edp < u(B(a,rg)) < .
B(a,ro/2)NS1t St

k—o00 k—o00 S1
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We now show that for every compact K C S'\ B there exits a constant cx depending on L
and & in (8)-(10) such that
e )| oo (1) < e (67)

and B
[ Ak = Akl (k) < ck- (68)

Indeed cover K with finitely many arcs A; NSy so that

/ kg |eMdl < .
A;NS1t

From Lemma 3.2 it follows that A\, — Az is bounded in each A;, and (68) follows. Moreover,
considering that ||€)\kHL1(Sl) = Ly < L, it follows that A\ and \; are upper bounded, and this
proves (67). Now writing A, — A\, = G * (ke — 1) as in (53) of Lemma 3.1 we can bootstrap
regularity and obtain that \;, — Ax is bounded in W!P(K) for every p < oo, and (65) follows
from weak compactness.

Let A, be the harmonic extension of A,. From (68), (61) and (62) we get

Hj\k - j\kHLoo(a(DQ\UﬁilB(ai,é))) < 05 for every o> O,

hence R
(M — Ag) is bounded in W'P(D?\ B). (69)

Since @y, is harmonic and conformal, the following estimate holds
2 1.9
/ V()P < L2 (70)
Do 2

Since ®4(1) = 0 it follows that the sequence (®;) is bounded in W12(D?) and, up to a subse-
quence, ®;, — @, weakly in W12(D?), where ®, is holomorphic.

From (16) it follows that [V®| is bounded in W,-P(S'\ B), hence ®y is bounded in W27 (S™\
B) and up to a subsequence one gets ¢ — P, in I/Vlif(Dl \ B), as wished.

Further, if A, — —oo, then (69) yields V®; — 0 uniformly locally in D? \ B, hence ®
is constant. Similarly, if A, > —C, then |V®y| is locally uniformly lower bounded on D? \ B,
hence V@, # 0 in D?\ B. O

3.2 Blow-up Analysis

In this section we associate to a sequence (\x) satisfying (8)-(9)-(10) a sequence of curves
(7)) € W?2>(S1 C) with bounded lengths L; < L, curvatures bounded by &, |y = 5—7’;, a
sequence (®;) C C1(D?,C) of holomorphic immersions so that |(®})|s1| = e* and a sequence
of diffeomorphisms oy, : S — S! such that ®, 004, = ;. Up to a translation we can assume that
@1 (1) = 0, and by Arzela-Ascoli’s theorem vy — oo in C1(St, C) for a curve v,, € W2(S1, C).

Notice that (®j) and (A\) satisfy the hypothesis of Theorem 3.2, and up to a subsequence
we can assume that (65) and (66) hold for a finite set B = {ay,...,an} and functions v €

LY(SYR) and @, € WH2(D? C). Moreover, either 1. or 2. in Theorem 3.2 holds.
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We introduce the following distance function Dj: S' x St — R,

1 )
Dila.d) = inf{( / @;(Ak(t))rﬂazuwdt} ,
Ay € W(0,1], D7), Ag(0) = o3(q). Ax(1) = ak<q'>}, (71)

It is well-known that the infimum in (71) is attained by a path Ay such that |®} (Ag(t))||AL (1) =
const . For such path we then have

1 1 1
( / |<1>k<Ak<t>>|2|A<t>|2dt> - [ ehaonisiola = [ L

In the sequel we sometimes identify the parametrization of a curve A with its image .

Proposition 3.1 1) The function Dy is Lipschitz continuous with ||V Dg| e~ < 1 and it con-
verges uniformly.

2) The infimum in (71) is attained by a curve Ay in normal parametrization such that the
curvature of ® o Ay is bounded by ||k Lo -

Proof. 1. Let q,¢',G,§ € S*. The following estimate holds

Di(q,d") < Di(q.q)+ arc(vi(q), (@) + arc(v(q'), (7))
< Di(q,q)+lg—dal+1d =7

By exchanging (q,q¢") and (g, q’) we get that

’Dk(qaq/) - Dk(d7q,)‘ S ‘q - q‘ + ’q/ - (j/’7

and we conclude.
2. For a geodesic A with respect to Dy, the curve ®; o A is a geodesic in C under the
constraint that ®, 0 A C ®;(D?). This must be a union of segments (contained in ®;(D?)) and

arcs of the curve 7, where the segments touch the curve 7, tangentially. Hence the curvature
of 4 o A is bounded by ||k || -
This completes the proof of Proposition 3.1. a

We give next the definition of a pinched point for the curve v .
Definition 3.1 (Pinched point) A point p € S is called pinched point for the sequence (i)
if there exists p' € S, p # p' such that limy_, o Di(p,p’) = 0. We call p’ the “dual” of p

and we will show in Lemma 3.6 below that such dual is unique. We denote by P the sets of the
pinched points of Yo -

Remark 3.1 The definition of pinched point is independent of ®; and oy in the sense that if
), = ®y, 0 f, where f: D> — D? is a Mobius transformation and if &, = f,;l o o, then

lim / |®% (A(2))||A'(t)|dt = 0, if and only if lim / |, (A@))||A(t)|dt = 0.

k—+o00 k—+o00
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Proposition 3.2 Assume that we are in case 2 of Theorem 8.2, i.e. ®p — Q in C’llo’g([)2 \
{ai,...,an}) for a constant Q € C. Then N € {1,2}. If N =2, let Cy and C_ be the connected
components of S' \ {a1,as}. Then ak_l — p* locally uniformly on Cy, where pT,p~ € P are
dual. Moreover Q@ = 'Yoo(er) = ’Yoo(pi) and ;Yoo(er) - _;Yoo(pi% "fkeAk = ﬂ'((sm + 5a2) and
Uk = A — Ak — Uso 10 I/Vli’f(Sl\{al,ag}), where Vs, solves (12). If N =1 then vy — v where
Voo Solves (11).

Proof. By Theorem 3.2 we have \; — —oo and \;, — —oo uniformly locally in S'\ B =
{ai,...,an}. In particular, since the signed radon measures kreMdx are uniformly bounded,
we have iy, X 1 for a Radon measure supported in B, which then we can write as 4 = Z@]\L 1 @i0g, -

Moreover, since
/ kpe™r df = 21,
S1
. N
we infer that > ;" | oy = 2.

Let us assume that N > 2. We want to prove that «; = 7 for every ¢, hence necessarily
N = 2. In order to prove that «; = m, up to a rotation we can reduce to proving that a; =«
and assume that a; = i. We can also assume that N = 2 and as = —¢. If this is not the case, it
suffices to compose ®;, with Mdbius diffeomorphisms fi(z) = IZJF_Z.Z’; with t; 1 1 slowly enough
so that @y, := &y, o fj, is still as in case 2 of Theorem 3.2, with B = {a1 = i,a9 = —i}.
Then let @, be as above, with & — Q in W2P(D2\ {i, —i}). Set

loc

Vk(z) = e_)"“(fbk(z) — ‘Pk(O)), Vi — log ’Vk,’Sl’ = )\k — j\k .
By Theorem 3.2 we have

Up — Voo in WRP(ST\ {4, —i}) and in D'(S1),

loc

where v, solves

(—A)%voo =ad; + (271 — a)o_; — 1, (72)

for some o € R. Similarly V}, — V, in Wi’f(l—ﬁ \ {i,—i}). Solutions to (72) can be computed
explicitly using Lemma 3.1, so that

2T — «
2

Voo (€1 = —% log(2(1 — sin 6)) — log(2(1 + sin 6)).

Notice that writing z = = + iy, for z = € € S we have
2(1 —sinf) = 2? +¢y* — 2y +1 = |z —i|?,

and similarly 2(1 + sin#) = |z + i|%. In particular the v, can be extended to a holomorphic

function
2m — «

~ « . . = .
bol2) 1= — - log((z — %) — 22 log((z 4 i), 2 € D\ {i, i) (73)
The estimate (69) together with (16) implies that

cs' < Vi <es; on D?\ (B(i,6) UB(—i,8)) for every § > 0.
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Therefore Vj, = Vi as k — +o00 in I/Vli’f([)z \ {7, —i}), where V is a conformal immersion of
D%\ {i,—i} . Moreover, still using (16), from (73) we obtain

VL (2)] = !

BERUH R

Since V. is holomorphic in D?, up to a rotation (i.e. multiplication by a constant %) we
obtain

, 1 z dz
o) = ey W /0 - )F(z i =
Up to possibly switching ¢ with —¢ we may assume that o < 7. The function V is also known
as Schwarz-Christoffel mapping! and sends the two arcs of C;,C_ C S! joining i and —i (chosen
so that +£1 € Cy) into two parallel straight lines if & = 7 and into two half-lines meeting at
Voo (1), forming there an angle of 7 — a if & < .
Claim 1. As k — +o0o we have 01;1 — p* in LS (Cy), where pT,p~ € S1, with p™ # p~.

Proof of Claim 1. Notice that & — Q in W2?(D?\ {i, —i}) implies that

loc

0051
00

This proves the first part of the claim. Assume by contradiction that p* = p~. Set pif =
Uk_l(:lzl) — pE. By assumption |arc(p;,p; )| — O (here arc(p;,p, ) denotes the shortest arc
connecting pz to p, ). Since oy, is a diffeomorphism, for small 6 > 0, ak(arc(pz,p;)) contains
either S' N B(3,8) or S' N B(—i,68). Suppose it contains S N B(i,d) . Then

/ eMdf = / @7 (e)|do
SINB(i,8) SINB(i,5)

< / |6 (74)
arc(p} ,py)

Ly _
= g’arc(pzapk)‘ — 07

— 0 uniformly locally in S*\ {i, =i} as k — +oo.

as k — oo. This contradicts that ¢« € B, and concludes the proof of the claim 1. O
Claim 2. p* is a pinched point and p~ is dual to it.
Proof of Claim 2. Let p{ = o, !(+1) be as above. Consider the path

Ay = arc(op(pT),1) Uarc(op(p™), —1) U [-1,1],
where [—1,1] is the segment in D? joining —1 to 1. Since as k — oo we have

A I + 4
/ w0 = [ fialdo = ZrlEe@i Pl (75)
arc(og (pt),%1) + 27

arc(pj. ,pF)

and

/ |<1>§§||dz| < 2 sup |<1>§§||dz| — 0,
- ] [7171]

)

lup to composition with a conformal transformation, since Schwarz-Christoffel maps are usually de-
fined on the half plane {z € C: Rz > 0} instead of the unit disk.
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we immediately infer that

/ B} [dz] - 0,
Ay

hence pT is dual to p~. This proves claim 2. O
Now
9Py, (1) 9P, (1)
e A 20 G ) IS W W
L—k’Yk(Pk) = |5¢%(6i1)| RS VU WSS W VR +o(l) ask— oc. (76)

In particular, denoting by (v, w)” the angle between two vectors, we have

WVoo(1) WVa(=1)\"
00 0 >

Gulm), i) — ( —a. (77)

We consider now different cases.
Case 1: 0 < a < 7. Since p;f — p* and p* is pinched to p~, and since

() = (0| < Di(pi . py,)

_ Ly _
< Di(p*,p )+g(|ar0(p+,p2)l+|ar0(p Nonl)
—0 ask — o0

and taking (77) and the bound K on the curvature of 7 into account, we see that for positive
numbers 5,:: — 0 as k — oo we have
(e ) = i (p e ), (78)

i.e. the two curves t — i (pfeiit) cross in short time (see Figure 6). Because 5ki — 0 we have

Li(6) +6;)

Di(pf e ,p; e ™) < Dy(pf,py,) + -

— 0, ask — oc. (79)

Let now Ay, : [0,1] — D? be a geodesic realising the distance on the left-hand side of (79). Then
(78) implies that ®; o Ay is a closed curve (non-constant, since p;re’ﬁl:r #* p,;e_i‘sk_ for k large)
so that the integral of its curvature is at least 7 (see Lemma 3.4 below). On the other hand
Proposition 3.1 implies that the curvature of ®; o Ay is bounded by &, and since the length of
such geodesic is going to 0 according to (79), we get a contradiction.

Case 2: o = 0. Similar to case 1, if the curves Vk(pfeiit) cross for small times 5ki — 0, we

conclude as before. If not, we can at least say that up to a rotation of the axis
Voo(D?) = {z +iy : y < 0} (80)
and that for small times 5;5 — 0 we have
. + o is—
Ry er ) = Rk (py e %)) (81)
and without loss of generality

S(u(pi ™)) > S(yelpp e ), (82)
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Figure 6: Case 1

where for z,y € R we used the notation R(x + iy) = z, (z + iy) = y (see Figure 7). Moreover
since the curvature of 7 is uniformly bounded and 5,? — 0, using (76) and (80) we infer

. ot .
(P ) i)

. sE 4 oE
Iwk(p,fei“sk ) k(i)

+0o(1) = —1+0(1),2 (83)

i.e. the curvest — (pfeﬂt) at the time t = 52[ are almost horizontal and pointing into opposite
directions (notice that change of orientation between the curves ¢ — i (e') and t — 7y (p, e *)).
As before (79) holds, so let Ay : [0,1] — D? be geodesic realising the distance in (79), with
Ak(0) = (p:ei‘slj ) and Ay (1) = v(py e ® ). Up to a reparametrization we can assume that
Ay = B0 Ay [0, L] — C satisfies |Ak(t)| = 1. Since the map ®;, preserves the orientation,
from (83) we infer

S(AK0) <04 0(1), S(Ag(1)) >0+ o(1),

ie. up to ao(l) - 0 as k — oo we have that ék(O) points downwards, while Ay (1) points
upwards. Now using (81) we see that the curve Ay has total curvature at least § — o(1) (see
Lemma 3.5 below) again contradicting Proposition 3.1 and (79).

2the symbol A (pkieiw% ) denotes the derivative of the curve t — 5 (e") evaluated for e = pfeiw% ,
and not the derivative of the curve t — g (pife™™) evaluated for ¢ = 6.
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Figure 7: Case 2
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Case 3: o < 0. Let A be the straight segment in D? (seen as a smooth path) joining —1 to 1.
Since A C D?\ {i, —i} we have that VoA — VoA, and by the explicit form of V, we deduce
that the unit tangent vector of the curve V4, o A describes an arc in S! of lenght at least |a| + 7
(we are using that A touches S' perpendicularly, and V,, is conformal). This implies that for k
large enough, any C'-curve of the form ®; o A for a curve A € C''([0,1], D?) with A(0) = —1,
A(1) = 1 has a unit tangent vector describing an arc of length no less than |o| — o(1). If such
a curve is minimizing Dy, since by Proposition 3.1 its curvature is bounded by k&, its length
cannot go to zero as k — oo. But this contradicts that p™ and p~ are pinched points , since
if A is a geodesic minimizing Dy (ox(p™),0r(p™)) (with lenght going to 0 since p* and p~ are
pinched), then joining A with the two arcs arc(o(p*), 1) and using (75) one would obtain
paths joining —1 to 1 of Dy-length going to 0.

The only case left is a = 7, and this completes the proof. a

In the proof of Proposition 3.2 we have used the following.

Lemma 3.4 Let A € W2([0,L],C) be a curve satisfying |A(t)| = 1 for every t € [0, L] and

A(0) = A(L). Then
L
/0 Ie(t)|dt > T,

where Kk is the curvature of A.

Proof. Let 6 : [0, L] — R be a continuous function such that A(t) = €® for t € [0,L]. Then
it is easy to see that 8 = k. We have 0([0, L]) = [#_,0,] C R for some 6_,6, € R. Assume now
that

0y —0_<m, (84)
and set 9 9 .
0:= +; =, v:i=é€Y.
Then since () — 0] < Z for every ¢ € [0, L], we have
d . . .
LA = (A1) = (@0, 67) > 0,

with identity possible only for a proper subset of [0, L], where |§(t) —6| = Z. But this contradicts
that A(0) = A(L). In particular (84) cannot hold, and we get

L L
/ ()| dt = / 16()[dt > osc(8) = 0, — 0 > .
0 0
U
Lemma 3.5 Let A € W2°°([0, L], C) be a curve satisfying A(t) = 1 for everyt € [0, L]. Assume

that
R(A0)) = R(A(L)), (85)

and that for some (small) € > 0 one has

S(A(0) <&, S(A(L)) > —e. (86)



Then
L ™
/ ()t > T — Ce,
0 2

where k is the curvature of A and C' is a universal constant.

Proof. Let § € W1°°([0, L], R) be as in the proof of Lemma 3.4. Then (85) implies that for some
t1,ty € [0, L] one has R(e?(1)) < 0, R(e(*2)) > 0 (otherwise A would be pointing always right
or always left). Condition (86) implies that (&) < ¢, 3(e1)) > —e. Then we immediately
infer that the oscillation of 6 is at least § — Ce, and we conclude as in the proof of Lemma 3.4,
using that & = 6. (]

Next we prove some properties concerning the set P .

Lemma 3.6 Let pT, p~ be dual pinched points, and assume that oy(p*) = £1. Then ®y is as
in case 2 of Theorem 3.2, B = {a1,a2} and +1 & B. Moreover every pinched point p has only
one dual p' and |arc(p,p’)| > %

Proof. Let us start from the first claim. If ®; is as in case 1 of Theorem 3.2, then
/ |®).(2)||dz] > C  for every Ag with Ag(0) = —1, Ag(1) =1, (87)
Ay

in contrast with the fact that p™ and p~ are pinched. Then we are in case 2 of Theorem 3.2
and by Proposition 3.2 we have N € {1,2}. Assume now that a; = 1 = o4 (p™") (the reasoning

is similar if a; = —1). Then we compose ®; with M&bius diffeomorphism fi(z) = 1Z:tikz where
tr T 1 is chosen so that for a fixed small § > 0 we have for k large enough
p s
(@1 0 fr)'(2)l|dz| = o (88)
S1NBs(1) 2K

In other words the effect of fi is to stretch the disk to remove the concentration at the point
a1 = 1, concentrating the disk towards —1. Then ) = P 0 fr is necessarily as in case 1
of Theorem 3.2. Moreover the corresponding ¢y = f; 1o oy, still satisfies 6k(pi) = =41, since
fr leaves &1 fixed. This together with (88) contradicts that p™ and p~ are pinched, since by
conformality and convergence of ®j, in a neighborhood By /2(1) we have |®)| > C, hence (87)
holds with @, instead of ®. Therefore, going back to the original maps @) we have proven that
+1¢ B.

To rule out the case N = 1 it suffices to observe that in this case o} (p™) and o4 (p~) would
belong to the same connected component of S'\ B, hence, since ®, is as in case 2 of Theorem
3.2, we would get |arc(o;, (1), 051 (1))| — 0, which is absurd, since o}, *(£1) = p* and p* # p~.

Claim 1: every pinched point p has a unique dual p'.

Proof of the claim 1. It suffices to prove that given any 2 pinched points p™, p~ dual
to each other, then Y (p™) = —3oo(p~) (since then a third point p dual to p* would be also
dual to p~ hence Joo(p) would have to coincide both with 4., (p™) and its opposite, which is
impossible). Let us therefore consider two pinched points p™, p~ dual to each other. Up to
considering ik = ®po fr and o = f Lo o for suitable Md&bius transformations f, we can
assume that &y, (pi) = +1. Then, by the previous part of the lemma, ®;, blows up at two points
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a1, ay different from +1. To such @) we can then apply Proposition 3.2 with C4 being the
connected component of S'\ {a1,as} containing +1. We then infer that Y. (p*) = Yoo (p™).
Claim 2: |arc(p,p)| > €.
Proof of the claim 2. Claim 2 follows from the fact that both arcs A4;, A; joining
&k(pi) = =1 contain a blow up point a; or ao, for which

/ ]/?;k\ej‘k]dz]:/ ke |dz] > 7 — o(1).
A; fi(Ag)

Lemma 3.7 The set P is closed.

Proof. Let {p,} and {p),} be respectively a sequence of pinched points and their duals, with
Pn — Doo and pl, — pl as k — +o00.

We first observe that |p, — p/,| > C > 0 for all n > 0, hence po, # pl -

For all p, there exists curves A, C D? with A, = {ok(pn),o(p),)} and

li P/ dz| =0.
Jm [ (o)

Since Y, — Yoo in C(S!) as k — +o0o, we have

lim lim |9%(¢)|dt =0

k%Jroo n—-+o0o arc(pn 7]700) (89)
li li Vi (B)|dt = 0.

kﬁlrfoo nroc arc(ph, ,pho) ) "

We set .

An,k = An,k Uarc(ox(pn), ok (Pso)) U arc(ow(pn), ok (Poo)) -
For all k, we have A, — A as n — 400 with 0A o = {01(Po), o1 (P)} and since
®p. 00 =7, on St from (89) we have

. / _ . . / _
Jm [ Gl = [ 9l =0
Hence p is by definition a pinched point and pl is its dual. O

We introduce now the following equivalence relation on the set S\ {P}.

Definition 3.2 Given p,q € S'\ {P} we say that p ~ q if and only if there exists a sequence
of paths Ay,: [0,1] — D? with Ay(0) = ox(p), Ax(1) = ox(q) such that

lim inf dk(Ak,Jk(P)) >0, (90)

k——4o00

where dy, : D? x D?> — RY is the distance defined as

o) =int { ([ 1 \@MA(t))P\A(t)Pdt)% |

A e Wh2([0,1], D%), A(0) =z, A1) = w}.
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Proposition 3.3 Let ¢ € S'\ {P}, A, and B, be respectively the equivalence class and the
connected component containing q. Then By C A, .

Proof of Proposition 3.3. Let ¢ € S\ {P}. We show that A, N B, is open and closed in B, .
1. A,N B, is open in B,. Let § > 0 small enough so that e''q € S*\ {P} for t € [-2, 2]

and
/ 52) ] < 5 o1
op(arc(e—28iq,e28iq)) 2K

Now set gy = e g, ¢; = q and ¢ = e?éq. Let fr be the sequence of Mobius transformations of
D? such that &1(q0) = 1,6%(q1) = e%,@g(qg) =e'5 . We apply Theorem 3.2 to & := ®y 0 f,
and notice that if we are in case 2 of Theorem 3.2, then there are one or two blow-up points. In
the latter case away from the blow-up points {a1, as} we have that lel locally converges to two
pinched points, which implies that one of the ¢;’s lies in P, contradiction. In the former case for
one couple of points, say g1 and g one has

[ = | B12) 2] = 0
arc(q1,q2) arc(dk(q1),0%(92))

contradicting that |4x| is bounded away from 0 and |arc(qi, g2)| = 6.

Therefore we are in case 1 of Theorem 3.2 and ®;, — ®,, in WH2(D?) and in VVE)’(?(DQ \ B),
where i}oo is a holomorphic immersion in D?\ B, B = {a1,...,ayx} and 5 ¢ Bfori=0,1,2.
Since |®/| > Cs > 0 in D%\ UY, Bs(a;), for every p € arc(qo, q2), choosing as Ay, the segment
joining o (p) to ox(q) satisfies (90), showing that Bs(q) N S! C A,.

2. A, N B, is closed in B,. Let g, € A; N B, be such that ¢, — go € B,;. For every n
there exists AF with A¥(0) = 01(g,) and AX(1) = ox(q). and

lim inf dy, (A%, o (P)) > 0. (92)
k—+o00

Consider now the path ¥¥ = arc(o(goo), o1 (qn)) U AE | joining 01 (geo) to ox(q) . We claim that

lim inf dy, (2%, o (P)) > 0.

k—+o00

Indeed, considering (92), it suffices to prove that for n sufficiently large

lim inf dj,(arc(ok(go0 ), 0k (qn)), ok (P)) > 0. (93)

k——4o00

Assume by contradiction that the liminf in (93) is zero.
For every k and n, let ¢¥ € arc(goo, ¢) and p¥ € P such that

lim inf Dy (g%, p%) = 0.

k——+o0

Up to subsequence qfl — (oo and pfl — Poo € P as n,k — 0o and

lim lim Dy(¢h,pf) = lim D =

but this contradicts that g ¢ P . This contradiction proves that g € A, N By, hence A, N B,
is closed in B, . O
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Proposition 3.4 Let A be an equivalence class in S' \ {P}. Then there exists a sequence
fr: D? — D? of Mébius transformations such that ®y = ®j o f, — Do in VVlif(DQ \ B),
B = {ai,...,an}, and letting as usual 6 be such that vy, = ®. 0 5, one has 5,;1 )
Wiet (5™ \ B),

loc

1/100(51\3):«4 (94)
and oo (A) = Bog(§'\ B) . In fuct (voo)ulA] = (B00).[5"\ B].

Proof. Given ¢ € A take f;, as in the proof of Proposition 3.3 and set @y, := &, o f. We have
shown that @), — @, in WhH2(D?) and in V[/'lzo’f(l_)2 \ B) for a finite set B = {ay,...,an}, where
® o is a holomorphic immersion (Theorem 3.2, case 1). In particular this implies that ¢y := 5,;1
is bounded in Wi’f (S1\ B) and up to a subsequence ¥ — 1o in Wi’f (S1\ B). Clearly

Yoo (ST\ B) C A.

Conversely, given p & 1, (S'\ B), we want to show that p ¢ A. Given such p we have 61(p) — a;
for some a; € B, since otherwise we would have p = ;0 5%(p) — Yoo (ps) for pi € ST\ B. Since
V., € L?(D?), from Fubini’s Theorem we can find a sequence ¢!, — 0 such that

lim V@ (2)|?|dz| = 0. (95)
=100 J9B(a;,8%)ND?

For every a;, set {pz;,pz’;} = &, '(0B(a;, %) N S*). We have |p§€’; - pz’m > Cy for any n and
k large enough, since by definition of the blow-up points one has for k large enough

[ b= [ Mz > T
arc(p:’;,p:;) B(a;,85)NST 2

Therefore up to subsequence pZ’;L — pk and pz; — pi with pit # pi and
lim Dy (6%(p% ), 6105 )) = 0
k—o00

In particular pé’o_ and pé’j are pinched. Then condition (95) implies that any path Ay joining
51(q) and &4 (p) for k large enough it close to 71 (ps ) € 61 (P), hence p € S*\ A.
Finally

('YOO)*[-A] = %%(700)*[1/100(51 \ UaieBB(azﬁ(S))]
= lim lim (y)+[6% 1 (S*\ UayeBB(ai, 6))]
= lim lim (®4).[S" \ Uy, B(a,0)

_ }%(ém)*[sl \ Ua,e5B(a;,0)]
= ($oo):[S"\ BI.
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3.3 Quantization result: Proof of Theorems 1.2 and 1.4

In this section we prove Theorems 1.2 and 1.4. In Theorem 1.2 we will show that under the
hypothesis of Theorem 3.2 ke — 1 weakly in the sense of Radon measures where p is a Radon
measure which is the sum of a locally bounded (possibly vanishing) function and a (possibly
empty) sum of Dirac masses. We also give precise estimates on the coefficients of the Dirac
masses. In the Theorem 1.4 we show that up to a suitable choice of Mdébius transformations we
can “detect” all the connected components arising in the limit.

Proof of Theorem 1.2 . From Theorem 3.2 there is a (possibly empty) set B = {a1,...,an} C
St such that (65) holds. Moreover from (8) and (10) it follows that H(—A)%)\kHLl(SI) < C.
Therefore (53) implies

M — Aellpagsry < € for every g < +o0.

Up to extracting a further subsequence we have vy := A\ — A\, — Voo in L4(S1) and

=

e 5 (—A)%wC L (=A) 20 =p—1  in M(SY), (96)
where M(S!) denotes the space of finite signed measures on S'. Up to a subsequence we also
have kj, — Koo in L°(S'). We now distinguish three cases.

Case 1. Suppose that we are in case 2 of Theorem 3.2 and N = 1, i.e. A\ — —oo locally
uniformly in S\ {a1}. Then p = ¢16,,, and since

/ kpe ' dh = 2,
Sl

it follows at once that ¢; = 2w. The explicit form of vy, follows from Lemma 3.1.

Case 2. Suppose that we are in case 2 of Theorem 3.2 and N > 1. Then we conclude applying
Proposition 3.2, which in particular implies that N = 2 and p = 704, + 7d4,. Again the explicit
form of vy, follows from Lemma 3.1.

Case 3. Suppose that we are in case 1 of Theorem 3.2, i.e. Ay > —C. Then A\ — Ao weakly
in Wli’f(Sl \ B) and for every ¢ € C°(S!\ B) we have

[
D=

0= lim Me(=A)2¢p — (kpe —1)@)df = lim (Ao (—A)

k—oo Jg1 k—oo J g1

o — (n—1)p)db.

In particular the distribution
1
Too i =(—A)2A —p+1

is supported in B, and since by (96) Ts, € M(S'), the order of T, (as distribution) is 0, hence

N
Too = Z Cj(saj .
j=1

In order to compute the coefficients c; let x; : S - Rbelon SlﬂU?ﬂB(aj, 0) and 0 otherwise.
We rewrite the equation (9) as follows:

(—A)2 A = (1 — xo)Rre™ + xsrne™ — 1. (97)
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Since
lim (1 — x5)kre™ = (1 — xs)hoo€™> in D'(ST),
k—oo
testing (97) with ¢ € C°°(S') and letting k — co we get
/ ()\OO(—A)%@ — (1 = X§)Koo€ ¢ + p)df = lim xskre*odf
g1 k—oo Jg1
and letting 6 — 0 we infer

(Too, ) = lim lim Yokre™* odb.
S1

6—0 k—o0
By choosing ¢ = 1 in a neighborhood of a; for a fixed j, and ¢ = 0 in a neighborhood of B\ {a;}
we get

¢; = lim lim Kpekdo.
6—0 k—oo 511B(a;,0)

We now want to compute ¢; for a fixed j € {1,...,N}. Consider the Mobius transformation

fe(z) = S RPN Py, := By, 0 fy, for a sequence t T 1 to be chosen. By Corollary 2.2 we have

1-tra;z’
A 1= log ]ff;g\ =i o fr +log|fil, Rk :i=kpo fi,

and . }
(—A)z )\ = I%ke)‘k — 1.
Since log | f;,| = —oo locally uniformly in D*\ {a;}, and log|f} (a;)| = oo it is not difficult to

see that if ¢, 17 1 slowly enough, then Ay, — —oc uniformly locally in D?\ {aj, —a;} and we can
apply Proposition 3.2 to @, and obtain that

/%kej"“ A T(0a; +0-q;)-

With a change of variable we then get

7= lim lim Rkej"“ df = lim lim kpekdh = Cjs
6—0 k—o0 S1NB(a;,0) 6—0 k—oo fx(STNB(a;,5))
where the last identity holds up to having ¢, 1 1 slowly enough. O

Proof of Theorem 1.4. From Proposition 3.3 it follows that S\ {P} = UjcsA; where J is
an at most countable set and A; is an equivalence class generated by the relation in Definition
3.2. From Proposition 3.4 it follows that for every class A; there is a sequence of Mobius

transformations f,g (z) such that
. o 5 . ,
&) :=Ppo fi =@, in W P(D*\ Bj), Bj:{b{,...bgvj},

where &2, : D2 \ B; — R? is a conformal immersion and 7o (A;) = ®L,(S! \ Bj). Moreover we
have

(Yoo)«[S*\ P] = (®L).[S"\ Byl.

jed
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We have o
D (reo)e[ A = D (®L).[S1\ By,
JjeJ Jje€J

and it remains to prove that

(700)*[7)] =0.

In order to do that let 7 : P — P be the bijection which to a pinched point p associates its dual.
For a differential form ¢ : C — L(C,C) we have

(o) [P](6) = /P (0 (1)) (oo () . (98)

Now recall that
’Yoo(t) = VOO(T(t))a ;Yoo(t) = _;Yoo(T(t))' (99)
For a sequence t,, € PT with ¢, — t € PT as n — oo we have
Yoo (tn) = Yoolt) + Foo (t) (tn — 1) + 0(tn — 1),

oo (7(E)) = o0 (7(8)) + A0 (1 (6)) (7(tn) — 7(8)) + 0 (tn) — 7(8)). (100)

where for simplicity of notation we identified S' with the interval [0, 2], with zero corresponding
to a point in S\ P. Using (99) and (100) we infer that

rt) = 7() _ |

lim
n—o00 t, — 1t
Then at a density point of P we have ‘fl—; = —1 in the sense of approximate differentials (if the

density of P is everywhere 0 then |P| = 0 and we are done). Therefore
/ D (Voo (1)) (Yoo (£))dt = —/ P (Yoo (T (1)) (Yoo (T(1)))di
P P
—— [ o) (it
T(P)=P

where in the first identity we used (99) and in the second identity we made a change of variable.
This proves that the integral in (98) vanished for every differential form ¢, hence (vo0)+[P] = 0.
Since for every j € J the sequence (@i) is as in case 1 of Theorem 3.2, i.e. setting )\i‘ =

log |(<i>i)’|51| we have |5\i| < C, we can apply Theorem 1.2, part iii, and it follows at once that
the blow-up set of )\?C is B;. a

4 Relation between the Liouville equations in R and
Sl
Consider the conformal map G : D?> — R? given by

iz+1  z+z+i(]z2-1)
z4i 14 z24i(2—2)

G(z) =
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We will use on the domain D? the coordinate z = & 4 in and on the target R? the coordinates
(x,y) or x +iy. Writing G in components,

2¢
(L+m)?+€

Gl(z) = RG(z) = G*(2) = SG(z) = (e

and using the polar coordinates (r,6) on D? one easily verifies

__t odl
. 140 00

06!
or

L,
7":1_ " Or

1 0G?

=i g ae| "

r=1

r= r=1

Notice that G|g1(§ + in) = %n’
ST\ {—i} onto R. Its inverse is

- (z) = —2% +¢<—1+ 2 ) (101)

:1—|—£C2 1+ 2

i.e. II ;= G'|g1 is the classical stereographic projection from

If we write II(z) = €?(®) we get the following useful relation

2 2
1422 14 T11(6)2

1+ sin(6(z)) =1+sin6, (102)

which follows easily from sin(f(x)) = S(IT"1(z)) = L‘r—ii

Proposition 4.1 Givenu:R — R setv :=uoll : S — R, where Il := G'|g1. Thenu € L1 (R)
2
if and only if v € L' (SY). In this case

(—A)7u)(I(e))
1+ sin@

(—A)3u(e®) = in D'(S"\ {~i}), (103)

i.€.
(=8)20,0) = (~A)2u 9ol for every o € CG(S\ {~i}).
Further if (—A)%u € LY(R), or equivalently (—A)%U|S1\{,i} € L'(SY), then
I ~A)3u)(TI(e? 1
(AR = U 1)+us)i(n€(e ) s inD(sY), 'y:/R(—A)Eudx. (104)

Proof of Proposition 4.1. Since

_ [ 2 ()]
/S1 |v|d6 —/Rwdx

it is clear that v € L'(S!) if and only if u € L1 (R).

2 —
_ Given now ¢ € C(ST\ {~1}) set ¢ :== poIl™! € CX(R) and let ¢ € C°°(D?) and
e C®NL® (Ri) be the harmonic extensions of ¢ and ¢ given by the Poisson formulas (125)
and (132) respectively. It is not difficult to see that 1) o G| e is continuous, harmonic in D? and
it coincides with ¢ on S'. Then by the maximum principle ¢ = ¢ o G in D?\ {—i}.
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Using polar coordinates we compute
d(poG1) oG!
ox or

1+ 22
2

oll™! = —

o
dy

y=0

Then using Propositions A.1 and (A.3) we get

(~a)rogh= [ 0| as

,Var el
_ op
— 1 hitd
= [worrian (52|
dx

By
R 0y y=0

= ((~A)zu,y),

so that (103) is proven.
In order to prove (104) set f := ((—A)%v)|51\{,i} € D'(S'\ {—i}) and notice that

1
HfHLl(Sl) = H(_A)2u||L1(]R) =1.
Since f € LY(S') c D'(S'), we have

T:=(—A)zv — f € D/(SY) (105)

and supp(T) C {—i}. We claim that T' = c¢§_; for some constant c. Up to a rotation of S, it is
convenient to assume that 7 is supported at {1}. In this case we can write

N
T = Z e D*80,
k=0

for some N € N and ¢, ...,cy € C, which leads to

N N

(T, p) = ch(—l)kagoo = ch Z(—m)km, for ¢ € D(SY). (106)
k

=0 n€EzZ
On the other hand according to (124) we have for ¢ € D(S?)

(=8 v = [ 00) S e a9

neN
= n|@(n) v(0)e” ™
ILED ROl (107)
=2 Y [nfo(n)30n).

neN
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where the sum can be moved outside the integral because ), [n|[¢(n)| < co. Similarly

(f.0) =21 f(n)g(n), for p € D(S). (108)

neN

Clearly (105), (106), (107) and (108) are compatible only if ¢, = 0 for k£ = 1,..., N, hence
proving (up to rotating back) that T = ¢yd_;, as claimed. Finally, testing with ¢ = 1 we obtain

0= ((~A)20,1) = (f,1) + (T, 1) = | (~A)2ul| 1 + o,

which implies that co = —H(—A)%UHLL =

Given now u € L1 (R) we want to define a function A\ € L'(S') such that
2
H*(QQU‘dx‘Q) — 62)"d9’2,

where IT* denotes the pull-back of the stereographic projection, while |dz|?> and |df|? are the
standard metrics on R and S respectively. Since

2
H*(62u|d$|2) — <8H> 62u(1’[(0))|d9|2

20
we find oI
A(0) = u(11(9)) + log 20| u(I1(9)) — log (1 + sind), (109)
or equivalently and using (102)
_ 2
u(z) = NI~ Y(x)) + log (1 n x2> ) (110)

=

Using Proposition 4.1 we can now easily relate (—A)%u and (—A)2\.

Proposition 4.2 Givenu: R — R set A as in (109). Thenu € L1 (R) if and only if A € L*(S?),
2

and (—A)%u € LY(R) if and only if (—A)%)\ € LY(S*\ {—i}). In this case u solves (20) if and
only if X solves

(—A)%)\:/ie)‘—l—i—(%r—c) 6_; in St (111)
with K =V oIl and ¢ = H(—A)%UHD(R)
Proof. This follows at once from Proposition 4.2 and Lemma 4.1 below. O

Lemma 4.1 We have )
(=A)zlog(l +sinf) =1—2m6_,.
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Proof. Notice that by (102) we can write

2
log(1 +sinf) = I1(6 =1 — .
o8(1-+5in0) = uro(TO)).  uro(o) =tog ()
Then Propositions 5.1 and 4.1 imply

(—A)7u(I1(6))

1 . 1
(=A)zlog(1 + sinf) = T [(=A)Zul[10—;
u1,0(II(0
= M Sy / €u1,0(%) g0

1 —|—sin9 R
=1-2m6_;.

5 Proof of Theorem 1.6 and Proposition 1.1

Before proving Theorem 1.6 we show that the functions defined in (27) are indeed solutions of

(24)-(25).

Proposition 5.1 For every pn > 0 and xo € R the function uy z, defined in (27) belongs to
L1 (R) satisfies (25) with L = 27 and solves (24).
2

Proof. That uy,, € L 1 (R) and [ e"»*odx = 27 is elementary. The equation is invariant
under translations and dilations in the sense that for all zg € R and A\ > 0 if u is a solution
of (24) then u(A(x + xp)) + log(\) is a solution of (24) as well, hence it suffices to prove that
u1,0(z) = log (H-%) is a solution. From Proposition A.3 we get with integration by parts

2
log (142)
5 dy

1
m(—=A)2u1 o(z) = lim
(=A)2uro(e) = lim et @~ 1)

2 2
( g (22 o= 1og (1223)
y—x — o0 y—x

o0

= lim
e—0

2y
)
R\[z—e,z+¢] (y - .%')(1 + y2)

2arctan(y) + x log (%;5%2 )
{ 1+ a2

T+€

r—e€

= lim
e—0

—00

2arctan(y) + x log (%;5%2 )

o0
+ }
1+ 22 e
2
_ _ o(2)
14 a2 = me o,
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Theorem 5.1 There exist constants C1,Cy > 0 such that for any € € (0,7) one has

G < sup o [[eeoman < c, (112)
we Y (I), ||(_A)%u||L1(I)§1 I

where ﬁi’l(l) = {u € L'(R) : supp(u) C I, (—A)%u € L'(R)}.
Lemma 5.1 The Green function of (—A)% on the interval I = (—1,1) can be decomposed as

Gi(z,y) = Fi(le —yl) + H  (2,y),

1
2

where F1(z) := L log ‘—;‘and H. is upper bounded.
2 2

Proof. This follows from the explicit expression of G(z,y) (see e.g [3] or [5]), namely

1 [ro(@y) 1 1
= 10g(\/7"0(.%',y) + \/TO(may) + 1)7

21 Jo Vr(r+1) m

(1=Jz»( = lyl*
[z —y|? '

G(.%',y) -

where

T‘(](CC,y) =
O

Proof of Theorem 5.1. Up to a translation and dilation we can assume that I = (—1,1). With
Lemma 5.1 we write for u € ]:Ii’l(l) and f := (—A)%u

u(e)| =

/1 Gl.y) f(y)dy]

and we bound

1 2
G(x7y)g_10g <7>+C7 x7y7€I7
™ [z =y

hence

) < 1 [iox (2 ) widy + . (113

and exactly as in (56) one gets

2 \''* C
/e(w—e)|u(m)dx < C/|f(y)| / ( > dxdy < —.
I I I |5C - y| €

The rest of the proof is also similar to the proof of Theorem 3.1. O

Remark 5.1 A slight modification of (112) is

Ch < sup |—§| /e(weﬂudﬁ < Oy, (114)
U:F%*.ﬁ SUPp(f)CL”f”Ll(I)Sl I
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where F1 is as in Lemma 5.1. The proof of (114) is similar to the proof of (112), since u = F1 * f
2

2
obviously satisfies (113). An alternative proof of a non-sharp version of (114), namely

sup /e‘slu_u|d9 < (5, forsomed >0, u:= ][udx,
uzF%*f,supp(f)Cf, ”f”Ll(])Sl I 1

can be obtained noticing that for u = Fi  f one has [u|pyo) < C[Fi]pvom)lfllzir), and
2 2
one can apply the John-Niremberg inequality.

Proposition 5.2 Let u € L1 (R) satisfy (24)-(25). Then there is a constant Cy € R such that
2

u(z) = : / log <71 - |y|> e"Wdy + Cp. (115)
R

m |z — y|

In the proof of Proposition 5.2 we use two lemmata.

Lemma 5.2 For any f € L*(R) the function

wle) = 717)w) = 7 [ 108 (H4) sty (116
is well defined, belongs to L%(R) and satisfies
(—Azw=finS. (117)

Proof of Lemma 5.2. Let us first assume that f belongs to the Schwartz space S. Remember
that for F(z) := X log <ﬁ> we have (see e.g. [39, page 132])

o

- 1
F(§) = Pm +C6 ind, (118)
where P% € &' is the tempered distribution defined by
1 — (0
<73—,go> :/ Mngr/ P ses. (119)
[3 le|<1 [3 el>1 1€l

For every f € C°(R) one easily sees that F'x f € C*°(R) and F * f € L1(R). Then
2

SIS

(~A)YE(Fx f), ) = / (F o« f) F (el ¢)de
- / F(f* FY(¢l¢))da
R
_ /R FRFE N+ F (e 8))de (120)

1 A A
~ 5 [ FFAIp

~ 55 [ Fode= [ roas,
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where in order to apply (119) in the fifth identity can approximate the function ¥ (&) = f 1317
by a sequence of functions 1. = fn.¢ € S(R) with 7. € C*°(R) suitably chosen (see for instance

[24]). Hence (—A)% (Fxf) = finD'(R), and since f € D(R) the indentity also holds in a strong

sense. Moreover, since obviously

(-804 (5 [[1ostr+ sty ) =0

we see that (117) is satisfied when f € D(R).

For a general function f € L!(R) we can find a sequence (fy) C D(R) with f;, — f in L'(R)

and take ¢ € S(R). Then

(1) = (=)

N|—=

Il @) = s ) > (F,0),

as k — oo, while

=

(D) =TI, (~8)20) = [ TR)(@) v(a)da

where 1 := (—A)%gp satisfies
(@) < C(L+ [z]).

It remains to show that

/RZ[fk—f](x)z/J(x)dx—)O as k — oo.

Define g := fi — f — 0 in L*(R). Then from ||hy * hal[1 < ||h1lp1 ||h2lr we get

/ log (1 ks |y|> gk (y)dy
B(z,1) |z —yl

and using that for |z — y| > 1 we have log (1+\y|> < C(1+ log(|z]))

<log(2 + [z])llgkllLr @) + CllgnllLr,

lz—y|

1+
/ log ( |y|> 9k (y)dy
R\B(z,1) lz —yl

Therefore, taking (121) into account, we see that

< C(1 + log [a])llgil .

(I = (ZF], (=2)30)  as k= oc,
hence conclude that (—A)%w = f in §'(R).

Lemma 5.3 Let f € L1(R) satisfy (—A)%f = 0. Then f is constant.
2

Proof. This is identical to the proof of Lemma 14 in [24].

(121)

O

Proof of Proposition 5.2. Set w(z) as in (116) with f(y) := ¢“®). Then (—A)%(u —w) =0 by

Lemma 5.2, hence by Lemma 5.3 u — w = C for some Cj € R.
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Proposition 5.3 Let u € L1 (R) satisfy (24)-(25). Then u € C*(R).
2

Proof. Up to scaling, assume that

where ¢ will be fixed later.
Let us split w = u; + ug, where

1 [t 1+ 1 [t 1
n) =1 [ () ey o= [os (1) eYaee o2

Then (115) implies that ug is defined by the same formula, integrating over R\ [—1, 1] instead
of R. It is easy to see that

luallpoe (—1/2,1/2) < C/Re“(:”)dx < 0.

From (114) if follows that given p < oo, choosing ¢ > 0 small enough (depending on p) we have
elml € LP([~1,1]), hence e* € LP[-1/2,1/2].

The same argument, together with translations and dilations, can be performed in a neigh-
borhood of every point in R, giving e* € L (R) for 1 < p < co. Going back to (115) it is easy

loc
to bootstrap regularity and prove that u is actually smooth. O

Corollary 5.1 Every function A € L*(S') solving (33) with (—A)%)\ € L'(S1) is smooth.

Proof. By Proposition 4.2 the function u : R — R given by (110) is in L1 (R) and it solves (24).

2
Then by Proposition 5.3 u is smooth, hence A € C*®(S!\ {—i}). Since (33) is invariant under
rotations we have that actually A € C°(S1). O

Lemma 5.4 For u € L%(R) N CYR) solving (24)-(25) set
o= / @) dz.
R

Proof. This argument is taken from [42] and is based on a Pohozaev-type identity. Differenti-
ating (115) (for instance by splitting the domain of integration into [—a,a] and R \ [—a,a] for
some a > |z| and using elementary calculus) we obtain

@ - _lp_v_/ r e“(y)dy.
R

x
ox T x—y

Then o« = 27r.

Multiplying by e*®) and integrating with respect to z on the interval [—R, R] we get

R R
(I):= x%e“(m)daz - P.V. ° "Wy e dy =: (I1).
_r Oz T J_R RT—Y
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Integrating by parts we find

R Heulx) R
(I) = / T dr = R(e“(R) + e”(fR)) — / @ dy — —a, as R — oo,
-R 63: —R

where we used that at least on a sequence R(e*(F) — ¢(=F)) — 0 as R — oo, otherwise (25)
would be violated. As for (1) we compute

2
/ / dye x——/ PV/x+y ”(ydye”(x)da:%—;——k(),
T

as R — oo. Therefore from (I) = (II) we infer o = 2 e a=2m. O

27
Proof of Theorem 1.6. Given u € L1 (R) satisfying (24)-(25), by Proposition 4.2 the function
2
A(0) := u(I1(0)) — log(1 + sin @) solves

(—A)%)\ =t~ 1421 —a)i_; inSL
and by Lemma 5.4 o« = 27, hence
(—A)%)\ =e*—1 inSL

By Corollary 2.1 ) is of the form given by (34) for some a € D2,
To complete the proof write a = ae = a(t 4 is) with a,t,s € R. We have

- - 92 B 2(1 — a?)
u(w) = Ao Tl (z) + log <m> = log <|1 — ot +is)IT-1(x)[2(1 +$2)>

The right-hand side can be computed using (101):

2(1 — a?)

—2tz+s(l—x2) i 2sz+t(1—22) 2
142 142

u(z) = log

‘1—{—&

(1422

| 2(1 — a?)
=1lo :
& 22(1 = 2as + a?) — datr + 1 + 2as + a2

Completing the square in the denominator on the right-hand side we get

2(1 — a2 2
u(x) = log ( O; z 2 (1—a2)? = log <1 + ,u2(5— 560)2>
(1 - 2as + a?) <35 - 1—2a();+a2> T T5asta?
with
20t 1—2as +a?
= - =
71 2asta2 H 1 —a?

O

The following can been seen as a non-local version of the classical mean-value property of
harmonic functions. It appears in [37, Prop. 2.2.6] in a slightly different case, but with a proof
which readily extends to the following case.
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Proposition 5.4 There exists a positive function v, € CHY(R) with fR vidr = 1 such that,
setting ya(x) = %’yl (%) , we have

u(zo) > u*ya(xo)
for every A > 0 and every u € L%(R) satisfying (—A)%u > 0.
Proof of Proposition 1.1. Since (—A)%u < 0 we have by Proposition 5.4 below
u(0) <wuxv,(0) for every A >0,

where 7, is as in Proposition 5.4. Since duy(z) := v\ (—z)dz satisfies [ duy = 1, from Jensen’s
inequality we get
/ e“duy > exp </ ud/@\> = ¥ (0) > (u(0)
R R
On the other hand, since duy < %dm, we estimate
A A
/ eldx > —/ e“duy > Zev0) 5 50 as A — o0,
R CJr c

contradicting (25). O

A The fractional Laplacian
A.1 The half-Laplacian on S'!

Given u € L1(S') we define its Fourier coefficients as

1 Cind
~ — in 7.
a(n) 5 /51 u(@)e”"""do, n e
If u is smooth we can define ) ‘
(—A)2u(f) = g \n\ﬁ(n)eme. (123)

ne”

For u € L'(S') we can define (—A)%u € D'(S') as distribution as
(-Otug) = [ u(-a)keds, e (s, (124)
S1

Notice that ¢ € C*°(S') implies that (—A)%gp € C*(S1) (here (—A)%go is defined as in (123)).
In fact, given ¢ € L'(S'), we have ¢ € C>(S1) if and only if $(n) = o(|n|~*) for every k > 0.
We can also give a definition of (—A)%u in terms of harmonic extensions. If u € L1(S), let
@(r,0) be its harmonic extension in D2, explicitly given by the Poisson formula
1 [ : 1—7?
a(r,0) === [ P(r,0 —tyu(t)dt, P(r,0)="> rl"em =

271'0

125
1 —2rcos@ + r2 (125)
nez
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Then one can define (using polar coordinates)

ou

(—A)z2u = o in D'(S") (126)
r=1
where the distribution % ‘7:1 is defined as
ou P
— = —| df
<37° r1’80> /51u or|._,

where p € C*°(S') and ¢ is the harmonic extension of ¢ in D?.
Notice that if u € C°°(S1) the equivalence of (123), (124) and in fact (126) is elementary,
and (126) holds pointwise. For instance the equivalence of (123) and (126) follows at once from

a(r,0) = Zﬂ(n)r‘”'emg.

nez
Proposition A.1 The definitions (124) and (126) are equivalent.

Proof. Since (126) holds pointwise for smooth functions, one has for u € L'(S') and ¢ €

o= (SY)

b e [ warhods— | u g (00
(—A)2u, ) = /Slu( A)2apdx—/51u80d0—.<ar

(]
For u € C1(S) there is also the following pointwise definition of (—A)%u:
Proposition A.2 If u € C»*(SY) for some o € (0,1], then (—A)%u € C%(SY) and
1 1 2T u(e?) — u(e)
—A)2u(e®)=—PV. | ————~dt 127
(=A)2u(e”) T /0 2—2cos(f—t) (127)

where the principal value is well-defined because 2 — 2rcos(0 —t) = (0 — t)? + O((6 — t)*) as
t—0.

Proof. Considering Proposition A.1 it suffices to show the equivalence of (126) and (127). Set
@ as in (125). Then

ou(r,8)
or

o (r,6) — u(e™)
! r—1

r—=

2 (1 _ 1.2 i0Y (it
S Sy (W
1 2m(r—1) Jo  1—2rcos(d —t)+r?
2 0\ it
Ly L[ iy
1 2m Jo 1 —2rcos(6 —t)+r?

2 0y _ (it
:lP.V./ we?) —ule) o,
s 0 2—2rcos(f—1)

49



A.2 The half-Laplacian on R

For u € § (the Schwarz space of rapidly decaying functions) we set

(-8 = gla©). (€)= [ fla)e e (128)
R
One can prove that it holds (see e.g.)
\ 1 u(z) — u(y) I u(r) — u(y)
—AQUQT = —1.V. 7(1 ::—hm 7d
R A = s LT NI = 2L O

from which it follows that

sup|(1 + $2)(—A)%QD(CC)| < oo, forevery p€S.
z€eR

Then one can set
L

=

(R) := {u e LL_(R): A 1“4(2’2 do < oo} : (130)

and for every u € L1(R) one defines the tempered distribution (—A)%u as
2

<(—A)%u, p) = /Ru(—A)égpdx = /Ru]:l(|£|gb(£))dx, for every p € S. (131)

An alternative definition of (—A)% can be given via the Poisson integral. For u € L1(R) define
2

the Poisson integral

oy L[ yuly)
u(x,y) = - /R T (- 5)2)d£, y >0, (132)

which is harmonic in R x (0, 00) and whose trace on R x {0} is u. Then we have

ou

(A =-7-

(133)

)
y=0

where the identity is pointwise if u is regular enough (for instance Cllo’?(R)), and has to be read
in the sense of distributions in general, with

<_@ >._ <u _0¢
ay yzo?sp * ) ay

More precisely:
Proposition A.3 Ifu e Li(R)NCL-*((a,b)) for some interval (a,b) C R and some o € (0,1),
2

loc

then the tempered distribution (—A)%u defined in (131) coincides on the interval (a,b) with the
functions given by (129) and (133). For general u € L1 (R) the definitions (131) and (133) are

equivalent, where the right-hand side of (133) is deﬁneil by (134).

>, p€eS, ¢asin (132). (134)
y=0
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Proof. Assume that u € L1( )N CL%((a,b)). Following [10] we have for z € (a, b)

loc

du(z,y)

Ay

y—0 Yy
1 [ () —u(x)
y=0T Jry® +(§— l‘)Qd&

_1 ufé) — ulz)
i el

where the last convergence follows from dominated convergence outside Bi(x) and by a Tay-
lor expansion in a neighborhood of x. This proves the equivalence of (129) and (133). The
equivalence between (129) and (131) amounts to showing that

[ wFeletonas =< [ pv / o) = ul) 4 o), (135)

whenever ¢ € S is supported in (a,b). When u € S then the equivalence is shown e.g. in

[10] (passing through the definition given in (128)). In the general case one approximate wu

with functions uy € S converging to u uniformly locally in (a,b) and in Li(R), as shown in
2

y=0

Proposition 2.1.4 of [37] (in order to have convergence in (135) as uy — wu, it is convenient to
consider ¢ compactly supported first, in case (a,b) is not bounded).
The last statement follows at once by noticing that applying (133) to ¢ € S, one gets

B Useful results from complex analysis

Lemma B.1 Let h € C°(D?,C) be holomorphic in D?* with h(S') C S' and 0 & h(D?). Then
h s constant.

Proof. Since h never vanishes, log|h| is well defined, harmonic and vanishes on S!, hence
everywhere. This implies that |h| = 1 and from the conformality of h it follows that h is
constant. U

The following is a generalization of Lemma B.1.

Lemma B.2 (Burckel [6]) Let h € C%(D? C) be holomorphic in D* with h(S') C S' and
degh|g1 =n > 0. Then h is a Blaschke product of degree n, i.e.

n
; Z—a
h(Z):BZGOHﬁ, al,...,anGDQ, HOGR
k=1

o1
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